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AB ST RACT 

The degree o f  coherence f o r  o p t i c a l  beams t r a v e r s i n g  a f l u c t u a t i n g  

medium i s  de r i ved  i n  terms of  the c o r r e l a t i o n  c o e f f i c i e n t  o f  t h e  atmosphere. 

Under c e r t a i n  s p e c i f i c  condi t ions,  i t  i s  shown t h a t  t h e  degree of coherence 

i s  determined s o l e l y  by one atmospheric parameter, t h e  mean square angular  

f I uc tua t  ion  of  a ray. The degree o f  coherence o f  l ase r  beams t r a v e r s i n g  

a r t i f i c i a l l y  c rea ted  fog atmospheres w i t h i n  t h e  ITTFL o p t i c a l  tunne l  has 

been measured by t h e  two-pinhole i n t e r f e r o m e t r i c  technique. The r e s u l t s  

ob ta ined a re  i n  good agreement w i th  t h e  t h e o r e t i c a l  p red ic t i ons .  Based on 

t h i s  work, t h e  aper tu re  l i m i t a t i o n ,  imposed by t h e  atmosphere, on an 

o p t i c a l  heterodyne r e c e i v e r  i s  predic ted.  

-i v- 
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1 .O 1 NT RODUCT I ON 

The purpose of the present program is to investigate the propagation , 
of coherent radiation traversing the atmosphere. 

I 
Initially, the program was organized to study the scattering of 

I coherent light from aerosols. The intense, quasi-monochromatic laser source 
offered the possibi 1 ity of obtaining improved high resolution scattering 
data. kreover, it had been suggested that charged aerosols might "on the 
average" distribute themselves i n  sone regular ;nanner. i f  t h i s  effect I 

were pronounced, it might lead to a characteristic lobe structure in the 

scattered radiation pattern. Several experimental and theoretical investi- 

gations were undertaken. These are described in more detail in Appendices 

A and B o f  this report. 

In January 1964 the coordinating NASA personnel expressed a strong 
interest in determining the limitations imposed by the atmosphere on optical 

communication systems employing optical heterodyne receivers. The program 

was then revectored to emphasize the study of this problem. 
most expedient to conduct initial experiments in the atmosphere of the 

ITTFL fog tunne 1. 

would permit an easier interpretation o f  the experimental data. Only after 

the results of the tunnel work could be described in terms of an empirical 
or fundamental theory would consideration be given to performing experiments 

in the real atmosphere. 

It was considered 

Here the semiquant i tat i ve control of atmosphere parameters 

The bulk of this report is devoted to reviewing the work which has 

In Section 2.0 the significance of the been performed in this context. 

mutual coherence function relative to the spectral power density of photo- 
detector output current i s  demonstrated. The experimental determination of 
the mutual coherence function is described in Section 3.0. In Section 4.0 

I 

a simple theoretical expression for the mutual coherence function is derived. 
Finally, in Section 5.0 a comparison is made between the theoretical and 

experimental results. 
I 

-1- 
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2.0 0 PT I CAL HETERODYN i NG AND THE MUTUAL COHERENCE FUNCT ION 

Opt i ca 1 heterodyne rece ivers  may be cons t ruc ted  w i t h  a broad range 

o f  s o p h i s t i c a t i o n .  

modulation, any number o f  mixing stages may be used t o  demodulate f u r t h e r  

t h e  subcar r i e rs .  I n  t h e  f o l l o w i n g  development o n l y  t h e  s imp les t  r e c e i v e r  

i s  considered. The a d d i t i o n  o f  f u r t h e r  mix ing  s imply  requ i res  a knowledge 

of  t h e  h ighe r  o p t i c a l  moments. When t h e  s i g n a l  i s  s t rong  enough t o  be 

t r e a t e d  as a gaussian var ia te ,  the h ighe r  moments can be computed f rom the 

f i r s t  moment (mutual  coherence func t i on ) .  When gaussian s t a t i s t i c s  do 

not apply, each i n d i v i d u a l  moment must be determined. 

I n  a d d i t i o n  t o  t h e  f ron t -end  o p t i c a l  m ix ing  and de- 

The c u r r e n t  a t  t h e  output  of  t h e  photodetector  o r i g i n a t i n g  i n  an 

elemental  volume d r1 a t  t h e  po in t  r, a t  t ime  tl may be expressed as 
-4 + 

where 

-4 4 

V ( r , t )  i s  t he  o p t i c a l  f i e l d  a t  r a t  t, 

+ 
h ( r , t )  i s  t h e  impulse response o f  t h e  detector ,  

k i s  a constant  of p r o p o r t u n a l i t y  inc lud ing,  among o the r  
th ings, t he  quantum e f f i c i e n c y  o f  t h e  de tec tor .  

The t o t a l  cu r ren t  i s  g i ven  by t h e  i n t e g r a l  over  t h e  volume o f  t h e  detector ,  

I .e., 

V 

A q u a n t i t y  of extreme importance i n  eva lua t i ng  comnunication 

systems i s  t h e  spec t ra l  power dens i t y  G ( L D ) .  T h i s  can be ob ta ined f r o m  t h e  

F o u r i e r  t rans fo rm o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  A( S), where 
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+T 
1 

A ( S )  = L i m i t  - i(t l)  i ( t ,  + S )  dt l  . 
T-- 2T 

-T 

When t h e  processes are ergodic, t he  a u t o c o r r e l a t i o n  f u n c t i o n  can be obtained 

from the  ensemble average, i .e.,  

where t h e  symbols < > denote ensemble averaging. In t roducing t h e  previous 

expression f o r  t h e  cu r ren t  and interchanging t h e  order  o f  i n teg ra t tons  and 

ensemble averaging, one ob ta ins  

Because of t h e  s ta t i ona ry  hypothesis, the averaged product 

< $(rl,T1) v?(T2,T2) > i s  a func t i on  o f  t h e  t ime d i f f e r e n c e  T 2  - T  

I n t roduc ing  t h e  no ta t i ons  

-+ 

1 ’  
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i n t o  t h e  prev ious expression, and reve rs ing  t h e  order  of some of  t h e  

i n teg ra t i ons ,  one ob ta ins  

V V 

and 

In many instances t h e  response of t h e  photodetector  w i  1 1  be e s s e n t i a l l y  t h e  

same for a l l  p o r t i o n s  of t h e  de tec tor .  

Moreover, s ince  h(T1t) i s  r e a l  h(r l ,  4) = h(w) and one has, f i n a l l y ,  

A ,  A 4  A 
h(rl,u) = h(r2,u)) = h(cu). Then 

A 4  A *  

A +  -+ 
Thus, t h e  spec t ra l  power d e n s i t y  may be ob ta ined i f  t h e  q u a n t i t y  R(r1,r2,w) 

or i t s  t rans fo rm < f ( t l , t l )  f ( T 2 , t 2 )  > 

at tempt  t o  i nc lude  t h e  e f f e c t s  of shot  and thermal no ise  in  t h e  prev ious 

expression. 

manner f o l l o w i n g  t h e  approach of Davison. 

If t h e  o p t i c a l  f i e l d  V i n te rcep ted  by the photodetec tor  i s  composed 

i s  known. There has been no 

T h i s  may be done, however, in  a s t ra igh t fo rward ,  bu t  tedious, 
1 

-8 -+ 
t o r  f i e l d  Vl(r,t) and an incoming s igna l  f i e l d  V Z ( r , t ) ,  

-_ 
o f  a l o c a l  o s c i l l  

1 W. F. Davison, 
ITTFL Techn i ca 

It "Shot Noise i n  O p t i c a l - t o - E I e c t r i c  Converters,  Pa r t  I, 
Memorandum No. 63-239, p. 2-1 1, December 1963. 

A 



Because the f i e l d s  V, and V, i n  general are independent, and because 

< V, > - < V > = 0, the above expression may be immediately reduced 2 

The f i r s t  term i s  the f i r s t  cross-moment o f  quant i t ies  proport ional t o  the 

instantaneous power o f  the local  o s c i l l a t o r .  The second term has a s i m i l a r  

meaning f o r  the incoming signal .  

products o f  the average powers of the loca l  o s c i l l a t o r  and the incoming 

signal. The l a s t  term represents the heterodyne contr ibut ion t o  the 

spectral power density. 

The t h i r d  and four th  terms are just 

-5- 
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When the incoming signal is small compared to the local oscillator 
-+ -8 

signal, the term < <(rl,tl) <(r2,t2) 

smallness compared with < V2(r,,tl) V2(r2,t2) > 

This is normal heterodyne operation. If the incoming signal is large and 

> is of the second order in 
+ * 

and may be neglected. 

if the field process may be assumed gaussian, the higher moments can be 

expanded to g i ve: 

In both cases the heterodyne contribution to the spectral power density can 

be determined i f  the first cross-moment < V2(rl,tl) V2(r2,t2)> 
-D 4 

is known. 

Evoking the stationary hypotheses, the moments become i ndependent of 
the time origins and depend on the time difference S = t2 - tl. 
cross-moment may, then, be wr i tten as : 

The first 

This latter quantity is just one-half the real part of the mutual coherence 
function r(rl,r2,S) which plays the central role in the theory of partially 
coherent light'. Since the first cross-moment, T, and the real part of 1 

- + - +  

For a detailed description of the mutual coherence function, the reader is 
referred to one of the following texts: M. Born and E. Wolf, Principles 
- of Optics, Pergamon Press, 1959; M. J. Beran and G. B. Parrent, Jr. ,  
Theory of Partial Coherence, Prentice Hall, 1964; E. L. O'Neill, Intrw 
duction to Statistical Optics, AddisoHesley Pub. Co., Inc. 1963. 
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all determine one another through the expressions 

we wi 1 1 ,  to shorten the expressions, use the appropriate 1' notation rather 

than write the moment expression explicitly. 

introduce the complex degree of coherence Y( rl , r2,S) defined by 
It is also convenient to 

- 4  

+ - t  - + +  
The quantities T( r l  ,rl ,O) and r( r2, r2,0) just represent the average squared 

fields at the points rl and r2. 

r2 after traversing some atmospheric path. 
at the two points may, in principle, be investigated by introducing an 
opaque screen with small apertures at rl and r2 and observing the intensity 

o f  transmitting light at some point Q in back of the screen (Figure I.). 

+ -t 

+ 
Consider now an optical disturbance arriving at the points r1 and 

-+ 
The coherence between disturbances 

-t -t 

8 

It is not difficult to show that I ( Q ) ,  the intensity at Q, is 

~ ~~~ 

* M. Born and E. Wolf, loc cit. 

-7- 
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Q 

I nc i den t 
E.. . Radiat ion 

i 
( Opaque Screen 

F igure 1. Measurement o f  y w i t h  Two Pinhole Experiment 

g i ‘den by 

-t 

where I , ( Q )  i s  the i n t e n s i t y  observed a t  Q when the  aper ture a t  r2 i s  

c losed and I,(Q) i s  the  i n t e n s i t y  observed a t  Q when the  aper ture a t  rl 

i s  closed. The d i f f e r e n t  path lengths between t h e  aper ture a t  r, and 

Q and the aper ture a t  r2 and Q determine t h e  t ime delay S. 

be computed from a knowledge of  I ( Q ) ,  I , ( Q ) ,  and I , ( Q ) .  

compute the f i r s t  cross-moment < V(rl, 0) V(;*, S ) 7 .  

-4 

-P 

--. 
y can then 

Knowing y one can 
-b 

While the  simple arrangement j u s t  descr ibed works i n  p r i n c i p l e ,  

i t  i s  not very p r a c t i c a l .  

one has d i f f i c u l t y  f i n d i n g  a region of space f o r  which both l l ( Q )  and 

I,(Q) are l a rge  enough t o  be measured. Moreover, one cannot vary t h e  

When the t w o  apertures a r e  widely  separated, 

-8- 
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t i m e  dci,y between the  t w o  po in ts  a r b i t r a r i l y ;  an upper bound t o  t h e  path 

d i f f e r e n c e  i s  always s e t  by t h e  aperture separat ion.  

The next order  o f  complexity invo lves f o l d i n g  the  "path" of t h e  

l i g h t  e41.=rging from one o r  both of the  apertures (F igu re  2) .  

rwnt permits t h e  more inrense por t io i ls  o f  t h e  l i g h t  from both apertures 

t o  be superimposed. A range of t ime delays could be obta ined by vary ing  

Th is  arrang+ 

T M i r r o r  

I nc i dent i r 
E.M. Radiat ion 

Beamspl i t te rs  

_____t 

Figure 2. Mod i f i ca t i on  o f  Two Pinhole Experiment 

the length of  one o f  the  paths; however, for t h e  cases of  i n t e r e s t  t h i s  

i s  not necessary. Let  us digress for  a moment t o  see what p roper t ies  t h e  

mutual conerence f u n c t i o n  o f  laser l i g h t  t rave rs ing  an atmosphere might 

possess. - --+ 
Let  t h e  o p t i c a l  disturbances reaching t h e  po in ts  a t  r, and r2 

i n  t h e  absence o f  atmospheric modulat ion be X , ( t )  and X,(t). 

d isturbances i n  the  presence of modulat ion may be w r i t t e n  as M , ( t ) X , ( t )  

and M 2 ( t ) X z ( t ) .  

The o p t i c a l  

The f i r s t  cross-moment may then be expressed as 

-9- 



since the modulation may be assumed independent of the laser output. I f  

the center band angular frequency o f  the laser source i s  w i f  the l i n e  

width i s  bo, and i f  the l i n e  shape i s  Lorentzian, the quant i ty .e X,(O)X,(S) > 

i s proport ional t o  e 

modulation, one has 

0' 

. With s im i la r  assumptions about the +JSI e iw0S 

where u) and ho are the center band angular frequency and the l inewidth 

o f  the modulation. 

laser l inewidths are usually greater than 10 kc, whi le the atmosphere 

modulation i s  wel l  below 1 kc. Then, generally, ho and the t i m e  

po r t i on  o f  the mutual coherence funct ion i s  dominated by the time coherence 

o f  the op t i ca l  source. The assumption o f  a Lorentzian l i n e  shape for  the 

modulation i s  ad hoc, but the conclusions are v a l i d  f o r  an a r i b t r a r y  l i n e  

shape. Thus, because the corre la t ion t ime associated w i th  the atmospheric 

f l uc tua t i on  i s  much longer than the co r re la t i on  t ime o f  the op t i ca l  source, 

the temporial por t ion o f  the mutual coherence funct ion i s  determined 

p r i n c i p a l l y  by the source. 

A A 
Now i t  i s  ce r ta in l y  t r u e  t h a t  wo>>> uA. Moreover, 

0 

Consider again the problem of measuring the degree o f  coherence 

It i s  now c lea r  that  any path di f ference w i th  the previous arrangement. 

f o r  which h o o S  <<<< 1 and woS - 2nn (n an integer)  w i  1 1  suf f ice.  Then 

+ - s  
and r(rl,r2,S) can be i n fe r red  from the time coherence and/or spectral 

-1 0- 
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power density of the source. 
To recapitulate then, the heterodyne contribution to the spectral 

power density can be related to the first cross-moment of the optical 

disturbance at the photodetector. This first cross-rmment is simply 

related to the mutual coherence function and the complex degree of 
coherence. The spatial part of these latter functions can be determined 

from a simple interference experiment, and the temporal part can be 

inferred from the relative spectral power densities of the modulating 

atmosphere and the laser source. 

-1 1- 
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3.0 MEASUREMENTS OF THE DEGREE OF COHERENCE 

I n  Sect ion 2 i t  was shown t h a t  the heterodyne s i g n a l  can be 

computed i f  the complex degree o f  coherence i s  k n w n .  This  q u a n t i t y  can 

be measured by many techniques, but  the most s t r a i g h t f o r w a r d  approach i s  

the i n t e r f e r o m e t r i c  arrangement o u t l i n e d  i n  the previous sect ion.  

A f t e r  performing several  crude i n t e r f e r o m e t r i c  experiments t o  

acqui re an apprec ia t i on  o f  the environmental surroundings, the experimental 

apparatus shown schemat ica l ly  i n  f i g u r e  3 was assembled. L i g h t  from the 

l a s e r  i s  s p l i t  i n t o  two beams whose separat ion may be var ied.  The beams, 

a f t e r  t r a v e r s i n g  the tunnel atmosphere, pass through two small sampling 

apertures, are combined, and d i r e c t e d  onto the photodetector aperture.  

A lens and neu t ra l  dens i t y  o p t i c a l  f i l t e r s  are used t o  a d j u s t  the s i z e  and 

i n t e n s i t y  o f  the f r i nges .  The two beams are chopped t o  g i v e  the i n t e n s i t y  

from f i r s t  one sampling aperture, then the other, and f i n a l l y ,  the i n t e n s i t y  

a r i s i n g  from the superpos i t i on  o f  the f i e l d s  f rom bo th  apertures.  The 

output  from the photodetector i s  d isplayed on a c h a r t  recorder.  

A t y p i c a l  data sample from t h i s  arrangement i s  shown i n  f i g u r e  4. 

The two rows o f  small dots on the record ing a re  p r o p o r t i o n a l  t o  the 

i n t e n s i t i e s  f rom the i n d i v i d u a l  sampling apertures, w h i l e  the upper t race  

i s  p ropor t i ona l  t o  the i n t e n s i t y  w i t h  bo th  apertures open. 

Because the average power dens i t y  over the beams i s  qu i  t e  uni form, 

i n  l a t e r  experiments i t  was found convenient t o  remove the chopper and 

s imply  monitor one o f  the beams. When t h i s  was done the r e c e i v i n g  end 

was arranged as shown i n  Figure 5 .  Also when the sampling apertures were 

spaced w i t h i n  a s i n g l e  beam diameter, on l y  one beam from the source was used. 

The source i s  a Spectra Physics flodel 115 He-Ne l a s e r  operat ing a t  

the 6328 8 l i n e .  

i n the c u r r e n t  experiments the l ase r  output  i s  t y p i c a l  l y  0.5 m i  1 1  iwat ts ,  

t o  avo id  comp lex i t i es  a r i s i n g  from mult i -moding. Even a t  one m i  1 l i w a t t ,  

two s t rong  modes separated by 1 Gc a re  observed. 

The maximum output o f  the source i s  6 m i l l i w a t t s ;  however 

The l ase r  i s  mounted on a 1/2 meter Ea l i ng  o p t i c a l  bench which i s  

i n  t u r n  mounted on a 5/8-inch aluminum p la te .  A lso mounted on the 5/8-inch 

p l a t e  i s  a 1 meter E a l i n g  bench, perpendicu lar  t o  the l ase r  axis, which 
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Figure 4. Typical Data Col lected w i t i ,  Arrangement Shmn i n  Figure 3. 

1 Sampl i ng aperture /--- M i  r r o r  I / -  
Beamspl i t t e r  

\/- 
Tunne 1 I Beamspl i t t e r  

\ 

# 
I 

I Photo- Pho tode tec t o r  

i 
detector 

- 
i I I 

i I 
I 

Smoothing 
F i  1 ters 

b 

# 

+ 
Dua 1 

C hanne 1 
Recorder 

i 

Figure F;. Schematic o f  Second Experimental Arrangement f o r  
t k e  Measurement o f  the Mutual Coherence Function 

-1 4- 



I -  
I' 
I 
I 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

supports the m i r r o r s  and beamspl i t ters.  The p l a t e  i t s e l f  res ts  on three 

3/B-inch screws which a re  used t o  a d j u s t  the e l e v a t i o n  o f  the p l a t e .  The e n t i r e  

c o n s t r u c t i o n  res ts  on the s l a t e  top of a " s t a b l e  table."  

i s  used t o  mount the beamspl i t ters  and m i r r o r s  a t  the o the r  end o f  the tunnel .  

A s i m i l a r  arrangement 

A I  1 f i  r s t  sur face m i r r o r s  and d i e l e c t r i c  coated beamspl i t t e r s  used 

have dimensions o f  the order  o f  2 inches square and are o p t i c a l l y  f l a t  t o  

w i t h i n  ten o r  twenty f r i nges .  This i s  more than adequate, f o r  on l y  a small  

p o r t i o n  o f  the complete sur face i s  used a t  any one time. 

mounted on a +inch square by i/ 'Ej-i i iCh th ick  a l u r n i n m  p l a t e .  This p l a t e  i s  

at tached t o  a base p l a t e  o f  the same dimensions by three sp r ing  loaded 

adjustment screws and the base i s  clamped i n  standard Ea l i ng  lens holders.  

The sampling apertures are genera l ly  one m i l l i m e t e r  i n  diameter. When the 

sampling apertures are very close, t h e i r  diameters are reduced t o  approximately 

one h a l f  o f  a m i l l i m e t e r .  The aperture i n  f r o n t  o f  the photodetector i s  

one f o u r t h  o f  a m i  1 l ime te r  i n  diameter. 

Each element i s  

The tunnel i t s e l f  i s  constructed o f  100-foot of 5-foot diameter concrete 

p ipe  bu r ied  i n  the ground beneath the l abo ra to r ies .  A t  each end o f  the 

tunnel there i s  a small 8 x 19 x 8 f o o t  work area a l s o  beneath the ground 

l e v e l .  Radiometric measurements o f  the tunnel and work area w a l l s  i n d i c a t e  

t h a t  t he  temperature i s  un i form to w i t h i n  one degree Celcius.  The a i r  

temperature as monitored by a recording thermometer i s  a l s o  constant  t o  

w i t h i n  one degree Celcius over a 2 4 4 0 u r  per iod.  

The tunnel i s  a l s o  equipped w i t h  apparatus f o r  i n j e c t i n g  and exhaust ing 

a r t i f i c i a l  fog atmospheres. Fog i s  i n j e c t e d  i n t o  the tunnel by means o f  a 

M i  s s  imer Spraying sys tem. 

Two types o f  nozzles, g i v i n g  5 and 10 micron mean diameter fog p a r t i c l e s  

a r e  used. These f igures are the  manufacturer 's s p e c i f i c a t i o n .  W i th  the 

10 micron nozzles fogs o f  o p t i c a l  d e n s i t i e s  g rea te r  than 2.5 can be obtained 

i n  less than 20 minutes. The exhaust system c o n s i s t s  o f  a 1500 cubic  f e e t  

pe r  minute fan fo rc ing  a i r  through a 12-inch duct.  

exhaust ing the fog i n  approximately 2 minutes, i t  can generate e s s e n t i a l l y  

laminar a i r  f l o w  i n  the tunnel wi th v e l o c i t i e s  up t o  2 f e e t  per  second. 

I n  a d d i t i o n  t o  

-1 5- 
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The "s tab le  tablesn cons is t  of approximately 3/4 t on  o f  concrete 

c i n d e r  b lock  r e s t i n g  on MB Isomode Pads. The Isomode Pads are on t i l e -  

covered concrete f l o o r  o f  the work area which i s  i n  con tac t  w i t h  the e a r t h  

about ten f e e t  below ground leve l .  On top o f  the c i n d e r  blocks are 

a l t e r n a t e  layers o f  plywood and polyurethane. F i n a l l y  on the l a s t  sheet 

o f  plywood i s  a l aye r  o f  tennis  b a l l s  which support  a 34-inch x 5G-inch x :-inch 

s 1 a t e  top. 

The photodetector(s)  i s  an RCA I P 2 1  phototube operated i n  a very 

b y n d e  res is tances  a d  a 10,000 ohm standard manner, i . e . ,  iiitf? 4 7 c K  

e x t e r n a l  load. The phototube which detects  the f r i n g e s  i s  mounted on the 

power driven, t rave l i ng -s tage  o f  an l n t e c t r o n  VS-12 microphotometer which 

i s  used t o  p o s i t i o n  the detector  on the peak p o r t i o n s  o f  the f r i n g e  pat terns.  

The smoothing f i l t e r ,  when used, i s  a simple v a r i a b l e  RC c i r c u i t  

w i t h  t ime constants ranging between .01 and 2 sec. The recorder i s  a 

Sanborn Model 296 Dual Channel Recorder equipped w i t h  Model 350-1000 

p reamp l i f i e rs .  F i n a l l y ,  the phototube pcwer supply i s  a Fluke Model 408 A 

h i g h  vo l tage  supply w i t h  0.25 per c e n t  regu la t i on .  

W i th  t h i s  experimental arrangement, the r e a l  p a r t  o f  the degree 

o f  coherence a t  zero path d i f f e rence  was f i r s t  measured f o r  the nonturbulent  

a i r  atmosphere o f  the tunnel. 

obtained from time averages o f  the i n t e n s i t i e s  which extended over per iods 

o f  the order o f  one minute. 
0.95 +_ .05 f o r  spacing Ir2 - r I extending f rom 1 t o  15 inches. 

the pe r iod  o f  averaging i s  extended beyond a few minutes, the value o f  

y begins t o  drop r a p i d l y  t w a r d  zero. This reduc t i on  o f  the y values i s  

due t o  s l o w  f r i n g e  d r i f t s  which cou ld  r e s u l t  from s h i f t s  o f  small  thermal 

gradients  w i t h i n  the tunnel, from small  convect ive a i r  currents,  or  from a 

r e l a t i v e  s h i f t i n g  o f  the two tables a t  each end o f  the tunnel .  

two cou ld  represent t r u e  atmospheric phenomenon w h i  l e  the l a t t e r  i s  c l e a r l y  

an instrument e r r o r .  

The q u a n t i t i e s  I ( Q ) ,  l l ( Q ) ,  and 1 2 ( Q )  were 

The values obtained f o r  Re y ( r l ,  r2, 0 )  were 
- 4 -  

-8 -8 When 
1 

The f i r s t  

To e l i m i n a t e  the p o s s i b i l i t y  of r e l a t i v e  t a b l e  motion, two nonturbulent  

paths through the tunnel were constructed from a l eng th  o f  2-inch diameter 

p ipe and a second in ter ferometer  was assembled t o  sense the r e l a t i v e  t a b l e  

motions. A schematic o f  t h i s  arrangement i s  shmn i n  F igure 6. During the 

opera t i on  o f  the reference i nterferometer the c u r r e n t  o f  the photodetector 

-1 6- 
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Beamsp 1 i t ter- Y 
Beamspl i t ter--d" 

Beamspl i t t e r -  --4'\ 

was found t o  vary q u a s i - p e r i o d i c a l l y  w i t h  the pe r iod  monotonica l ly  

i nc reas ing  from about f i v e  t o  twenty minutes over a t ime span o f  f ou r  

hours. A s i m i l a r  behavior was not observed i n  the other  in ter ferometer .  

The only  p l a u s i b l e  explanat ion f o r  t h i s  r e s u l t  i s  t h a t  a small thermal 

g r a d i e n t  e x i s t s  l a t e r a l l y  across the tunnel .  

M i  r r o r - J \  1 

Tunne 1 

\+-- 

M i  r r o r  

Beamspl i t t e r  

Beamspl i t t e r  

Beamspl i t t e r  

To Photodetectors 

Figure: 6. Double I n t e r f e r o m e t r i c  Arrangement. 

This i s  poss ib le  s ince the foundat ion o f  the outs ide w a l l  o f  the 

b u i l d i n g  i s  c l o s e  t o  one s i d e  of the tunnel. 

i n  the tunnel atmosphere i s  n o t  af fected, s ince densi ty changes caused by 

thermal heat ing o f  the a i r  alongi the two beams become 

The pipes along the paths o f  the reference in te r fe romete r  are i n d i v i d u a l l y  

sealed, and the corresponding densi ty  changes cannot be smoothed by convection. 

The in te r fe romete r  operat ing 

smoothed by convect ion.  
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A s h i f t  o f  one f r i n g e  i n  the reference in te r fe romete r  would be 

caused by a mean temperature d i f f e rence  between the p ipe  o f  about 1/60 

o f  a degree Celsius.  To c o r r e c t  t h i s  problem, arrangements have been made 

t o  evacuate the pipes t o  pressures o f  a few m i l l i m e t e r s  o f  Hg. This would 

remove any thermal e f f e c t s  i n  the paths o f  the reference in te r fe romete r .  

A t  the time o f  w r i t i n g  of  t h i s  report ,  however, t h i s  experiment has 

n o t  been performed. 

I n  the i nterim, many measurements on the t u r b u l e n t  fog atmosphere 

have been made i n  which the degree o f  coherence Is computed from the 

i n t e n s i t i e s  averaged over per iods o f  5 t o  60 seconds. I n  these experiments, 

t he  fogs have o p t i c a l  d e n s i t i e s  ranging between 0 and 2. 

Several qual i t a t i v e  features are apparent from the experiments. When 

the turbulence i s  caused only  by a i r  i s s u i n g  from the fog j e t s ,  the degree 

o f  coherence i s  on ly  s l i g h t l y  a f fected.  This i nd i ca tes  t h a t  f o r  the path 

l eng th  used, the r e f r a c t i v e  index pe r tu rba t i ons  caused by convect ion are smal l .  

I f  a l i t t l e  water i s  in t roduced i n t o  the a i r  streams, a s u b s t a n t i a l  change 

i n  y occurs. 

f og  whose mean r e f r a c t i v e  index i s  much la rge r  than the surrounding a i r .  

I f  the fog dens i t y  i s  f u r t h e r  increased, Y ceases t o  change r a p i d l y .  This 

would seem t o  i n d i c a t e  t h a t  the r a t i o  o f  the mean r e f r a c t i v e  index o f  the 

turbulons t o  the mean r e f r a c t i v e  index over the t o t a l  path i s  near ly  constant.  

F i n a l l y ,  i f  the fog  j e t s  a re  shut o f f  and the fog i s  a l l w e d  to 

I n  t h i s  instance the atmosphere must c o n t a i n  turbulons o f  
’ 

s t a b i  l i z e ,  the coherence i s  restored. 

A determinat ion o f  v f r o m  quant i  t i e s  t ime averaged over per iods 

o f  5 t o  60 seconds i s ,  o f  course, no t  p r e c i s e l y  c o r r e c t  s ince the per iods 

should tend toward i n f i n i t y .  The values obtained, however, do p lace an 

upper bound on the degree o f  coherence. 

o f  coherence f o r  var ious s p a t i a l  separations, which i s  rep resen ta t i ve  o f  

t he  data c o l l e c t e d  t o  date. 

F igure 7 i s  a p l o t  o f  the degree 

To what ex ten t  the values obtained approximate the ac tua l  values 

o f  y w i l l  depend on the pe r iod  requi red t o  ob ta in  a convergent t ime average. 

i n  p a r a l l e l  experiments, p e r f o r m d  on Contract  AF 30(602)--3284, the s p e c t r a l  

d i s t r i b u t i o n  of the angular d e f l e c t i o n  o f  the o p t i c a l  beam t rave rs ing  the 

same fogs has been measured f o r  the frequency range 0.2 t o  20,000 cyc les 

per second. I n  these experiments, the spec t ra l  d i s t r i b u t i o n  peaks around 

-1 6- 



1 -  
I '  
I 
I 
I 
I 
1 
I 
I 
I 
'I 
I 
I 
I 
I 
I 
I 
II 

+-4 

H 

U 

1 1 1 1 1  I 1 1 

-1 9- 



2 cps and htis dropped sharp ly  by .2 cps. I f  t+he d i s t r i b u t i o n  cont inues t o  

d r m  r a p i d l y  below .2 cps, the very s l o w  f r i n g e  f l u c t u a t i o n s  observed 

i n  the coherence experiment are probably due t o  r e l a t i v e  t a b l e  motions 

and should n o t  be considered. Under these circumstances, the values d isp layed 

i n  F igure 7 would represent the t rue values o f  the degree o f  coherence 

r a t h e r  than j u s t  upper bounds. 

A lso  from these ray d e f l e c t i o n  experiments one can o b t a i n  the 

r o o t  mean sciaare angular d e f l e c t i o n  f o r  per iods o f  a t  l e a s t  5 seconds. 

This  q u a n t i t y  i s  a good parameter t o  represent the turbulence o f  the fog. 

I n  the f o l l o w i n g  sect ion,  i t  w i l l  be shown t h a t  the mean square 

angular d e f l e c t i o n  can be r e l a t e d  t o  the degree o f  coherence, and i n  

S e c t i m  5 a comparison w i l l  be made between the measured values o f  y over 

s h o r t  t i m e  periods, and those computed f rom the mean square angular 

d e f l e c t i o n  tveraged over the same per iod.  
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4 .O THEOZETICAL DESCRI PTI ON OF THE MUTUAL COHERENCE FUNCTl ON 
FOR QUAS I 4 O N O C  HROMAT 1 C L I G HT TRAVE RS I NG THE ATMOSPHERE 

I n  the f o l l m i n g  paragraphs we r e l a t e  the mutual coherence f u n c t i o n  

o f  an o p t i c a l  d is tu rbance t o  v a r i a t i o n s  i n  r e f r a c t i v e  index wh ich  occur 

over  the t ransmiss ion path.  The r e s u l t s  a r e  i i r n i  t e d  by the assumptions 

t h a t :  ( 1 )  The angular  displacements o f  the o p t i c a l  rays a r e  s m a l l ;  ( 2 )  

The o p t i c a l  d is tu rbance i s  quas i+noncxhrmat ic ;  ( 3 )  The s t a t i s t i c s  o f  the 

o p i i c a i  suiirce and t ranr ,z Iss lcn  medium are  e r g d l c ;  (4) The s t a t i s t i c s  o f  

the  t ransmiss ion  medium are s p a t i a l l y  homogeneous and i s o t r o p i c .  
+ 

L e t  V ( r l ,  t be a component o f  the e lect romagnet ic  f i e l d  a t  the 

L e t  V ( r z ,  t,) 
-+ 1 

--I 

p o i n t  r, a t  t ime t due t o  a d is turbance a t  0 ( F i g u r e  ti). 
1 

Y 

F igure  8. Geometry of Source and Observat ion Poi n t s  

-. 
have a s i m i l a r  c o n n o t a t i o n  f o r  the p o i n t  r2. 

a t  r,  t h a t  has t raversed a geometric pa th  s u b s t a n t i a l l y  g r e a t e r  than R 

w i l l  c o n t r i b u t e  n e g l i g i b l y  t o  the f i e l d  a t  r , .  

the associated a n a l y t i c  s i g n a l  

Any s c a t t e r e d  l i g h t  a r r i v i n g  
-.t 

1 
Hence, we may w r i t e  f o r  

+ 
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where 5 ,  i s  the time requi red f o r  t h e  disturbance t o  t r a v e l  the d i s tance  

R 1 , ) A ( t ) l  i s  p ropo r t i ona l  t o  the s t reng th  o f  the source, and arg A ( t )  i s  

p r o p o r t i o n a l  t o  i t s  phase. S i m i l a r l y  

I 

A ( t  - = )  

R2 

YG2, t*) = 2 ’>2 

- 4  

t ) i s  def ined as the time 
2’ 5’ 2 

The mutual coherence f u n c t i o n  -T(r-,, r 

average o f  the product V(r,, t,) V * ( r 2 ,  
- + . When the processes are 

t2 1, - - +  4 

t ime s t a t i o n a r y  !‘(r,, r2, t,, tz) = T ( r  1 ’  r 2 ’  r )  where ‘r = t2 - tl - 
Moreover, when the disturbance i s  quasi-monochromatic w i t h  mean frequency 

v ,  
- 

b 

prcv ided 7 i s  less than the coherence time o f  the disturbance. 

W i th  the previous expressions f o r  the f i e l d s  V ,  I’ becomes 

4 -  
A ( t l  - 4 , ;  A * ( t 2  - 

r ( r , ,  r z 9  , r )  = 
R 1  R2 

W i th  the ergodic assumption the time average may be replaced by the 

M.  Born and E .  Wolf, loc  c i t .  
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ensemble average. Thus 

The ensemble average may be obtained by f i r s t  averaging over the source 

p r x e s s  ~ l t h  f ixed F 

process, I .e., 

and E,.. and then averaging over the t ransmiss ion 
=1 

= < A ( o )  A * ( T  - F + ;l)>A i s  j u s t  NOW 4(tl - :1) A * ( t 2  - =2 
the t ime c o r r e l a t i o n  p ( ~  - + = ) o f  the source. Since the laser  

ou tpu t  i s  quasimonochromatic, P ( T  - 5, + 5 , )  may be expressed as 
52 '1 

where 7 i s  the mean frequency o f  the source d is turbance and 7 - 5, + E 1 

i s  small  compared w i t h  the coherence t ime. 

may n w  be expressed as 

The mutual coherence f u n c t i o n  

O r  

-23- 



Let the r e f r a c t i v e  index of the media be n(X, Y, Z, t )  and assume 

the v a r i a t i o n  of I? a t  any p o i n t  dur ing the t r a n s i t  t ime o f  the disturbance i s  

negl  i g i  b le .  Then 

i = 1, 2 

- - 
where do i s  the element o f  pa th  length.  W r i t i n g  n = n + ;I and 5. = = + pi - . I -'i - nRi 
we have = - ?  'i 

R. 
I 1 

= - J' P(X, Y, Z, t ) d a  
0 

Pi c 

and 

Expanding the exponent and keeping on ly  terms o f  second order  or 

less i n  p. we have 
I 
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R.  R. 

S ince the  s t a t i s t i c s  of  the transmi s s i o n  p a t h  a r e  assumed homogeneous 

and i s o t r o p i c ,  the averages a r e  on ly  a f u n c t i o n  o f  the c o o r d i n a t e  

d i f f e r e n c e s ;  then 

-2 
where p i s  mean square f l u c t u a t i o n  a t  a p o i n t  and N i s  the c o r r e l a t i o n  

c o e f f i c i e n t .  A c m o n  and usefu l  f u n c t i o n a l  form f o r  N i s  

2 
-r - 

a* N ( X ~  - xj, yi  - Y Z. - Z - )  = e 
j ’  I J 

2 2 7 2 
where r = ( x i  - X . )  + ( Y i  - y . )  + ( Z i  - z . )  and a i n d i c a t e s  the 

s c a l e  o f  the c o r r e l a t i o n .  
J J J 

I f  the c o o r d i n a t e  axes are chosen s o  t h a t  the Z = 0 plane co inc ides  
4 

w i t h  the p lane de f ined by the source and the two p o i n t s  a t  rl and 
2’ 

and the X a x i s  b i s e c t s  the angle formed by the p o i n t  a t  3,’ the source, 

and the p o i n t  a t  r2, one may w r i t e  
- 

Y, ( x . )  = xi tan  e Z ex., 
I 1  I 

N y . ( x . )  = - X .  tan 9 = - BX., 
J J  J J 

2. = z = 0 .  
I j 
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Then s e t t i n g  R = R R. >>> a and d:-. Z dX. and dc = dX one obta ins 
l J  I I j j ’  

2 2 ( x l  - x2)  + e (x l  - xz)  
2 I a 

d R R ,  
P 

=. c 0 0  

2 = - jdX,dX, exp - 
‘</Jk >? 2 

and 

L 

(X, - X 2 1 L  + e (X I  + x 2 )  
JdXIdX2 exp - 2 I a 

- 2 R R  
1-I < p p > = -  

l Z 5  c 2 0 0  

With the s u b s t i t u t i o n s  

+ x2 
2 

, v =  
x ,  - x* 

2 u =  

the two previous i n t e g r a l s  reduce t o  

k = I ,  2 

k = I ,  2 

and 

2 2 

1 + exp(- a 2 du exp(- F) a . 

The inner  integrands o f  bo th  expressions are la rge  on ly  over a reg ion  

0 2 u 5 u 

i n t e g r a l  may be s e t  equal t o  i n f i n i t y .  Then 

x a/2.  When R >>> a and 0 <<< 1 the upper l i m i t  i n  the inner  
0 

4 2  6- 



I I  a 

I’ 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 
I 
I 
I 
I 
1 
I 
I 

and 

R 2 2  ~ ~ i f  a R 

c 2  411 + fl 
j’ dv exp( -- 4 e v  ) .  2 

- 2 

?k ’5 - 2 0  a 

k = 1 ,  2 

k = 1,  2 

C o l l e c t i n g  the prev ious resu l ts ,  one has f o r  the mutual coherence 

f u n c t i o n  a t  zero  t ime delay 

- 
1’ 

C 
where k = - and 

I f  the r e f r a c t i v e  index v a r i a t i o n  CI can be considered Gaussian 

a t  each p o i n t  i n  space, then the q u a n t i t y  

- 
i s  a l s o  Gaussian. The average va lue  o f  exp- 2niV Y ( t )  i s  j u s t  the 

C c h a r a c t e r i s t i c  f u n c t i o n  evaluated a t  - 2% ; then 
C 

-2 7- 
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2 
r 
a 

W i t h  the assumed form, exp T ,  f o r  the c o r r e l a t i o n  c o e f f i c i e n t ,  the 
2 

- 
q u a n t i t y  <Y 2 ? i s  j u s t  CI 2 2  C<pl >5+ <P, 3 -  ~ < P , P ~ T ~ -  ~f again R >>> a 

and 8 <<< 1, one may w r i t e  

which agrees w i t h  the previous r e s u l t  obtained from the second order 

expansion i n  smallness o f  p. 

i t  w i  1 1  be convenient t o  express the exponent i n  terms o f  the mean 

W i t h  
- 

2 
square angular d e v i a t i o n  a 

the previous assumption i t  may be shown t h a t  a 

o f  a ray  t r a v e r s i n g  the same atmosphere. - 2 
i s  g iven by 

2 a = 4/;;2 R. 
a 

2 
S u b s t i t u t i n g  t h i s  q u a n t i t y  i n t o  the exponent and neg lec t i ng  0 

comparison w i  t h  uni  ty, one has 

i n  

Lev A. Chernov, W a v e  ,Propaqation i n  a Random Medium, McGraw-Hill, N.Y. (1360) .  

4 6- 
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Two l i m i t i n g  forms o f  t h i s  expression may be e a s i l y  explored. 

When 2GR >> a, the e r r o r  funct ion approaches one and 

I y ( t ) ? z  exp -TI k a. a . 2niT 
<:e x p y  

- I z 2 T z I  
When 2f3R << a, the e r r o r  func t ion  may be expanded t o  g i ve  

and 

-+ --I 

where 28R = d i s  the d is tance between the two po in ts  a t  r, and r . 
2 

- - I +  

Thus, i n i  t i a l  i y  T( r ,  , r2, 0 )  decreases expo ten t i a l  l y  w i  t h  the 

square of the spacing between the two po in ts .  By the t ime the spacing 

has exceeded the scale o f  the atmosphere c o r r e l a t i o n  on ly  a res idua l  

c o r r e l a t i o n  between the f i e l d s  remains and t h i s  i s  independent o f  spacing. 

A graph of T(r,, r2, o)/T0(r,,  r2, 0) i s  shown i n  F igure 9, and i n  F igure 

10 the same quan t i t y  i s  p l o t t e d  f o r  the l i m i t i n g  case d << a. 

- - I - - +  - 4  

-2 9- 
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5 .O D I SCUSS I ON OF RESULTS 

Because the fog atmosphere o f  the tunnel does no t  s imulate c l o s e l y  

n a t u r a l  l y  occur r i ng  atmospheres, the experimental data presented i n  F igure 

7 o f  Sect ion 3 does no t  i n  i t s e l f  prov ide much d i r e c t  i n fo rma t ion  

regard ing the r e a l  atmosphere. I t does, however, prov ide adequate i n fo rma t ion  

t o  check the simple theory presented i n  Sect ion 4.0- 

I f  the data fo r  I'(;,, T2, 0 )  r,(T1, T2, 0 )  versus the separat ion / 1;; - ? I  i s  f i t t e z  i n  a mean square sense t o  a curve (F igure 1 1 )  of the 

form e 2 

1 2 
LI 2 : I  

- 1 '  - ' , t  , the value o f  b obtained i s  2940 meter4. Since -. r L - 
2 

b = y-$cf! a the corresponding value o f  the RMS angular d e f l e c t i o n  

i s 1 9  P radians. I n  the same fog atmospheres the RMS angular d e f l e c t i o n  

measured i n  con junc t i on  w i t h  Contract AF 30(602)-3284 i s  18 2 4 CL radians. The 

agreement i s good. 

I t  i s  c e r t a i n l y  no t  s u r p r i s i n g  t h a t  the mean square angular 

d e f l e c t i o n  i s  r e l a t e d  t o  the s p a t i a l  coherence s ince both q u a n t i t i e s  are 

determined by the same e f f e c t ,  namely v a r i a t i o n s  i n  atmospheric r e f r a c t i v e  

index. For the same reason, one might a l s o  p r e d i c t  the spectrum o f  the 

angular d e f l e c t i o n s  and the spectrum o f  the f r i n g e  i n t e n s i t y  a t  a p o i n t  are 

a l s o  very s i m i l a r .  i n  fact ,  a crude measurement o f  the spectrum o f  the 

f r i n g e  i n t e n s i t y  was compared w i t h  the spectrum o f  angular d e f l e c t i o n s  and 

semi -quan t i t a t i ve  agreement was obtained. This r e s u l t  lends credence t o  

the procedure o f  assoc ia t i ng  the degree o f  coherence computed from f i n i t e  

time averages w i t h  the squared angular d e f l e c t i o n s  averaged over the same 

t ime i n t e r v a l s .  

I n  any case, w h i  l e  the agreement between theory and experiment may 

be a l i t t l e  f o r tu i t ous ,  one i s  tempted t o  accept the t h e o r e t i c a l  r e l a t i o n s h i p  

as va l i d ,  and proceed t o  the determinat ion o f  the heterodyne s i g n a l .  

From Sect ion 2, i t  w i l l  be r e c a l l e d  t h a t  the spec t ra l  power dens i t y  

as given by 

~ 

4 

The p o i n t s  for  Ifz - rll > 8 c m  were n o t  considered i n  the curve f i t  

because t h e i r  absolute values are smal ler  than the experimental e r r o r .  

They may be s i g n i f i c a n t ,  hwever .  
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where R i s  the F o u r i e r  t ransform o f  < V (rl, Tl 

moment i s  expanded, the term which r e s u l t s  i n  the heterodyne s igna l  i s  

When t h i s  

The heterodyne c o n t r i b u t i o n  t o  the spec t ra l  power dens i t y  G (u)  becomes H 

where F denotes the Four ie r  transform. Wi th  the assumptions which lead t o  

the r e s u l t s  of Sect ion 4.0, one may separate the s p a t i a l  dependence o f  the 

expectat ions i n  the integrand, and complete the i n t e g r a t i o n s .  

-34- 
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Consider the case i n  which the l o c a l  o s c i l l a t o r  has a f i xed  output  

power which i s  d i s t r i b u t e d  uni formly over the l i m i t i n g  aper ture o f  the 

rece iver .  Le t  the average power densi ty  o f  the received o p t i c a l  s igna l  

a l s o  be constant  over the l i m i t i n g  aper tu re-  Then, the heterodyne c o n t r i b u t i o n  

t o  the au toco r re la t i on  func t i on  and/or the spec t ra l  power dens i ty  o f  the 

de tec to r  output  due t o  an o p t i c a l  s ignal  propagat ing through a tu rbu len t  

atmosphere compared w i t h  the c o n t r i b u t i o n  from an o p t i c a l  s i g n a l  propagat ing 

through vacuum i s  expressed by the r a t i o  q, where 

2 4  
n r  

and r i s  the rad ius o f  the l i m i t i n g  aper ture.  

The i n t e g r a l  may be imnediate ly  reduced t o  

- 1 / 2  2 
ri r and I i s  the  mod i f ied  Bessel f unc t i on  o f  the where 5 = [- k c 

f i r s t  k i n d  o f  zero order.  
0 3 

The previous expression f o r  7 was evaluated numer ica l ly  on an IBM 
1620 computer. The r e s u l t s  are p l o t t e d  i n  F igure 12 . For good seeing 

condi t ions,  which correspond t o  RMS angular d e f l e c t i o n s  near 1 p radian, 

the corresponding rad ius f o r  a value o f  7 = 0.1 i s  s l i g h t l y  l a r g e r  than 

one meter f o r  6328 8 r a d i a t i o n .  

I n  sumnary, then, the cu r ren t  work has shown a theo re t i ca l  

r e l a t i o n s h i p  between the s p a t i a l  coherence and the mean square angular 

ray de f lec t ion ,  and t h i s  has been exper imenta l ly  v e r i f i e d  on a r t i f i c i a l  

-35- 
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f og  atmospheres over a l i m i t e d  range o f  the parameters. increased 

conf idence i n  the r e s u l t s  cou ld  be obtained by extending the t ime over which 

averages are  computed and per formi  ng the  experiments over d i f f e r e n t  o p t i c a l  paths. 

U l t ima te l y ,  the r e s u l t s  must be v e r i f i e d  over long paths i n  the r e a l  

atmosphere. 

-37- 



9 
I- 
I 
I 
1 
1 
I 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

APPEND1 X A 

CONCERN1 NG THE SCATTER1 NG OF COHERENT LIGHT FROM 

RANDOMLY D l  STRl BUTED SCATTER1 NG CENTERS 

A s u b s t a n t i a l  p o r t i o n  of the  i n i t i a l  phase o f  the  c u r r e n t  

c o n t r a c t  was devoted t o  a cons ide ra t i on  o f  the s c a t t e r i n g  o f  coherent  

I i g h t  frm aeroso ls .  Because the emphasis o f  the program was s h i f t e d  t o  

the  heterodyne problem, t h i s  s c a t t e r i n g  work was n o t  brought  t o  i t s  f u l l  

conc lus ion .  The i n i t i a l  e f f o r t  i s  cons idered p e r t i n e n t ,  however, and i t  

i s  s u m a r i z e d  i n  t h i s  and the f o l l o w i n g  appendices. I n  t h i s  appendix, 

a p a r t i a l  t reatment  o f  the t h e o r e t i c a l  d e s c r i p t i o n  o f  the  s c a t t e r i n s  i s  

presented, and i n  Appendix B the  b r i e f  exper imenta l  e f f o r t s  a re  summarized. 

I n  the f o l l o w i n g  paragraphs the problem o f  s i n g l e  e l a s t i c  s c a t t e r i n g  

o f  p a r t i a l l y  coherent  l i g h t  from a f i n i t e  volume o f  random s c a t t e r i n g  

c e n t e r s  w i l l  be o u t l i n e d .  I n  general, the d i f f e r e n c e s  i n  o p t i c a l  paths 

w i t h i n  a s i n g l e  s c a t t e r i n g  p a r t i c l e  a re  small  compared w i t h  the p a t h  

d i f f e r e n c e  between two s c a t t e r i n g  p a r t i c l e s .  The f i e l d  sca t te red  from a 

s i n g l e  p a r t i c l e  may then be approxinared by the f i e l d  obta ined from comple te ly  

coherent  rad ia t i on ,  and the t o t a l  f i e l d  becomes the sum o f  the s i n g i e  

p a r t i c l e  f i e l d s  from a random assemblage o f  s c a t t e r i n g  p a r t i c l e s .  

Le t  a p lane e lect romagnet ic  d is tu rbance be normal ly  i n c i d e n t  on L 
the  p lane z = 0 ,  from the reg ion  z < 0 .  L e t  a component o f  the e l e c t r i c  

f i e l d  o f  t h i s  p r imary  d is tu rbance i n  the reg ion  z 2 0 be denoted by 

E ( t ,  z )  = e- ~ ~ ( t  - - I -  nz 
P C 

I n  the  previous, a represents  the abso rp t i on  cons tan t  f o r  removal o f  

photons from the pr imary  disturbance, n i s  the r e f r a c t i v e  index o f  the 

medium, and c i s  the  vacuum v e l o c i t y  o f  l i g h t .  Both (x. and n w i l l  be 

A-1 



t r e a t e d  as f r e q u e n c y  i n d e p e n d e n t  q u a n t i  t i es .  

I t  w i l l  b e  assumed t h a t  E ( t )  r e p r e s e n t s  a s a m p l e  f u n c t i o n  of a 
0 

s t o c h a s t i c  p r o c e s s ,  t h a t  t h e  p r o c e s s  i s  e r g o d i c ,  and  t h a t  

w h e r e  t h e  s y m b o l s  < . . > i n d i c a t e  a v e r a g e s  o v e r  t h e  e n s e m b l e  of s a m p l e  

f u n c t i o n s ,  and  & ( T )  is  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  of t h e  p r o c e s s .  

C o n s i d e r  now t h e  f i e l d  a t  t h e  p o i n t  ’ij: d u e  t o  t h e  s c a t t e r i n g  o f  
+ 

a s i n g l e  p a r t i c l e  a t  t h e  p o i n t  r. When / x  - ;/ i s  s u f f i c i e n t l y  l a r g e ,  t h e  

I 

X 

F i g u r e  A I .  Geometry f o r  S c a t t e r i n g  C o m p u t a t i o n  



r a d i a t i o n  f i e l d  w i l l  appear t o  have o r i g i n a t e d  a t  p o i n t  w i t h  source s t r e n g t h  

S .  Now t h i s  apparent source w i l l  be a f u n c t i o n  o f  the o p t i c a l  s i z e  o f  the 

s c a t t e r i n g  p a r t i c  le, the time, and the coord ina tes  o f  the s c a t t e r e r  and 

observer, i .e., 

- + +  
S = S(d, R, r, t )  

where d i s  the o p t i c a l  d iameter o f  the s c a t t e r i n g  p a r t i c l e .  When the 

p a r t i c l e s  a r e  f i x e d  i n  space, S may be r e l a t e d  t o  the i n c i d e n t  f i e l d  by 

.Lw 

To i n v e s t i g a t e  the s i g n i f i c a n c e  o f  h, assume f o r  the moment t h a t  the 

pr imary  d is tu rbance i s  g i v e n  b y  

nz 
i w (  t - ; E& z )  = e L 

i .e., a complete ly  cohetent  wave of  frequency (0. Then 

o r  

A-3 



n n 
where h i s  the F o u r i e r  t ransform of h. Thus h i s  j u s t  the f i e l d  i n t e n s i t y  

f a c t o r  de r i ved  from Mie s c a t t e r i n g  theory.  More generally,. the s c a t t e r e r s  

a re  moving i n  space, and one may w r i t e  

-t 4 

where u (  r, t f  i s  uni t y  i f  a s c a t i e r e r  i s  ai t h e  p o i n t  r ~ ' t  t ime t and ze rn  

otherwise.  T h i s  rep resen ta t i on  i s  n o t  p r e c i s e l y  co r rec t ,  f o r  the on-o f f  

p r o p e r t y  of the s c a t t e r i n g  p a r t i c l e s  represented by the f u n c t i o n  u (r, t )  

should appear i n  the in tegrand.  The present  approx imat ion i s  e q u i v a l e n t  

t o  neg lec t i ng  the  t r a n s i e n t  behavior o f  the l i g h t  f i e l d .  

+ 

+ 
The c o n t r i b u t i o n  t o  the f i e l d  a t  R from the s c a t t e r i n g  cen te r  

a t  becomes p r o p o r t i o n a l  t o  

nz +f h(d, R, r, p j  E , , [ t  - il - - - r u c 
- 8  

4 

The t o t a l  f i e l d  E S  a t  the p o i n t  R a t  t ime t due t o  s i n g l e  S c a t t e r i n g  i s  

j u s t  the sum o f  s imi  l a r  c o n t r i b u t i o n s  f rom a l l  s c a t t e r i n g  cen te rs  i n  the 

volume o f  i n t e r e s t .  They may be w r i  t t e n  as 

/ i T  - t l  V 

CI? - 4  

- - . +  nz n lR - r / )  
C 

dp h(d, R, r, p) E o ( t  - i-I - - 
C 

- 0 3  
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I n  the above in tegra t ions ,  U must be regarded as a sample f u n c t i o n  der ived  

from the s tochas t ic  process governing the d i s t r i b u t i o n  of  the sca t te re rs .  

W i th  the usual f a r  f i e l d  approximations, f o r  which / R - r /  

S 

- - + +  +. -+ - \ R I -  R-r/ / - d l  
and 6’, cp’ s 9, iy!, one may r e w r i t e  E as 

4 

where R = I R I  and where h i n  the  f a r  f i e l d  depends on ly  on d, p, and the 

angular d i r e c t i o n  o f  R as g iven by 8 and cp. 
--. 

To shorten the n o t a t i o n  h(d, 8, q, p) w i  1 1  be denoted by h (p ) ;  

however, i t  i s  t o  be understood tha t  h(p)  w i l l  always be a f u n c t i o n  o f  the 

p a r t i c l e  geometry, the r e f r a c t i v e  index, and the d i r e c t i o n  o f  R. 
4 

The power per u n i t  solid angle J may now be expressed as 

4 +  

- + -  RI r 
dV2 U ( r 2 ,  t - nR - -;exp]+ n cR R * r  - z2 1 C 

V 

+ m  

where C i s  a constant.  Wi th  the ergodic assumption the time average power 

per  u n i t  so l  i d  angle becomes 

A 4  
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4 

nR nK;:), U(Y2, t - - - nR n . 
cR ' C 

< V(;;, t - --  
C 

where independence between the s tochas t ic  processes of the sca t te re rs  and 

the source i s  assumed and 

Cons i der now the averaged product  

f o r  a random assemblage of p a r t i c l e s  obeying Maxwell-Boltzmann s t a t i s r i c s .  

Assume t h a t  on the average a large volume V conta ins N p a r t i c l e s ,  each 

occupying a volume AV. 

which has the value zero  i f  no sca t te r i ng  p a r t i c l e  i s  i n  the volume AV 

about r and the value u n i t y  i f  a p a r t i c l e  i s  i n  the volume AV a t  ;. 
product  V(7 ,  0 )  U(;2 ,  t )  w i l l  a lso take on j u s t  two values, zero and one. 

The average c U ( r , ,  3 ) U ( ;  
t h a t  the value u n i t y  i s  obtained, i -e. ,  

Let  the U(F, t )  be approximated by the func t i on  

--t 

The 

- 0 -  

t )>  i s  then u n i t y  m u l t i p l i e d  by the p r o b a b i l i t y  
2' 
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where p [ u ( T , ,  0 )  = A, u(F2, t )  = B 1  denotes the p r o b a b i l i t y  t h a t  

u(rl, c;) = A and u ( r z ,  t )  = 8. 
-+ 4 

T+e l a s t  p r o  a b i l i t y  i n  the p rev ious  express ion may be expressed 

as 

PLthat  U e x h i b i t s  an even number o f  
t r a n s i t i o n s  between the values 0 and 1 
i n  a t ime t.] 

--+ 
+ P[ u(rl, 0 )  = 1, &, 0 )  = 0; 

PLthat  v e x h i b i t s  an odd number o f  
t r a n s i t i o n s  between the values 0 and 1 

i n  a t ime t.] 

I t  i s  c l e a r  t h a t  t he  p r o b a b i l i t y  t h a t  u(pl, t )  i s  one o r  z e r o  a t  

t ime t i s  j u s t  equal t o  the p r o b a b i l i t y  t h a t  a p a r t i c l e  i s  o r  i s  n o t  i n  AV. 
V With N9 = - 

AV 

PT U( ;, 

and 

N N - 1  N N P[g(7,, 0) = 1 , G 2 ,  0 )  = 01  = -  ( 1  -- J Z - ( 1  --) 
NO NO- NO NO 

The t ime t t h a t  a p a r t i c l e  remains i n  a volume AV i s  g i v e n  by 

v 



whrre  “a” i s  a geometric f a c t o r  near u n i t y  and v i s  t he  magnitude o f  the 

v e l x i ; ~  g f  the s c a t t e r i n g  p a r t i c l e .  

l ib r iu rn , the  f u n c t i o n  u(r, t )  over any long t ime i n t e r v a l  must be d i f f e r e n t  

from z e r a  over a f r a c t i o n  o f  the i n t e r v a l  equal t o  the  f r a c t i o n  sf the 

volume which i s  f i ] l e d  w i t h  p a r t i c l e s .  Then, due t o  the p a r t i c l e s  w i t h  

v e l o c i t y  magnitude v, the  func t i on  u(r, t )  makes 

Since the s c a t t e r e r s  a re  i f>  equi- 
7 

t rans i t i  ons be tween the va 1 ues zero and one. 

The average number o f  t r a n s i t i o n s  per  u n i t  t ime ob ta ined from 

the  M a m e l l i a n  d i s t r i b u t i o n  i n  v e l x i t i e s  i s  

Assilming the t r a n s i t i o n s  a re  Poisson d i s t r i b u t e d ,  one ob ta ins  the 

followin:! express ion f o r  the p r o b a b i l i t y  o f  an even number o f  t r a n s i t i o n s  

i n  t ime t. 

S i m i  l a r i y ,  
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The c r o s s - c o r r e l a t i o n  o f  g m a y  now b e  expressed as 

where f = - i s  the f r a c t i o n  o f  the volume V occupied by the p a r t i c l e s  and 
No 

C o l l e c t i n g  the prev ious equations, one has  

R - ( r  + r j 

R 
1 2 

<J> = CedaR fdV, SdV 2 exp i  1 - (z2 + = , I  

The a u t o c o r r e l a t i o n  f u n c t i o n  A ( s )  may be expressed i n  terms o f  i t s  F o u r i e r  

t ransform W(U) which i s  the spec t ra l  p w e r  d e n s i t y  o f  the o p t i c a l  source. 

Then 

A-9 
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I f  one considers a s c a t t e r i n g  volume a t  300‘ K c o n t a i n i n g  10 mic ron  

p a r t i c l e s  o f  s p e c i f i c  g r a v i t y  1.0, the number b i s  o f  the order  o f  10’ f sec-’. 

Then e x p o t e n t i a l  terms c o n t a i n i n g  b w i  1 1  e s s e n t i a l l y  u n i t y  f o r  a1 1 r e a l i z a b l e  

volumes. The s c a t t e r e d  p m e r  per u n i t  s o l i d  angle i s  then i d e n t i c a l  t o  t h a t  

ob ta ined from a u n i f o r m l y  cont inuous volume, each p o i n t  o f  which i s  a source 

o f  the c h a r a c t e r i s t i c  Mie f i e l d .  Since the e f f e c t  o f  the random mot ion o f  

t h e  s c a t t e r e r s  on the average power per  u n i t  s o l i d  angle i s  n e g l i g i b l e ,  any 

depar tu re  from Mie s c a t t e r i n g  must be due t o  m u l t i p l e  s c a t t e r i n g  o r  depar tures 

f ran random behavior  o f  the s c a t t e r e r s .  

A - 1  0 
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APPENDIX B 

EXPERIMENTAL MEASUREMENTS OF THE SCATTER1 NG 

OF COHERENT LIGHT FROM COLLOIDS 

O - = - - -  Y G I  V I  G +I.- L I a b  yn n p - n r a ~ ~ !  vy was r e v i s e d  tn emphasize the heterodyne problem, 

severa l  p r e l  iminary experiments comparing the s c a t t e r i n g  o f  coherent and 

incoherent 1 i g h t  from c o l l o i d a l  so lu t ions  were performed. The experimental 

arrangement i s  sketched i n  F igure  1B.  

The coherent source was a Model ,491 Admiral He-Ne gas laser  

opera t ing  a t  .6328 CI. The incoherent source was a 100 w a t t  z i rconium arc 

w i t h  a 100 8 f i l t e r  centered a t  .63 P. 

g i v e  the same radiance w i t h  the same beam s i z e  and degree o f  c o l l i m a t i o n .  

The two sources were adjusted t o  

The c o l l o i d a l  s c a t t e r i n g  medium was formed by p r e c i p i t a t i n g  s u l f u r  

from sodium t h i o s u l f a t e  and s u l f u r i c  a c i d  i n  aqueous so lu t i on .  Microscopic 

examination o f  the suspension revealed t h a t  the p a r t i c l e s  were spher ica l  i n  

shape w i t h  diameters between 3 t o  5 CI. The dens i t y  o f  sca t te re rs  ranges 

between 5 0  and 1000 p a r t i c l e s  per cub ic  cent imeter .  

The photodetector shown i s  an Amperex OAP12 germanium photodiode; 

however, t h i s  was l a t e r  replaced w i t h  an RCA 7265 p h o t o m u l t i p l i e r .  The radiometer 

viewed from the s c a t t e r i n g  volume subtends a s o l i d  angle o f  .017 steradians, 

wh ich  i s  equ iva len t  t o  a c e n t r a l  angle o f  approximately E degrees. 
-1 2 

The no ise  equ iva len t  inpu t  o f  the de tec tor  i s  10 wat ts /s te rad ian  

a t  .63 p. 

The s c a t t e r i n g  data c o l l e c t e d  i s  summarized i n  F igure  2 8 .  Since 

the t o t a l  pcwer from the incoherent source i s  equal t o  the t o t a l  p m e r  i n  

the p o l a r i z e d  laser  beam, the s c a t t e r i n g  data i s  e s s e n t i a l l y  the same f o r  

t he  coherent and incoherent beams. There are, however, s l i g h t  v a r i a t i o n s  

a t  2 0 " ,  65' ,  and 105' through 1303, b u t  the r e p r o d u c i b i l i t y  o f  the data has 

n o t  been s u f f i c i e n t l y  v e r i f i e d  t o  a t t a c h  any s i g n i f i c a n c e  t o  these anomalies. 
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