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ABSTRACT cl l

In this report, the equations for incident, reflected and trans-
mitted waves are given fora magneto-plasma slab of a thickness which
is of the order of a wavelength of the incident signal. The transmitted
power term is derived and compared, in the cold, collisionless approxi-
mation, to data taken from microwave interferometer measurements
on a quiescent cesium magneto-plasma. A theoretical development of
the MHD energy and momentum equations is carried out in terms of
the electromagnetic stresstensorto give expressions in terms of the
field terms only. This coupled with the wave solution gives another
way to attack the problem of plasma motion due to the forces of an in-
cident EM field.
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LIST OF SYMBOLS

incident magnetic vector amplitude
plasma slab thickness

magnetic flux density vector

static magnetic flux density vector
electric flux density vector
electric field intensity vector
electronic charge, natural log base
distribution function, frequency
magnetic field intensity vector
unit matrix

electric current density

imaginary unit

Boltzmann's constant, off diagonal element of inverse

dielectric tensor

free space propagation constant

plasma propagation constant

diagonal element of universe dielectric tensor
mass

plasma relative permeability

normal unit vector

normalized plasma resonance

~transmitted power

pressure tensor

momentum transfer due to collisions
scalar pressure

species charge

off diagonal element of dielectric tensor

poynting vector
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electromagnetic stress tensor
temperature in degrees Kelvin
energy transfer due to collisions
velocity vector

random velocity vector

cartesian coordinates

free space dielectric constant
diagonal elements of dielectric tensor
free space characteristic impedence
wavelength

free space permeability

3.1416

mass density

charge density

effective surface charge density
kinetic stress tensor

angular frequency

plasma resonance frequency

magnetic resonance frequency



1. INTRODUCTION

A "plasma' is often referred to in physics as a fourth state of
matter since it has characteristics which are not well covered by either
solid, liquid or gas theory. Most simply stated - a ''plasma'' is a high
temperature gaseous state in which an appreciable number of the gas
atoms are ionized. The importance of the study of plasmas is indicated
by the fact that virtually the entire universe is made up of matter in the
plasma state - i.e., the sun, stars, space and the earth's ionosphere
are all in the plasma state. With respect to man made plasmas; flame,
gas filled vacuum tubes, neon and florescent lamps, ion engines, MHD
converters, and laboratory plasmas for study purposes are all examples
of plasmas.

Viewed as a media for electromagnetic propagation, a plasma in
a magnetic field is refractive, lossy, dispersive, resonant, anisotropic,
nonreciprocal, nonlinear and inhomogeneous. Thus, any useful approach
to the study of electromagnetic wave properties of a plasma must neces-
sarily entail many simplifying assumptions.

Any completely adequate treatment of a plasma must necessarily
be statistical in nature. The most satisfactory approach to date has been
through the use of the Boltzmann equation;

9f - = - = of
(1) 2k + v Ve fxt q (E+v XB)" V, f = (-8—}5—) collisions
at t

which describes the rate of change of the distribution function fi for the
kth species, of charge qy and velocity v . Equation (1) together with
Maxwell's equations;

(2) vx'ﬁ=5+—81t)— 4) V-B =0
— aﬁ —
(3) VXE = - 3° (5) V- D=p

along with definitions for macroscopic quantities such as charge density
p and current density T i.e.,

(6) p= Z qkf fdek (7) J = qu f ;fkdvk
k v k v



can, in theory, be solved for any particular set of boundary conditions
to give a knowledge of the nature of the field - plasma interactions.

Examination of equation (1) reveals the major difficulty in any
solution of a plasma problem; the Boltzmann equation combines the
effects of external and internal forces through the use of the third and
fourth terms respectively of equation (1). The big problem is the dis-
tinction in the terms, with respect to the long range particle interactions
i.e., coulomb interactions; here, the distinction becomes somewhat
vague since the collisions are no longer isolated binary events.

The production of highly ionized, low temperature plasmas can
be of considerable assistance in the quest for correlation between theory
and experiment provided the coulomb collision terms can be better under-
stood. It is the coulomb scattering aspect of collision theory that has
become the major microscopic area of interest in the work we are
conducting.

In order to attempt a complete solution of the problem without a
cumbersome solution of Boltzmann's equation, we will conduct most of
the initial effort in the macroscopic world, i.e., a solution of the wave
equation with respect to the given boundary conditions and a solution of
the energy equation. This approach should provide the most information
with regard to correlation between experiment and theory.

Many people have approached similar problems from almost as
many different view points. Our basic approach to the solution of the
wave equation is to treat the plasma as an anisotropic media the account
for which is taken up in the dielectric tensor.

' -iq 0
(7) D = [e] E where [¢] = iq €' 0
0 0 e

where the anisotrophy is produced by a uniform magnetic field in the z
direction. The use of the above tensor relation and its reciprocal

enable us to solve Maxwell's equations to give us the proper electro-
magnetic equations. However, due to the mechanics of particle inter-
actions, there are other types of waves produced which can be considered
only through the solution of the momentum equation which also (along
with the continuity equation) completes the set of equations that must be
satisfied at the boundaries i.e., the boundary conditions. This indicates




that for a complete macroscopic solution, we must solve the combine

set of Maxwell's and the mechanical equations that describe the wave

plasma interactions.

Some of the currently accepted theory for plasma distribution

functions, and waves in plasmas and their boundary conditions is

covered in appendices A and B respectively.

The theoretical treatments which follow are subject to the

following simplifying assumptions in accordance with the properties

of the plasma actually produced in our laboratory;

(1)

(2)
(3)

(4)
(5)

(6)

(7)

(8)

The plasma is of two species - (1) electrons and (2) singly
ionized positive ions.

The plasma is completely ionized. {( X > 90%)

The plasma is ''cool" (Te and Ti in the range of 2000 to
2500°K).

The plasma is in equilibrium except for EM perturbations.

There are no work producing fields other than the incident
EM wave.

The static magnetic field is spatially and temporarily
uniform throughout the region of interest.

The amplitude of the incident EM wave is sufficiently small
to allow the linearization of the Boltzmann equation.

The boundaries of the plasma are sufficiently well defined
to enable the use of boundary conditions as outlined in
Appendix B.

These assumptions, although "unreal' in some instances, make

the problem at least solvable and produce amazingly useful results in

the gross sense.



II. THE BOUNDARY VALUE PROBLEM OF A MAGNETO-PLASMA
SLAB IN THE PRESENCE OF A EM PLANE WAVE

In the treatment that follows, we are considering the solution of
Maxwell's equation in a lossy anisotropic plasma. The approach used
here is to assume that any effects due to the media are taken into account
in the dielectric matrix plus the modification of the boundary conditions
due to the additional equations that must be satisfied. The approach to
be used in this solution is that of Chapman and Enskog3 where the moment
equations of Boltzmann's equation are used to give the so called MHD or
macroscopic equations for continuity, momentum and energy, along with
Maxwell's equations.

In most plasmas, the negative charges are electrons and the
positive charges are ionized atoms which indicated that the negative
particles (electrons) are in general much more mobil with respect to
their interaction with an electromagnetic wave. Thus, it is common
practice to omit the motion of ions in the study of EM wave - plasma in-
teractions unless the frequency of the wave is near one of the ion resonance
frequencies. In the particular case we are treating, the omission of
ion effects is justified because for a density of 10" jons per cm?, the
ion gyro frequency fj,; = 11.5 kcps and the ion plasma frequency fpi =
18 mcps which compares to the electron values of fye = 5. 67 mcps and
fpe = 8.9 gcps and since we are operating in the x band frequency range
(8.4 - 12 gcps) it is apparent that the ion effects can be ignored.

Now, from Appendix II, we will write the dielectric matrix as:

€' - iq 0
(1.1) [e] = iq €' 0
0 0 e"

FOI' Eo = (0: 0, Bo)

Now consider the form of Maxwell's equations:
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where (1.3) has rolled ohmic losses up in the 5t term. Now within
the plasma, this means that;

(1.4) D = [] E
Now consider the case for a slab geometry in the time harmonic

//% ®

[e],

case (see Figure 1).
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Figure 1. Plasma Slab Geometry

where By is out of the paper and E;j,c is in the y direction this implies
(see Appendix B) that inside the plasma region;

92 9? Kk?
1. + =
(1.5) (ax2 t Ay MN) Hp =0

This along with equation (1. 2) and the boundary conditions of Appendix
B, i.e.,

a) n X (E,-E,)=0
b) n- (Ep - Ey) = og%*
(1.6) c) n x (Hp - Hy) =j*
d) n- (Hp-Hy) =0
e) J*x (B) +o% (E)Y -n(P,-P,)=0



Since the magnetic field obeys the simple wave equation (1. 5) above,
the easiest approach is to solve for H, then use Maxwell's equations
to find E . The case considered here will be that of normal incidence
with respect to the plasma slab. Also, the electric field vector is
oriented such that it is perpendicular to the static magnetic field. This
would imply a solution of the form;

~jkox

ik,
(1.7) H;, = Ae &%

+ B
QOutside the plasma in Region @ .

Now within the plasma equation (1.5) is satisfied which implies;

Hy,, = X(x) Y(y)

9°X 9%y 1%
1.8 X — +X =0
(1.8) Y 5 dy Y un
2 2 2
X
1 9 <y 1 9% k* _
X 9x Y 9y? MN

Upon separating the variables and imposing the boundary condition
that H,, | 0 = Hy, l for all y then;
0

xX= X=
o ke o1 j koz N
(1.9) Hy,=Ce’ (MNJZ" 4 pe ° (MN)?
and in region (3);

-jk ik
(1.10) H,, =Ee’ " +Fe
Outside the plasma in region@ we have hypothesized a uniform plane
wave with E = (0, E, 0), thus through the use of the curl relation;

ke ( jox jkox)
(1.11) Ey, = m Ae - Be

while inside the plasma region the anisotrophy causes the E field to
rotate in the x-y plane;



(1.12)

k 1
-7 5 X
- Cce™? (MN)z +

E. = JKkg .
X2 7 epw(MN)z
_ M
Mkq -j TMN)z
= —0__
By, ® S ammr L ©e

and in region (3) which is again free space;

(1.13)

E

Y3

€ oW

Defining the terms;

. X [Ee Jkox oo jkox]

1
M) 2
— = R*

. ko 1y
De * TMN)z

-

-

. ko
- De’ ™MN)z¥*

and imposing the boundary conditions from equations (l.6) we get

the relations

a) A+B=C+D

b) F = O (since we must have an outgoing wave)

c) A-B=R%(C-D)

d) C

-~k ik
e J a+DeJ a

= Ee

-jkoa

—ike ika * -ik
e) R*':CeJ ¢ _pd™ ] = g 0%

Solving for B, C, D

(1.15)

(1.16)

(1.17)

B

D

and E in terms of A gives the results;

j2k¥*a

_ AR¥-1)1-e )
- j2k*
(R¥+1) " & - (R*-1)?
2k
_2AR#1) 2°°77
- 22
(R+1)? 2K | (Rx-1Y2
_ 2A(R*-1)
- s
(R#+1)2 252 (R%-1)2



] 1k
4AR* o) F02 JKF2

(1.18) E = .
(R 4+1)2 ) 2572

- (R*-1)*

Inserting the expressions above into the field relations (1.7), (1.9),
(1.10), (1.11), (1.12), and (1.13) gives the expressions for the fields
in terms of the plasma physical properties and its boundary conditions;

] , j2k*a . jkex
- R:,:Z_l 1-
(1.19) H, =A <e Jhox | 4 L -zek*a L
(R>:<_1)z eJ -(R%-1)?
.k:}ta . o
(1.20) mp - ZARED ik, _-jk¥a
: z = : :
2k
(R*""l)z eJ k a_ (R*_I)Z
R*- jkokx
R*+1 ¢
j +k* ~j
(1.21) HJ = gaRsxe) oA HITR) ~kox
' z - i2k*
(R*+1)2eJ a-—(R*-l)Z
j2k*a
-ik R*¥2-1)(1-¢’ -
(1.22) E; =noA <e JRoX ( )(.219;:" ) Jkox
(R*'i‘l)ze') a_(R*_l)Z

1
(1.23) E} =0

1k
(R*+1)2AR%mpe’ = Sjk*x  -jk¥a R¥E-1  jkig
e - [~

(1.24) E? = ———
Py R*+1
Y i1k 2 _(R%-1)
) j2k*a . L
R+1 -k ~jk*
(1.25) E; _ JKng 2A( ‘)Ztek;"a _e I o jk*a
Rx[(R#+1)2 &7 2o (R%-1)%]
R*-1 jk¥x
— e
R*+1

j(kgtk*)a -jk

, no4AR*eJ( otk¥#)a_-jkox ,

(1.26) Ey = T = MoH;
(R#+1)2e) ™ 2 (R*#-1)?




(1.27) E} =0

These equations can be used to describe the nature of the field
inside the plasma provided some previous knowledge of the dielectric
tensor is given, i.e. The elements of (1.1). Now in the matching of
boundary conditions for the magnetic field, it was assumed that there
was negligible surface current. However, there is an effective surface
charge density 0i* on each of the surfaces normal to incidence such that;

2k
2 jKnoZAR*+1) 7 -jk*a (R#-1
(1.28) EZ | =op= 71 e R¥r1) !
x=0 R:}:[(R>}:+]_)Ze'] _(R:}:_l)z]
j 2k
: _ JKng2AR¥+1)S T2 R*-1)  -jk¥a
(1.29) EZ| =oz= 21 R*+1) ~°
x=a R (R*+1 )ZeJ -(R*-1)%]
This implies that
i 2%k ~iksk
I < Y Vot P L
(1.30) oo y% = T
R# [ (R¥+1)%7 72 L (R%-1)?]

By imposing the boundary condition (1. 6e) and assuming Py, = 0;

Ep+ E
along with the condition that <E>avg = _RT——V

so that at the plasma boundaries;

(1.31) Py | = or%Ey Ix:O:I:EX Ix:OjI

(1.32) P, !x=a = 0 FE, |X=a = [EX lx=a]

Thus a pressure gradient due to the electric field exists across the

plasma,

2 j4k¥a

-12k*
16K%no2A%e (1-e 9572

)
RZ:;: [ (R¥+1 )Zej Zk:}:a_ (R#%-1 )Z] 2

(1.33) P, IX: -



This pressure gradient, which is a function of the distance a, is a result
of the longitudinal field variations which create a longitudinal motion of
particles as will be discussed in the next section.

Equations (1.19) through (1. 27) demonstrate the fact that micro-
wave diagnostics of a plasma using the relations given in Appendix B
for microwaves in a plasma can be erroneous if the dimension of the
plasma are not very large as compared to the wavelength of the incident
wave. Since the microwave measurement scheme consists primarily of
comparing the transmitted wave's attenuation and phase shift against a
known standard, it is obvious from equations (l.21) and (1. 27) that the
direct interpretation of the measured attenuation and phase shift as being
the sole results of the plasma dielectric properties will be erroneous
unless a is very large. The same sort of problem arises in the trans-
verse directions, if these dimensions are small compared to a wavelength;
however, this problem will not be treated here.

The plasma we have succeeded in generating in our laboratory
has large characteristic dimensions in the transverse directions but the
longitudinal length is approximately equal to 1.5 cm. which is one-half
wavelength at 10 gc, this being the median frequency of our microwave
signal generator. Thus, any conclusions we make in correlating theory
and experiment will have to include the limitations imposed by the
boundaries.

In our measurements, we are at present concerned mostly with
the transmitted power. Now from equations (1.21) and (1.26) we can
calculate the power flow. The expression for transmitted power is
written as;

il(kotk*)a-koz)]) 2

16 AZR 2 (Re eJ[( 0 ) 0 )])
j 2k*
2 eJ a

(1.34) EXH =,
[(R*+1) -(R*-1)%)?

jk*a;
Now the phase term due to the plasma is given by the term e’
since in this case it has very little effect on the amplitude, the term

eJZkﬂ‘a can be replaced by a magnitude term. In this development,

31k
therefore, eJ ka will be replaced by -1. Since for our experiments

k . .
k* ~ —2-0- for the cold collisionless case, i.e.;
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A
(1.35) 2k*a 7 where a® —2 at 10 gcps.
z

i.e., assume ® > wp . Then;
1
— — 4AM M?+1
(1.36) E X H~r =22 02 x| x-a .
(M+1) M2

€ ! 60
where M= ———
€')-g

¢' being the low temperature approximation for kyy and kyy as defined

in equation (A-15) and iq being the low temperature approximation for

kyx = - k
VX

Using the above relations it follows that;

(1.37) M w (WL -wwh wp 2LNLE-wp ) [(@L2-wowp? - -wp L)%-w wb]
) (M+1)? [w(mL - wwpl - -wp SLNLE-wy 2\ (w12 -~y - -wp L)Z-w Wy Jk
where L= w-jv,

In order to make a theoretical curve with which to compare ex-
perimental data, we shall assume the cold, collisionless case;

M o[l (ot o)) [ wf-wp? ] {0f [ -(wb+wp)]—w ywpl )
(M+1)* ™ G2 [0 (o 2rop?) Jw?-wp i+ of [P (wpltep?)] ~epter } 2

(1.38)

Now in our experiments where w> wp it is possible to ignore "°p4"°b2 in
comparison to w? [wz-(wb2+ wpz)] which gives;

0oy 1]
(1.39) M wz

w

(M+1)2 4{1 ] Zwb2+w22] z

2w

Thus it is shown that at frequencies where w >>wp the term whp may be
discounted in the magnitude term above giving an approximate function;



This same assumption gives an expression for
1

1 2
2+1 2
(1.41) 2 o o]

M? w?
2
w
Now let _E =P
we
then;

= no4A%(1-P)

—_— 1
(1.42) EXH~® 2-P) cos® {ko {x-a (1-P)*]}

Now cos? 0 = 1 (1 + cos28)
And cos(A-B) = cosA cosB + sinAsinB
So that

- = 2A%(1-P t 3
(1.43) EXH =% m—(—?:(f’T_—) {1+ cos 2kgx cos Zaky [1+ (1-P)? ]

1
+sin 2kox sin2akg[1+(1-P)% ]}

for convenience, let 2kyx = m so that

- - 2nA%(1-P 1
(1.44) Py =EXH | = oA -P) r s 2ak, [14(1-P) ]}
(2-P)
Zk0x='n’
w 2
where P = —PB_
wZ

Based on equation (1. 44) a set of curves has been plotted for various

resonant frequencies and plasmas dimensions. This is discussed further

in Section III.

12
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I11. ELECTROMAGNETIC FIELD FORCES IN THE ENERGY AND
MOMENTUM EQUATIONS

We now take a look at the effects that the incident electromagnetic
energy may have on the momentum and energy distribution of the micro-
scopic plasma.

In the microscopic approximation i. e. continuum theory, it has
been shown that the plasma can be described by the momentum equation:

9 _
(2.1) = (pV) +V - (pTN) + V - ’P=p, E+IXB +Pg

where V is the mass average velocity, p the total mass density, ’P the
total pressure tensor, Pe the charge density and TD_C the time variation
of the momentum transferred in the collision process. The electro-
magnetic stress tensor relation from EM field theory gives the relation:

(2.2) V - zS=pE+}X§+po-aa—£ (e E X H)

where %S is the total electromagnetic stress tensor made up of the sum
of the electric and magnetic stress tensors.

Substituting (2. 2) into (2. 1) gives the result:

2

9 _ L 2 9 —= = —
. - + . . = . - — X B) +
(2.3) Bt (p¥) + V * (pVvV) + V P=V S ot (D ) PC

This gives a form of the momentum equation which relates the
kinetic motion of the particles to the electromagnetic momentum.

Similarly, the energy equation is normally expressed in the
form:

9 [p 2 p="2 - =
c (B + v .[(E -7 +
(2.4) ot (ZV) V (Zvv) J-E+ T,

where T, is the time rate of change of the energy due to collisions.
From Poynting's theorem;
(2.5) V- (EXH)+E-J=-E-—= -H-

Substituting (2. 5) into (2. 4) gives;

= —_ . = D - B
(2.6)-88-?<%V2>+V‘(%Vv2)=TC— v (EXH)+E'-8——+H'§—-



This form of the energy equation relates the kinetic energy of the
charged particles to the energy of the electromagnetic field. It is the
treatment of these two equations, (2.3) for momentum and (2. 6) for
energy, and the associated relations that is the concern of this section.

Using the conservation of mass equation;
ap -

2.7) — + V- =0

(2.7) ot pv

The momentum equation take the form,

8 —_—

=L iv-?p=-Z DxB)+V" ’S+P

(2.8 P, ot

c
which shows that for a given element of the plasma, the sum of the time
rate of change of the kinetic and electromagnetic momentum is equal to
the net flux across the boundary plus the time rate of momentum created
due to collisions.

In order to make use of the relations between the energy equation
and the momenta equation, it is desirable to write the energy equation in
terms of an average drift velocity plus a random component, i.e.
¥ =v + vye. This implies that;

1 —2 1 2 1 2
—p < >z —p<vy > +—p< >
(2.9) >P <V SP <V >P<Vr

and also;

%{<V>Z<v>+ 2<v> -+ vp <V >+ vy

2

I

(2.10) —;—p<'\7vz> —=>

+<ViUr> +2<V> - vpvp +vp vy

P — — — - —
=S SV F vt v iy 2<T > TT,

Substituting eq. (2.10) into (2.6) gives;

o) 2 v slocn ) e v BTy ESE 2 g
(2.11) Sz Py +zp<vr 2 2
—_ —_ —. — @aDh
- +V‘(pV'<VrVr>)+V'(EXH)+E'5t—
— OB
- +H"a—t—'-TC=O

where internal energies have been ignored since they may be considered
as constant in the subsequent development. It can be shown that p<v,v,.>
is the total kinetic stress tensor >P which gives;

14
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— —

D (1 1 —
(2.12) ——-(-pv2+—p<vrz>)+ V- F-%P)+ V. (EXH)

Dt\2" "2

— 8D  — 8B

+E- —+H. 2= _ =
» 5~ Tc=0

Scalarly multiplying equation (2. 8) by vV and assume that the mass density,
p, is not a function of time or position in coordinate space results in;

D PVZ _— 2 - | —_ —_— 2
2' 13 — e} . . - o . — x X .
( ) Dt 2 v - (V P) v ot (DXB)++v:. (V S)
+; . .-P_C

Substituting (2. 13) from (2.12) and taking into account equation (2. 2) and
(2.5) plus the conditions;

(2.14) - IXB=0 and Y .peE=J- E
Results in the equation;
1 2
D E‘p<vr> _
(2. 15) + V(7P -T (V- P)= T -F - P.

Dt

The first term on the left side is the total derivative of the ""random"
energy, the second term represents the flux of energy across the
boundary, the third term represents the flux of drift in the direction of
drift. The first term on the right side is the rate of change of collision
energy and the second term represents the rate of change of collision
energy in the direction of drift.

Next, the pressure dyad will be considered, this may be separated
into (1) the hydrostatic pressure and stress tensor;

(2.16) p = z.‘F+p-1—

where 27 is the stress tensor, P 1 is the hydrostatic pressure term.
By using the linearized perturbation solution to Boltzmann's equation
as outlined Appendix B, an expression for T can be obtained by taking
the moments of the term §p5<cc >4 over all species, s, with respect

to the distribution function f;(T,v,t). This gives the Navier-Stokes

relations.
2.17) 7. = n-———ai+—'—-aj +-—2n8-'V'v
(2. ) - - Oy Oxi 3 Y

X)
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where n is the viscosity term. Since this report deals primarily with
a fully ionized gas, electrostatic forces will play the dominant role in
the collisions between (or "among'') particles. As a result, we shall

use the first approximation to the coefficient of viscosity as developed
by Chapman;’

1
51k
(2.18) [n =8( ITT:T) (Zsz) A

(]

where A (2) =2 An(l + vq ) - 2 vo; /1 + v01 vo1 being approximated by
v01 -44d kT/e where d is the mean free path between positive ions and
electrons.

The solution of the momentum and energy equations can now be
carried out by using the values of E, D, H, and B taken from the
previous solution of the wave equation as in Section I, a knowledge of
temperature T, and the use of equations (2. 17) and (2. 18). This will
give expressions for the macroscopic motion of the plasma. The
approach to be used here is to (1) write out the equations in component
form, (2) apply the simplifications which arise from the physical
geometry of the particular problem (3) solve this simplified set of
equations simultaneously.

The electromagnetic stress tensor may be written as,

ExDx+erg‘-%(E-D.+E~'ﬁ) E,Dy + BxHy E,D, +B,H,
(2.19) %s = )y ism) E D, + ByHx EYDY+BYHY-%(§-'I3+‘E~‘H) E,D, +ByD,
E,D,+B,H, E Dy +B,H, E,D, +ByHz -% (E.D+B-H)
2. (e) . . 2(m) . .
where S( is the electric stress tensor and “S is the magnetic stress

tensor. Also, the tensor expression for the total stress is;

Txx - P XY Xz
2
(2.20) P = T+p I=jTyx Tyy =P Tyz
Tzx Tzy Tzz = P




Using the above expressions, (2.19) and (2.20), we can write the com-~
ponent equations for momentum and the one for energy;

(2.21)
-a_(lED -lED -“l—ED + E.D. + E.D
ax \2 "x"x T 3 "y y T F2lz xDy <Dy
+iBmH, -2 1

2 TxPx T BYHY -3 B,H, + ByHy + Btz)

1 1 1
(E E, Dy - 5 EyDy - 5 E;Dy + ExDy + ExD,

1 1 1
+ E ByHyx - E BYHY - E Bz;Hz + BXHY + Btz)

9 1 1 1
- (—EXDX—_ED -EEZDZ+EXD

9z \2 2 “yPy + E,D,

y

+-1-BH iBH 1
y Y-Z

2 XX - 2 Bsz + BXHY + BXHZ) = ch

vy 2 0 (Tyx) T 3 (™
L op , Oyx) | a(Tyy) , 2 (Tyz)
(.2) »p 9t + at (HyDg - DyHz) +g * ox ¥ oy + 0z

0 1 1 ]
" 9x (Eny + 3 EyDy - B E Dy - > E,D, + EyD,

1 1 1

y 2 Y'Y T2 BzHz + BYHZ)

9 1 1 1

1 1 1
+ ByHy +5 ByHy - 5 ByHy - 5 BH, + BYHZ)

1 1 1

- D
oz Yy YoV 2 z

y

1 1 1
+ ByHy + 5 ByHy - = By, - = B,H, + Bsz) = Py
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ov,

z 9 p  9zx  9Tzy 9T,
: —Z+< (D,H, - 2p +
(.3) ¢ ot at (Dy Yy HXDY) * oz * ax * day oz
2 E,D E 1 1 1 E
- ax zUYx + ZDY + E EZDZ - ‘z ExDx - E YDY

1 1 1
+B,H, +BH +>BH, -- BH -- BYHY)

1
-g_y(Esz'*'Esz’i'EEzDz - =

1

3 1 1 1
i (EZDX +E,Dy +3E,D, ->E.D, -2 ED,
1 1 1 _
+ BgHx + B,Hy + = B,H, - = ByH, - > ByHy| = P,

For the energy equation;

9 [1 2 a [1 2 2 2
(2.22) E(Epv) +a<‘z p<vr >)+ vy Vi <ve™2> +VY Vy<Vr >

8D oD
2 9D z
+vg Vg <vrt>+ Ex o X + Ey Y Y1 g, -

an 0B aBz o

—Y ;1 + — H, - HyE
: a2

+ oy (Egtly - Exp) + 5= (EHy - EyHy

+ 5‘; (v Txx + Vy Tyx + vz Tzx)

a
+ 'E (VXTXY + VYTYY + Vz sz)

= (VxTxz + vy Tyz + vz Tzz) = 0

0z

As was previously defined;

9vi  Ovj 2 .. —
= - + L)+ 2061 V- T
™ 11(axj 8Xi) 300V
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where n #  (t, T)

This gives the elements of Tijs

(1)

(3)

(5)

(2.23) (7)

(9)

o L2 OV > BN A A
xx = "3 Max (2) Ty = -m oy 9x
_ dvy , 9Vz va vy
Txz = ‘T](az +aX ) (4) Tyx = ‘ﬂ(ax 9x - 'xy
4 v ov av,
w0 oS3
Yy 3 M oy (6) Tyz oz oy
aVz an
Tzx = -1 ox 52 = Txz
OV, ov
- _4 yi_
4 Ovg
Tzz = __Z:T]az

The above equations; (2.21), (2.22) and (2. 23); although not

difficult present a very cumbersome set.

Therefore, it is neces-

sary to simplify the problems through the application of the physical
simplifications.

Now in Section I we had a wave-plasma interaction with the

conditions;

(1)
(2)

(3)

(4)
(5)

The static magnetic field is given by Bo = (0, 0, Bo)

The incident wave is time harmonic and has the form
jwt -~ kox) —

j
There is no z variation in E and as a result no z component
of E.

- s 9
o€ at .

There are no Hy or Hy components of H
From physical arguments it is apparent that

v =v(x,t)
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with the above conditions, the kinetic stress tensor components

become;
4 an
Txx - ’5 yl 9%
dvy
. sz='118x = Tzx

TYY = TYZ :TZY = Tygz = 0

av
—<L = T

T- = - =
Xy n 9% VX
As result of the above restrictions the momentum equations become;

9 1
2.24) p——+ = (DyHz) +— - —n—— - —|= E - E
( ) e ot (PyHz) + 2= - 31 o o xDx = 5 EyD

3P 4 8°vx o (1
2 Y-y

ov a%v
y 9 oP y 9 1
2.2 - — —_— . -—|E id
(2.25) p ot ot (DxHz) + ay " o 5 ( yDPx .+ 5 EyDy
) 1 1 _
-3 Ey Dy - 3 B,H,|= PCY
. 2
dvy (3P 3vy 3 (1 1 1 _
(2.26) p " + ro -n-a—;z— iy (—2' B,H, - > E,Dy - > EYDY = Pey

Now, since there is no electric field in the z direction and no magnetic
field in the x or y direction, we will assume that vz = 0 which implicitly
states also that there is no pressure gradient in the z direction thus the
last equation becomes;

9 1 1 1
(2' 27) - a—x(--z— BZHZ + _2_ EXDX + E EYDY): - PCZ

Substituting this into equations (2. 23) and (2. 24);

2
vy ap 4 9 Vx
—= 4+ = (DyH,) +=E _ = - — (ExD
(2.28) p 5 + 57 (DyHg) + 38 - S - o (EyDy
+ ExDy - B,H,) = Py - P,



ov 8 v
Y _ 3 _B Y _ 9
(2.29) p ot (D H,) + ™ o (EyDy + EyDy

‘Bsz)=Pcy‘Pcz

For the energy equation;

1 1 o /1
(2.30) %( pyxi+zevy ) at( p<vr >)+vX Vyx <vp?>

2 8Dy 8Dy 4

+ <ve > +Ex—%+ E - =

vy Vy er * at Y ot 31 9x

A4

(35

_e /' 3(EyH,)
-n 2 +—L— =T,

Ox ox

Now, it can be shown that for non-relativistic velocities, the force
exerted on a charge particle by the magnetic component is negligible
to that of the electric vector. Thus it is possible to ignore the time
varying part of the electric field i.e.

— j(wt = kx)
B=B,C + By = By

for our purposes and since our system is close to isothermic we assume
P = constant. Also, since the effects of the EM field are treated as per-
turbations of the normal (Maxmillian) distribution we can assume that
P.x - Pcz = 0 and Pcy - Pcz ® 0 thus;

4
(2.31) _]wpvx+_]wﬁ—D +3nkzvx-2jkExDx-ijExDY=0

(2.32) jwpv Dy - 2 jk EyDy = 0

y y

. Bo 2 .
-jo— Dy +nk°vy -2 jk E
J o X n Yy J
z
(2.33) —o—- JRKE.Dy - jk EyDyz Pez ® Pex chy

D (1 , _
joplve® + vy?) + = - (2 p<vrz>)+ jwExDx + joEyDy

jwB
Z+ME =Tc

8 .2 2 2
+31]k vy t 21k vy " y
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From (2.31)
J-wBg
J[ Dy + 2k Ey (Dx + DY)]
(2.34) vy = =10
] +4 K2 |
wo + 2
jwp + 31 ‘
and (2. 32) |
9B p Lok E (D, + D |
(2.35) Lw * i ‘
. V. =

Yy jwp +nk?

Rearranging (2.33) |

. 8 . .
(2.36) (jwp + quz) vyl + jup + 2nk?) vyt + Jw[ExDx + Ey Dy

BoE D 1
+ Y}: Tc - = >p<vy’>
Ko

From Section I;

(2- 37) DX e' -1q 0 Ex
DY = 1q (' 0 EY
D, 0 0 e" Ez
(2.38) Dy > ¢ Ey-iqEy

DZ # €'’ Ez

So that;

_ 2 koeo E .
(2.39) vy = j{€—°‘i’—‘3—° (i Ex + ¢ Ey)- ZRE0EX[ (01 4 iq) By

, 4 ko
[ : = —
+ (e 1q)EY]}/pr+3n



€owB 2koeo E
(2.40) vY=j{°w ® (' Ex - iqEy) + 207 [(e +iq) Ex
Ko 1
M2
kZ
+ (€' - iq) Ey]}/jwp + 3:"-

These two equations describe the drift motion of the elemental volume
while equation (2.36) in conjunction with eq. (2. 39) and (2.40) gives the
random energy flux i. e.

D (1 2

These equations are extremely cumbersome; however, a cold
collisionless approximation gives some valuable insight. In the
approximation,

(1) ve = O

(2) kr = 0

This implies that the viscous terms are negligible and that the elements

ko .
of the dielectric tensor are real and the propagation constant —0—1 is pure

M2
real or pure imaginary depending on the frequency, w.
This gives;
cow Boe' 2 koege' 2
(2.41) wpvx = - T Ey +— (Ei," + EXEY)
(M)2
. ) eowB 2Kkope
+J{o 0d Ey - oloq (Exz'ExEy)}
Ko MZ
or
wB . 2 koege' Ex
wpvy + 020 (e'EY-Jq Ex)=-——i_—(EX+Ey)
(M)?2
. 2koegq E
- oolq X (Ex'Ey)

(M)Z
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and;
B . 2keep E, €'
(2.42) wpVy - oo (e' Ex - 1qEY) = .L‘:_ﬁ (Ey + Ey)
Ko MT
. 2koeo g
+ ] NV E, (Ex - Ey)

Equation (2.41) shows that the momentum due to the mass motion plus
the EM wave momentum; which is made up of two terms, the first
which is real and represents motion as experienced in an isotropic
media, the second (which is in quadrature) is momentum due to the y
direction motion which is couple via the dielectric tensor into the x
direction; is equal to the momentum flow across the boundary in the
""normal' sense plus the y direction momentum flux coupled into the x
direction by the dielectric tensor. This analysis applies to Eq. (2.42)
by reversing the unknown.

This approach provides the possibility of a greater insight to
the subsequent mass motion of a plasma resulting from the incidence of
an electromagnetic field. It side-steps the problem of charge density
and current since they are eliminated from the equations. This approach
has definite merit with regard to plasma diagnostics since the measure-
ment of field quantities without perturbing the plasma is possible. It
is our feeling that the integral solution of the momentum equation as
treated here should be solved in conjunction with the wave equations
for a particular bounded media in order to demonstrate the possibility
of studying macroscopic motion of plasmas by measuring the external
fields.




IV. EXPERIMENTAL PROGRESS

Unfortunately, the experimental phase of this investigation has
proceeded much slower than expected. The principle drawbacks
being (1) the delivery of capital equipment and (2) the development of
proper laboratory techniques to achieve the desired plasma,

The plasma generated in the experiment is a thermally gener-
ated cesium plasma; this particular type of plasma was chosen
because:

(1) It is a "'cool" plasma with the electron temperature, Te,
and ion temperature, Ti, approximately equal to the filament tempera-
ture which is normally varied over the range of 2000°K to 2500° K.

(2) There are no external force fields other than the uniform
magnetic field, Bo, which is used to produce the anisotrophy as well
as to contain the charged particles.

(3) A high degree of ionization can be obtained; reports of
ionization percent greater than 90 are in the literature. T

(4) Plasma density can be varied as a direct function of known
temperature and pressure.

A picture of the apparatus is shown in Fig. 2. The plasma is generated
by releasing cesium vapor into the large pyrex tube containing the two
tungsten filaments which are heated to electron emission temperature.
The cesium, under proper pressure conditions, will be ionized by
contacting the heated filaments. Both, the electrons and ions are then
expelled from the filaments. Those charged particles with velocity
vectors parallel to the magnetic field, Bo, are contained to form a
plasma in the region between the filaments. This is shown in Fig. 3,
The applied magnetic field is produced by the Helmholtz coil which
gives a constant field #.07% over the region of interest.

Since cesium is a very active element and oxidizes quite
rapidly, it can never be exposed to atmospheric pressures. To avoid
the problem of handling the cesium metal directly, we have employed
the use of a cesium generator which consists of a vile of a cesium
chloride-calcium mixture which upon being heated to 400°C gives off

cesium; i.e., 2CgCl + Cam CoCl; + 2Cg The calcium chloride

residue also acts as an excellent H;O ''getter'.
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Figure 3. Plasma generation scheme; the regions near the filaments
will have an excess of electrons or positive ions depending
on the filament temperature but the region in the center is
electrically neutral. If is of the order of 10° amps and Bo
is of the order of 10° Guass.

The filaments are each heated by 2KVA AC power supplies
capable of delivering 400 amps at 5 volts. A temperature calibration
was made through the use of an optical pyrometer. Both voltage and
current calibration curves were made so that a change in filament
characteristics can be detected by cross checking.

Pressure in the system is measured with a hot ion gauge which
has an accuracy of £+50%. At present, we have no means of measuring
the plasma density other than the microwave interferometer; however,
in the near future we hope to install a langmuir probe to give a cross
reference on our density measurements.

The cesium ions in the plasma which we have been taking data
on are almost entirely singly ionized. The emission for this case falls

in the infrared region; hence, there is no visible indication of a plasma.

By increasing the filament temperature to 2600°K +, we have been able
to achieve double ions; this results in a visible plasma. In this visible
plasma the boundaries are clearly defined and conform to geometry of
the volume defined by the space between the electrodes. Wada and
Knechtli'! have published results on their plasma, which was generated
in a similar manner, which also shows a well defined boundary.
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Fig. 4 shows a semi-schematic diagram of the microwave
interferometer as used in these measurements. The original data was
taken by establishing a reference of 0.1 mw transmitted power and 0°
phase shift for each chosen frequency with no plasma present. This
procedure proved to be inconsistent in its results because of source
variations and mismatches in the line. The difficulty arose from the
fact that we had to return to exactly the same incident frequency and
amplitude for the data "run'" as was used in the reference "run'" this
being further complicated by the fact that once a plasma is generated it
is desirable to perform all the necessary measurements without

interrupting the plasma. As result of the afore-mentioned difficulties

it was decided to operate at a fixed frequency and vary the plasma
properties by changing the filament temperature. Thus, it is possible
to establish a reference for each frequency, collect a set of data and
then move to another frequency and repeat the process. Unfortunately
the data taken by this method is incomplete at present. We, therefore,
feel that the apparent inconsistencies in our data can be overcome by
better experimental technique.

In spite of the afore-mentioned difficulties, we have been able
to achieve fairly good correlation between theory and experiment. A
set of normalized curves for transmitted power, PT, versus frequency
and phase shift, ¢, versus frequency where calculated from equation
(1.44) for various valves of the parameter a from 0. 25 to 1.5 ¢cm and
for wp = 8qcps to wp Kw. These plots show—pronounced dependence of
PT on the plasma dimensions due to phase shift. From the plots
examined, only three showed any correlation with our experimental
data these results are shown in Figs. 5, 6 and 7.

These results show that with a firm knowledge of the plasma
dimensions (which we have not as yet achieved) it is possible to deter-
mine the plasma resonance and, eventually, the collision frequency
from microwave measurements on a bounded slab where the wavelength
of the signal is of the order of the slab thickness. The inclusion of v¢
and wy in the theory will naturally make the calculations a great deal
more cumbersome and probably make numerical calculations a
necessity.
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Figure 5.
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Plot shows the distribution of experimental points about the
theoretical curve taken from equation (1.44) for a = 1 cm,
wp = 8 gcps. The curves have been normalized to 1.0 at

10 geps.
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Plot shows the distribution of experimental points about two
theoretical curves taken from equation (1. 44) for @ a=1.5
cm, wp = 4 gcps and @ a=1.5cm, wp<<w. The curves are
normalized to a value of 1.0 at 10 gcps.

31



3r |-
2w |-
|
' pacs.
-
] 1 1 ] ]
8.0 9.0 10.0 in.o 12.0
f—>
(gcps)
Figure 7. Plot of phase shift versus frequency showing the distribution

of experimental points about the theoretical curves taken
1

from equation (1.44) where ¢ = 2 a ko [1 + (1 - P)E-] reference
to 2 II. Parameters for the curves are@a = lcm,wp=
8 gcps@a = 1.5 cm, wp <<w @a = 1.5 cm, wp = 4 gecps.
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V. CONCLUSIONS

Our initial investigations have shown that it is possible to treat
forces exerted on a plasma in terms of the EM field quantities that may
be incident upon a particular point in the media. Solutions for the wave
equation when the thickness of the slab is of the order of the wavelength
make it necessary to include the reflections at the boundaries in the
solution. It is felt that the additional knowledge of the thickness offers
a means to determine additional information about the plasma and this
should be pursued further in conjunction with integral solutions to the
energy and momentum equations covered in Section II.

Also, in order to substantiate any future date, we feel that
additional measuring techniques should be employed, such as langmuir
probes or charged particle probes.

Of utmost importance in this study are these facts:

(1) We have succeeded in generating a low temperature
quiescent plasma of relatively large dimensions in a
slab geometry.

(2) We have achieved a degree of correlation between theory
and experiment and furthermore, we feel that with better
techniques we can achieve a high degree of correlation.

(3) The theoretical aspects have been developed sufficiently
to give an insight to some of the more pressing problems
with respect to the interpretation of experimental data.

(4) We have shown that the stress tensor approach to the
energy and momentum equations offers another method to

interpret plasma motion in terms of electromagnetic
fields.
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VII. APPENDIX A

Boltzmann's Equation and the Dielectric Tensor

The statistical features of a plasma are treated in terms of a
distribution function f(r, v, t) defined such that at time, t, there are;

(A. 1) f(r,v,t) drdv

particles located in the element of phase space between (r, v) and

(r + dv, v + dv); now at a time t +dt these same particles will occupy

a space (r + vdt, v + adt) thus, we can write a rate of change equation;
df if_ of Ox3 9f  owvy

. —_—= + +
(A.2) dt ot Ix; ot dv; ot

or in vector rotation;

df of —_ -
(A, 3) a? = a—t +V.VTf + a.V';,f
F

where vis =~ and a = where F is an external force Vs is a

ot
coordinate space operator and Vs is a velocity space operator.

Now, equation A. 3 takes into account all continous changes in
f(T, ¥, t) but collisions can produce abrupt changes in velocity space so
that in order to write a complete generalized equation of continuity;

of

of of
ot collisions

(A.4) 8—t +;-Vrf +3-V‘7f = (

Unfortunately, not all collisions are well defined binary events which
produce abrupt velocity changes as in classical collision theory. Some
collisions are the result of coulomb interactions which can take place
over large distances. Coulomb interactions in an ionized gas are
usually catagorized according to the deflection angle;

(1) 1If the impact parameter b is < impact parameter for 90°
deflection, bgo ; then this is a situation of close incounters and the
electron-ion collision may be treated as discrete two particle
collisions.



(2) If the impact parameter, b, is such that, bg® <b <the
Debye length, Ag; then this is a situation of many body encounters
producing a succession of uncorrelated small-angle deflections. This
case is usually handled by using the Fokker-Plank equation which is
actually a specialized version of Boltzmann's equation developed by

assuming small velocity changes and, as a result, permitting the expan-

sion of the collision term into a Taylor series (in velocity).

(3) If b >Xo then the particle encounters are no longer statis-
tical in nature and the collision concept becomes one of correlated
motion (such as wave motion).

Regardless of the dominate collision process, the primary
problem is to solve Boltzmann's equation. For the case of small per-
turbations away from Maxwellian an expansion technique is used;
called the Enskog - Chapman techniquess;

(A. 5) £(r,v,t) = folr,v) + af,(F,V,t) + £,(F,V,t) +. . .
where 3

2y _ — m Mv?
(A. 6) fo(r,v ) = n (7) (m) exp - (ZkT )

the Maxwellian distribution. If the media is anisotropic as in the case
of an applied magnetic field, it is useful to expand f in terms of
spherical harmonics;

3 cos®6-1
—_—

(A.7) £(T,V,t) = fo(v?) + £1(T, v®) cos 8 + £,(T, v&, t) >

if the problem is not symetrical with respect to the azmuthal angle;
© 1
(A. 8) f(r,v,t) =Z Z (f2,(F, V,t)cosm @ +
f=0 m=o

+ flz (?svv t) sin m¢) Py rn(COS e)

By using the expansion techniques as above, a linearized Boltzmann's
equation may be obtained from which a solution for f(r, v, t) is taken.
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Now

(A.9) j £(7,%) d* = n(r)

vol

which is the basis for normalization. This results in

(A. 10) f £(¥) d¥v =1

vol

so that;

(A.11) _[ V(@) dv= (V)

vol

Therefore, with a knowledge of (T, v, t) it is possible to get an expression
for current;

(A. 12) J; = ne <Vi>

so that along with the relations;

(A. 13) Ji = 0yj EJ
and

R -] g_l
(A. 14) €4j 1. o

It is possible to develop the dielectric tensor [eij]. Needless to say,
this development can be made as difficult and cumbersome as one
desires depending on the assumptions made with regard to (1) the

of
collision term(——) (2) the linearization of the distribution

collisions
function and (3) the symetry of the problem.

Assuming a characteristic relaxation time constant such that

(?_f_) = - v(v) (f-fo) and expanding the distribution function such
collisions

that Sitenko and Sepanov7 developed the following expressions for the

dielectric tensor elements for the case of propagation normal to the

static magnetic field;
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3

K =1 _w-jv 14 BT >
XX w  (w-jv)2 - wp?2 mc? (w-jv)2- 4wp?
K -1 wpz w-jv 14 RZKT  ° [(w-jv)2+8wb2]
Yy o w  (w-jv)? -wp? mc2  (w-jv)? [(w-jv)2-4wp?]
wiz w2k T Wl
Ky, = 1-—2—— {1+ ,
w w-jv mcz2 (w-jVv)2 - w2
R -b 14 BIKT 6w
xy = “fyx T 170 (w-jv)2 -2 mc2  (w-jv)2- 4up?

kxz = kzx = 0

kyz = kzy =0

Neglecting temperature effects, these terms reduce to those
found in most elementary works on wave interactions with plasmas.
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VIII. APPENDIX B

Waves in a Plasma Medium and Their Boundary
Conditions For Well Defined Boundaries

This development is confined to the case of EM wave incidence

normal to the applied magnetic field, Bo A,. For the time harmonic
case; following the development of wait;

(B. 1) D= [¢e]E

where o -iq 0

(B. 2) [e] = iq €' 0
0 0 E”

where the elements of the dielectric tensor are the same as those
developed in Appendix A. Now, wave properties are governed by
Maxwell's equations;

(B. 3) jo[€]E =V XxH

(B. 4) -jopo H

"
4
X
=

For plasma work, it is desirable to write (B. 3) in the form
(B. 5) jwE =[e~'] v xH

where [e'l] is the inverse of [¢] and has the elements;

M -jK 0
(B. 6) [em 1) =?1; K M 0
0 0 e€ofe"
where
(B.7) M=-_ _ dK= —3%9
(e')2 - q2 (€')2 - @2



Now using equations (B. 4) and (B. 5) and the inverse dielectric tensor
(B. 6), the component equations are;

. 9Hz oH
B.8 eowkE = M +3iK z
( ) 1ReTEx 9y ) 9x
. . 9Hg OHgz
(B.9) jeowEy = iK 5y " M e
. aHZ aHx
(B. 10) JEO(OEZ = (GO/E ) [g— - —W:l
. oE,
(B. 11) -JHow HX = ay
. 9E
(B° 12) - JHhow HY = a_x
IE K
(B. 13) SjuowH, == .=
ox 9y

Elimination of x and y components of the H and E fields gives the results;

52 52 ko2
(B. 14) [5)—(2 +—8y—Z +V HZ—O

92 8% ko €
_— + —
and onz By 2 + ” E, =0

(B. 15)

A complete solution will be a linear combination of the results
obtained from solving equations (B. 14) and (B. 15). In this paper we are
concerned only with the case for E, = 0 so that we are only concerned
with the solution of equation (B. 14) and as result, equations (B. 8),

(B. 9) and (B. 10).

When the EM wave is incident upon a bounded plasma there are
certain boundary conditions that must be fulfilled resulting from the
necessity of a continuous solution to Maxwell's equations as well as
the momentum and continuity equation across the boundary. These
conditions are merely stated here, a deriviation may be found in the
literature. 12 For a plasma vacuum boundary;

(B. 16) n - [(P;)p - (pvIv] = U(Pp-PV)
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(B. 17) n X (Bp - By) =T% - u(Ep- Ey)

(B. 18) n - (B,- B,) =0

(B. 19) n X (Ep- Ey) = u(Bp- By)

(B. 20) n «(Ep- E,) =o%

(B. 21) T% +(B) avg T (E) avg n(Pp - Vy) =0
where;

n is the surface normal
v is the drift velocity at the surface
u = ;~;

P is the pressure

6 p—
*7 Jds

° 5

0-::::-[ O'dS

0
where 6 is the boundary layer thickness.
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