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USE OF THERMAL RERADIATIVE EFFECTS

IN SPACECRAFT ATTITUDE CONTROL

by
Charles A. Peterson

ABSTRACT

A spacecraft to be launched into a solar orbit has been designed
to use light pressure as its principle means of attitude control.
However, the torques thus produced would be conservative (i.e. dependant
only on angular position), and any initial oscillations of the spacecraft
would be difficult to dissipate without the use of active damping. It is
the purpose of this thesls to analyze the possibility of using the lags
in thermal reradiation from the spacecraft's absorbing and emitting
surfaces to produce non-conservative torques which will dissipate oscil-
lations of a given axis. A physically reasonable design is analyzed
which will align a spacecraft's figure axis with the direction of incident
radiation whether or not the vehicle is spinning. It is observed that
the hardware this techmique calls for is completely passive --- it has no
moving parts and requires no spacecraft power.

This report was submitted to the Department of Aeronautics and Astro-
nautics on May 16, 1966 in partial fulfillment of the requirements for
the degree of Master of Science,
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CHAPTER 1

INTRODUCTION

A satellite can be designed to utilize electromagnetic momentum (i, e.
lizht pressure) for attitude control by appropriate arrangement of its pres-
sure surfaces with respect to its center of mass. Despite the inherent mechan-
ical simplicity and reliability of such a system in providing simple conser-
vative restoring torques, it is more complicated to adapt this technique to
dissipate the energy contained in undesirable dynamical modes. However,
thermal reradiative effects, which are non-.conservative, can either add or
subtract energy from these modes and thus may serve as a damping mechanism
for vehicles using light pressure for stabilization.

A. The Rotating Cylinder

To illustrate one characteristic of thermal reradiative forces, let's
use as an example, a black metal cylinder rotatinz freely about its figure
axis at a rate, w radians/sec while being illuminated uniformly by light of
intensity I, erg/cm®sec. If we measure § from entry "twilight", as shown
in fizure 1, then the cylinder is illuminated for 0< ¥<m, reaching max-
imum illumination at § = m/2. In a steady state situation we would expect
that the surface temperature, T(¥), would be a function of § only and might

be represented as

T(§) = T,(1 +AsinP+Bcos §) (1.1)
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where T, is the "average" value of T(§) over the entire surface of the
cylinder, while A and B are "small" fluctuations about T,. We might also

expect that the maximum surface temperature of a cylinder element might

occur after it had experienced maximum light intensity (i.e. for m/2<f<m).

T

R4y

exit 4y !
"tw:llight" S } !’

/ cool

warm /

Fizure 1
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It is now helpful to divide the resulting radiation pressure on the
cylinder into 2 parts. First is that component of pressure which is parallel
to I, and proportional to the total energy intercepted by the cylinder. Sec-
ond is the net pressure resulting from the asymetric emission of thermal
radiation from the cylinder surface since the surface temperature varies
with § and the resulting pressure at each surface element is proportional
to SoTu(ﬁ), where a=5.67110"5 erg/cmzsec°l{u and S is the area of the
element.

Thus it can be seen that if the cylinder is divided into 2 halves as
shown in figure 1, one half will always be (on the average) warmer than the
other. Hence, more thermal radiation will be emitted from the "hot" side
ard therfore, there will be a net transverse component of radiation pres-
sure which is in the direction of the cool half and perpendicular both to
the rotation axis and to the direction of the incident radiation.

To find the magmitude of this pressure, consider a cylinder with the
following properties:

e = surface emissivity

a = surface absorbtivity

R =cylinder radius

L=cylinder length

w=angular velocity of cylinder

S=z2nmRL= total area of cylinder

RLdJ =area of a differential element
A differential element of the cylinder will emit radiation at the rate
dSe aTu(Iﬁ) =R Ldveol‘u(lj). Now it can be shown (see appendix A) that the
electromagnetic force on such a surface is normal to that surface and of a

magnitude given by
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power radiated _Rd‘#La-Tu(t)

where c is the speed of light in a vacuum. Substituting (1.1) into (1.2)
wo get

RLdJeo

ar=BLdVe 0 (i L uasany BeosT+...... ) (1.3)

vhere the binomial expansion for Th(U) has been terminated at the first

order terms,
In order to get the transverse force on the cylinder, Ft' we observe

that the contribution to it from each differential surface element is
dF, =dFcos ¥ (1.4%)

where § is the angle between the surface normal and the Ft direction, and

also the same U that appears in (1.1). Therefore,
RLd4dQ e oTu
df, ====_——2 (1 +4A sin¥ +4Bcos ¥)cos ¥ (1.5)

and intezrating this around the surface of the cylinder we get

2'T .
4
F, =?‘L_§ﬂnf (cos J+4A sin¥ cos § +4B cosZ¥)dy. (1.6)
c Lpsmvceosy
0 2Asin2j

However, this immediately reduces to

2m
RLecT"’
Ft=————ﬂ-l&B cos2§df (1.7)
2e¢
0
since
2m 2
[ sin(NTl)dU-.:[ cos(N#)d¥=0 for N=1, 2, 3, ...... (1.8)
0 0
Evaluating (1.7) we get
4 4
_2RLea T, _SedT
F, ===5"—2 Bn=——9B (1.9)




where S is the total area of the cylinder.

Thus we see that the expression for the transverse force (1.9) takes
the usual form of thermal emlssive forces except that it is multiplied by
the unknown bactor "B". It is to the evaluation of this factor that chapter
2 1s devoted.

However, it should be pointed out here that B also has a very special
physical significance. The "direct" light pressure (1.e. that radiation
pressure exclusive of reradiative forces) on the cylinder is simply equal

to the total enerzy intercepted by it, divided by c;

p,=2RLal, (1.10)

d c

Now assume the cylinder receives energy from an area of 2R L and radiates
it from an area of 2nRL. Then we may write the energy balance for it as

aIOZRLzoeTl:2ﬂﬁL=ce'TtS (1.11)

If we substitute (1.11) into (1.9) and then divide by (1.10), we get as
our result

Fy

t_.s (1.12)
d

Thus we see that B is simply the ratio of the transverse reradiative pressure
to the direct light pressure.

B. The Librating Slab

To illustrate another characteristic of thermal reradiative forces,
consider a slab of material (perhaps part of a spacecraft) which is in-
sulated on one side and librating about its equilibrium position (which is

at 8=0) at angular frequency w as shown below in figure 2. If we require
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Figure 2

8 to be a periodic function of time, that is if
8 =0,sinwt (1.13)

then the time dependent licht intensity, I(t), which the surface of the
slab experiences will be periodic and identical in form with that experi-
enced by a cylinder element in the previous section (see Appendix B),
Therefore, the surface temperature of the slab will also be a periodic
function of time in the steady state case and might be represented in an

analogous manner to equation (1.1)

T(t) =T,(1 A sinwt +Bcos wt). (1.14)



Now 1t should be expected that the “direct™ light pressure on the slab,
being a function of angular position only, would just give rise to conser-
vative torques (i.e. torques that would do no net work on the system during
one cycle). However, because the periodic surface temperature of the slab
need not be exactly in phase with position due to the lag in thermal re-
radiation, the resulting reradiative forces could be partially in phase
with the angular velocity of the system., Thus, these latter torgues would
be non-conservative and actually do work over one cycle of oscillation.

To find the magnitude of this work, first note from (1.2) we have

L
F(e) =22 STE)

Substituting (1.14) into (1.2) we get (as in (1.3))
SoﬁTu
F(t)==5_-2(1 +4Asinwt +4Bcoswt+...... ) (1.15)

Now we want to find the work done, if any, by the slab's thermal re-

radiative forces on the "system" during one cycle,
2n
Workgw=¢'F(t) velocity(t.)dt-_-f F(t)10(t)dt (1.16)
0

Differentiating (1.13) and substituting it into (1.16) there results
21
8,1Soe wa
W= o (cos wt +4 A sinwt cos wt + 4 B cos®wt )dt (1.17)
————
0 2A sin2wt

which by (1.8) immediately reduces to

N
W= —9———9—9 15 oe Tow ’-&Bcoszwtdt 28, 15 geTow p (1.18)

Now it should be pointed out that since the radiating surface of a

libratinz slab and an element of a rotating cylinder experience identical




functions of light input intensity, the factor B which appears so prominently
in both analyses is also identical. So although the case of the rotating
cylinder will be used to calculate B in chapter 2, the results thus obtained

also apply to this section.,



CHAPTER 2

THE GENERAL EQUATION

In chapter 1 it was assumed that the surface temperature was known
and therefore, only the surface properties were needed to calculate the
the reradiative forces. However, the surface temperature of the cylinder
is very much a function of the bulk thermal properties of the cylinder
material, and these will now be put to use in the determination of the
factor B. However, because the detailed derivation is extremely lengthy
and tedious, it will only be sketched here and the remainder will be found
in Appendix C.

A. The General Equation

Consider the case of one-dimensional heat flow in a solid (see figure 3)
of thickness r,, with insulation at one end and time dependant thermal
radiation at the other end. Since no heat can flow through the surface, r=r,,
all thermal emergy that is exchanged by the solid and its enviromment must
enter the solid at r=0 at the rate aI(t) and leave the solid at the rate

eo Tu(o,t). These two boundary conditions may be stated mathematically as;

g IT(r.t) | _ (2.1)
Or rerq

Sk90TE) | orce) - oo 1O, 1) (2.2)
or | o




I(t) 10

.

l l i ‘ l Properties of Solid (constants)
SOLID J- K = thermal conductivity
r, r C_ = specific heat
™r,t) p
‘ p = density
// /i)ﬂﬁéﬁé/ // a = surface absorbtivity
e = surface emissivity

T(r,t) = temperature as a function
Figure 3 of depth and time

For our purposes I(t) can be writen as I,f(t) (see Appendix B) where
I, is the maximum light intensity and £{t) is a umrit half-rectified sinusoid

as shown in figure 4. f(t) can also be writen as the Fourrier series:

RN 2 2
f£(t) == (1 +> sinwt - 53 cos 2wt-15coslhrt- ..... ) (2.3)
4
14
£(t)
Py / t>
\\ /
‘\SHADon
+ T~ T
Figure 4

In order to find the surface temperature as a function of time (which
is our gzoal), we must consider the flow of heat throughout the entire solid.

In one dimension this heat flow obeys the well known equation
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Or(r,t) _, 0°7(r,t)
ot or®

(2.%)

where k =K

..cpp .
Now since I(t) is a periodic function of time with angular frequency

w, it is reasonable to assume a solution to (2.4) of the form
T(r,t) = To(1 +A(r) sinwt +B(r) coswt). (2.5)

If we substitute (2.5) into (2.4), we will eventually get
-ir Zr
T(r,t) = T,(1 +[e"“"(-vsin Zr +ucos Zr) +e“* (-t sin Zr + s cos Zr) Isinwt

{e’zr(-u sin Zr - vcos Zr) +ezr(s sin Zr + t cos Zr) Jcos wt) (2.6)

where Z is a dimensionless parameter amd u, v, s, and t are all arbitrary
constants of integration. If we now require (2.6) to satisfy (2.1) and (2.2),
we will get 4 algebraic equations in terms of the 4 arbitrary constants.

If we note that at the surface (r=0) equation (2.6) reduces to

T(0,t) = To[1 + (u+s) sinwt + (t-v) cos wt ],

it follows from a previous argument that we want to solve for t-v, the
cosine component of surface temperature (i.e. t-v is the factor B that
appeared in chapter 1). After many laborious algebraic manipulations, we
finally obtain as our result:

--é(sinh M+sinM)

B(ro,w) =t-v=-

n 51 (2.7)
P(cosh M- cos M) +1-r(51nh M.sinM) +T—rg-§(cosh M +cos M)

where

T '1 /1 4 al
P =-&§—°- ECppKw. M=2Zr,, To—m— (2.8)
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B. Special Cases of the General Equation

1. Infinite conductivity

It is of interest to examine (2.7) for the special case in which
conductivity effects can be ignored. This may be done by letting K==

and using the small argument approximations for all the transendental

_ PC w
functions in (2.7). Thus we may write (since H—Zr.o\géﬁ___‘ —~ 0 as K =),

sinh 2Zr, +sin2Zr, ~ 4ir,

sinh 2Zr, - sin 2Zr, ~(8/3)2°%r] (2.9)
2.9

cosh 2Zr, +cos 2Zr, ~ 2

cosh 2Zr, - cos 2Zr, ~ 42°r2
Substituting (2.9) into (2.7) we get

-‘LCPpwro
a2 2 Tp 2 1601 8 A2.23.2°
rocpp EI——J:w +?_‘L’I‘° * 3K Cpp w

B =

If we now let the remaiming K in the expression go to infinity and define

S = total area of cylinder
C*=C pS

p pp ro

Q=aSTI,

we finally get
-3 c; ToQw

B = u .
(CsTow)?+ (7 Q)P

(2.10)

To find the maximum of (2.10), differentiate it with respect to w and

set the result to zero. There results the following condition for maximum B:

EYp
[ »]

T (2.11)




13

Substituting (2.11) into (2.10), one finds that the numerical value of this

maximum is;

Thus we find that in this case B can attain a value which is a sig-
nificant fraction of T,. In fact, since B turns out to be the ratio of
the transverse force to the total "direct" force, I think it must be sur-
prising that a thermal reradiative force can be nearly 1/5 as large as
direct light pressure itself,

In practice, this special case is readily applied to a thin metallic
cylinder. Since the thermal comductivity of most metals is quite high,
we may assume that there is no radial temperature gradient, and hence that
the conductivity is "unimportant". However, since we must maintain a tan-
gential thermal gradient (T(¥)) to have a non-zero value for B, the conduc-
tivity of the metal will temd to smooth this gradient out thus degrading
the B value. A guantitative analysis of this effect is given in the next
section.

2. The Effect of Tangential Conducticity

The derivation which will only be sketched here may be found in detailed
form in Appendix D. The result cannot be derived from equation (2.7) which
considers only radial heat flow, an effect which will not be considered in
this section. (It is assumed here that for a thin cylinder where tansential
heat flow is important, radial effects may be neglected.)

Consider again the cylinder shown in fizure 1. This cylinder will be
assumed to be in exactly the same situation as before except that now heat

may be exchanged between adjacent elements. Then, over a short angular
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distance, we may assume linear one-dimensional heat flow and use (2.4) in

the form

oT(y,t) _

L 9%r(u.t)
ot R

1]
The thermal enerzy balance for a cylinder element can be written as:
net heat influx rate = inflow rate - outflow rate

o OT(U,t) _ 1 9°7(8,¢)

L
P g9t . oF +al,5f(t)- oeST (U,t) (2.13)

Assuing a solution of the same form as (1.1) and substituting (1.1) into
(2.13), we are finally led to
-FC*Q
B = t quv
2, 2 2
To[ ¥ + G, a+2m) ]

where
KLr,

G =

dow it can be readily verified that

L
(TTTO

B_ =3 -2Q
max :
—Q + 2T, "G

It can be seen that (2.10) and (2.14) are identical except for the

(2.12)

(2.14)

7 (2.15)

Q+2153) ‘ (2.16)

(2.17)

factor G in the denominator whose presence serves both to reduce the maximum

attainable value of B as well as to increase the value of w at which it is
attained. It also seems reasonable that this factor 5 should be directly

proportional to the product of the thermal conductivity and the tangential
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cross section, and inversely proportional to the cylinder radius.

3. The Semi.infinite Solid

Another special case which is of interest is for "large" r_, or for a
cylinder in a situation where the temperature of its inner surface does not
change with time. This special case occurs in the analysis of the radiation
pressure on rotating bodies in orbit about the sun and was first mentioned
in this context by Yarkovsky about 1900. ILater quantitative work by .(.)pik

led to an approximation for the B factor for a rotating sphere which was;
Bay—2a (2.18)
T, pCp Kw
and was derived in an entirely different manner than will be done here.
Note that (2.18) is not valid for small w.

I will now show that (2.7) reduces to (2.17) as r,—~= and as w becomes
"large”. First, we immediately note that the cosh(ZZro) and sinh(2Zr,) are
unbounded as r,—+= while the sin(2Zr,) and cos(2Zr,) remain between +1.
Therfore, (2.7) first reduces to

-5 4 sinh 22r_
P cosh 22r, +£ sinh 2Z2r, + -T—Tz— cosh 2Zr,

(2.19)

If we divide both numerator and denominator of (2.18) by cosh(2Zr,) and

recognize that zizg(ggo) —1 as r =, then Q.18 reduces to
B=x -% BT (2.20)
a_Ipo 3C pKw +—— +?an
and as w gets "large" (2.20) approaches
B ~ -al ,
= T/ _pKw (2.21)

p
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which agrees with (2.18). However, even though (2.20) is strictly valid

only for a cylinder, it would probably be a better approximation if normalized
to a sphere than (2.18).

C. A Jumerical Example

Because of the complex character of equation (2.7), it seemed advisable
to grapg the function. From this graph, which is shown in Appendix C, it
can be demonstrated that (2.10) is valid over a very large range, which
encompasses the entire rezion correspondinz to a rotating thin metallic
cylinder. Therfore, the refinement of (2.10) which takes tangential con-
ductivity into account, (2.14), could also be used with some confidence
in this special case.

Let's take a specific numerical example, appropriate to the Sunblazer
prozram, and use (2 10) to see ideally what type of hardware is called for.
Since weizht is a consideration of all spacecraft and beryllium has a large
specific heat, we will use this metal in our design. The parameters we

will usé are:

p = 1.85 gm/ce R = 25 cm

c, = 1.12x107 erz/°K gm L =20 cm

K = 2.3)(107 erg [em®sec®K w = .03 rad/sec (.3 rpm)
n=1 r=17

e=1

If we choose to study the behavior of this system at 1 astronomical unit,
then I, = 1.5X106 erzfcm sec. Our problem is to find the value for r,
which maximizes (2.10) (i.e. the value for r, which satisfies (2.11)).

Solving (2.11) for r, we get

. 1 B
To = ﬂTopSpr (2.21)
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Evaluating (2.21), x, turns out to be about 0.1 mm and the corresponding
mass of the cylinder is about 60 grams. Also, using equation (1.12), we
find that the maximum transverse force on the cylinder is approximately
0.01 dynes. This force is admittedly quite small, but since it is not
necessarily conservative and therefore free to do work on the system, this
value could become signigicant over an extended period of time. The effect
of such forces on the various dynamical modes of a spacecraft will be con-
sidered in chapter 3.

It should be pointed out here that tangential conductivity is quite
important in the previous example. In fact, if the resulting value for r,
as well as the conductivity are plugged into (2.14), we find that B is de-
creased to less than half the value it would have in the absence of tangen-
tial conductivity. iowever, a continuous metal cylinder is not the only
possible design, and a cylinder constructed of properly segmented strips
of metal separated by insulating materials could probably approach ideal

performance.
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CHAPTER 3

SPACECRAFT DYNAMICS

‘le have seen that an illuminated cylinder rotating about its axis of
symetry may experience a transverse reradiative force which is perpendicular
both to the cylinder axis and to the direction of incident radiation. If
this force were to have a moment arm about a spacecraft's center of mass,
then the resulting torgue could be capable of dissipating oscillations of
the spacecraft's spin axis (i.e. precession).

A. A Cpinning Axially Symetric Spacecraft

Consider an axially symetric spacecraft, as shown in figure 5, which
has its center of pressure placed so as to always produce a torque tending
to align its axis with the direction of incident radiation. If the vehicle
is not spinning, it will simply librate about one of its transverse axes.
If, however, it is rotating about its figure axis and we ignore reradiative
forces, the spacecraft will, in gzeneral, both precess and nutate at an
amplitude which will be undiminished with time and determined by the initial
cornditions.

To show this mathematically, consider a spacecraft whose axial and
transverse moments of inertlia are Ix and It respectively. Let its angular
velocity be w about the x axis, which makes an angle 8 with the direction

of illumination, and let its y axis be chosen perpendicular to the direction
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of illumination. Then because the spacecraft is symetric, we may use the

"flywheel" equations in the form

dwx
Mx = Ix dt
40
=T — 3 _
My =L gp - oT0 +0Iw (3.1)
dﬂz
142 =171 t? - .QnyWx + .Q.xI t_Q.y

where the !'s are applied moments about their respective axes. Now if the

azimuth of the x axis about the direction of illumination is ¢, then we have

.Qx = :‘cose
0 =9 .2
; (3.2)
[v] ::isine

Substituting (3.2) into (3.1) we get

dwx
Mx = Ix dt
- s A 43
My =I w ¢sin6 + It(e - ¢°sin6 cos9 ) (3.3)
M = -waxé +I,(¢sin0 + 298 coso )

Now in general, Hx= 0 and if we exclude thermal reradiative forces,
Mz= 0 also. However, My will usually be present and depend on 6 only. If
we are just interested in the steady state solution of (3.3), then we may

further require 0= ¢ =0 and there results

. wax wax 2 My(e)
¢$=- 2T sin6 *V|Z sin6| - T,sin0cosd (3.4)
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=0 (3.5)

which correspords to a steady precession of the spacecraft at two possible
rates about the 1, direction. It is important to note here that 8, the
cone angle, is constant in this case where we have assumed Mz = 0.

B. Effects of Reradiative Forces on Steady Precession

We have seen that in the absence of thermal reradiative forces, the
spacecraft spin axis will precess at a constant angle to the direction of
illumination. Now since its direction is perpendicular both to the spin
axis (x axis) and to the I, direction (see figure 5), this force must be
parallel to the y direction. Hemnce, if it is generated primarily by the
thermal characteristics of that portion of material forward of the space-
craft's center of mass, the resulting torque will be entirely about the
z axis and from the positive sense of wx) in the positive sense.

Let's see what the effect of this positive z moment will be on the
steady precession of the previous section. If we assume that the precession

rate is very nearly constant, (i.e. ¢ = 0) then we may write

M= 'waxé + 2It¢écos6 (3.6)

Solving for 8 we get

M

8= -= 2 (3.7)
wax - ZItQ cos 8

But since W, >> + (usually), we may further reduce (3.7) to

P (3.8)

Thus, we see that an important effect of thermal reradiative forces on
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a precessing spacecraft is to produce a negative é, that is, an "erecting"
torque is generated which tends to alizn the spacecraft's spin axis with
the direction of incident radiation. Once this aligrment has been accom-
plished, however, both Z{y and Mz vannish and the vehicle"s figure axis will
thereafter remain fixed in space (unless the direction of the incident rad-
iation changes).

'le might briefly consider the effect of these same reradiative forces
on a non-rotating spacecraft which is librating about one of its transverse
axes. First recall from section 1.B that work may be dcne on such a system
by reradiative forces. If we observe from figzure 5 that in this case (with
the reradiating surface in front of the center ,°f mass) these forces will
produce torques which oppose the anguiar velocity of libration, it becomes
apparant that energy is removed from this t&pe of oscillation during each
cycle. Therefore, the amplitude of the libration will decrease and the
spacecraft axis will eventually become stationary and aligned with the
direction of incident radiation. It is a fortunate coincidence that the
same reradiating surface which reduces the precession cone angle when the
spacecraft is spinning, also damps out oscillations about the transverse
axis when W is zero.

C. A Numerical Example

Suppose we examine the dynamical response of a spinning Sunblazer-type
spacecraft, similar to that shown in figure 5, with parameters for the up-

per cylinder which are near those used in section 2.C.

a =1 w_ = .01 rad/sec
x 6
e=1 I, =10 gm cm®
R=25cm cs = 1.78%10° erg/°K
L =20 cm I, = 1.51(106 erg/cm®sec (@ 1 A.U.)
r, = .017 cm
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Decrease of Precession Cone Arngle

) 20 3'0 Ko 50 60
. time (hrs)

Figure 6

If we choose the initial value for 8 to be 90° and assume that the
cylinder surface has a moment arm of 1 =15 cm about the center of mass,
then we can calculate Mz from (2.10) as a function of €. With this value
for Hz, (3.8) can be used to calculate 8 as a function of 6. When this
relationéhip is numerically integrated, there results a response for the
spacecraft (8 vs t) as shown in figure 6.

Although the "erecting" torque is small in this example ( .15 dyne-cm),
it can be seen from the graph above that it is still capable of rotating
the spacecraft's spin axis nearly 60° in 24 hours. However, this rate

quickly decays as 8 becomes less than 30°, but it is still sufficient to
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reduce the cone angle to less than 6° after 3 days have elapsed. One way
faster responses may be produced is to increase either the area of the
radiating surface or its moment arm about the spacecraft's center of mass.
Another way to do this would be to increase the erecting torque by amplify-
ing the reradiative forces themselveé, and this latter technique is considered

in Chapter &,



25

CHAPTER &

AMPLIFICATION OF RERADIATIVE FORCES

In the previous chapters, only the momentum contained in electromagnetic
radiation was considered in the production of thermal reradiative forces.
However, since the ratio of energy to momentum in this type of radiation is
¢, the velocity of light, it might be advantageous to use some of this abun-
dant enerzy to eject a small amount of mass from the reradiative surface.

Suppose a certain amount of energy, E, is radiated from a surface.

Then the impulse, 5p, transfered to that surface will be

5p= 2 ¢ ([l‘.l)

on the average. If the same amount of energy is carried away from the
surface by a particle of mass m, then the impulse transfered to the surface
will be

E
= | (4.2)

4|m

6p =

on the average where v is the velocity of the particle. Since v <<< ¢
in general, the particle will transfer much more momentum to the surface
than radiation can for the same amount of energy. Therefore, thermal
reradiative forces could be greatly amplified if even a small amount of

the incident energy were used to expel mass from a surface.
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To illustrate one way this might be done, consider a porous reradi-
ating surface which is continuously supplied with a gzas under low pres-
sure. Now as this gas effuses through the surface pores and escapes, it
will acquire an rms velocity corresponding to the temperature of the mater-
ial with which it was in contact. Consequently, the molecules effusing
from the warmer half of the cylinder will leave with a higher velocity
than those escaping from the cooler side and this will add to the reradi-
ative forces already present. A workable system of this type, which could
be sustained by the example in section 3.C., might release up to 100 grams
of N2 zas per day and generate a continuous transverse force of about 2
dynes. This would be 200 times greater than the corresponding reradiative
forces.

Unfortunately, the above system would have no welght advantage over
a gas jet thruster svstem since zas bottles, valves, and piping would be
required. However, suppose that instead of storing the gas in a bottle,
we store it in a compound which is applied over the reradiative surface.
If we also require that this compound remain non-volatile until after it
is exposed to the extreme ultra-.violet of the sun's spectrum after which
it dissociates and evaporates thermally from the surface, then the reradi-
ative forces will be amplified in much the same way as before. Also, when
the spacecraft's axis is properly aligned, no sunlight reaches the compound
and it would not be further expended unless the spacecraft axis were some-
how disturbed. Therefore, it would not have to expel gas continuously as
in the previous example.

We might attempt further amplification by another order of magnitude

by coating the surface with a material which photolonizes easily. If the
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spacecraft has acquired a positive charge from photoelectric emission,
then the positive ions would be repelled from the spacecraft and leave the

surface at a rather large velocity.
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CHAPTER 5

CONCLUSIONS AND RECOMMENDED FURTHER STUDY

The main results which have been established here are as follows:

1.

Any absorbing surface which is illuminated by radiation of time
varying intensity will re-emit this energy with a certain time
lag with respect to the incident radiaﬁon. If this surface is
part of a rotating cylinder, then this lag will also result in
the reradiated energy being emitted in a different direction, on
the average, then the incident radiation. It is the momentum
transfered to the surface by this reradiation which gives rise

to a transverse force, which is a component perpendicular to the
incident direction. This transverse force can be as large as 1/5
of the total "direct'" light pressure on a cylinder,

If this absorbing surface is part of a system which oscillates
harmonically and which receives radiation in phase with angular
position, then this lag in reradiation can produce a torque which
is partially in phase with angular velocity. Tals allows the
reradiative forces to do work on the system.

When the reradiating material is a thin flat sheet of metal,
equation (2.10) may be used. For a thin metallic cylinder, equa-

tion (2.14) is preferred over (2.10). However, whenever radial



29

conductivity is "important" (see Appendix C), equation (2.7) must
be used.

4, If a cylinder of reradiating material is attached in front of the
center of mass of a spinming spacecraft, then the resulting re-
radiative torques can align the spacecraft's spin axis with the
direction of incident radiation. (This feature is independant
of the spacecraft's spin direction.) This same reradiating mater-
ial can damp out librations of the spacecraft when it is not rotat-
ing. Now it should be noticed here that the hardware called for
is completely passive; there are no moving or even bending members
involved and no spacecraft power is required. Furthermore, the
mass of this hardware need be no more than 1% of the total mass
for a 10 kilogram spacecraft.

So far nothing has been said of the stability of nutational motions
motions of the spacecraft's axis with the above mentioned reradiative
technique, However, because only steady state situations have heen con.
sidered, an analysis of nutational stability is not possible. A qualita-
tive guess as to the effect of a "slowly" increasing I, on the rotating
cylinder is that the reradiative forces will increase beyond the corres-
ponding instantaneous steady state value for I,. The reverse should occur
if I, slowly decreases. However, this speculation is not sufficient to
lead to a clear urderstanding of mutational stability.

Therefore, I would recommend for further study an analysis of the
behavior of thermal reradiative forces as the incident intensity is varied.

This analysis could then be used to study the nutational stability problem.
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However, even if the proper damping of this oscillation is not provided
by reradiative forces, passive mechamical dampers should be able to operate
satisfactorily at the relatively high angular accelerations of this mode.

I would also recommend the further investigation of techmiques for
amplifying reradiative forces. Although compounds are known which evolve
Nz gas when exposed to extreme ultra-violet radiation, I have not verified
that any specific choice would be sultable for my purpose as stated in
Chapter 4.
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APPENDIX A

RERADIATIVE PRESSURE ON A FLAT SURFACE

Consider a flat surface of temperature T and area S which is iso-
tropically radiating over a hemisphere. The rate at which it loses energy

(the power radiated) is given by

g—§=eo5'r’* (a.1)

Then the energy flux per unit area through a unit hemisphere surrounding

S will be
dE 1 eaSl‘u
b (A-2)
and the corresponding momentum flux will be
4
. egST
dp -—2—"—0— (A.B)

Our problem is to find that component of the total momentum flux
through the hemisphere which is normal to the surface, S. We can do this
by first dividing up the hemisphere into differential areas, dA, corres-
ponding to the usual conventions of polar coordinates. (i.e. 0 is the

elevation angle from the horizontal and ¢ is the azimuth angle.) Therefore,
dA = d¢cos 0640

and the corresponding flux through the differential surface which is
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normal to the surface, S, is
- eoSl‘u

dp_=

o= one  d¢cos 8d0 sind (A.4)

Integrating (A.%4) over the entire surface of the hemisphere, we get

2n [ nf2 4 4
= fas e0ST _eoST
F, -fdpnf d¢[ d0 ———— sin0cos 8=~ (A.5)
o 0

The force on the surface must be equal and opposite to the momentum flux

throuzh the hemisphere and therefore, the validity of equation (1.2) is

demonstrated.
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APPENDIX B

TIME DEPENDANT RADIATION INPUT

First consider the light intensity which an element of a rotating
cylinder experiences. If we describe an axially symetric body by a coor-
dinate system like that shown in figure 5 with w_=1 and the direction of
incident radiation defined as the x' axis, then we may relate the "prime"

coordinate system to the body coordinate system by an orthogonal matrix
transformation of the form

x! x
(y') = R (y) (B.1)
z' z

where R is a rotation matrix. low R can be found by multiplying together
the individual matrices from successive rotations about body axes, ard is

given by

1 0 0 cos®O 0 sin®@ 1 0 0
R=|0 cos¢ -~sin ¢J ] 1 o } 0 cos¥ -sinl’}
0 sin¢ cos¢/l-sind 0 cos8JLO sin} cos¥

(8.2)

Multiplying (B.2) out and substituting it into (B.1) there results

x' cos ® sin® sin{
(y') =| sin¢ sin® cos¢cosP- sin¢cosO sin}
2! -cos$ sin®  sin¢ cos§ + cos ¢ cos 0 sin¥
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sin® cos ¥ ;X
-cos¢ sin§ - sin§cose cos#J (y) (8.3)

-sin{ sin¢ + cos¢ cos@cosPd 'z

Now if the incident radiation is from the x' direction, then the light
intensity which a surface element of the cylinder experiences will be pro-
portional to the component of its surface normal in the x' direction.

Since the surface normal of any cylinder element can be writen as a linear
combination of y and 2z, we want the projections of these axes on the x'
axis which from (B.3) are sin® sinU and sin® cosU respectively. Therefore,

for an element
I(t) = I_sind (sin§ + cos ¥ ) (B.4)

where 8 is constant. However, since we camnot have a negative value for
the inpur intensity, I(t) must be zero for necative values of (B.4), which
corresponds to an element being in the shadow of the cylinder. Since ¢=th.
a cylinder element experiences a light input as shown in figure 4.

Now the angular position of a librating slab as shown in figure 2,
which is oseillating harmomically, can be described by

8(t) = 8 sinwt ' (8.5)

Therefore, the light input intensity which the surface of the slab receives

is
I(t) = Iosin(aosinwb )~ I,sin@,sinwt (B.6)

vwhich 1s also of the same form as figure 4.
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APPENRDIX C

THE GENERAL EQUATION

Our problem is to find a solution to the equation

OT(r.t) .k 921(r, t)
ot or?

(c.1)

subject to the boundary conditions

KML: 0 (c.2)
Or

o

-x-"l;_’-i)_tg= oI, £(t) - 6o TH(0,t) (c.3)
r

We assume a solution to (C.1) of the form
T(r,t) = T,(1+ A(r)sinwt + B(r)ecoswt ) (c.4)

and upon substituting (C.4) into (C.1) we obtain 2 total differential
equations for A(r) and B(r)

L

d—%‘,—‘i = -k2A(r) (c.5)
dr

dzA(r) = -kwB(r) (C.6)
dr2

Substituting A = e in (C.5) there results




o 3w = 1B 8 1800 (c.7)

and applying DeMoivre's theorem to (C.7) we get

A=Jkw (Y2 242y, w42 2 42y (c.8)
as the h‘roots. If we define
z 2 523 . | (c.9)

use (C.8) with 4 arbitrary constants of integration to get A(r), and then

use (C.6) to get B(r), there results

A

le(_ tsinZr+scosZr) + e"zr(- vsinZr +ucos 2r ) (Cc.10)

B

le( ssinZr -tcosZr ) + e'zr(-vcos Zr-usinlr) (c.11)

where s, t, u, and v are the arbitrary constants. If (C.10) and (C.11) are
substituted into (C.4), it can be easily seen that (2.6) results.

In order to evaluate the 4 constants of integration in (2.6), we will
use (C.2) and (C.3) to each zive 2 alzebraic equations, Using (C.2) with
(2.6) and requiring the coefficients of sinwt and coswt to separately
vannish we get

-2r .
e “"° [v(sinZry cosir, ) - u(sinZr, + cos2r, )] +
2o [.s(sinZr, - cosZr, ) - t(sinZr +cos2r,)] =0  (C.12)

o~ ZFo [v(sinZr, + cosZr, ) + u(sinZr, - cosZr, )] +

oZFo [s(sinzr, + cos Zr,)) - t(sinZr, - cosZr, )] =0 (c.13)

In order to simplify this, define



w
"

sinZr, + cosir, (C.14)

Y

sinZr, - cosZr, (C.15)
and (C.12) and (C.13) can be written as
2o (yv - Bu) + eZ%0 (<ys - pt) = 0 (.16)
0o (Bv + yu) + 2¥° (Bs - yt) = 0 (c.17)

which are the 2 desired algebraic equationms.
To get 2 more equations, we use (C.3) together with (2.6) and the
first 2 terms of (2.3). If we define

I T
¢, =-—a°‘x . G, =—_-n-°°x (c.18)

ve will gel
ZTf(-u - v+s-t)sinwt+ (v-u+t+s)oswt]=C (—-1ﬂ—+*}sinwt)
+C,(1 + Y(u+s)sinwt + b(t-v)coswt+ .....) (c.19)

Since (C.19) must be an identity, we equate the constant, sine, and

cosine terms to get (after some simplification)

clfn =C, (c.20)

(21, + 4C,)v - ZTqu + ZTes + (2T, - 4C,)t = 0 (c.21)

ZT,v + (4C, + 2To)u - (2T, - 4C,)s + ZTt = ic, (C.22)
Equations (C.18) and (C.20) can be used to find

T, = W 2le (c.23)
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algebraic equations to solve explicitly for the constants s, t, u, and v.
Now at this point, the analysis becomes extremely messy and only
intermediate results will be given. It is clear from the arzument on page
11 that we want to solve for t and v. Therefore, we sill first use (C.16)

and (C.17) to get the following expressions for u and s;

u =(§'—Yz’v - (—Eifg) 2LT ¢ (C.24)
- Y
B+ y* o-22T | E,‘B—Y—a’t (c.25)
-Y

82‘ Ya

S = -

‘hen (C.24) and (C.25) are substituted into (C.21) and (C.22), we
get 2 equations for the 2 unknowns, t and v, which are quite lengthy. In
proceeding to solve these equations for t- v, we find that all exponential
terms coalesce into sinh's and cosh's, and we finally obtain

-#(sinhM + sin¥M)

B(P.M) = t-v = "' 8
P(coshM- cos M) +— (sinrhM- sinM) +'—_rg-P—(coshM+ cosM )

(C.26)
where

T
P=gf Qcppxw ,» M=22Ir, . (c.27)

Equation (C.26) is graphed in figure 7 and it is clear that for M<1.0,
B takes the same characteristic form as P is varied. In fact, M<1.0 is

the condition necessary for (2.10) to be valid.
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APPENDIX D

TANGENTIAL HEAT FLOW

Our problem is to find a solution to (2.13). However, since U=wt,
the temperature will just be a function of time and total derivatives of

T may be used. Equation (2.13) may be converted to the form

dT .4 da37

Ciat+T =0Cf(t) +C3qray (D.1)
where
rpC

- P P
1~ eo
c. =21 (p.2)
2 eo )
c. =—X=T
3  eoR°

Now assume a solution to (D.1) of the form
T = To(1 +Asinwt +Bcoswt ) (D.3)
If we substitute (D.3) into (D.1) we will get

C,To(wAcoswt - wBsinwt) + Tl:(l +4Asinwt +Beoswt + ....) =
CZ(%—v} sinwt ) + CBTO(- Asinwt -Bcoswt ) (D.4)

Since (D.4) must be an identity, we can equate the constant, sine, and

cosine coefficients to get
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c
Tl: =_T-1-'2_= ﬂLeIgb (D.5)

4 €2 6
(#Tg + C3T)A - C TwB=5= (D.6)
CT,wA + (urlj +C3T)B=0 (0.7)

Solving (D.6) and (D.7) for B we get

wC,C, 1
B=- (D.8)
2T, [cfw’ + (873 + 03)3]
and using equations (D.2) and (D.5), we finally get
-2C*Q
B= * p " (D.9)

=
To[C;auz + (—W—TOQ +2mn G)a:]

KLr

G = o (D.10)

“7‘;;%
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