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ABSTRACT

Nine reports describing plasma phenomenon of relevance to the
radiation belts are presented. The bulk of the reports are concerned
with linear instability. Two papers consider non-linear effects and one

is a compilation of tables of synchrotron radiation from trapped particles.
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I.

INTRODUCTION

The summary report under Contract NASw-1211 consists of nine reports,
(GA-6591, GA-6822, GA-6708, GA-6967, GA-T113, GA-T11k, GA-7087, GA-6696,
Astrophysical Journal Supplement No. lll). The first three have been
submitted for publication, the next four are expected to be submitted for
Publication in the near future, and the last two have been published. In
this part we summarize the results arrived at in these reports. Part II,
section 1 to 9 are the respective reports.

In Part II - sections 1 and 2, we determined the influence of finite B
(ratio of particle to magnetic pressure) upon stability of the interchange
mode. The parameters utilized pertain to the tail of the magnetosphere.
It was found that inclusion of the influence of the finite B terms is,
in general, stabilizing in that a marginally stable solution becomes
stable when the plasma pressure is increased. In addition, we have shown
that the B = O calculations are pessimistic. However, to determine the
stability properties of the configuration, it is necessary to solve a
differential equation using the known plasma parameters. The defining
equations are given by Equations (2-15) and (2-16) of GA-6591.

In Part II - section 3, we examined a high frequency instability
encountered in two component plasmas in mirror geometries. Here the
basic ingredients are a tenuous high-temperature loss-cone limited plasma
superimposed on a dense low-temperature background plasma--as is the case
in the radiation belt. It was found the instabilities with characteristic

1



frequencies on the order of a harmonic of the species cyclotron frequency
would result if the fractional density of hot plasma exceeded the inverse
of the harmonic number. If the fractional density of hot plasma does not
exceed the inverse of the harmonic number, instability would occur only

if the harmonic frequency were equal to the appropriate hybrid frequency.

In Part II - section 4, it was demonstrated that the electrons from
the Starfish debris although predicted unstable on purely energetic
grounds are stabilized by the influence of ionospheric currents, vis.
these currents effectively short out the lines of force.

In Part II -~ section 5, we describe a new approach toward handling
non-linear interactions. This theory treats the non-linear interaction
between plasma oscillation normal modes in a hydrodynamic approximation.

A modified quasi-linear treatment is used, in which the normal modes are
taken to affect each other through the slow non-linear temporal and

spatial changes they induce in the (equilibrium) background quantities.
Plasmons, i.e., wave packets of plasma oscillations, are found in this
approximation to have an interaction similar in form to the electromagnetic
and gravitational interactions. The plasmon interaction is describable

in terms of scalar and vector potentials which satisfy wave equations of
the form satisfied by their electromagnetic and gravitational counterparts.
Here, quantities proportional to the slow changes induced in the back-
ground number and current densities play the role of the scalar and vector
potentials, with the thermal velocity playing the role of the speed of
light. The source terms in the potential wave equations are quadratic in
the normal mode density perturbation. The normal mode density perturba-

tion in turn satisfied a Klein Gordon-like equation, so that, normalized,




it would appear to play a role similar to the quantum mechanical probability
wave function {. An interesting consequence of these equations is the
presence of an instability arising out of the tendency of plasmons to
condense.

Since many of the modes inherent to the radiation belt, especially
those which occur in the stagnant layer surrounding the magnetosphere,
give rise to strong turbulence, it may be useful to use such models to
obtain information about the non-linear behavior.

In Part II - section 6, a study of the non-linear effects of an

instability encountered by Krall and Rosenblu.th5

and later applied to
auroral discharge by Chamberlain6 is described. The references are
listed in GA-T11l4. In the application by Chamberlain, it was conjectured
that since the instability was characterized by the presence of an
electric field parallel to the ambient magnetic field, there would be
dumping of electrons out of the loss cone due to acceleration. Since
only a density gradient is needed to drive this instability (although
it is enhanced by temperature asymmetries), it might be expected that the
mode strongly influences the distribution of particles in the belt.
Results using the quasi-linear approximation for the non-linear
behavior indicate that the instability will be an effective mechanism
for Qumping particles out of the loss-cone. Specifically, the wave-
spectrum interacts with the bulk of the protons in the belt. It is
inferred that the electrons will be dragged along with the protons to
maintain charge neutrality.

In Part II - section 7, finite-B resistive instabilities are studied.

The decoupled-flow regions of resistive instabilities occurring in



magnetospheric tails are sufficiently narrow that magnetic and collisional
viscosities may be of importance. To detemine the effects of these
viscosities, the resistive instabilities studied in the hydromagnetic
approximation by Furth, Killeen and Rosenbluth (1963) and Johnson, Greene
and Coppi (1963), are studied with plasma equations based on the Chapman
and Cowling expansion. Treating the ratio B of the plasma pressure to
magnetic pressure to be of order unity, three cases are considered, two
leading to tearing instabilities and the third giving a gravitational
instability. It is found in all three cases that the hydromagnetic equa-
tions are applicable when the ion collision frequency is larger than the
ion gyro-frequency. When the ion gyro-frequency exceeds the ion collision
frequency, the results are qualitatively the same except that ion-ion
collisions replace ion inertia in determining the growth rates and the
size of the decoupled-flow region. The conditions under which the Hall
currents become important are defined.

As some representative numbers, we take a typical length of the
shear field to be 108 cm, 1look at perturbation wavelengths of the same
order and assume a density, temperature and magnetic field of lO2 cm_3,
0.1 eV and 107, respectively. In this case viscosity does determine the
behavior. Here, the mean free path of ~ 1/2 X 109 cm is one-thirtieth
the effective parallel wavelength kﬁl and the latter is comparable with
the diameter of the geomagnetic tail. The ratio € of the thickness of
the decoupled-flow region to the thickness of the equilibrium current
layer is 10-2, and for the tearing mode the growth time is of the order
of lO-2 times the resistive diffusion time. i.e. of the order of a day.

Shorter growth times may be obtained by considering shorter wavelength

perturbations.
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A paper based on a talk given at the Advanced Study Institute,

Radiation Trapped in the Earth's Magnetic Field, August 16 - September 3,
1965 at Bergen, Norway, and to be published in the proceedings comprises
Part II - section 8. The paper was a summary of some results obtained
during this and the preceding contract period.

In Part II - section 9, two-dimensional distributions of the in-
tensity of the polarization of the synchrotron radiation from ultra-
relativistic electrons trapped in a distant dipole field are calculated
for comparison with recent radio astronomical observations. A derivation
of the Stokes parameters is given and numerical results are presented in
the form of fifty-two tables in which the radiation is described for
various angles 90, between the dipole axis and the line of sight.
Provision is made for shadowing by a centrally located object.

The results reflect the dependence of the intensity and polarization
on the field alignment, radiation efficiency, electron density, and radi-
ating angle. The brightness pattern tends to be more uniformly distributed
for an isotropic distribution of particles approaching a thin vanishing
ring as the limiting equatorial helix angle aj, increases for GO = 0 and
a more slowly vanishing, thin, wedge-shaped equatorial strip as ap
increases for eo = 900. In general, the pattern outline progresses
smoothly from a circular to a flatter elliptical shape as 90 increases,
and becomes a butterfly pattern for 90 = 90° and large ar. While the
ma jor axis of the distribution tends to lie in the equatorial plane, in
cases of large sin ay, there exists an intermediate range of aspect angle
90, for which the distribution actwlly consists of two separated portions

lying along the dipole axis.
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Polarizations run the gamut as 90 and a; are varied, the over-all
degree of polarization increasing as 90 and ar, increased. The patterns
depend much more strongly on the aspect angle and the helix angle than
on the energy distribution, while the frequency behavior is dependent
only on the power-law energy spectrum assumed and is independent of the
aspect angle or the helix angle. The results for other angular and
energy distributions may be approximated by combining the patterns of
various figures. In this way situations may be constructed where both

the polarization and the brightness distribution are frequency dependent.
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Drift Instabilities and Electron Cyclotron Oscillations
for Arbitrary Plasma Pressure*
N. A. Krall and L. D. Pearlstein
General Atomic Division of General Dymamics Corporation
San Diego, California, U. 5. A.

oge6l

Most of the familiar drift instabilities (flute, universal, etc.) were cal-
culated in the limit p = (plasma pressure)/(magnetic pressure) = O. In this
1imit the perturbed electric field is electrostatic, and the Vlasov equation is
remarksbly simplified. The p limit for validity of the electrostatic approxima-
tion depends on the particular mode considered and many present experiments fall
outside the range. Two well known low frequency drift instabilities are examined
at arbitrary B; the zero B regime is determined and stability criteria for larger
values of B are derived. In addition, the influence of finite § on radiation at
the electron cyclotron harmonics is examined. The finite Larmor radius (R) flute
instability driven by mirror type curvature of the magnetic field is considered
first. It is shown that the lowest order ominously large contribution, inversely
proportional to R®, cancels to all orders of 8. The leading terms are then inde-
pendent of R, and are included in the eigenvalue problem; stability criteria are
obtained for various ranges of f. Next the unilversal instability EPerturb g =
® exp(ik r )exp(ik,r, ) in a uniform magnetic field B = Bsi, is considered S imu-

0 y Slmu
lating fietd curva%u!e by a fictitious gravity. Here the Zero B limit is depen-
dent upon wavelengths. If B < (electron mass)/(ion mass), or if g < (k r )~
vhere r_ = plasme radius and (1/k ) 2 plasma length, tge zero B limit obtains.
Since the instability only exists for (k r )2 < (6.5)"° a modest plasma pressure
violates the zero B limit. The eigenvalue for B > (k,r )¢ is calculated as are
conditions for cusp stabilization. The dominant high“fgequency non-relativistic
modes of the stable zero B plasma are longitudinal waves at electron gyrofrequency
harmonics. If excited these modes can radiate only if coupled to transverse
waves; in zero B this coupling occurs at a surface or at a local inhomogeneity.
Since a prominent effect of finite B is to couple longitudinal and transverse
waves the spectrum and coupling of electron cyclotron oscillations is calculated

for arbitrary 8. (;LLl;qugvcrL

*

This work was supported in part under a joint General Atomic-Texas Atomic
Energy Research Foundation program on controlled thermonuclear reactions, and in
part by the National Aeronautics and Space Administration, Office of Space
Sciences, Geophysics and Astronomy Programs.
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1. INTRODUCTION

Most of the familiar drift instabilities (interchange, universal, etc.)
[1-5] were calculated in the limit 0 = plasma pressure/magnetic pressure = 0. In
this limit the unstable modes are electrostatic, and the Vlasov equation is
remarkably simplified. The B limit for validity of the electrostatic approximation
depends on the particular mode considered, and many present experiments fall out-
side the range. We examine two well known low frequency instabilities, with &
finite, and determine both the range of the zero B approximation and the stability
criteria for general values of B. In addition we calculate the influence of
finite B on electron cyclotron harmonic waves.

In Section 2 we consider the finite Larmor radius (R;) flute, or interchange,
instability [1-3]. It is sgown that the ominously large lowest order contribution,
inversely proportional to Ry, cancels to all orders of B. The remaining terms
prove to be stabilizing. We treat this problem by an equation involving only
macroscopic quantities, density, pressure, B, etc.; this equation evolves from the
Vlasov eguation when we introduce the ordering scheme appropriate to the flute mode
(w/Q ~k R% << 1, B ~ 1), and allows a variationgl treatment of the stability prob-
lem. It also allows us to treat large B < l/kERi.

In Section 3 we examine the universal instability [4,5] El = Eexp( iky)exp(iKz)
in a linear magnetic field Bz(x). This mode can be stabilized by several mechan-
isms in zero B [5]. One significant effect, stabilization by a strong magnetic
cusp, is shown to be unaffected by finite B considerations. Another effect, finite
length stabilization, is shown to be enhanced by finite B, allowing longer stable
machines.

In Section 4 we study the high frequency mode structure of an infinite uni-
form plasma in a magnetic field. We show that in addition to the familiar lcngi-
tudinal Bernstein mode [6], transverse and mixed waves exist at electron cyclotron
harmonic frequencies. We calculate the absorption coefficients and show that the
transverse and mixed waves can be excited to the black body level if B is finite.
Like the Bernstein modes, these waves require a coupling mechanism in order to
radiate out of the plasma. They also require frequencies below the plasma frequency
and could be of interest in connection with experiments which observe intense rad-
iation at cyclotron harmonics [7,8].

2. THE FINITE 8 FLUTE INSTABILITY

In the earliest investigation of the interchange mode the Vlasov equation was
solved by direct integration over the unperturbed orbits [1]; in the later calcula-
tions the solution was obtained using an expansion technigue in vhich the ion Lar-
mor radius SRi) was assumed small compared to a characteristic length (L) in the
plasma [2,3 .” In the method of Rosenbluth and Simon [3] it is necessary to order,
from the beginning, all quantities in terms of a smallness paremeter; the ordering
presupposes knowledge of the solution [1). However, in contrast to the method of
direct integration it is then practical to solve problems of considerable complexity.

We use this ordering technique [3] to write down a closed set of equations to
first order in the perturbation which enables us to incorporate B to all orders.
Curvature is represented by an effective gravity (g). The geometry is one-dimen-
sional, i.e., no quantities vary in the direction of a one-dimentional magnetic
field B and all unperturbed quantities vary only in the direction of gravity

10




perpendicular to B. The appropriate ordering [1-3] in terms of the smallness
- parameter ¢ = Rj/L = 1/Q;L/203" is

=

w  cE TiVB_ /g 2 ~ 0
0.7 IE. "1 B 5™ e B~ e
i Lﬂi

with  the cyclotron frequency, B the magnetic field, E the electric field, w the
eigenfrequency, and L the system size.

The first effect of finite B is to produce an apparent charge separation in
lowest order due to the VB drift. However, this large effect cancels to all orders

>

in B, leading to a theory which depends only upon the macroscopic plasma properties.
We examine herein the cylindrical case and demonstrate by a variational technigque
that in general finite B is stabilizing.

Since the method employed follows that of Ref. [3] we shall, wherever conven-
ient, use their notation. Our starting point is the Vlasov equation written in a

frame moving with the drift velocity, with equilibrium fields and gravity varying
only radially.

- 6 X a - - - - /.\ , -
V= 5 v=v' +V, B, = Bo(r)lz (2.1)
Q
-0' - - - -y -
Df + V- Vf + (v xQ- DV - (V-¥)V]. ¥ £ =0 (2.2)
where

D = 9—' + -{;-V (2 ?)

t = at -

and G represents the acceleration arising from all forces save the Lorentz force.
Note that ¥ has no component in the direction of B. If we now convert to polar
coordinates in velocity space and define

with similar definitions for all other vectors we can, by substituting

= S n _iqp |
Z Zee fn,q (2.

f =
n=0 g=-n

no
N
~—
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into the Vlasov equation obtain a formal sclution by equating coefficients. We.
then have to lowest order

i -
efl,l = - 35 vd fo

+ - o~
2th0 + ev(d fl,l + 3 fl,-l) -V eV — . (2.6)

This equation along with the next order equation coupled with Maxwell's egu: tlons

= 2 e\
V.E T ?];dv[fo + e fg,oJ (2.7
- k) A 2 »
{cV'x B - SE] = bm E ?/;dv{ Ly + €78, o]+ vlog) 5+ @ £3 41 (2.8)
QE = - = .0
Cat Vx (2.9)

completely determine the solutions. If we now substitute Fg. (2.6) into #gs. (2.7)
and (2.8) we obtain, to lowest order, the equilibrium condition (p = vdvveMf/2)

B,y B - ,
B+ Ly = = 0, (2.10)

and with the perturbations £f', E', B' ~ eﬂJJt elm¢
turbed distribution function with T = (3B/3r)/B,

f(r) we obtain, for the per-

w + mVp/r * M N
and for both the perturbed Maxwell's equations
_v3 vav__ [af v 2f 2.12
0= V VZef ar + ) av . ( .lz.,)

w + mVD/r

In the above equations primed terms refer to perturbed quantities and the sum is
over species. To arrive at these results we have assumed that the Debye length is
of the same order in e as is the Larmor radius; hence terms like VB are of
higher order. Also note that ¥' does not contain the gravitational drift to this

i2
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order. In addition we have used the following definitions
® = o - mcE/rB, vy = (3B/3r)/2a0B. (2.12)

We immediately see that the r.h.s. of Eg. (2.12) is the perturbed charge separa-
tion due to the VB drift which vanishes to lowest order in e¢. Consequently, we
must conclude that either the integral must vanish (which gives_rise to a univer-
sal instability generated by a temperature gradient L9)) or V.V' must vanish
producing the flute mode with the polarization

- cE!
(VxE) =238 _9, 5. (2.14)

c
B A B ar ZS B

Now, when this polarization relation is substituted into the next contribut-
ing order and '(e°) is eliminated from the lowest order equations (it of course
does not occur in the higher order equations) by taking a suitable linear combina-
tion of Egs. (2.7) and (2.8) we obtain

2 2 9 2 2 ~ -
%%;r%p%%+[(l—m)‘l‘p+mg—a%+m %p(hb )]u;:o (2.15)
where

b = Be/lmpcz, M = (3B/3r)/B, ¥ = cEé/BaS, 8R = Mvuf‘ vdv

T = T(146°) + molTp + 3p/3rl)/r + me'ﬂ(aR/ar)/reﬂg. (2.16)

Again, all quantities refer to ion parameters. Finally, if we assume the plasma
is isothermel with equal ion and electron temperatures we have

T=[w- mVC(l-B)/r]2 - [ch(1+B)/r]2
Ve = - (3p/3r)/200Q (2.17)

where for convenience we have dropped the b2 term, a valid approximation for =1l
but very low density plasmas. In determining stability behavior we shall work
solely with this last form for T, Egq. (2.17).
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As in Ref. [3] Eq. (2.15) can be obtained from a variationasl principle with
the property that the eigenvalues are in general complex., This variational srin-
ciple is expressed for general equilibrium in Egs. (2.25) - (2.27). 1In genecral
we can only extract from this a sufficient condition for staubility. dowever, as
in Ref. [3], there is a special equilibrium E(p) in which there is a minimal
expression for w*. It can be shown, as in Ref. [3], that varying F(p) away from
the special equilibrium is destabilizing.

The variational principle allows us to make stability statements wvhen B, p,
B, and E are general functions of positions, and can be used to analyze quite
realistic physical situations. In this work we are concerned only with the otabil-
ity behavior arising from a variation of B. There are two useful approaches. we
can find corrections to calculations [1-3] which assume a p, 3, T and ignore the
B contributions implied by p and B, or we can calculate the stability consispCHTTV
with finite B(r), and ask whether an increase in B (which changes p, B, otc.) s
stabilizing. To distinguish B effects uniquely in the latter case is difficultl;
we attempt this by varying B with p'/p fixed, and taking first F(p) given by the
special equilibrium and later E = O independent of B.

We consider first the special equilibrium

= - - .10
CE/B v (1-8) (2.18)
from which we obtain after multiplying by ry and integrating

J;rrp[vc(l+ﬁ)]2 G +_];rrg %% wz o
_ 2.19)

2 2 2
j;rrsp{ N,y L ny ]
ar r r2

sl\)lef\)

where
2 o1 yegm?-l}
AT = S¥ + S . (2.20)
r

As in Ref. [3], with g = O, w? = 0 is a solution for m = 1. This is seen by
choosing as a trial function § constant everywhere except at the boundary; thus
the numerator can be as small as desired. Consequently there is no stabilization
for the m = 1 mode even for general B.

To obtain the behavior of a variation of p which maintains the special
equilibrium we write

p = K pg(x). (2.21)

This form allows us to change B without altering the plasma profile p'/p, by chang-
ing K, since

14




. 58 = B(1+28) QKIS . (2.22)

To obtain Eq. (2.22) we have used the pressure balance equation which leads to

(8/B,)7 = (1428)7" (2.23)

with B, the value of B at the boundary. if we now assume that we have marginal

stabilgty for gK = 0, we may solve for duw"~ to order 8K by varying the equilibrium
only, since &w~/5y = O, and obtain

8a ~ 8K ] arrph®v.2a(68° + 108 + 4).

(2.24)
Hence increasing B stabilizes.
For a general equilibrium the variational principle is
Sw _ o _
5Y - oyF - 0 (2.25)
with
w= (- Bx. Be-hAc)/eA (2.26)
and
A= t/érpr3A2 +‘/£rr2(ap/ar)]¢|2
2 1
B = 2fdrprA [cE/B + 5 V(1-8)]
C = -:[drprAEE('cE/B + Vo )(cE/B - VoB)] (2.27)

where A2 is defined as in Eq. (2.20) except now absolute values are implied.

We next consider the influence of finite B on the stability for the case in
which p is gaussian, g = 0, and (i) E~r, (ii) u = -¢cE/B - Vo ~ r (uniform rota-
tion). Note that for B = constant these two conditions are equivalent and the
probiem reduces to a well known calculation L1]. To proceed, we have as a

15
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sufficient condition for stability Bd-hAC 2 0. We assume that for B = O the sys-
tem is at marginal stability and compute the correction to first order in B. ‘e
thus have for case (i) with

QI
[

r .
jj;rp'r2¢2/‘jdrpr3Aj >0

B = .jgrprsﬂAe/_[Arpr3A2 >0 (2.28)
the condition for stability
[(Vc/2r)2 + aucE/reB] + E[(vc/r)2 - af 3uvc+u2)/r2] > 0 (2.29)

All parameters occurring are to be taken in the B = O limit., The first square

bracket vanishes by the assumption of marginal stability in the B = O limit. 1If
we now substitute this result into the remaining term we obtain from Fg. (2.29)

(Vc)2/8 E[%+ 1 iJé—_—+ 1] >0 (2.30)

for stability, which is automatically satisfied. Thus we see § stabilizes; the
B = O stability criterion is pessimistic [1]. For case (ii) we obtain twice the
result of Eq. (2.30).

If we perform the analogous calculation for linear geometry where we assume
all quantities depart for uniformity by a slow linear term we obtain the finite

B correction to another well known result [1]. our B modified stability criteria
is

(1428 )(kV)? = - kg(3p/3x)/p (2231

and again B is stabilizing.

Finally we examine the effect of varying p subject to Eq. (2.21) with = 0O
and obtain after some algebra the condition for stability

{2 BV + 2 7% - (P + |3 #%)vC" + a p(1+40)vc” }2 0

(2.32)

In Eq. (2.32) we have used the definition
T ='jérpr3A2f/-IArpr3A2 (2.33)

16




and in addition we have used Eq. (2.28) for a@. We immediately see that if p'is
negative the first term and the last term in Eq. (2.32) are positive and by the
Schwartz inequality the contents of the square bracket are positive. Hence, if
8K and thus BB are positive, we have stability.

Our results can be summarized as follows:

1) The special equilibrium is the most stable for a given plasma pro-
file provided p' < 0;

2) Increasing B and holding E fixed within the special equilibrium or
setting E = O for a general equilibrium is stabilizing provided the density p is
varied with a fixed p'/p;

3) The B = O stability criteria are pessimistic since the lowest order
B corrections are stabilizing.

3. UNIVERSAL INSTABILITY

One low frequency instability of an inhomogeneous collj.sion}fgs ﬁ%sma in a
magnetic field B (x) is a nearly electrostatic wave (Ey ~ elky 1Rz glwt 'y 55 k)
with group veloéfty parallel to particle drifts and phase velocity parallel to B,.
This instability was calculated for a simple equilibrium (density and temperature
gradients only) [4] with arbitrary g; in a zero B calculation [5] it was shown
that the mode could be stabilized by more complex equilibria, where the effects
of finite length, magnetic cusp curvature, shear, cold plasma, etc. were included.
Here we examine the influence of finite B on finite length and magnetic cusp
stabilization.
a\3/2 -av2+2a

We simpliff the calckzlation by assuming a linear plasma fo = n(-ﬁ) e ex
X [l-e'(x+vy/0) , 30 = Bol,(l+ex), simulate curvature by gravity g = -v2 ermq,l/Rc’
and use a local approximation to evaluate the final equations at x = 0O H:, 54
The perturbed electric field is B = - Vo + E,, where E, vanishes in zero B, and
Ey is a correction smaller than E, for this mode.

Previous work demonstrates that the maximm growth mode occurs for
1/Ky ~ Rp/VB; or 1/ky ~ RW;{ the former when B > m/M, and R_ is the plasma
radius. This worst mode can be eliminated by making the system short enough,
L < 1/Ky. In fact all modes were shovn in zero B [5] to require 1/K > 1/Ky ~ 6R
the finite length stabilization effect. We expect the same effect in finite 8.
Since we also expect to find stabilization for cusp curvature, we solve the case
of marginal stability, Re » >> Im w, calculate as in Ref. [5], using the Vlasov
equation, solved by the method of cheracteristics, assume o < Kv,, and arrive at
the approximate dispersion relation including curvature and finite B

P)

2
T T 2 T
Ie (0 W + mlafho® =& - B {14 -8
Ti b x 0 Te Ti mc Ti
l+m-Ie (1W)(1lw /o') = - =
T, Yo LT
(3.1)
T T
Imep = - i o't == - k2v2 1+ =|/R A+B/K2V2k2R2 + i (Ion Terms) (3.2)
Kv_ Ti 'I‘i c A
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vhere all parameters except To, V, refer to ions, Ipis the modified Bessel func-
tion, @' = w-kve/(Ry, V4 = B/J/WIM, V = thermal velocity, o* = kRyv; d(4n n/ax),

@
b = sze, R = Larmor radius, W= - (1//) ~[ xe'x2 ax/(x + a)’/Kvi -ic). The

quantities A and B are positive real functigns of the parameterg, and the ion terms
are stabilizing. Reference [5] solved Eq. (3.1, 3.2) with KEVAz = K2V12/B - ®,

To see the finite length effect we solve Eq. (3.1) (with no curvature) for

wX/w = (Kv/w)kR(d frn/dx)/K, write Kv/w = 1/A,

-b X Ti X Te\
T Ioe (w-w )W(A) + T ®'"+w T*)
Rreblafnn {0 T g by, e 1 A
0 K ax T 0] 2v2b l+W(X)
e K A
(3.3)

Observing that A 1+W(A§ has & minimum at A. ~ 1 we conclude that there is a minimum
value of (d.émn/ ){K or this mode to exist. With KEVA? = the minimum is that
obtained in Ref. [5]}, m/K > (20.6)(d4nn/dx)-1, occurring for modes with k°R® 2 1,
W(A) ~ 0. Including the finite B effects the minimum is displaced and
1+ Ti/Te 1 2 in -1 L
< = . ——t = 0. = .

Lotability n/KO 20.6 S +2(6 5) By Rp, RP = (d.4nn/ax) (3.4)

We see that finite p permits longer stable machines and that the effect is enhanced

by the factor (dfmn/dx)/K ~ 6.5 for the shortest parallel wavelength mode.

ghe cusp stability criterion is apparent from Eq. (3.2). We note that w'
and k v2/Rc are the stabilizing terms. From Eq. (3.1) it can be seen that w'/w®
may bg made smell by choosing kR >> 1; in addition the finite B corrections to
(o' /wX) are small. Then stability is achieved by taking kvz/(‘Rc > aX =
(kv*/2Q)(d.4on/dx). From the form of Eq. (3.2) we see that this stabilization is
unaltered by finite B corrections, since (w'4w® - ka/GR ) is & common factor of
all destabilizing contributions. ¢

We conclude that finite B increases the allowed length of a stable machine
but does not alter the criteria for magnetic cusp stabilization.

L. ELECTRON CYCLOTRON HARMONIC OSCILLATIONS

Explanations of the features of observed radiation [7,8] at electron cyclotron
harmonic frequencies (intensities flat over several harmonics, comparable to black
body radiation at the plasma temperature) usually involve the Bernstein electro-
static mode [6]. In this paper we show that two other modes can exist at harmonic
frequencies. One is purely transverse, the other half longitudinal, half Frans-
verse. We calculate, for the two new modes, the absorption length, indicative of
the size of a plasma needed to excite these modes to black body level. This size
is infinite for a § = O plasma, but is not unreasonably large for the values of B
found in experiments. We simplify the problem by considering waves with k-vector
nearly perpendicular to B.

Consider,an infinite Maxwellian plasma in §§ui%%brig$twith a uniform magnetic
field ﬁb = Bgl,, and perturb it with a wave Rl iz gl K << k

w ~ -0 = -ZeB/mc. Straightforward integration of the Vlasov equatipn gives the
dispersion relations (for K = 0)
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1 “
a4E +a Ey:o, a,.E_+a . E =0 a,.E_= 0 (4.1)

11 12 21 x 227y ’ 33 2
22 2 2 Ize—b
8, = (ke /a) + (Z +2b°-2b° 1! /I )xz/b Xy = 0o
o = (W) o (1-07) + (o /o0y, (k.2)
* . u.)e
8 = 8y = -i(w/Q) | 1/ 55 -1+ [1/1, -1) Xy
= (k2c2-m2)/w2 + X, (4.3)

where b = k2R2/2 I, is the Bessel function of imaginary argument, I, = dI /db

i and Ry are %Be electron gyration frequency agd radius The dispersion relatlon
a118p = |ajp|“ can be solved in the limit K2e , XZ << b, yielding the hybrid
mode and the @ = kc mode. The limit x,~D \2/1elds the Bernstein mode, w ~ -4Q,

Ey = 1(k202/m )E » vhile the limit x, ~ k°c /o.) >> 1 gives the new modes

‘ .
b Qs w+eQ )
@, = - 40 - bLze —2—§1+wK ) 5 By = - 1E (1)
kKc
b, 2,22 o) 2 | omn
o, = - 40 - ol e (wp/kc) 2 'Kv-) W Kv) ; E=E (4.5)

Equation (k4.l4) is the solution to a; = P! I: and is mixed in polarization
independent of the small parameter 7]21c. quation (4.5) solves a33 = O and is a
pure transverse harmonic mode. The corrections for finite K,

2
W(A)= -%?f xe ¥ dx/(x+\-1¢) are included, and are necessary for calculation of
-0

the absorption coefficient a = Im w/ |da>/dl-s. | We average over a cone of small
values of K to obtain the absorption length for the two modes

-1 R
1e™) 5 L~—F (/) ~R /B (4.6)

These modes, flat over harmonics with b ~ £ could be excited to black body level

in a plasma of size R ~ Ry/B. These new modes share with the longitudinal wave

a difficulty in propagating out of the plasma (u.)p - 0 requires complex k, giving
reflections), but could be coupled at a sharp bounda. e they are transverse
waves. The results above occur only when Q = eB/mg is replaced by_eB/mpc. The
relativistic correction places a limit on the possible size of the harmonic term,
allowing solutions Eq. (4.4, 4.5) only vhen w/w, < 1/JZ} Since the Bernstein modes
exhibit no such behavior this offers another means of experimentally distinguishing
among the various contributions to the electron harmonic spectrum.
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The effect of finite plasma pressure (B) on the interchange mode is
calculated in the finite Larmor radius limit. The method follows earlier
zero B calculations of Rosenbluth and Simon, expanding the Vlasov equation
with the ion Larmor radius ay considered small compared with the plasma
radius, L. The plasma pressure  is taken to be zero order in ai/L. A
differential equation is obtained for the stability properties of systems
with arbitrary radial dependence of density, electric field, magnetic field
and B. Several simple examples show that increasing B moves marginally

flute unstable systems to stability, if the change in B does not include

violent changes in the density and field profiles. KIJLiit»(”’L7
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I. Introduction

The purpose of this paper is to calculate the effect of finite plasma
pressure on the interchange mode in the finite Larmor radius, "weakly" un-
stable, regime. The previous low plasma pressure calculations were done

1,2,3 In the earliest calculation the

in the electrostatic approximation.
solution was obtained from direct integration of the Vlasov equation over
the particle orbits.l In later calculations the solution to the Vlasov
equation proceeded from an expansion technique in which the ion Larmor
radius (aj) was assumed small compared to a characteristic length (L) of
the plasma, i.e. the radius of the plasma.g’3 Although the direct
integration of the Vlasov equation leads in principle to a solution of
the most complex problems, in practice few problems are amenable to
solution with this method. On the other hand the expansion technique,
which presupposes knowledge of the solution to obtain the proper ordering
scheme, enables one to solve problems of considerable complexity.

We use this latter technique, specifically the method of Rosenbluth
and Simon,3 to obtain a closed set of equations to first order in the
perturbation. The contribution of B, the ratio of plasma to magnetic
pressure, a quantity which we treat as order unity is included to all
orders.

The model examined is one-dimensional in the equilibrium state with
a uniform magnetic field. Curvature is represented by a fictitious
gravity which points in the direction (orthogonal to the magnetic field)
of variation of the equilibrium state (particle distribution and electro-
static potential). We consider flute type perturbations i.e., there is

no motion or variation in the direction of the uniform magnetic field;




thus the perturbed magnetic field has no component orthogonal to the
equilibrium magnetic field.
The appropriate ("finite larmor radius") ordering scheme® in terms

of the smallness parameter ¢ = a4/L is

vhere @ is the eigenfrequency, E the electric field, B the magnetic
field, Q the cyclotron frequency, M/2x the temperature and Ap the Debye
length.

The immediate effect of the inclusion of finite Q terms is to pro-
duce to lowest order in ¢ an apparent charge separation due to the VB
drift, which however cancels to all orders in B leading to a theory
which depends only upon macroscopic plasma parameters. In a previous
paperh the definitive differential equation was written down without
proof and several cases were examined to determine the influence of
finite B on stability. In the present treatment we derive this equation
for rectangular geometry and add to the previous stability analysis.

For completeness we will comment on some of the previous results as well.
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In Section II we derive, for a linear perturbation, an eigenvalue
equation for stability in rectangular geometry; we also include the
analogous equation for cylindrical geometry. In both cases we include
an equlibrium electric field. In Section IIT we determine the influence

of finite B on stability through the use of a variational technique.




I1I. Linear Perturbed Equation

Since the method employed will parallel that of Rosenbluth and

Simon3 we use, wherever convenient, their notation. We start with the

Vlasov equation written in the frame moving with the drift velocity

(5E + g) x Q
REE W
Q
which is given by
{D+”v”'.v+[irxn-nm-x'-yhy”]-ﬂgv'}f=o (2)
with
- .
and
V='X'|+Xn ()-I.)

hec <4

If we next convert to polar coordinates in velocity space (B is chosen in

G

the z-direction, Q= 2z
vy = vcosp

v! = vsin

v g (5)

The Vlasov equation can be written in the form*
of [, -iffs+ “ifouty LAVE L 13 _~if e . Vooho-
Df-na—¢+{%ve 3f - ge (Dv)Vav +2v€¢e (pv")f '1E(3V)

X % - %(B+V+)e-21¢ i;? - ;{(aﬂf)g—-ﬁ + il -gz(a+v+)e-21¢f + cc] =0 (6)

¥, F
*As a definition by "cc" we mean a*(v*)-a (v ), £ - f and
n,m n,-m

everywhere 1 appears explicitely it i1s replaced by -i.
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In Eq. (6) we have defined

£ _3d L 48
=3 Flyy

Ve v, 1 vy (7)

Also note that derivatives operate on all quantities to the right unless
a bracket is interposed. A formal solution to the above equation can be

obtained by substituting

and equating coefficients. The truncation of the sum over m is a
property of the finite Larmor radius ordering. Recall that all terms
in Eq. (6) are now uniquely ordered by the aforementioned ordering

scheme. Thus, we have to lowest order

eV .+ v of,
— - — . o9 _
Df_ + =3 (3 fl’l + cc) 5 (v -9 S 0 (9)
with
. = - vf (10)
11 "m Yo

Recall that since the gravitational drift is included innxnthere are

terms of higher order also present. To the next order we obtailn

2 £
€Df, o+ e % [A+f + cc] -e [H—(B Vv )av fe.2 %QZﬂX)é'%tg + CC]

avf
- %; [——S%*l (ovt) + cc] =0 (11)
with
2 avf

3 _ eV |+ - - 1,1
] iﬂf3,l = = [a f2,2 + A fe’o] + ¢ [Dfl,l H(3 v )————L-

v af 1, 4~ - 1 3af -
- V’ ﬁlll - + -

HEDELL L 2 IV - ) fl,l] 1 2% (v (12)
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and

Nl g

- V ;. =,y of
i g = e - _Q
210t o edat -3 (3V)R{ (13)
The terms odd in m + n form a separate equivalent chain as in reference 3.

If the terms of Egs. (9)-(13) are combined we obtain for the lowest order

contribution
v AT ¥ +1 - _
Dfy - '2'(3, ,,,Y,,)*é;‘l'i-['[;'i'a ﬁafo-*-cc:]—o (9")

and to the next order

af20 v t1l 2v2 + 1 -
(n% -(vv)——él-) 5(3 X +cc)+ e T3 9 55f2)0+cc
av2r ave
+_ + 2,2 1 + 1,1
- ‘2[]1‘:7 (a A ) T’—"‘ cc] - c{"a;(w ) v } =0 (ll!)
where
- vV o4+1.-1.- V41 emy 3fn L1 -\ 4 IVF
X =-7213 g2 g% +3g?d 5(BV)a—v°-~86( 'L v
-avf g 1 -
-Ba(aV-BV)afo+E-(V”)a——°* (DV)—B—Q—%’DaafO
igzv—
= C3Of3,l + T o) fe’o (ll‘l’)

These equations, Egs. (9'), (11') and (14) coupled with Maxwell's equations

V-E=lnz efvdv (£, + €°%2,0), (15a)
(7 x B2 % - %ﬁ £ efvdv {v*(fo + 5 o)
+ (e f1,4 + €5f3 ) V] (15b)
and
%—B = - %2 x E (15¢)
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completely determine our solution. The x and y components of Eg. (15b)
can be obtained by taking suitable linear combinations e.g. Ey = %(E—-E+).
To proceed, we choose all equilibrium quantities to be functions of
x; then g and the equilibrium electric field point in the x-direction.
Since we are concerned with the linearized perturbed equation we Fourier
analyze with respect to time (w) and the y-variation (k).
First, we obtain from the y-component of Eq. (15b) the equilibrium

pressure balance equation

138 2B 2 13 13 1R

0= (355 - B) + 152 < I8 - 35 5% 5o

13 13 cE

+§axQ(axB)p (16)

where when indicated we sum over species; otherwise all quantities refer

to ion parameters. Also in Eq. (16) we have utilized the following

definitions
p = M‘[-vdv (fo + 32f2,0) (Mass density)
p = [ 3av (fo + €“fo o) Perpendicular pressure)
7 2,0
R=21 VBav (£. + €25, o) (17)
-8 ot €120

Note that for an isothermal Maxwellian velocity distribution

n

P =p/x

R =02 = p/ka? (18)

where M/2a is the perpendicular temperature.
Next, we compute the lowest order perturbed contributions. From

Eq. (9') we have
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with

2

v. =¥

D 20

- 1 3B

= B ax
5= . KCE
@ B

€ = iz (v xE") c/B

P

Primed quantities refer to perturbed variables. For convenience we have

retained the contribution from the gravitational drift velocity, a term

of relative order e¢. Also, note that Eq. (19) holds for both ions and

electrons

which can

Hence, to
3 =
Inserting

v 1
B oI ]

and except where confusing we shall supress indices. Now,
cyt =g @ 1By g &
S =es - -kEE (21)
be written

1
- ':_—
RAA g DB (22)
this order the perturbed distribution is given by
i af 4 i D) afo ﬂz ofo
wﬂgax '<]3+kV kgT,(«-v( t3 av) (23)

Eq. (21) and (23) into Eq. (15) we then have
i . °E I CEyy bmi
=m§a2‘(§a'“%x)TZef"@”

gz egfvdv I (24)

EIPF‘

and from the i-component of Eq. (15b) using Eq. (10) we have

- m Si'
5 cB! i kve
(g‘f,—ﬂ'—if“)nbzzejgc‘;ﬁm"'%gze%f"d"ﬁ (25)
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In Egs. (24 and (25) we have defined

af VT 3f,
— 4 .__.._
1% 2 v (26)
TRV, - ke
Q
ing
Zlmej vav k;’g” 1= Axg e -Zlme(& - %ﬁ)f vav I (27)

A
we have to lowest order in ¢ (recall E% ~ €9, %g ~ ¢t and thus the first
two terms of Eq. (24) are the same order in ¢ as the term on the r.h.s

proportional to gravity)

=(§§-’)-nc—§?’)Ye‘/'vdvI (28)
for both Egs. (24) and (25). The first term on the 1l.h.s of Eq. (25)
vanishes to lowest order due to the equilibrium condition Tg. (16). This
equation can be satisfied by either the first bracket vanishing which,
as will be subsequently seen, determines the polarization for the
interchange mode; or by the sum vanishing which gives ris> .0 a

universal instability driven by a temperature gradient? Hote the r.h.:

of Fg. (23) is just the lowest order charge separation rue id the Vi drift

[sec Fq. (24)].
Thus, since we are interested in the interchange node we must nave
- ’
Leo. By _ .2 29)
CUS TIC B = € Y} (-9)

viz,ji' V' vanishes to lowest order in ¢. Consequently, —c may aet
¢ = 0 in all terms of higher order, such as the contribution of fg,o to
the charge dencity, the Debye length terms etc. #ith these restrictions

in mind we have
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1 2 ]
e g1 _ 3 CEYy¥E _, . ¢ kg
\Y E -1%—? aﬂl.&ze‘[VdVIn

= .2 4 “’Ti QZ flvdv + e2lme fvdv £, 20 (30)
and
‘.EM 1+ bn ap _3£.° E‘L.@E _)'f"_ig(ze vdv;k_g_k_vgﬂ:[
) TETX| T ™ W B Q 2
= ¢ B‘%Zej"dv Te 3 v ] (5] 4 15 ), (31)

where the gravitational drift has been dropped from the denominator of

I [see Eq. (26)]. Note that in the terms arising from f2 o and f. . only

3,1
the ions contribute; also as a reminder, all quantities refer to ion
parameters unless a sum is explicitly indicated. We may now eliminate
¢ from Eqs. (30) and (31) by multiplying Eq. (31) by -J-'EI)E- and adding it

to Eq. (30) to obtain

»Z'E"'%B2E J)E)': _& '@E'%Zk Ey[gZ(%-gﬂp)

+ 1°(1 + —z-zap)] lmefvdv 52f2 o (1 + kVD) + hgiefvdv

x [ﬂ' (X~ + cc)]' (32)

where X~ is defined by Eq. (14). We are of course only interested in
the linear perturbed part of the last integral of Eq. (32). Finally

we can rewrite the linear perturbed part of Eq. (11') in the form
. /- vV, +1- '
21 (& + kVp) fo0+t2 (35X +ee) =0 (33)

where we have dropped higher order terms in ¢ and also we have not in-
cluded the last two terms of Eq. (1l') since these terms vanish after an
integration over velocity when substituted into Eq. (32). We then have
for the r.h.s of Eg. {32)
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"

0]

14 3 ( 3 -
uﬂel/ viqv ((3+ + 1) % X"+ cc. (n)

At this point a few remarks are in order. TFirst we note [sec 1.
(14)] that there are no denominators of the form & + XV to be Integrato
over; hence there are no resonant particle contribution: to this order
in e" Second, we see that only the macroscopic plusme pruiramsters Jisue
in Fa. (17) contribute. Hence, we see that the cuncellution ol the
apparent charge ceparation to lowest order which forced the polarizutinn
restraint, Ta. (29) affords extensive simplification to the finite ©
interchange mode in the "weak instability" limit.

e next evaluate Fg. (34). If Q is expanded to lirst order in the

perturbation we have

- Ty r - ' »

L+ X- o - T Tk el : .
("4 E+ccr = (Lot ™ 4 cel 4 4 By g el (=5)
: 'y e R0 D /

g | 3 3 i
wherein we have utilized the polarization relation, “g. (©9), to 1o =2t

order, viz.

w chy 1
55" NF=FB=I L =0 (207

We now express the last bracket of Eq.(35) in terms of macroscopic quanti-
ties, using the definition of X Eg.(1l4) along with a linear combination of
Eqs.(15b). This contribution to Eq.(32) combines with [ﬂ2(1+£g% 3. 3p/3x)
- X%Eg‘np] to produce ggEag, see Eq.(16). Thus Eq.(32) can be rewritten as
1 ' s 2n!
-icEy 32E @ ot _icE, 3E 1kc? RE . bmi ke Z Q0
oL __EM - - g
-y ma"c‘”'“asEx X - EE an R _BTE;L 3%

oX
(1) (2)

brie [vav +l v 41 v
-l e onl EI-rACUREI wb - R

(3) (4) 1
. - b -
-(3NE(Y SN A IE ;;’ (35)F a7 371 ccJ
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where in all terms proportional to %%Q an integration over v has been
performed. The bracketed numbers which appear in Eq. (36) serve to
label the respective terms. Recall that f, is the lowest order distri-
bution function including both the equilibrium and perturbed contribu-
tions.

To continue with the evaluation of the integral it is convenient to

record the following relations

' af,
fo = i¥ SEQ
B'
7 = 1M (37)

where we have utilized Egs. (15¢), (22'), (23) and (29') and

= SEy
Y=o (38)
We now have for the various terms of the integral
1 4 - sl d - CcE,
(1) Iy =572 (DV7) £y + cc = -k¥® +i§{-w—§x
» 2 OBy 2E
ax ax

vhere we have utilized Eq. (22'). If we now incorporate the polarization

condition Eq. (29')

1 2 af 2 2
I, = T [%x— @ (%;)fo - o ¥ fo] . (39)
¥ 4.1 - +* [..3 @ af ¥ .
(2) I, = 3D 5%, =7 MG TH 7 o)

-2

3 @d, o7

*‘aia"az“]
and substituting Eq. (37) we obtain
v2[a ® ¥ af, K2 - dfg



2
(3) 1I3= - [- e % 3V, 4 A

= ¥ 212 . 2 132
" PG amY s o -
IR 3 1a - 1 _
- - = Ve
* 3 x)] fo + 2 [ <otz

_ 'Y XD
O ox ax

wherein Egs. (22') and (37) have been utilized.

we obtain

1 an)

! X
a (a 1 Afo
*x U X 0 Ax

Now with Egq. (37) and some minor algebra

_ W3 k8t agg B3y afo
b= 8_ & (2 ax 3 T (2 ox

Collecting all terms we have for the integral

D (}_ Q. kY Ao + ki Y P __'_L_ fO
oX (2 ax Q

in Eq. (36) with

chmifa av (.2 w3 k°T 3R 2 Kb
RES [s;‘s; For i (G v g |- WS e
N
52_ ox

36

Eqg.

ap
<§§ + Tp)

After further algebra

(Lk2)

(17)

(43)



We next turn to the evaluation of the first five terms on the 1l.h.s
of Eq. (36), the Debye length contributions. If the polarization relation

Eq. (29') is employed we have for these terms

-—[—kE +—g’¥ E.y[ﬁ—n-+n2(w ] ‘I‘B?(M)—+k‘fﬂ +kwn55§5§}

or

1 2 1 2’ 2 BD
E[-k%+g_xg;c-y§?c_+§y+

Inserting the definition for & [See Eq. (20)] we see that the round

_.w__aewzm%egg_%ﬁ;,mzs.a@”

ax

bracket vanishes and finally, the Debye length terms contribute

[(_ 5)2 &2y - a (Ba))2 Y |

3 | (44)

Bm 1k

Consequently, we have for our final equation [from Egs. (36), (43)

and (44)]

3 A 2 2T ¥y
S or - KPToY 4k Zgax\f_o (45)
with
2
2, -2 D 1 2R

=(1+b7) & "'%(%*'TIP)* S (46)

L2 _ B

= Tmpce

To be complete we now write down the analogous equation for

cylindrical geometry, namely

13 33 2 2¢- 20
rngr +[(1- ) pT + m Zgar

ar
29 2
+ ?I: p(l+b )] ¥Y¥=0 (l;"(')
with
- - mcEg
o= iEé rB
b4 == (48)
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and

2
- 2y g2 gm0 (2P %%EE
T=(1+Db7)& + P (ar Tp) + 2 53
h ‘r—if}go P
where T= 5 (49)

The lowest order equilibrium is again just

2
(& Le) o o

the higher order terms are not required since all terms appearing in
Eq. (47) are zlready of order e°.

Note that ¥ is the displacement in the frame drifting with the VB
drift.

If ve assume that the plasma can be represented by an isothermal

Maxwellian velocity distribution with ions and electrons having equal

temperatures, T can be considerably simplified and is given by

T= (140 [& gg gi (l-B)/(l+b2)]2

k ap (51)
Cp QCEZ 1+b 5
op

for the linear case with %;— replaced by = %% for the cylindrical case.

Recall that all parameters in the above expression refer to ions only,

thus B = ?E%%QE .
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ITI. ANALYSIS AND RESULTS

The differential equation Eq. (51) has the same structure as the
zero B equations derived by Rosenbluth and S:Lmon(3 ), and can be treated
by the same computational or variatiqml techniques with little added
complication. They can be integrated directly to make stability predic-
tions about plasma configurations with general E (r), B(r), p(r), P(r).
Clearly changes in B will affect stability, but the effect will also
depend on what changes are made in E,(r), B(r), p(r) etc. Indeed the
theory written down here includes the variation B(r), with B = O outside
the boundary of the plasma increasing to some Bmx inside the plasma.

Thus the stability will be semsitive to gross changes in the profile p(r),
B(r) as well as the value of Bpayx® We will try to isolate the effect of
increasing B by choosing an equilibrium which is neutrally stable » in-
creasing B keeping the gross spatial features of the plasma fixed, and
calculating the shift from neutral stability. We will also calculate the
sizes of the B corrections to a zero B theory and will show that the zero-g
limit is & pessimistic estimate of flute stability.

Following Ref. (3) we put Eq. (51) in the form

2 =
w0, ¥+ «O, ¥ + 03\11 = 0. (52)

Multiplying by Y* on the left and integrating, we obtain

aPA + @B +C =0 (53)
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where A= -.jar p(1 + v°)r32 +.jér(ap/ar)r2lw e
r ck 1
B=-[dr p(1 + v°) |V (1'8)-2 °1mr21\2
¢ 147 B
J
cE fcE
C=-lrdrp(l+b2)[—-B—o+ BQV]J_L-\/,
J 1+b ¢ .. B l+b2 ¢
2 2 2 o, 20 [y]2
+ L0
m rA fdr mryg T “i”
and
o a¥lf L (f-1 2 1
AS = + Yy , V. ==
Jr 2 ¢ Qp dr

2 =1
For our first example we choose an equilibrium with ECEO/B = Vo(l—B)(l+b )

This choice makes the constant B in Eq. (53) vanish and gives the simple
results of = -C/A. Rosenbluth and Simon(g) refer to this as the special
equilibrium, and show that varying E(p) away from this equilibrium is de-
stabilizing. Now choosing a trial function Y constant everywhere except at
the boundary we note that the only contribution to C for m = 1 modes is the
destabilizing contribution from g; indeed ¢ = 0 is a solution for m = 1 and
g = 0. Thus even for general B there is no stabilization for the m = 1 mode
from the finite Larmor radius equation.

For higher m values we can adjust the strength of EO/B and ¢ to
give marginal stability, 0 = O and see what dw is for a change OB.

To obtain the behavior of a variation of p which maintains the
special equilibrium we vary the uniform temperature keeping the density

fixed. From our equilibrium conditions

2 2
B _Bo
4+ =—— =
2 * B < By
. o X X Sae
where Bo is the magnetic field outside the plasma; we have with B = 5
B
_ Smp_
i

Lo




B-—22—. (5k)

J 1+ 2B
By varying a we then have
o
B = -p(1+aB) = (55)

which when inserted into the "special equilibrium" variational expression

leads to
1 2 2
- R | (-em) sz A (56)

hence increaslng B, i.e., da/a<0, stabilizes.

For our next examples we choose either E A~ r or u = cE/B + %Vc ~
This is the case of uniform rotation; if B = constant the two conditions
are equivalent and the problem reduces to that of Rosenbluth, Krall and
Rostoker.(l) We assume that for B = O the system is marginally stable
(B2 = LAC) and calculate the corrections to first order in B, giving

d Bedé hAC 8B>0 for stability.

Dropping B2 contributions, using B = LAC in the B contributions, and

defining
Idr rsfgagﬁr) >0
fdl‘pr A
we obtain

[%_4—1 £./1 +;]>0 for stability

a a
which is automatically satisfied. Thus B stabilizes in this case; the B=0
stability criterion(l) is pessimistic in that it ignores the stabilizing
finite B contributions implied by the choice of p and B. The modified RKR

results is (in linear geometry)

for stabiiity. (57)

Ele

(1 + 28)(kVe)® > bk g 3
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The superficial result of RKR that increasing the temperature with fixed
magnetic field increased the finite Larmor radius stabilization is not
contradicted here. Indeed it is enhanced by the increasing size of the
finite B contribution.

A similar calculation with E = O shows that for most reasonable
plasma profiles BB>0 is stabilizing but a pathological geometry could

lead to the opposite result.

We conclude that the effect of finite B ona finite Larmor radius
flute instability is to generally drive a marginally stable system towards
stability. The situation is complicated by the influence of the actual
geometry on the instability. The best procedure is to compute the sta-
bility directly from the differential equation (5) with parameters and
profiles appropriate to the plasmas being studied. The primary virtue of
Eq. (51) is that it has the scope to handle rather straightforwardly
realistic values of E, B, p and B, all functions of radius, for any value

-1
of B < (Ka;)™ > 1.
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Section 3
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High-Frequency "Loss-Cone" Flute Instabilities Inherent
to Two-Component Plasmast

L. D. Pearlstein, M. N. Rosenbluth and D. B. Chang

General Atomic Division of General Dynamics Corporation
John Jay Hopkins Laboratory for Pure and Applied Science

San Diego, California
38é€7

It is shown that when a low temperature homogeneous
plasma is added to a high temperature "loss-cone" limited
homogeneous plasma in the presence of a uniform magnetic
field, high frequency "flute" type unstable oscillations
occur. For a fractional density of hot plasma (A) on the
order of unity the frequency and growth rates are on the
order of the ion (electron) cyclotron harmonic frequency
where the harmonic number (N) is-determined by the ratio of
plasma to cyclotron frequency for ions (electrons). If
AN ~ 1 the instability occurs at the lower (upper) hybrid
frequency. For AN << 1 the instability only occurs when

the ion (electron) cyclotron harmonic is equal to the

lower (upper) hybrid frequency. f%“ukﬁtiiirbﬁ

"This work was supported in part under a joint General
Atomic-Texas Atomic Energy Research Foundation program on
controlled thermonuclear reactions, and in part by the
National Aeronautics and Space Administration, Office of
Space Sciences, Geophysics and Astronomy Programs, under

Contract NASw-1211.
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Previously it has been shown(l) that a high frequency, electrostatic,
convective instability (k ¢ B # 0) develops for the case in which the
particles are described by a loss-cone distribution. It was also pointed
out in this work that flute type (k . B = O) unstable modes would also
occur in the presence of a density gradient.(g) We demonstrate here that
an unstable flute mode develops when a low energy plasma component is in-
corporated. Specifically, we consider the case of a two-component (with
reference to temperature), loss cone limited homogeneous plasma in the
presence of a uniform magnetic field which we treat in the electrostatic
limit,

We solve the perturbed Vlasov and Poisson equations. to obtain

1
V2w = - lbme Zj ny (1)
and
e, = kv.
n? = Eﬁ:javle af2 1 - E;%ﬁ Jn2 —ﬁi) © (2)
J vy =

where we have performed the standard orbit integrals to ottain the latter
equation. Here Q is the cyclotron frequency, k-w is the wavenumber-fregquency
of the perturbation, v, is the perpendicular velocity and f is the equilib-
rium distribution function integrated over the parallel velocity. In the
above we have set k| = O. Note also that for a loss cone distribution the
first term in the integral vanishes. In what follows we treat kvy/Q >> 1
(asymptotic) for the hot species and kvy/Q << 1 (convergent) for the cold

species insofar as the expansion of the Bessel function is concerned. It
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should be remarked that it is only in the limit kv, /Q >> 1 that the presence
of a loss cone distribution plays a role. In the convergent 1imit the con-

tribution to the perturbed density is unaffected by the absence of particles
with zero perpendicular energy; hence the low temperature component need not
be loss cone limited. With the latter restrictions in mind we obtain, after

(3)

an integration by parts, with

_1/3
jév 2 fv -3 -
1 L L v
.jav f
1
the dispersion relation
N 2) ey A L= ()
1-y | kR |

where we have utilized T 1/(y#n)=mctn my. We have assumed that f is slowly
2 ka_ 1. 7

varying over the range in which cos -5 - (n + 5015 , from the asymptotic

expansion of the Bessel function is rapidly oscillating, in which case this

term is replaced by its average value of 1/2. Also in Equation (U4) we have

set

y = o/ (5)
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for w ~ ) and
e

2
K = LI . 1
-5t 3
w
Py
y=% (6)
1
R = R,
1

for a)~aQi. Here A is the fractional density of hot particles (nhot/(nhot+
ncold))with ub the plasma frequency for the total density. Note that the
effect of the loss cone distribution is to reverse the sign of the integral
in Equation (2) for the case in which kv /Q >> 1.

To determine the stability properties we examine the dispersion rcla-
tion Equation (L4) for y real and look for values of parameters at which
solutions disappear. Such behavior implies an instability since roots must
occur in conjugate pairs. We sketch in Figure (1) the behavior of F as a
function of y real. First note that the zeros of F occur for integer values
of vy save y = 1. In addition there is one other zero associated with the
vanishing of the bracket. Now if the bracket vanishes for y > 3/2 we have
two extrema other than that of y = O as depicted in Figure 1; in which
case if B (see Eq. ((4)) lies between these two extrema a pair of roots dis-
appear and instability is achieved. On the other hand, if the bracket van-
ishes for y < 3/2 there are no additional extrema . and all the roots are
accounted for since all branches (except the first) now intersect the axis.
Thus, in order for instability to occur we must have

3 2

%A< (5) -1 . ()

50




G —— w— —— — —— —

Fig. 1--F as a function of y real
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Previously, we have seen that if B (see Eq. (U4)) lies between the two
We now evaluate Lhioe mig ol -

rollows

extrema (see Fig. 1) instability is achieved.
In wheat

tudes of these extrema to determine stability criteria.

we have
- ;) ]
128 ¢ (N+1)" - 1 N=1.200... (8)

D
N -1 s ==
' K
which determines the branch on which the bracket of Eguation (I) vanishes
Now, the magnitude of F at the minimum is a monotonically increasing
function of (1-A)K with the minimum value occurring at (1-A)/K = 5/l with
W then

¥y = 3/2 and the maximum value occurring at(1-A)K =0 with y ~ 1.

have
(9)

The magnitude at the maximum on the other hand varics both within a branch
In fact within a branch the value of F at the

and from branch to branch.
= 0 at

maximum varies from Fm
5wy (10)
to
2 L=

2 1y ) /
- & L= - 1)

max n|(N+g] l’ \

with
)
-2y %} -1

and T never overlap.
max

It is immediately obvious that the Fm
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Thus we have as a condition for instability

% [(N + —) ] TAA(—-kll-?—)g< F . (13)

with the range of Fmin given by Equation (9). If the left hand side of

the above inequality is violated, instability would still persist provided
Equation (10) is maintained, leading to a sharply resonant mode. Actually
the unique relation is necessary only for the strict A = O limit; there is
of course a narrow range of K dependent upon A for which instability still

(3)

persists. Since kR is unbounded (except for the restriction imposed
by the convergent expansion of the cold plasma) the right hand side of

the above inequality is not a constraint. Hence we have as a final stability

criterion
A LR (1)

We now solve for the roots to the dispersion relation Equation (4) for
the two limits A << 1 and (1-A)/A <1. Provided the parameters are well with-
in the region of instability (see Egs. (8) and (1L4)) we obtain for the root

(té.n Vv = -i for -Imy >1)

1/3 .
1-A V2 i 1-A <
kR( {1-2—--2'] 5 A~l (15)
and
1
y_ﬂ:(l+K -1—62- 13 , A << 1 (16)
2K~ (kR)
for K << 1. Equation (16) can be written with kR ~ N
1
1+K{2 . AN
y::!:“—-—-) -i5 . (17)
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Recall that the dispersion relation was a symmetric function of y real
which accounts for the two unstable roots.

For A small enough the inequality Equation (14) may be satisfied in
which case for instability to occur Equation (10) must be maintained. We
then have the root

y=£N-it€ , F << N (18)

where g satisfies the transcendental equation

A(Nz-l 2 (19)

tanh ™€ =
s 2(1<R)3

which for(laM/K << 1 and thus N >> 1 has the approximate solution

AN 1/2

- 5] < (20)

=N Fo

wherein we have utilized Equation (14) in this 1limit.
As an example we apply these results to two situations. In I there
is a small density of hot electrons and we examine the behavior at w -Qe.
In II we assume a small density of hot ions and look for effects at w ~/Qi.
For convenience we assume K << 1. Both these regimes apply to the param-
eters in the Van Allen Belt.(h) In addition, there have been several lab-
(5)

oratory experiments which operate in the regime described by I and II.

For T with ab /Qe = K-l/e ~ N we have instability so long as
e

2 2 Qe
A > Pl (D_p_ (see Eq. (lh)) (e1)

2
N S
“Cum 270, (m)?
. AN
~E O+ 10, 5 (22)




On the other hand, if the inequality is not satisfied we have instability

if

= = « s e 2
% N N = 2,3 (23)

with the frequency

1/2
w=2%NQ - iloel(gg) (aLk)

Thus for this more restrictive range of parameters, sharp electron cyclotror
harmonic radiation would occur every time condition (23) occurred, at which

Re w =% wp, =% N Q , (25)

assuming that the instability would build up an electrostatic wave to high
enough amplitude so that coupling with a transverse wave would e efficient.

For case II we have as a condition for instability

2 ,1/2
2 2 [m Qi .
A>=EN~= |5+ —5 (2¢)
n m M 2
w
Py
with the characteristic freqpency(6)
1) 3Im Oi2 %
w=2%ay -i750 (kR) -
Py
. AN _ "
zi(u -1Qi p) . (‘-7)
If the inequality is not satisfied we have instability if
%:N N=2,3... (28)
i
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with the frequency

1/2
w=%NQ -iQ. (-QE . (29)
i i lem

For the parameters of the Van Allen belt (ni o~ 10u, Qi ~ b X lO2 at 2 earth

radii (L = 2))we have as conditions for instability (excluding the sharp

modes )
5 -2 . .
A>Z X 10 for ion frequencies (30a)
1
A > .16 for electron frequencies . 30b
L3 75 € g ( )

Hence, except for very high lines, the belt can be grossly unstable at only
ion frequencies. If we assume the bulk of the hot plasma is at 10 keV
possessing on the order of one tenth the magnetic energy density at 2 earth
radii (& Azlo—e) we have the condition Equation (30a) roughly satisfied.
Hence this instability might play a role in determining the energy content
of the belt.

In conclusion we see that provided the inequality given by Equation (1k4)
is violated the plasma is grossly unstable to high freqguency waves with
growth rates comparable to the appropriate cyclotron harmonic. If these
conditions are not maintained we have instabilities only at sharp frequen-
cies for which

Rew =% N Qe = =+ Oy

or

= % =
Re w N Qi + (DLH
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For the sharp instabilities the growth rates are small byvﬁgﬁfcom-
pared to the frequency in which case we might expect a significant non-
linear limitation of the growth. We conjecture that non-linear effects
might put sufficient structure on the distribution function (still hardly
discernible from a smooth function) which could change the sign of the
integral for the high energy component in Equation (2) and completely cut
off the instability. It should be remarked that the occurrence of the
Present instability relies upon the smooth variation of the distribution

(7)

function; whereas in a prior calculation sufficiently peaked distribu-

*
tion functions could produce instabilities for a one component plasma.

*
After this paper had been prepared, R. F. Post kindly brought to

our attention similar results obtained by L. S. Hall and W. Heckrotte

[UCRL-12u4l7 (1965)] in which the non-resonant case was treated using a

delta function for the high energy perpendicular velocity distribution.
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IRTRODUCTION

Recent analysis of the proton data in the earth's radiation belt
demonstrates that the energetic protons (>100 kev) are stable, to inter-
changes of equal tubes of flux, on purely energetic grounds.l’2’3 How-
ever, the electrons from the beta decay of the fission products deposited
during the starfish event do not satisfy the energy principle stability
criteria for the interchange mode.l The presence of ionospheric currents
which has not been included in the energy principle analysis tends to
short out the growing electric field which drives the plasma across the
magnetic lines of force. Thus, to properly pursue a stability analysis
of particles trapped in the radiation belt the stabilizing influence of
the lonospheric currents should be included. -

A calculation by D. B. Chang et alh treats Jjust this problem and
we shall apply the results to the electron debris of the starfish event
where the distribution is represented by a fission fragment energy spec-
trum with a phenomonologic fit to the spatial dependence.2 The results of
this calculation show that with daytime ionospheric parameters line tying,
the effect of the ionospheric currents, stabilizes the interchange mode.
For nighttime ionospheric parameters, where values are more sporadic, and
with the initial density of trapped electrons, the stability criteriomm
is violated by roughly an order of magnitude for the more extreme data.

The condition for stability is essentially that, in a tube of
flux, the divergence of the ionospheric currents be greater than the
divergence of the currents driving the flute in the radiation belt.

Now, the ionosphere behaves as a resistive medium for fast character-

istic frequencies and as & reactive medium if the characteristic
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frequency is slow enough for the neutral particles to take part in the
motion. For growth rates on the order or greater than the drift frequen-
cies of the electrons, a condition necessary to violate the "flux"
invariant and thus affect the distribution of trapped electrons, the
ionosphere behaves resistively. Consequently, stability would occur if
the ratio of energetic electrons to the number of ionospheric jons on a
given tube of flux were small enocugh. An estimate of this condition is

L

M Nion, ™ 7%

Ne [see Eg. (14)1

where Nion. is the effective number of ionospheric ions on a line [see
Eq. (13)] L is the shell parameter with AL the width of the distri-
bution function in the belt, m is the azimuthal mode number and Né is the
total number of trapped electrons on the line. It should be remsrked
that the above relation breaks down where AL—V% L, since the stabilizing
effects associated with the increasing volume of a tube of flux with L
which have not been included now compete. Finally, if we reintroduce

the dependence of upon the shell parameter we obtain as a final

Nion.
stability criterion

28 2
N, <3 x 10 (AI3,}
L

where the numerical factor comes from the detailed calculation.

To apply this result to a general spatial distribution of particles one
should associate AL with the distance over which the number of particles
changes and not with the total width of the distribution. In addition, Ne is
now taken to be the total number of particles in the layer of width AL in which
the density is decreasing. Thus, this stability criterion can then be applied
to particles distributed smoothly over distances greater than the earth's

radius provided the density drops off rapidly enough at its outer boundary.
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CALCULATIONS AND RESULTS

Since the basic formulae were derived in reference 4 we shall extract
the appropriate formulae and label them by the number which appears in that
work; we also use the same notation. As a starting point we write down
the differential equation determining the perturbed electrostatic
potential (&p) -

hro, 2% bne
fdsB-g—a[rz(1+_ iml)faal’i}-[mz 25_2(1+ .l)

3 ll-mem
‘*‘de B P ( B )]§m= -8ﬂ§m ZﬂdudJ

aF
ecm ‘go ,
ds ds (1 3By 2 V-
e (f_) f_ (ﬁ aa Y (V" + 3
= 7(ry)ey (4-16)

where the denominator on the r.h.s of the above equation is nothing but

e eM

2
g._l%%ﬁ- (0.35 + .15 sin o). (1)
o

Also in Eq. (4-46) the components of the conductivity tensor (o 1 2) are
b4

given by

2
o'oR:ne 2

9]
2 J | (L-bla)



since w>> pi”i/ﬁo and the ionosphere behaves as a resistive medium.

Before proceeding further it will be useful to define thec various symbols
which occur: u is the magnetic moment, J is the longitudinal invariant,
2= ;Zxx’ZB is the magnetic field with B = ¢ for a cylindrically symmetric

field, F(u,J,%,8) is the number of particles at (y,J,%,3) in the interval

dudJd=»dB, K, is the total particle energy defined in terms of J by

;s | 2 2k o |7 |
J = q) o~ (K ,-e¢)” - m "¢’ - 2uBm c | (L-k)
r is the cylindrical radius, s is the distance along e line of force, o is
the equatorial radius of a line (rE = - g), =% Qm(a)eimm is the perturbed
potential, Qj, UJ’ nJ, m‘j are the species gyrofrequency, collision frequency
with neutrals, density, mass respectively, and V is the particle velocity.

Performing a Nyquist analysis on Eq. (4-46) determines our stability
criterion

2 [ oy
m ? — ds > Im(=»7) , ® real (L-65)

2

- B

where oy is given by

2
o, = (f?-i—Ap 5(p-n+) (L-59)
17 204 PPy .

with o the spherical radius, i.e. r = psin®.
Before proceeding it is interesting to derive from Eq. (4-46) the
energy principle stability criteria.l If w>> gg ;gg [see Fa. (1)] we

have after multiplying by @; and integrating over « and expanding the

denominator
40 B ds | hrm, g [ pagl? 2| ﬁ ) I
a0 B ds ll + Bg ~ r o+ rBBZ ;Qm» ( - & ]dt @m
x[}!}rdudJ mmg :I;O :go <0 (=)
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wherein we have neglected the ionospheric contributions and have
employed the collisionless form of the conductivity tensor (L-Lkb)
suitable for the radiation belt. We now obtain as a sufficient condition

for stability

SandudJ—a-&—‘zQ<0 : (3)

A A

If we now assume that the pitch angle distribution of particles is

peaked at ag = g- we have with sinop ~ 3

2
E = Vpece + mczci ~ M 4R =p® 4 LB ~ M cC + wB o, (k)
o 2m o 2
sin qE

(the non-relativistic limit),

-%g-g—afdudJuFo<0 (5)
e

for Eq. (3). Now, with

f=— L g, (4-1k4)

vhere T is the bounce time we have
__3__a.__fdsﬁ<o, (6)
2 ao
2rE

with B the ratio of particle to megnetic pressure, for stability.
Next, we turn to an evaluation of the various terms of the stability

condition Eq. (4-65). First for the l.h.s we have [see Eq. (4-59)]

f e &

m ——ds = X
A0 R,

vhere we have assumed a dipole field, i.e. B = Mg.ﬂi-3 p7rE . For
p
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the right hand side we first obtain an estimate true for a general

distribution as a function of The The remainder of the paper will then

be concerned with the evaluation of the r.h.s for the fission fragment

distribution®
1 L
F(E,m,L) = 1.9x10 i exp .-\—Aiﬂ. exp [-0.575E = 0.055E ]
C L i
JE(E + 1)
X E +2 (8)

vhere E is the kinetic energy in Mev, T = cosf, L is the shell parameter

equal to the ratio of To

field and Lo = 1,15, AL = 0.1. To obtain an estimate of the r.h.s we

to the radius of the earth (RE) for a dipole

utilize the non-relativistic limit and set o = n/2 since we are
generally concerned with flat helix distributions. We then obtain in

the limit Imw — O

Im(-w77) = 8n3/2ecm fdJ m 8o
. ol 2 (9)

,“= 3mc

where e is the charge of an electron; only electrons contribute. Now,
we are interested in the maximum value of Eq. (9) as a function of w
since if the stability condition is then satisfied it will be satisfied
for all w. Thus as the integrand of Eq. (9) will be peaked about some

4 With width Ay we may write as an estimate

Im(-wy)y) = 83/ 2ecm i_uf“ %ﬂ a,dJ
é ‘r
=1 ecm 13 © Bds . (10)

2 A Xx
We now have for stability

M TE a
mn Ap > ME-§E7r
ion. E 164 * rg fﬁds

um® Rg3 O
or approximetely

-

66




L

r g
E 1
mn A A ‘/i-R n 2
ion. “¥ R m/rE . L e ds (12)

RE3AIE 16n’

where o on is the density of ions in the ionosphere at o = P = RE

and ArE is the width of the distribution function in the radiation belt.
Also, n, is the density of trapped electrons. Recall that it is the
conductivity which is peaked at pp with width Ap thus the total number
of ions in the lonosphere affecting stabilization is equal to the value
of the density of the peak (nion) times the width (Ap) integrated over
the cross-sectional area of the tube of flux containing the trapped

electrons or

= _ [ E T
N on. —jnion. adv —J[ n ooy dedR sin'® a8
Y 3 /
1 -1/2
= em nion.Apf e ¥ |7 (= py/ry)
Arg
plArE 21 '
= 2 - -/ e 1
jon. = &7 Bion. P17AP -2 (1 pl/rE) (12)
B

wherein we have utilized Eq. (4-50) for the volume of a tube of flux.

Hence we now obtain as our sufficient condition for stability

% r
i 2 E ,
™Wion. > % Tg _¢—ne ds &’ArE Ne (14)

To obtain the last form of the inequality we have represented n, by =2

Gaussian of width ArE peaked at r_, in addition have assumed a flat helix

E
distribution of particles in the belt.
We now calculate the stability criteria for the fission fragment

energy distribution. The average energy of the trapped electrons is
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roughly 1.7 Mev thus the non-relativistic limit is not strictly valid.

However, in the extreme relativistic limit, E = KO >>m c2, the demoninator

(]
(Eq. 1) can be written w - 320:;’!7 E which differs only by a factor of 2
e

from the non-relativistic limit. Moreover, as will be seen when
maximizing Im{-w%) with respect to @ the amplitude is unaltered from one
approximation to the other; only the frequency changes,which is not
significant. Consequently, we assume the drift frequency is a linear
function of E. To obtain the expression for Im(-wmj we use Eq. (29) of
the addenda5 to reference 4, except we no longer take the non-relativistic
limit, with the result

5

ecmr 2
3 4 (B-mpc® )(E+2moc ) ¢

In(-w7)) = 1on° d(sinay) E(T

ME E arp (E+m c2)
\
_3EB+emg” 323 £ g
E + moc2 3E 2 (15)
J 3MoA
E= 3mery, ’

where A = 1(2) for the non-relativistic (extreme relativistic) limit. Ve
now must maximize with respect to w or as we have already indicated with
respect to E, it is easily seen that the value at the maximum is un-
affected by the value of ).

Evaluating the above expression numerically and inserting the

result into Eq. (4-65) leads to the stability criterion

L L 1 1
mn >3x10 -1 L (1-= G(L) (26)
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Fig.-1

with G(L) plotted in Fig. 1. If the maximum value of G(L) is employed
we obtain

L

mn >2.5 x10" . (17)

ion.

To arrive at these results we have utilized Ap = 5 x 106 and

Py ~ RE. Now at the peak of O1s =2 x lO5 (>3 x lO3 ) during the

Bion
day (night) Thus without an average over night and day parameters
(the drift time is about 1/30 of a day) this calculation shows that the
stability criteria, with night-time parameters and with the initial
number of trapped electrons, is violated for the more extreme data.

With the daytime parameters stability is predicted
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ON THE INTERACTION OF PLASMONS
David B. Chang
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John Jay Hopkins Laboratory for Pure and Applied Science
P. 0. Box 608, San Diego, California 92112 72 5’6 7)

The nonlinear interaction between plasma oscillation normal modes is
studied in a hydrodynamic approximation. A modified quasilinear treatment
is used, in which the normal modes are taken to affect each other through
the slow nonlinear temporal and spatial changes they induce in the
(equilibrium) background quantities. Plasmons, i.e. wave packets of
Plasma oscillations, are found in this approximation to have an interaction
similar in form to the electromagnetic interaction. The plasmon interaction
is describable in terms of scalar and vector potentials which satisfy wave
'equations of the form satisfied by their electromagnetic counterparts.
Here, quantities proportional to the slow changes induced in the background
number and current densities play the roles of the scalar and vector
potentials, with the thermal velocity playing the role of the speed of
light. The source terms in the potential wave equations are gquadratic in
the normal mode density perturbation. The normal mode density perturbation
in turn satisfies a Klein Gordon-like equation, so that, normalized, it
would appear to play a role similar to the quantum mechanical probability
wave function ¥. The nonlinear interaction leads to an instability with a
growth rate proportional to the square root of the ratio of the plasma

-~ ¥

oscillation energy to the background thermal energy.
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I. INTRODUCTION

Wave-particle duality has been widely discussed for a variety of
physical phenomena. The Hamilton-Jacobi method of replacing the partial
differential equations of wave motion by the ordinary differential equations
of particle motion in the eikonal (or WKB) approximationl’g, and the use of
invariant quadratic forms to introduce appropriate distribution functions for

3))4")5)6

the corresponding particles , have found application in problems ranging

from the dual wave-particle aspects of light and matter to the behavior of
gquasi-particles in solid, liquid and gaseous many-body systems.7’8’9 A
linearized treatment of the collective motion of a many-body system gives
the normal modes of the wave motion, corresponding in the dual particle
description to the motion of noninteracting particles: A nonlinear per-
turbation analysis then describes the interaction of normal modes and the
scattering of the dual particles.

In the following we consider the wave-particle duality of plasma
oscillations in a hydrodynamic approximation to see if nonlinear inter-
actions between plasma oscillations normal modes, i.e. between plasmons,
may be described in terms of simple potentials. Treating these interactions

in a modified quasilinear approximationlo’ll

, i1t is found that the plasmon
interaction bears a resemblance to the electromagnetic interaction. A
Klein Gordon-like equation is obtained for the plasmons in which the inter-
actions between plasmons are described by scalar and vector potentials

satisfying wave equations of the form satisfied by their electromagnetic

counterparts.
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II. WAVE EQUATIONS

1. Linearized wave equation

Treating the ions as providing a uniform background of positive charge,
the normal mode equations for electron plasma oscillations in a uniform

stationary plasma are obtained by inserting in Poisson's equation

Vzé(l) = hnen(l) s (1)

the perturbed electron density n(l)(@(lJ) given by Vlasov's equation

of 4 4. s (1), =
TtV VE + =Vg v,f=0. (2)
Here Q(l) is the electrostatic potential, -e and m are the electronic charge

and mass, and f(E,V,t) d3x d3v denotes the number of electrons in the
position interval d3x at X and velocity interval d3v at ; at time t. We

shall find it convenient to deal with the first and second velocity moments

of eq. (2):
Frv@)=o0, (3)
%(mn—\;) + V-Tf-enV@(l) =0 ; (&)
where
n(;:t) =fd3Vf(§:;;)t) ) (5)
and

nmV (%, t) =jd3vm?f(3€,?;,t) , (6)
are the number and momentum density, respectively, and where
7(3) = mfadv ¥ 7 £G,7,1) (7)
4
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is related to the pressure tensor

B(3t) = mﬁi‘v(:f’-'v’)(x?-i})f(;,v,t) , (8)
by
o=V + P . (9)

On differentiating eq. (3) with respect to time and combining this

with the divergence of eq. (4), there results

#n
32

=]

V.V.7 + iv.(nV@) =0 . (10)

On linearizing, eq. (10) becomes

-:i—g n(l)(é(l)) ) %V.V-;(l)(@(l)’ + _n_IC_:Ie_ VEQ(J‘) =0 s (ll)

where the perturbations on the initially uniform no and 1 are denoted by

(1) gpg (1)

n and For our present purposes, we need only consider eg. (10)
in the hydrodynamic approximation, ignoring any Landau damping contributions
to n and F. In fact, the essential features of the development may be

seen with the simple fluid approximation

=(1) _ 'imn(l)vg ) (12)

where v6 is a thermal velocity and T is the unit dyadic. With this

approximation, the linearized normal mode equation is simply

2
3 (1) _ 22 (1), 2 (1) _
atg n - v6V2n o0 =0, (13)

giving the usual plasma oscillation of time scale O(agl), where ub =

1
[hnnoee/m]§ is the plasma frequency.
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2. Nonlinear wave equation

The problem now is to find how eq. (13) is modified if nonlinear
effects are included. We shall include nonlinear effects approximately by
adopting the spirit of the gquasilinear theory developed by Drummond and
Pines and by Vedenov, Velikhov and Sagdeev. In their quasilinear theory,

attention is directed to the Fourier-transformed Vlasov equation:

3f= . . 2:
__k - - 1_e__.—o ie —0-—0 ..._.‘Vf"’=o’
< * ik.vipt == dpk.v f o+ = - (k q)@k_q v q (1)
a
where
.E--. — = —t
(g o) = [P oK (20,5601, (15)

Their quasilinear approximation consists of retaining only'a = 0 in the
%k # O equations:

Jf=
L

Rendiind ie ~
= Ve + == . ~
ik Ve = k-y f ~ O (16a)

o

= 0, (16v)

i.e. the nonlinearities are assumed to act on any fE only through their

effect on the XK = 0 Fourier component. The fi then have two time scales,
the usual fast time scale of O(l/ub) and a slow time scale associated with
the changes in fE -0
A modification to the quasilinear approximation which retains slightly
more phase information than the treatments using eq. (16) may be had by
relaxing the condition that the nonlinearities act directly only on the

k=0 component. This may be done by applying the spirit of the quasilinear

17



approximation to quantities in z-space directly rather than to their
Fourier counterparts. More explicitly, the effects of nonlinearities may
be assumed to act on any normal mode only through the slow changes [in
space as well as in time] they cause in the background equilibrium quantities.
Apparently, the normal modes will now have two time scales, the usual fast
time scale of O(lﬁgp) and a much slower time scale associated with the
modulation introduced by the slow changes in the background quantities.
A reasonable nonlinear approximation would then consist of dividing out
this slow modulation, leaving the remaining fast time-scale portions of
the normal mode variables to satisfy the regular linearized normal mode
equations, but with the background equilibrium quantities in these equations
possessing their modified values.

Thus, consider the Vliasov equations for the electrons and ions,
including the ion dynamics now since a slow time scale phenomenon is in-

volved:

af. e,
s R S [ =
5% + v ij mj v vvfj o . (17)

Here, the subscript j = e,i denotes the electron or ion species. 1In a

linear treatment, eq. (17) is written

(1)
of e,
a—t‘l + V-Vfgl)- E‘l v@(l). va,gO) =0 » (18)

J

(0)

era . . . . . . .th .
where fj (v) is the uniform equilibrium distribution of the | species.

In a usual perturbation procedure, the equation for the nonlinear fSQ

correction to f, is

J

(2)
ot} e, e,
S%d + V'Vfgg)- ﬁj V@(e)-vvfgo)- ﬁ? V§(l)-vvfgl) =0, (19)
78




where the potentials in egs. (18) and (19) satisfy
G -Zhnejfd3vf§a) : | (20)
J

The electron plasma oscillation solution of eg. (18) has a time scale of

O(w;l). Thus, the

term in Kg. (19) will consist of terms of two time scales: almost constant
and o(l/ewb). The distribution f(g) will then modify the background

3
(0)

distribution fj and in addition have a rapdily oscillating component
of frequency ~a2wp. The approximation we now wish to make is to ignore
the EQP component and to say that the normal mode solutions of eq. (20)
are gffected by nonlinearities only through the modification of the back-
ground.

In this approximation, then, the distribution function fj(z,;,t) is

written as
£, Gi7t) = fgo)(:;) . fgs)(;,v,t) v o1 (,7,t) (21)

and egs. (18)-(20) are replaced by

BT, - e, (S) e. (O) (S) ’
a—t—l + Vovdt, - Bj Ve .y ot - ;{-:]L V88V, {fj + £ ] =0, (22)
(s)
s 2oe(S) 81 () ((0) @)
S%i + v~vfj - 5? vs'° 'vaj - Ej vS@-vvafj =0, (23)
#s(s) - . Zunejfd%fgs) , (24)
J

9



and

v26¢ = - }__,lme .fd3v 5F. . (25)
3 J J

Here fgo)(;) is again the original uniform equilibrium distribution, and

the superscript "s" stands for "slowly time-varying portion." Equation

(s)

(22) for Sfj differs from eq. (18) for fgl) in the presence of the v§

and fgs) terms describing the background modification. The latter are

seen in eq. (23) to arise from the ® ~ O portion of vﬁé-vvﬁfj.

The solution to eq. (23) may be written

fgs)(i,ir’;t) = ;‘rdt' ;41 V@(s)[?c(t'),t']'vvfgo)(?r) + ng)(}ﬁ,?};t) , (26)
3

-0

where
t e,
ng)(?c,?,t) =jdt' m—l {v6¢[§£(t'),t']-vvafj[E(t'),%',t']}(s) (27)
ol J
and
Z(t') =X + V(t'-t) . (28)

The quantity ng)(QLGEt) satisfies the equation

BF(S) - ( ) e, ( )
5?1 + v-VFJ.S = m—‘l [vbé-vvﬁfj] 57, (29)

J

and is what f<s) (X,v;t) would be if y8° could be ignored. The distri-
butions Fﬁs) and Fés) obtained from eq. (29) may be regarded as electron

and ion test particle distribution functions, in which case the
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t
fdt' ;1 v'é(s)[i(t'),t']-vvfgo)(?)
J Y

-0

term in eq. (26) describes the polarization response of the jth-species
to the Q(S) induced by the test particles.

The essential features of the present development may be seen without
evaluating fgs)(i,;,t) precisely, and in the following a number of approxi-
mations will be made. For frequencies of the order of the electron plasma
frequency, (ei/mi)ﬁfi may be ignored compared to (-e/me)Sfe; so from eq.
(29) we shall ignore ng) compared with Fés). The distribution Fés) will
be regarded as changing sufficiently slowly to allow both the ion and
electron polarization charges to respond adiabatically, i.e. fractional
changes for the jth species will be taken proportional to ejéj/KTj,
where K is Boltzmann's constant and Tj is the temperature of the jth
species. For equal electron and ion temperatures, and assuming singly
charged ions, this has the comsequence that the polarization cloud
responding to Nés) electron test particles will be composed of -Nés)/Q
electrons and +Nés)/2 ions, giving a net involvement of Nés)/z electrons |
and Nés)/s ions, and a net zero charge. Thus, we shall make the
approximation of replacing quantities evaluated from fés)(§,;,t) by
simply. one~-half the corresponding quantities evaluated from Fés)(Q,V,t),

and shall use the quasi-equality of electron and ion densities evaluated

from fés) to ignore the VQ(S) term in eq. (22).
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2a. Equation of motion

In the crudest approximation, then, nonlinear effects enter the

linearized hydrodynamic normal mode equations through ng and (n;)sz

5 (n;f')s-v .
= + ——Ezr——- dn, + (nO + ns) v.ov, =0, (30)
(V) _.v
Fo IR - I =
me(no + ns) Kat + o SVe = mvev6ne + e(no + ns)v6§ 5 (31)
2
v 8% = l#-ﬁ5ne . (32)

Here, space and time derivatives of Fés) have been ignored compared to
derivatives of Sfe, 5ne and a?e are the density and velocity calculated

from Sfe, the perturbed pressure has been set equal to mv%&ne as in eq. (12),

o, and n, are the densities obtained from féo) and Fés)/E, and

0y -f fio) + (Fés)/Q))d3v = jféo) Sy

the last equality holding when terms of O([Fés)]e) are ignored. Operating

on eq. (30) with

(nv) .V

Q4 "8
at n
o)

and taking the divergence of eq. (31), we find

2 -
ba) dn ~ ! n ( nv ) 68n

5 S _ v%vESne + o 1+ Hi Sne + 2 ” S .y s S -0 (34)
at p { o) o
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£ F(&)

where again derivatives o o

have been ignored compared to derivatives
i (s)-2v . . " 5 2
of 8f_, terms of Ol[Fg ] | bave been ignored, and a} = {hﬂnoe /me]%a
It is of interest to consider the eikonal equations corresponding to
(=~ >
eq. (34). Writing on, = ﬂ(x,t)elﬁfk'dxtfwdt), where the variations in
1(X,t) result from slow variations in n_ and (nV)s and are assumed to be

much slower than the variations described by X and w, the first order

WKB solution’? of eq. (34) gives the dispersion relation

n
2 2 s 22 20 oy o>
o - 1+no -kve-no (nv)s.k—O. (35)

Since the n_ and (n;)S terms are regarded as small, we may consider the

first iterate solution of eq. (25):

n 2w -
of =af + kS +of 2+ R (nv) .k . (36)
P 0 pn, ng s

[Equation (36) may also be obtained directly from the first iterate

(s)

solution of the Vlasov equation, eq. (22), with v3 = 0 on ignoring
terms of O[(fés))e,k3] and ignoring Landau damping.] The eikonal

equations corresponding to eq. (36) are

o2
kv w
V-¥- 2+ 2 (o) (37)
= wn s
Bk (0]
and
dk o wpe (E-9)[p (= K “p
5?"'a;='2wnovn8' - no(nV)s - T X (VX no(nV)S ’
(38)
where
d _2 ;7.
el A (39)



On combining egs. (36)-(38), we find on ignoring terms of O(ni):

d Ve o8 e ¥
3 () = - g e * ot 5y (V) - v x (), (boa)
o 0 O

which when d>k,d% (the only case in which a hydrodynamic treatment is

valid] becomes

Q

1 9 1 = -
a?:t:-zl—vns +-ﬁ-5§€ (nv)s - n—‘VX (VX (nV)S) [03 wp] . ()“I'Ob)

This equation, which describes the acceleration of a plasmon with V << Vg
in the presence of variations in n, and (n;)s, resembles the F = ma
equation describing the acceleration of a nonrelativistic charged particle
in the presence of an electric and magnetic field. Here ng and (n;)S play

the roles of scalar and vector potentials.
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2b. Bguations for interaction potentials

In the foregoing, the nonlinear quantities n_ and (nv) are to he
s s

evaluated from Fﬁs)/E. Wave equations for o and (ﬁ;)s may be obtained

from eq. (29). Differentiation of eq. (29) with respect to time gives

2_(s)
3 F - -
at; - (v.v)? F§S> = I%e- {(v.v)(vaé-vvsfe)(s) - g;(m.vvafe)“) , (k1)
so that
2
3n - -
22 - [ GoP o) - & [ (otg0r,) )
at e
= - = y.[6n v&}](s) (42)
2m e ’
e
and
2 -
3% (av) - - - s
gtg—"i -‘[dsv(v-v)g v (Fés)/E) = -;Te [fd3v v (V-v)(vﬁé-vv?:fe)( )
+ 2 [snem](s)] - o [ / [o-8(s7), + (). 9] v68
2 S (CONN (s)
+ [V + (98¢)-v] 8(nv), ey (én_vde] ) (43)
where
8(av) =jd3v v er_ . (1)

Since Sfe is the source of Fés), and since for plasma oscillations of

wavelengths much larger then the Debye length Bfe essentially describes

a8 velocity oscillation of amplitude =L§L£§2J imposed on the equilibrium

€p
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Maxwellian distribution, we shall [for a moderately uniform spatial
distribution of [VS@-VVSfe](S)] regard Fés) at any X as describing some

small drift imposed on the equilibrium Maxwellian. In that case,

fd3v(’v‘.v)2 (#%)/2) ~ v3ePn, (u5)

and
fa—% G2 7 (15 )e) & ER @), (u6)

so that eqs. (42) and (43) are wave equations describing the generation
of n and (nV)S by nonlinear sources and the propagation of n_ and (n?r')s
at the thermal speed Vg In passing, we note that similar equations would
arise if the time scale of Eés) were such that only the electrons responded
adiabatically: if the electron temperature were much larger than the ion
temperature, the background perturbations would be due to ion acoustic
waves propagating at the thermal velocity of ions with the electron
temperature.

Tt is convenient to express the source terms in egs. (42) and (43)
in somewhat simpler form. If we ignore nonlinear terms in evaluating
dn_ and B(nV)e in the source expressions, we may use eq. (13) and Poisson's

equation to write

2
on, = g Pos m g (228 4 ofos | (1)
m hrevg 13t P
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This then gives

t+T

(S)_l 1
[8nev8§] = at* (Bnev6§)
t
R
= 12 (vag)g—ii] +j at
hneveT . £
1288)° .1 2, 2
xv -3 (2] +5L6?]) (48)
r large T and bounded vd¢ and 3’ the end point term is small compared
to the integral, leading to
(s) _2 W81° . 2 2
[ongu08](®) & 2 (o (- (2" + & (s0) ) (49)
ot p
Brevy

where the brackets ( ) denote a time average over times longer than wgl.

Similarly, the S(nV)e in the source expression for (n;;)S may be expressed
in terms of 8¢. For the linearized electrostatic plasma oscillation, the

perturbed magnetic field 5B is zero:

0 =cV X 8B - bme S(n;)e - %E Ve . (50)

Thus,

- {[9-8(a¥), + B(nav),-v] w08 + [P6e + (08).vIo(x)}(*)

]

E%€ {g—t [(vs + V5@-V)v5@]>(8)

Q/

= 1,%; a—t {(VEE‘)@ + vﬁé-v)vtS@}(s)

= gg [8118\75@](5) + g,l; {V(VBQ)E}(S) . (51)
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Ignoring nonlinear terms in &n, and 6(n;)e in evaluating the source terms

for ng and (nV)S, then, we find

2
an 1
25 - vgvgn =-—Z (36@ + of (88)° (52)

ot S 167m Ve b
2, =
3 (av) \
-—-2——-— - vev (nv) -—-l'—-—2 -g—t < (aﬁé} + 2(1) (8@)2 g(v8@)2}>.
3t l6TTmeve

(53)

A further approximation may be made. Thus, if an average over both
space and time--which we shall indicate by (( )) --is taken of 5% times

the linearized equation

5 1 2 a?
VSQ—-E'B-E?‘D@-—'S%%O, (54)
Vg 3t Ve
there results
«rewsé)g - (5@2 +df (88)°)) =0 (55)
6 dt P )

This suggests replacing
(m "l (88)°
at P

in egs.(52) and (53) by vf)(vs@)e, and the right-hand sides of egs. (46)

and (47) become

1 8§12 . 2 2 1 758 )°
= l6rrmeV§ V'<V {" (%{i + wp (5@) >> ’Q""Efﬁ; V-é‘('@ﬁ)'_> (56)
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and

v (- 2(—3{’-@)2 + 260?) (53)° + vg(v6¢)2}>

2
b2 <v12§%)—> (57)

e

the latter being the expression which would have been obtained from the
g; [Snevﬁéj(s) term in eq. (43) alone. The source terms are proportional
to the gradient of the electrostatic energy density. With the total

perturbed energy density given by

2
nm mv D 2
0 € ;.= \2 e B §v8¢2
2 (Bve) * 2no (Sne) * T

when nonlinear effects are ignored in evaluating &v and 5ne --gs5 may be

seen by multiplying the linearized momentum equation
383 v%

nm = ~/§—-v8§ - — von

o e at “‘m.e n, e

by nm_ 5v and adding this to %%g times eq. (44), we find with equipartition
of the time averaged energy between particles and the electric field that

in egs. (56) and (57),

()

may be written

2

‘ nm m v

| - 0

w G 15 @2+ 258 o)
(o]
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Denoting a representative phase velocity of a plasma oscillation mode by
W M

®/k, the linearized continuity equation gives ((Bv,)e) = (w/k)g(fme/no)g,
so that finally

2

2 on
1 Od 2 e
a (o B >~no‘fe <V B c1> (58)
where
1 2
cy =7 1+ ((D/kve) ] (59)

is a quantity--which we shall treat as a proportionality constant--of

0 (1).
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ITI. DISCUSSION

The nonlinear relations of egs. (22)-(25) have led in the present

approximation to the wave equations

2 ] 2(nv) d%n
975 gn_ - V-¥on_ + o (1 + -E) on, + ——= - V=S=0, (34)
8t 8 € p no o}
82n dn

s 2V2 _ 2
2 e ng =GR vVe VoLV

dn 2
29 e
a (n-') - V V (nv) = - CanV6 §E<V (—n—o) > s (61)

and in the eikonal solution of eq. (34) when w ~ w_ to the plasmon equation

s (60)

o]

P
of motion
- v‘2
av ___8 Lo L7 [l« |
- - 5n Yn_ o+ o ot (nv)s n Vx (vx(n§3s) v 1 - (62)

It is of interest to compare these equations which describe the generation
and propagation of "interaction potentials" n, and (n§3s and the motion
of a plasmon in those potentials, with the electromagnetic field equations
and the Klein-Gordon equation describing the motion of a spinless particle

in that field:

‘ ha
| FE-o W-F(To-58 -l y -0, (63)
1
2 dY_ Y

d 2 2 * T a a a *

("5“ ¢ Va) ¢ = hmep = hme E : 5 \%a 58 - 3¢ Nal” 20 Yota

ot a=1 a®

(64)
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o (65)

a e e QA e -

=N - vl =22, 212

T ¢ S 3t + = (oxa) . (66)
mo o) mo

Here h is Planck's constant, c¢ 1is the speed of light, e, m, and ¥
are the charge, mass and velocity of the particle described by the wave
function Y, ¢ and A are the scalar and vector electromagnetic poten-
tials, while p and 3 are the charge and current densities. In egs. (64)
and (65) we have assumed N particles to be present and have evaluated the
charge and current densities in terms of the wave functions of the N
particles in the Hartree-Fock approximation.

There exist some similarities between these two sets of equations.
It would appear that a normalized 6ne plays the role of a wave function,
just as the perturbed background density and current, n, and (nV)s,
play the roles of interaction scalar and vector potentials. The plasma
frequency @, corresponds in egs. (34), (60)-(62) to (mocg/h) in eqs.

(63)-(66). The thermal velocity v, corresponds to the speed of light in

6
egs. (63)-(66), so that the {V/ve <«<1l, w z;ab} condition under which the
hydrodynamic treatment applies corresponds to the nonrelativistic treatment

of eqs. (63)-(66). Ignoring ¢ and A in the right hand sides of egs. (64)

and (65), the source terms in this nonrelativistic limit reduce to

*
. QY QY
ih * %o Q * *
2 Ya dt T ot %x - %x%x vy o (67)

2m .c
a
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and

i
h * * | . —- K
— V - - -—
emai Ya Ya (VYa)Ya} V\Ya‘fa ey o, (68)

where the subscript «a may be dropped if nonoverlapping wave functions are
assumed and Y(Q) is taken to represent the value of the wave function for
whatever particle is present at X [so that f‘i’*‘fd3x = N]. The right-hand
sides of eqs. (60) and (61) also depend on the square of the "wavefunction"
Bne, and may be regarded as being related through the group (particle)

velocity V, since if (Sne)2 has an extent L, then

o) 2
dn dn
e 1 e
O ) E )
2 2
on dn
o) e 1 e
=D~ 7

the minus sign in eq. (69) arising if (Sne)2 is assumed to have a continu-
ous derivative so that W [(Sne)g] is negative where (Sne)2 is largest,
and the minus sign in eq. (70) arising on setting 3/d3t ~ - V.9,

On the other hand, there is a marked difference between the behavior
of the plasmon interaction potentials of egs. (60) and (61) and the inverse-
distance electromagnetic potentials. Thus, a localized disturbance
[Sne/no]g moving at a group velocity T = Eix creates potentials at a

distant point T = g{x + yz& + z; given approximately by
z

\
c.n 2,
n ~¢Jar T2 f @ (71)
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( c.n
(n¥) zl xS —ﬁ?o ( (7.9) v(%) , (72)
r 2 u2 %
R= x +|1-— (y +2 )} s (73)
L Ve

where the disturbance is assumed localized about the point x =y =2 = o,
where the time derivatives in eqs. (60) and (61) have been expressed in
terms of a by a/at = - E-V, and where the monopole and dipole contribu-
tions to the potentials have integrated to zero. We note that in this
approximation a stationary plasmon does not give rise to a long range poten-
tial. The long range interaction comes from a moving plasmon, and in that
case 1s of a quadrupole nature,

Equations (34), (60) and (61) are somewhat interesting even for the
case of stationary plasmons, where no long range potential exists. For
instance, in the case where 3/3t (v (Bne/no)2) = 0, a potential-well

phenomenon still exists. In this case, egs. (34) and (60) become

2

) 51’1 n \
—_ -V V28n + w +— (YM)
at2 8 ( n }

2 G

(75) expressing the fact that the sum of the change in the background
pressure and the pressure due to the electrostatic oscillations is practically
zero., If a solution of the form 5ne = g()—(‘)ei(Dt is inserted in these equa-

tions, there results:
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5 ra?-a? clu?
e —E+ | 2Rl -0 . (76)

L ve 2nov6
. R V2 . 2. 2
In the one-dimensional case where € 1s replaced by o 5/ax and where

the frequency is less than the plasma frequency, o < w5 eq. (76) has the

solution:

(4Rl fo 0P T2

le(x) | = T (77)
cosh |je¢  + | Qb-w ] \x “
o} 2
L2 |

where c, is given by the value € has at x = 0. Thus, when < ab the
nonlinear term in eq. (76) strengthens the possibility of localized (non-
singular) plasma oscillations, i.e. even in this stationary case the non-
linear term can behave like a potential well.

In fact, it would appear that there is a tendency for plasma oscilla-
tions to "condense". Again considering a one-dimensional example, if we

insert a solution of the form

6ne(x,t) = z T]w(x,t) cos [a)t - fkw(x,t) dx] (78)

w

into eq. (7Y4) and set the coefficients of the sine and cosine terms equal

to zero separately, we find

Bﬂm 2 aqm 2 akw 52
gw"—a?+2ve_a'§kw+vew'a—X“ “’;t—é kw(x,t) dx y =0 (79)
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and

nS
1+ —
n
6]

2 2
ﬂUJ (—Ug + (Dp W

]{ e’ﬂ:O. (80)

Ignoring the terms in the curly brackets as being much smaller than the o

and K terms, eq. (79) may be written

& e [(T‘i) Vo] = © (81)
where
2
Vaw = kw:e ) (2)

and eq. (80) yields the dispersion relation

n
u? = a? (l +-—§) + k2v2 . (83)
e n w 8
o)
When o ~ s application of dk/dt = - dw/dx to eq. (83) gives
2 2
dv
R LA B T (o
dt dt w I~ 2n_ dx

. 2
Equation (81) may be regarded as a continuity equation for the density T ,
and eq. (84) as the momentum equation. The quantity n, may be expressed

in terms of ﬂi by combining egs. (75) and (78):

(o4
1 2
nsz-g—n— z T](l) . (85)
o w
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Let us introduce an amplitude modulation of the plasma oscillations, i.e.

write
T = (8, + (10), (86)
Vo = (vga))O + (vgw)l

where the zero subscript denotes quantities independent of time and space,
and the quantities with the subscript 1 denote perturbations. Taking (Tﬁ)l

and (v_ ) , to have the form
g1

(Tﬁ)l - (ni)l ei[Qt - kKx] (87)

[0t - Kx]
(g = )

where Q<< w and K << k; egs. (81), (84) and (85) yield

a(), - (v ) K (), - (B), K (v ), = 0 (88)
c V'2
_ 16 2
a(v ), = - Exch RN (89)

On combining these two equations, a dispersion relation is obtained for
(k) :
2 2
(le)o Kgclve

= - . (90)
’ Z): Q (2n0)2 [Q - K (ng)o

If K(ng) is ignored compared with (, this gives
o

n
f = - ngg ——l 2;}) . (91)
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Since eq. (58) shows | nS]O/EnO to be of the order of the ratio of the
electrostatic energy density 82/8ﬂ to the thermal energy density nomevg,
eq. (91) indicates that the modulation increases in amplitude with a growth

rate

) 2
iQ ~ Kv £ ) (92)
6 8m m v2
oe B

This "condensation" tendency apparently results from the fact that mensvg
decreases in the presence of an electrostatic pressure 82/8n, giving by
eq. (84) a plasmon accelerating force directed toward regions where 82/8ﬂ
is already the largest. Nonlinear instabilities of this growth rate in-

volving ion acoustic waves have also been found by Vedenov and Ruda]rzov'12

13

and Harris.
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I. INTRODUCTION

Plasma instabilities have frequently been mentioned as a possible
mechanism for the dumping of charged particles from the Van Allen radiation
beltl into the aurora. The low frequency instabilities most familiar in

the study of laboratory plasmas2’3’u

are unsatisfactory as an explanation
for auroral bombardment; these familiar instabilities are electrostatic
waves propagating perpendicular to the background magnetic field io and to
the direction of the density gradient and should cause the plasma to move
aéross the field lines rather than along Bo.( However, there is one low

>

frequency universal instability which is pure transverse;” this mode
also propagates perpendicular to go but has an electric vector and current
parallel to ﬁo’ and Cham.berlain6 has recently suggested that it might
account for auroral dumping and for a number of other auroral characteristics,
including6 ray structure, north-south thinness of auroral formations,
simultaneous electron-proton bombardment, angular and velocity distribution
of auroral primaries.

Since the original theory was based on infinitesimal linear perturba- \\
tions we now attempt to calculate the time evolution of this instability
and to estimate the associated particle diffusion to see if the notion
of diffusion along Bo’ suggested by linear theory is borne out by a non-
linear calculation.

7,8

The approach will use the so-called "quasi-linear" theory'’", which

takes account of non-linear effects in only one sense, i.e. the distortion
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of the plasma distribution function due to the interaction with the waves.
The justification of this approach and of the approximations generally
made in employing it is an independent research program of ma jor proportions,9
but it is widely held that this is a correct way of deriving the original
diffusion and distortion properties associated with the instability. In
this approximation the particle velocity distribution function is written
as a sum of two parts: a slowly varying fo(v,t) and a rapidly oscillating
fk(v,t). The slow change in fo is calculated from the averaged quadratic
effects of the low-amplitude rapid oscillations. The non-linear coupling
between different modes is not taken into account. In Section II we
derive the linear instability, in Section III we perform the quasi-linear

ritual and discuss our conclusions.
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ITI. LINEAR STABILITY ANALYSIS

The equilibrium consists of a magnetic field
[Ts’ =BA, (1+ ex)] ) (1)

which confines a plasma whose distribution function is

foy = n (1 - e'(x+ Vy/n)]j exp (- Otjvz)[n—‘]

«.13/2
] (2)

where Qj = ejB/ij is the cyclotron frequency and j refers to particle

species. This equilibrium is chosen for simplicity, but reflects the
essential features of the radiation belt, i.e. density gradient, magnetic
field gradient, particle drifts (~ yB/B) and particle currents (~ vn/n).

An earlier calculation5 demonstrated that the linear stability results

A

did not depend on the choice B = B, (1 + ex), but were valid for general

ﬁo = Bo(x)ﬁZ as long as B, does not change by much over a wavelength or

an ion Larmor radius. The equilibrium also satisfies the Vlasov equation

of ., 2 el ;kﬁ
3t + v.yf + E(E + —_C ).va =0 (3)
= 1B _ kn =, .3
IXB = E —t + _C z ejfvfojd v ()'l')
v.E =3 e.ff v (5)
J 0J

with EO = af/at = Q.
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We perturb the equilibrium with ﬁl = E(y,t)ﬁz, B = 30 + b(y,t)ﬁx,

f=1f + fl(y,v,t), where from Maxwell's egs.

P _ 1@
dy c at
In linear theory we write f; = fkelaktelky. Eq. (3) thus becomes
afk = e ;&Egl e K* Q&if
— + ik. + = ' = - = .
= iKvE + = | — I Ty = t? + = . v fo (6)
5

which can be solved by the method of characteristics,” giving for each

species

_ z3
I == - 3%

ek )
k m 3V T @ ex,

L J7 (kv_,_/Q)/i(cD + kev,2/2Q) (7)

where we have assumed that W << () = eB/mc and dropped terms

£ 3,%/(0+ 40 + kev,"/20)
L#0

Substituting eq. (7) intO‘Uxi;-component of eq. (4) we obtain the disper-

sion relation for w

k
( 2 - é%ﬁ g—) 2 3
X
2 v £ J° (kv,/Q)d v
k202 - b %_ z zZ 5 oo 1 . (8)
J 1 + kev,“/eqw

The factor Er-enhances the electron term, ignoring for the moment the ion
contributions and setting kevlg/EQw << 1 Eq. (8) becomes e =

- wp2(1 + ke/200w), so that
wk~-kl;ll-%/2an} (l+k02/w ) . (9)
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In solving eq. (8) for eq. (9) we have assumed wavelength larger than the

electron gyroradius, to set

kVLe

Q

J 2
o

1.

We observe that since w/k < 0, the electron integral is not resonant.

However the ion integral does have a resonance, at VLZ = Qin/ke, which

contributes an imaginary part to the complete dispersion relation

o) k2§_lT_e 1 !
- k| ¢"/200 | ' 9o e Ty a.ﬂ.e(l + 202/<D 2)1
G + 17 = > l+§1%'€_ Y 2
1+ k¢ /hbe € 1+ k¢ ﬁ?pe
T 22
- ¢! e 1 +ke
exp 5—;[.— > . (10)
e Ty -

Equations (8)-(10) contain the features which make a quasi-linear approach

plausible. The instability comes from a resonance of particles, with

waves, it grows most rapidly for a limited range of wave numbers

it leads to a "weak" turbulence i.e. Ve << O
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IITI. QUASI-LINEAR EVOLUTION OF THE INSTABILITY

A Fourier analysis of Eq. (3), with f = Fo(r,v) + fl(r,v,t),

B = Bo(x) + b(r,t), E = E(r,t), retaining non-linear terms, gives

1k i e = vXb e -2 e [z vXb
ST + 1k-vflk + = z (E + —c:) vaq + = (vaO)-Vka = - = {E + ——c—} VVF
q k-q k
(11)

In the quasi-linear approach we separate the distribution function into a
slowly varying part g = F_ + fo(v,t) and a rapidly varying part f),k # 0.
The slowly varying part of Eq. (11) is

9 =Yg -
— = Z(E+V—"P- U + 2 (IXB)vf =0 (12)
m q ¢ vg m o/ vo

-q

f
at

while the equation for the rapidly oscillating distribution fk is

Af
e

-

(13)

ct

-~ =
-— - — — X
+ S (DB)Vr 4+ iRTE = - S [+ XB) 9
m o) vk k m c Kk

where in Eq. (13) we have dropped the "mode coupling" term

Z(ﬂ.ﬁ.yx_b DAVAE S s

afo ¢ lk-q V¢

which in quasi-linear theory can be demonstrated8 to contribute on a time
scale longer than the initial growth of the perturbation. Eq. (13) is
identical with the linear Eq. (6), and reflects the basis of the quasi-
linear approach, i.e. we use linear theory to derive the rapidly varying
part of the perturbation fk and Ek’ along with W and Yy from the

background distribution which exists at time t, and then use these values
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of fk ete. through Eq. (12) to find their effect on the slowly varying
background distribution g = F(v) + £ (v,t).
Solving Eq. 13 as in linear theory we obtain (separating w — w - i7)

for each species

V. - @ & (lLI»)

eE ( 3 KV, o g(x,v,t) J‘i (kv /Q)
z i(w + kev§/20 - iy)

Substituting this f_into Eq. (12) gives

k

3 o2 ! 5 v, 3 J2 (kv /Q) 3 av, .

a_%”E E-q{av'mﬁ (V'wo axg(15)
m a 4 [a) + Qqev /20 - 17] z

The sum in Eq. (15) is from q = - to q = ©», excluding q = O, but since

a)q = -w_q and 7q = 7-q’ we can write it as
i
IRl E S o L PO W X P
at m2 g=o (BVZ Uﬂ B ((L) + qu_L/2Q) + 72 \BVZ (lﬂ aX;

22 e
} and —& = 2y €

dt a-q

' ool
with eq=%;{|EqF2+quH = |1

Now @y and q are related by Eq. (9), and Eq. (16) can be written

2
o ! aQ d)
2 A o =X 22
é%=8n.e_Z[__a__E_z B]QJEF, [2050] (7q qc
o) m2 a0 aVZ af) 9x oql ge 200 2 ((IVL ] )
Qe 2 2/ 2
av
D . _Z3
(BV T Ta ax\ & (a7)
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For all values of q, 2aﬂy/qe < m/M << 1 where m/M is the electron-ion
mass ratio, so that Eq. (17) has a strong resonance behavior as a function

of Vlg and q. From this linear theory we know that the growth rate ¥

is maximum for I = (e'/e)/(l+q2c2/u§) = 2, decreasing exponentially for
larger values and quadratically for smaller values of the parameter T'. The
perturbed electric energy 6q will be maximum for that value of gq =

= wp/c (¢t/2¢ - 1)1/2, at least at times early enough so that mode coupling
can be ignored. If we select the fastest growing mode q = q from the sum,
and write

(2o /9¢) - (g - T)

> > T 5

(200 /ae)” + [av] - —=2LE——
22,2

l+qc/wp

We use the dispersion relation to relate wq and q in Eq. (17), and limit
the sum X to values gq > wp/c. For smaller values of gq the growth rate

q
Y and the field energy 6q are exponentially small. With these restrictions

Eq. (17) becomes (wp = the electron plasma frequency)

A ' 5 2
agi _ 8ne2 ; Ji € ib 3 . QGVZq c 3
ot P QQecw_ L qc| oV , 2 X
q>w /c z € u@
1Y
2a0c [2° . lan -
w e'e 'qd 'q ndx 20y _q ¢
o . z o g (18)
2 \2 |3V 2 AX
rgaQC ']2 o e' w e(l)P
o e'e 7q' Fevy - Te 22
- J oo
l dn 22
2 20v_q ¢ : w2
2ﬂ’e n ax {g d z d o2 e' D 3
Yo ” Molleay ‘6 ( ,[Vz dv.  e' 2 Bxg‘]i&‘owl__e— Z3r] R
Z w : qc
D
(19)
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Ak

q
—_ 0
3t Eyqeq (2 )

This is the set of equations to be solved for the early time development of

the instability. The sum g in Eq. (18) includes the mode energy Sq,

peaked at the g which gives maximum growth, and the resonant function

r/r2 + (ozvi - 5)2. The half width of the latter can be shown (using Eq. (19)
for 7) to be A(g'/e @%/q?cg) ~ m/M, while the mode energy eq is peaked
with half width A(e'/e ai/qgcg) ~ 1. This smooth behavior of eq allows

the replacement of F/F2 + (avi - 5)2 by na(avlg-g), and also, along with

the condition y << w, appears to justify neglect of the mode coupling terms.lo

The energy transfer processes which must be considered in the set of Egs. (18-20)

include resonant and non-resonant particle energy change computed from

‘/a3v Mv2 ag/at, mode energy change, and changes in the energy associated
with the diamagnetic currents and drifts; these drift energies drive the
instability. The velocity variation a/AVZ is smaller than the space
variations

ZGqu?cg

~

O/|0/
>
™l

o .
b
v
e'w 0 Z

b

thus quasi-linear "flattening" of the distribution is seen to be a flatten-
ing in coordinate space, and should be traced by a numerical integration of
Eq. (18-20). Eq. (18) is resonant in vi, and the location of the resonance
is fixed by the original temperature 1/@. There is no resonance in vi,
and the energy transfer can allow a slow increase in 2?. This is the basis
for our tentative expectation that the energy released by reducing the

density gradient will appear as mode energy E,, and as an increase in the



energy of parallel oscillations; this upward drift in ?? has no effect on
diffusion in closed or infinite systems, but can cause escape through the
loss cone of a magnetic mirror system, as in the radiation belt. We hope

that these cursory conclusions will be borne out by detailed calculations

now underway.
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The decoupled-flow regions of resistive instabilities occurring in
magnetospheric tails are sufficiently narrow that magnetic and collisional
viscosities may be of importance. To determine the effects of these
viscosities, the resistive instabilities studied in the hydromagnetic
approximation by Furth, Killeen and Rosenbluth (1963) and Johnson, Greene
and Coppi (1963), are studied with plasma equations based on the Chapman
and Cowling expansion. Treating the ratio B of the plasma pressure to
magnetic pressure to be of order unity, three cases are considered, two
leading to tearing instabilities and the third giving a gravitational
instability. It is found in all three cases that the hydromagnetic equa-
tions are applicable when the ion collision frequency is larger than the
ion gyro-frequency. When the ion gyro-frequency exceeds the ion collision
frequency, the results are qualitatively the same except that ion-ion
collisions replace ion inertia in determining the growth rates and the size
of the decoupled flow region. The conditions under which the Hall currents

become important are defined. (2?,[[ig,f¥
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I.

INTRODUCTION

There has been some discussion recently on the effects that the an-
nihilation and recombination of magnetic field lines have on the structure
of magnetospheric tails [Piddington (1960, 1965a,b); Dungey (1961, 1962,
1963, 1965); Axford and Hines (1961, 1964); Alfvén (1963); Dessler (1964);
Levy, Petschek and Siscoe (1964); Axford, Petschek and Siscoe (1965);
Sonnerup (1965); Ness (1965); Dessler and Michel (1966a)]. The rate at
which magnetic field lines merge could be of importance both in determi-
ning the stability of twisted filamentary features and neutral sheets in
magnetospheric tails, and in determining whether or not planetary field
lines Jjoin ontc interplanetary lines to form open or closed magneto-
spheres. The discussions of the magnetic field annihilation resulting
from finite resistivity are related to Dungey's demonstration that a
current concentration can develop at a neutral point of a magnetic field
in a resistive plasma [Dungey (1958)]. Sweet (1958) and Parker (1963)
have described a steady state two-dimensional situation in which a plasma
of resistivity T in the region of a neutral sheet flows along the sheet
at the Alfvén speed VA while flowing perpendicular to the sheet at the
resistive diffusion speed. This leads to a neutral sheet thickness, a,
which is equal to the breadth of the sheet, L, divided by the square root
of a magnetic Reynold's number R = unLn'lvA'l, and to equilibrium fluid
velocities perpendicular to the neutral sheet equal to the Algvén speed
divided by R%. Petschek (1964) has argued that in this two-dimensional
situation, the fluid flow perpendicular to the neutral sheet does
not have to be restricted to resistive diffusion over the entire
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breadth L,but rather that over part of the breadth hydromagnetic flow
normal to the sheet can be sustained by the normal magnetic field component
which joins the regions of oppositely directed magnetic fields. Petschek's

analysis gives equilibria in which fluid velocities along the sheet are of

~ the order of the Alfvén speed, while flow velocities perpendicular to the

sheet can have values between that given by Parker and a maximum,um given
by wy o~ Vy T [2Ru§ Gi].

Furth, Killeen and Rosenbluth (1963) and Johnson, Greene and Coppi
(1963) have analyzed the stability of a neutral sheet in which the equili-
brium fluid velocities perpendicular to the sheet may be ignored. They
find instabilities with growth rates proportional to fractional powers of
the resistive diffusion time bn ag/n. These instabilities may therefore
have some relevance to the equilibrium discussed by Sweet and Parker, and
to those equilibria discussed by Petschek in which the perpendicular flow
velocities are sufficiently limited by boundary conditions. Ness (1965)
has suggested that these resistive instabilities may occur in the earth's
magnetospheric tail.

In the high-conductivity limit, these resistive instability modes are
characterized by two regions: a narrow central region where finite conduc-
tivity permits relative motions of field and fluid, and an outer region
where field and fluid are coupled as in the infinite-conductivity case.

On the one hand, the confinement of resistive effects to a narrow central
region leads to simplification in the analysis, in that equilibrium
quantities in this region may be approximated by linear expansions, and
in that this region may be treated as planar--approximating the effect of

geometric curvature here by a gravitational force. On the other hand, as
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pointed out by Furth, Killeen and Rosenbluth [hereinafter referred to as
FKR] and by Coppi (l96h) the large gradients of the narrow central region
suggest that effects such as "finite Larmor radius' not taken into account
in their hydromagnetic analysis may be of importance. More explicitly, 1t
is known that in a finite-temperature plasma, ion-ion collisions and finite
Larmor radius result in an Ohm's law which does not relate the current to
the Lorentz force through a scalar resistivity, and in a pressure tensor
which does not give just a scalar pressure [Chapman and Cowling (1939)].
The effect of ion-ion collisions has been treated qualitatively in Appendix
H of FKR, where it was shown that a scalar viscosity does not qualitatively
change the resistive modes, but that it does change the growth rate and
scales involved.

With the long mean free paths in magnetospheric tails, it might be
expected that decoupled flow regions there would be very narrow, so that
both Larmor radius and viscosity effects would be of importance. Accordingly,
in the following we examine the resistive instabilities using plasma
equations based on the Chapman and Cowling expansion. As the ratio B of
plasma pressure to magnetic pressure might not be too small in the tails, we
treat B to be of order unity. In section II, the problem is delineated
and the basic equations presented. The approximation of an isotropic
resistivity is introduced there, the effect of an anisotropic resistivity
being discussed in Appendix A. In section III, the structure of the
equations is discussed in relation to the two-region solution of FKR, and
three cases of interest are considered. It is shown there that the effect
of viscosity is important even at low temperatures, but that the finite

Larmor radius terms in the pressure tensor and the additional Ohm's law
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terms do not affect the growth rates appreciably until the validity of the
Chapman and Cowling expansion itself becomes somewhat questionable. These
correction terms are considered in Appendix B. In Section IV, the results

are summarized and the validity of the analysis discussed.
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II.

ASSUMPTIONS AND BASIC EQUATIONS

We consider an infinite plane current layer, choosing a coordinate
system so that equilibrium quantities change in the y-direction only. The

equilibrium magnetic field is taken to lie in the x-z plane,

-0 (@] - O e

= i+ i 1

B =B (y) i, +3B.(v) 1, , (1)
and the effect of curvature or acceleration is represented by a constant
gravitational field of magnitude g directed along the y-axis. Following
the discussion in FKR's Appendix F of the stabilizing effect of thermal
conductivity on instabilities driven by temperature gradients, we shall
ignore all temperature gradients, taking any variation in the y-direction
of the equilibrium plasma transport coefficients to result from variations

in plasma density. Perturbed quantities are denoted by the superscript 1,

(7, 1) = r(y)eEE T (2)

where without loss of generality the x-axis has been chosen to lie in the
direction of the wave vector K.

The plasma equations based on the Chapman and Cowling expansion of
the Boltzmann equation have been much discussed.¥ As calculated by
Marshall (and corrected by Haas and Vaughn-Williams), the momentum,

current density and heat flux equations have the forms [Thompson (1962)]:

=
av 2.2 = —
p—d-_-g == JXB - v-P + pg ’ (3)

* For a list of references, see the historical survey in B. B. Robinson
and I. B. Bernstein (1962).
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- - - -y ==t —

J=oyDy + oDy *+ o bxD + gvyT + .V, T + &y xVT , ()
and

had - — — - —

q = =AVT = AT = Ag BT + ¥y gy + ¥id, + ¥y bxJ . (5)

Here, p, T, V, 3, a, B and E are the mass density, temperature, velocity,
current density, heat flux, magnetic field and gravitational field,
respectively. The vector b is the unit vector along the magnetic field,
and the subscripts || and ; denote the vector components parallel and
perpendicular to the magnetic field. The vector D is an effective electric

field,
1
ne

D=E+wB+—vp, (6)

where E is the actual electric field, n is the total number density, e is
the magnitude of the electron charge, and p is one-third the trace of the
Pressure tensor 5. In a right-handed coordinate system g, E, 3 (with b

along the magnetic field), the pressure tensor has the form

= p o —CH 1.2 -
Faa =P 2 {Saa * gr+(Saa * Scc) r+Sac}
1+r,
Pop = P = 285y,

2 2
P =rp- ———E—g {S,, + 35(8qq * So) *+ 1,8

ce
+
1 r

ac]

(7)

— —_—L——e -
Pob = Pra = T3 (Sap = #045pc)
1+ Er+

_ _ o
Poe = Fep = 77 (Spe * #455p)

1+Er+
- =V S 1 -
Poc = Pea ™ 12 {sbc + §r+(Saa Scc)} ’

1+ ﬁ?*
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with

AR - 8
Sijz% S;j--i-axi_éﬁijdlvv . ()

The coefficients in egs. (&), (5) and (7) involve the collision frequencies

= %(Eﬂ/m_)éneu log A/(KI‘L‘)3/2 with A = 2(KT)3/2/e3(nn)%

<
|

v, = g%%g (m_/m+)% b, (9)

the gyro-frequencies

0

eB/m_ Q

eB/m, (10)

the ratios

H
Il

Q_/v_ r, = O+/u+
(11)

M_ = m_/(m_ + m+) R

the unmodified transport coefficients

o, = neg/m_u_ s Ao = cOK.gT/e2
(12)
@o = Oo/e 5 Yo = KT/e
and the r-dependent factors

&i -+ 6.080° 4 0.93

=1 4 2

by =1 + 16.20r° + 44.3

Z% = rgM_ + oM+ 3.39(M_)% +0.32 (13)
Zi = r° + 3.48

5% = ° +12.72 .
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Here, m and m, are the electron and positive ion masses, and K is

Boltzmann's constant. Explicitly, the transport coefficients are

oy = 00(1.93/2) & = 0.777 QO
oL = ogh(r® + 1.8)a, 81 = - 8, 0.75(r" - 0.966)a,
Oy = croé-r(r2 + M.H)Al s @H ==& 2.l5rAl ,

)\" = 1.02 )\O
AL = 1.25 A (M + 0-56M%)A3 + (5-431‘2 + 36-1)A2 - 3~56A5]
Ag = 1-25 Ay [rM_A3 - 9.28rA2 - rAs] s

(14)
= 3. ¥

0 3.30 ¥,
vy = ¥ [2.50° + 11,50,
¥y = Yol.518,

and
B = % nIC[‘/u+ .

Equation (4) for the current density takes on a more familiar form
when temperature gradients are ignored and the r » » limit is considered.

For with AT = 0, eq. (4) gives

— - -G —
ﬁ=.J;..J+_c-L__J+__H_-’xb; (15)
oy M 2, 2| 2, 2
I O’J_"‘O'H O’_L+O’H

- -—-23-' N - —— ——— °H - -2-1: 16
all S > -i . 62 9o ) ? N c% %o b ( )
H el i



equation (15) becomes

- = e o 1 -2
E+vwB="N4Jd ~ e [Vvp - 2jXB] (17)
with
- - 2 = 2 1
T]'J = J — J‘.L . (18)
1.930, i 0o

As we shall see, for the conditions of interest the ratio of the tempera-
ture relaxation time to the resistive instability growth time is of the
order of (m_/m+)% or less. Denoting by a the thickness of the equilibrium
current layer and by €a the much smaller thickness of the decoupled flow,
the ratio of times is of order ¢ for the tearing mode. Accordingly, in
the present calculation VT is set equal to zero. In passing, we note that
if a” ~ 0, equation (5) states that vT ~ (¥4/Ag)3Jy : the calculations

of the appendix and the heuristic considerations of FKR both indicate that
the most important current in the resistive instability is 3”, and thus
the effect of including VT here would be to modify the value of the
resistivity along the field lines. With VT = 0, the scalar portion of the

pressure tensor in equation (7) is proportional to the density

. (19)

“ [
|
7%

Another simplification may be introduced in the analysis by setting

[ nd

M=n"1 (20)

in eq. (17), where I is the unit dyadic. 1In Appendix A, it is shown that
the anisotropic resistivity of eq. (18) complicates the algebra but only
slightly modifies the scalar resistivity results, the reason being that
the important current in the instability is Jjust En-

~
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To summarize, then, the pressure tensor of eq. (7) is used in the
momentum equation, eq. (3). The Ohm's law of eq. (17) is used with the

scalar resistivity of eq. (20). In addition, we need the continuity

equation

gﬁ% +v.(pv) =0, (21)

eq. (19) relating the density p to the scalar portion of the pressure

tensor p, and the three Maxwell equations

= _ _ 3B
WE = dt
wB = bmj (22)
vE=0 ,

(ignoring the displacement current for the slow growth rates under study).
Following FKR, we regard B as the basic electromagnetic variable, elimi-
nating 3 by eq. (22) and eliminating E by taking the curl of Ohm's law
and using eq. (22). Eliminating one component of B with v.B = 0, the
curl of Ohm's law then gives two independent equations for two components
of B. These two equations involve three components of the macroscopic
velocity V, and these may be obtained from the momentum equation. On
linearizing about a stationary state, this leads to the following five

coupled equations.

o 1
o) B o)
_ o) d |gp d 1 ol _ _X N 1 ik L0.1 _pg
[wp * dy( a>)]vy T N dy) PRI BB - vy
- (v.8B)_ =0 (23)
N
1 (o}
B~ dB
A\noxr z ik -0 - i l- - . P =
- ®pTv, 4+ E%'E§- b BxBi ik sin §cosé (P P}) (v SP)Z =0 (2k)
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d2v o} o) Bl a8®
- wpCliky, + I —X |+ L (o) - jieke ), D HI_X_
y 1k_dy2 ik dy dy w y dy | 4m dy
o) 1
B dB 2 .
s 1 k 1 k - s
- ﬁ. -&3-(1 - 1ks1n2@(Pi,L - P - I B?{By - 3—)— % v.v - {vx(v.sp)}z =0 (25)
o}
o2 \ 4B
Bl - 1x80v -E—/d—-e-Bl-kgBl;- L ikBlB) + B 2| = 0 (26)
y " bn \dy y V)7 b y dy
o) 1
0,2 dB dB
BEE— + o] B- - ikBv_ + v, == + B® VeV = = E— Z 1+ =
1! y 4 z dy | 4 dy 4ﬂenepo
o}
o 1 0
o} ds; dB dB .o 0
X dp ikBoBl Bl X, .0 kEBOBl d r° Yy _ Bl X _ ikB
dy A vy dy ) X dy | "x dy y dy w
o o
aB dp 0 g 2
X — |v. — + V.-V =0 . 27)
dy (ydy P (
Here,
B = B°sins B> = Bcost (28)

and ng = (n°/2) is the equilibrium electron number density. In these
equations the variable Vo has been replaced by

v.¥ = dkv_ + =% (29)

x dy

to display the effect of compressibility explicitly. The modifications in
the pressure tensor to the scalar pressure are of three types, behaving
. - . 2 s
in the r —» = limit of interest as u, (u/r) and (u/r"); the remaining

terms are represented by Pi and P%, which in the r —» « limit are given

by
dv (o) fe) (o}
1_ . 2s —X _ B dp~ - E 4 025 - 2)| v.v 0
I pusin¢ ay wpo Oy vy + u1k51n§cos@vz - [a) u(c s~ 3) (3 )
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and

+ p(cos2@ - 25in®s) v.V .

V dv.
PiIL - P} = 3usin2§ -d—yx - 3ulksingcosd v,

(31)
If only the largest terms of each type are retained in 8?, the following

approximate expressions are obtained:

3 2

(v.8B). = - 3ucosd d Yy _ 3usind d Yz _ 3ucosd 43 av,
y hr ik dy3 Lr dye br dy dy
+ cos$ d2 ( -\-;) (32)
Er VI 32
dy
a3y o . d%v
(V-5§)Z - 27p.si121§cos§ gy " 27}1;05 % %9_ 2y _ 3uiin§ (2(:052@_1)
16riik  dy°  16rSik VY oay +
| 2 2
! d vy 3ucosd 2 dd dvy 9140052@ d Ve
f x —* - S (BeosTe-1) oo = - > 2
dy + it kS ay
6ik B cos® as | 3, 35 L (B
+ [ bik r, cos“¥sing e + -;?-;chos 3 &y |z, v,

_ 27fusingcos$ d2 (v ?r') _ QZEcoseé 1 (v ;;)

161k &y 162k WY
+ 3Esin§coszg g_( 7) + cos> g_g( ) (33)
or, ay WV by 2 ay \V 33
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and

L
- 2_4dwv
{v x (v.SP)}Z = - Qgcgs 2 EX + E%— sin@(Scoseé-l)%g + E cose
16r5ik  dy + ¥

2
a-v
x (1 + cosgé) %— o~ Ly Jpcosd (50052@-1)
y\r, dyg br

3 2
fd@ 2 dvy 2Tusindcosd d vz 27p0052© dd d Vg,
layl & T2 3 > dy »?
| v 16re dy 8r Y ay
+
dev 2 3
+ EElKSln@(QCOSQQ-l) 22 + 9gcgs $ d - (V-V)
+ ay l6r+ik dy
2
osd d -
+3f:———§ @___2 (v.v). (3k)
+ dy

In arriving at these approximate 85 expressions, we have referred to
the FKR result of a narrow decoupled-flow region in which the perturbation
approximately follows along a field line, and thus have regarded %; acting
on a velocity as introducing a factor 1/e, and have taken sin® to be of
order €.

By way of interpretation, egs. (34) and (24) are the y and z components
of the momentum equation, respectively, and eqs. (26) and (27) are the
y and z components of the curl of Ohm's law. Equation (25) is the z com-~
ponent of the curl of the momentum equation; using this equation instead
of the x component of the momentum equation removes the scalar portion of
the pressure and puts things in a form resembling the FKR equation. 1In

the incompressible hydromagnetic treatment of FKR, egs. (25) and (26) were

the only equations needed as they involved only B; and Vo As will become
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clearer later, eq. (23) says that the sum of the magnetic and perpendicular

particle pressure remains approximately constant in a perturbation; it may

be regarded as an equation for v.v. BEquation (24) states that for a given
driving current assoclated with the shear field BZ, the velocity along the
unsheared field component BZ is limited by viscosity. Equation (25) defines
the size of the decoupled flow region, again through the viscosity; and

eq. (26) in conjunction with (25) gives the growth rate. Finally, eq. (27)
states that for a given current and ion velocity, the electron velocity
must adjust itself so that the current is related through the resistivity
to the electric field in the electron reference frame.

In dimensionless form, egs. (23)-(34) become

~ ~ ~2
(g%._ %2) W= (B)' + (F')' - PPy - %%r div v

o] ' H? -\
- sap | 2 (kv A _ﬁ-.@+%_(-?-+— aiv ¥,
iaB 310D { 5 + div v} P 4072 2 o 3 12 :
. O t -
* gt Ia"'ﬁn [m'"" + i0F2'" + 10‘1‘%) 2' - H(div¥)''] =0 (35)
o4
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s%ia R
i OTH OA !- v, I(F)an )+FII’+O£ {?ﬁ l’)w” l1-1200.“_{_

16T°0P 57 | 1 oHi | 12 OiH

. BHGArS \

FY\ (3 ),y o M2 g, 2o 2IE o

X{f){12 -)1w tp ot g (I)Z- OTn r+]z
LHr o ' 8FHr .o '

- Fair W' - Ifg) (av W 3i+ |T) atv #- 911+ (atv ,,,):l T (36)

0 " ' 'yt ' 1
fﬁg-%ﬂ‘w-pﬁw B (aiv W' - (¥F') 4 (R') - oPRY

s | os? as®

1
Q
T [mﬁf? ALy g - K e ""]
Pe 90
- e
_ HEEOA g_ﬁ-w""+12 H2 )E:w“_lar+ _H_2_+l
Meaerim L 2 I Hip \12

X (%:)'w" + iTHor (8')° (igﬁ - 1) W' -g%z"' -2 (%)z"

oM
FloFr e R [0
- — * %é—- rgavy) - (v =0 (37)
t(p + F) - '+ W - BE (v xR = (38)
and
(im+P—)x+FZ-W£—--§—d1VV' o‘('ﬁx') (P—)—(xH F')
p
+‘°['O‘2FY+(W -YF)]+-I(‘—~T)-2—(W'+pd1vV')=O; (39)
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where

X = ioB, /B
W = -ikrgv
Z = - ikTRVZ

F = BY/B
H=B/B
I =3B
? = p%/(p)
T = /()
#° = 3p°/(P)
1 (@]
G = -g‘f% B—O' %%‘
B = Lm(P)/B°
A= —2r il c
18J_2 o aE(mg)
Q= ka
TR = )-J-Tﬂe/(n)

g = a(ln(p) )2/8
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with ¢ being the speed of light, and u, T, r., my and m_ as defined
earlier. The primes denote differentiation with respect to a dimensionless
variable u = y/a, where a is a measure of the thickness of the current
layer. The quantities B, (M), (p), (P) and (a%) are measures of the

field strength, resistivity, mass density, pressure and plasma frequency,

respectively.
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IIT.

THE REGION OF DECOUPLED FLOW

We wish now to discuss the structure of egs. (35)-(39) in relation to
the hydromagnetic results. FKR demonstrated that in the S - o 1imit the
hydromagnetic equations gave two regions, an outer region where the fluid
was frozen to the field and a narrow central region near F = O where the
fluid and field were decoupled: their heuristic derivation of this result
indicates that the situation is not changed using the plasma equations.
Thus, we shall follow the same general procedure as in FKR; i.e., the solu-

tion in the outer region will be used only to give a value for

-

A' = (L40)

5
=4

the difference between the logarithmic derivative of ¥ at the right and
left boundaries of the inner region. From FKR's eqgs. (23) and (26), the

outer solution gives

A'=-2a+0(§‘ as O = (FKR 23)
vy _ L ey fl L1 .
A‘a(F) (F2+F2 as Q-0 |, (FKR 26)

where the subscripts * « on F indicate the values of F as y =% =,

and the F' refers to the value of F' at F = 0. The problem, then, con-
sists of solving egs. (35)-(39) in a small region about the point F = O,
requiring that this solution gives the A' determined from the outer region

and gives quantities which will be well-behaved in the outer region.
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In the small inner region the equilibrium quantities may be approxi-
mated by linear expansions, e.g. F = F'u, where for convenience pu = 0O is

chosen at F = 0. Defining a new independent variable
6 =n/e , (41)

egs. (35)-(39) then take on the form

3 2 ~ o~
F'e H'ior F' dY iare 2 2 Hadx PGP . (F'e)® 2
- p - —= Y9 + — — - —==— (F')" x6 -———+[—-—+ — 6
T] ( o] € de 'np e d 82 P ,n
T |, 30 2yl gl & 160¢° 2t ¢ &y
o~ =2 O+ |38 T 2 o+ 2
- 3pep oM J on ae
. 3 3., P ro 52 1
Bl r+(F')2 g—% - gﬁ— div W - %g% + {EE - % lé%;_l; ri(F')gJ
3T i~ p'p - |2 9T
.U 2 o2 6.2, 33
X -g—é (div ¥ - -—-——““fa r+(F')2 -d—-g- (aiv &) + BT (F)” 4
3MH ae ITH
bl 12 N2 (B L il6d5e” 2,003 o] dz
A v r+(F ) (T’ ~ r+(F )" e ae
S 9TH j
5 2
_ l#Oé’Ve I +(F|)3 _(_1_51 0 (LLQ)
ST a6
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52 8.3 ,
, 160" (7)) '8 ()T F I3 ]l
HUY + Flebx + - = I 3T ’de
Sjji 31T o
I— ) e’ £ L e )3 &S
. 3¢ I(F ( ) Le (Fr)” Ira 25 ) 0 d"W _ 3e
+ | a2 ~ 3
Ez © 1 g W a0
12 ' 13
e® (F be (F)ra -Pj;-} + 160‘2~F ) rie7H9 div ¥
A
I(F )2 8e (r )3 1 el - 3e5(F')3 a2
( ) T8 35 (div ¥) + === 6 — (div v)
3'{111 H7 de
3 3.7 '
_ 16ia”(F! ) e 2 2 2 2(F)7e r+a2 E) @
A 387
6/ 120 2 '] b, \2 2
+8€(E)mri(u__] Z_ue(F~)adg=o (43)
3NTu Ty ] in ag
ﬂF"2+? (p-iaE'r w-—i—"?egx+[_TL."2P__%+92w
(F'e)° F'e 5] 5 L (rre)® (S )
6cx W) P fil 6(5) P2 i
1o (52312 JEMED) o7 2 630 aw | ppT oo E) d e
31+ 3Pt a8 P (F1)%e 3TH
22
VParmeed 2y arde Pl V' Pu
-1)e+ h 1+——} \/‘ e B
34K i H I ] as
Y ~ 2(F1)%0Fr? .
fq% + l' T A ()7 9.} div vw[ 2P _ 16e2(F1)%fPr8 92]
a6 L PMF ¢)° I J oL (r)2e 9T J
4 ( ) hegIar+ d2 ( 3 3( 3 3r§(F')3l6e6 5
=7 (div v + ——— div v) - ¢ —= (div + 6 Z Ll
8 T3 2 ag° H (L4)
r 1 1 3
> 0T TEoAT ~ 2 ) > Hi 3
3I°H L 3H v T 486 am



~ 2 . ] 1]
_n 4ay + {p + ﬂ&g - H'r]Y + F'eBW - ioeF rgx = O (45)
2 2 ~o ~
e 4@ P P

I B Y ' { 1 ';” T .~ 2 252
1-2(——-—p~F - "o+ rie {p - H~1a r 9.! Y +i- i?bt + % - QNZH-lae (felr 6 X
L3\ 3 I & 5 L 5 or

-y 2 ' r g ' 22 ' 1 -
-_%%+[-%+9~;II +(F4"_l‘er ]W+[—I;—a-+£l:£} div v+ F'efZ = O
ioe” de P p o P

(L46)

where

1
6 5 m, © H?@;P
-V (5:) PA(F) 7 )

The equations are rather formidable as they stand. To make further
progress, the nonhydromagnetic terms will be regarded as perturbations

(except for the viscosity terms which, when r+>> 1, must be used to define

j-

f
the scale of the region). Specifically, we regard the re/  and r+ey=im_/m+‘

re/ appearing in eqs. (L2)-(146) as small quantities, and consider the effect
of an iterative solution on the A' calculated with these re7 equal to

zero. Increasing the size of the perturbation terms corresponds to increas-

ing the temperature. Apparently, such a procedure should give results depen-

dent on the r37 = O ordering of quantities. We consider three cases:
(1) ® =0(1), G=0
(2) H' =0(1), G =0(1)
(3) " =0, G=0

the re’ = 0 relations between ¥, X, Z, W and div ¥ being different
in each of these three. The first and third cases describe the tearing modes,

occurring where the pressure is maximum in the third case (since the
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equilibrium equation is - 1/319; - II'/B—('B')2 G/p'8 = 0); and the second

case describes the gravitational mode.

A rough estimate of some relative magnitudes in the small re’  limit
may be had by examining the frozen-field condition
=] -— =
B+ ¥ (VxB) =0 (48)

as this must be approached toward the boundaries of the inner region. In

component form, this is

pY + WF = O (49)

- pX - 10ZF + WH' + Hdivw=0 .
When re’ - O, then,

ooz

' (50)
o &

x
0

where slippage with respect to the shear component has been allowed in the
second equation. The last expression suggests that when H' = 0, ¥x may
be expected to be small.
Since the desired result of Lhese calculations is the real integral

A', the perturbation terms should be analyzed as to their effect on this
quantity. Thus, three features of each term should be examined: (1) the
phase - i.e. the complex nature, (2) the parity - i.e. the eveness or
oddness, and of course (3) the magnitude. Following FKR, we consider

-

even-Y¥ solutions.
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Case (1): H' =0(1), G =0

Y

If only the dominant terms are retained in the re’ - O 1limit, egs. (42)-

(46) reduce to

xF'eh 5 YH' = O (52)
im ae
at L WG + Y (_ TF . p6 6Ioe” (F &z L3 o472 (s
ag” U (pre)? Teg H AT 42 Hi 63
T aty
LS5 - vp o+ wreo (54)
e df
- ——ﬂ§ SX | Frepz = 0 . (55)
ice d92

For this case, egs. (53) and (54) state that pe = 0 (1): Eq. (54) may be
regarded as giving Yp + F"eAW = O (Y/e) in order to give A' = 0(1). So
eq. (53) consists of terms of O(W, e?Z, ¥/e). Eliminating Z by using
eqs. (52) and (55), and using eq. (50) to estimate W, these orders become
O(wp/e, Y/eg, ¥/e). Thus, we must have pe = O(1). In the re/ - 0 limit,
then, W =0(¥/e2), x = 0(¥/e), Z = O(¥/e?) and div ¥= 0(¥/e%), with
Z the only imaginary quantity.

With this ordering, the largest correction terms are the x and Y
terms in eqs. (L4) and (L45), these being of O(re) compared to those in
eqs. (51)-(55). They, however, have the wrong phase to give a real A'
contribution directly in the first interation. They would be expected

simply to introduce overstability. Similarly, examination shows that there
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are a host of terms which are of O[e, r e, r+32, r€2, (r+e2)2, (rgg)g]com_
pared to the dominant terms. Successive iterations in which the O(re)
terms comingle with these terms do lead to real contributions to A'. With
(r/r+) = (m+/m_)%'>> 1, we then expect that with increasing temperature
the first corrections to the low temperature results are appreciable when
(re) (reg) = r2e3 = 0(1). Since the terms containing r arise from the
Hall current in Ohm's law, the first temperature corrections arise from the
Ohm's law and not from the pressure tensor in the momentum equation. Inci-
dentally, we note that since terms of O(r 33) can arise from the product
of quantities of order (re¢), (re) and ¢, and since O(re) terms arise

in the equation for de/deg, it is necessary in calculating the complete

O(r233) correction to abandon the constant-¥ approximation of FKR.
Case (2): H' = 0(1), G = 0(1)
In this case, if only the dominant terms are retained in the r37 -0

limit, egs. (42), (43) and (45) again reduce to egs. (51), (52) and (54),

respectively. However, egs. (44) and (L6) become

u . ~2
qw{__;n_ong]-_gi?mvwg%:o (56)
e pe~ (F') pp'(F'e)
and
_j_ 92 Eyx-EE-Lavierem=-0 . (57)
uxe d

For this case, egs. (56) and (54) give p€2 0(1): eq. (56) consists of

]

terms of O(W, Gw/pee, G div ;ypeg, Y/eg), where use has been made of the

A' = 0(1) constraint. Eliminating div ¥ by egs. (51), (52) and (57) and using
the frozen field constraint to eliminate W, these orders become O(Yp/e,
C—‘i’/s3 GY/e 3, Y/sz) Thus, we must have pe° = 0(1) when G = 0(1). So

1

=~



in the low temperature limit, W = O(Y/e3), x = 0(¥/e), Z = O(Y/eu),
div ¥ = O(Y/es), with W and x odd, Z even, and only 2 imaginary.*
With this ordering, we note that there are no correction terms of
O(re, r+e). Again there are a host of terms of O[e,reg,r+€2,(reg)e,(r+e2)2],
the terms involving r arising from the Hall current in Ohm's law and those
involving r, arising from the pressure tensor in the momentum equation.
These terms all have the wrong phase to contribute to a real A' in a first
iteration. However, in a successive iteration in which these terms are
evaluated by insertion of the first iterative solutions, contributions to a
real A' do result. Thus, with (r/r+) = (m+/m_)% >> 1, we expect that for

Case (2), the Ohm's law is responsible for the first corrections as the tem-

perature is raised, and these become appreciable when rgg = 0(1).

Case (3): H' =0, G =20
When H' =0, x and Z are much smaller than in the two previous
cases. Retaining only the dominant terms in the re¢/ - 0 1limit, egs. (L42)-

(46) reduce to

r~
pp° P AW d .. F' dy
rep ke (P% @2 3e'1(r)? i 307 g & (5
— P) ~ 11 2 3
i ae HT) © 49 HT de
d)*w N 92W " (— "ﬁ " . pb ) = 0 (60)
EEH (Fre)® €

* —
Johnson (1964) has pointed out that the presence of div v in Case (2),
may lead to the stabilization of the gravitational mode under some circum-
Sstances.
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> 2

3§ g—g - ¥p + F'efW (61)
e df

- —Tl_‘2 ——g + F'efZ = 0 . (62)
ice 46

As in Case (1), pe = 0(1). The low temperature magnitudes are W = O(Y/ee),
x = 0(ex), 2 = O(Y/eE), and div v = 0(¥/e). Here egs. (60) and (61) are
decoupled from the remaining three equations, as in the incompressible hydro-
magnetic calculation.

With this ordering, the largest corrections are of O(re,r+e) and
are in the x and Z equations. The O(re) corrections occur in eq. (L46)
and the O(r+e) terms are in eq. (43). These do not contribute to a real
A' in this order, however, since they do not contribute directly to quanti-
ties in the equation for dEY/deg. The first correction terms to occur in
the equations for W and Y are of O(e,re3,r+e3). They enter with the
wrong phase to give a direct contribution to real A' (except for the 0(e)
term); however, since these terms involve x and Z, an iteration in which
these terms comingle with the O(re,r+e) terms in the x and Z equations

will give contributions to A' of O(rgeh, r r+eh, rieu).

The phases and
parities are such that these latter contributions are real. Again, with
r>>r., the Hall current in the Ohm's law is responsible for the first
temperature corrections, and these become appreciable when re2 = 0(1).

To summarize, it is found that with Q+ >> v, at low temperature
the plasma equations give the same results as the hydromagnetic equations,
except that the ion-ion collision contribution to the pressure tensor deter-

mines the size of the region in which the plasma and magnetic field are

decoupled. The first temperature corrections to the growth rates arise



from the Hall-current terms in Ohm's law. These are appreciable when

re/ = 0(1), with 7 = 3/2 in Case (1) and y = 2 in Cases (2) and (3).
As the temperature continues to increase, the pressure tensor cor-

rections in the momentum equation become appreciable. However, this occurs

when the validity of the Chapman and Cowling plasma equations become quite

suspect. Thus, with e determined by viscosity,

re” ~ 3 (ry/ea) (63)

where ry is the ion Larmor radius. This quantity has been assumed to be
small in the Chapman and Cowling expansion. Thus, even the Hall current
corrections to the growth rate do not enter until the validity of the expan-
sion becomes somewhat questionable. The condition r+32 = 0(1) corresponds
then to rI/ea = Oz(m+/m_)%:, and this is quite outside the range where the
Chapman and Cowling expansion is known to be valid. It appears that another
set of equations is needed for an accurate treatment of this regime. It is
of interest, nevertheless, to speculate on the type of effects which might

be expected here on the basis of the present type of equations and this is

the subject of Appendix B.
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IvV.

DISCUSSION

With the various assumptions involved in the Chapman and Cowling expan-
. sion and in our treatment of the resulting equations, the range of conditions
to which the foregoing analysis may be applied is somewhat limited. Thus,
where viscosity dominates, all of the following quantities have been assumed

to be less than unity:

r/ea ~ 107 [p1/66m2/3572/3(10g p)-1/37 12/3,72/2 (65)
Kivg/v, ~ 6 X 1083 [p/32/3a/3 (10 1)72/37 /372 (66)
wfv, ~ 5 x 1003 (8723 323100 1)2/37 P30 (e7)
w/a, ~ 107 (87 3274 3105 1)1/3] pePa-2/3n71/2 (68)

v /o, ~2 X 1070 [p1/2 10g 1] T2n1/2 (69)
oty = 0lpe?s L (m_fm,) /2 (70)

. %61/3 (aa)-l/s (Log A)1/3 -2/3 (71)

st o3 (61207 10g 0] 72 (72)

3

Here; the number density n is expressed in cm ~, the temperature T is
expressed in eV, and the thickness of the equilibrium current layer a is
in ecm. The first four quantities are assumed to be small in the Chapman and

Cowling expansion when r_ = Q+/v+ is large, and we have used the form of

the pressure tensor which is correct only when r  is large. Equation (70)

145



gives the ratio of the temperature relaxation time estimated from the

T
VT terms of eq. (5) to the growth time, and its significance has been dis-

cussed following eq. (18). In this connection, the energy conservation

equation in its linearized form is

1

o 20 3 220
wp” + ]

;Vp +gp V-;-&V-a:j (E + vXB . (6k)

n e
N

With the orderings discussed in Cases (1)-(3), the first three terms domin-

ate this equation. Invoking the continuity equation, we then find
o |
Tt = 0 (%r vy (65)

In Appendix A, and in the heuristic arguments of FKR, it is shown that the
important current in the instabilities is jz, since it acts on the sheared
component of the magnetic field to give a dynamic force in the y-direction.
When r >> 1, the ratio of the jz evaluated ignoring VI to the tempera-
ture-driven j  evaluated from eq. (65) is of order r2/B >> 1 in Cases (1)
and (2) and of order rg/eB >>1 in Case (3). Finally, the division of the
problem into two regions, a very narrow decoupled-flow region surrounded by
a frozen-field region, assumes ¢ A»S-l/3 small. For B of order unity,
the most restrictive of these conditions seems to be eq. (65).

In the foregoing, the ion gyrofrequency has been regarded as being much
larger than the ion collision frequency. In that case, the ratio of the

viscosity term to the inertial term in eq. (37) is:

_ _ m 12 0 3/2 7
viscosity _ 0 + - 1 (73)
inertia Bz T: ;;5 .
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Since

pe 0(1) (tearing mode)

2

Pe 0(1) (gravitational mode), (74)

and since the factor (m+/m_)% appears in the expression, unless B 1is quite
small the viscosity term dominates the inertia term. On the other hand, if
we had regarded the opposite limit where r,o= Q+/v+ was very small, then
eqs. (7)-(13) show that the right hand side of eq. (73) would be multiplied
by ri. In the r+ << 1 1limit, then, inertia dominates the viscosity, and
the hydromagnetic results of Furth, Killeen and Rosenbluth and Johnson,
Greene and Coppi are recovered.

The results are summarized in Figure 1. The ordinate is the density
(in cm'3) and the abscissa is the temperature (in eV), with normalizing
factors to allow for the size of the current layer a (in cm), for o = ka
and for the ratio of the pressures B. The lower boundary is where the ion
gyroradius is as large as the width of the decoupled-flow region. The

equations may be expected to apply only above this line, with the qualifica-

tion that the minimum density must be multiplied by the largest of

of pefof  (pe)(1og /3873
m?’> Ly aP/S 62/3 T8/3 ?

if any of the three is greater than 1. (This corresponds to the most
restrictive condition being {kyvgfo, <1, o/v, <1, o0, <1}, respec-
tively.) The dashed line indicates where the ion gyrofrequency and collision
frequency become equal. In the region of low temperatures and high densities
above and to the left of the dashed line, the finite-resistivity hydromag-

netic results are valid. In the region of higher temperatures to the right
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Fig. l=--Regions of validity for Chapman and Cowling analysis of resistive
instabilities. N must be multiplied by the largest of

2
o pe“e” (ped) (4o A)F/3 o>/3
™’ 4B ah/352/3w8/3

if any of the three is greater than l.+ This corresponds to the
most restrictive condition being {kuve/u+ <1, w/U+ <1,

w/Q, < 1} respectively. Here, a is expressed in cm, n is
inem™, T is in ev, and B = 0(e°).
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of the dashed line and above the lower boundary, the instabilities are
qualitatively the same as the hydromagnetic results, except that viscosity
replaces inertia in determining the size of the decoupled flow region and

the growth rate. In the viscosity-dominated region, overstability is intro-
duced when re = 0(1) for the tearing mode occurring where the pressure is
not a maximum (Case 1), when re® = 0(1) for the gravitational mode (Case 2),
and does not occur for the tearing mode occurring at pressure maximum (Case 3).
Corrections to the growth rate arising from the Hall-current terms in Ohm's
law do not become important until re’ = 0(1), with 7 = 3/2 in Case (1)

and y = 2 1in Cases (2) and (3). In the region of higher temperatures and
lower densities below the rI/ea = 1 curve, another set of equations is
needed: the considerations of Appendix B suggest that the instabilities
might persist under some conditions there also, but a much more careful
treatment of this region is required.

Magnetic fields in the earth's magnetospheric tail have been measured

by the Explorer 10 [Heppner, Ness, Scearce and Skillman (1963)], Explorer 1L

[Cahill (1964)] and Imp1l [Ness (1965)] satellites. Fields in the range
of 10-30 y have been found; the existence of a neutral sheet of thickness
~ H00 km has been established; and the diameter of the tail at a distance
of thirty earth radii has been determined to be about forty earth radii.
Howard, Eshleman, Barry and Fenwick (1964) and Yoh, Howard, Lusignan and
Eshleman (1966) have concluded on the basis of lunar radar echoes that the

3

average electron density in the tail is about 200 cm greater than the

solar wind electron density (which is of the order of 10 cm'3). If the
plasma in the tail comes primarily from the solar wind, temperatures in the

range of 1070 K might be expected, whereas if it comes primarily from
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evaporation from the polar cap ionospheres, temperature in the range of

3 % might be expected [Dessler and Michel (1966b)7.

10
As some representative numbers, then, we take a typical length of the
shear field to be 108 cm, look at perturbation wavelengths of the same order
and assume a density, temperature and magnetic field of 102 cm-3, 0.1 eV
and 10v, respectively. Equations (65)-(72) show that in this case viscosity
does determine the behavior. Here, the mean free path of ~ 1/2 X lO9 cm is
one-thirtieth the effective parallel wavelength kﬁl, and the latter is com-
parable with the diameter of the geomagnetic tail. The ratio e of the
thickness of the decoupled flow region to the thickness of the equilibrium
current layer is 10_2, and for the tearing mode the growth time is of the
order of lO-2 times the resistive diffusion time, i.e. of the order of a day.

Equations (71) and (T4) show that shorter growth times may be oltained by con-

sidering shorter wavelength perturbations.
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APPENDIX A

The effect of an anisotropic resistivity is examined here by replacing

the scalar resistivity term in FKR's incompressible hydromagnetic treatement
by

e

Linearizing about a stationary state, the basic equations are

wB = Wx (WXEY) - i—n w [T Wi + 7 oxB) ()
w¥%(p°7) = [E’ (-0 B+ (B9 P}« plg] (A3)
V.7 =0 (Ab)

vE <o (45)

o + (V-9) F° =0 (46)

wpt + 79 % =0 . (A7)

Following the procedure described in Section II, the following three coupled

dimensionless equations are obtained:

" W 1 )~ il
—_ =Y £ + — 4+ = P o+ _.._. 5 , } __‘.r] ! ( 8
o [““w'xxg] mz[F P{n - 22 7 #

'_l

, 2. 2
-§f5w']'=w[3'-§—2—q+§;£{F+—(nF+ (5“))”

Ao p]- o 0
T haid



(A10)

where quantities are as defined in Section II, with T and Sﬁ‘ given by

8T = (Mo -~ M) /< (A11)
T=7[1 -FE—H) . (A12)
* " 2

With x =0 (H'¥/F'e) and W = O (Yp/F'e), if only the dominant terms in

the region of decoupled flow are retained, egs. (A8)-(A10) reduce to

a%y f
?- ‘i’_eQ by« u(e) +25)+“5u91d9 (A13)
6
l -
2
2 5] 6 8
du 1 2 dx
555 + U - - ) = Y(Gl - 65) + 8,07 551 (ALk)
1
6% !
ﬁ+~6?T dg 1t H.Gl (AL5)
il a6 L helF
where
Le F'
U = L W
p
- B
61- €y




1 2 2

Ao = 5 - €
P
5. =
1 EPel

5, =
N —
Igp T
6 _ F"
5 = LeF
pe
Q= —=
]

In egs. (Al3) and (AlL), the arisotropic resistivity enters only through
the 8 dx/del terms. Equation (Al5) states that X is an odd function of
8,, since Y may be regarded as constant in egs. (Al4) and (A15). Thus,
the &), dx/d8; term in (Al3) is odd, and on integration to form A' will
contribute nothing. Similarly, in eq. (AlL) the 3), dx/del term contributes
to an even U: this has the effect of simply changing the value of 61 in
eq. (Al3). As may be seen from FKR's eq. (47), variations in 81 do not
change the growth rates appreciably, the important quantity in (FKR 47) being
the argument of the gamma-function. Thus, we conclude that an anisotropic
resistivity does not effect the resistive instabilities in an essential way.
This is the same conclusion as would be drawn from FKR's heuristic consider-

ations, since there it was argued that the important current in the insta-

bility is just that along the unsheared component of the field.
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APPENDIX B

Even though the Hall current corrections in Ohm's law and the finite
Larmor radius corrections in the momentum equation do not contritute appre-
ciably to the growth rates until the validity of the Chapman and Cowling
equations becomes somewhat questionable, it is of interest to see what these
types of equations predict for their effect. In the first part of this
appendix, the Chapman and Cowling equations are applied beyond their range
of validity in the case with the simplest equations (case (3)) to see what
they predict for the effect of the Hall current. In the second part of the
appendix, a crude estimate of the effect of finite Larmor radius is made by
constructing approximate equations for the extreme 1limit where the ion gyro-
radius is much larger than the size of the decoupled flow region.

Part 1
When r62 = 0(1) in Case (3), the dominant terms in egs. (L42)-(L6) lead

to the following four coupled equations:

- 2.
xg - ¢ 42 (B1)
¢, =3
ae
w2 -
——E+GW+T9-x92=O (B2)
de
1 2F - -
2 df
2z c- -
I RN I S (54)
1 46 L :
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where

y-Jdp
Y = T
- 'a
% = %~fx
p
5 . Lotz
F're
L
o - rge OF(F')2
1 2
(e
pe”
02 = &=
M
and where we consider only the case F" = O. FEliminating X from the

equations by using eq. (Bl), we may construct from eqs. (B2) and (B4) a

quadratic form for A' 1involving W and Z. On setting the first variation

of this expression equal to zero, the equations are recovered; using the

stationary property, it is estimated that for large Cl’

(-

o
pe ~Cy . (B5)

With B = 0(1), e « T_2/3, r « Tg, Tp & T3/2, this gives a growth rate

EAS

which varies inversely as the square root of the temperature.

Part 2

We consider a situation where the ion gyroradius is much larger than
the width of the decoupled flow region. Then, for the perturbed ion motion,
we may ignore the magnetic field in the decoupled-flow region, regarding the
dominant force on the ions to arise from the electric field resulting from

the difference between the forces acting on the ions and electrons. On
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regarding the limit r, >> 1, ion-ion collisions may be ignored compared
to the inertia. We relate the electric field in the frame of reference
drifting with the electrons to the current through electron-ion collisions.

Then, the basic equations are

av. - -
—t -

m, ogte=ef+meg (B6)
€+’\7X.§=ﬂ3 (BT)

where ?; and ‘V_ are the perturbed drift velocities of the ions and
electrons. Writing eqs. (B6) and (B7) in terms of macroscopic quantities
(allowing for the difference between the electron drift and macroscopic

velocities resulting from the magnetization current), we obtain

dv _ == - € * _ B
pa-g=JXB-Vp+pg+;n:pLﬂJ—VXB] (88)

R | -

& + vXB = TJj -'E;E [V, - JxB] (B9)

with the subscript e denoting electron quantities. Equation (B8) states
that the driving current is furnished by the electrons, with the inertia
provided by the ions.

Writing eqs. (B8) and (B9) for the planar geometry,

-2 B = kv (B10)
m+ Yy Z
2
av . o]
e ot _ . 1 14, = o =, ik ap°|
-2 B sikv, = —Y o= S (V7)) + & (11«:v-v+-—---, (B11)
m, z y ik dyz ik dy 2 0° dy |}
2.1
o d°B , 0,2 . A , dB®
E—-——— = @B, - ikEv_ + ﬂrk_ B - —&  |ike®B' + B =2, (B12)
m dy2 y Xy m oy hnnoe Xz y dy
e
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(o]

0,2 o dB’ dB
k 1 d z ., -0 b4 o 2
(w + BEF_) Bz o (HF'E§—) - lkavz + vy Iy + BZ (v-v)
r (o) 2.1 2.0
. 0 3 dB d™ B d B
s
1 . fg? {_ ikBgBi + B =]+ 0° -k‘BzBl + B, —¥ - E§ =
hnean L ¥ v ¥ dy dy
.10 .0 o
ikB~ dB d o} o~
- —_ ap_ v. Bl
w dy vy dy te v) ? (B13)

we note that now vZ varies slowly.
Consider Case (3) again: g = O, dBZ/dy = 0. Setting V-v = O, the

dominant terms give

2
e g L 1% (B1k)
-~ =— B = ==
m, oz ik dy2
o 6°B' kngB;
—5 =wB - ikBv_ + S (BL5)
ay’ hm’e
e
4 [0 9B, ) B ngy
WL EF- - X (B16)
dy V4m dy hﬂenz dy2

=1
With the frozen field constraint at the boundaries where j - O, these

equations are consistent with

pe = 0(1) (BL7)
and
0 - e
e a

(the B; term in (Bl5) making a negligible contribution to A' because of

(R14)), and are a valid approximation to equations (B10)-(B13) when
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rI/e:a 20 (1/€%) . (R18)

The assumptions leading to egs. (B6) and (B7) are similar to those
made in treating magnetic sheath problems (i.e. the magnetic field acts
only on the electrons, but these in turn act on the ions through the result-
ing electric field). Presumably, this is valid in the "decoupled flow"
region when rI/ea >> 1. However, the use of eq. (B7) here severely restricts
the range of validity, since now eq. (66) requiring that kuve/v << 1 sets
the lower limit on allowable densities. Violation of the condition raises
the possibility of Landau damping along the field lines. To conclude, the
considerations of this appendix suggest that the resistive instabilities
might persist under some conditions even when rI/ea 2 1: however, a much

more careful treatment of this region 1s necessary.
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Some Plasma Instabilities of the Magnetosphere

David B. Chang
General Atomic Division of General Dynamics Corporation

John Jay Hopkins Laboratory for Pure and Applied Science
San Diego, California

Four plasma instabilities which may operate in planetary magneto-
spheres are described: (1) the low frequency Rayleigh-Taylor-type flute
instabllity as affected by a resistive ionosphere, a dipole field geometry
and by resonant particle-wave interactions, (2) a whistler instability,
with the concomitant particle diffusion, which occurs in a plasma contain-
ing a small component of flat-helix energetic electronms, (3) a nonconvec-
tive high frequency two energy component electrostatic loss-cone
instability, and (4) the resistive instabilities occurring in sheared
magnetic fields, as affected by the Chapman and Cowling collisional and

magnetic viscosities and Hall currents.

*This work was sponsored in part by the Department of Defense,
Defense Atomic Support Agency; and in part by the National Aeronautics and
Space Administration, Office of Space Sciences, Geophysics and Astronomy
Programs.
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I. INTRODUCTION

A frightening number of plasma instabilities has been uncovered in
the last few years in connection with the work on controlled fusion, and
it seems likely that some of these could operate in planetary magneto-
spheres. I'd like to describe four candidates for magnetospheric insta-
bility that M. N. Rosenbluth, L. D. Pearlstein and I have been studying.

(1) The first is the low frequency Rayleigh-Taylor-type flute
instability which may occur when a plasma is supported by a magnetic field
against some destabilizing force. At first glance it would seem that a
planetary radiation belt should fall victim to such an instability since
a particle confined in a dipole-like field experiences an outwardly directed
inertial force associated with its motion in the curved field. On the
other hand, the presence of a conducting ionosphere tends to short out the
electric fields which drive the instability. 1In addition, the geometry of
the field itself can play a stabilizing role. We were interested in study-
ing the competition between these various effects to see if a flute
instability could ever occur fast enough to cause diffusion of the ener-
getic belt particles.

(2) The second instability concerns disturbances of a much higher
frequency, in fact frequencies high enough to resonantly violate the
magnetic moments of the energetic trapped particles. Study of this insta-
bility was prompted by observations of the sporadic circularly polarized
decameter radiation which comes from the planet Jupiter. The sporadic

nature of the radiation suggests that it might be associated with some
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instability, a.nd the circular polarization suggests that it might be an
instability of electromagnetic waves propagating along a magnetic field.
Other radi§ observations of Jupiter in the shorter decimeter wavelengths
indicate that the plasma in Jupiter's belts has an energetic electron
component comprised mostly of pgrticles with very flat helices. What we
have done, then, is to see if a plasma, the bulk of which is thermalized
and of low temperature but which contains a small number of quite flat
helix energetic particles, can exhibit maser action. It's interesting
also to look at what effect this energy exchange between the waves and
particles has on the particle distribution, and a quasilinear diffusion
equation has been constructed to look at this.

(3) Recently, Rosenbluth and Post’ have pointed out that there are
same high frequency electrostatic plasma instabilities which are peculiar
to "loss-cone" particle distributions such as exist in mirror confinement
geometries. They treated the case in which there is only one energy
component of each species present, and found that in a uniform plasma the
instability was convected (k“ + O) along the magnetic field. Rosenbluth
and Post have pointed out that gradients of the density could lead to
nonconvective (ky = O) instabilities. With the Van Allen belt in mind,
we have looked at a loss-cone instabiiity in a plasma containing both high
and low energy components, and it turns out that the presence of two com-
ponenté also leads to nbnconvective instabilities of rather large growth
rates. N

(4) Tne fourth instability studied is a low frequency resistive type

which occurs in sheared magnetic fields. This type may have some chance
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of existing in long twisted megnetospheric tails, and if it does it could
play some role in the annihilation and recombination of field lines. The
instability owes its existence to the local relaxation of the constraint
that the plasma must remain attached to a magnetic field. 1In the insta-
bility, finite conductivity permits the system to go to a lower potential
energy by allowing lines of force which are initially distinct to link up.

3

Furth, Killeen and Rosenbluthg, and Johnson, Greene and Coppi- have
studied these instabilities with hydromagnetic eguations which contain a
scalar resistivity. For these resistive instabilities, the hydromagnetic
equations are only directly applicable when the lon collision frequency is
larger than the ion gyro-frequency (when the plasma and magnetic pressures
are comparsble). Since the mean free paths in magnetospheres are quite
long and the plasma and magnetic pressures in the tails may be comparable,
such a description would not be difectly applicable. We have tried to

analyze the instabilities with the Chapman and Cowling plasma equations

to see how they behave under a broader range of conditions.
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II. LOW FREQUENCY FLUTE

Goldh and Sonnerup and Laird5 have looked at the energetics of inter-
changes in a dipole field, and treating the plasma as a fluid have defined
circumstances under which the energy change would permit an interchange
instability to occur. By looking at the dynamics of the instability, a
dispersion relation can be constructed to see if an interchange can occur
fast enough to affect the energetic trapped particles. It appears that
the ionosphere could play an important role in this instability, as it
would strongly affect any driving electric fields. The ionosphere would
behave as a resistive medium for rapidly occurring instability and as a
reactive medium for interchanges occurring slowly enough for the neutral
ionospheric particles to take part in the motion. (Here we do not consider
those situations in which the change>in ionospheric gravitational energy
is 1mportant.5) The character of the instability would be different in
the two cases: Thus, hydromagnetically a reactive ionosphere might be
expected to give the usual Rayleigh-Taylor-type dispersion relation in
which growth rates are proportional to the square-root of the product of
the destabilizing force and the density gradient of the energetic parti-
cles wﬁich drive the instability. »The growth rate in this case would be
smaller the smaller the ratio of the number of energetic driving particles
to the number of driven ionospheric particles, and stability of the ener-
getic particles might be expected if this ratio were small enough. A
resistive ionosphere, on the other hand, would give a dispersion relation

with hydromagnetic growth rates proportional to the effective collision
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frequency of the resistivity and to the density gradient of the driving
energetic particles. Again, stability of the energetic particles might
be expected if the ratio of the number of energetic particles to the number
of ionospheric particles were small enough.

We have studied the resistive situation in the electrostatic approx-
imation to see if diffusion of the energetic particles could ever result.
The driving currents of the energetic particles have been obtained from

7

the description of Northrup and Teller' of particle motion in a mirror
system when the magnetic moment and mirror actions are invariant. The
polarization and resistive currents have been described by a dielectric
tensor of a zero temperature three fluid (ions, electrons, neutrals) plasma
model. 1In this situation, currents due to higher order drifts are not
important: even though the frequencies of interest are of the order of
the drift frequencies of the energetic particles - so that their finite
Larmor radius and polarization drifts are of the same order, their polar-
ization currents are already negligible compared with that of the low
energy belt component, and especially compared with the ionospheric
currents.

The resulting dispersion relation shows geometry itself to play a
stabilizing role, associated with the fact that the flux tubes in a dipole
field increase in volume with increasing radial distance. The lowest order
solution to the dispersion relation (i.e., the solution obtained by treat-
ing the growth rate as being much larger than the azimuthal drift frequen-
cies - the latter being obtained from the time required for a particle to

drift through a wavelength of the disturbance) yields the familiar
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interchange energy 52W > O sufficiency - condition8 for stability*. If

this condition is violated, or if one is interested in instabilities in
vhich the growth rates are not treated as being much larger than the azi-
muthal drift frequencies - e.g., those in which resonant interactions
between the disturbances and the azimuthal drift velocities play a role,
then a Nyquist analysis of the dispersion relation gives another sufficiency
condition for stability of the energetic particles which takes into

account the effect of a resistive ionosphere. This more general condition
is essentially the requirement that the growth rates be less than the

azimuthal drift frequencies of the energetic particles.

*
Dungey, Hess and Nakada (see discussion following Van Allen's

Aug. 23 talk) have pointed out that this condition seems to be satisfied
over a large portion of the earth's magnetosphere. G. Davidson and

M. Walt have reached similar comciusions {private communication).
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III. WHISTLER MASER

To date, three different kinds of radio emission have been detected
from Jupiter.9 Below wavelengths of 3 cm, the radiation is thermal, fol-
lowing closely the A'e dependence of the Rayleigh-Jeans law. In the deci-
meter region beyond 3 cm, the flux behavior differs considerably from a
)-2 law, remaining quite constant between 3 cm and 70 cm. Observations of
the intensity, polarization and spatial extent of the decimeter radiation

strongly suggest that the decimeter radiation might be synchrotron radia-
tion from energetic electrons in  Jovian Van Allen belts$. To explain the

high degree of linear polarization that is observed, it's necessary to pos-
tulate electrons with very flat helices. The third kind of radiation

occurs in the decameter band, and is quite different from the other two in
that it is quite sporadic. It is observed in the 8 to 80 meter range,
occurs in bursts, has features which are strongly correlated with longi-

tude on Jupiter, and 90% of the time is very strongly RH circularly polar-

ized. A variety of mechanisms has been suggested over the years for the

origin of this sporadic radiation. The storms have been attributed to
thunderstorm activity, atmospheric chemical explosions, plasma oscillations,
spin-flip, the focusing by Jupiter's magnetosphere of radio waves from
distant sources, magnetic bremsstrahlung from electrons dumped into the
Jovian magnetic polar region, and coherent emission by relativistic elec-
trons in Jupiter's Van Allen belts. An instability of whistlers may have
some relevance to the last two explanations.lo

The whistler instability calculation consists first of evaluating an

absorption coefficient from a Vlasov equation, and then obtaining the
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corresponding emissivity by Einstein coefficient arguments. For a plasma
the bulk of which is thermalized but which also contains a small number of
energetic electrons with very flat helices, it is found that efficient
amplification is possible under two quite different conditions, when the
flat-helix relativistic electrons have a net drift along the field. Amp-
lificat;on occurs for waves traveling in the same direction as the drift.
The two conditions are: (1) a)g > o 0 >> o , and (2) o= ®_, m§>>wca)—m2>0.
Here, o, @, and QP are the whistler frequency, (non-relativistic) electron
gyrofrequency, and plasma frequency, respectively. It appears that case (1)
mey exist in Jupiter's ionosphere. Zhelezniakovll has estimated from
photoionization considerations that the electron density there might be
lOT‘cm'3, and it appears that higher densities may be obtained on taking
into account the ionizing particle flux from the sun and particles dumped
from the belts. For some numbers, suppose the field in the ionosphere is
16 gauss, the whistler frequency desired is 10 Mc/s and the electron
density is 108 cm-3, say: then aﬁ/hnga 13, and case (1) is satisfied.
Beams of particles traveling down the field might also be important in this
case. Case (2), on the other hand, might easily exist in the belts them-
selves. The decameter radiation has been observed between frequencies of
5 and 39 Mc/s, and these correspond to gyrofrequencies for fields between
1.8 and 14 gauss. Fields of this order have already been required to
provide the decimeter radiation.

If amplified whistlers are the source of the decameter radiation,

then it appears reasonable to associate the sporadic nature of the radia-

tion with the only occasional occurrence of net drift motions along the
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magnetic field of the relativistic electrons (and possibly in case (1)

with the only occasional occurrence of the required plasma densities). A
net drift motion might exist, for instance, when increased solar wind
activity causes dumping of radiation belt electrons, as might be suggested
by the correlation between the Jovian decameter activity and solar events.
The predominant presence of right-handed polarization may be attributed to
a combination of the preference in drift velocity directions - for instance,
dumping would correspond to drifts from the belts toward the planet - and
to geometry. The geometrical aspects of the problem have been discussed

3

in detail by Warwick,12 F‘ieldl and Carr.lLL Insertion of reasonable
Jovian parameters in the expressions give acceptable emissivities and
growth rates, so it seems possible that some such process might supply
the decameter radiation.

It is interesting to ask for the effect of these circularly polarized
waves on the particles with which they resonantly interact. A Fokker-
Planck equation may be constructed to describe the behavior of a group of
particles in the presence of damped or growing waves.15 In this way it
can be seen that the behavior of particles which resonate with a wave
differs considerably from that of particles which are far from resonance.
The nonresonant particles have wave-induced motions which increase or
decrease as the amplitude of a wave increases or decreases: they are
described by a "diffusion coefficient" which can be either positive or
negative. The resonant particles, on the other hand, are exposed to an

almost constant electric field which carries them rapidly away from

resonance: a real (positive) diffusion coefficient results.
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Alternatively, the diffusive behavior of the particles may be studied
directly from the Vlasov equation by constructing a quasilinear diffusion
equation following the prescription of Drummond and Pines,l6 directing
attention to resonant interactions in which some doppler-shifted wave
frequency is equal to a particle's gyrofrequency.l7

If we assume that the dispersion relation of the waves has the form
®~ kD - e.g., for whistlers b = 2 and for Alfven waves, b = 1, and if
we assume that the energy spectrum of the waves goes like k% - for
vhistlers resulting from lightning discharges, Dungey has suggested an
@ close to unity, whereas Alfven waves might have this form if they result
from some turbﬁlence spectrum, and if we make the approximations that the
particles can be treated nonrelativistically, that the phase velocities
are much less than the particle velocities, and that only particles in
flat helices are to be considered; then the diffusion equation takes a
very simple form in vwhich energy changes may be ignored compared to changes
in the helix angles. If particles are inserted initially at one helix
angle, then this equation shows the peak of the distribution to move to
flatter helices while at the same time the particles leak off to steeper
helices where they disappear into a loss cone. Eventually the simple
equation doesn't apply since the derivatives with respect to energy cannot
be ignored compared to the derivatives with respect to helix angle when
the latter become small. The steady state diffusion equation keeping both
the energy and angle derivatives has as possible solutions some very flat
helix distributions. These may have interesting properties, e.g., it's
possible to have distributions in which energy and helix angle are strongly
correlated.
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IV. TWO-COMPONENT ELECTROSTATIC LOSS-CONE

The dispersion relation for the high frequeney flute-like two energy
component loss-cone instability in a uniform magnetic field is shown below
in dimensionless variables.

tan Ty _ A 1 1
y 1-A |le 3 (1)

_(K 1

-8 172

For a situation in which there are nH + nL low energy electrons, np low

energy ions and Ny energetic ions in a loss cone distribution,

2
y_—_a_)_. K-_—E-{-?—i_'
Qi mi a?
pi (2)
vy Ny
R=a b= TR
1 g T 0

Here, w is the freguency, k is the wave number, Qi is the ion cyclotron
frequency, wpi is the ion plasma frequency, m, and my are the electron and
ion masses, and'V;3 is obtained from the perpendicular velocity V, as the
average value of VI3 for the energetic ions. For a situation in which
there are n. low energy electrons and ny high energy electrons in a loss

cone distribution with the ions treated as unperturbed, the quantities are

2
y—u..i_ K—%—.
Qe a);
7 ¢ (3)
_— P
28 oy ooy

Here the subscript e denotes electron quantities.

To determine stability properties, we examine the dispersion relation

for real w and look for values of the parameters at which real solutions
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disappear. Except for a special resonant case, the condition for insta-

bility found in this way is

(4)

2k )"~ 2 S(8) =1y
nil- 1,2.2 1-p

P )5 Y (m)’
vhere N= 2, 3, ... . For the A << 1 case, we have as the instability con-

dition
pREVK (5)

and as a solution

~A i\- i _A— 6
YRR ©

For electrons, Egs. (5) and (6) become

(ngfng) 2 (@/|2, /o, | 0
w n u.)pe - iOe (8)

vhereas for ions, they become

o, o 11/2 '
(ngfy) 2 (21 [(mg/m) + oi/wpi)] (9
1-1/2
® R Q [(me/mi) + (ni/wii“ - i (10)
o 1 b -3 %
For a magnetic field of oL, 8auss and n = 10 cm “, say, 5 = 1l; so that
P

e

the electron case wouldn't be satisfied except at rather large L in the
earth's field. In the ion case, the requirement for these numbers is
"Hs1

that q 2 % - If the instabilities do occur, the growth rates are quite

large (on the order of the cyclotron frequencies): On the other hand,
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the wavelengths are quite small so that turbulence, enhanced resistivity
and diffusion ralher than mass motion would be expected.

Finally, a special resonance case occurs when

iié = N2 -1 , A< 2 /E

= (11)
In that case, we have for the electrons;
(wpe/ne)2 =N -1 (12)
o~ N, - 10 [(nH/nL)(N/2ﬂ)]l/2 (13)
and for the ions
(malng) +(0 ) e (1)
w0, - 0, [(ag/a)(v/2m)] (15)

We have not yet looked into the effect of nonlinearities on these insta-
bilities, but these might be expected to be important in quenching the
instabilities by putting enough structure on the distribution function to

reduce the contribution of the energetic portion.
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V. RESISTIVE INSTABILITIES

Finally, we come to the resistive instabilities which, it has been
suggested,lg might occur in magnetospheric tails. One of the interesting
features of these instabilities is that the purely resistive part of the
instabilities is very strongly localized in the high conductivity limit.
The finite conductivity actually only allows the plasma to decouple from
the magnetic field in a very small region, about where the perturbation
practically lies along a field line. The longer the mean free path, the
smaller is the size of this decoupled region. The very large gradients
associated with this narrow decoupled-flow region then give rise to the
possibility that viscoslty and finite Larmor radius effects might be
important. With the long mean free paths in magnetospheric tails, this
is likely to be the case there. To see how these effects modify the fin-
ite resistivity hydromagnetic results, we have been looking at the insta-
bilities with the Chapman and Cowling equations.20 As the ratié B of
plasma pressure to magnetic pressure might not be too small in the tails,
we have treated B to be of order unity.

When temperature gradients may be ignored, the Chapman and Cowling
equations differ from the hydromagnetic equations principally at two
points. In the momentum equation, the hydromagnetic approximation has a
scalar pressure. In the Chapman and Cowling momentum equation the scalar
pressure is accompanied by a pressure tensor which accounts for the vis-
cosity which arises from ion-ion collisions and for the current which
arises when the ions because of their larger gyroradii sample a different

environment than the electrons. The second place where the equations
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differ is in the Ohm's law. In the hydromagnetic approximation, the Ohm's
law relates the elecliric field in the fluid frame of reference to the
current through a scalar resistivity. The Chapman and Cowling Ohm's law
states that the electron-ion collisions should relate the current to the
electric field in the frame of reference drifting with the electrons. 1In
addition, the scalar resistivity of the hydromagnetic approximation is
replaced by an anisotropic resistivity which results from the presence of
a magnetic field.

At low temperatures, when the ion gyrofrequency is less than the ion
collision frequency these equations give the same results as the finite-
resistivity hydromagnetic equations: there are again tearing and gravi-
tational modes. As the temperature is increased, and the ion gyrofrequency
becomes larger than the collision frequency, the first correction to the
growth rates comes from the ion-ion collision contribution to the pressure
tensor. In the curl of the momentum equation, the ratio of the viscosity
term to the inertial term is of the order of B, the ratio of the plasma
and magnetic pressures, times the square root of the ratio of the ion to
electron mass, times the quantity l/pee. "p" is the growth rate expressed
in terms of the resistive diffusion time, and ¢ is the ratio of the width
of the decoupled-flow region to the width of the original current layer.
For the tearing mode, pe2 is of order e¢. At any rate, with the square
root of the mass ratio occurring here too, unless B is very small, the
viscosity term will dominate the inertial term. This then gives an e that
is inversely proportional to the cube root of the magnetic Reynold's num-

ber. But otherwise, the results are qualitatively the same as the
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hydromagnetic results: the only difference is that viscosity replaces
inertis here, confirming the conclusions of Furth, Killeen and Rosenbluth.2

As the temperature is increased further, the phases and magnitudes of
the quantities are such that the next correction to the growth rates arises
from the Hall current term in Ohm's law. The Hall current corrections do
not become appreciable, though, until res = 0(1), vwhere r is the ratio of
the electron gyrofrequency to the electron collision freguency; and & is
equal to 2 for the gravitational mode and for the tearing mode which
occurs vhere the pressure is maximum. With ¢ determined by viscosity, the
quantity re2 is just equal to three times the ratio of the ion Larmor
radius to the size of the decoupled flow region. This ratio has been
assumed to be small in the Chapman and Cowling expansion, so these Hall
current corrections to the growth rate do not become important until the
validity of the Chapman and Cowling plasma equations itself becomes some-
what questionable. The finite Larmor radius terms in the momentum equa-
tions pressure tensor do not contribute sizeable corrections to the growth
rate until even higher temperatures, when re8 is of the order of the square
root of the ratio of the ion mass to the electron méss. This is quite
outside the range where the Chapman and Cowling equations are known to be
valid.

As some representative numbers, if we take a typical length of the
shear field to be 109 cm, look at perturbation wavelengths of the same

3

order, assume a density of 10 em °, set B = %5 and assume a temperature of

1 ev (so that the magnetic field is on the order of 10 gamma), the Chapman

]

and Cowling eguations show that viscosity dominates the behavior. In this
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case, ¢ is on the order of 10-3, and for the tearing mode the growth time
is on the order of 10-3 times the resistive diffusion time, i.e., on the
order of a year. Smaller lengths would give faster growth times, but

then these equations would become suspect.
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APPENDIX

Summary of Instability Equations

(1) Two stability sufficiency criteria are given for the electro-
static low frequency flute, the first (la) applying only to gross hydro-
magnetic interchanges, and the second (1b) including those in which
resonant interactions between waves and particles are important.

(1a) Specifically, the sufficiency condition for stability against

gross hydromagnetic interchanges is:

F, K
f@ngg(O (Al)

vhere Fo(u,J,a) dudJdx is the number of particles with magnetic moment and
bounce actions in the intervals (u, p + du) and(J, J + d4J), located in
the magnetic flux interval (o, a + da).*
K, (u,J,a) is the relativistic enmergy of a particle.

(Ib) The second sufficiency condition takes a simple approximate
form for disturbances with large azimuthal (longitudinal) variation when

the ionosphere behaves resistively:

4
maf;;:—lds > o In(- %) (42)
where
com Fo
7;(=8ﬂzfducu 2 (3)
(D+-e——?£-

*For a dipole field of moment M, a line of force with an equatorial

distance of r; has a = -M/'rE.
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Here w and m are the frequency and azimuthal wave number (disturbances of

the form ei(wm + mO)

are assumed, where © is the longitude), o) is the
Pederson conductivity, B is the magnetic field intensity, R is the distance
from the dipole axis, the integraltfﬁds is over the line of force whose
stability is in question, c and e are the velocity of light and electron
charge, and the sum is over the different particlevspecies.

(2) The vhistler instability condition may be expressed in terms of
the sign of an integral. Specifically, in a plasma which is comprised
mostly of low emergy, thermal particles but which also contains a small

number of relativistic electrons, the condition for the instability of a

whistler of frequency w propagating along the magnetic field is:

I(p;,p,) > O ()
vhere, approximately,
Po e -1
I(p,p)=-2f dpPF(p,O)l-(l- ) = )
1’%2 o o (1 + p2)1/2 £+ x2 -1
2 Po 2 3F
+ X o p sin © 0 (45)
[(g + x2-1)(§-1)]l/2 Jﬂ (l+p2)l/2 20

1

(and vhere here the mass of the electron and the velocity of light have

been set equal to unity). The plus sign is used when & > 1 and the minus
sign is used when & < 1. Here, X = a)p/co and € = wc/w, with o end @ the
plasma frequency and (nonrelativistic) cyclotron frequency. FO(P,Q) dpde

is the number of electrons with relativistic momentum p in the interval
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(p,p + dp) and helix angle in the interval (O, © + d9). In the integrands,

@ is determined from

cos Q@ = - % [(1 + p2)1/2 - :—:—9] (46)

2 2
(%) =1- ’i(-—g (a7)

and 121 and P, are the smallest and largest momenta for which Icos O‘ = 1.
When the relativistic electrons are in flat helices (0 s g), the condition
I (pl,pa) > O can be easily satisfied for slight drift motions of the
relativistic electrons along the field under two quite different condi-

tions of low phase velocity:

(1) m§ >> ® ® >> «® (a8)
(2) ® s and wf) >> 0o - o® > 0. (a9)

(3) The two component electrostatic loss-cone instability condition
is given in the general nonresonant case for electron and ion frequencies
by Egs. (7) and {9) of the text, respectively. For the resonant case, the
instability condition is given by Eqs. (12) and (1l4) for electron and ion
frequencies, respectively. |

(4) For the resistive instabilities occurring for comparable plasma
and magnetic pressures and governed by viscosity in the absence of temper-
ature gradients, the Chapman and Cowling equations apply when all of the

following quantities are less than unity:

-I/ga ~s 107[51/6 a'2/3 3'2/3(1og A)‘1/3] 'r2/3 n‘1/2 (A10)

i!
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kyvg/v, =~ 6 x 1083 (%3 623 a™/3(105 1) 23] /3 7t (1)

w/u+ =~ 5 X 1013 [9'2/3 a?/3 a-h/3(log A)-2/3] P€2 Th/3 a~t (A12)

w/a, ~ 207 [p71/6 0?/3 o3(10g ))/3] pe? 2723 n71/2 (n13)
v/, ~ 2 x 100 [6/2 10g 1] 272 ot/ (A1L)

wry = 0 [pczﬁ-l(m_/m+)l/2] (A15)

¢ ~ 8Y3(ac)™Y/3 (10g M)/3 772/3 (A16)

st & (1/6) [;31/2 &t log A]T‘2 (A17)

Here B is the ratio of the plasma to the magnetic pressure, a is the width
of the equilibrium current layer expressed in cm, the dimensionless quan-
tity a is the product of a and the perturbation wave number k, T is the

3

temperature in ev, n is the density in cm” , r~ is the ion gyroradius, e

I
is the ratio of the width of the decoupled flow region to a, ky is a
measure of the projection of k onto the magnetic field in the decoupled
flow region, Vo is the ion thermal velocity, w is the growth rate, v, is
the ion-ion collision frequency, Q+ is the ion gyrofrequency, Tp is the
temperature relaxation time, S is the magnetic Reynold's number, p is the
product of the growth rate and the resistive diffusion time, m_ and m _ are
the electron and ion masses, and A is the ratio of the maximum to minimum

impact parameter for coulomb collisions.

When these quantities are less than unity, then the growth rate may
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be cbtained from

pe = 0(1) (a18)

for the tearing mode (the mode which is driven by magnetic pressure) and

from
pe® = 0(1) (A19)

for the gravitational mode (the mode which is driven by a destabilizing

force, such as the inertial force of acceleration).
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ABSTRACT

Tables of the two-dimensional distribution of Stokes parameters for synchrotron radiation from ultra-
relativistic electrons in a dipole field are compiled for various energy and spatial distributions, and for
varying angles between the dipole axis and the line of sight. ) r

(und_

Recent radio astronomical observations of Jupiter (Morris and Berge 1962; Miller
and Gary 1962; Morris and Bartlett 1963; Rose, Bologna, and Sloanaker 1963; Gary
1963; Bash, Drake, Gundermann, and Heiles 1964; Roberts and Komesaroff 1964,
1965; Berge and Morris 1964) call for the calculation of two-dimensional distributions
of the intensity and polarization of the synchrotron radiation from ultrarelativistic
electrons trapped in a distant dipole field. Past treatments (Chang and Davis 1962;
Field 1962; Roberts and Huguenin 1962; Korchak 1963; Thorne 1963) have been
restricted to calculations of either one-dimensional or integrated distributions. The
purpose of this paper is to extend these treatments to calculate the two-dimensional
distribution of the synchrotron radiation Stokes parameters. The results are presented
in the form of fifty-two tables in which the radiation is described for various angles be-
tween the dipole axis and the line of sight, and for various energy and spatial distribu-
tions of the radiating electrons. The expressions for the Stokes parameters are derived
in § IT. In § ITI, these expressions are summarized and the results discussed. The tabu-
lated results are presented in the Appendix.

v‘/\‘

I. INTRODUCTION

II. SYNCHROTRON RADIATION FROM A DIPOLE FIELD
The Stokes parameters for synchrotron radiation from the power-law distribution,

p(r,E,a) = n(r,a)Co.E-rtD | m
are given by Chang (1962):
I(f)dV = Dif2Bartdi2(sin o*)Y/2n(a*)dV , @
Q(N)dV = D. cos 2xI(f)dV , 3
U(f)dV = D, sin 2xI(f)dV @
V'(f)dV =0, s
where D, and D, are defined as
_ o 3710 <3~,+2) (3~/+10
= R—2 129 (v—4)/2
Dy = R-2CCyL"220 (37+6)r e (2E2), ®
_ _(3v+6
D,= 3v+10/)" ]
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C and L are proportionality constants with the values:

C = 3.73 X 107% erg sec! gauss™!
L = 1.608 X 10'% ¢/s gauss™! BeV~2.

R is the distance to the observer, f is the frequency of the radiation, x is the angle meas-
ured clockwise by the observer from the (arbitrary) vector i involved in Chandrase-
khar’s (1960) definition of the Stokes parameters to the projection of the magnetic field
onto a plane at right angles to the line of sight, and p(r,E,a)dVdEda is the number
of particles in an element of volume dV at r, energy interval dE at energy E, and helix
angle interval da at a.
"l
€2

To l;n/ Y
€ ——— - - —
h AN ey
- k4 \\\
¢ N

‘o
=
Q
7
~ - __:%Yb

o
=

F16. 1.—The coordinate systems

To evaluate these expressions for electrons in a dipole field, we adopt the coordinate
systems indicated in Figure 1. The origin is at the center of the dipole. The unit vector
e. is taken along the dipole axis. The unit vector e, is the positive (/) direction and is the
intersection of the (/,w)-plane (which is the plane perpendicular to the line of sight to
the observer and containing the center of the dipole axis) with the equatorial plane of the
dipole. The third unit vector e; also lies in the equatorial plane. The unit vector in the
w direction in the (/;w)-plane is #,, while that in the direction of the observer (and thus
perpendicular to the (/w)-plane is 7. The angle between 7o and e: is 6o, the aspect angle,
and is one of the parameters of the calculation.

Chang and Davis (1962) calculated the one-dimensional distribution of Stokes param-
eters in the case where 8y was /2 (the (/w)-plane perpendicular to the dipole equatorial
plane) with e, = r,. Their unit vectors, (iy, i, ir), are also shown and have the following
relationships:

il='—ey: i=T0) ir=i7’ irXTo=ez><ez=ey- ®)
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A polar coordinate system (r,0,¢) is also shown in Figure 1. The projection of r onto
the e, direction is /, while that onto the i, direction is w. Thus,

l=rsinf#sin ¢, ©

w = r (cos 6§ sin 6y — sin @ cos 6 cos ¢) . (10)
The (x-2)-plane is shown in Figure 2. The distance () of a radiating volume dV from
the (/,w)-plane is

d = x sin 6 4 z cos 6, 1)
where

x=rsinfcosé, z=rcosf, d=r(sinfsinfcos¢ +cosbcosh). a2

We shall only need the relative position of the radiating volume to the (/)-plane, that
is, only the sign of d. Figure 3 is a section through the dipole field (the (y-z)-plane of

z
1)
8 &
(] ?\}\A
&
&B,qb) O
X d

Fic. 2.—The (x,2) plane of Fig. 1

w/i, &
2737 o

F16. 3.—The (y,2) plane of Fig. 1 illustrating sample planes of polarization and the mirror points for
limiting helix angles.
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Fig. 1) illustrating the planes of polarization of the synchrotron radiation and the mirror
points with limiting helix angles ay, at the equatorial plane.

For the Stokes parameter expressions of equations (2)-(4), it is necessary to express
the following quantities—(i) B; (ii) sin a*; (i1i) dV; (iv) cos 2x, sin 2x; (v) n(a*)—in
terms of the polar coordinates (7,6,¢) and the parameters 6y and az.

i) The magnetic field, B: The plane containing the point (7,6,¢) and the magnetic-
field line passing through it is shown in Figure 4. The field line is defined by

r=rgsin? g, a3

where 7z is the value of 7 at the intersection with the dipole equatorial plane (8=/2).
The field may be written

B(r,6,¢) = B(rg,m/2)h'/2 sin™% @, a4
where we define
h=3cos?0+1. (15)
bz
ds, db,
dby
by

Fic. 4—The plane containing a magnetic field line such as that in Fig. 1

ii) The angle between B and ro, a*: The angle a* is the angle between the field and
the observer (i.e., between B and o) and is given by

cos a* = (r,+B)/B, (16)
cos a* = cos 6* cos 6y + sin 6* cos 6 cos ¢, an

where 6* is shown in Figure 4. The other quantities in Figure 4 are given by

b, =rsin§ = rgsin® g, (18)
b, = rcos § = rg (cos @ — cos® 6) ; (19)
differentiation gives
db, .
dbz=tan0*=3cos()sm0(h—2)“. (20)

The differential arc length, ds,
ds? = db,® + db.?, (21)




SYNCHROTRON RADIATION 327
may be written

ds = rg sin 0 h1/2d0 22)
and
db,
ds

sin 0*=%%=3sin 6 cos h12, cos 0* = =(h—2)n"12, (23)

Combining equation (17) with equations (23) yields
cos a* = h~12[(h — 2) cos 6y + 3 sin 6, sin 6 cos 6 cos @], (24)
sin? a* = I7lo, (25)
where o is defined as
o=h— [(h— 2)cos 6+ 3 sin 6 sin 6 cos 8 cos ¢]2.

iii) The incremental volume, dV': The radiating electrons are assumed to pass through
the equatorial plane in a thin shell with thickness drg. The incremental volume dV along
a corresponding tube of flux is given in polar coordinates by Chang and Davis (1962):

dV = rg?sin” 0 do d¢ drg . (26)

iv) The angle between i, and B,x: The quantities cos 2x and sin 2y may be found from

cos 2x = [(B-e,)? — (B-i,)?](B?sin? a*)1, @n
sin 2y = ~2[(B+i,)(B-e,)|(B?sin? a*)!, (28)
where
dy —1/3 et .
B-e,,=BE;=3Bh 12 sin fcos 0 sin ¢, (29)
. d dz .
B-l,=B[d—t ( —cos ) +E sin 00] 30)

=Bh~Y2[sin 05(h—2) — 3 cos 8 sin 6 cos f sin ¢].

v) The angular distribution, #(a*): Finally p(a*) is required where p(a)dVdEda is
the number of particles in an element of volume dV/, energy interval dE, and helix angle
interval da. It is convenient to express p(a) in terms of . the distribution function in the
equatorial plane po. This may be done using Liouvilles’ theorem. Thus, let p dVdEdQ be
the number of particles in the volume dV in the solid angle d2 at pitch angle /2.
Further, let p; dVdEdQ be the number at any other location and any other helix angle, a.
Then, with p, isotropic for helix angles between limiting angles a; and = — ay,

posina> flsinag
p1={ 31)

0 otherwise ,
where
B = sin® b~V = BY2(rg,m/2)B~1*(rg sin? 0,9) . (32)

The distributions p(a) and pi(a) are related by
p=p(2wrsina). (33)
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Taking .
7 (E) gsin ag >Sin ay
po= 4rcos ay RgdRg (Rg<rg<Rg+46Rg (34)
0 otherwise ,
we then have
n(E)sin a %sina>ﬂ”1sinaL
p = 2 cos a Rgd6Rr (Rg<rg<Rg+06Rg (35
0 otherwise .

Now, by comparison of the assumed form of the distribution in equation (7) with
7(E) = GE-0*D, 36)
we have for #(r,a)

sin a gsin a>Blsinag
”(T,a)= 2 cos a [RedRg RE<’E<RE+5RE @7
0 otherwise ,
and for n(a*)
sin a* ;sina>6‘1 sin ay,
ﬂ(a*)= ZCOSGLRE(SRE RE<fE <RE+5RE (38)
0 otherwise .

vi) Total number of electrons in a shell, Vg dE: We now have the required functions
to obtain the Stokes parameters in terms of the variables (6,¢) and the parameters
v, 80, and ay. It is of interest, however, to digress and relate the equatorial distribution
function, po, of equation (34) to the total number of electrons, NzdE, in the shells, ORg,
with energies in the range dE. From equation (35), the number of particles per unit
volume at colatitude  with energy in dE and with any helix angle is

n(E)cos an

pV(o) =RE5RE COSa.L1

39)

where sin a, = §7!sin az. Integration gives

_RE+5RE o 7r—0m 47[‘11 (E)RE
= 2 gin? =TI/ E n), (40
Ng /RE fo fem oy (8)7 52 sin® §d8dgdrs =" =L J(On), 40
where
/2
J(em)=fa Sin? 6(1 —B8-2(6)sin? )2 do @

m

and 8 = 6, is the colatitude at which the limiting particles mirror, i.e., B(6.) =_Sin' ar.
To obtain an approximate expression for J(6,.) we note that for an isotropic distribu-
tion, t.e., ar = 0;

w/2
J(0n) =[) sin? #d68 =0.457. (42)

At the opposite extreme the electrons are all in very flat orbits, i.e., (r/2 — a) K 1.
Setting cos § = x << 1, we have

(1_%xm2+‘8§7‘xm4+ .. ')

(1—Zx®+87x4)

](Gm)=£zm(1—3x2+3x4+...)[1— ]mdx, (43)
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where
sin? az =8%(0,) =1—3x, " +8x."+ . ... (449)
This gives
3 )
J(6,) =4—\/—21rxm~[1—.1§%2x,,, +...1 (45)

when (7/2 — a;) < 1. Comparison of the extreme cases of equations (42) and (45)
suggests that a reasonable approximation to J(6,) over the entire range of 8, is

J(0n) = *n?(1—1.152,2+0.432,1). (46)

4\/2

(37/4vV2)xn2 (1 —1.152,2+0.43x,*)
(3/vV2)xm(1—=1.21x,24...)

= 7r277(E)RExm(1 +T7§xm2)

This yields
Ng= (4rn(E)Rg)

(Y]

with x,, determined from equation (44).

III. SUMMARY AND RESULTS
a) The Equations

If we now combine the expressions for the various functions derived in the previous
section the first Stokes parameter, I, may be written in the following form

IdV = D;d6d¢ sin'=3r ggrtd it (48)
o 1dv
= = qipnl—?% (r+2)/4
I, Dyd0ds sin!=3 fo@ , (49)
where
Dy = 3f~2Bat0i2yp w/2)Rp cos L ayz , (50)

og=1(3cos28+ 1) —[(3cos?d — 1) cos 6+ 3 sin G sin 6 cos 6 cos ¢]>. 5D

Similarly the second and third Stokes parameters may be written

Qv ar—b ]
Q°“quod¢"1°a2+b2’ €2
vav
Jo= —————— = -1
U, Dydbde Iyabo™1, (53)
where
a= 3sin 0 cos @sin ¢, (s4)
b= (3cos?d — 1)sin 6 — 3 cos  sin 6 cos 6 cos ¢, (s5)
DQ = D[ D2 = —%DU . (56)
Finally, from equations (2), (3), and (13)
L. sin® 6 sin ¢, 67
rg
r1= sin? @ cos @ sin 6, —sin® # cos 6 cos ¢. (58)
E
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b) The Calculations

The functions Iy, Qo, and U, were calculated and are presented as a function of I/re
and w/7g. The final equations and definition of constants are summarized in the Appen-
dix. The distributions of Iy, Qo, and U, were obtained for

0<6:,<7/2, 0<¢:<7 (59

in two degree increments (i.e., d0 = d¢ = 2°). The method of calculation used in the
computer consisted of (i) setting ¢, (ii) calculating Io, Qo, and U, (iii) calculating l{m
and w/7g, (iv) finding the proper square in the (/,w)-plane, (v) determining the relative
position of the radiating volume with respect to the (/,w)-plane (the sign of eq. [6]), and
finally (vi) combining it with the other contributions coming from that square.

Because of symmetry about the dipole axis, calculation of the distribution in one
quadrant is sufficient. However, allowance for blocking by a planet requires separation
of the contributions to the parameters from each side of the (/,w)-plane. Therefore, the
distributions of the total contribution from both sides of the plane are given in the first
quadrant for the first quadrant and that of the difference between the front and back
contributions are given in the fourth quadrant for the fourth quadrant.

It was convenient for computing purposes to compute the differences in the fourth
quadrant in terms of the functions in the first quadrant. Let the subscript designate the
quadrant and the asterisk designate contribution from the back side of the (/,w)-plane,
(d < 0). By examination of symmetry in equations (8)-(10),

11=I4*, ]1*=14; Ql=04*, Ql*=Q4;

Ul = —L74*, l/vl* = —L"v‘x .

(60)

Thus the components in the fourth quadrant may be expressed in terms of the first-
quadrant components

Li—I¥=I5L*-1, Q:i—=Q*=0Q*—-01, U;—U*=U—U". 6D

The right-hand sides of equations (61) were calculated. The results are presqnted in
the form of a sign (if negative), decimal point, two digits, and sign and magnitude of
the power of the tens multiplier (e.g., —0.31 X 10* = —0.31 + 04). The (/,w)-plane is
divided into 225 squares, that is:

A(l/rg) = A(w/rE) = 7= . (62)
The total contribution to the three Stokes parameters from each square are listed in the
order Iy, Qo, Uy, the numbers themselves forming the squares. Where no comrlbu}lon to
any of the Stokes parameters occurs, the resulting zeros were masked off. Occuglona]ly
zero times ten to different powers occurs (e.g., 00-31 and 00-04). There is no significance
to be attached to this difference in zeros. There is just no contribution to that particular
parameter for that square.

The distributions were calculated for all but five (the cases for v = 1.5, 6 = 10°) of
the possible combinations of the values of the three parameters v, 6y, and ay, listed in
Table 1 of the Appendix. The calculated distributions are presented in the Appendix
with the exception of those cases for which no contributions were obtained. The values
of the parameters in these cases are indicated in Table 2 of the Appendix.

Tables 3-30 are for the v = 0 energy distributions while Tables 31--54 are for t‘he v =
1.5 energy distributions. They are grouped within each set by aspect angle, 6o: increas-
ing from 0° to 90°. Therefore each group of five (four when there are no contributions)
has the same aspect angle with successive distributions corresponding to increasing
values of the sine of the cutoff helix angle, ay.
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¢) Accuracy of Calculations

The calculations were done on a Raytheon 250 computer with subroutine error less
than 0.01 per cent. Several sample distributions were obtained using values of df and
d¢ of 1°, 2°, and 3°.

A considerable improvement in the smoothness of the distributions was evident be-
tween the 5° and 2° increment distributions. Little seemed to be gained using the 1° in-
crement while the computation time was quadrupled. The final accuracy of the distribu-
tions was estimated less than 0.2 per cent. However, because of difhculty in the com-
puter’s interpreter program used, the final results were truncated instead of the normal
rounding off. Thus the calculated value lies between the reported value and the next
lower value, i.e., for a reported value of I = 0.73 + 01,

072401 <1, <£0.734 01, (63)

instead of (0.73 + 0.005) 4 01.

By summing the total contributions in three columns (i.e., all the contributions in the
strip 0 < I/rg < 0.2) a comparison may be made with the sum of the equivalent two
strips in Chang and Davis (1962). Agreement was within 4 per cent for increments of 5°.

d) Discussion

The two-dimensional results reflect the dependence of the intensity and polarization
on the field alignment, radiation efficiency, electron density, and radiating angle. Thus
the brightness pattern tends to be more uniformly distributed for an isotropic distribu-
tion of particles approaching a thin vanishing ring as a;, increases for 6, = 0 and a more
slowly vanishing thin wedge-shaped equatorial strip as a, increases for 6, = 90°. In
general, the pattern outline progresses smoothly from a circular to a flatter elliptical
shape as 6, increases, and becomes a butterfly pattern for 6, = 90°and large ar. Shadow-
ing by a small centrally located object would appear to be least important for large az.
It is interesting to note that for the case 6, = 30° and sin a; = 0.8 the distribution
actually consists of two separated portions lying along the dipole axis.

Polarizations run the gamut as 8, and ay are varied, the over-all degree of polariza-
tion increasing as 6y and ey, are increased. The patterns depend much more strongly on
the aspect angle and the helix angle than on the energy distribution, i.e., v, while the
frequency behavior is dependent only on the energy spectrum assumed and is independ-
ent of the aspect angle or the helix angle.

The results for other angular and energy distributions may be approximated by com-
bining the patterns of various figures. In this way situations may be constructed where
both the polarization and the brightness distribution are frequency dependent. It must
be remembered, however, that the calculations do not provide for either differential ab-
sorption or differential Faraday rotation. It is straightforward to include these effects if
they occur primarily external to the source, but in the present figures, these effects oc-
curring within the source itself can only be approximated to the extent different correc-
tion factors may be applied to the radiation originating in front of and behind the plane
which intersects the dipole and is normal to the line of sight.

We wish to express our appreciation to R. Niemi and A. Clews for their help in com-
puting and compiling the many tables. Also, we would like to thank J. A. Roberts,
M. M. Komesaroff, and D. Morris for their help and encouragement in discussions and
correspondence.

This research was sponsored in part (D. B. C.) by the National Aeronautics and Space
Administration, Office of Space Sciences, Geophysics and Astronomy Programs, Con-
tract NASw-1211.
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APPENDIX
The Stokes parameters as evaluated for a power-law distribution of the form

p(T,E,a) = n(r)a)C2E_(7+l>

were
IdVv gy
=—— = 3 2
°=D,20d¢ sin 0{(3costf+1)
— [(3 cos? @ —1)cos 6+ 3 sin 0y sin 6 cos 6 sin ¢ ]2} 24
Ove 0V
" Dodbde
. (35sin 0 cos 6 sin )2 — [(3 cos* 8—1)sin 6y— 3 cos f, sin § cos 6 cos ¢ ]*
- °(3sin0cosBsin¢)2+[(3cos?0—1)sin 8,— 3 cos ¢ sin 6 cos 6 cos ¢ 1%’
Udv
U"‘D,,dod¢
_ (3sin@ cosfsing)[(3 cos?0—l)sin00—3c£siqnisigw
T (3cost 04+1)—[(3cos? 8 —1)cos g+ 3 sin O, sin 0 cos 0 cos ¢ )2’
when

sinaz BY2(rgsin?6,0)
B (rp7w/2)

and were zero otherwise. The three parameters of the distributions are the power-law exponent
%, the aspect angle 8, and the cutoff helix angle az. The variables are the polar coordinate
angles (9,¢) as defined in Figure 1 of the text. They were varied in 2° increments in the range
from 0 to 7 radians.

The constants are given by

Dy = {Dyf 7 2BO+912(yp 1r/2) Ry cos™ ay ;

sin a >

3y+6
= 1 = _ et AL T
DQ—ZDU_ DI(3'Y+10 ’

B o /3v410 37+2> (3«,+1o

— 2 /2 4)/2 .

Dy =R2CCoL"2 204 (37+6)P< e (55)s

C = 3.73 X 107% erg sec™! gauss™! ;
L = 1.608 X 10" ¢/s gauss™! BeV~2.
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TABLE 1

THE VALUES OF THE PARAMETERS USED
IN THE DISTRIBUTIONS

Electron Energy Aspect Angle, 6o Cutoff Helix
Distribution, EY (degrees) Angle, q;
% 6o sin ez
0 0 0.0
1.5 10* 0.2
30 0.4
60 0.6
80 0.8
90

* All combinations of «, 6o, and ay, were used except for those five cases
with y=1.5 and 6o=10°,

TABLE 2

THE VALUES OF THE PARAMETERS FOR WHICH
THERE ARE NO CONTRIBUTIONS TO
THE DISTRIBUTION

¥ 8o sin af
O . 0 0.8
O .. 10 0.8
1.5 0 0.8




TABLE 3
DISTRIBUTION FOR v = 0, 6, = 0°, AND sin az, = 0

73401 73401 L62401 42401 .25401
@ 73401 . 71401 ~.58401 «.37401 ~.21401
+85-01 ,25400 .34400 .32400 .25+00

86401  .86401 63401 .85401 .73401 .73401 .42401 .41400
-, 86401 =,84401 -.61401 =, 75401 «.59401 «.52401 =,26401 -,22400
L0400 30400 L37400 67400 72400 .B5400 .55400 .58-01

L72401 10402 .83401 81401 73401 81401 71401 74401 .25401
« 72401 =, 10402 ~,76401 -.68401 =.56401 -.54401 -.40401 -.35401 -.94400
L8401 ,43400 .53400 ,72400 .7THO0 10401 97400 .10401 .40+00

0402 10402 LTT401T 11402 LB9401 85401 78401 .94401 79401 .43+401
= 10402 -, 97401 -.70401 =.95401 «.65401 =.53401 -.39401 -.37401 -.22+401 -,7HO0
15400 ,43400 52400 10401 10401 11401 11401 14401 ,12401 70400

L0402 L43401 L 12402 L84401 .12402 LTT401  L92401 L67401 .72401 .66401 .69401
@ 10402 ~,41401 <, 11402 =.68401 -,84401 -,43401 -.41401 -.20401 -,15401 -,68400 -.10-07
L6400 J1HOO JR400  L83400 14401 10401 L13401 L10401 11401 10401 L11401

90401 L13402 L1342 .88401 .87401 10402 81401 .11402 .85401 72401 .66401 43401
@801 =, 12402 ~. 11402 =,65401 =.55401 =.54401 «,30401 -.28+01 -,96400 -.10-07 68400 ,79+00
18400 L69400 11401 .98400 11401 .15401 12401 .18401 ,14401 12401 10401 70400

213402 18402 L68401 15402 L11402 88401 .12402 10402 .93401 .85401 72401 79401 25401
@ 13402 =, 17402 =.57401 =, 11402 ~,60401 =.35401 -,32401 -.12401 -.14-07 .96400 .15401  ,22401 .94400
24400 10401 .64400 18401 15401 L13401 20401 L16401 15401 14401 11401 12401 40400

L6402 L 2401 L18402 L3401 11402 13402 L8401 LI0402 L10402 L 11402 67401 94401 .74401 41400
@ 15402 «,83401 -,14402 -.56401 -.56401 -.42401 -.12401 -,16-07 .12401 ,28401 ,20+401 .37401  .35401  .22+00
33400 .62400 18401 12401 .16401 .21401 .14401 .17401 .16401 .18401 .10401 14401 .10+01 ,.59-01

SR 20402 15402 L16402  L13402 L 11402 L13402 89401 12402 81401 . 92401 L78401 71401 .42401
11402 -, 18402 =, 11402 ~.87401 =.47401 -.17401 -.20-07 .12401 .32401 .30401 .41401 39401 .40+01 .26401
29400 L14401 17401 22401 21401 18401 .22401 .14401 .20401 .,12401 ,13+01 11401 97400 55400

21402 21402 17402 15402 L15402 13402 11402 13402 .88+01 10402 .77401 .85401 .81401 73401
221402 -,18402 -, 11402 =-.64401 -.33401 -.20-07 17401 .42401 35401 ,54401 .43+01 53401 .54401 .5240%
62400 17401 ,22401 .23401 .25401 .22401 ,18401 .,21401 .13401 .15401 .10401 11401 10401 L8540

25402 20402 L20402 LTH0R 20402 L15402 L 13402 L 11402 11402 L8740 12402 89401 73401 .73401 ,25401
@ 25402 -, 16402 - 11402 -,50401 -.30-07 .33+01 .47401 .56401 .60+01 .55+01 .84401 65401 56401 59401 .21401
L,96400 19401 .28401 31401 .33401 .25401 .21401 .16401 .15401 .11401 .14401 10401 L, THOO 72400 .25400

230402 27402 L2T402 16402 19402 15402 16402 92401 15402 88401 .84401 11402 .81401  .85401 .42401
- 28402 -,18402 -.86401 =.24-07 50401 .64+401 .B7+01 .56+01 .11402 .65401 .68+401 .95401  .68401 ,T7o401 .37401
14401 33401 43401 27401 .31401 23401 .22401 .12401 .18401 .98400 .83400 10401 .72400 .67400 .32+00

JA2402 L3402 32402 27402 20402 L1402 15402 L18402 .68401 L13KR 12402 77401 83401 65401 62401
238402 = 17402 =,4T7-07 .86401 11402 11402 11402 14402 57401 11402 11402  ,70401 .76401 .61401 .58401
23401 56401 53401 43401 .28401 22401 .17401 18401 .64400 .11401 ,R+00 52400 .53400 .37400 .34+400

J2402 47402 39402 27402 L20402  .21402 20402 L 92401 L1842 13402 43401 L10402  L10402  .86401 73401
@ 53R <6707 17402 18402 16402 18402 .18402 .83+01 .17+402 .12+402 .41401 L97401 10402 .84401 71401
HH0T  LTTH01 L56401  .33401 101 17401 L14401 62400 .10401 69400 ,19400  ,43400 .43400 .30+00 .25400

03 LT2402  L42402 30402 25402 L21402 11402 L16402 13402 90401 L10402 (10402 72401 86401 73401
=,88-06 53402 ,38+02 .28+02 25402 ,21402 11402 L15402 13402 89401 10402 10402 .72401 .86401 .73+01
21402 LEHOT 23401 14401 96400 .62400 29400 33400 .24400 18400 .16400 15400 .84-01 10400 .85-01
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< 11402
= 11402
«29400

21402
=e21402
+62400

+ 12402
- 11402
+42400

« 10402
-4 97401

+43401
=+41401
+ 19400

« 13402
o 12402
63400

+ 18402
= 17402
«10401

- 32401
-.83401
+62400

-. 18402
« 14401

21402
- 18402
17400

« 14402
- 11402
+ 14401

~. 50401
+30400

+65401
-.61401
«37400

-83401
~. 76401
« 53400

77401
«. 70401
« 52400

« 12402
=. 11402
« 32400

< 13402
=. 11402
«11401

.68401
-.57401
+64400

J184R
- 14402
-18401

<15402
- 11402
+17401

17402
-o 11402
22401

20402
= 11402
26401

.81401
=+25401
«12401

«33401
=.30401
+26400

+85401
- 75401
67400

.81401
-.68401
272400

11402
~. 35401
+10+01

+84401
-.68401
+83400

«88401
««65401
+98+00

15402
- 11402
18401

32401
=.56+01
+12401

16402
-.87401
22401

15402
=.64401
.23401

19402
=.50401
«31401

16402
~.24-07
27401

.81401
25401
.12401

TABLE 4
DISTRIBUTION FOR v = 0, § = 0°, AND sin az, = 0.2

«33401
=.21401
+ 44400

71401
=.40401
« 97400

78401
~.39401
11401

« 32401
~.41401
« 13401

«81401
~.30401
12401

12402
-.32401
«20401

89401
. 12401
+ 14401

- 13402
=.20-07
«22401

11402
17401
< 18401

13402
47401
«21401

< 16402
«87401
22401

« 15402
11402
17401

- 18402
- 14401

T2
. 11402
«29400

«70401
=.33401
10401

« 94401
=.37401
« 14401

«67401
-.20401
+ 10401

L1102
-.28401
«18401

10402
-.12401
. 16401

« 10402
««16-07
« 17401

+89401
< 12401
« 14401

13402
-42401
«21401
11402
. 16401
« 92401
«56401
< 12401
18402
14402
. 18401
92401
+62400
16402

15402
+33400

. 17401
63400
«27400

+ 76401
-.21401
+ 12401

72401
-. 15401
11401

+85401
=+ 96400
« 14401

-.14-07
15401

10402
«12401
< 16401

12402
32401
«20401

+88401
«35401
13401

11402
«60401
15401

L1542
11402
. 18401

.58401
«57401
«64400

< 18402
17402
« 10401

< 13402
13402
«24400

-.62400
« 55400

66401
-.68400
10401

72401
=.10-07
« 12401

.85401
14401

. 11402
.28401
< 18401

.81401
«30401
12401

« 10402
15401

87401
«55401
11401

.88401
65401
« 98400

» 13402
11402
11401

< 13402
2402
«69+00

«89401
« 18400

«5T401
-.85-08
« 95400

« 68400
- 10401

+ 72401
- 15401
- 11401

«67401
«20401
10401

« R401
41401
< 13401

77401
- 10401

« 12402
-84401
« 14401

.84401
+68401
+83+00

12402
11402
« 32400

43401
41401
15400

« 10802
» 10402
« 16400

«62400
«55400

- 76401
«21401
12401

37401
- 14401

+78401
+39401
11401

-85401
«53401
11401

«89401
-65401
+ 10401

11402
« 95401
- 10401

«77401
70401
«52400

< 10402
« 97401

L1042
10402
- 15400

17401
27400
.70401
10401
71401
40401
97400
81401
+ 10401
73401
~79400
.81401
68401
~12400
.83401
76401
253400
« 10402
1042
+43400
72401

72401
.84-01

«17401

.75-01
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« 40401
= 40401
«46-01

«86401
=.86401
« 10400

. 72401
=. 72401
«84-01

10402
. 10402
« 15400

L0402
- 10402
« 16400

« 90401
=.89401
«18400

« 13402
- 13402
+24400

- R401
=+ 90401
21400

«40+401
=.39401
«13400

+86401
-.84401
+30400

+ 10402
- 10402
« 43400

L 10402
= 97401
+43+00

«43401
~.41401
. 19400

« 13402
=.12402
69400

. 18402
= 17402
10401

92401
-.83401
«62+00

22404
=.27401
« 16400

65401
=.61401
«37400

+83401
-.76401
«53400

77401
=.70+01
« 52400

12402
= 11402
» 2400

« 13402
= 11402
11401

68401
=.57+01
64400

. 18+02
- 14402
+18401

DISTRIBUTION FOR y = 0, §, = 0°, AND sin a7, = 0.4

« 91400
-.824+00
.66-01

85401
. 75401
67400

+81401
-.68+401
72400

11402
-.95401
10401

.84401
-.68401
+83400

.88+01
-.65401
. 98400

< 15402
-.11402
«18+01

. 92401
-+56401
. 12401

« 92401
=.51401
12401

+66401
=.53401
«64400

+ 73401
«.56401
+79400

«89401
-.65401
10+01

2402
-.84401
14401

+87+01
-.55401
.11401

11402
~.60+01
15401

11402
-.56401
16401

13402
-.47401
21401

«23401
-.47400
+374+00

.40+401
~.29401
+46400

81401
=.54401
<104+01

85401
~-.53+01
11401

77401
~.43401
10401

10402
=.54401
«15401

.88401
-.35+01
13401

13402
-.42401
«21401

11402
=-.17401
.18401

13402
=.20-07
+22401

«23401
47400
37400

TABLE §

«91400
~.58400
« 11400

1401
=-+40+01
97400

+78+401
=.39401
11401

« 92401
-+41+01
13401

81401
=.30+01
12401

12402
-.32401
.20401

+839401
=.12401
14401

13402
=.20-07
22401

11402
+17401
. 18401

13402
+47401
.21401

«» 92401
«51401
. 12401

+38401
-.18401
+56400

+ 94401
=.37401
14401

67401
=-.20401
+ 10401

L1402
~.28+01
18401

10402
-.12401
+ 16401

L10+02
-.16-07
»17401

+89401
12401
14401

213402
+42401
.21401

« 11402
« 56401
« 16401

» 92401
+56+01
+12+401

£ 18402
< 14402
.18401

« 92401
«83401
+62400

« 92401
» 90401
+21400

+64401
-.18+01
+10+01

72401
- 15401
11401

«85401
-.96+00
+ 14401

. 93401
-.14-07
15401

10402
12401
+ 16401

L12402
.32401
20401

+88+01
35401
13401

11402
60401
15401

< 15+02
11402
+18+01

.68+01
57401
.64400

. 18402
17402
+ 10401

213402
« 13402
+24400

+ 91400
o 19400
14400

.66+01
-.68+00
+ 10401

.72401
-.10-07
12401

85401
+ 96400
. 14401

11402
.28+01
.18401

81401
30401
12401

10402
«54401
15400

.87401
.55401
114017

.88+401
65401
« 98400

# 13402
SR
11401

$ 13402
12402
«694+00

+90+01
89401
« 18400

20401
-.30-08
+33+00

.66401
+68+00
10401

72401
. 15401
11401

67401
20401
10401

« 92401
41401
13401

17401
+43+01
10401

L 12402
.84401
14401

» 84401
68401
+83400

12402
11402
- 92400

+43401
.41401
+ 19400

10402
< 10+02
+ 16400

«38+01
. 18401
« 56400

71401
L40+01
« 97400

81401
- 54401
10401

+ 73401
+56401
79400

.81401
.68401
72400

«83+01
. 76401
« 53400

10402
» 10402
+43+00

. 72401
.72401
«84-01

< 91400
« 58400
11400

.40+01
.29+01
+46+00

+66+01
.53401
+64400

.85+01
75401
.67400

65401
61401
37400

«86401
+84401
»30400

.86+01
«86+01
< 10400
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32401 32401
31401 -.31401
«37-01 11400

72401 10402 L8340
72401 -.10402 -.76401
.B4-01 .43400 .53400

L0402 LT0+0R2  JTT7401
= 1048 -.97401 -.70+01
«15400 43400 .52400

62401
=.56401
«45400

TABLE 6

DISTRIBUTION FOR v = 0, 6y = 0°, AND sin az = 0.6

67401 32401
-.56401 -,24401
+59H00  .34400

A4 83401
= 95401 -, 65401
L0401 10400

+41401 12402
=.33401 -.84401
L40400 14401

43401  .16401
«.25401 =.65400
<J0400 .24400

<2401 L67401
=.41401 -,20401
L3401 10400

81401 11402
=.30+01 -.28401
12401 . 18401

20401 10402
~.57400 -.12401
+33400 .16401

«20401
-~.31-08
34400

« 16401
.26400
-85401
« 14401
=-.14-07
15401
» 10402
. 12401
»16401
.20401

» 57400
.33400

. 16401
-.23-08
.26400

.85401
- 96400
14401

11402
+28401
.18401

81401
«30401
.1240t

.52401
.33401
.88400

+16401
+26400

67401
+20401
»10401

2401
+41401
+13401

JI7401
+43401
10401

12402
+84401
+14401

41401
33401
+40+00

+62401
+56401
45400

« 16401
+65400
«24400

43401
25401
+ 70400

+85401
:11-001

«89401
65401
« 10401

211402
« 95401
« 10401

17401
« 70401

10402
« 97401
- 43400

10402
10402
« 15400

16401
«11401
«19400

+32401
«24401
«34400

.67401
« 56401
59400

76401
«53400

« 10402
« 10402
43400

712401
«72401
«84-01

32401
+31401
. 11400

«32401
-31401
«37-01
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OOFLL®= OO+PE*= OOFEY*~ 00FGZ' = OOFLE®= OOFIE*~ 00FEL°~ OO+ES"~ 00+OL°~

LO+2E = LOFEY =
LO+LE®  10+8Y°

Lo+g2°~ LOMEL "~ LOFOP*~
LOYOE®  LOFIS™  LO+Lp°

O0+2h* = OO+SE®~ OOFES = 00+2p°= 00HOG*= OO+QE"= QOHOE*~ OO+LL*~ 00+i2°~

LO+Ly = LO+9E"~
LO+IS®  Lo+ey”®

LO+QE"= LOHOE"~ LO¥EI°*~
Lo¥2y*  10+2E°  10¥GS°

00+29°= O0+LY*= 00+9°= OOFES'= 00+G9*~ OO0+6Y’~ OOFBE"= 00+YS°~ 00+0Z°~ 00+2I°~
10+82°~ LO#G2"~ LOFSE"= LOFLE = LO+92°~

LO+EY®  LO¥2E”

LO+1G°= LOHOE* = LOFSE°~
L0+39° LO+EE* LOEE®

00+LE°~ 00+39°~ OO+SE"= 00+2L'= 00+L9°~ OOFLL'= 00+09°= O0+9S°= Q0+YL°~ OOFOE'~ 00+9*~ 0061~

LO+82°~ LO¥6P° -
10+py° 10+93°

Lo+62°= Lo¥e2 -
LO+9S*  LObEE”®

LO+00°
LO+00*
10+00°

10+12°~ 10+09°~ LO+SY° =
LO+EE® 10+99° LOHYY*

LotLLC~
to+ez*

LO4#QL°~ LO+LE = LO*SH*~
LO+61°  LO¥EE®  LO+9Y°
LO+E2 = LO+LE®~ LOFLY = LO¥S2*~
LO+G2* LOFED®  LOMBY°  LO+LE®
0o+eE* =
LO+92°~ LO+62°~ LO¥G2 = LO+HE = LOHOE"~
LOHYE®  LOWGE®  LO+YE® LO+LY®  LO¥BE®
00+9€° -
L0+92°~ LO+LE = LO*+lS"~
L0+pE*  LO¥SY"  LOFIE"  LOFRY®  LOVOP®  LO+RS°
LO¥6 L= LO¥+G2°= LOFEL= 10+12°~ LO+EL = LO+[2°~ LO¥Ge’~
LO+22° LO+LY®  LO+92° LO¥8Y° LO¥IP® LO*ES" LO+hY*
00+L9°~ 0O+L9°= 00¥GL"= 00+99°~ OO+YR"~ OO+E9°~ 00+99°~ Q0+8L*~ OOFLy*~ O0+ES'~
LO#6Y = LO+9L®= LO¥GL®= LO+LL"= LO+LL = LOF+IL*= LOWGL°=
LO+LL®  LO+82"~ LO#Y" LOFLY* LO¥ES® LO+PY*  LOHYY®
LO+OL"~ LO+LL*= O0#69°= O0HOL®=~ 00+2L°~ LO+OL‘= OO*+LL° -
LOFES®~ LO+LG°~ LO#G2"= 00+IP°* = 00+R9°= LO+YL = LOFEL"-
00+LL® O00¥6L°= LO+02® LO+2p" LO+bY° LO+LI® LO¥GH*®
LO+EL" = LOFLL*= OO+EL"= QOFL6"= LOHLL®= O0+LE""
LO+19°= LO+LIG®= 00+6L°= 00+62° 00+02° 00+3i°-
LOFOL®= LO+L°~ LOFLE® LOHYS® LO+LY®  lotee®
LO+EL*= LO#31°~ LO¥OL™= O0+06° = OO¥GS°~
LO+EE*~ LOFIE" = LOFLL = LO+pL® OOFSL®
00¥GL® QO¥GL°~ LO+IZ® LO+9S°  LOF+EE®
LO+21°= LO+pL"= LO¥OL"~ O0+L9°~
LO+1E°~ LO+3E°= O0+0S°- LO¥EL*
10+02° - 10+2L°~ LO¥L2" LO¥SH*®

1o+92* =
Lo+92°

L0~61°=
Lo+ee’ -
Lo+ee*

to-Le*-
Lo+Le -
to+ie*

10-GE"~
Lo+Lye -
[To 10

1o-ey°=
lo+EY®
LO¥ED®

LO=LL"=
LO+GG "~
10¥GSG*

10-95°=
lo+2e’ -
Lo+ee”
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TABLE 15
DISTRIBUTION FOR v = 0, §, = 30°, AND sin ay, = 0.8

W37401 37401 L3740 L37401 18401 L 90+00
=.37401 =,37401 -.36401 -.3.401 -,16401 -,81400
.27-01  ,82-01 L13400 .1€400 11400 .c4-01
L1401 41401 L51401 30401 L48401 37401 18401
=.41401 ~,40401 -.445401 =.28401 -,43+401 -.32401 -.1L401
.35-01 L10400 .23+400 .1€400 .36400 .31400 .17+00
.20401  ,20401 .L1401 .339401 .38+401
-.19401 =,18401 =,41401 -.30401 -,27+01
14400 17400 00400 ,42+00 44400
-10401  L.99400 .29401
«. 74400 -.64400 -.17401
12400 12400 .38+00
10401 L 99400 L2940
=.74400 =.64400 ~.17+01
-.12400 -.12400 -.38+00
20401 L20401 .51401 .39+01 .38+01
= 19401 =.18401 -,41401 -.30401 -.27401
=+ 14400 «, 17400 -.50400 -.42400 -.44+00
41401 471401 LU1401 L30401  L48401 37401 ,18401
= 41401 - 40401 -,49401 =.28401 -.43+01 =.32401 -, 14401
=.31201 -, 10400 -.23400 =.18+00 =.36+00 =.31400 -.17400
37401 37401 37401 37401 (18401 90400
=.37401 =,37401 =.36401 ~.30401 -, 16401 -.814+00
«.27-01 -.82-01 ~.13400 =.18400 «.11400 ~.64-01
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TABLE 16
DISTRIBUTION FOR v = 0, 6, = 60°, AND sin az, = 0

L14401 19401 10401

=.10401 26400 79400

«17-01 -.10-01 -.24-01

JIT401 L1402 L1T402 13402 L12402 L 114R 78401 54400

=.33401 =.B6401 -,40001 .98400 42401 .58401 ,56401 50400

«23400 6900 .5T400 .51400 .26-01 -.33400 -.46400 -,36-01

2402 L2 L1342 LTT402  L13402  LI3402 L1642 21402 L1642  .33401

12402 -,58401 -.81401 -.35¢01 -.96400 .18401 .57401 .11402 .10402 14401

29400 66400 13401 12401 12401 88400 29400 -.10401 -, 14401 -.44400"

K2 LI5MR 12402 LT5402 L1402 L1402 15602 L 15402 L IT40R 23402 L1642 15401

o1 I402 = 12402 -, TT401 -.58401 =.37400 .16401 48401 48401 75401 11402 .62401 .56400

30400 L12401 13401 17401 17401 14401 .11401 .43400 -.27400 =.20401 -.21401 ~,23400

SR L1502 18402 15402 L18402 13402 16402 L1T402 L 15402 16402 19402 25402 32401

14402 =, 12402 =, 32401 ~.39401 .91400 ,52401 .66401 .95401 .56401 ,67401 .62401 .61401 .38400

49400 13401 22401 20401 .23401 20401 13401 .93400 .21400 -.34400 =.14401 =, 34401 ~,.51400

902 21402 22402 21402 20402 L2140R L2042 15402 L20HR 16402 11542 .1840R 25402 .24401
18402 -, 15402 =.83401 51400 41401 .91401 11402 73401 .114R .76401 .30401 .33401 =.97400 -.59400

L5400 (21401 31401 31401 24401 21401 14401 61400 .26400 =.31400 «,73400 =, 17401 -.36401 =.39400

24402 27402 3042 20402 30402 27402 18402 L18402 L18402 .15€02 .15#R2 LITHR L1942 L2342
22402 «,1T402 =.58401 68401 14402 14402 12402 .6HO1 10402 ,6H01 .34401 .20401 =.11401 -.T0401

L0401 32401 44401 40401 ,33401 19401 57400 52400 -,22400 -.52400 -,58400 ~. 11401 -.20401 -.32401

A4 L4242 JAHOR 43402 32402 24402 (19402 18402 LT6402 L IAHR L1302 L1342 L1640R 24402 11402
B0 = 16402 10402 23402 20402 LTT402 11402 98401 .53401 48401 .20401 =.24400 =.51400 ~,83401 -.65401
25401 60401 72401 .43401 17401 .33400 =.18400 =.33400 -.45400 =.63400 =.66400 = 58400 =.13401 -.28401 -,14401
TR 11403 58402 26402 22402 V6402 16402 14402 L 12402 12402 L1402 L IA02 L1242 L1842 21402
43402 21402 L3542 L16402 10402 67401 39401 ,43401 .26401 10401 75000 .43400 -.33401 -.85401 -, 14402
61401 15402 39401 -.44400 =.87400 =,80400 -,62400 -.T3400 -,5H00 =.41400 =600 =+ 33400 ~.53400 -,12401 -.21401
19403 24402 15402 14402 L13402 L13402 (13402 12402 13402 11402 11402 33402 14402 L1542 28402
11403 =.88401 -,41401 -,33401 -, 15401 =.83400 =,98-01 =.38400 .20400 .33400 ~,12401 =e21401 ~.42401 -,73401 -.22402
222 J54400 =, 15401 =.81400 -,83400 =,77400 =.65400 =.37400 =.56400 =,5400 =,3240C =+39400 -.36400 -.57400 -.15401
M08 11402 12402 12402 L10402 11402 L 11402 L13402 L12402 L12402 L10KR L1242 LI3HR (TR 2042
16408 =, 974071 -, 90401 -,66401 =.43401 =.36401 =,23401 «.23401 <. 16401 ~.15401 =, 16401 =, 25401 =.39401 -, 70401 ~ 24402
12402 = 40400 =.37-01 =.66400 =.71-01 =.34400 -,36400 =.21400 ~.37-01 -,40400 ~,49-01 4.73-01 -.53400 -.30400 -,56400
18403 =.32401 16401 = 35401 34400 =.15401 =, 18401 . 97400 .10-01 -.21401 -, T77-01 --11400 -.32401 -, 11401 ,70+00
15403 23401 -,24401  .27400 -.17401 -, 11401 -, 14401 - 18401 «. 1501 =.15¢01 -.13401 —-15401 -.51400 -,96400 -,23401
1402 =,94400 =, 12401 ~, 17401 = 15401 =, 17401 -.18401 =.21401 -.20401 -.21401 -.17401 -+20401 -.21401 -.21401 -.22401
=019403 - 1142 -. 73401 =,26401 -.3401 -.38401 =.35401 -, 18401 =.32401 -.34401 -.13401 == 14401 ~.47400 -.51400 64401
L10403 36401 =.28401 =,63401 -.53401 -,60401 =,53401 -.52401 =.55401 -.46401 -,42401 =-46401 -.45401 -, 46401 -.70402
W2140R ~,57-01 -,20401 =,18401 =, 19401 =.20401 -,20401 -, 18401 -.20401 -.18401 -, 18401 —-21401 =.20401 -.20401 -.14401
2063402 -, 10403 =, 50402 -, 18402 =, 12402 -.85401 -.55401 =.62401 -.44401 -.25401 -.38401 =+43401 -.66400 -.10401 82401
35402 — 2402 -, 43K -.23402 -, 1HO2 -, 13402 ~. 11402 -, 10402 -.83401 -.81401 -.81401 --77401 -,62401 -, 85401 -, 97401
L61401 15402 34401 = 10401 =, 18401 -, 16401 - 17401 = 17401 -.16401 -, 16401 -.18401 —-20401 =, 15401 ~.20401 .13400
©.22402 —.34402 ~.43402 - 33402 - 21402 - 17402 - 11402 < 10402 =.60401 -.61401 -. 41401 --20401 51401 11401 .94401
J18402 85401 -.16402 -.33402 -, 2402 -.23402 -, 18402 - 16402 =, 13402 «. 11402 -, 10602 =+ 99401 -.9H01 . 11402 -,60401
.15301 58401 70401 .37401 .10401 -.18400 -.90400 -, 11401 ~.14401 -.13401 -, 14401 -+14401 -.18401 -.70401 .11401
V24402 - 25401 = 21402 - 22402 -2 2248 -, 16402 =, 12402 ~.65401 ~. 11402 -.76401 -, 46401 -+47401 -.72400 19402
~e22402 =,2T401 =, 22401 =, 12402 ~. 22402 =, 20402 -, 18402 «, 17402 -, 18402 -, 14402 -.TéelE -+3140R - 11402 - 83401

=.10401 . 11401 41401 38401 .20401 .12401 .20400 =.29400 -.70400 -.95¢00 =, 10401 =-12401 -.83+00 26401
AR 21402 L1240 -, 96401 = 12402 -, 13402 -, 13402 -, 76401 -, 11402 -.78401 -.37401 40401 23402 .24+01

o 1B402 =, 15402 =, 76401 =.SHOT . 17402 =, 16402 -, 18402 -, 14402 -, 20402 -, 16402 -, 14402 =-+B30401 -.23401 ~.59400
275400 -.21401 -, 14401 13401 .22401 18401 .11401 34400 -.27-01 -.42400 -,56400 +23+00 .34401 .3%400
562 L1562 18402 L1542 L13402 L3301 .11401 -.22401 47401 76401 1562 23402 32401

= 14402 -, 12402 -, %401 -, 3HOY -.62400 -.43401 =.56401 -,88401 -.51401 -.18401 .22401 61401 38400

49400 =, 13401 -,22401 ~,20401 -.16401 -.77-01 ,16400 ,.32400 .68-01 .25400 .12401 .34+01 .51400

JHIA02 L1542 L12402  L15402 14402 (14402 LISH02 L1540R 17402 23402 16402 13401

11402 12402 =, TT401 =.58401 -.37400 .16401 .48401 48401 ,75401 .11402 62401 56400

=.30400 -.12401 =.13401 -.17401 =.17401 -, 14401 -, 11401 -,43400 .27400 .20+01 .21401 23400

L12402  LT1402 L13402  LT1402 13402 L1342 L16402 21402 L 16402 33401

=.12402 =.98401 -.81401 -.35¢01 -.96400 ,18401 57401 .11402 .104R .14401

«e29400 -.66400 ~.13401 -.12401 =.12401 =.88400 -,29400 .10401 .14401 .44400

JIT401 11402 L11402 L1342 L12402 L 11402 LT8401 54400

~o 53401 -.86401 ~.40401 .98400 .42401 58401 .56401 .50400

«223400 ~,6H400 =.5T400 ~,51400 ~.26-01 .33400 .46400 .36-01

14401 L1401 10401

=.10401 26400 79400

=17-01 .10-01 .24-0t
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TABLE

DISTRIBUTION FOR v = 0, 6

17

= 60°, AND sin ar = 0.2

JT1401 93401 86401 11402 12402 11402 78401 ,54400
=e6HOT =, 75401 =,44401 -,38400 42401 58401 .56401 50400
296-01 43400 ,36400 51400 ,26-01 -.33400 -.46400 -,36-01
2402 L1142 13402 L11402 L 13402 L13402 L 16402 21402 L 16402 .33401
=.12402 -,98401 -.81401 -.35401 -,96400 ,18401 .57401 .11402 10402 14401
129400 66400 13401 .12401 ,12401 .B8400 .29400 -.10401 -,14401 -.44400
IR LISHR 12402 L15402 L 14402 414402 15402 L 15402 L1THR 23402 16402 15401
2o 11402 =, 12402 -, 77401 -.58401 -.37400 16401 .48401 ,48401 .75401 .11402 .62401 36400
230400 .12401 13401 L17401 17401 .1440T 11401 43400 -.27400 =.20401 -.21401 -+23+00
230401 .32401 16402 (15402 18402 18402 16402 17402 154602 16402 19402 +25402 .32401
=.38401 -.78401 -.83401 -,39401 .91400 52401 66401 .95401 .56401 ,67401 .62401 -61401 .38400
£96-02 ,61400 19401 .20401 .23401 .20401 13401 .93400 ,21400 «.34400 -.14401 =+34401 -.51400
240401 40401 ,90401 19402 20402 21402 20400 15402 20402 16402 15402 18402 25402 .24401
=e40401 =,40401 -,49401 32400 41401 91401 11402 ,73401 11402 .76401 .30401 +33+01 -.97400 -.59400
«19-01 .56-01 .91400 .28401 .24401 21401 .14401 .61400 ,26400 -,31400 -,73400 --17401 =.36401 -.39+00
41401 141401 (41401 (41401 30402 27402 18402 18402 18402 15402 15402 +!T#02 19402 .23+02
“e81401 - 41401 -,40401 -.25401 . T4402 14402 12402 .6H01 10402 .6%01 .34401 -20401 -.11401 -.70+01
+27-01 .82-01 13400 .28400 .33401 19401 .57400 52400 -.22400 ~,52400 -,58400 =+ 11401 =.20401 -.32401
240401 ,40401 30401 51401 26402 24402 19402 18402 16402 14402 13402 13402 16402 24402 ,1140R
=+40401 =, 40401 ~.20401 -,48401 16408 17402 11402 98401 53401 48401 ,20401 =+24400 <.51400 -.83401 -.65401
+35-01 .10400 12400 .28400 .14401 33400 =.18400 -,3H00 -.45400 -,63400 -,66400 =«58+400 =.13401 -,28401 -.14401
#3HOT 39401 40401 68401 22402 16402 16402 14400 12402 12402 14400 14402 12402 18402 .21402
=:39401 -.36401 -.38401 -, 15401 10402 67401 .3%401 ,43401 .26401 .10401 75400 +43400 -,33401 -.85401 -, 14402
+42-01 13400 ,22400 -.81-03 -,87400 =,80400 -,62400 =,73400 =,5H00 =,41400 -,63400 =+93+00 -.53400 -,12401 -.21401
#45401 82401 L1042 14402 L13402 13402 L13402 L 12402 L 13402 L11402 11402 13402 14402 (15402 28402
=+44401 ~.72401 -.48401 -.33401 -.15401 ~.83400 -.98-01 -,38400 .20400 .33400 -.12401 -+21401 -.42401 -.73401 -.22402
$T7-01 7201 -.74400 -.81400 -.83400 ~. 77400 =.65400 =,37400 =.56400 =,5H00 -,32400 =-39400 -.36400 -,57+00 -.15+01
S10402 L1740 12402 L12402  LT0402  LT140R  L11402 L 13402 L 12402 12402 L 10402 12402 L1342 L HHR 202
«o 10402 =, 97401 =,90401 -,66401 -.43401 -,36401 -,23401 -.23401 =.16401 =, 15401 -,16401 =-25401 . 3401 -, 70401 -,24402
=+64-01 =440400 +.37-01 ~.66400 =.71-01 =,34400 -,36400 -,21400 -,37-01 -.40400 -.49-01 =+73-01 -.53400 -.30400 -.56400
=.10401 ~,32401 16401 =,35401 ,34400 -, 15401 =, 18401 -,97400 ,10-01 -,21401 -, 77-01 =,11400 -.32401 -.11401 .70+400
298400 23401 -.24401 27400 =, 17401 =, 11401 . 14401 =,18401 =, 13401 =, 15401 =, 13401 ~.15401 =,51400 =, 96400 -.23+01
=e29400 =, 94400 =, 12401 = 17401 = 15401 ~.17401 =, 18401 -.21401 =,20401 =.21401 =, 17401 ~,20401 -.21401 -.21401 =,22401
WA5H01 48401 =,25401 =,26401 -.39401 =.38401 =.35401 =,18401 -.32401 =, 34401 =, 13401 =.14401 -,47400 =.51400 64401
= 44401 <,5R401 =,20401 =.63401 -.53401 -,60401 =,5HO1 -.52401 ~,55401 -,46401 -,42401 -,46401 -.4H01 -, 46401 -, 10402
=.77201 =,53400 =,12401 =, 18401 <. 13401 -,20401 =,20401 -, 18401 -.20401 -,18401 -.18401 -.21401 =.20401 -.20401 -, 14401
W3HO1 L3HOT  AOHO1 L 12401 -, 12402 =.85401 55401 =,62401 -.44401 =.25401 =,38401 =.43+01 -.66400 =.10401 .82401
2.39401 =.38+01 =,38401 -,5T401 = 1HO2 =, 13402 -, 11402 -, 10402 =.83401 -.81401 =.81401 =, 77401 -.62401 =.85401 -, 97401
=042-01 =,13400 =.22400 =.60400 =, 18401 =.16401 =, 17401 =, 17401 =, 16401 -.16401 -, 18401 =.20401 -.15401 -.20401 .13400
L4041 40401 30401 51401 - 17402 = 17402 =, 11402 =, 10402 -.60401 =,61401 -,41401 =,20401 =,51401 11401 .94401
+.40401 = 40401 =, 29401 =, 48401 - 26402 =,23402 = 18402 -, 16402 -, 13402 -, 11402 -, 10402 =,99401 -.99401 -, 1142 -.60401
203501 =, 10400 =, 12400 -,28400 75400 =, 18400 -.90400 -, 11401 -.14401 -.13401 -, 14401 -.14401 -,18401 ~.10401 11401
JA1401  LA1401 4401 20401 -,22402 -, 16402 -, 12402 ~.65401 =, 11402 -, T6401 -, 46401 -.47401 -.72400 19402
= 41401 = 41401 = 40401 ~,34400 -.2240R = 24402 -, 18402 =, 17400 =. 18402 -, 14402 -, 14402 =, 14402 -, 114R -.83401
202701 =.82-01 =,13400 ,35-01 .2H01 .12401 20400 =,29400 -, TOH00 -, 95400 -, 10401 =.12401 -.83400 26401
L4041 (90401 =, 76401 =, 12402 =, 13402 -, 13402 -, 76401 -. 11402 -.78401 -, 37401 .40401 .234R .24401
=0 40401 =, 43401 =, 57401 = 11402 ~, 16402 = 18402 =, 14402 = 20402 -, 16402 =. 14402 ~,80401 -.23401 -.5%+00
=.56-01 =,91400 ,16401 .22401 .18401 ,11401 .34400 -.27-01 -.42400 -,56400 23400 ,34401 .39+00
(R401 16402 LISHOR L13402 33401 11401 -,22401 47401 .T6401 ,1540R ,25402 .32401
-.78401 -.83401 =.3%401 -,62400 ~.43401 -.56401 -.88401 -.51401 -.18401 .22401 ,61401 .38400
~.61400 =, 19401 -.2040) -.16401 =.77-01 ,16400 .32400 .68-01 .25400 .12401 .34401 51400
SR 12402 15402 L1402 L IMGR2  L15402 LISKR L 1TH02 L2342 . 16402 15401
—o12402 =, TT401 =,58401 =.37400 .16401 43401 .48401 75401 .11402 62401 .56400
~.12401 =,13401 =, 17401 =, 17401 =, 14401 =, 11401 -, 43400 27400 .20401 .21401 .23400
S11402 13402 (11402 13402 L1340R L 16402 L21402 L 16402 ,33401
=.98401 =,81401 -.35401 =.96400 .18401 .ST401 .11402 .10402 .14401
=.66400 ~,13401 -.12401 =,12401 -,88400 -.2400 .10401 14401 .44400
L93401  L86401 11402 12402 11402 78401 .54400
=e694001 =,75401 =, 44401 ~.38400 ,42401 .58401 .56401 .50400
2096-01 =,49400 =,36400 -,51400 -.26-01 ,33400 .46400 .36-01
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TABLE 18
DISTRIBUTION FOR v = 0, ) = 60°, AND sin az, = 0.4

$20401  .21401 21401 .15401 15401 .15401 .49400
=+20401 =,20401 =.20401 -,14401 =, 10401 ~-.83400 -.54-03
~e23-01 «,69=01 =, 11400 =, 11400 =, 17400 ~.20400 -.82.01

#42401 42401 ,42401 .33401 .3H01 43401 .6H01 ,18402 .16402 +33401
~+42407 -,42401 -,42401 -,32401 «, 37401 «.36401 =. 17401 .89401 10402 14401
=+18-01 -.54-01 -,89-01 =.13400 «. 21400 «,36400 -,49400 -, 91400 -, 14401 ~ 44400

234401 (34401 34401 50401 ,32401 39401 77401 15402 17402 23402 L1642 15401
=+34401 -.34401 «.34401 -.50401 -,32401 -,39401 -.68400 .48401 .75401 <1142 .62401 56400
+46-09 .91.08 ,40-07 -.25-01 -.42-01 ~.85-01 ,25400 ,43400 -.27400 =+20401 -.21401 -.23400

238401 (38401 38401 .38401 36401 36401 35401 17402 15402 SI640R2 L1942 25402  .32401
=+38401 -,38401 «.38401 -,37401 -.36401 -.36401 -.35401 ,95401 56401 «67401 62401 .61401 .38400
«96-02 .28-01 ,48-01 .66-01 .42-01 ,52-01 ,.29-01 ,53400 .21400 =+34400 -,14401 ~.34401 -.51400

40401 40401 T,40401 30401 33401 L3401 238401 12402 L20402 LT6402 L15H02 L18402 25402 .24401
=+40401 -.4040) -.40401 -.2401 ~.38401 -.38401 -.37401 .51401 .11402 .76401 «30401 33401 -.97400 «.5%400
219-01 .56-01 .94-01 .R-01 .12400 15400 ,14400 .50400 .26400 =e31400 =, 73400 -. 17401 -.36401 -.3%+00

«41401  .41401 .41401 30401 41401 51401 30401 14402 . 18402 15402 LI5HR  LITHR T2 23402
=e41401 -,47401 ~,40401 -, 2401 -.3HO01 -, 47401 ~.26401 .24401 1042 69401 34401 .20401 -.11401 -, 70401
+27-01 .82-01 .13400 .12400 .20400 .32400 ,18400 .36400 -.22400 =+52400 «.58400 =. 11401 -.20401 -.32401

240401 40401 30401 51401 .51401 31401 41401 16402 16402 14402 L1342 L3402 16402 24402 11402
~e40401 -,40401 -,29401 -.48401 -, 47401 -.27401 -, 35401 78401 .53401 248401 20401 024400 «.51400 -.83401 -,.65401
+35-01 L10400 .12400 .28400 .36400 .25400 .35400 -.29400 =¢45400 -,63400 ~,66400 =.58400 ~,13401 -.28401 -.14401

«3H01 39401 40401 .40401 51401 .41401 .32401 14402 212402 12402 14402 LTAHR L 12402 L 18402 21402
=e3H01 -.36401 -,36401 -.36401 -,42401 =,33401 -, 11401 .43401 26401 10401 75400 43400 -.33401 -.85401 -, 14402
+42-01 13400 .22400 20400 L4400 .41400 ,10400 -,73400 =e5H00 -, 41400 -.6H00 =« WH0 -,53400 -,12401 =-,21401

«45401 65401 38401 .58401 .49401 78401 13402 .12402 13402 S11402  L11402 LI34HR 14402 L15M02 28402
=+44401 ~.62401 «.34401 -,48401 =,34401 -.30401 -.98-01 -.38400 .20400 « 33400 . 12401 ~e21401 -,42401 -, 73401 -,22402
<TT-01 30400 .26400 .53400 .57400 16400 -,65400 -,37400 -.56400 =+ SHOO =.32400 =3%400 -.36400 -.57400 -, 15401

+4040T  L40401 TT401 70401 .98401 11402 11402 13402 $12402 12402 L 10HR L12402 L 13402 14402 29402
=+40401 - 37401 -,63401 -.45401 -,41401 =.36401 ~.23401 -.23401 -. 16401 =« 15407 -, 16401 =.25401 -.39401 <. 70401 -,24402
«10400 26400 52400 17400 ,63-01 -,34400 =,36400 -.21400 -.37-01 ~-40400 -.49-01 .73-01 ~,5%400 -.30400 -.56400

240401 40401 60401 .15401 11401 =, 15401 =.18401 =, 97400 ,10-01 -.21401 =.77-01 =« 11400 -%:&‘) ";;332, -;3'0“0",
=+40401 -.37401 ~.51401 -.17401 ~, 1HO1 =, 11401 =, 14401 -, 18401 =, 101 -, 15401 -.13401 = 15401 --2 1Ot ooy ot
=+10400 -.26400 -.72400 -.B87400 ~. 14401 -, 17401 ~.18401 -.21401 -,20401 -.21401 -,17401 =+20401 -.21401 -, -

245401 .65401 .38401 .58401 ,49401 23401 -.35401 -, 18401 -,32401 -.34401 -.13401 == 14401 --:;'0*00‘ --i'*‘“’l -fm“‘“
=e44401 -, 62401 ~.34401 ~.48401 -.34401 -.37401 -.5HOT -.52401 ~,55401 —.46407 -.42401 --;5*0' Tt --20'05*0‘ e
=+77-01 -.30400 -.26400 -.53+00 =,5T400 -, 10401 -.20407 -.18401 ~.20401 -.18401 -.18401 —-21401 -, <. -

3M01 39401 40401 40401 51401 41401 12401 —.62401 48401 -.25401 -.38401 -+ 49401 T T
=+39401 -.38401 -.38401 -.36401 -,42401 -.33401 -.66401 ~, 10402 -.83401 -.B81401 -.81401 --77401 '-52"01 TIo0e01 13400
=042-01 -.13400 -.22400 -.29400 -.47400 -.41400 -.10401 -.17401 -.16+01 -, 16401 -,18401 =-20401 -.15401 -, .

+40401  ,40401 30401 .51401 51401 31401 .41401 -.78401 -.60401 -,61401 -.41401 =-20401 -,51401 11401 'emow:
=+40401 «.40401 -.20401 -, 48401 ~ 47401 ~.27401 =.35401 - 1442 -, 13402 -, 11402 -, 10402 =+ 9301 -, 95401 -. 11402 o
=¢35-01 -.10+00 ~.12400 =.28400 -.36400 -.25400 -.35¢00 -, 10401 -, 14401 «,13401 -.14401 -. 14401 -,18401 -.10+01 .11

+41401 41401 41401 .30401 .41401 .51401 ,30401 - 19401 -, 11402 -, 76401 -,46401 ~-4T401 -.72400 1942
=+41401 -.41401 —.40401 ~.20401 =.3H01 - 47401 -.28401 ~.13+02 -, 18402 -, 14402 -, 14400 =+ 14402 = 1142 -.83401
=e27-01 -.82=01 -.13400 -.12400 ~.20400 =.32400 =, 18400 «.43+00 -, 70+00 =, 95400 -, 1001 =+ IE+TT =.53400 25431

«40401 40401 40401 30401 39401 .3HO1 .38401 -,53401 - 11402 -,78401 -.37401 40401 .23402 .24401
=<40401 -.40401 ~,40401 -.20401 =.36401 -.38401 ~.37401 - 12402 -, 20402 -, 16402 -, 14402 =+B80+01 =,23401 -,59400
=+19-01 -.56-01 -,94-01 =, %01 -.12400 =. 15400 «. 14400 .23400 -.27-01 -.42400 -.56400 +23400 .34401 .3%9400

-38401 .38401 .38401 .38401 .36401 ,36401 35401 -.22401 ,47401 .76401 .156R -25005 +32401
-+38401 -.38401 -,38401 -.37401 ~.36401 36401 =.35401 -.88401 -.51401 -, 18401 ,22401 51407 .38400
=+96-02 -.28-01 -.48-01 -,66-01 ~.42-01 -.52-01 -.29-0F .32400 ,.68-01 .25¢00 .12401 -34401 .51400

234401 34401 .34401 ,50401 .32401 .39401 77401 15402 17402 23402 .16402 -15¢01
=+34401 -.34401 -,34401 -,50401 -,32401 =.39401 -.68400 .48401 75401 11402 .62401 +56400
=+46-09 -.91-08 -.40-07 .25-01 .42-01 .85-01 ~.25400 -.43400 .27400 ,20401 .21401 +23400

«42401 42401 .42401 33401 301 .43401 .6HO0T 1842 .16402 .33401
~42401 -.42401 -.42401 -.32401 -.37401 -.36401 -, 17401 .B%401 .10#2 .14401
+18-01 .54-01 .89-01 .13400 .21400 .36400 .49400 .91400 ,14401 .44400

«20401  .21401 21401 ,15401 .15401 .15401 49400

=+20401 -.20401 -.20401 -,14401 -, 10401 -,.83400 -+54-03
+23-01 .69-01 .11400 ,11400 .17400 .20400 ,82-01
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TABLE

19

DISTRIBUTION FOR v = 0, 8, = 60°, AND sin az = 0.6

LA2401 42401 42401 27401 27401 20401 .13401 .65400
2.42401 =,42401 -.42401 -, 26401 -.26401 -,19401 =.12401 -.45+00
«.18-01 =.54-01 ~.89-01 -,99-01 =,12400 -,11400 =.10400 -.76-01
3401 34401 34401 (50401 32401 I3HOT 38401 51401 .43401 .35401 .35401 15401
2234401 ~.34401 =.34401 =.50401 -.32401 =.3H01 -.37401 -,47401 -, 41401 -.24401 -.11401 36400
14609 .91-08 ,40-0T -,25-01 =.42-01 =,85-01 =.12400 -,31400 -,44400 =, 41400 -.54400 =+23+00
L30401 38401 38401 38401 36401 .36401 35401 34401 .49401 48401 10402 <2542 32401
238401 ~.38401 =.38401 -.3T401 -.36401 -.36401 -.35401 =.34401 -.49401 ~.46401 -,20401 61401 -38+00
796-02 .28-01 .48-01 .66-01 .42-01 .52-01 .20-01 .83.06 -.99-01 =.19400 -,96400 =340 -.51400
JAGH01  JAOM01 40401 30001 L33401 3401 .38401 37401 46401 44401 12402 1842 .254R 24401
140401 = 4040F -.40401 —.20401 -.38401 -.38401 =.37401 -.36401 =.45401 ~.43401 =,71-01 <3401 -.97+00 -.5%+00
119901 u56-01 194201 .32-01 12400 15400 .14400 .13400 14400 .54-01 =,55400 =+ 17401 =.36401 -.39400
A0 A01 41401 .30001 41401 51401 30401 60401 33401 36401 12402 17402 L1942 23402
erA1401 = 41401 -, 40401 -.29401 -.33401 ~.AT401 =.28401 -.54401 =,36401 -.35¢01 35400 +20401 =.11401 -.70+01
27-01 .82-01 13100 .12400 .20400 32400 ,18400 .41400 ,23400 .21400 -,36400 =+ 11401 =.20401 -.32401
A0K1 4001 30401 L5401 L5101 31401 41401 41401 .51401 .40+01 13402 13402 16402 24402 11402
140101 40401 = 20401 ~.4B401 -.4T401 -.27401 -.35401 -.33401 =.41401 -.33401 .20401 =+24400 -.51400 -.83401 -.65401
13501 L10400 12400 28400 36400 .25400 .35400 .40400 48400 .36400 -,66400 ©+58400 -.13401 -~.28401 -+ 14401
-
39101 .39101 40101 4001 51401 41401 52401 41401 41401 L10KR L1442 1402 12402 18402 21432
2030401 238401 -.38401 -.36401 -.42401 —.33401 =.38401 -.20401 =.28401 ~.49400 .75400 +43400 -,33401 -.85401 - 14402
TH2201 13400 122400 20400 .ATHO0 41400 57400 L4400 .51400 -.14400 -,69400 -+FH00 =.53400 -.12401 -.21401
L19401 28401 L58401 43401 50401 .51401 .52401 .63401 11402 1142 134027 14402 L154R 28402
S 18401 -.26401 = 48401 ~.34401 =.34401 ~.30401 -.28401 -.24401 .33400 =.12401 ~=+21401 =.42¢01 -, 73401 -,22402
186-01 .19900 .53400 .57400 62400 .69400 .73400 58400 -.53400 -,32400 =+3H00 =.36400 -,57400 = 15401
LG0T L30401 L1142 12402 12402 10402 -12402 13402 1442 20402
— 10401 =.12401 -.25401 =.16401 -.15401 =.16401 =:25+01 ~.3401 -.70401 -,24402
127400 45400 11400 -,37-01 -.40400 ~.49-01 =+73-01 ~.53+00 -.30400 -,56400
18401 30401 L10401  L10-01 -,21401 -.77-01 _ 11400 -.32401 -.11401 ,70+00
2210401 =.12401 -.16401 -.19401 =,15401 =.1340T  _.15401 -.51400 .96400 -.23401
—.27400 -.45400 -, 18401 =.20401 ~.21401 <, 17401 _.20401 -.21401 ~.21401 ~.22401
19401 28401 58401 43401 50401 51401 52401 .42401 -.34401 -.13401 | 14401 ~,47400 -.51400 .64401
_ 18401 =.26401 -.48401 -.34401 -.34401 ~.30401 =.28401 -.28401 -.46401 -.42401 _ 46401 -.49401 -.46401 =, 10402
< o86-01 =, 19400 =,53400 =,5T400 =,62400 -.6H00 -.73400 -,93400 -,18401 - 18401 _ 21401 -.20401 ~,20401 -.14401
L3401 39401 40401 40401 51401 41401 .52401 41401 41401 - 35400 -.38401 _ 49401 =.66400 -.10401 82401
735401 =.38401 =.38401 =.36401 -.42401 -.33401 =.38401 -,20401 -,28401 -.66+01 -.81401 _’77401 -.62401 -.85401 -, 97401
2742201 —.13400 -.22400 =.23400 -.47400 -.41400 =,5T400 -.49400 «,51400 -, 13401 -.18401 _ 20401 -.15401 =.20401 .13400
AGKOT 40401 30401 51401 51401 31401 41401 41401 51401 .40401 = 41401 _ 20401 -,51401 .11401 94401
140401 = 40101 =.23401 =.48401 -.4T401 ~.27401 -.35401 =,33401 =.41401 -.33401 -, 10402 _ 99401 -.3%401 -, 11402 =.60401
2035001 -2 10400 -, 12400 =.28400 =.36400 =,25400 =,35400 -, 40400 =, 48400 -.36400 -.14401 _114401 -.18401 -, 10401 11401
A401 41401 41401 30401 41401 51401 30401 60401 39401 .38401 -.11401 _ 47401 -.72400 19402
a0 41401 -.41401 = 40401 <.2H01 =.33401 -.47401 -,28401 ~.54401 =,36401 -.35¢01 - THG2 _1y4402 -, 1142 -.83401
Z27-01 -.82-01 -.13400 -, 12400 -.20400 =.32400 =, 18400 -,41400 =,23400 -.21400 -.84400 _ 12401 -.83400 26401
LA0H01 40401 40401 30401 33401 .3HO1 38401 37401 46401 44401 -.48400 40401 .23402 .24401
_40MA1 = 40401 -, 40401 =.29401 =.38401 -.38401 -.37401 -.36401 =.45401 =.43401 -. 11402 _ 80401 -.23401 -.5%400
219-01 -.56201 =, 04-01 =.R-01 =.12400 =,15400 -.14400 -,13400 ~.14400 -,54-01 -.37400 23400 .34401 .3%00
38401 38401 38401 .38401 ,36401 .36401 .35401 ,34401 49401 .48401 1042 25400 ,32401
138401 -.38401 -.38401 -,37401 -.36401 -,36401 -.35401 -,34401 ~.49401 -, 46401 -.20401 (67407 ,38400
2196202 -.28-01 -.88-01 -.66-01 -.42-01 -.52-01 -,29-01 -.83-06 .99-01 .13400 .96400 34401 51400
34401 34401 34401 ,50401 .32401 .3%401 .38401 51401 .43401 35401 35401 15401
234401 —.34401 ~.36401 -.5040) -,32401 =.39401 -,3T401 -.47401 -.41401 -.24401 -, 11401 55400
- 46-09 -.91-08 -.40-07 .25-01 .42.01 .85-01 ,12400 .31400 .44400 .41400 . 123400
42401 42401 .42401 ,2T401 ,27401 .20401 .13401 65400
2.42401 -.42401 -.42401 -.26401 -,26401 -, 19401 -,12401 -.45¢0
J18-01 .54-01 .89-01 ,99-01 ,12400 .11400 ,10400 ,76-01

358




DISTRIBUTION FOR v = 0, 6, = 60°, AND sin az = 0.8

TABLE 20

234401 34401 (34401 34401 16401 16401 .84400
~234401 «.34401 -.34401 -.34401 -.16401 =, 16401 -.84400
W46-05 .91-08 ,40-07 .10-06 =.10-01 ~.13-01 -.73-02
38401 .38401 38401 38401 .36401 .36401 .35401 ,34401 .25401 .16401 80400
=.38401 -.38401 -.38401 ~.37401 «.36401 -.35401 =.35401 -.34401 -.25401 ~,16401 -,77400
.96<02 .28-01 ,48-01 .66-01 .42-01 ,32-01 .,29-01 ,€3-06 -.10-01 -.21-01 -,35-01
L40401 40401 L40401 30401 35401 .3%401 38401 37401 46401 44401 .50401  .33401
~ 80401 - 40401 -, 40401 ~.2H01 -.33401 =.35401 -.37401 -.35401 ~,45401 -,43401 -,58401 -.31401
L12201 0 ,96-01  ,94-01 .G2-01 .12400 15400 14400 .13400 14490 .54-01 =,87-01 .13400
LAT401 0 LA1401 L47401 30401 41401 LT1401 30401 L60401  .3%401  L3B401 55401  L61401 53401 .33401
S AT401 = 41401 40401 =.23401 =,359401 -.47401 =.28401 -.54401 =,36401 ~.35401 =,53401 -.60401 ~.57401 -.29401
2701 82201 L13400 ,12400 20400 32400 .18400 .41400 23400 21400 24400 .92+01 w.15400 =.24400
L20401 20401 20401 31401 LT140T 31401 41401 L4140 LS1401  L40401 L40401  .5T401 54401 11402 11402
=.20401 -,20401 -.20401 -.43401 -.47401 -.27401 ~.37401 =.33401 -, 41401 -.33401 ~.42401 -.51401 «,52401 -.82401 -.65401
216-01 ,50-01 ,83-01 .25+00 .36400 .22400 .3:400 .40400 .48400 36400 41400 41400 ,22400 -.72400 -.14401
20401 52401 41401 L4140t 51401 50401 45401 78401 16402 .21402
- 16401 -, 38401 -.20401 -.28401 -.35401 -.36401 -.36401 -.45401 -.83401 -, 14402
<21400 57400 .49400 .I1400 62400 ,56400 56400 .15400 -,94400 -.21401
L21401 42401 42401 52401 L61401  L13402 15402 28R
-.12401 -, 22401 ~.21401 ~.27401 -.34401 ~.44401 ~, 73401 -.22402
.28400 L.C9400 .6040C 74400  .BS400 ~.19400 -.57400 -.15401
21401 42401 10402 13402 L 14402 29402
<7400 -,13401 -.26401 -.39401 -, 70401 -.24402
L32400 L7400 28400 -.5%400 -.30400 ~.56400
21401 42401 20401 -.32401 -. 11401 70400
« 700 =,13401 - 15407 =.21400 -.96400 -.234+01
«.32400 -.67400 =-.17+01 =.21401 -.21401 -.22+01
21401 42401 42401 2401 61401 (60400 -.51400 .64401
<. 12401 =.22401 -,21401 =.27401 =~.34401 -.46401 -,.46401 -,10402
«.2B8400 =.55400 -.60400 -.74400 =-.85400 ~.19401 -, 20401 -,14401
220401 52401 .4140T 41401 31401 30401 43401 .36401 10401 82401
- 16401 =.358401 ~.20401 -.28401 -.35401 -.36401 =.36401 -.51401 -.81401 -,97401
=.21400 -.57400 -.43400 ~.S1400 -,62400 -.58400 =.T6400 -.84400 -. 16401 .13400
-20401  .20401 .20401 .51401 .51401 .31401 .41401 .41401 .51401 40401 .4%401 57401 .T4401 56401 94401
~+20401 -,20401 ~.20401 -.48401 =.47401 ~.27401 =.35401 =.33401 -.41401 -.33401 42401 =.51401 -.52401 -.81401 -,60401
=216-01 ~.50=01 -.83-01 =.28400 =.36400 -.25400 =.35400 ~.40400 -.48400 =,35400 ~, 41400 =-41400 «.22400 -.22400 .11401
<41401 L41401 L4140 30401 .41401 51401 30401 .60401 39401 .38401 ,55401 61401 59401 ,33401
~+81401 -.41401 ~.40401 -.29+01 -.3%401 -.47401 =,28401 =,54401 -.36401 -.35401 -,53401 =+60+01 =, 57401 -.29401
=+27-01 -.82-01 ~.13400 ~.12400 ~.20400 =.32400 ~.18400 =.41400 -.23400 -.21400 -.24400 =-.%R-01 .15400 .24400
«40401  .40401  .40401 30401 .39401 .3%401 .38401 .37401 .46401 .44401 59401 33401
~.40401 -.40401 ~.40401 -.29401 -.38401 -.38401 -.37401 =,36401 -.45401 -,43401 -.58401 -.31401
=+19-01 =.56-01 -.94-01 -.92-01 =.12400 =.15400 =.14400 ~.13400 =.14400 -.54-01 ,87-01 .13+00
238401 38401 .38+01 .3B401 .36401 .36401 .35401 .34401 .25401 16401 ,80400
~38401 -.38401 =.38401 -.37401 =.36401 ~.36401 -.35401 -.34401 -.25401 ~,16401 -.77400
-+96-02 -,28-01 -.48-01 -.66-01 ~.42-01 «.52-01 -.29-01 =,83-06 .10-01 .21-01 .35.01
234401 .34401 34401 .34401 .16401 .16401 .84400
-.34401 -,34401 -.34401 -.34401 «.16401 -.16401 ~.84+400
-.46=09 -.91-08 -,40-07 -.10-06 .10-01 .13-01 .73-Q2
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40401
. 12401
«11400

+26401
-, 14401
-.15-01

J12402
11402
51400

16402
-.91401
13401

17402
-. 16402
« 75400

19402
- 11402
19401

34402
= 27402
.18401

42402
- 92401
.42401

. 59402
- 49402
243401

10403
= 1402
15402

.13403
- 904R
« 13402

+84402
«o24402
11402

218403
-, 13403
J17HR

74401
-+ 74401
«.76-01

+ 19408
-. 17403
S104R

JT7401
-~ 76401
-.25-01

.62401
.38401
-.33-01

« 18402
= 17401
. 18401

24402
-.47401
.31401

77402
222402
.88401

«82402
. 97401
11402

.84401
-.78401
-.37400

.83+01
«+81401
=.18+00

77401
«. 76401
-.42-01

DISTRIBUTION FOR v = 0, 6, = 80°, AND sin a = 0

53401
»52401
-.57-01

20402
.55401
12401

3140
51401
.36401

»10+03
« 54402
10402

.87401
-+52401
~.83+00

10402
~.84401
=.67+00

.84401
=.79401
~.25400

77401
=. 75401
-.58-01

~.14403
. 12403
+89+01

18400
-.20+00
-4 13400

-.63+02
32402
+ 94401

+ 54400
-« 60400
-. 13400

+82400
-. 12402
16401

-.524R
.83401
79401

=.28401
-. 12400
.34400

~.21402
-+ 95401
32401

17402
- 13402
-. 98400

< 12402
-.20402
-.26401

17402
- 16402
- 75400

194
=~ 1142
-, 19+01

12402
11402
-.51400

» 16402
-.91401
-.13401

26401 .40401
-.14401 12401
«15-01 -.11400

17400
-.23400
-.234+00

-.32400
.97-01
-.28400

- 55400
~.58-01
-.37400

-.58402
-. 16402
.83+01

-.68+01
-.24402
- 14401

24402
-.47401
-.31401

< 18402
= 17401
-+ 18401

.62401
.38401
.33-01

« 16400
-.26400
-.32+00

-.41400
-.25=01
-.39400

-.21401
. 58400
-.67+00

-.12401
-.21401
-. 70400

-.62+02
-4
55401

31402
+51401
-.36401

20402
.55401
-.12401

+59401
52401
.57-01

+41401
.38+01
-.74-01

+ 30402
16402
.12401

38402
16402
.38401

. 74402
« 52402
+44401

11402
-.43+01
«.13+01

.87401
=.71401
-.60+00

15401
-.69+01
=.24400

.87401
-.82401
- 14400

-.78+00
« 52400
-.48400

.43400
-. 10401
-.41+00

-.91400
-.74400
-.60400

-+.39+01
-.24401
- 11401

-.62402
- 56402
.41401

25402
.7240%
=.224¢01

30402
. 16402
-.12401

41401
+38401
.74-01

TABLE

3T+ 40402
26402 .33+02
51400 -.29400

<STHR
<41402
43401

« 52402
42402
15401

39402
25402
-+ 76400

+26402
213402
=.19401

< 10+02
-.40401
«. 12401

12402
«.29401
-. 14401

.81401
-.61401
=.59400

.83+401
=.58401
~.65400

.85+01
-.73+01
=.39+00

< 10402
~+86401
-.63400

.88+401
~.80401
-+ 17400

.59401
-.54401
-.67-01

41402
34402
-.14401

L4242
»32402
-.48400

«23402
10402
-.21+01

212402
=.30401
~ 15401

12402
-.68401
=, 13401

. 78401
-.63401
=.50400

+93+01
= 90+01
-. 14400

21

35+
30402
-.21401

47402
35402
=-.23+01

20402
+86401
=.22401

15402
-.244+01
-.19401

10402
-.65401
=. 10401

. 98401
=.79+01
=, 53400

10402
-.87401
=.20400

19402
+ 16402
-. 16401

44402
32402
-.38401

23402
J70+01
=.28401

11402
= 17401
-. 15400

» 10402
-.594+01
- 10401

10402
~.81401
~. 13400

« 90401
-.76401
-.25400

-. 84400
46+00
- 57400

.42-01
=.22400
-.40400

-.51+00
-+ 58400
-.60400

~.25401
74400
-.87400

-.27400
- 17401
-+ 53400

-.44400
-.20+01
= 55400

-.30401
-.33401
~. 10401

-.44401
-.44401
-.12401

-. 16402
-.22402
-.11401

-.29402
-.35402
-.75-01

-. 10402
- 17402
12401

- 15402
- 23+
11401

<40+02
33402
29400

37402
26402
<.51400

+60-01
-.46+00
-.68400

-. 18401
+41400
-.63400

-,43401
-.91+00
-.12401

-.33+0
-. 56401
=-.10401

= 13402
-. 18402
-.11401

-.22402
=314
11401

L4102
34402
«14401

360

.45-01
-.68400
-, 77400

+ 10400
-.19+01
-. 75400

-, 92400
~.29401
-.79400

~.58+401
~.60+01
-.13401

-. 11402
- 15402
-.12401

- 18402
-.28+02
«54400

3540
30402
21401

-+ 99400
.23400
-.77+00

-.98400
-.17401
-.93400

-.10401
-.36+01
-.86400

-, 42401
-. 49401
- 10401

-.99+01
-, 15402
-.11401

17401
-.68401
10401

215402
16402
16401

47402
+30+02
-, 53401

24402
17401
-.32401

7402
=.404+01
-.23401

L2402
= 75401
-.12401

« 10402
«. 79401
=. L6400

1402
=4 95401
-. 14400

. 98400
-. 16401
-.90+00

-.79-01
-.19401
-. 78400

-. 12401
-.39401
-.98+00

-.29401
-.8L401
-. 10401

- 10402
- 14402
-. 11401

20402
77401
.29401

.33402
L7402
-.4L401

243402
.89401
-.68+01

232402
L7740
-~ 47401

20402
-4 96401
-.37401

L7402
-.16401
-.24401

1740
-.89+01
-.20401

15402
-,70401
~.18401

13402
-+ 99401
~. 97400

14402
-, 10402
-.11401

12402
- 10402
-.294+00
-.67-01
- 85400
-+ 92400

L 13+0R
- 11402

=. 10401
.42-01
=. 10401

«e22401
- 14401
- 11401

=. 12401
= 17401
=+ 97400

=.35401
~.37+01
-. 12401

«.37401
=.35401
=-. 12401

-.61401 -.25401
=-.68401 -.89+401
-.12401 -.87400

-.693+01 15402
~. 14402 -,18401
-.69400 .25401

24402
10402
+35401

-.35400

.62401
+35400
-.10401

LA04+02
-.83+01
-.65401

24402
-, 13402
-.31401

20402
-2 15402
~. 16401

18402
- 16402
-.53+00

-« 15400
-.11401
-.11401

-.47+00
-.35+01
-. 11401

-.85400
-+53401
-+ 83400

1400
-.69+01
» 92400

40401
.52-01
67400

20401
-.83400
-.30+00

26402
- 15402
-34400

35402
~.29402
-.31401

37402
-.36402
-.12401



TABLE 22
DISTRIBUTION FOR v = 0, 6 = 80°, AND sin az = 0.2

+36400 ,35401 .41401
«42-01 31401 .38401
=459-01 -.81-01 -.74.-01
+35401 (49401 44401 20402 30402 LITH0R 40402 41402 35402 19402
=+34401 -.42401 =.31401 .53401 .16402 .26402 .334020 .34402 .30402 .16400
=+83-01 -.38400 -.43400 11401 .12401 .51400 -.25400 -.14401 =.21401 -.16401
42401 42401 42401 .23HR 38402 .5THR (52402 42402 LATHOR L4402 AT40R  -334R
--41407 -.41401 -.40401 .32401 16402 41402 42402 ,32402 .35602 .30402 30402 17402
=e44-01 -.13400 -.21400 .24401 38401 .43401 .15401 -.48400 ~.23401 -.38401 -.53401 =.45401
+33401 33401 48401 .15402 T4402 30402 26402 .23HR 20402 .23KR 24400 .32HR 43402 62401
-+33401 -.33401 -.33401 48401 .52402 .25402 .13402 .10402 .86401 .70401 77401 .T7401 .8%H01 .35400
=+19-01 -.56-01 -.32400 -.52400 44401 -.76400 =.19401 -, 21401 -.22401 ~.28401 -.32401 =.47401 -.68401 ~.10401
-84401 78401 .93401 .87401 1142 10402 12402 12402 15402 11402 17402 17402 25402 .40402 20401
=+83401 -.69401 -.69401 -,52401 -.4%401 -.40401 -.29401 -,30401 -,24401 . 17401 =.40401 - T6401 -.56401 -.83401 -.83400
=+ 17400 ~.44400 -.79400 -.83400 =.13401 -.124071 -, 14401 -.15401 -.1%401 «.15¢01 ~.23401  =.24401 -.37401 -.65401 ~.30400
82401 (10402 .B4401 L1042 87401 .B1401 .83401 12402 10402 .10402 2402 L1502 L1740 24402 26402
-+824071 -, 10402 -, 78401 -.84401 <. 71401 -.61401 ~.58401 -.68401 -.65401 -.59401 -.75401 =.T0401 -.85401 ~.13402 -.15402
=+65-01 ~.33400 ~.37400 ~.67400 =.60400 ~.59400 -.65400 ~.13401 -.10401 —. 10401 -.12401  =. 18401 ~.20401 ~.31401 -.34401
JA401 74401 83401 84401 75401 .85401 10402 .T8401 98401 .10402 .10802 14402 13402 .20HR 35402
=-74401 -.74401 -.81401 -.79401 -.6%H401 ~,73401 -.86401 -.63401 -.79401 -.81401 70T =+ 10402 - G401 = 156R -,294(2
=+25-01 -.76-01 ~.18400 -.25400 ~.24400 =.3H00 =.63400 =.50400 -.53400 ~.73400 —.56400 -»11401 =.G7400 -.16401 -.31401
77401 77401 77401 .77401 ,B7401 .8B401 .50401 .99401 10402 .00401 .11402 12402 13402 18402 .37402
-+ 77401 -.76401 -.76401 =, 75401 -.82401 =.80401 =.54401 =, 90401 «.87401 =.76401 -.95¢01 =-10402 =, 11402 =. 16402 =.36402
-+86-02 -.25-01 -.42-01 -.58-01 ~.14400 =, 17400 ~.67-01 ~.14400 -.20400 ~.25400 —.14400 =.2H00 -.35400 =.53400 -.12401
218400 L18400 17400 .16400 -.T8400 -,84400 .42-01 .60-01 .45-01 -,99400 .98400 =+67-01 -.10401 ':m ";m‘m
=~ 19400 -.20400 ~.23400 -.26400 .52400 .46400 =.22400 -.46400 -,68400 .23400 -,16401 =+85400 -42-°: T eot - 95r00
=+46-01 -,13400 =.23+00 -.32400 -.48400 =.57400 ~.40400 ~.68400 ~.77400 -.77400 -,90+00 =+3R400 =, 10401 -, =
+56400 (54400 ~.32400 ~.47400 43400 -.51400 ~.25401 -,18401 10400 -,98400 -,79-01 -+22401 --‘2‘3‘ '-;;:g“’ :?:g:
=+56400 -.60400 .97-01 -,25-01 =.10401 =,58400 .74400 .41400 -,19401 -,17401 -.19407 =«14401 -, 17401 Tiiol eoe00
=+45-01 =.13400 -.28400 -.39400 =.41400 =,60400 =,87400 =.63400 «.75400 -,33400 -.78400 =«11401 -, 97400 -. =
~+82400 ~.26401 -.55400 =.21401 =, 91400 -.27400 +.44400 -.43401 -.92400 -.10401 -.12401 =-35+01 =,37401 --;_’5:3‘1’ 3"3:
+40400 .23401 -.58-01 ,58400 =.74400 -.17401 =,20401 =,91400 -.29401 -,36401 -,39401 =+37+01 -.35401 -, " a0
=+65-01 -.33400 ~.37400 =.67400 ~.60+00 «.5%400 =.65+00 =, 12401 =.79400 -.86400 -,98400 ~-12401 -.12401 -.83400 .
=210401 =,44400 -.19401 =.12401 =.3%401 -,30401 -,44401 -.33401 -,5840) -,42401 -.25401 =.51401 -.25401 -7""’: m
+86400 =.47400 -.45400 ~.21401 =.24401 =.33401 =.44401 =.56401 -,60401 -,49401 -.85401 -.68401 -.8%401 --59:30 " oro0
=« 15400 -.38400 ~.69400 =, 70400 =, 11401 -.10401 =, 12401 ~, 10401 -.13401 -, 10401 -,104071 -.12401 -.87400 ,R .
233401 33401 19401 -.88401 -,6240R - 2H02 =, 16402 =, 13402 =, 11402 -.93401 -, 10402 =.69401 15402 -40"052 o:
-+33401 -.334071 «.33401 =, 11402 <, 56402 ~.35402 =,22402 =, 18402 =, 15402 -, 1542 -, 14402 -+ 14402 =,18401 ‘eeio0
«19-01  .56=01 =.13400 ~.26400 .41401 =.75-01 ~.11401 =.11401 -.12401 -, 11401 -,11401 =.6H00 .25%01 .
<42401 42401 ,42401 23402 25402 =, 104R «. 15402 =,22400 -. 18402 .17401 20402 24402
=.41401 -.41401 -,40401 .32401 72401 -, 17402 =.23402 -.31402 -.28402 -,68401 .77401 10402
«44-01 13400 .21400 =.24401 -=.22401 .12401 11401 ,11401 .54400 .10401 29401 35401
35401 149401 L44401 20402 30402 37402 40402 41402 35402 L 19402
=¢34401 -.42401 =,31401 53401 16402 .26402 .33+402 34402 30402 16402
.83-01 .38400 .49400 -,11401 -,12401 ~,51400 .2H00 14401 .21401 .16401
236400 35401 .41401
.42-01 .31401 .38401
.59-01 .81+01 .74-01
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TABLE 23

DISTRIBUTION FOR y = 0, 6, = 80°, AND sin af = 0.4
1401 L1401 L1740 17401 30401 37401 .60401 .38402 35402 19402
= 11401 =, 10401 =, 15401 =, 12401 =,15401 =.94400 .16401 .31402 .30402 .16402
<2 18-01 =.55-01 =, 14400 =,21400 -,42400 ~.59400 -.89400 -.15401 =.21401 -.16401
L42401 42401 ,42401 .50401 .51401 44401 51401 ,33402 47402 44402 47402 ~33402
<.41401 =,41401 -.40401 -.44+01 -.43401 - 30401 -.27401 .23402 .35402 32402 .30402 17402
~244-01 =.13400 =,21400 =,36400 =,46400 -.50400 ~.71400 -.76400 -.23401 -.38401 -.53401 =~+45+01
(33401 33401 34401 34401 34401 LSOOT 11402 22402 20402 23402 .244Cp J2HR LATHOZ P40
-.33401 -,33401 -.33401 =.33401 =.32401 =.46401 -,67400 .92401 .86401 .70401 .77401 11401 'gs+o1 oror
=.19-01 =,56-01 =,94~01 =,13400 -.16400 =,34400 -.11401 -.20401 -.22401 -.28401 ~.32401 ~-+-47+01 -+ -
L7401 L3T401 L3T401 44401 73401 .98401 12402 12400 15402 11402 17402  *17#02 252‘;3? gg:gf _'32122,
<.37401 =.37401 =.37401 =.40401 ~.51401 -.42401 -.29401 -.30401 -.24401 -.17401 -.40401 ~=+16+0] Dol leerot -.30400
=096=02 -.28-01 =,48-01 =.16400 =.64400 -.11401 =.14401 -.15401 =.10401 =,19401 -.23401 =+24+01 =« - -
-82401 10402 .B4401 10402 .OT+01 .B1401 .83401 .12402 10402 L1042 Lfes0p 1S ATHOR 20400 ae
-+82401 -, 10402 -. 78401 -.84+01 -.T1401 =.61401 -,58401 =,68401 =,65401 -.59401 -.75401 ~+10H01 =BT - Jowd = 0
26501 =,33400 =.37400 =.67400 =.60400 =.53400 =.65400 =, 13401 =, 10401 -.10401 —.12401 = =18401 -~ - .
J74401 . T4401  ,83+401 .84401 .T5401 85401 10402 .78401 .98401 .10402 10402 "‘“Og 'ggjgf ?O:gg _g;ﬁ
=2 T4401 —.T4401 = 81401 -.T401 -,69401 =.73401 -.86401 =.63401 - THO1 ~,81401 -.70401 ~-10H08 =TT - Lt =2 200
2225201 =.76-01 =, 18400 =.25400 ~.24400 =.3G400 =.63400 =,50400 -.53400 -.73+00 -.r6400 =+ 31#01 -« e .
L7401 LT7401 LT7401 77401 87401 .88401 .50401 09401 10402 .00401 ,11402 "2“02 mgg _}gﬁ _ggﬁi
=-T7401 -.76401 - 76401 =, 75401 -.82+01 -,80401 =.54401 =.90+01 -.87401 -.76401 =, 00401 ~*30402 =+ 11406 =+ (v =00y
-286-02 =.25201 =.42-01 =.58=01 =.14400 =, 17400 =,6701 =,14400 ~.20400 -.25400 -.14400 ~+29+00 -« - :
L18400 18400 L17400 16400 -.78400 -.84400 .42-01 ,60-01 ,45-01 -,99400 ,98400 ~+67-01 =, 10401 -,15400 -. 15400
= 19400 =.20400 -,23400 -,26400 L2400 46400 -,22400 -.46400 «.68400 .23400 -.16401 =.85400 .42-01 -~.11401 -.91400
=.46201 =,13400 ~,23400 ~.32400 =.48+00 =.57400 =,40400 =.68400 =, 77400 ~,77400 -.90400 =+92400 ~.10401 -, 11401 -, 95400
256400 54400 =,32400 -.41400 43400 -.25401 =.18401 10400 ~.98400 -.79-01 =+22401 -,12401 -,47+00 .15401
-, 56400 =.60+00 ,97-01 -.20-01 -,10401 JTA400 41400 =, 19401 -.17401 =.10401 =~.14401 =, 17401 -.35401 -.41401
2245201 =.13400 ~.28400 =.39400 -.41400 287400 =.63400 ~.75400 -.93400 -.78400 =+11401 =.97400 -, 11401 -.62400
242400 =,26407 =,55400 =.21401 =.91400 ~.27400 =,44400 =,43401 =,92400 -, 10401 =, 12401 =.35401 «.37401 -.85400 .56401
(40400 23401 ~.58-01 58400 =,74400 -.17401 =.20401 -.91400 ~.20+01 -.36401 -.39401 =.37401 -.35401 -,53401 -.4401
2265201 =,33400 -,37400 ~,67T400 60400 ~.59400 =.65+00 =, 12401 =,79400 =.86+00 -, 98400 =+ 12401 =.12401 -.83400 45400
37401 37401 .37401 30401 .83-01 ~.23401 =.44401 ~,33401 =,58401 =.42401 -,20401 =.61401 -.25401 71401 20401
-.37401 =.37401 =.37401 =.33401 =.23401 =.31401 ~,46401 =,56401 =.60401 -,4%+01 -.85401 =+68401 ~.89+01 -.69+01 -,83+00
096-02  ,28-01 ,48-01 =,30-01 -,47400 =,89400 =.12401 =.10401 =,13401 =.10401 -.10401 =.12401 =.87400 .92+00 30400
33401 33401 34401 34401 .34401 50401 =.B1400 -, 12402 -, 11402 =, 99401 -, 10402 =.69401 15402 40401
-.33401 =,33401 -.,33401 ~.33401 =.32401 =.46401 =.03401 =.17402 - 15402 -, 15402 =, 14402 =, 14402 -, 18401 5201
19201 .56-01 ,04-01 .13400 .16400 .34400 =.33400 -, 11401 =.12401 ~.17401 =.11401 =.69400 2401 67400
L42401 42401 42401 50401 .51401 44401 51401 -.13402 -, 18402 17401 .20402 .24+02
2281401 =.41401 =.40401 =, 44401 =.43401 =.30401 =.27401 ~.22402 -.28402 -.68401 .Th4O1 .10402
14401 .13400 .21400 36400 .46400 .50H00 .T1400 .82+00 .54400 10401 .29401 +35401
L1401 L1101 17401 17401 30401 37401 .60401 38402 35402 10402
<. 11401 =.10401 =.15401 =.12401 -,15401 =.94400 .16401 31402 .30402 16402
L18-01 .55-01 14400 .21400 42400 .59400 .89400 15401 .21401 16401
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TABLE 24

DISTRIBUTION FOR v = 0, 6, = 80°, AND sin az = 0.6

429401 20401 .29401 ,30401 .37401 .23401 .30401 .33401 .56401 93401 38402 .334002

=e2M01 -.23401 -,28401 -.27401 -.32401 -.18401 =,18401 =.21401 =, 1401 ,56400 .23402 17402

=+27-01 -.82-01 =.13400 -, 18400 =.31400 =.22400 =.3HO0 ~.54400 =.B87400 =o15401 ~.45401 =o45401

+33401  .33401 34401 .34401 34401 .50401 .51401 51401 43401 12402 .24402 32402 ,434R ,62401

=e33401 ~.33401 =.33401 -.33401 -.32401 =.46401 ~.44401 -, 42401 =.32401 «,14401 .77401 77401 .BHO1 .35400

=+19-01 =.56-01 =,94-01 -,13400 =.16400 =.34400 -.39400 =.46400 ~.47400 =, 15401 =.32401 =o47T401 =.68401 -, 10401

237401 37401 37401 37401 37401 .37401T .37401 46401 .10402 11402 17402 .ITH2 25402 .40402 .20401
=¢37401 -.37401 -.37401 -.37401 -.37401 -.36401 =.36401 =.43401 ~,40401 «.17401 =.40401 =+ 16401 =.56401 ~.B3407 =.83400
=+96-02 -,28-01 -.48-01 =.66-01 =.85-01 =.10400 =,12400 =,23400 =.12401 =, 15401 =.23401 =+24401 =.37401 =.65407 =.30400
23901 L3401 30401 .3HO1 LB440T .56401 65401 12402 10402 10402 12402 15402 L1742 .24402 26402
~e39H01 =.3H01 -.3H01 ~.3HO01 =,57401 ~.45401 =.52401 =.68401 ~,65401 «=.50401 =.75401 ~.TO+O1 =.BHO1 =, 13402 -. 15402
+21-10 ,19-08 ,91-08 .24-07 -.,28400 =.22400 =.38400 -.13401 ~,10401 =, 10401 =.12401 =+ 18401 =.20401 ~.31401 ~.34401
+74401  .T4401 .83401 ,B84401 .75401 .B85401 10402 ,78401 .98401 10402 10402 14402 13402 20402 3542
=+ 74401 -.74401 -.81401 =, 79401 ~.6%H01 =.73401 ~.86401 =.6340T ~.7HO1 =, 81401 <7401 =+ 10402 =, 99401 =, 15402 =.20402
=¢25-01 -.76-01 -.18400 =.25400 ~.24400 -.3%400 =.63400 =.50400 =.53400 =,T3HO0 =, 56400 =+ 11401 =,37400 -. 16401 -.31401
+77401 JTT401 77401 77401 87401 88401 .55401 .9%40T 10402 90401 11402 12402 13402 1842 37402
=oT7401 = 76401 ~.76401 =, 75401 =.82401 =.80401 =.54401 =, 90401 -.87401 =, 76401 -. 95401 =2 10402 =, 11402 —. 16402 -. 36408
=+86-02 -,25-01 ~+42-01 =,58=01 ~. 14400 =.17400 ~.67-01 ~,14400 =.20400 «,25400 =, 14400 =e2HO0 =.35400 =,53400 ~. 12401
18400 .18400 17400 .16400 -,78400 -.84400 .42-01 .60-01 .45-01 -.9400 .98400 =-67-01 ~.10401 -.15400 -.15¢00
= 19400 -,20400 -.23400 ~.26400 .52400 .46400 ~.22400 -.46400 -.68400 .23400 -.16401 =+85400 .42-01 -.11401 =.91400
=¢46=01 =,13400 =.23400 -.32400 -.48400 =.57400 =.40400 =.68400 =.77400 =.77400 =.90400 =-.32400 -, 10401 ~, 11401 -.95400
+56400 54400 =.32400 -.41400 .43400 =.51400 -.25401 =.18401 .10400 -.98400 =.79-01 =.22401 -.12401 =.47400 .15401
=.56400 ~,60400 ,97-01 ~.25-01 =,10401 =.56400 74400 41400 -.1HO1 .17401 -.19401 =.14401 =.17401 =.35401 -.41401
=+45-01 ~.13400 -.28400 ~.39400 ~.41400 ~.60+00 =.87400 -.63400 =.75400 -, B400 =.78400 =.11401 =, 97400 ~. 11401 -,.62400
239401 33401 .33401 3HO0T 14401 22401 12401 =.43401 =,92400 . 104071 -.12401 =.35401 =.37401 -.85400 .56401
=+39401 -,3%401 =.3%401 -.3M01 -.21401 -.28401 -.26401 =.91400 -.2401 =.36+01 -.33401 =.37401 ~.35401 -.53401 =.54401
«e21-10 ~,19-08 ~.91-08 -.24-07 =.28400 =.22400 =.38400 =.12401 =,7H00 -.864+00 -,98400 =.12401 =,12401 ~.B83400 45400
37401 37401 .37401 .37401 .37401 .37401 .37401 .46401 -,10401 -.42401 -,20401 ~.61401 =.25401 .T1401 .20401
=e37401 -.37401 -.37401 -.37401 =,37401 ~.36401 -.36401 -.43401 =.44401 -.43401 =.85+01 =.68401 =.89401 =.6%+01 -.83400
296-02 .28-01 .48-01 .66-01 ,85-01 ,10400 .12400 ,23400 -.65400 —.10401 =.10401 -.12401 =.87400 .92400 .30400
+33407  .33401 .34401 .34401 .34401 .50401 51401 .51401 .43401 .17401 -,10402 =-.6H01 15402 .40401
«2+33401 ~.33401 -.33401 ~.33401 =.32401 ~.46401 =.44401 ~.42401 -.32401 -.73401 -, 14402 -.14402 -,18401 .52-01

219-01 ,56-01 .94-01 .13400 .16400 .34400 ,39400 .46400 .47400 .16400 -.11401 =.6H00 .25401 .67400

2H0T L2401 29401 30401 37401 .23401 30401 .3%401 .56401 .93401 .20402 24402

<e29401 =.23401 =.28401 -.27401 -,32401 =.18401 -.18401 =.21401 -. 19401 .56400 ,.83401 .10+

027=01 8201 .13400 18400 31400 .22400 39400 .54400 87400 .15401 .2H01 35401
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« 17401
=. 17401
- 83-02

17401
=.17401
-.25-01

+37401
=.37401
-,96-02

«37401
=.37401
-.28-01

#39401
39401
«21-10

39401
«e39401
«19-08

+40+01
=< 40401
«96-02

«40401
=.40+01
«28-01

+58401
-+ 58401
+61.02

»58401
=+ 58401
.18-01

17401
- 17401
-.41-01

37401
=.37401
-.48-01

«39401
«.35401
»91-08

«40+01
-.40401
+48-01

«58401
-.58401
«30-01

TABLE

25

DISTRIBUTION FOR v = 0, 6y = 80°, AND sin az = 0.8

17401
=+ 17401
=.57-01

37401
=.37401
-.66-01

«39401
=+39401
«24-07

«40401
=.3%401
«66-01

«58+01
=+57401
+43-01

17401
=.17401
=.73-01

37401
=.37+01
-.85-01

35401
-.3%01
«50-07

«40401
=e33401
.85-01

87401
-.82401
=« 14400

. 17401
-.16401
-.88-01

«37401
=.36401

-« 10400

39401
=301
+88-07

+40+01
=.39401

« 10400

.88401
-.80401

-+ 17400

17401
=.16401
-+ 10400

+37401
=+36401
-. 12400

«3%401
-.39401
+13-06

59401
-+54401
-.69-01

«59401
-+54401
~.67-01

.26401
-.22401
-.21400

«46401
- 43401
-.23400

+38401
-.38401
=.35-01

+59401
=.51401
=.26400

«9%401
=+ 90401
=« 14400

17400
-.14401
= 17400

. 46401
-.42401
-.28400

48401
=-. 47401
-« 10400

+69401
~+62401
-.13400

10402
-.87401
-+20400

«26401
«.20401
-.28+00

«37401
=.33401
-+25400

48401
-.48401
-.99-01

« 10402
-.81401
=+ 73400

« 90401
-, 76401
=.25400

« 18401

-.11401 =+ 19401
= 422400 =+ 51400

14401

—.62401 =+ 42401
-.63400 = +6!

88401
-.68401
=+61400

10402
= THO1
=+ 56400

#1402
=« 95401
=+ 14400

+88401
-, 12401
-, 14401

+36401

19402
-.69401
0+00 -.28401

55401

17402
-.89401
2.20401

13402
~.68401
~. 14401

< 13402
=901
=+ 97400

< 14402
-. 10402
=+11401

< 13402
-o 11402
=+35400

12402
- 10402
» 29400

62401
«35+00
-+ 10401

20401
-.83400
=.30400

40402
-,83401
=.65+01

26402
- 15402
=.34401

24402
o 13KR
~.31401

20402
- 15402
-.16401

«35+02
- 20402
=.31401

#18402 37402
- 16402 «.36402
53400 -.12401

«20401
=.20401
«.31-01

«20401
~o20401
=+95-01

«40+01
=.40401
=-.96-02

«40401
=.40401
-.28-01

«39401
~IHH01
=21-10

«39+01
=+39401
-.19-08

«37401
37401
«96-02

«37401
-.37401
.28-01

«17401
. 17401
-83-02

«17401
=.17401
+25-01

24402
=. 18402
« 91400

« 33402
.36-01
«24401

« S0+02
20402
33401

47402
- 41402
26401

«62402
-.26402
69401

11403
11402
14402

64402
- 54402
+48401

11403
=254
17402

45402
«48400
67401

« 14403
- 97402
« 14402

64402
=.21402
«90+01

71401
=-. 70401
-.23400

» 16403
. 12403
« 15402

76401
=.76401
-.86-01

. 76401
-+ 76401
-« 14400

20403 L7HO1 79401
= 18403 =.7HO1 -.79401
11402 ~.239-01 -.48-01

+20401
~+20+01
=, 15400

«40401
~.4040%
-.48-01

39401
-.3%401
-.91-08

37401
~.37401
.48-01

17401
= 17401
.41-01

«20401
-.20401
=+21400

+40401
~.39401
-.66-01

39401
=+39401
-.24-07

«37401
-.37401
+66-01

.17401
= 17401
.57-01

DISTRIBUTION

.68+02
.43+02
«40+01

11403
87402
73401

. 95402
«30+02
10402

30402
.60401
87400

81401
«. 73401
-.56400

.83401
=.71401
=. 71400

72401
«.69401
-.32+00

72401
-.68+01
~+ 40400

77401
-. 76401
-.15+00

77401
=. 75401
=.25400

J9401 L7901
=.79401 -.7%401
-.67-01 -.85-01

=.78400
«52400
-.48400

+40401
-.39401
~.85-01

«35+01
-.3%01
=+50-07

37401
=.37401
.85-01

17401
=-.17401
.73-01

+40401
-.3%+01

=. 10400

39401
~«39401
-.88-07

37401
=.36401

+ 10400

+17401
-. 16401
.88-01

12403
10403
+49+01

14402
~.58+01
~.21401

67401
~.53401
-.69400

. 91401
-.82401
-.64+00

L7401
= 75401
=-.30+00

79401
= 79401
= 10400

~.84400
«46400
-.57400

.42-01
-.22400
-.40+00

«20401
-.24401
-.31400

+39401
=.3%401
-.13-06

+37401
-.36+401
« 12400

17401
-.16401
« 10400

.60-01
-.46400
-.68400

+79-01
~.80+00
-.38400

.38401
~.38+401
»35-01

.46+401
=.43401
+23400

+26401
«+22401
+21400

.45-01
~.68400
«+ 77400

30401
=36401
-+34400

+48+01
-.47401
« 10400

46401
-.42401
28400

17401
-.14401
17400

TABLE 26

L10403 . 92402
97402 . 84402
21400 -.24401

15402
=-.34401
-+24401

214602
=.16401
-.34+01

.86401
-+.60+01
~. 10401

«88401
-.57401
~. 11401

73401
-.64401
=+ 5H00

« B+01
=-.79401
-.82+00

77401
«. 74401
<.354+00

+ 97401
~.91401
~« 53400

+79401
73401
=.124+00

<701
=.73401
13400

87402
TR
-.46401

22402
78400
-.36401

. 90+01
~.49+01
=.12401

« 94401
-. 74400
-. 96400

. 97401
~.91401
-+ 56400

« 99401
~. 98401
=.214+00

-+ 99400
+23+400
= 77400

-. 98400
-.17401
-. B+00

.48+01
-.48401
+99-01

37401
-.33401
+25400

+26401
-.20401
28400

.66+02
« 56402
-.54401

26402
42401
-.414+01

11402
-. 53401
-. 16401

+ 95401
- 13401
=. 10401

. 78401
=. 71401
=.51400

»99+01
-.98+01
-« 19400

« 98400
-.16+01
=+ 90+00

-.79-01
=+ 19401
-.78400

27401
-.45¢401
-.32400

« 74401
-.62401
63400

. 18401
=. 11401
«22400

43402
34402
-.45401

«33402
« 93401
-+ 52401

11402
-.45401
-. 17401

11402
-.82401
-. 13401

L1402
- 10402
-.85400

11402
~. 11402
~.29400

+.67-01 =, 10400
+.85400 .42-01
re 32400 -, 10401

«.22401
=+ 14401
re11401

~. 12401
- 17401
= 97400

-.37401
-.35401
-.12401

ro 15401
40401
486400

55401  .28401
+.42401 -.76401
60400 .32-02

+36401
« 1HO0T
«51400

.88401
~+12401
. 14401

FORy =0, 6, = 90°, AND sin az, =0

11402
+80+01
-.12401

61402
22402
-.91401

47402
L1402
= 15401

15402
-.50401
-.24401

«22402
=.51401
-.36401

«13+02
-.88401
= 17401

15402
-. 96401
=.21401

L1402 L1540
- 10K02 -0 13402
-. 93400 -,13401

L1402 G1TKR
- 11402 -, 11402
~.32+00 -.34400

-+ 15400
-.91400
«. 95400

- 15400
=2 11401
-. 11401

=, 47400
-.35+01
- 11401

15401
~.41401
~+62400

+56401
-.54401
45400

-.85400
=.53401
-+83400

L 71401
-.65401
« 32400

20401
-.83400
«30400

«40401
.52-01
67400

8401
« 99400
-4 14401

37402
-.68401
-.61401

26402 28402
- 14402 -,13402
-.36401 -.34401

18402 .38402
- 14402 -, 31402
-.16401 -,36+01

20402 40402
= 10402 -, 39402
~e62400 ~,13401

364




TABLE 27
DISTRIBUTION FOR v = 0, 6, = 90°, AND sin az = 0.2

«25401  .32401 .62401 37402 ,11403 12403 10403 .32402 LBT402 66402 43402 .T1402
=e24401 ~.23401 -.21401 .23402 .87+02 ,10403 .97402 .B4+02 .79402 56402 34402 .BO401
~+10400 ~.36400 -.93400 81400 ,73401 ,4340V .21400 -,24401 -,46401 =o54401 -,45401 =-.12401
«TT401 13402 (11402 21402 35402 14402 15402 L21402 20402 26402 ,33402 61402 47402 85401
=+ 96401 -, 12402 -.97401 -.40401 .60401 -,58401 -,34401 -.16401 .78400 42401 ,9B401 22402 ,11402 99400
=e16400 =,77400 =, 10401 ~,47400 87400 =.21401 =,24401 ~,34401 -.36401 =.41401 -,52401 =.91401 -.75401 ~.14401
-63401 .64401 .64401 .B1401 ,.B3401 67401 .86401 .88401 90401 11402 11402 15402 22402 ,37402
=e63401 «,63401 =.61401 ~.73401 ~. 71401 -,53401 =.60401 -.57401 =+49401 ~.53401 -.45401 -.50401 «~,.51401 -,.68401
=<63-01 =,18400 -,31400 -,56400 ~, 71400 =.63H400 =, 10401 =.11401 ~.1240? =o16401 ~,17401 =,24401 -.36401 -.61401
#1401 71401 .T1401 72401 72401 91401 ,73401 93401 # 94401 95401 11402 L1342 15402 26402 24402
=e71401 =, 71401 -, 70401 ~,6H01 -,68401 -.82401 ~.64401 = THOI =, 74401 =,73401 -.82401 -.B88401 . 06401 -.14402 -. 13402
=e46-01 «,14400 -,23400 =,32400 -,40400 -,64400 =.5%400 -.82400 =e96400 =, 10401 -,13401 =.17401 -.21401 -.36401 -.34401
ST6401 76401 76401 77401 77401 77401 77401 .97401 «97401 78401 11402 .11402 15402 18402 .38402
76401 =, 76401 =, 76401 =, 76401 «.75401 =, 75401 -.74401 -.91401 = 91401 - . T1401 -, 10402 =, 10402 =,13402 -,14402 =.314C2
~e28-01 =.86=01 -.14400 =. 19400 =,25400 «.30400 -.35400 -.53400 =.56400 =.51400 -,85400 =.33400 «,13401 -,16401 -.36401
«THOT 79401 7401 THOT . THOT .THO1 79401 .79+01 <9HO0T  L99401 11402 11402 11402 20402 .40402
= THOTY < 79401 =, THOT <. THO! -, THO1 =.7HO1 -, 79401 “eTHOT =.98401 «,98401 -, 11402 =, 11402 =, 11402 -. 10402 -.39402
=e97202 =,29-01 ~.48-01 «.57=01 =,85-01 =,10400 -,12400 =.13400 =e21400 =, 19400 =,29400 =,32400 =,34400 ~.62400 -.13401
TABLE 28
DISTRIBUTION FOR vy = 0, 6, = 90°, AND sin az, = 0.4
L3401 12402 L THO2  LBT4H02 LE6HR A3402 9402
«32400 .TO401 71402 .THO2 .56402 34402 80401
~e22400 ~, 154071 ~.27401 ~,46+401 =.54401 -,.45401 ~.12401
SSHOT L7901 L94401 L 95401 12402 14402 15402 21402 22402  .26402 33402 400 L4T402  .B5401
=e 54401 - 75401 -.81401 -.63401 -.66401 ~. 58401 -.34401 -.16401 .78400 .42401 <8B40t onup L11402 . 93400
~a77-01 -.41400 =.77400 -.10401 -, 17401 -.21401 -.24+401 ~.34401 -.364+01 ~.41401 -,22401 ~. 91401 ~.75401 -.14401
«63401 64401 .64401 .81401 .83401 67401 .86401 88401 90401 11402 .11402 L15402 22402 .37402
«.63401 =,63407 -.61401 =.73401 =, 71401 -.53401 -.60401 -,57401 =.49401 -.53401 -.45401 . S0401 -,51401 -.68401
~+63+01 -, 18400 -.31400 =.36400 -.71400 ~.6HO0 -. 10401 =. 11401 -, 12401 -,16401 -.17401 -.24401 -.35401 -.£1+01
JJ1401 L71401 71401 72401 72401 .91401 .73401 93401 94401 ,95401 .T1402 L13402  L15402 26402 24402
= 71401 =, 71401 - 70401 -,63401 -.68401 -.82401 -,54401 - TSHO0T -, 74401 -.73401 -.22401 - 88401 =, 26401 -, 1442 -.13402
=e46=01 =,14400 -.23400 =,32400 -.40400 ~.E4400 -, 59400 =.82+00 -,95400 -, 10401 -,13401 - 17401 =.21401 =,36401 ~-.34401
ST6401 76401 75401 77401 77401 77401 .77+401 97401 97401 78401 11402 1402 15402 L 18402 38402
= 76401 = 76407 «.76401 =, 76401 =.75401 -.7401 = 74401 -, 31401 ~, 91401 ~.71401 -.10402 10402 = 13402 ~. 14402 -.31402
=228=01 -,86~01 =,14400 ~. 19400 -.2:400 -.30400 =.35400 -, 3400 ~.TE400 ~, 1400 -.23400 ~.93400 -.13401 -.16401 -.36401
«THOT 79401 .THO1 79401 79401 .79401 L9401 L7401 39401 L9401 L1142 1402 11402 20402 40402
=eTHOT =, 79401 = 79401 =, 73401 =.7HO0T -, 7401 = 79401 = 7401 -, 28401 = 28401 -, 11422 _ 11402 =, 11402 -, 15402 -.33402
~e97-02 -,28-01 =,4B8-01 =.67~01 =.85-01 ~,10400 = 12400 -.13400 -.21400 =.19400 -.27400 «.32400 =.34400 -.62400 -.13401
TABLE 29
DISTRIBUTION FOR v = 0, 6, = 90°, AND sin az = 0.6
20401 37402 1402
L3401 .28402  goup
-.25400 -,40401 -.12401
-31401 .32401 84401 12402 2242 334 61402 47402 .B5401
-+ 19401 -, 16401 ~.26401 -, 16401 26401 ,S3401  .pp402 11402 99400
--42400 ~.46400 ~,13401 -.20401 -.36401 -,52401 ~.91401 -.75401 -.14401
.63401 64401 ,64401 .81401 83401 67401 86401 88401 90401 MN+02 11402
. - . . . . J15402 22402 37402
=+63401 -,63401 -,61401 -,73401 =~ 71401 -.53401 -,60401 -.57401 -e45401 -.53401 -,45401 =.50401 -.51401 -.68401
=:63-01 ~,18400 -.31400 -,56400 = T1400 ~,6H00 -, 10401 -.11401 - 12401 -,16401 - 17401 =.24401 -.36401 ~.51401
L71401 (71401 71401 . 72401 72401 91401 13401 93401 94401 95+01 11402
- M . . . . L3402 (15402 L26402 24402
3 = T1401 =, 71401 - 70401 ~.6%401 -.68401 -,82401 -.64401 -.75401 -.74401 -.73401 -.82401 _ ;g,o, -.96401 -, 14402 -, 13402
} =+46-01 -,14400 -.23400 -.32400 -.40400 -.54400 -.53400 -,82400 -.96400 -.10401 -,13401 -:17#01 -.21401 -.36401 =.34401
76401 76401 76401 ,77401 77401 77401 77401 97401 97401 78+01 11402
N . .7 . . . L1402 15402 18402 38402
= 76401 76401 -,76401 - 76401 =~ T5401 -, 75401 -,74401 -,51401 =.51401 -, 71401 -, 10402 -.:O+02 — 13402 -, 14402 - 31402
~.28-01 ~.86-0F -,14400 -, 19400 =+25400 =, 30400 -.35400 -.53400 -.56400 -,51400 -.85400 -.93400 -.13401 -.16401 ~.36401
70T LTHOT L7901 L7901 L7401 73401 73401 7%+01 93+01 399401 11402
. . . . i . . . 20402 40402
«. 79401 -, 79401 -.79401 -, 75401 =eTHO1 -, 7HO1 -.79401 -, 79401 -,098401 -.98401 - 11402 _ ::ﬁ - :}ﬁ - 10402 -.39402
= 97-02 -,29-01 -.48-01 -,67-01 =e85-01 =, 10400 -.12400 -.13400 -.21400 = 15400 -,25400 _:32,.,00 _:34,00 - 62400 ~.13401

365



TABLE 30
DISTRIBUTION FOR v = 0, 6 = 90°, AND sin az = 0.8

366

.12402 85401
L1401 99400
~.20401 =, 14401
J18401 . L1402 22402 37402
-1 STA01 140401 -.51401 -.68401
210401 +,28401
126400 - 83400 —+ 18401 =.36401 -.61401
236401  .36401 .36401 ,36401 ,37401 .73401 .73401 ,.33401 9440 13402 15402 26402 24402
. . . . . L9401 95401 . . . . .
~136401 ~136401 -.36401 ~.35401 = 35401 -.66401 -.64401 ~.79401 -.T440) ~.7340]) - 80s04 =.88401 =.96401 ~.144G2 - 13402
2421201 -.63-01 -.10400 -.14400 =.18400 =.51400 =,53400 =.82400 -.96400 =, 10401 =.13401 =+ 17401 =.21401 -.36401 -.34401
276401 76401 .T6401 .TT401 77401 .T7401 ,77401 .97401 9740 11402 15402 18402
. . . . L97401 .7 . . . . 38402
=oT6401 =.76401 =,76401 =.76401 =.75401 =.75401 -.74401 -.91401 -.91401 -.7?31 -:Z)g =0 10402 —.13402 -, 14402 -.31402
22801 =.86201 =.14400 =, 13400 =.25400 ~.30400 ~=.35400 =, 53400 -, 56400 ~.51400 - 85400 =+F3+00 =.13401 -.16401 -.36401
JTHOT L THOT THOT 79401 79401 .THO1 79401 ,79401 .99401 11402 11402 20402 40402
. . . . . L9901 .11402 - - . .
@ 7HOT =, 7901 =, THOT =, THOT =~ THOT =, THOT =.7HOT -.THOT -, 98401 -,98401 =, 11402 =+ 114 - 11402 -, THHGR -, 39402
~o9T-02 =,29-01 =.48-01 =.67<01 =.85201 =,10400 =, 12400 . 13400 -.21400 ~. 19400 —.29400 ~+32400 =.34400 -.62400 -,13401
TABLE 31
DISTRIBUTION FOR v = 1.5, 6, = 0°, AND sin az = 0
L3201 33401 L31401 18401 91400
-.38401. =.38401 -.20401 =,16401 =.74400
L45-01 .13400 .17400 .13400 ,87-01
82401 82401 ,56401 .69+01 50401 .39401 .18401 .89-01
82401 -.80401 -,52401 =.61401 =.41401 =,28401 =.11401 -.47-01
196-01 .28400 .32400 .54400 50400 45400 ,23+400 ,12-01
L3401 14402 L93401 90401 .T2401 .73401 .55401 .39401 91400
—.93401 ~,13402 -.86401 -,76401 ~.55401 -.43+01 -.31401 -,18+01 -.33400
J10400 LU6400 60400 .BOH00 LTTH0 90400 .T6+00 57400 14400
16402 L16402 11402 16402 11402 10402 L.82401 ,83401 950401 ,18401
16402 =2 15402 —. 10402 -, 13402 -.83401 -.63401 -.42401 =.33401 =,14401 -.33+00
25400 .69400 L76400 15401 12401 13401 .11401 12401 .81400 ,29+00
22402 JBA401 23402 15402 19402 L11402 12402 76401 .68+01 47401 32401
2.22402 =.80401 =.21402 =, 12402 =.13KR -.62401 -.55401 =-.23401 -,14401 -,43+400 -,43-08
33400 .38400 L17401 .15401 .23401 15401 ,18401 .12401 11401 78400 .53+00
21402 31402 31402 18402 17402 L1402 13402 15402 10402 .68401 ,47401 18401
e 21402 =,20402 «.27402 -.13402 ~, 11402 -.99401 -.4%+01 . 40401 =. 11401 ~,10-07 .49400 <33+00
L43400  L16401 26401 20401 .22401 .27401 20401 25401 16401 11401 78400 29400
LA1402 L5502 19402 LAT402 26402 18402 25402 16402 12402 10402 .68+01 50401 91400
40402 51402 -, 15402 -.29408 -.14402 -.T6401 -,63401 -.21401 -.19-07 ,11401 14401 14401 .33400
L71400  ,31401  L17401  .48401 37401 .28401 .40+401 27401 21401 L16401  L1140% 81400 . 14400
BI402  L33402 L60402 .20402 33402 35402 20402 21402 16402 .15402 .76+01 83401 .39401 .89-01
= 61402 -.30402 -, 49400 =,17402 -,16402 210402 -.28401 -.31-07 .21401 .40401 .23401 33401 .18+01  .47-01
12401 22401 .64401 38401 47401 .55401 L33401  .35401  L27401  .25+01 .12401 12401 57400 .12-01
52402 L91402 L68402 61402 .46402 L34402 36402 .20402 25402 13402 12402 .82401 55401 .18+401
SISI40R B0 = 51400 -.33408 -. 16402 -.52401 =.54-07 .28+401 .63+01 .49+01 L5401 42401 .31401 .11401
13401 64401 75401 ,85+01 73401 57401 L60+01  .33401  L40+01  .20401 .18+01 L1401 ,76400  L,23400
12403 12408 02402 75402 66402 40402 34402 L35402 L18402 19402 11402 10402 73401 .39401
<, 12403 ~. 11403 -.594+02 -, 31402 -,13402 ~.72-07 LH2401 10402 . T76401  .99401  .62+01 L63401  .49+01  ,28401
37401 10402 L11402 11402 10402 L8140 57401 .55401  ,28+401 .27401 15401 13401 90400 45400
21403 15403 L14403 11403 99402 .66402 46402 L33402 26402 L 1T+02 19402 11402 L 72401 00401 91400
<.,20403 -.12403 -.80402 -.29402 -.14-06 .13+402 16402 16402 14402 11402 L 13402 L83401  L1H401  L41401  ,T74400
L80401  L10402  L19402 .18402 16402 10402 L73401  .47401 37401 22401 .23401 L12401 77400 L0400 .87-01
36403 L29403 .24403 L11+03 .11+03 L7402 L61402  L20402  L41402 L18402 . 1i402 L16402  .90401  L69+01  .18401
-.33403 -.20403 -,76402 -.17-06 .29+02 V31402 33402 L17402  .20402 .13402 .12+402 13402 L76401  .G1401 . 16401
17402 L39402  L37402  L19402 18402 L 11402 84401 ,38401 ,48401 20401 .15401 L5401 LB04+00  .L4400 . 13400
LB0403  L60403 37403 .24403 . 14403 L92402 68402 62402 L19402 ,31402 23402 L1402 L 93401 L 96401 31401
2 73403 -.28403 -.05-06 LT6402 .B0+02 L9402 L1402 L49402 L1402 L2TH0R L2142 0402 86401 Lu2401  .29+01
L4402 LBT402  L62402 37402 L19+02 11402 L0401 L64401 L17401 L264017 L 17401 76400 60400 .32400 17400
L26404 11404 60403 .29403 .1u403 J12403 91402 L33402 55402 L3142 .84401 16402 14402 82401 39401
—.154+04 =,16-09 ,28403 .20403 12403 .11403 LB2402 30402 L1402 29402 L80+01 J15402 13402 L804+01  .38401
L5403 18403 L87402  .39402 .1u+02 L0402 64401 22401 31401 16401 .38400 69400 .96400 ,28400 .13+00
05406 .26404 LB0403 36400 21403 12403 L2402 61402 41402 .21402 22402 16402 .93+01 .82401 .3%401
-.58-02 19404 73403 .334+03 .20+03 J12403  LL1402  LB1402  L40402 21402 2242 L6402 .93401  .82401  .38401
10406 20403 L44402 L17402  .80401 37401 L13401 12401 71400 43400 33400 25400 10400 . 96-01 .45-01
I



22401

91402
-.82402
+64401

. 12403
-. 11403
10402

. 10+03
-.84+02
< 10+02

29401
27401
+16400

+56401
«.52401
«32400

« 93401
-.86401
«60+00

11402
=, 10402
« 76400

«234+02
21402
» 17401

31402
- 27402
«26401

%02
=~ 15KR
17401

« 62402
- 49402
.64401

«68+02
= 51402
JTI5401

- 2402
-.55%+02
< 11402

+ 14403
-.BO+02
15402

B2
= 15+02
+ 97401

« 16401
~.14401
« 12400

+69401
-.61401

61402
«85401

JT5402
-31402
11402

11403
- 2542
18402

. 11403
-.17-06
SRR

61402
< 19402
- 97401

- 13400
-«60400
<7001

« 50401
- 41401
« 50400

.72401
=+ 55401
- T7400

11402
-.83401
« 12401

219402
= 13402
«23401

7402
=-. 11402
«22401

26402
- 14402
37401

33402
- 16402
47401

46402
- 16402
13401

66402
- 13402
< 10402

99402
-.14-06
16402

. 11403
29402
<1842

« 14403
«80+02
< 194+0R

. 10+03
8442
« 10402

« R402
« 90402
.31401

«37401
-.26401
«43+00

273401
~+45+01
« 90+00

< 10402
-.53401
< 13401

11402
-.62401
- 15401

19402
- 95+01
27401

« 18402
-. 76401
«28401

235402
= 10402
« 55401

34402
-.52401
.5T+01

L4942
-.72-07
.81+01

+66402
<1342
210402

LT5402
<3142
<1402

» 402
59+
L1102

. 12403
<1403
10402

12403
.12403
.37401

TABLE 32
DISTRIBUTION FOR vy = 1.5, 6, = 0°, AND sin az, = 0.2

« 16401
-.10+01
.21400

« 55401
-.31401
+ 76400

»82401
-.42401
11401

< 12402
=+ 55401
+18+01

# 13402
-.45+01
«20401

25402
~.863401
40401

20402
-.28401
+33401

36402
-.54-07
60401

34402
. 52401
57401

46402
16402
. 73401

51402
33402
85401

.68+02
SR
75401

- 91402
82402
.64401

-2+
51402
. 13401

«38401
=-. 18401
« 56400

.83401
~: 33401
< 12401

76401
=.23401
«12401

154
=+40401
25401

. 16402
-.21401
27401

21402
-.31-07
35401

20402
+28401
«33401

35402
< 10402
« 55401

«334+02
16402
47401

29402
7402
.38401

62402
A0
64401

33402
30402
«22401

61402
61402
.12401

16402
«27401

25402
+63401
40401

18402
. 76401
.28401

26402
14402
J37+01

41402
25402
.48+401

- 19402
15402
17401
55402
51402
.31401
41402

JT1400

J15+02
99401
27401

L1742
L2
22401

18402
13402
20401

31402
27402
.26401

31402
2542
16401

21402
21402
43400

29401
-.43-08
+49400

AT401
+495+00
+ 78400

.68401
< 14401
.11401

« 76401
23401
12401

J2402
.55401
18401

11402
.62401
15401

%02
13402
.23+01

e
12402
15401

23402
21402
7601

.84401
.80401
.38400

22402
22402

. 16401
.304+00
26400

. 14401
«80+00

.83401
. 12401

.82401
«42401
.11401

< 10402
.63+401
13401

<1402
.83401
L2400

L16+02
13402
. 15401

L1402
. 76400
. 16402
15402
63400
16402

< 16402
.25¢00

« 73400
-26+00
«11400

38401
. 18401
« 56400

55401
31401
76400

13401
+43+01

72401
.S5401
77400

. 90401
76401
. 80400

.38+
.86+01
60400
L1442
L1342
+56400
B+

+ 10400

.13400
60400
.70-01

.16401
. 14401
. 12400

25401
27401
. 16400

37401
«36401
12400

37401
37401
.43-01

367



«26401
- 26401
«30-01

.82401
~.82401
«96-01

» 58401
-.93401
« 10400

16402
- 16402
25400

22402
- 22402
+33400

21402
21402
+43400

41302
- 40402
+T1400

33402
- 32402
77400

«26401
«.25401
.91-01

«82401
=.80+01
+28+00

14402
-, 13402
« 56400

<164R
- 15902
.69+00

+84401
-.80+401
+38400

31402
- 28402
« 16401

« 55HR
- 5140R
31401

33402
-.30402
22401

« 18401
=.17401
« 10400

« 56401
-.52401
«32400

. 93401
-+86401
60400

11402
-4 10402
76400

«23402
-.21402
AT+

L3140
-27T402
26401

19402
= 15402
» 17401

62402
- 4402
.64401

« 54400
=.48400
.39%-01

69401
-.61401
« 54400

« 90401
-.76401
+80+00

< 16402
-4 13402
15401

« 15402
=124
. 15401

# 18402
-. 13402
+20401

41402
-.2%402
.48+01

29402
- 17402
.38401

L3342
-.18+R
45401

47401
-.38401
+ 46400

72401
=.55401
77400

11402
-.83401
12401

19402
-, 13402
23401

ITHR
- 11402
22401

26402
-. 14402
37401

«33+02
16402
47401

»46+02
-. 16402
73401

.83401
-.17401
. 13401

«26401
-. 18401
«30400

73401
-.4%401
» 90400

10402
-.63+01
. 13401

1402
-.62401
. 15401

19402
- 9%+01
27401

. 18402
-. 76401
.28401

3542
= 10402
55401

34402
-+52401
.5T+01

49402
-.72-07
+81401

.83+01
L7401
13401

TABLE 33
DISTRIBUTION FOR vy = 1.5, 8, = 0°, AND sin a7 = 0.4

- 54400
=.34400
.69-01

«55401
~.31401
76400

82401
-.42401
. 11401

< 12402
-.55+01
. 18401

L1342
-.4%401
20401

25402
-.634+01
+40401

20402
~-.28+01
.33+01

.36402
-.54-07
.60+01

24401
+11401
.35+00

.83+01
33401
12401

76401
+23401
12401

« 15402
. 40+01
+.25+01

16402
21401
27401

21402
.31-07
35401

20402
.28+401
«33401

35402
L 10+02
.U5+01
+33+02
< 16402
47401
29402
17402
.38+01
62402
.64401
»33402
22401
«33+02

32402
17400

44401
-, 12401
.71400

+68+01
=4 14401
11401

L0402
-.11+01
. 16401

J240e
-.19-07
+21401

16402
21401
27401

.63+01
40401
. 18402
76401
.28+401
26402
14402
.37+401
41402
«29+02
.48401
19402
17401
. S54R
.51402
31401
41402

«71400

« 54400
. 11400
.88-01

47401
49400
. 18+00

.68401
.10-07
11401

10402
11401
. 16401

15402
A0+
25401

213402
49401
+.20+01

L9602
.9%+01
.27+01

L7402
L1402
22401

. 18402
L 13402
.20401

.31+02
27402
.26401

31402
29402
. 16401

.21402
21402
- 43400

.11+00
.88-01

44401
12401
71400

.83+01
.33+01
12401

.82401
42401
11401

10402
.63+01
. 13401

1402
.83+01
12401

16402
L 13402
5401

L1402
. 10402
76400

» 16402
15402
59400

6402
16402
«25400
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« 54400
34400
.69-01

.26401
.19+01
.30+00

LA74010
.38401
+46+00

69401
61401
« 54400

+56401
.52401
32400

.82401
.80401
.28+00

.82+401
.82401
«96-01

« 54400
+48+00
.39-01

+18401
+17401
« 10400

.26401
25401
+<91-01

26401
+26401
+30-01



TABLE 34
DISTRIBUTION FOR v = 1.5, § = 0°, AND sin az = 0.6

«34401 34401
<.34401 -.33401
«3%-01 .11400

JB401 L1442 .93401 .T6401 34401 17401
=.93401 -, 13402 -.86401 ~.65401 -.26401 -.11401
+10400 .56400 60400 .67400 .36400 .20400

L6402 16402 L1142 L6402 LT140R 10402 L55401 L1740
= 16402 =, 15402 . 10402 -.13402 -.83407 -.63401 -.28401 -.69400
25400 600 .T6400 15401 12401 13401 .T%00 .26400

SR JTIH0T LIMR 11402 L12402  LTE40T  L17401
=a 96401 -.58401 <. 13402 ~.62401 -.55401 ~.23401 -.35+00
J78400 TO400 .23401 15401 18401 .12401 .28400

L1022 LI3H02 L1402 10402 L 17401
=ST40T ~.4%401 -.40401 -.11401 -,25-08
15401 20401 .25401 16401 .28400

35401 LT6HR 12402 10402 L 17401
=. 9900 -.21401 ~-.18-07 .11401 .35400
.5T400 .27401 .21401 .16401 .28400

35401 16402 L1542 .76401 17401
=.54-08 .21401 .40401 .23401 .6%400
«5SH00 27401 25407 12401 26400

35401 13402 12402 ,55401
99400 .49%401 .55401 .28401
57400 20401 .18401 .7%400

LT0402 L1142 L1042 L 17401
57401 62401 .63401 ,11401
<15401 15401 .13401 .20400

L1902 L11402 34401
13402 83401 .26401
23401 12401 .36400

JJ1401 16402 76401
«58401 13402 .65401
70400 L15401  .67400

L1042 LT1402 . %3401
.96401 10402 .86+01
«T8400 (76400 60400

1642 14402 L34401
15402 L1342 33401
69400 .56+00 .11400

«16402  .93401  ,34401
SI6402  L93401  .34401
25400 10400 ,39-01

369



0

1.5, 8, = 30°, AND sin ar,

TABLE 35

23400

.69-01

DISTRIBUTION FOR vy

-e20400

«17401 . 10400

=e24401 =,25401 -,11401
+28=01 11400 ,97-01 .52-01 -,14-02

24401

+40400

Py

38400
17401
=-.20401
52400

43401 19402 20402 13402 12402 84401 59401 .38401 ,26401 .16401 .11401 45400 .R-01 -,

- v

Cma

—————

L2402 L11402 L1002
271401 38401 -,43+401
= 17400 =,68-01 -,89-01

J12402 L10402 11402

+44400
« 55400
2940
+48400 43400 -.18400 -

«27+400 =
.T7400 38400

+23400

=.27400 =.11400
16402

o1

90401 97401 67401 ,16401 -,32401
J14401 78400 53400 30400 ,33-01 «,43400
22402 S15402  L12402  L10402 90401

J16402 15402 493401 60401 36401 ~.34401

« 96400

27402 22402 L1T40R L1140R2 17402 94401 35401

22402 L1402 16402 13402 91401 L TO4O1
4400 ,86400

T1401 64401 89400
24402 15402 18402

JSTHR 26402 2402 18402 98401 11402

+12401 76400
11401 ,T1400

+46400
« 13402
24402

——————————

T2 11402 12402 93401 62401
25402 19402 16402 12402 .88401

«54400 -,
«30402

©e30403 -, 22403 =.68402 ,25401 ,32402 29402 ,37402 .18402 .21402 .16402 .89401

JA402 36402 35402 24402 15402 80401 .69401 38401 23401 15401 .88400
40402

J12402 L1042
231403 =, 15402 66402 T240R .6H02 32402 25402 27402

«27400 -,12400

+41-01

3-01 -.29-01

«23402
33402

JA9M0R  L16402 14402 L1242 90401 LT2401
36402

67401  .56401 .21401

JT5402 38402 39402

17401  .19400

+43400
«20400 -,

+<15401 11401

« 15402
=-e24400 -,52400 13407

33402
63402

———————

+86401
«e65401 =,62401 =,31401 =, 97400 .11401 .29400
3400

«10401 85400 .13401 .

23402

«AT402

80402
10404 29403 60402 13402 .60401 .26401 .23401 .16401 ,94400 .1

DO~ = -

6402
««43401
49900 19401 .27401 .26401 .31401 .24401 .23401 .15401 11401

22402
29402
«58402

«o2540R =,85401 .62401 .87401 .86401 ,11402 .76401 ,T1401 43401 .13401 -,10401

1
2402

«e13402 =,61401 -.46401 -.26401 -.47-01 .11401
6401

31402 16402 LT0HR  L44401 26401 24401

+69400 48400
J15401 22401 14407 .

220402

33402

29402 =, 18402 =,99401 -.51401 .28-01 .13401 .43401 .45401 ,11401 .12401 -.10400

- e -

51403 26403 .14403 91402 48402 .53402 .36402
16403 16403 10403 .TO402 .32402 41402 26402

JAT7403 L1903 TSR 20402 L 12402 59401 .33401 .22401 . 13401

o242 .88401 .11402
«16402 L19402 L11402 .
44403 ,20403 .12KG

« 53400
-+63402

J44401 66401 12402 11402 ,90401 .72401 48401 ,35401 ,25401 ,17401 .76400 .58400 =-,15400 -,

30402 .
«55402

28402
21402 =.2T402 -,22402 -,12402 -,10402

-. 46402

095400 34401 43401 44401 .44401 35401 .29401 ,23401 .18401 .11401 ,52400 -.41400 -.69-01

-.23403

@ TAH0R =, S5TH0R =, 34402 «,24402 «.89401 -, 70400 ,14401 ,66401 .51401 .43401 .43401 ,17401 11400
«72403

2o12403 =, 14403 = 65HKR =, 14402 78401 15402 13402 .17402 .12402 .11402 8401 73401
113409 11404 41403 19403 13403 00402 .63402 .50402 33402 30402 23402

020401 49401 62401 .64401 ,66401 .58401 .38401 .32401 .21401 .12401

86403 .62403 34403 ,20403 .13403 .10408 .49402 35+02

-.80+03

JTEH0R 65402 S1402 LATH0R 42402 37402 .2640R2

JT5401  JTHOT 75401 ,T3401 .52401 .35401
o TSH01 =, T4401 =.63401 -,49401 «,20401 =.25400
212403 18403 14403 88402 THOR2 .S5T402 .44402

231403 31403 .22403 .15403 .10408 .61+02
+99404 20404 .62403 .25403 .15403 L9402

43402 51402 JIMR
13403 75402 10403 T4402

«12400 ,37400

25400 .50+400

L4402 97401
«o 14402 =,91401 =,
18402 18402
18402 =, 17402 -,
31400 . 10401
21402

- 42402

o 12403 -.62402
+23404 12404
= 19404

=.64404
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TABLE 36

0.2

ar =

30°, AND sin

1.5, 00 =

DISTRIBUTION FOR v

=45400 .43400 .41-01
69400 48400 ,22400 -,13-01 -,29-01

= 49401 -.21401

+0Re00
=.254¢00
«53400

75001 79401 75401 73401 ,51401 32401 .17407 .19400
14402 97401 12402 88401 11402 86401

£0001 88001 .14001
«o20001 -.23401 ~,.10401
«20-01 ,11400 .93-01 .51-01
= 75001 =,74401 =,.63401

47401 .56401 21401

=s65401 =.62401 =,31401 =, 97400 .11401 .29400

=+ 10402

«85400 13401 10401 73400 ,27400 -.12400

J10402 L1840 16402 LTS40R 11402 12402 11400 .94401 80401

- 10408 -

$9400
23400

AS00 19401 27401 26401 .31401 24401 23401 15401 .11401 46400 -.27400 =-11400

48401 .96400

20402 22402 16402 15402 12402 10402 .T1401 64401 o
= 12400 =,10402 =,43401 =,24400 -.52400 ,13401 .12401 .76400

28402
22400

o1TH0R =, 13408 =, 13402 =,61401 -,46401 -,26401 -,47-01 .11401 .11401 .10400
-e21402 -.27908 -,

«31400 10001 15401 ,22401 ,L14401 16401 ,15401 .11401 54400 -.16400 -.70-01

21402 30408

+44400

18402 =,99401 =,51401 .28-01 ,13401 43401 45401 ,11401 12401 -.10400

29402 23402 19402 16402 14402 12402 ,90401 <7240
44401 44401 35401 29401 .23401 18401 ,11401 52400 =+41400 -.69-01

43402 51402 39902 .33402
e 42402 =, 46402 -.29902
+95400 34901 43401

+27400 -,55400

«93401 62401
17401 .11400

JTEH02 65002 ST LATH0R 42402 J3T402  L26402 L23402 L1T402 L1740R (12402
e TAI0R =,5T40R =, 34402 «, 24402 ~,89401 =, 70400 .14401 .66401 .51401 .43401 .43401

«20401

49401 62401 64401 66401 58401 .38401 .32401 .21401 .12401 .96400

J11402 94401 35401
+43407 13401 -.10401
+58400 =, 15400 =.38400

J13403 L TSH0R 10403 L TA402 58408 .ATHR 33402 L2TH0R 22402 L1T40R 11408

44401 66401 12402 11402 90401 72401 48401 35401 ,.25401 .17401 .76400

-.12403

12400 88401 .TT401
«73401 29401 -,20401

45400 ,9R2-01 ~-.52400

«o6340R =.2540R -.85401 62401 87401 86401 11402 .76401 .T1400

33402 25402 19402 16400

< 44402

JTH0R  ST4R

«88402

J14402 L8740 L1340
e 14402 ~. 71402

o T440R L TB401 15402 L140R 17402 12402 11402 890}

=+ 38402

26400 81401 19402 L1340 12402 84401 59401 .38401 .26401 .16401 .11400

020400 -.24400

L6402 13402 91401 TOHOV

+97401 67401 16401 -.32401

144008 15402 .93401 10002 .23401
89401 73401 .27401 ,14-01 -,13401
53400 30400 .33-01 -.43400

88400 +TT7400 .38400
«90401

JAN02 35402 40402 22402 LT440R

J154028 00401 69401 38401 .23401 .15401

20400
25402 25400 21402 48402 L1340 .10403

SNG40 22402 L13402 12403 L10403 61002 63402 36402 30402 24400
«14401 13401

= 16402 =.20002 =, 11402 45400 32402 29402 37402 18402 .21402 16402
20402 =o22402 -,154002 .36401 .T240R 6HOR (32402 25402 27402 13402

+32400

93401 60401 .36401 -.34401
48400 43400 -.18400 -.40+00

JI5402 12402 L1040 90401
18402 12402 11402 L 10402

222401 13401 ,11401 71400

38402 24402 14403 L91402 L48402 .53402 36402 24402 22400
52401 30401 L12402 59401 33401

70400 * ,20401 25401 .72401 .16402 .10402 .44401 .26401 .24401 ,1440! .78400
2224002 = TT401 10403 ,70402 32402 41402 .26402 .16402 .15008

+10401 35401

=e304002 -.28408

31902 35402

J11402  .T1401 38401 -.43401
10400 =, 17400 -.68-01 -.89-01

99402 75402 38402 .39402 24402 15400
STH0R 26402 29402 18402 96401
94400

« 93402
63402

80402
52401 83401 51401 26401 23401 16401 .

Py Py e. 9 2D

P

« 14400 ,86400

372




@ eFHAUT = ZTH0T «.21401 =, 17401 -, 15401 =, 15400

T @KUY = TR -,

«SOMR =, 20408 . 47400 =,21402 . 19401 -, 80401 -,7240

32902
=.83401 18400

= 19401 «.21401 =,16401 -,18401 -, 11401
«o52401 ~,.18401 =,13400 -.26401

o27401 «.3M01 =.32401 =,14401 15401
3340
HO2 =, 3T402 -, 21402 ~, 10402 <. 11408 «,64401 ~.45401

-l e

cehHOR = 65402 ~.3TH0R = 11402 =, 15402 =, 10402 =.16401 =.60401 =,43401 =.29401 -.27401
«e60401 =,38401 =.37401 -.250

252401 =,.83401 =.65401 -.55401

« 53400
. 49401 -,39401
=+ 15401

=+ 89400
«e26401 < 39401 -,26401 ~.65¢00

=e20001 «,17401 ~,16401

- R408 -,

«. 30402 ~. 20408 22408 «.TT401 =.11403 - 6H0R -,
s 49400 =,

o 2408

J1402 3542 3002 2442
o 10401 =, 35401 =, 524071 ~.38401 .3N01

27401
=.39401
26400

= 12901 « 15401 =.15401 -,12401 -,
« 15400

« 80400

«13407 <, 10401 . 10401 24400
2 T5H0R =.62402 «,35402 «,32402 =, THOR =, 11400 =, 12402 «.5T401 =,59401 «,24401 17401 .35401

+ 12401 -,10000

84400 «

=e41401 « 23401 -,10400 .5R-01 .23401
..m

e 16402 <. 20008 =, 11402 =, 25402 = 45402 =,3TH02 = 44400 «.23402 = 23402 = 13408 «, 10408 «,§7401 =.57401 -.64401 -.13401

=.36001

212408 -, 98401 «,91401 «.57401 =.10401

= 56400 ~
«16400 7001

= 19402 =,95401 «,01401 «,5R240) o, 9401 «,20001 48401

11401 =, 1540
eol4402 43908 37408 «.20401 =, 19402 < 27402 =~ 20402 =,23402 = 1T40R «. 14408 «, 12400 «,10400 -,70¢01 =,.40401

+ 54400

71401 97401 95401 88401 11402 .86401 .67401 .56401 21401

69400 23400 -, 10400 =,28400 .49400
*eTONT «,91901 «o 83401 =,65401 =,62401 =.31401 =, 97400 .11401 .£54:00

e 41401 =, 14400 ,76400 .23400

J18401 17401 . T6400 ,30-01 =.28400 .27400 .114900
5601 39401 71401 ,080401 48401 56400

«o 88401 =, 93401 -, 98401
5401 =.35401 -.71400 .11401 .11401 .10400

5402 « 25002 =, 26402 -.12402 ~.02401 «,95001 =,77401 -.46401

«35401 16401 16400 =, 15400 -.60400 «

=+ 45401 =.70401

«23400 -
=e26400 ~,76400 -

S0 22402 13402 = 91402 ~ TE402 « 41402 =, 40402 -, 11408 «,16402 -, 11402

a”m

)]

J22401 19401 L1140 10401 44400 -.23400 ,41400 .69-01

«80400

«s 89401 ~,95¢01 ., 32401 13401 54401 .64401

= T6402 -,

- 86400
256400 =,

«.T0400 =,20401 ~.25401 18401 .11402 .53400
14402 =.8T401 =, 15402 «. 16402 ~.16402 -, 16400

¢85400 =013401 =, 10401 «,TI400 «.27400 .18400

8540 «~.61402 ~.3540R -.20002
+4T401 56401 43401 .20407 .10401

11402 10402 53401

«53401
12401 17401 66400

38401 36401 340V
e 11408 = 20000 =, 15400 ~.1340R -.11400

« 40408
« 10402
21401 21407 ,22401
.‘m -

«e 13401 15402 11402 49401 .33401 «,16400 -,.19-01

45001 .55401
“eJ0MR « 32002 =, 30008 = 21402 ~,18408 «,10402 =, 10400 =.64401 ~. T340 =. 30901 .40001 ,72401 44400

142001 50401 KMO2 10402 65401 53401 2401 12401 96400 .T6-0R -.56-01 =.61400 ~.32400 38400

oSSR JAS0R 24402 55401 11401 ~.864071 <. 11408 ~, 1402 =, 1140R =.89401 =,.10008 =,56401 -,97400
« 90400

e SE40R = SI0R = 4040R =, 26402 -,3240R ~. 24400 -, 11400 =, 1340R ~.65401 «.42401 «.31401 .18401 ,50401

29000 20408 2040 .80401 (13400 -.5R401 ~.T0401

25000 25402 21402 ~. 11402 =.10403 -, T140R -,
= 1040R =.1040R =.88401 =.1040R =.21401 .
10002 96401 59401 42401 -,10401 -,

=o24402 =.22902 ~. 15408 -.22402
14402 ~.50408 -.10403

=.26400 68407 17400

11403 -.50402

J11402 (17408

032400 -, 14401
«11403
«17401
«83400 .27401
«40400 16401
s 14400 =,50400 =

«23400

+41-01

«43400
+69400 =,48000 «.28400 .13-01 .29-01

. 45400

oT5401 73401 51401 38401 (17401 19400
e 49401 =,2140%

+S3400 -
«20401 26401 14401 62400

«e 75401 «,74401 «,03401
20401 =.23401 -.10401 ~.25400

75401 79401
s 12400 =.37400 -

=80-01 =,11400 -,$3-07 -.51=01

373



oot vl
10-68°~ 10-99°
LO+EY° = 10+8€°
20t0L° 20+
00H0¥° = 00+8L "~
Lo+¥e" = LOF9E°
10+06° 20401
00+EY° = L0-€E"°
Lo+2e= 10+9L°
LovOL®  LOFLE*®
00HyY2 - 00+02"~
LO+EL°= LO-¥L°
l0+€2° 20+0t°

00+25° =
Lotoe* -
LO®+LL®
00+8¢€°~
Loto1°~
Lo¥se*

T @rrel”

TRt

- 0O+LL*~ 0O+OL® 00+98° OO+HL® O0HE® LO+9L° LO+IE®
LOFLL® 20+LL* LO+86° 20+8L° J0+ee 20+92° LOHLe®
20+21° 2048L° 20¥SL° TOHST 2046E°  20HE° otee”
00+EY® 00+8¥°® OO+LL® LOFLL® LO+EL® 10402° 10+62° 10+92° LotoL”
10+09° LO+ES® 204GL® 20+91° 20492 20462 L0H9L° 00Hket  LOFLLC=
20+21° 204Gl 20+22° 20+¥2° 2049E° HET 20+LLS 2046L° L0+£9°
00+OE® OOFES® 0O+BL° 10OHL® LO+¥2® 10+22° 10+12° lO+i2® LO+9e’
L0+L9°  LO+LE®  LO+06° S0+EL® 20+LS® 20¥SLT  LO¥GI°- LOF9E"- LOHE9°-
TOPEL® 20¥91L° 20HPL® 20+22° 20W0Y° 20+92° 20+ 20491° DFLLS
00+8E" OO+LL® 00+88° 104GL° LO+E2" 10HRE° 10+8L° LO¥GL® LO+68L°
LO+L[2° LO+EL® LO+68° 20+9L° 20412° WHGL°  LOHE"- LOHE"~ LO+HI9°~
LO+ES® 20¥GL® 20+¥L° 20+¥2° 20HOE" 2049E° 20+HLL® 2040L° 2otel”
10-26° OO+SH* [OFLL® 1O+31° 1O+92° 10+BE" LO+22° LO¥GL® LO+LL”
L0H62°  LOFEL®  10+68° 20+1L° 20+2L° 20+LL® 10HBL® LOHIS*- LOWS®~
10+98° 20%21l° 20+9L° 20+6L* 20452 20+EET 20+9L° 20H01°  10H06°
00¥GL*~ 00+8S° 00+IL° LOFLL" (O¥G2® LOHSE" LOFEY® O0O+HVe*® LO+2L°
LOFEL® LOFEP"  1O+LL® 1OPIL" 20+LL® 10+98° LO+L8® LOHEY*~ L0+98°-
10+96° 20+LL" 20+LL° 20HLL® 20432 20+L2® 20+ECT  LOHLT 20+IL°
00+GS*~ 00+L2° O00+96° 10+2L°® LOFLS® 10+2C° 10#8E° 10VOS® OOWY*
00FLL® 10+LL® LO+EY® 1O+EY" LOHIS® LO+99° LO+WL® [O%2L°~ LOHE"~
10+29° LO+EE" 20+3L° 20+LL* 20+LL° 20HEST 20492° 2042E°  LOHBY”
10=2€°= 00+PS°~ 00+25° LOHLL" LOHEL® LO+ES" 10+62° LO¥SE"  L0+02°
00+0L°~ LO+EL"  tOFLL"  LO*GY* LOFEY" LOFEL® 10-82° LOHLG= LO+E9°~
00+22°  10+29° |0+06® 20+21° 0HL® 20+8LT 2046L° 20+ERT 2SI
10-92°~ 10-62°~ 00+3¥" 1O0+LL" (OFGL°® 10+E2° LO+Hpe" LO+IE®
00+22°  QO+LS® LO+2L°  LO¥EL® 00#25°~ 00H¥S = LOFEY° = 2040L°
00+L2°  10+9Y°  LOFLL® 2040L° 20+2L° 204SLT 2049L°  20+3:2°
10-G¥* 00#SS°® LO+LL® LO¥SL® LOHIL°  (O+hL°
00FLL® 00+29° LO-Ly°~ LO¥32°- LO+I¥"~ LO+L9°
LOFZ2"  10+P9°  LOHKE" 20+LL° 20+21° 20+LL°
20-€5°- 00+22° O0FES® 00H66° LO+EL"
00+G2*~ 10=19°= LO+EL°= 10+IE°~ LO+29°=
00+52°  LO+2® LOFIS® LO+HLS® 20+LL°
-2L°~ 10-28"
00+05°~ LOPEL =
0o*iS* Lokl

$°0 = 7o UIS ANV ‘,0€ = % ‘§'T = 4 Y04 KOLLATILSIA
18 AT4VL

Lo+LL”®
Lo+E9°~
0+21*

Lo+ee®
20+l "=
0+8L°

1o+eL”
Lo+L8°~
20+

00+15°
Lo+G -
Lo+29°

00+L18°
LO+26*
204+01°

[+ 148 A
1o+e6°~
L0+L5°

L0+92°
021 -
0+0z°

to+ee”
0+EL -
0L

00458°
Lot bl
10+88°

00+0E*
Lo+ge*-
Lo+2y*

LovoL*

[To00 4" il
Lo+g8°
LO+EL*  LOHL® 00+2E°
20+L1°= 20+02°~ 20491 °~
20+EL* 204 WH9L°
10+01° 00+8L° 00+92°
20401°~ 20+€1°~ 20+L°
20421 0L 20+KL°
00+88° OO+LE® 00+I1°
20+11°- 10+18°= 10459°~
20421° 1OH¥8°  10¥+59°
00+EE® 00+02* 00+EL”
10+0S "~ LOHSG - LO+LE*~
LO+ES®  1O#GS*  LORL6"
00#52° 00+2€° 10-29°
LOHPY S~ LOH6 = LOHI°~
LO+LY®  LOFI6° LOHY9°
104S1° 00+PL®  LO-¥¥°
20451°- 02l = 10+25
204+81° 20%€L° LO+SS”
10¥51°  10%0L° QOt¥e®
20+€1°~ 20+LL°~ 2043l
20491 20+4L° 2042l
LO¥0L® 00+05° 00#s2*
2040L°= LO+I6"~ 20+¥L°~
204+2L° LOtL6° 20yl
oo+lz® O00MrL® LO-LL®
LO+9¥ = LOPEY = LOHES =
LOFIS®  LOHY®  LO*ES®
20-02°~ €019~
00405 °~ Q005 =
00%05°  00%0%°

374



0-02° £0~L19°
00405 °= 000G °~
00+05°  0040S°
80=3L° 10=28°~ Q0+OE°~ O0FLE°~ 00+FL°~ 10-LL'~
00405 °= |O+EL°= LOFEE ™ LO*IP°~ LOFEW ~ LO+ES =
00F1S® LOFLL® LO+2Y° LOHIS® LOHPP®  LOWES®
BO~ES°  OO#BB~ OOHES °~ 00HE6°~ LOFEL"~ 00458°~ 00+89°~ 00HOS*= 00HL®
00+G2°= L0=18°~ LO+EL"= LOFLE®= LO+29°~ LO¥SY*~ LOHES"~ LO+I6'~ LOFOL®
00FSZ®  LOWP3° LOFIS® 10+19° 20+LL° LO+98° LOGE°® (O+L6° LO+LL®
00¥G5°= Q0+OL°~ QOFIB°~ 00+08° 00+99° LO+LL® LO¥2L° 00+06° 00+01°
00+29°  QOFLL'~ LO¥GE’= LO¥GZ*~ LOVOL*~ LO+2Y* [OWS® LOME®  1OHSH*
LOH9®  LOFIL® 1OWE" 104G2°~ LO+LE ~ 20401°~ 10+99°~ 2040L°~ L0+Ly°®
10=0€° 00+9L® (OFLI® 10+8L° LO+ZZ" LOHL2® OO+LE® OOFLY® 10-¥p°~
10+Lp°= LOYOL = 1O¥GY = LOHF2°~ 00+IS* [OFES® LOVER® LOHGE® LO+25°-
LOFEL"  LOF2E"~ L04G6°= 10¥68°~ 20+1L°= 20+EL*~ LO+0S°~ LOFEE"~ 10+3S°
LOH0L°  LOFLL® 10WL° LO¥22° LOVOL® OOHLY*=~ 00¥G2*~ 0O+2E"~ 10-29°~
LO+ES°= (0F98°~ LOPOL = LO¥2G°~ LOFOE® = (O+35°~ LOHIY ~ LOHE = LOH9*~
LO¥SL®= LOHY9°- 20401 °~ 20401°~ LOWSE®~ LOFIS® LOHLY® LOFGE*  [0H9°
00+69° LO+9L° LO*O2° LOFIE® O0OHEY°~ 00+L8°~ OOFEE*~ 00+02°~ 0O+EL®
0L 20HEL°- A0+LL~ LO+LD°~ LOHIE®= LO+ZE°~ LOFOS - LOWS ~ LO+L6°~
L0+G8°= B0+EL"~ 30+i1°~ 20402°~ LO+8Y" 20+0L° |O+ES" LO¥GS* LO+HLG*
00+36° 1O+2L® LOW2® 00+H¥6 "~ LO+2L°~ 00+LS°~ 0O+B8°~ OO+LE'~ OOFLL"~
20+3L°~ A0HIL°- 20491~ LOHBY - LO+98°= LO+SS"~ 0+LL*~ LOHR°~ LO+G9°~
20+21°= B0HLL - 20461°~ LOHL® 20+LL°  10+29° A0+2L*  10HE®  10¥G9°
~ 00F3L°  LOPIL® QOFIL°~ LO¥SL°= LO+LL®= LOF2L°~ LOHOL*~ O0+BL"~ 00+92°~
0+LL - 20HER° - LOHRE = LOFLS ~ LOHS = LO+['~ 2040L°~ 20+C1°= 20+¥L°
LO¥GE°= 20+61°~ OO¥GL > 20401° LOVWO6°® 20+L1° 20+3L° 20+¥1° 20+hL°*
L0=6L°= 00+IL°~ LO+BL = LO¥GL"~ LO+BL°= LO+EZ"~ (O+EL"~ LOHHL°= O0+2E"~
Q0HE* = BOHEZ = LOHPE= LOME ~ 10+99°~ 20421°~ 20+L1°~ 20402°~ 20+91°
204917 20+LL°- 30+L1° 20¥01° 20¥2L° 20+8L° 20+CL° 20+22° 20+9l°
LO+LL°= O0+26°= LO+I2"= LO+L2°~ LO+92°=~ LOFLL = L0401~
A0+92* = AHIL = LO¥GL - LOHIE* =~ 10+89°~ LO+E9° = L0+HP9°~
S0+PL°= LOFLL~ 20421° 20+9L° JO+LL® 2042L°  Lo+e8*
L0¥52°= 10+23°~ 10+62°~ LO#92°~ LOMOL°~
20+12°~ 20+81°= LO¥9L° OQO+¥E® LO+IL°~
20+2L°= LOHPL - 20+L1° 204GL°  LO+E9*
LO+LE®~ LO+GE*~ LO+9e°~
20HGL°= 0+ 10+18°
LO+08°~ L0+ 1°~ 2odge”

10-Sy°~

00+LL®

lo+ce*

10~92° 10~62° 00+92°~

00+22® 00+i2° 00+vL°~

00+i2*  10¥3¥°  LOHS*

10-26* 00+¥2° 00+G2’~ 00O+v¥Y*

00+0L°~ LO¥EL®  LOPIE"~ LO+E6°~

00+Z2° 10+29° lO+O¥°" [O¥#25°~

00+6¥° 00+32°= 00+8L°~ 00+EeS’

00+L5°= LO¥S°~ 2040L°~ L0+68°~

1OH0S®  10¥8L°  lO+LE"~ LO*2y°~

00+8E°®  00+2E"~ 00FL9°~ 10-95°= 0-9L°
LOFOL°= 10+IG = LOFIE°~ 10+86°~ 20+2|°~

LO¥SE®  1OFLL®  LO+¥P2°~ 10+6S°~ LO+IS"=

OO+GL®  00+08°~ 00+¥9°= Q0+09°~ 00¥S|°
1O+O¥°~ LO+OL°= 20401 °~ J0+2L°~ B+pL°~

10+99*®  10+02°~ 1O#25°~ 10+25°~ 1O¥18°~

00H2* LOHOL"= LOFOL = LO¥EL"~ 00+06°~ 00+9G°~
LO¥EL"~ LO+H9°~ LO+IS = (O+LE°~ 20401°~ 3048L°~
10+€2° 10-2G° 00+01°- LO+ES™~ 10+iIP°~ 20+11°~
Q0+32°= LO*SL = LOMGL ~ LOWGL"~ L0#21°= L0¥GL°-
LO+6E"= 10+99°~ LO+LL - LO¥GE°~ LO+28°~ 20+eL -
LO+L2° 00¥59°~ 10#92°~ LOWE"~ LO+92°~ lo+ey°~
00H698°~ LO#SL = L0+91°~ LO+L1°~ LO+OZ°~ Lo+ ~
LOHE"~ LO+6¥° = LO¥GH°~ LO+H9°~ 20+11°~ 20401°~
00FHES "  LOFH9Z°~ OOFEL"~ LO+61°~ LOF+SS°~ LO+EE"~
LO+LL°~ LO+IL°~ (O+91°~ (O+le°~ LOHL - LOo¥ce -
1o+L2°= 10+62°~ LOFEY°~ 10#09°~ LOFSL°~ 20401°~
10¥31°  10+¥1°~ LO+2E°~ LO+EE"~ 1O+L2° lo+2L°~

Lo¥G1L -

{1221 Sld

o*LL -

LO+L2°~ LO+LI2"~ LOWGE -

10+LE"~

oS-

Lo+~

375



ootz
°= L0+BE°
Lo+Le®

10-0€°~
*= LO+9€°
Lo+ie®

10-89°
2011
00+8L°-
20+0L*
00t L°
L0+01"
Lo+l
oo+le*
00+59° -
LO+3¥°
1o-15°
00+sy*

= 00*LL -
Lo+iL®
0+2L”

00+EY*®
L0+09°
20+2L*

00+og*
L0+L19°
o+EL”

00+8€"*
Lo+le”
Lo+es*
00+0€*
10+29°
0o+¥e*

Lo+l -
Lo+ie®

00t+oL*
0+LL”
20+8L°

00+8y*
204s1°
Lo+L6°
20+91°
O0+LL®

Lo+eL”®
E-o0a10d

00+98° LO+EL"
10+86° LO+8E°
20¥S1°  10+88°

10+0L°  LOFIL°  LO+EL®
10+18° 10+L2° LO¥SL°
204G1° 20%0L°  LOHe9°

00+06° 1OH¥L"  LOFL2® O0¥SL®

10+¥2° 00+8¥° OOHE" 00+H¥S°-

10+28° LO+68° 20+3L°  LO¥SK”

00+L8° 10+01° LO+LL® 10+02° LO+¥L°®

10+82° 00+89°~ LO+LL°~ LO#32°~ LO*IE =
10+88° 10+E9° LOHLL® 20%2L° LOHO6®

OGP 00+88° 00+88° LO*SL® LOFLL® LOFLL®
LOPEL®  LO®LL = LO¥SL®= 10¥G2°~ LO+L2 - LO¥SE"~
20431°  10+9S°  LOFGS®  LOHEL®  LO#2L®  LO+0B*

to+ee*
Lo+ey*

00+82°

00+iy* 00458° 00+08° LO+LL® 00+96°
LO+EL°= LO¥G2°~ LO+PS°~ LOWE - LOHOP°~
10+82° 10+1S° LOHS®  LO¥BL® 10+OL®

00+LG° O00+s¥* OOFEL® 00+89° 00+68°

*-  LO+82°~ LO+S2°~ LOFEE - LOFIE"~ LOY8Y'~
10+93°

L0HP®  LO+LE® 1O¥SS®  LOFIG®  lo+2L’
00+92° OO+IE® 00+8E° 00+S°® 00+0S°
LO+22°~ 10492°~ LOH¥2° = LO+LE® - LO¥SE"~
L0*L2° LOHE® LOHE® L0+S°  LO+IY°

oot2L® 00+82° 00+OF° 00+92°

LO+LL*= LOFOE = LO+LE"~ LO+ES"~ LOHPE"~ LOFOS = LOHYE"~ LOHEI -

10451°

LOHLG = LOHY° = LOHPE"~

20+0L*
00+Hve*

Lo+pL®

00+28°  00+9¥°
10+99*  LOH¥®

LO+2L® 00+LS® 00+88° 00+LE® O0O+LL®
LO+8Y° = LO+98°= LO+2G° = 20+L1°= LO+L8°~ 10+69°=

20+LL°  lote9* 2o+2L’

Lo+¥8°*  10#G9°

00+2L® O00+e¥°® 00+18° OO+EE" 00+02° OO+EL*
LO+oy°~ LOFBE = LO+S6°~ LOHOG = LOHS = 10+L6°~

(o+y9°

10+9y*" 20401

LO+ES*

00+y9° 00F+0S° OO+HLY® 00+G2°

L0+25°~ LOH6P° =~ L0425 LO+HP -

1o+¥9°

00+EE*

Lo+LS®  LO+LS®

00+LY®  00+22*

LO¥8L® LO+GE® LO¥SY" LO¥82° 1OWEE" LOF9S°  LO+9E”

Lo+Ly*
oo+62*
10+G9°

10-GL* 00+G1® 00+32° 00+Hr2® 00+02° 00+rS® 00+¥L°

LO¥GS*  LO+Le°

00+2€*  10-29°
10+6°~ 10+9°-
LO+6*  10+¥9°
0OFEL®  10-¥¥°
1O+IG°- LOF2S"-
10+25*  10+25°

lo-68°* l0-62°

LOHEL®~ LO+KR ~ LOFIE~ LO¥GE = LO+BE"~ L0¥GP = LOHE~ LOFO¥' = LO+O¥°~
10VEL®  1O¥G2*  LO+EE"  LO+BE"  LOHYE®  LO¥8Y°  LOHOY"  LO+OY*  LOYO¥®

10-2€° 10=LL* 00+2l°® O00+LL*
00+G8°~ LO¥6L = LO¥ZE = LOHIE = LOHFE"~ 10462°~ LOH62 =
LO+EE® LO+2E°  LO¥GE® LOH62"  Lotee”

[

10+61°

to-L1°

10-86°

10~¢g2°

to-15° 10-LL®

to-2e* 20-cL°

00+38°~ LO+YL*~ LO¥02°= 10402~

00468

90 = 7o uIs ANV ‘,0€ = % ‘ST = A 404 NOILNEIYLSIQ

8¢ d'14dV.L

10+1°

10402°  L0+02°

376




0ot2E"~
00¥3L°=
00+09°~
Lo+0l °~
o+eL”

00+98°~

POPP PN

1o-is*
00¥Sy*

1o+0L° =
[Toag0l Dl
oo+LY"®

Lo4SL -
- 10¥9°-
lovgz"-

10+91°~
1o+62°~
Lo+HrL*~

10+51°-

003"~
10%02" =
10492

00+y2* = 00+09°~
1O+~ 0+E2°~
1o+t2*  lovEY®

- 008G "~ 00+¥9"~
*= LO+LY"- 20+OL°~

00+8S°  10+25°~

*= lo¥0L°~ LO*EL""
lo¥e -
Lo+LL®

1O+LG = LO+L6 "
00401 *~ LO+E2"~

LO#GL= LO%GL" -
LO+LL"~ L0¥G6°~
10+92°= LO¥6E"~

L0+9t°= LO+LL°~
LOFGY* = LOH9°~
OO+EL*= (O¥BL°~

10+91°~ i0*le’~
LO+EY° = 10+09°~
1O+2E"~ LO+EE’~

1O+LL°= Lokle°~
fmLEL S~ AALIE®

00+88°~ L0t+yL°~
00468° 10+HVL°
10=2€°= 10=LL°= O0+Z1°~ OOFLL"~ 10-86°=
004G8°= LO¥6L°= LO¥2E = LO+IE'~ 1OHE'=
00+L8° L0+61° LO+EE" LO+ZE"  LO¥sE”®
10°GL°~ O0¥GL = 00+92°~ 00+Y2°~ Q0+02° = 00¥FE° = OO+FL°~
LOFEL = LOHP2 = LOFIE®= LOHGE"= LO+ZE°~ LOFGH° = LOHE"~
LOFEL®  10¥G2®  LOHGE" LOFBE"  LO+VE®  LO+BY®  LOYOY®
00#21°~ 00+82°= 00HOY°~ 00+I2°= OOFEE’= O0+LY'= 00+E2"~ 00HS =
LO+LL = LOVOE® = LOFLE® =~ LO#E2*= LOHHE"= 100G~ LOHE'= LOHE9®~
L0+81° LO¥GE" LOFSH®  LO+E2° LOWEE® LO¥9S* LO+IE®  10¥59°
00+92°~ OO+LE"~ OO+EE*~ 00FES*~ O0+0G*= 00+¥9°~ 00HOS ~ 00FL¥*~ 00+GE"~
10+22°= 10+92°= LOHPZ*~ LOFLE®~ LOVGE" = LOFIS™= LOHeY =~ LOVSG°~ LOHY -
LO+L2° LOHPE® LO+HPE®  10+25°  LOF¥IP®  LOHKO® LO+IS® LOFLS®  LOVLY®
00+LS*~ 00+6P°~ OOFEL"™ 00+39°~ 00+68°~ O0+SL = 00HE¥°~ 00+18°~ OO+EE®
10+82°= L0+22°= LO+EC = LOFLE®~ LOHIY°~ LOHI¥° -~ LO+BE"~ LO+26°= 10+0G°~
1O+Py®  LOFLE® LO¥GS* 1OFIS®  LOFSL® LOH¥S® LO+EY" 20+01° LO+ES®
00+Ly°= 00+GB°~ 00H08°~ 1OFLL®~ 00#96°= O0HV6 = LO+SL°~ 00+LS*~ 00+88°
LO+EL®= 104GZ°~ LO+HP2°~ LOWE = 100"~ LO+@Y°~ L0+98°~ LO+25°~ 20+LL°~
L0+82° LOHLS® 1OHS°  LOMBL® LOVOL® LOHYL® 20+LL°  LO+29° 20+2L°
00+98°~ 00+88°~ L0+2L°~ LO+LL*~ LO+LL°~ LO¥GL°~ 00+28°~ 00+9I¥ "~
1OFLL®= LO¥GL°= 104G2° LOFLS*~ LOVGE®= LOFIS = LOHYY = LOHYE®-
10+3G°  LOFGS®  LOWEL® LO+2L® LO+08° 2040L° LO+99° 1OHY°
00+26°= LO+OL°~ LOFLL®~ LO+02°~ LO+PL°~
1O¥Ly°= 00+89°= LO+LL°= LOF92°~ LO+LE =
10+61°  LO+E9®  LOHLL® 20+3L° 10H06°
LO+OL°~ LOHPL°= LO+I2°~ 00¥GL"~
LOFIL°~ 00+8Y° O0HE® 00+Hh2° =
LOHE® LO+68° 20+2i° LO¥Gh*
LO+L1°~ LO#IL°= LO+LL°-
Lotop°= LO+12° LO¥GL°
Lo+12° 2040L° LO+89°
0¥ 1 = 1O+EL"~
10+91°~ LO+9E°
LO+L2®  10+88°
00+ig°~

—o.I.m

s manme

10=L1*= 10-€3°~ 10~2°~ W~EL"~

1o¥02° =
1o¥02*

10=15°~
lovee -
1o¥62°

10~68°~
Lovoy°~
Lo+oy°

00vEL "~
Lo+16°~
lo¥es®

00+2e° -
[Lo00 (el

10+96°

- 00t0z-

Lo+pG°~
Lo¥GS*

= 00+LE"~

Lo+18°=
10+¥8°

10+02°~
Lo+02°

to=L1°~
{0+~
Lo T

to-¢2°~
1040y °~
L0+vOv*

Lo=¥¥°~
10425°=
Lo#2s*

10-29°~
1o+y9°~
L0+¥9°

00+EL*~
1o+L6°~
lo+i6°

ookl
10459°~
10+G9°

377



TABLE 39
DISTRIBUTION FOR v = 1.5, 6 = 30°, AND sin az = 0.8

L40401 40401 40401 40401 18401 .82400
2 40401 =.40401 =.3%401 -.38401 -.17401 -.83400
128-01 .89-01 14400 .20400 .11400 .65-01
L2401 .52401 65401 .36401 56401 ,3%401 .1%401
252401 =.51401 -.63+01 =.34401 -,50401 =.34+01 -.16401
T44-01 .13400 29400 .22400 .41400 .33400 .18400
27401 L2T401 .64401 .46401 43401
—.24401 -.23401 =.52401 -.35401 =,30401
J18400 23400 .64400 L50400 50400
13401 11401 ,33401
~.97400 -,76400 -.20401
15400 14400 44400
L13401 11401 .33401
=.97400 -.76400 -,20401
= 15400 -, 14400 -.44400
27401 27401 64401 .46401 43401
-.24401 -.23401 =.52401 -,35401 =,30401
=.18400 -,23400 = 64400 -.50400 =.S0+00
J52901 52401 65401 ,36401 56401 .3M01 18401
2052401 =.51401 =,63401 =,34401 -.50401 =.34401 -,16401
=e84-01 .13400 ~.20400 =.22400 -, 41400 -.33400 -.18400
AGH01  L40401 40401 40401 .18401 92400
2040401 «.40401 =.3%401 ~,38401 -,17401 -.83400
=e29-01 =,89=01 =, 14400 =,20400 =, 11400 =,65-01
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TABLE 40
DISTRIBUTION FOR v = 1.5, 6y, =

60°, AND sin ag, = 0

«51400 .73400 45400
~.40400 .63-01 .3640C
.11-01 ,83-02 -,83-02
SI0402 13402 L10402 ,12402 L11402 10402 ,71401 .50400
« 10402 -, 98401 -.34401 11401 47401 62401 .54401 45400
-32400 .11401 .96400 .11401 ,48400 ,61-02 -.31400 -.33-01
«28402 23402 28402 24402 24402 23402 .22402 24402 18402 32401
=e27402 - 1402 -,13402 = 36401 .33401 87401 13402 16402 .12402 .15401
»90400 20401 .36401 .34401 .32407 .23401 .124071 -.58400 -.13401 -.41400
243402 (59402 44402 51402 45402 38402 36402 2HO2 27402 28402 17402 15401
=.42402 -,45402 -.22402 -.83401 81401 15402 21402 18402 .15402 .17402 .78401 .S7T400
15401 60401 61401 77401 .68401 .48401 35401 .15401 .11400 -,20401 =.22401 -,23400
«91402 97402 .10403 .BT1402 .B5402 .73402 54402 47402 31402 27402 26402 .2T#02 .33401
=o8T402 - T1402 -, 47402 -, 45401 22402 38402 ,36402 .37402 .22402 15402 .14402 .92401 46400
«3T4Q1  LT0402 LI5402 13402 12402 94401 52401 201 .T1400 -.45400 «, 18401 «.37401 -,52400
219403 21403 20400 L17403 .12403 17403 81402 46402 .S1402 .32402 .23402 24402 .26402 ,24401
= 18403 ~.14403 -,50402 .28402 .55402 74402 64402 37402 .42402 .24402 ,11402 ,92401 ,B1400 ~,54400
«63401 .26402 .32402 28402 L1T402 12402 .62401 13401 5100 -.T7HOO -.13401 -,23401 -,38401 -,38400
«40403 48403 .43408 .33403 .24403 13403 73402 54402 48402 31400 26400 24402 23402 23402
=.37403 -.27403 -.33402 11403 15403 11403 66402 41402 40402 21402 .13402 .86401 ,13401 -.60401
S21402 65402 7002 50402 26402 10402 ,20401 94400 ~. 11401 ~ 15401 =.14401 =.19401 -.26401 -.33401
«16404 13404 98400 44403 ,1H03 11408 55402 50402 35402 .2TH0R L2242 L16K2 20402 25402 10402
=e14404 -.43400 .25403 .30403 17403 10403 54402 38402 20402 15402 78401 .32401 19401 -,TOHO01 -.50401
+10403 19403 .15408 .49402 11402 12401 =, 15401 «.20401 -, 19401 ~. 18401 =.16401 -.12401 -, 20401 «.31401 -,13401
«S0404 41404 70403 .12403 TT402 47402 37402 (31402 24400 21402 21402 21402 14402 20402 20402
=.37404 B402 42403 10403 .SSH02 29402 17402 15402 91401 52401 .40401 26407 «.27401 -, 78401 ~,13402
#ABH03 65403 LT7402 -, 11401 -.41401 =.33401 -.26401 =.25401 -.18401 =.13401 =, 16401 =, 17401 «,32400 -.16401 -.20401
+33405 54403 32402 20402 28402 27402 L26402 .22402 23402 L1402 L1742 18402 17402 16402 27402
=e21405 34401 -.55401 ~.27401 -.21400 .T4401 .24401 13401 21401 17401 =.B7400 -.20401 -.44401 -.74401 -, 21402
«36404 83402 -.3H01 ~.26401 ~.25401 -,23401 - THOV = 13401 =, 15401 =.13401 +.B82400 =-,B5400 =.70400 =, 7400 -, 15401
234409 20402 20402 .22402 LT9402 L13H02 20402 L21402 19402 LTOHO2 L 15402 16402 16402 16402 27402
“e34409 - 1THR ~ 1562 =, 11402 = 75001 =.55401 =,37T401 -, 35401 =.22401 =.21401 -, 21401 -.32401 -.46401 -, 74O —-,23402
023407 - BH00 ~.22400 ~.14401 =.33400 =.82400 =,83400 -,57400 27400 =.7HI0 «,16400 -,20400 =,BOH00 =,36400 -.56400
=.34409 - TOH0T . 14401 =, 70T <. 77400 -.42401 . 45401 -.29401 ~. 13401 -.44401 -.B2400 -.86400 -.44401 -, 16401 30400
+34409 .51401 - 31401 13401 -.26401 -,16401 -.21401 -.27401 -.26401 -.21401 -, 18401 -.18401 -.46400 ~.85400 -.19401
23407 ~. 17401 -.22401 ,371401 -.28401 -,30407 ~.32401 -.35401 -.32401 -.37401 -.28401 -.27401 -.25401 -.23401 -.21401
«e33405 -.52403 -.21402 «,12402 «, 13402 =, 13402 - 11402 =, 77401 -, 95401 -.83407 -.43401 -.41401 -,24401 ~. 19401 .49401
«21405 «,21402 «.44401 -, 11402 - 10402 - 711402 . 10402 -.8%401 «.91401 «,72401 -.57401 -, 57401 -.53401 -.43401 -.9040%
+36404 82402 -.4T7401 -,41401 ~,42401 -,41401 ~.3HOT ~.334071 - 35401 -. 201 -.26401 -.28401 -.25401 ~.22407 -,15401
. 50404 -.41404 -, 63408 -, 11403 -,63402 -.36402 -.24402 -.21402 -, 14402 -, 98401 -, 1062 -,10402 -.31401 -.35401 67401
«37404 - 10403 -.43403 -, 11403 -,67402 -,37402 - 27402 -.22402 -, 16402 -, 13402 -.12402 ~,10402 -,67401 ~.THOT ~.85401
248403 .B5403 LTT402 -, 13401 -,54401 -,44401 -.41401 -.37401 -.31401 -.28401 -,2H01 -.2H01 -.13401 ~.23401 .24.01
12404 - 13404 . 97403 -,43403 -,18403 -.10403 =.56402 40402 ~.23402 ~. 19402 ~.12402 -.75401 -, 10402 -.13401 87401
10404 42408 ~,26403 ~,31403 -,18403 -.10403 -.63402 =, 46402 ~ 30402 -.22402 -.16402 -.13402 -.11402 -.10402 -.55+01
SB5402 19403 15403 48402 10402 50400 -.23401 ~.29407 ~.30401 -.26401 -.25401 ~.21401 -,25401 -.13401 .10401
40403 -, 16403 -.42403 -.32403 -.23403 -,12403 -,6T402 = 41402 -.40402 -,23402 -,15402 -,13402 -.51401 18402
=, 37403 47402 23402 -,12403 -, 16408 -.12403 -, 72402 -.53402 -.47402 ~.28402 -.23402 -,19402 -, 12402 -.75401
«21402 28402 502 49402 28402 (96401 16401 L69-01 -.15401 -.13401 -, 1301 =.21401 -,13401 .25401
JAMO3 21403 89402 ~.12403 - 171403 « 10403 . 73402 ~.38402 -.43+02 -.24402 - 13402 61400 .23402 .24+401
~o 18403 -, 14403 -, 42402 -.31402 -.63402 -.81402 -, 71402 -, 44402 -,51402 -, 32402 -,22402 -,94401 -, 11401 -.54400
=.89401 -.26402 -, 13402 19402 .17402 12402 .5%401 .16401 .23400 -.90400 -.11401 -.44.01 .34401 .38400
91402 .9T402 .10403 .81402 .STHR ~.31401 -.89401 -, 17402 28401 .83401 18402 .27402 .33401
= BT402 - TT402 -.41402 -, 45401 12402 ~.96401 -.13402 -.22402 -.58401 .20400 .69401 ,92401 .46400
37401 -, 10402 - 15402 -,13402 -.86401 .52400 10401 .11401 ,30-01 .26400 .14401 37401 .52400
243402 L SHMO2 44402 51402 45402 38402 36402 29402 27402 28402 17402 15401
~o42402 - 45402 -,22402 -.B3401 .B1401 15402 21402 18402 19402 .17402 .78401 57400
= 15401 ~,60401 ~,61401 -, 77401 -.68401 -,48401 -.35401 -, 15401 -,11400 20407 .22401 ,23400
28402 23402 28402 24402 24402 .23402 ,22402 24402 18402 .32407
« 27402 -, 1402 -.13402 -.36401 33401 87401 .13402 ,16402 .12402 15401
=o 90400 -,20401 -.36401 -.34401 -.32401 «.23401 -,12401 ,53400 .13401 .41400
LT0402 13402 10402 12402 L11402 10402 71401 50400
= 10402 ~, 98401 -.34401 11401 47401 62401 .S4401 .45400
=.32400 -.11401 -.96400 -,11401 -,48400 ~.61-02 .31400 .33-01
.51400 73400 .46400
=.40400 .69~01 .36400
=.11-01 -,83-02 .83-02
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TABLE 41

DISTRIBUTION FOR v = 1.5, 6, = 60°, AND sin ar, = 0.2

L81401 L1142 L8T401 11402 11402 10402 ,T1401 50400
~. 78401 -.90401 -,37401 37400 .47+01 .62401 54401 45400
20400 96400 .78400 10401 .48400 ,61-02 -.31400 -,33-01
28402 23402 28402 24402 24402 23402 (22402 24402 18402 32401
—.27402 - 19402 =, 13402 -, 36401 33401 87401 .13+02 .16402 ,12402 .15401
L90400 20401 L36401 34401 ,32401 ,23401 12401 -,58400 -.13+01 -,41400
43402 JSHMO2 L 44402 51402 45402 38402 36402 29402 27402 20402 17402 15401
~e82402 -, 45402 - 22402 -,83401 81401 15402 21402 18402 L1402 ,17402 ,78401 -ST+00
L15401 60401 L61401 ,T7401 ,68401 48401 35401 15401 11400 -.20+401 -,22401 ».23+00
W37401 40402 LB6402 .B1402 85402 .T3402 54402 LATH02 31402 L27402 26402 27402 33401
— 37401 =.31402 =, 33402 -.45401 22402 .38402 .36402 37402 .22402 .19402 14402 32401 46400
L95-02 40401 12402 13402 12402 .94401 52401 26401 71400 -.45400 -.18401 -.37+01 -.52400
L43401  .42401 50402 15403 .12403 11403 81402 46402 51402 .32402 .23402 24402 26402 24401
-.42401 -,42401 -, 12402 26402 .55402 .T4402 64402 37402 .42402 .24402 11402 92401 81400 -.54400
.20-01 .60-01 .T5401 .24402 17402 12402 ,62401 .19401 .51400 -, 79400 -, 13401 -.23401 -.38401 -.38+00
LAT401 L4T401 47401 13402 ,24403 .13403 .T3402 .S4K2 48402 31402 26402 .24402 .23+02 .23+02
— 47401 -.47401 -.46401 11401 15403 11403 .66402 ,41402. 40402 .21402 .13402 .86401 .19401 -.60401
232-01 ,95-01 15400 17401 .28402 .10402 .20401 .94400 =.11401 -.15401 -,14401 ~. 19401 ~.26401 -.33401
L51401 51401 38401 62401 ,16403 11403 65402 50402 35400 .27402 .22402 18402 .20402 .25#02 10402
—.51401 =,50401 =.37401 =.59401 14403 .10+03 .54402 38402 .20402 ,15402 .78401 32401 19401 -.70+01 -.60+01
44201 .13400 L15400 34400 93401 .12401 -,15401 =,20401 ~.19401 -,18401 -.16401 = 12401 -.20401 ~.31401 -.13+0}
J53401 (53401 L53401 L15402 L TT40R  L4T402 (37402 31402 24402 21402 21400 21402 14402 20482 20402
-.53401 =.52401 -.50401 .28+401 .55402 29402 .17402 .15402 .91401 .52401 40401 +26401 =.27401 - 78401 -.13+02
W5T-01 17400 30400 =.64400 ~.41401 -.33401 =.26401 ~.25401 -,18401 =.13401 -,16401 =+ 17401 ~.92+00 -.16401 -.20401
L6T401 13402 L1402 20402 .28402 27402 26402 .22402 23402 13402 17402 18402 17402 16402 27402
“e6T401 =, 11402 =, THOT -.27401 -.21400 .14401 .24401 .13401 21401 17401 -,87400 =+20401 -.44401 -, 74401 -.21402
11400 -,43-01 -.16401 =.26401 -.25401 =.23401 =, 101 =,13401 -.15401 ~,13401 -,82400 =+85+00 =.70400 -.T9+00 -.15401
JBKR 20402 L20KER 22402 L1HHGR L1402 20402 21402 19402 L13+02 L15KR 16402 16402 16402 27402
“ 18402 - 1TH02 =, 15402 =, 11402 =, 75401 =.59401 =.37401 ~.35401 -.22401 -.21401 -,21401 =+32401 -.46401 -.T5401 -.23402
2214400 =.83400 =.22400 -.14401 -,33400 -.82400 -,83400 =,57400 ~.27400 ~,79400 -,18400 +20400 =.80+00 -.38400 -.56+00
=.28401 =, T0H01 14401 ~.THO1 =.T7400 -.42401 -.45401 =.29401 -.13401 ~.44401 - 82400 --86400 -, 44401 -,16401 .30+00
27401 51401 -.31401 13401 -.26401 -, 16401 =,21401 =,27401 -.28401 -.21401 -,18401 =+ 18401 =.46400 -,85400 -.19+01
=251400 =, 17401 -,22401 -,31401 -.28401 -.30401 -.32401 -.35401 ~,32401 -,31401 -,24401 -+27401 -.25401 -.23+01 -.21401
67401 (53401 -.88401 -, 12402 -.13402 -.13402 - 11402 -, 77401 =. 95401 -,83401 -,43401 --41401 -.24401 -, 16401 43401
=e67401 =,7140) =.21401 = 11402 -, 10402 -, 11402 -. 10402 =,8H01 ~. 91401 -,72401 -,57401 =+27401 -.53401 -, 43401 -, 90401
=2 11400 =, 92400 =.26401 =,41401 -,42401 -.41401 -.3%401 -,33401 -.35401 -,29401 -,26401 --28+01 -.25401 -.22401 -.15401
453401 (53401 53401 -,46401 =.63402 =.36402 ~.24402 =, 2140 -, 14402 -, 98401 -,10402 —»10+02 -.31401 -.35401 67401
=053401 =,52401 =.50401 =, 12402 =.67402 =,37402 ~.27402 -,22402 -, 16402 -, 13402 -,12402 ~+ 10402 -.67401 -.THOI -.85401
=.57-01 =,17400 ~.30400 =, 14401 =.54401 -.44401 =.41401 ~,37401 =,31401 -.28401 -,29401 --2H01 -.1H01 -.23+01 .24-01
51401 (51401 38401 ,62401 =, 15403 =, 10403 =.56402 -, 40402 =.23402 -. 19402 -,12402 =-75401 . 10402 -. 19401 87401
=.51401 =.50401 «.37401 =.5901 ~,15403 ~.10403 -.63+0R =.46+02 -, 30402 -,22402 ~. 16402 =+13402 = 11402 - 10402 -, 55401
~o44-01 ~,13400 ~.15400 =,34400 .84401 .60400 -.23+01 =,23401 =,30401 =.26401 -,25401 --21401 =,25401 -.13401 . 10+01
WA7401  LAT401  L4T401 =,69401 =,23403 ~,12403 =.67402 -, 41402 -, 40402 -.23402 -.15402 -+ 13+02 -.51401 ,18+02
=047401 =.4T401 =, 46401 =.TT401 -.16403 =, 12403 =, 72402 -.S3402 - 47402 -, 28402 -.23402 -+1340@ -.12402 -, 75401
=032-01 =.95-01 -, 15400 14401 28402 .96401 16401 .69-01 =.15401 -, 13401 -,19401 =+21401 =.13401 .2540)
143401 42401 . S040R -, 96402 -, 11403 =, 10403 =, 73402 -,36402 -,43402 -,24402 -,13402 -61400 23402 .24401
=e42401 =.42401 =, 12402 -,29402 ~,63402 -.B1402 =, 71402 =, 44402 =.51402 -,32402 -,22402 -+ 34401 -.11401 -,54400
~.20-01 =.60-01 -, 75401 ,15402 17402 .12402 ,53401 16401 ,23400 -,90400 -.11401 =-44-01 34401 .38+00
W37401 40402 L8640 LB1402 LST4OR ~.31401 - 801 -, 17402 .28401 .834071 18402 27402 33401
=o37401 = 31402 =.33402 -.45401 12402 -, 96401 ~, 13402 -,22402 ~.58401 20400 .69+01 +32401 46400
~095-02 =.40401 =, 12402 -, 13402 -.86401 ,52400 10401 11401 ,30-01 .26400 ,14401 <3701 52400
WA3402  JSHOZ 44402 LSTHOR 45402 38402 .36402 20402 27402 .28402 ,17402 15401
“o 82402 < 45402 -,22402 -.83401 (81401 15402 21402 L18402 102 L1402 ,78401 57400
~o15401 =.60401 =.61401 =.77401 =,68401 -.48401 -.35¢01 ~.15401 . 11400 ,20401 22401 +23+00
28402 23402 L20402 24402 24402 23402 .22402 24402 18402 32401
—2T40R2 - 1402 =, 13402 -,36401 (33401 87401 13402 16402 12402 15401
~.90400 -,20401 =,36401 =,34401 -,32401 -,23401 -, 12401 58400 ,13401 41400
L81401 11402 LBT401 11402 11402 10402 71401 50400
=.78401 -,90401 =.37401 37400 47401 ,62401 ,54401 .45400
=.20400 ~,96400 =,78400 -,10401 ~,48400 -.61-02 ,31400 .33-01
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TABLE 42
DISTRIBUTION FOR vy = 1.5, 6, = 60°, AND sin az, = 0.4

#1340T 14401 14401 ,10401 10401 .10401 +35400

~o 13401 =,13401 -,13401 -,96400 -.72400 -,5740C ~.38-03

«+15-01 ~.46-01 =,77-01 =.80-01 =, 11400 ~.14400 -.58-01

+33401 33401 34401 25401 30401 ,32401 69401 21902 18402 32401
=e33401 =.33401 ~,33401 «.24401 -.28401 - 87401 .22400 13402 L1242 15401

=+ 14-01 -.42-01 <. 70-01 ~.10400 -, 16400 #,26400 -.21400 ~o43400 -.13401 -.41400

3101 31401 31401 .44401 27401 ,33401 . 13402 29402 L2THR 28402 17402 .15401
=e31401 =.31401 ~,31401 ~,44401 -, 27401 ~.33401 .50401 L1842 19402 17402 .T8401 57400

«49-04 .14-03 .24-08 -,20-01 <.36-01 +,71-01 .85400 #1540 11400 -.20401 -.22401 -,23400

«37401 ,37401 .37401 .37401 .34401 ,34401 .32401 SATH02 31402 2742 L2642 27402 33401
=+37401 -.37401 -.37401 -,37401 ~,34401 -,33401 -.32401 37402 22402 L1942 14402 .40 46400

+95-02 .28-01 .47-01 .65-01 ,40-01 ,43-01 .28.01 «2H01  .T1400 -.45400 -, 18401 -,37401 -,52400

43401 .42401 ,42401 31401 .40401 39401 38401 236402 (51402 32402 .23HR L2442 26402 ,24401
=+42401 -,42401 -.42401 -.31401 -,3%401 -.38401 -,37401 $28402 42402 24402 1142 .R401 81400 -.54400

+20-01 .60-01 10400 .97-01 .124¢00 .15400 14400 +14401 51400 ~.7H00 -.13401 -.23401 ~.38401 -.38400

AAT401 47401 (47401 .34401 45401 -5T401  .32401 35402 48402 3142 2642 24402 23402 2342
= 47401 < 47401 -.4640F -.33401 -.43401 -.52401 -.30401 22402 40402 21402 13402 86401 19401 -.60401

«32-01 .95-01 .15400 .14400 .22400 ,36400 19400 «35+00 =. 11401 -, 15401 -, 14401 -, 19401 ~.26401 -,33401

+SHOT (51401 38401 .62401 .62401 .37401 .48401 PA3402 (35402 27402 L2242 18402 L20M0R2 25402 10402
=e51401 -.50401 -.37401 «,5%401 -.56401 =,32401 -.40401 231402 20402 L1542 78401 .32401 19401 -.70401 -.60401
#44-01 13400 .15400 34400 43400 .31400 .41400 =+ 16401 =, 1HOT -, 18401 -,16401 -.12401 -.20401 =,31401 = 13401
«33401  .53401 .53401 .53401 67401 ,53401 17402 W40 24402 21402 L2142 L2102 L 14402 20402 20402
«e534071 ~.52401 -,50401 -.48401 -.56401 ~.42401 .25401 215402 91401 ,52401 40401 26401 «.27401 ~.78+401 -, 13402
+57-01 .17400 .30400 .35400 .63400 53400 -.53400 =e25401 =, 18401 ~.13401 <, 16401 -.17401 -.%2400 =,16401 ~.20401
67401 .95401 ,55401 .84401 .72401 .1240R 2640 S22402 23402 19402 17402 LJIB4R  JITHR L 16402 L2742
=e67401 ~.91401 ~.50401 ~,6H01 ~.51401 -,41401 24401 «13401 21401 17401 -.87400 -.20401 -.44401 -,74401 -.21402
«11400  .44400 .37400 ,78400 .84400 -,68-01 -. 19401 =+ 13407 -,154071 -, 13401 -.82400 85400 -, 70+00 =, 79400 =.15401
+66401 67401 12402 11402 17402 19402 20402 S21402 15402 19402 L1542 JI6HR L1640 L 16402 27402
*e65401 ~.61401 -, TOKR -.76401 ~,7140% -,55401 =+37401 -.35401 -.22401 -.21401 -, 21401 +.32401 -.46401 -.75401 ~.23402
+17400 44400 84400 22400 ~,68-01 ~,82400 -.83400 =+57400 =,27400 -.79400 -.18400 -+20400 -.80400 =.38400 ~.56400

+66401 .6T401 .97401 27401 .85400 -.42401 -.45¢01 -.23401 -.13401 ~.44401 -, 82400 -.86400 -.44401 -,16401 .30400
=+65401 ~.61401 -.83401 -.26401 -.30401 -, 16401 -,21401 -,27401 =.28401 =+21401 -, 18401 -,18401 -.46400 -,85400 -.15+0%
=e17400 -.44400 -.11401 -.14401 -,25401 -.30401 -.32401 -,35401 -.32401 ~e3140T1 -.24401 -.27401 -,25401 -.23401 -.21401

+67401 95401 .55401 84401 72401 14401 =.114C2 -,77401 -.595401 =+83407 -.43401 -,41401 -.24401 -.1MOT 49401
=+67401 -.91401 -, 50401 ~.5H401 -.51401 =.55¢01 -, 10402 -,89401 -, 91401 =72401 -,57401 ~.57401 -.53401 -,43401 -.90401
=+ 11400 -.44400 -.37400 -.78400 -.B84400 -.18401 -.3%401 -,33401 -.35401 =e2H01 ~.26401 -.28401 -.25401 -,22401 =.15401

+S340T  LS3401 53401 (53401 67401 53401 =.41401 =.21402 -, 14402 =0 98401 <. 10402 <, 102 ~.31401 -.35401 67401
=+53401 -.52401 «,50401 -.48401 =,.56401 -.42401 ~. 12402 -.02402 = 16402 - 13402 <, 72402 «,10HR ~, 67401 -, THOT -,85401
=+57-01 ~.17400 -.30400 ~.3H400 ~,63400 -.53400 -. 19401 -.37401 =e31401 -.28401 -.2%401 -.2%401 -,19401 -.23401 ,24-01

«SHO1 51401 38401 62401 .62401 37401 46401 -,33402 =e23402 - 102 -,12402 -,75401 =, 10402 -, 15401 87401
=e51401 ~.50401 =.37401 -.53401 -.56401 -.32401 -.40401 -,3%42 =o30402 «,22402 - 1642 -, 13402 =, 1142 . 10602 =,55¢01
=+44-01 ~.13400 =, 15400 -.34400 =,43400 ~.31400 -,41400 -.26401 =+30401 =,26401 -.25401 ~.21401 -,25401 ~.13401 10401

+AT401 47401 47401 L3MO1 45401 57401 .32401 -,22402 =040402 -.23402 -, 15602 ~, 13402 -.51401 .18402
~o47401 ~.47401 «,46401 ~.33401 «.43401 -.52401 -,30401 -,34402 =eATH0R <. 28402 -.2342 -, 10402 -, 12400 - 75401
=+32-01 =.95-01 =,15400 =,14400 -.22400 =,36400 ~, 19400 -, 51400 =+ 15401 -, 19401 -, 1H01 ~,21401 -, 13401 .25401

«43401 42401 42401 31401 40401 .3%401 .38401 -.20402 ~e43402 «, 24402 -, 13402 61400 23402 ,24401
=+42401 -.42401 -.42401 -,31401 -.3%H01 -.38401 -.37401 -,35402 ~e5THR - 3240R -,22402 ~, 94401 -,11401 -.54400
=+20-01 =.60-01 ~.10400 =.97-01 ~,12400 -.15400 =.14400 11401 «23400 -,90400 - 11401 «,44.01 .3440% ,38400

+37401 37401 37401 37401 34401 34401 32401 -, 17402 .28401 83401 L1842 27402 ,33401

=+3T401 ~.37401 -,37401 -, 37401 -.34401 -,33401 -,32401 22408 -.58+01 20400 L6401 ,92401 .46400

=+95-02 ~.28-01 -.47-01 -,65-01 -.40-01 -,49-01 -.28-01 .19401 .30.01 «26400 .14401 37401 ,52400

«31401 31401 31401 44401 .27401 .33401 13402 29402 27402 28402 JITHR2 15401

+¢31401 ~.31401 «31401 -,44401 -.27401 -.33401 50401 18402 S92 17402 (78401 57400

~e49-04 -, 14208 ~,24-08 .20-01 ,36-01 .71-01 -,8%400 -, 15401 -11400 20401 .22401 .23400

+33401 .33401 ,34401 ,25401 .30401 .32401 .6%401 21402 L18402 32401

=¢33401 -.33401 -.33401 -.24401 ~.26401 -,27401 ,22400 1342 12402 15401

+14-01 .42-01 .70-01 10400 16400 .26400 ,21400 .43400 13401 +41400

«13401 14401 .14401 10401 10401 .10401 ,35400

= 13401 ~.13401 =.1340% -, 96400 -,72400 -,57400 -,38-03

«15-01 .46-01 .77-01 ,80-01 .11400 .14400 .58-O1
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TABLE 43
DISTRIBUTION FOR v = 1.5, § = 60°, AND sin ar, = 0.6

L3301 33401 34401 21401 21401 16401 10401 ,50400

2.33401 =.33401 -.33401 -,20401 -,20401 =.15401 =. 53400 -,35400
«.14-01 -,42-01 =.70-01 -.76-01 «,98-01 -,92-01 =.79-01 =,59-01

31401 31401 31401 L44401 27401 33401 .32401 41401 .40401 .28401 ,29401 ,15401
2231401 =.31401 =.31401 -.44401 —.27401 -,33401 =.31401 ~.38401 =.33401 -.19401 =.94400 ,57400

JA9204 .14-03 ,24-03 =.20-01 =,36=01 =,71-01 =,10400 =,25400 =.35400 =,33400 -.46400 +,23+400

L3701 .37401 L3T401 37401 34401 ,34401 32401 .31401 .43401 41401 .11402 27402 .3340)

2.37401 =,37401 ~,37401 -.37401 ~.34401 -.33401 -.32401 -,31401 -.42401 -.3%401 .4T400 ,%401 46400

195202 .28-01 .47-01 .65-01 .40-01 .49-01 .28-01 .61-03 -.84-01 -,16400 ~.10401w,37401 -.52400

JA3401 42401 42401 31401 40401 30T 38401 .36401 44401 ,40401 ,17402 24402 L2642 24401
42401 =,42401 -.42401 -,31401 -.3%401 -,38401 -.3T401 -.35+01 -,43401 -.40401 55401 92401 .81400 -.54400

.20-01 .60-01 .10400 ,97-01 12400 ,15400 14400 ,13400 14400 .50-01 =,92400 .,23401 -.38401 -.38400

JATH01  (AT401  AT401 34401 45401 .ST401 32401 .63+401 .3%401 ,37+01 .18402 24402 23402 .23+R
—iAT401 -.4T401 -.46401 -.3340) =.43401 -,52401 -,30401 -,58401 -.36401 -.35:01 .62401 86401 .19401 -.60+01

J32:01 ,95-01 .15400 L14400 22400 .36400 19400 .43400 24400 21400 -.97400 =, 1401 -.26401 -.33401

L5101 LS1401 38401 62401 62401 .3T401 48401 48401 .S56401 42401 22402 18402 .20K2 .25402 10402
«.51401 -.50401 ~.37401 =.50401 -.56401 =,32401 -,40401 =,3%401 +.46401 -,35401 .T8401 ,32401 .19401 -.70401 -.60401

J44-01 .13400 15400 .34400 43400 ,31400 41400 .46400 54400 .38400 =.16401a, 12401 -.20401 -.31401 -, 13401

53401 53401 .53401 .53401 67401 .53401 .66401 ,52401 .51401 17402 21402 21402 14402 20402 2042
=253401 =.52401 =,50401 «.48401 =,56401 =,42401 ~,49401 =,36401 -.34401 .19401 .40+401 ,26401 -.27401 -.78401 -, 13402

J57-01 17400 .30400 .3MHO0 63400 53400 73400 .61400 62400 -.7HO0 =, 16401 o 17401 -, 92400 -.16401 -.20401

L2T401 41401 84401 .T2401 .T1401 .72401 .T1401 88401 19402 .1T402 18402 17402 16402 .2T4QR
2226401 -.37401 =.6H401 =.51401 =,48401 -.42401 -.38401 =,31401 17401 -.87400 ..20401 -.44401 -.74401 -.21402
J12400 .28400 .78400 84400 87400 .97400 10401 L6300 -.13401 -,82400 _ 85400 -.T0+00 =, TS0 -.15401
L0401 LA6401 18402 19402 L1302 L ISHIR 16402 16402 L1642 .2T402
~ 16401 -, 19401 =,39401 -.22401 =.21401 -,21401 32401 -.46401 ~. 75401 -.23+R
L41400 70400 45201 =, 27400 =, 7HO0 =, 18400 -, 20400 «.80+00 =.38400 =.56400
L3001 LAGH0T 80400 =.13401 -. 44401 -,82400 -+B5400 =, 44401 -. 16401 30400
¢ 018401 ~,46400 -.85400 =, 19401
Z.16401 -.19401 =,23401 -,28401 ~.21401 -.18401 o raata1 -.21401
—41400 -,70400 ~,29401 -,32401 =.31401 -,24401 =+27401 -« - .
- - 49401
27401 41401 .84401 72401 .71401 .72401 71401 ,50401 -.83401 -.43401 -;_',:g: _i;g} - g:g} et
126401 -.37401 =.63401 -.51401 -.48401 -,42401 -,38401 -.38401 ~.72401 -.ST401 =+ 21470~ 200~ ~7 cinn
-.12400 -.28400 -,78400 -,84400 -.87400 -,97400 -.10401 -.13401 -.2%401 -.26401 =* - . .

53401 53401 L53401 .S3401 .6T401 .SHHO1 .G6401 52401 LSH4O1 -,4%401 10102 = 1042 - 31400 I a0l
153401 -.52401 =.5040) -.48401 -.56401 -.42401 =,43401 -,36401 =.34401 -, 10402 ~.12402 ~+ W0~ ) " o3lh) T aa 01
2757201 -, 17400 =,30400 -.39400 «.63400 =,53400 =,73400 «,61400 -.62400 -.22401 -.2H01 =+ - .

— 10402 . 87401

L51401  .51401 L38401 .62401 .62401 .37401 48401 .48401 56401 .42401 -.1240R -'{;g; _-:me - :3‘& __gm,
251401 =.50401 ~,37401 ~.53401 =, 56401 =,32401 -, 40+01 =,3%401 -.46401 - 35401 -, 16402 =< 4% = ") 00 “" 15 051 110400
—24201 -, 13400 -, 15400 =,34400 =,43400 ~,31400 -,41400 =, 46400 -.54400 -.38400 -.25401 =* - .

LAT401 47401 47401 .34401 .45#01 ,57401 32401 .63401 ,39401 .37401 -,81401 -}gﬁg :f;g _';g‘:gf
147401 —.47401 -.45401 =,33401 -,43401 -.52401 -,30401 -.58401 =,36401 -, 35401 -, 16402 ~+J W E =" 1500 "5l
232201 -.95-01 . 15400 =,14400 -.22400 =,36400 =, 19400 =,43400 ~.24400 -.21400 -, 14401 " . .

.43401  .42401 .42401 .31401 .40401 .3%401 .38401 ,36401 .44401 40401 -.66+01 gm _"ﬁﬁ -:g‘x&'}
242401 -.42401 =.42401 ~.31401 -.3%401 -.38401 -,37401 ~,35401 -.43401 -.40401 .. 15402 =+ FFL = T " 50 0
2720201 -.60-01 =.10400 =.97-01 =.12400 =,15400 =, 14400 =,13400 -, 14400 -.50-01 -,78400 =+44-20 = .

37401 37401 37401 37401 34401 .34401 .32401 .31401 43401 .41401 11400 gﬁ -33”46'03
137401 =.37401 ~.3T401 =.37401 -.34401 -.33401 -,32401 ~,31401 -,42401 -.3%01 47400 2% " 0o,

2795402 -.28-01 -,47-01 =.65-01 =.40-01 -,49-01 -.28-01 ~,61-03 .84-01 16400 .10+01 * .

L31401 L31401 31401 (44401 27401 33401, 32401 41401 ,40401 28401 .29+01 ém
2131401 -.31401 =.31401 -.44401 =.27401 -,33401 -.31401 -.38401 -.33401 -, 19401 ~.94400 7 100
w89204 -,14-03 =.24-03 .20-01 ,36-01 .71-01 10400 .25400 .35400 .33400 .46400 °

33401 ,33401 301 .21401 21401 16401 10401 50400
2.33401 ~.33401 -.33401 ~,20401 =,20401 ~,15401 -.53400 -,35400
14-01 4201 .70-01 .76-01 .98-01 ,%R-01 .79-01 .59-01
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TABLE 44
DISTRIBUTION FOR v = 1.5, 6, = 60°, AND sin az = 0.8

31401 31401 31401 31401 14401 14401 .T4400
=e31401 -.31401 =.31401 =.31401 =.14401 -.14401 -, 73400
«49-04 .14-03 .24-03 .33-03 -.94-02 -.11-01 -,64-02
S37401 ,37401 .37401 37401 .34401 34401 .32401 31401 .22401 14401 .63400
=437401 =,37401 -,37401 -.37401 =,34401 -,33401 -.32401 -.31401 -.20401 -. 14401 -. 566400
295-02 .28-01 ,47-01 ,65-01 .40-01 ,49-01 .28-01 .61-03 —.84-02 -.18-01 -.30-01
43401 42401 42401 .31401 .40401 33401 .38401 .36401 44401 .40401 .52401 .28401
=.42401 -.42401 -,42401 =,31401 =.3%401 =,38401 «.37401 -.35401 ~.43401 -.40401 ~.51401 ~.27401
420-01 .60-01 .10400 .97-01 ,12400 15400 .14400 .13400 .14400 .50-01 —.74-01 -.11400
47401 47401 47401 34401 .45401 57401 .32401 .63401 .3H0T .37401 .52401 .56401 .52401 .29401
=+4T401 - 47401 -.46401 -.33401 -.43401 =.52401 «.30401 «.58401 -.36401 =.35401 -.50401 =.55401 =.51401 -.25¢01
32-01 ,95-01 .15400 .14400 .22400 .36400 .19400 .43400 .24400 .21400 .23400 .B7-01 -.13400 -.21400
425401 25401 25401 .62401 .62401 .37401 48401 48401 .56401 42401 .50401 56401 .50401 10402 10402
=+25401 =.25401 =, 24401 =.5HOT ~,56401 =,32401 -, 40401 =.3H01 =.46401 =,35401 ~.4340] -.50401 =.48401 -.74401 ~.50401
420-01  .61-01 ,10400 34400 .43400 .31400 41400 .46400 .54400 .38400 42400 .41400 .21400 -.76400 -. 13401
26401 .66401 52401 51401 .60401 .56401 .53401 .84401 17402 .20402
=.20401 =, 43401 =.36401 -,34401 =,41401 ~.4040) ~.3H401 -.44401 -.83401 . 13402
26400 .T3400 .61400 62400 .72400 64400 60400 .43-01 -.11401 -.20401
200-31 .27401 5501 53401 63401 .THOT .15602 ,16402 27402
+00-31 =.16401 =.29401 =,27401 =,33401 =.3H0T -,47401 -, 74401 -.21402
«00-31 .36400 77400 77400 .90H00 +9B400 =, 45400 -.THO0 ~.15401
228401 55401 13402 16402 16402 27402
2 10401 =, 17401 ~.32401 ~.46401 -, 75401 -.23402
L43400 .88400 30400 -.80400 -.38400 -, 56400
28401 .55401 22401 ~-.44401 =.16401 30400
270101 — 17401 =+18401 — 46400 -.85400 -.19401
7143400 - 88100 ~+21401 =.25401 =.23401 =.21401
27401 .55001 .53401 63401 <T1401 -.86400 - 19401 49401
=.16401 =.29401 -,27401 -.33401 --33401 --5°'°: '22‘3:‘8: -'190'0500:
~+36400 -,77400 -.77400 -.90400 =-38400 -.23401 -, -
26401 66401 52401 .SOT .60401 .S6401 -33401 23401 "'723? oy
-:20401 -.49401 -.36401 -.34401 -.41401 -.40801 =-3201 -.1400 ~- 1t --Toe
226400 ~,73400 -,61400 -.62400 -.72400 -,64400 —+50+00 -. - .
25001 25401 25401 62401 62401 .IT01 .ABHO1 L4801 .SG401 L4201 5001 36401 L2001 43401 et
T-25401 -.25401 -, 24401 -.53401 -.56401 -.32401 -.40+01 -.3401 -.46401 -.35401 - 43401 ~-30401 40401 - 72401 -0
=e20-01 =.61-01 =.10400 -,34400 -,43400 ~,31400 -,41400 ~.46400 -.54400 -.38400 -,42400 —~+41400 -. . .
AT40T 47401 47401 34401 45401 57401 .32401 ,63401 .3%401 .37401 .5240 %} 32} _:;'g}
=+AT401 47401 - 45401 -.33401 -.43401 -. 2401 -.30401 -.58401 -, 36401 -.35401 -_ 50401 =-33401 -5 e
=e32-01 +.95-01 ~.15400 =, 14400 =.22400 ~,36400 -, 19400 -.43400 —.24400 —,21400 -.23¢00 -+87-01 13400 .2
43401 42401 42401 31401 40401 3301 .38401 .36401 .44401 .40+401 .52401 g;ng:
Z+42401 -.42401 -.42401 -.31401 -.33401 -.38401 ~.37401 -,35401 -.43401 -.40401 -.51401 =-2T+01
=420-01 ~.60-01 ~.10400 =.G7=01 =,12400 =.15400 =, 14400 —.13400 . 14400 -.50-01 .74-01
L37401 37401 37401 ,37401 34401 .34401 .32401 31401 .22401 14401 .63+00
~.37401 =.37401 =,37401 -,37401 -,34401 =.33401 =.32401 -.31401 -.22401 -.14401 -.566400
-e95-02 =.28-01 -.47-01 -.65~01 =.40-01 -.49-01 =.28-01 -.61-03 .84-G2 .18-01 .30-01
31401 31401 31401 31401 14401 14401 74400
~.31401 «,31401 =.31401 =.31401 =.14401 =, 14401 ~.73400
=49-04 <.14-03 «,24-03 -.33-03 ,94-02 .11-01 .64-C2
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TABLE 45

DISTRIBUTION FOR v = 1.5, §, = 80°, AND sin az, = 0

384

J5401 ,32401  .64401 L T0401 55401
-.95400 .96+00 40401 .62401 .52401
L14.01 18400 16400 .29-01 -,58-01
L28402 39402 L SOH02  .S2402 84402 94402 .98402 93402 .T1402 35402
C.25402 - 19402 28400 .20402 .S3402 .T5402 L8742 .B4402 .64402 .29+R
15401 49401 .73401 .61401 .79401 52401 .22401 -.10401 -.33401 -.28+01
L9T402  .11403  L16403 .20403 .24403 31403 ,21403 .13403 .12403 .%R402 81402 .51402
88402 -.50402 ~. 91401 .T0HR2 .14403 .25403 19403 .12403 .10403 75402 ,57+02 .28+02
T5E401  L15402 L2640R 30402 30402 28402 94401 .B7400 -.40401 -.68+01 -.87401 -.69401
37403 42403 LT9403 96403 44403 12403 LST402 45402 37402 L3942 39402 .4TH02 58402 78401
230408 - 17403 17403 49403 .32403 .10403 41402 .20402 21402 18402 17402 15402 13402 .48+00
24400 50402 12403 L13403 41402 .16401 -.36401 ~.39401 -,3%401 -,47401 -.50401 -.67+01 -. 92401 ~.13+01
11404 27404 15408 10402 14402 13402 L15402 16402 20402 L1502 (22402 22402 30402 L48402 22401
20403 - 36403 30403 -.55401 =.51401 -.38401 -.22401 =.22401 =.12401 =.86400 -,28401 =.40400 -,52401 -.91401 -, 9R2+00
(94408 .A3403 24403 -.10401 -.17401 =.16401 =.20401 =.21401 =,27401 ~.21401 =.30401 -.33401 -.45401 -.77401 -.33400
90404 41404 90401 11402 96401 90401 .G3401 14402 11402 12402 14402 .1T#02 (19402 .26+02 27402
157408 - 87403 -.83401 -.02401 -.76401 -.65401 =.62401 =.75401 ~.63401 -.62401 =.78401 -.73+01 -, 93401 -.13+402 -.16402
T10404  .66403 =.43400 «.79+00 =,72400 =.72400 =.82400 =.16401 -.12401 -,13401 -.15401 -.22401 -.24401 ~.34401 -.36+401
43405 79401 89401 L90401 81401 92401 11402 84401 10402 11402 L10402 15402 13402 21402 36402
033405 78401 -.86401 =.84401 ~.73401 -.79401 -.93401 -.68+01 =.83401 ~.86+01 ~.B3+01 -, 10402 =, 10402 -, 16402 -.30+02
41408 . 87-01 =.21400 =.29400 -.26400 ~.46400 -.74400 =.58400 =,63+400 =.87400 =.,65400 -.13401 -.10+01 -.17401 -.32401
43409 .81401 .B2401 .82401 93401 .04+01 63401 .10402 .10+R ,96401 .11402 12402 .13+02 16402 37402
43409 -.81401 -.80401 -.79401 -.87401 =.86401 =,57401 -.95401 -.92401 -.81401 -.9%401 =, 10402 -. 11402 -.16402 -.35+02
125407 -.29001 -.49-01 ~.67-01 -.16400 -.19400 =.77-01 =,16400 ~.23400 -,2H00 =.16400 -.32400 =.3%400 -.56400 -.12+01
=.43409 .B1-01 .68-01 .49-01 -,10401 -.10401 =.43-01 =.13400 -.21400 =, 12401 .77400 -.36400 -.13401 -.51400 -.43400
243409 -, 10400 =,12400 =, 15400 71400 65400 -.16400 -.31400 =.50400 .43+400 -,14401 =.63400 .26400 -.85+00 -.64400
L25407 =, 14400 =,24400 -.34400 -.51400 =.62400 -.42400 -.72400 -,82400 -,82+400 -.95+00 ~.97+00 -,10401 ~.11401 -, 96400
=.12405 25400 =, 75400 ~.87400 .32-01 -=,11401 =,34401 =.24401 =,64400 -.19401 -.77400 =-.35+01 -.22401 -,16401 .80400
L51404 =.31400 45400 37400 =.63400 -.15400 13401 .86400 -, 15401 =, 11401 ~.15401 ~.794+00 -.12401 -.28401 -.36401
121404 =, 14400 =.30400 =.43+00 =,46400 =,67400 ~,99+00 =,70400 «,B400 -. 10401 =,87400 =-.13401 -.10+01 -.12401 -.71400
LB1403 =,27404 -.12401 =.33401 -.19401 =.12401 -, 15401 -.65401 -.25+01 =.28+401 ~.31401 ~.61401 -.60+01 -.29+01 .54401
16404 37403 L58400 14401 -.86-01 -,11401 -.15401 -,13400 -.24401 -.31401 =,34401 -.32401 -,29401 -.47401 -.53401
,82402 44403 =,43400 -, THO0 ~.72400 -.72400 -.82400 =.15401 -, 10401 =,11401 -, 12401 =.16401 -.1€401 -. 11401 .40400
43403 =,14403 -, 11404 -,28401 =.68401 =.53401 =,85401 =.74401 ~.11402 ~.82401 -,79+01 ~-.11402 -.72401 .58401 ,22+01
~. 40403 -,32403 =.30403 ~.16401 ~.19401 -.32401 -.48401 -.62401 -.70401 -.96+01 -,95401 =.80401 -.97401 -. 75401 -. 32400
S.26402 .33402 18403 -,93400 -.15401 =.14401 =.18401 =.17401 -.22401 -.16401 -.18401 -.21401 -.16401 .69+00 .33+00
33403 .34403 17403 -.53+03 =.39403 =, 11403 =.47+02 =.35+02 ~.28402 -.29402 -,24402 -.18+402 16402 L0401
2.30403 =, 13403 -, 10403 -,35403 =,31403 =.11403 ~.50402 =.37402 -.27+402 -.26402 -,24402 =.22+02 -.26+01 .78-01
Z.20402 -.50402 -.38402 64402 36402 .22401 -.28+401 ~,30401 -.30401 -,20401 -,20+01 =-22401 .28+01 .84+00
(97402 J11403  .16403 .20403 14403 -,86402 -.81402 -,07402 -.68402 -.10402 .24402 -34+02
_.88408 -,59402 ~.91401 LT0H02 73402 -.894+02 ~.8B402 -, 10403 -, 77402 -.19+02 92401 16402
2055401 =, 15402 =.26402 -.30402 -. 16402 58401 25401 .19401 -.83+00 .33+00 .38+01 +50+01
28402 (3402 50402  .52402 84402 94402 .98+02 .33402 L7142 35402
S25HR ~ 19402 28400 20402 L53402 LT5402 .B7402 .B4402 64402 .2%+02
= 15401 ~,49401 =,73401 =.61401 =.79401 «.52401 -.22401 .10401 .33+401 .28+01
L15401 32401 64401 70401 .55401
~.95400 96400 40401 62401 52401
=.14-01 =, 18400 «,16400 -,29-01 .58-01



+26401
-+26401
=.61-01

37401
=-+36401
-.38-01

+31401
~.31401
«s 1701

+89401
~.87401
~«19400

+88401
-.87401
=73-01

+78401
~+ 78401
-e29-01

«81401
=.81401
-e99=02

«37401
=.32401
=.28400

37401
=.3640'

-.11400

«31401
=.31401
- R-01

+84401
=.73401

1402
= 11402
36400

79401
= 78401
=87-01

«81401
-.81401
=.29-01

+36401
«+26401
39400

37401

1 -.36401

=+19400

«50401
«.31401
=+39400

« 10602
=75¢01

50400 -.95+00

«90401
-.83401

~AT:02
~29902
15401

10402
-.55401
-« 10401

11402
-« 32401

<1402

14402
51401
=-.17401

+96401
=.T6401

94402
JT540R
52401

31403
25403
28402

«12408
«10408
+ 16401

« 13402
=.38401
- 16401

«90401
=.65401

=o43400 -,79400 -, T2400 =.72400

«89401
=+86401
21400

«82401
-+80401
-.49-01

« 90401
=.84401
=.29400

82401
= 79401
=.67=01

«81401
=. 73401
28400

53401
=-+.87401

« 32401
- 7901

TABLE 46
DISTRIBUTION FOR v = 1.5, 6, = 80°, AND sin az, = 0.2

« 98402
<7402
22401

21408
< 19403
« 94401

«5T+08
~AT402
«+36401

« 154002
=e22401
=+20401

+ 53401
-.62401
-.82400

11402
53401

=a46400 ~.T74400

« 94401
=-+86401

+63401
=«57401

=« 16400 -.19400 ~.77-01

53402
«B440R2
-.10401

« 13408
« 12403
«87400

45102
29402
35401

« 16402
-+22401
-.21401

« 14402
= 75401
-. 16401

« 84401
~.568401
~ 58400

10402
=-95401
-+ 16400

T140R
« 54402
233401

1240
- 10408
-+ 40401

«3Te0R2
21402
=.39401

20402
=-.12401
=.27401

11402
=+69401
=<12401

10402
=-+83401
~+63400

« 10402
o 32401
=e23400

35402
29402
=.28401

« 2402
TR
=.68401

35402
- 18402
- 47401

15602
=-.86400
=e21401

12402

-.62401
- 13401

11402
-.86401
-+87400

« 96401
-.81401
~=229400

81402
«ST+0R
-.87401

«39e0R
« 17402
=+ 50401

22402
~o28401
-«30401

« 14402
«. 78401
-« 15401

« 10402
83401
=.65400

11402
=+ 99401
~o 16400

+S1e0R
28402
-.69401

+«AT402
< 15402
=.67401

« 58402

< 19402
-.24401

«13e02
- 10002
=+ 10401

< 13402
=.11402
~«39%000

78401
+48400
=+13401

48402
=« 91401
=.77401

«<26402
- 13402
=e34401

21402
~. 16402
=.17401

« 18402
- 16402
= 56400

+88-01
=« 90-01
~.49-01

27400
27400
«=»48-01

=.10401
+10401
=73-01

~+ 17401
«16401
= 17400

+31401
~.31401
«17-01

«37401
=e36401
«39-01

+26401
~o26401
«61-01

+81=01
=+ 10400
=+ 14400

+68-01
-+ 12400

«43=01
- 15400

«=«10401
+71400

=.104001
«65¢00

~+43-01
=« 16400

~e24400 ~,34400 ~.51400 -.62400 -.42400

«25400 . T5400 -.87400

=«31400
~» 14400

-36401

+49¢00
=+30400

=-+12401
« 58400

37400
=+43400

««33401
« 14401

=e38400 -.43400 -.79400

-.32401
«12401
««31401
«37401
+ 19400

«32-01
«46-01

=+28401
«216401
-o 3400

-32-01
~.69400
~. 46400

=+ 19401
«+86-01
72400

~.68401
= 19401
-+ 15401%

-e39403
=-.31403
«36402

« 14003
«T3402
-o 18402

=.11401
-« 15400
~+67400

=-e 12401
=+ 11401
72400

«.59401
=+32401
-« 14401

-e 11403
- 1143
+22401

=«34401
+13401
-+ 99400

-« 15401
«. 15401

~«85401
~-+48+401
~-.18401

- 4T40R
= 50002
=+28401

-.81402
-.88402
«25401

«90402
<8702
~o22401

-+ 13400
=.31400
T2400

=o24401

«86400
~. 70400

«.65401
«+13400

82400 -.15¢01

= T4401
«.62401
«17401

- 35402
«JT402
«.30401

- TR
=« 10403
« 19401

- 5302
84402
« 10001

-+21400

385

=-.12401
«43400
-.82400

-« 19401
~. 11401
. 10401

«.28401
=.31401
= 11401

-« 82401
=+ 56401
=« 16401

-.25402
e 26402

29401

o 10402
=+ 19402
«33400

+T7400
=« 14401
= 95400

«. 77400
e 15401
=+87400

=«31401
- 34401
=+ 12401

«THO1

=+36400
=+ 97400
=+35401
279400
=+ 13401
=.61401
=+32401
=+ 16401
~. 11402
=+80401
-+21401
~o 18402

22402
-.22401

16402
«50+01

-.13401
+26400
-+ 10401

=-e22401
= 12401
=.10401

~.60401
~.29401
=« 16401

-.72¢401
=.97401
-.16401

16402
=-.26401
«28401

=«51400
~.85¢00
= 11401

=-.16401
-«28401
=-.12401

=e29401
~. 47401
-« 11401

+58401
=« 75401
+69400

+50401
«18=01
+84400



TABLE 47
DISTRIBUTION FOR v = 1.5, 6, = 80°, AND sin ay, = 0.4

L2400 .94400 14401 15401 .27401 36401 .68401 83402 .T1402 .354R

2291400 =.89400 ~.12401 =,10401 ~.13401 -.87400 .21401 .T4402 .64402 ,25402

2.15=01 =.45-01 ~,12400 -,18400 ~.38400 -,56400 -.97400 -.15+01 -,33401 -.28401

L37401 37401 .37401 44401 .47401 .41401 49401 ,98402 .12403 .92402 .81402 .51+

2.36401 -,36401 ~.36401 =.40401 -.3%401 -.28401 -,26401 .B8402 .10403 .75402 .57402 .28+02

2.39-01 =, 11400 =.1H00 ~,32400 -.42400 -.47400 -.68400 -.20+00 -.40401 -,68401 -, 87401 -.69+01

L31401 31401 31401 .32401 32401 47401 16402 .43402 37402 ,3%402 .3%+0R2 .4THR .58+402 .78401

31401 =,31401 =.31401 =.31401 -,30401 -.43401 .32401 26402 .21402 .18402 17402 .15402 .13402 .48400
2017-01 =;52-01 «,87-01 =.12400 =,15400 =.32400 -.17401 =.38401 =, 3H401 =.47401 -,50401 -.67401 =.2+01 -.13+01

J35401 35401 35401 44401 82401 12402 15402 16402 .20402 15402 22402 .22402 30402 .48402 .22401
235401 =.35401 =,3%401 =.3H401 -.53401 -.42401 =.22401 =.22401 =,12401 -.86400 -.28401 ~,40400 -.52401 -, 91401 -.92400
22208 ~.27-01 =.46=01 ~,18400 -.80400 =.14401 =.20401 ~.21401 =.27401 ~,21401 -.30401 =.33401 -.45+01 -.77401 -.33+400
L88401 11402 .90401 11402 96401 .90401 93401 14402 11402 12402 14402 17402 19402 26402 .27+02
—.87T401 =, 11402 =.83401 -.R401 =.76401 =.65+01 ~.62401 . 75401 -.63401 -.62401 -.78401 =.73401 -.93401 -, 13402 -.16402
2.73-01 =.38400 =.43400 =,THO0 -.72400 =.72400 ~.82400 =.16401 -,12401 =.13401 =, 15401 =.22401 -.24401 -,34+01 -.36+01
L78401 JTHO1 L8401 .90401 81401 .@+401 .11402 .84401 10402 .11402 .10402 15402 .13+02 .21402 .36402
2.78401 =.78401 -.86401 -.84401 =.73401 =,794+01 =, 93401 -.68401 =,83401 -.86401 <,83401 -.10402 -, 10+02 -, 16402 .30+
2029201 =,87201 =.21400 =.2H00 =,28400 =.46400 -.74400 =.58400 ~,63+00 -,87400 -.65+00 =.13+01 -.10401 -, 17401 -.32401
L81401 81401 82401 .82+401 .93401 .94401 .63401 10402 10402 ,96401 11402 12402 .13402 .18402 .37+02
«.81401 =.81401 =.80+01 =,T9HO1 =.B7401 =.86401 =,57401 -.95401 =.92401 =, 81401 -.9H01 ~.10402 - 11402 -,16402 =354
2099-02 <,29-01 =.49-01 =,67-01 =+16400 =.19430 =,77-01 =,16400 =.23+00 ~.29400 -,16400 =.32400 -.33+00 -.56+00 =,12401
88201 .81-01 .68-01 .49-01 =.10401 =.10401 -.43-01 =,13400 =.21400 =.12401 .77400 _ 36400 -.13401 -.51400 -.43+00
.290-01 = 10400 -.12400 =.15400 .71400 .65+00 -.16400 =,31400 -.50400 .43+400 -.14401 163,00 ,26400 -.B5+00 =.64+00
089.01 - 14400 -.24400 -.34400 ~.51400 =,62400 -.42400 -, 72400 =,82400 -.82400 -.95+00 _ 97400 -.10401 ~.11401 =, 96400
27400 25400 - TSH00 =.87400 .32-01 =.11401 -,34401 -.24401 ~.64400 -. 1401 =.77400 _ 35,01 -,20401 -.16401 .80+00
_I27400 <.31400 43400 .37400 -.6400 -.15400 13401 .86400 ~.15401 =.11401 —.15401 35,00 _ 12401 -.28401 ~.36401
2U48-01 -.14400 ~.30+00 -.43400 =.46400 =.67400 -.93+00 -, 70400 ~.B5+00 -.10401 =.87400 713,01 -,10401 -.12401 ~.T1400
2 10401 =.36401 =012401 =,33401 =, 19401 =,12401 =, 15401 = 65401 =.25401 =.28401 =340 _ 61,01 -,60401 -,23401 54401
10401 .30401 56400 14401 =.86-01 =.11401 =.15401 =.13400 -.24401 -.31401 -.38401 (30,01 _ 29401 -.4T401 =.53+01
2073201 =.38400 -,43400 -.7H00 =.72400 =,72400 -.82400 =.15401 =, 10401 =, 11401 -.12401 _ 16401 -, 16401 ~.11401 40400
35401 35401 35401 27401 =.10401 =.48401 =,85401 =.T4401 = 11402 =.82401 = 7H01 _ 41400 .,72401 .58401 .22401
2035401 ~.35401 =.35401 =.31401 =.17401 =.20401 =.48401 =.62401 ~,T0401 =, 56401 =. 95401 _7g6.01 .,97401 -.75401 -.92400
YRe02 2701 46201 -.57-01 =.63400 =.12401 =.18401 =. 17401 -.22401 =, 16401 . 18401 ‘59,01 . 16401 69400 .33+00
31401 31401 31401 .32401 32401 L4401 =,65¢01 -.33402 -.28+40R -.25¢2 =.24402 _ 15,00 16402 50401

131401 .31401 ~.31401 =.31401 =.30401 =.43401 =, 11400 =, 35402 -.2THR -.26402 -.24402 _“o5,00 - 26401 .768-01

117401 .52-01 .B7-01 .12400 .15400 .32400 -.99400 ~.2401 -.30+01 =201 ~.23401 ‘55,01 ,28401 84400

37401 37401 37401 44401 (4T401 41401 49401 ~,61402 -.68402 -, 10402 24402 54,0

2236401 =.36401 =.36401 =.40401 =301 -.28401 =.26401 =,69402 -, 77402 -, 19402 401 i

139-01 11400 L19400 .32400 42400 .4T400 .68400 .74400 -.83400 33400 .38401 50401

L3400 J9H00 14401 15401 27401 36401 68401 83402 .71402 35402

et 91400 =.8%400 =.12401 =,10401 =.13401 =.87400 .21401 .T4402 .64402 ,2940R

115201 .45-01 .12400 .18400 .38400 .56400 97400 15401 ,33401 .28401

386




TABLE 48
DISTRIBUTION FOR v = 1.5, 6, = 80°, AND sin az = 0.6

26401 .26401 26401 .27401 .34401 21401 .29401 .38401 .58401 10402 63402 51402
~e26401 =.25401 ~.25401 =.25401 =.30401 =.17401 ~.17401 —.21401 -.15401 .B6400 .42 .28400
=e24-01 =,73-01 -.12+00 -.17400 =.26400 ~.21400 =.37400 ~,53400 =.800 -.17401 -.73407 -.63401
231401 31401 31401 .32401 .32401 47401 48401 .49401 .42401 .16402 .39402 .47
31401 =.31401 ~.31401 =.31401 -.30401 ~.43401 -.42401 -.41401 -.31401 .86400 .14 -1t - 1ores o
=e17-01 -.52-01 -.87-01 =,12400 -, 15400 =.32400 ~.37400 =.44400 -,46+00 =.21401 =.50401 -.67401 ~.%2401 -. 13101
435401 35401 35401 35401 .36401 ,36401 36401 .44401 .12402 .15602 .20402 22402
=I35401 -I35401 L3540 = 35401 ~.35401 ~.35401 -.35401 -.42401 - 38401 -.B5400 -.26401 4000 - soron - oorge _"22401
“+R02 =,27-01 ~.46-01 -.64-01 ~.82-01 -,99-01 =.11400 =.22400 ~,16401 =.21401 «.30401 =.33401 ~.45401 ~.77401 -. 33400
+38401 .38401 .38401 .38401 .68401 .53401 ,TT40T .14402 11402 .12402 14402 17402
~138401 36401 -.38401 38401 60401 ~.51401 =.54401 ~.T5401 = 69401 -.62401 =, 78401 ~ 13401 — SN01 - 1o - oml
<16-04 .49-04 ,81-04 .11-03 -.34400 =.2T400 -,47+00 =.16401 =, 12401 =.13401 =.15401 =.22401 -.24401 -.34401 - 36401
JTB401 73401 .BHOT .90401 .B1401 .S2401 11402 .84401 1042 11402 1042 .1
~oTB401 =.78401 =.86401 -,84401 <, 73401 =,7H401 =.53401 ~,68401 =.83401 -.86401 ~.B83+01 -.1% -::gﬁ -:féﬁ -:38.@““
=429-01 -.87-01 -.21400 -.2H00 ~.28400 -,46400 -.T4400 =,58+00 -.63+00 = BT+00 ~.65400 -, 13401 —. 10401 -.17401 —.32401
+B1401 .81401 82401 82401 3401 .94401 .63401 .10402 .10WR .96401 1148 .12
=e81401 ~.81401 =.80401 -.7H01 =.87401 «.B6401 =.57401 -, 95401 =.R2401 -.81401 =.99401 -.1& _:ﬁﬁ _::mawe _:g'rmwe
=e99-02 -,29-01 =.49-01 =.67-01 =.16400 -.1H400 =,77-01 -.16400 -.23400 -.20400 =, 16400 -.32400 -.39400 -.56400 . 12401
+88-01 .81-01 .68-01 .49-01 =.10401 =.10401 =.43-01 =,13400 -, 21400 -.12401 ,T7400 =.36400 =.13401 =,51400 =,43400
©090-01 =,10400 =.12400 -.15400 .71400 .65400 =.16400 =.31400 -.50400 43400 -.14401 =.63400 .26400 -.85+00 =.54400
=e849-01 =, 14400 =.24400 =.34400 -.51400 =.62400 -,42400 =, 72400 =.B2400 ~.82400 =.95400 -.97400 -.10401 -.11401 ~.96400
227400 25400 -.75400 -.87400 .32-01 =.T1401 =.34401 -.24401 =.64400 -,13401 -, 77400 -.35401 =.22401 =.16401 .80+00
«.27400 =.31400 43400 37400 =.6H00 =, 15400 13401 86400 -, 15401 -. 11401 —, 15401 =.THOO ~.12401 =.28401 ~.36+01
=e48-01 =,14400 =.30400 =.43400 -,46400 -.6T400 ~.IH00 =. 70400 =.85400 =.10401 =.87400 =.13401 -.10401 -.12401 -.71400
«38401 ,38401 .38401 .38401 33400 .18401 .62400 =.65401 =,25401 -.28401 -,31401 -.61401 ~.60401 -.29401 ,54401
2038401 =,38401 <.38401 =.38407 =, 17401 ~,26401 =,23401 -, 13400 =,24401 -,31401 -,34401 -.32401 =.2401 -.47401 =,53401
=.16-04 =.49-04 =.81-04 ~,11-03 -,34400 =.27400 -.47400 -, 15401 =, 10401 =, 11401 -.12401 ~.16401 =, 16401 -.11401 .40+00
235401 .35401 .35401 .35401 36401 36401 .36401 .44401 -.35401 -.82401 =, 701 -.11402 =.72401 .58401 .22401
=.35401 =.35401 =.35401 =.35401 =.35401 «,35401 =,35401 -.42401 =,44401 -.56401 -, 95401 =.80401 -, 97401 -.T5401 -.92400
2%2-02 .27-01 .46-01 .64-01 .82-01 .99-01 .11400 .22400 -.10401 -.16401 =.18401 -.21401 -, 16401 .6%400 .33+00
31401 31401 31401 32401 .32401 .4T401 48401 49401 ,42401 -,22401 =242 =.18402 16402 .50401
=301 =.31401 =,31401 ~.31401 =.30401 =.43401 -.42401 ~.41401 = 31401 -, 96401 -.24402 =.22402 -.26401 .78-01
J17-01  .52-01 ,87-01 .12400 .15400 .32400 .37T400 .44400 .46400 -,37400 -.2001 =+22401 .28401 .84400
L26401  L26401 .26401 27401 .34401 .21401 .29401 .38401 .58401 10402 2742 3442
026401 =.25401 =,25401 ~.25401 =,30401 =, 17401 =.17401 «.21401 -, 13401 86400 .11402 16402
«24=01 .73-01 .12400 .17400 .28400 .21400 .37400 .53400 .83400 .17401 38401 50401
TABLE 49
DISTRIBUTION FOR v = 1.5, 8, = 80°, AND sin az = 0.8
<16401  .16401 J16401 16401 16401 L1T401 25401 17401 .26401 18401 38401 10402 76401
=, 16401 -, 16401 “o16401 =, 16401 =, 16401 =.15407 =.22401 =.134071 =.20401 =.11401 --20+01 -.14401 .48+00
e 78202 -.23-01 ~254-01 -.69-01 -.84-01 =,98-01 =.20400 ~,16400 -.27400 ~.22400 =+33+00 -.16+01 -.13+01
35401 35401 35401 .36401 36401 36401 .44401 44401 36401 ,73401 95401 23402 .48402 22401
“135401 =301 - 1 -.35401 =.35401 -.35401 =.35401 -.42401 -.41401 -.32401 ~.61401 =+42401 -.70401 -.91401 -, R2+00
202 +,27-01 =.64-01 -,82.01 =, 9901 =, 1i400 -,22400 -,27400 =.25400 «,62400 -+60+00 =.33401 -.77401 -.33400
38401 .38401 .38+01 .38401 .38401 .38401 .38401 .38401 47401 .4T+01 .93401 +14+2 19402 26402 27402
=.38401 -.38401 -.38401 -,38401 -.38401 ~.38401 =.38401 =.38401 =.46401 =.47401 70401 =+70401 ~.93401 -.13402 -.16402
+16-04 ,49-04 .81-04 .11-03 .14-03 .16-03 418-03 =.34-01 =.10400 -.57-01 ~.70400 =-17401 ~.24401 -.34401 -.36+401
-40401 40401 40401 40401 40401 .40401 62401 .62401 .72401 .11402 1042 1342 13402 21402 36402
=e40401 -.40401 ~.40401 -.40401 -.40401 ~.40401 =,57401 -.54401 -.64401 -,B86401 -.B3401 =+10402 - 10402 -.16402 -.30+02
+98-02 .29-01 .48-01 .68-01 .B7-01 10400 =.88-01 =.30400 -.16400 =,B7400 -.65¢00 =+13+01 =.10401 -.17401 -.32401
61401 61401 (61401 62401 93401 94401 63401 .10KR 10402 .96401 11402 1242 1342 .18+02 37402
=.61401 ~.61401 =.61401 ~.60401 =.87401 -.86401 =.57401 =,95401 ~.92401 -,81401 ~,99401 =+10H02 -, 11402 -, 16402 -.35402
462202 .18-01 .30-01 .43-01 ~. 16400 =.19400 =,77-01 =.16400 =,23400 -.2H00 =.16400 ~+32400 -.3H00 -.56400 -.12401
. . Z 10401 = 10401 =.43-01 =.13400 -.21400 -.12401 .TT400 -.36400 =.13401 -.51400 -.43+00
o rBot0 TI17500 85100 110400 131400 .0W00 143400 -.14:01 ~[E3400 26400 -.83400 -.64400
2733201 -.10400 =. 16400 =.23400 «.51400 =.62400 -.42400 -.72400 -.82400 -,82400 -,95400 -.97400 -.10401 ~. 11401 -.
.4 LA0H01 19401 =.26400 27401 =.12401 -, 77400 =.35+01 -.22401 -.16401 .80+00
Rttt g et o) 1hoid) 1150100 ~134401 11401 ~ 15401 ~.T3400 -. 12401 28401 136401
Z198-02 -.29-01 -.48-01 -,68-01 -.87-01 =,10400 =,33400 =,42400 -.38+00 =.10401 =.8T400 =-.13+01 -.10401 -.1240} -.7
. 38401 .38401 .38401 AT401 .4T401 20401 =.35401 -.60+401 -.29+01 .54401
-:3% _:gaB:g: -:ggﬁl -2321‘81 -gg:g: 138401 -.38401 -.38401 -.46401 =.4T401 =,42401 =.35401 -.23401 -.47401 -.53401
T 16208 -.49-08 -.81-04 —.11-03 =.18-03 -.16-03 -.18-03 .34-01 .10400 .97-01 -,42400 =.11401 -.16401 -.11407 40400
5 . 36401 44401 .44401 .36401 .73401 55401 .42400 .58401 .22401
-g::g; -g':g: -gig‘ -355:9\: -35“31 -g%: 235401 ~.42401 -.41401 =.32401 =.61401 =.42401 =.79401 -, 75401 -.m
U2.00  .27-01  .46-01 .64-01 .82-01 .99.01 .i140C .22400 .2T400 .25400 62400 60400 -.41400 .BHO .
.38401 10402 50401
16401 16401 16401 16401 16401 16401 17401 .25401 17401 .26401 .18401 *
216401 =.16401 =.16401 =.16401 =, 164071 =, 16401 =.15401 =.22401 =.13401 =.20401 -, 11401 -gg:g; --:m} -gm
178-02 .23-01 .39-01 .54-01 .69-01 .84-01 .98-01 ,20400 .16400 .27400 .22400 - . .



TABLE 50
DISTRIBUTION FOR v = 1.5, 8 = 90°, AND sin ag, = 0

ANO2  JTHO2 L15HB 26403 L5703 .52403 L35403 25400 21408 14408 84402 .204KR2

238402 -.64401 58402 16403 .42403 45403 .33403 24403 19403 12408 66402 14402

232401 10402 18402 27402 55402 35402 87401 -.27401 -,95401 -.11402 -.86401 -.23401

.35403 54403 13404 97408 .21403 16402 17402 25402 28402 34402 .4T402 .90402 .66402 11402

«.30403 -.16403 28403 43403 ,11403 -.62401 =.37401 . 15401 ,14401 63401 .14402 .34402 .16402 .13401

2502 83402 21403 14403 24402 -,24401 -.28401 -,41401 -,46401 -,55401 =.73401 =.13402 -, 10432 -,18401

J15404 33404 10404 81401 .85401 .TO401 .90401 ,94401 98401 12402 .13402 18402 .2640R2 .45402

=e12404 =,54403 13403 -,74401 -, 72401 -,54401 -.63401 =,61401 -.53+01 =,58401 ~.51401 =.57401 -.60+01 -,81401

012403 54403 17403 =,57400 ~, 73400 =,72400 =, 10401 =, 11401 =.13401 =, 18401 ~.1H01 =,28401 -.42401 -.74401

10405 35404 72401 .72401 73401 .R401 75401 .96401 ,98401 10402 ,12402 14402 17402 .20402 27402
=o68404 ~.88403 - TO401 =.6H0T1 -.68401 -.83401 -.66401 -.81401 -, 77401 =, 76401 =,86401 =.95401 =, 104R -. 15402 -, 14402
«11404 56403 =.23400 =.32400 ~,41400 =,65400 =,60400 =, 85400 -. 10401 =,10401 -.14401 =.18401 -.22401 -.40401 -.38401
41405 L T6401 LTT401 L TT401 ,T7401 . T7401 .78401 98401 ,99401 .THHO1 12402 .12402 16402 .18402 390402
2030405 =o 76401 = 76401 =,76401 =. 75401 -, 75401 =, 75401 =, 32401 =, 32401 =.73401 -, 10402 m 10402 -, 14402 -, 15402 -.32402
+40404 -,86-01 ~.14400 =,19400 =,25400 =,30400 ~,36400 -,54400 ~.57400 =,52400 -,86400 =.35+00 =,13401 -.17401 «.37401
J44409 THOT THO! THOT 7HOT .THO1 .THOT ,THOT ,99401 99401 12402 12402 .12402 20402 ,40+02
= 44409 -, THO1 = THOI =, THO1 =.THOT =.THOI =.THO1 =, THO1 -.98401 -,99401 =, 11402 = 11402 = 11402 - 19402 -,3%402
026407 =429=01 =o48-01 «.67-01 =.86-01 =, 10400 =,12400 =,13400 =,21400 -, 19400 ~,29400 =e32400 =,34400 -.62400 -.13401

TABLE 51
DISTRIBUTION FOR v = 1.5, 6 = 90°, AND sin az = 0.2

22401 29401 L60401 L13403 57403 52403 .35403 20403 ,21403 ,14403 84402 20402

«.21401 =,21401 -,20401 ,85402 .42403 .49%403 ,33403 ,24403 19403 .12403 .66402 .14402

=095-01 =,32400 «, 91400 11402 ,05402 ,395402 87401 -.27401 -,95401 -, 11402 -,86401 -,23401

93401 12402 11402 86402 ,21403 L 16402 17402 25402 26402 34402 47402 90402 .66+402 11402

“. 92401 =, 12402 -,96401 .33402 11403 -,62401 ~o37401 -, 15401 14401 63401 14402 ,34402 .16402 .13401

= 15400 =,74400 =, 10401  ,B4401 24402 -,24401 -.28401 =,41401 =,46401 ~,55401 =.73401 -.13402 -.10402 -.18401

.63401 ,63+01 64401 81401 .85401 ,70401 ,90401 .94401 98401 .12402 13402 18402 .26402 .45402

-.63401 -.62401 -.61401 ~,T4401 -.72401 -,54401 =.63401 =.61401 =,53401 -,58401 =.51401 -.57401 -.60401 ~.81401

206201 =.18400 =.31400 =,5T400 -,73400 «,72400 -, 10401 ~. 11401 =,13+01 -, 18401 -,13401 -,26401 -.42401 =.74401

L1401 71401 .72401 L72401 73401 .92401 75401 96401 98401 10402 12402 .14402 17402 .29402 .27402
=.71401 =, 71401 =.70401 =, 6401 =.68401 =.83401 =.66401 =.81401 = 77401 -, 76401 =,86401 =-,95401 -, 10402 =, 15402 -, 14402
©246-01 =.14400 -,23400 =,32400 =,41400 =.65400 =,60400 =.85400 -.10401 -, 10401 -.14401 -,18401 -,22401 -.40+401 -.38401
JTE401 LT6401 LTT401 77401 77401 77401 78401 ,98401 09401 79401 12402 12402 .16402 ,18402 ,39+02
=0 76401 =, 76401 =, 76401 =, 76401 =, 75401 =, 75401 =, 75401 =, 32401 -, 92401 -,73401 =, 10402 =,10402 -,14402 -.1U402 -.32402
=e28-01 =.86-01 =, 14400 =, 19400 -, 25400 =,30400 =,36400 =, 54400 =, L7400 =, 2400 =,86400 =-,99400 =.13401 -, 17401 -.37+01
JT940T 79401 T9401 L THOI 7901 THO1 .THO1 .73401 99401 99401 12402 12402 ,12402 20402 40402
2 THOT =, 79401 =, 7901 =.79H01 = THOI = THOV =.7HO1 ~.THO1 ~,98401 =.9HO01 -, 11402 -, 11402 =, 11402 -, 19+02 -, 39402
209702 =429-01 =,48-01 =,67-01 =,86=01 =, 10400 =412400 =13400 =,21400 =, 1HO0 =, 2H00 =,32400 =,34400 =.62400 =, 13401
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«32401
- 52401
«75-01

63401
~+63401
-.62-01

«71401
71401
=.46-01

76401
= 76401
«.28-01

«79401
-« 79401
- 9702

-77401
<73401
-+ 40400

«63401
-.62401
-.18400

71401
= 71401
-.14400

+ 76401
~. 76401
~.86-01

«T9401
~.79401
-+29-01

« 94401
-.81401
= 77400

-64401
-.61401
=31400

«72401
-.70401
23400

-

T7401
-.76401
=+14400

« 79401
~.T79401
-.48-01

97401
=.70+01
=. 10401

81401
=-.74401
=<57+00

+72401
-+.69401
-.32400

«T7401
=.76401
-+15400

<701
- 79401
-.67-01

« 13402
=.70401
-+ 18401

85401
~.72401
=.73+00

73401
-.68401
~.41400

77401
=. 75401
-.25400

+ 79401
= 79401
-.86-01

TABLE 52
DISTRIBUTION FOR v = 1.5, 6, = 90°, AND sin oz, = 0.4

< 17401
+40+00
=+27400

« 18402
<1402
23401

< 16402
-.62401
-.24401

« 17402
=.37401
-.28401

70401
-+ 54401
~72400

< 90+01
-.63401
- 10401

« 32401
~.83401
=-.65400

75401
=-.66401
~.60400

77401
~. 75401
-.30400

. 78401
= 75401
~.36400

«THOT 79401
~.THO1 -, 701
=+ 10400 -, 12400

-21403
« 19403
- 42401

21403
19403
= 95401

25402
-.15401
-. 41401

28402
+14401
- 46401

« 94401
-.61401
=-.11401

+ 98401
~.53401
- 13401

« 96401
-.81401
-+85400

« 98401
77401
~.10401

« 98401
-.2401
~+ 54400

+99401
-. 32401
=.57400

79401
-.T5401
-. 13400

« 99401
-. 98401
=.21400

« 14403
. 12403
- 11402

34402
63401
-+ 55401

+ 12402
~. 58401
-.18401

10402
-+ 76401
<. 10401

79401
=«73401
-+ 52400

99401
-+ 995401
=+ 19400

84402 20402
66402 14402
-.86401 -.23401

+AT402
14402
~. 73401

- 90+
34402
~. 13402

13402
=«51401
-. 15401

18402
=-.57401
-.28401

< 12402
-.86401
o 14401

14402
=. 95401
- 18401

12402
-« 10402
-+ 86400

12402
=. 10402
-+ 95400

- 12402
- 11402
~+29400

12402
- 11402
~32400

.66402
16402
- 10402

«26402
=-.60401
-.42401

17402
-. 10402
-.22401

< 16402
- 14402
=.13401

12402
- 11402
=.34400

11402
«13401
-. 18401

45402
-.81401
~. 74401

~254R2
- 15402
~+40401

18402
- 1592
-.17401

20402
= 19402
-.62400

27402
<. 14402
~«38401

<3942
-.32402
=.37401

«63401
=.63401
-.62-01

«T1401
= T1401
~+46-01

« 76401
~o 76401
-.28-01

« 7401
= T9401
- 9702

.63401
-.62401
-+ 18400

71401
- 71401
-.14400

« 76401
= 76401
~+86-01

79401
=.79401
=+29-01

+64401
-.61401
-.31400

72401
=.70401
-+23400

77401
-.76401
~+14400

79401
=-. 79401
-.48-01

«81401
-.74401
-+57400

72401
-.69401
-.32400

77401
~. 76401
-+ 19400

79401
= 79+01
=-.67-01

85401
-.72401
=.73400

+ 73401
-.68+01
-.41400

77401
-«75401
-.25400

« 79401
= THO1
~«86-01

TABLE
DISTRIBUTION FOR v = 1.5,

«33401
~+20401
~.44400

«35401
«. 18401
=+ 50400

« 70401
=+ 54401
~o 72400

-+ 63401
- 10401

« 92401
=.83+01
=.65400

«T5401
-.66401
~.604+00

77401
~. 75401
~«30400

78401
= 75¢01
-.36400

79401
= 79401
~« 10400

<7901
= THO1
-« 12400

- 14402
-. 18401
«e24401

« 96401
~.30+01
=. 15401

« 94401
-.61401
=.11401

« 96401
-+ 53401
= 13401

« 96401
-.81401
«. 85400

« 98401
= 77401
-. 10401

+ 99401
- R+0
= 57400

« 98401
. 2401
~.54400

101 99401
«o THO1 -, 98401
= 13400 =-,21400

AND sin ag = 0.6

«34401
22401
-+43400

29402
40401
-.47401

« 12402
-.58401
=.18401

« 10402
=.76401
~.10+01

«THO01
= 13401
-« 52400

. 99401
=+ 99401

<T0+R 20402
.53402 14402
= 75401 . ,23401

AT 90402
4R 34402
= T3H01 g 13402

SAHR 18402
=.51401 4. 57401
= 19401 4 .28401

12402 14402
-.86401 ., 95401
~. 14401 -, 18401

Jgd2402 12402
= 10402 =, 10402
-.86400 », 95400

J2402 12402
= 11402 - 17402

=2 19400 -.29400 «,32400

66402
< 16402
= 10402

26402
~.60401
-e42401

17402
~. 10402
~.22401

«16402
- 14402
-.13401

<12402
= 11402

11402
+ 13401
-.18401

45402
=-.81401
=.74401

29402
= 15402
=+40401

« 18402
- 15402
-17401

20402
- 19402
-.62400

L2740
- 14402
-.38401

=.32402
=.37401

=302
-« 13401

«36401
~.36401
=.21-01

+ 76401
= 76401
-.28-01

« 79401
~. 79401
= 97-02

«36+401
-.36401
-.63-01

76401
=~ 76401
=.86-01

9401
=.79401
«e29-01

«36401
-.36401
-+ 10400

-77401
~.76401
~+14400

« 79401
= 79401
«.48-01

DISTRIBUTION FOR v = 1.5, 6o = 90°,

-37401
35401
=+ 14400

77401
-.76401
=+ 19400

+79401
=~ 79401
«.67-01

«37401
~+35401
~. 18400

77401
= 75401
=+25400

+ 79401
- 79401
-.86-01

TABLE 4

+T4401
~.67401
-+52400

« 15401
-+66401
~+60400

«T7401
= 75401
=+30400

+78401
- 75401
-.36400

79401
~. 79401
=+10400

«79401
= T9401
-+ 12400

96401  .98401
=.81401 -, 77401
=.85400 -, 10401

«98+01 . 99401
- 401 -, R401
=+ 54400 =, 57400

+79401
=. 79401
=.13400

« 99401
- 98401
=21400

AND sin az = 0.8

«20401

63401 13402

16402
«14401
-.27401

«26402

-. 11401 -.31401
-.29400 -.3R400

J0HKR 12402
-, 76401 ~,86401
=+ 10401 -. 14401

JTHO1 12402
= 73401 -, 10402
=+52400 -.86400

99401 12402
o901 - 1T40R
e 19400 -,29400

-.46401
~+21401

-.60401
-.42401

217402
-. 10402
-.22401

14402
-.95401
-+ 18401

12402 16402
o 10402 ~. 14402
~+95400 -.13401

Jd2402 L 12402
~ 11402 -, 11402

11402
+13401
~.18401

45402
-.81401
=.T4401

29402
- 15402
~+40401

18402
~o 15402
- 17401

20402
= 19402

27402
o 14402
=.38401

39402
-.32402
=.37401

+40402
-e39402

=e32400 =.34400 -.62400 -.13401
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