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SUMMARY

A new method of analysis of sampled-data control systems with

unsampled inputs is presented. The method is applicable to low-pass

systems. The results of an investigation into the accuracy of analysis

of sampled-data systems in the w-plane are also presented. Nyquist

diagratrs of a compensated thrust vector control system which is sampled

in the (^ channel are obtained by the describing-function approach.

The preliminary results of an investigation into the effects of varing

the sampling rate of a sampler in the ^ chnnel are included.
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I. INTRODUCTION

'	 A complete analysis of the system shown in Figure 1 requires the

determination of the gain and phase margins in each of the three

channels. These margins may be determined analytically by breaking

the system in each of the three channels, obtaining the open-loop

transfer function of the system for each channel respectively, and

investigating the Nyquist diagram of each of these transfer functions

about the minus one point. An open-loop transfer function can reaa:'_y

be obtained if the input signal is sampled before passing through a

continuous-data element. An example is the system shown in Figure 1

broken at the point (D. An open-loop transfer function: cannot be

written, however, if the input signal is acted upon by a continuous-

data element in the system before being sampled. An example is the

system shown in Figure 1 broken at the point ^e or at the point ^.

Chapters II through V of this report are concerned with a new

analytical procedure for obtaining a Nyquist diagram for the system

shown in Figure 1 broken at fi e . This method involves inserting a

fictitious sampler and a fictitious hold at the point fi e . The accuracy

of this method is investigated and is found to be dependent on the

low-pass nature of the system.

Chapter VI of this report is an investigation of the numerical

accuracy of analysis of sampled-data systems in the w-plane as compared

to analysis in the z-plane. No appreciable increase in accuracy was

found using the w-plane.	
1
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I: Chapter VII the results of an analysis of a sampled, com-

pensated thrust-vector control system are presented. The analysis is

based on the describing-function approach. The purpose of this

analysis was to obtain results which could be compared with results

of an analog simulation.

Chapter VIII presents preliminary results of an investigation

of the effects of varying the sampling rate T in the system of Figure 1.



II. ANALYSIS OF THE SYSTEM

A typical sampled-data control system for a thrust vector control

s,, Ptem of a space vehicle is shown in Figure 1. The ^ channel is the

forward path and the . and	 channels are the attitude and attitude

rate feedback paths respectively. In Figure 1, W ss (s) is the control

engine deflection angle response per control engine command angle,

G l (s) is the attitude error angle response per control engine de-

flection angle, G 2 (s) is the attitude rate angle response per control

angine deflection angle, and H 0 (s) is the transfer function of the

zero-order hold. The switch in the ^ channel is used to symbolize a

sampler with a sampling period of T seconds. The sampling frequency,

f = 1/T, of the system in Figure 1 is twenty-five hertz.
s

Figure 2 is the composite signal flow graph of the system shown

in Figure 1 broken at fi. The lower portion of Figure 2 was obtained

by assigning a variable, Xn (s I to each rode of Figure 1 and then by

constructing the "original signal flow graph" of the system.` Next,

the sampled variables, X n
*
(s), were obtained by applying Mason's gain

formula 
2

directly to the lower portion of Figure 2 and by taking the

pulse transform at the same time. The sampled variables are

Xl(s) = X
i (s)

4
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H0Wss(s)	 ;

1 - G2Wss(s)

and

X ., -	 G 1 HoWss (s)	 Xi__ (S)
o`	 [1 - G 

2 
W 
ss	 J

(s)
1;:

The sampled signal flow graph,shown in the upper portion of Figure 2,

1.

was drawn from Equations (1). The pulsed input, X i " (s), to the original

flow graph was then obtained directly from the sampled flow graph. The

open-loop transfer function was written directly from the composite

signal flow graph by using Mason's gain formula and is given by

`'o (s)	 I G1HoWss(s)
	

(2)
X1(s)	 L1 - G2Wss(s)

The gain and phase margins of the closed-loop system at the point (^

can now be obtained by investigating the Nyquist of (2) about the

zero db,180 degree point.

The gain and phase margins at Ie cannot be obtained as readily,

however, since an open-loop transfer function independent of the

input cannot be obtained. Following the same procedure as outlined

5

(1)
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above for the system broken in the ^ channel, the output of the

system broken at f 
e 

can be obtained and is given below.

X0 	=	 i s	 X•G (s	
IHo 	[xGi2Wss() ]„+ [)i l 
	

oW ss (s)	 .	 (3)

Equation (3) is not a true transfer function since the input, Xi(s),

cannot be factored out of the output expression. In general, if the

input to a discrete system is acted upon by a continuous-data element

before being sampled, it cannot be factored out of the resulting out-

put expression and, therefore, no transfer function can be written.



III. METHODS OF APPROACH

In Chapter II, it was determined that an open-loop transfer

function cannot be written unless the input is sampled before being

acted upon by a continuous element in the system. This condition may

be satisfied by inserting a fictitious sampler and hold at the input

terminal. The possibility of operating the sampler at a much faster

rate than the basic sampling rate of the system was first investigated.

The higher the sampling frequency of the fictitious sampler, the less

effect it has on system performance. Tneoretically, as the sampling

frequency approaches infinity, the fictitious sampler and hold have

characteristics that approach the characteristics of a continuous

-path.

Figure 3 is the system shown in Figure 1 broken in the F c channel

with a fictitious sampler and hold added at the input terminal, Xi.

If the sampling period of the fictitious sampler is T/N, where T is

the sampling period of the sampler in the b channel and where N is

any positive integer, the fictitious sampler may b- represented by

the signal flo graph shown in Figure 4. Each of the N samplers in

Figure 4 are sampling at the same instant and at the basic sampling

rate of the system. The input signal, however, to the K tI ' branch is

advanced by hT/N seconds, sampled at the same instant as the signals

in all of the other branches, delayed by 	 KT/N seconds, and then

7
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added to the other branch output signals.	 he K^"
h
 branch, there-

at-
fore, represents the K 	 sample of the multirate s^mpler during each

basic sampling period. The sum cf the outputs of all branches in

Figure 4 represents the N samples of ?Abe multirate Sampler during each

basic sampling perlcei. Representing the fictitious molt rate sampler

by N samplers, all o,-era*_ing at the basic sampling rate of the system,

permits the use of r^ie ordinary z-transform in analyzing the system.

Figure 5 is the composite signal flow graph represeni.ing the

s ystem of Figure 3, when the sampling rate of the fictitious sampler

is twice the rate of the samplEi ir_ the r channel. By applying

mason's gain , ormula to Figure 5, the pulsed output, X
o .,

(s) can be

eNpressed as

)

W ssG H" 

i.; 
(s) + GIHo I (s) [Wss Ho ; ks)/l

^-	 rr

+	 A (
1 )ts=JZ ..

	
1ys`' J2Ho`-sT/?^ (s) + (G1HoE-sT /2

-';(s) l`issHo

in Fig.urF _z,

\1;."(s) 
= ^ i (mi)

0
and

i t 	
L X.

Since

rtsT/2	 (s)^ 4 z 2̂X (z),
	 (5)



X.

1

12

X4"

L  Q11

	

xi \	 xi

	

^ `	 1

TS/2 OX
O

fxi

Fig. 5--Composite signal flow graph of Figure 3 (N=2)
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the input, X
i
, cannot be factored out of the second term of (4).

Therefore, a transfer function cannot be written when the fictitious

sampler is sampling at an integral multiple rate of the bssic sampler

in the system.

When the rate of the fictitious sampler is T/N, the generalized

form of the output, expressed in modified z-transform notation, is 

X (z) = X (z) 
C 

LW G H 1(z) + G H 
J

(z)
L
W H ^(z) Jio	 L ss 2 0]	 L 1 o	 ss o

N-'_

+
 z Y,

X i (z, P/N)	 WssG2Ho](z, 1- P/N)
J

P=1

+ 
I 
G 

I 
H 
01 

(z, 1 - P/N) 1
Wss 110] (z)) ,

PTs /N	 I
whereE	 Xj(s)i = zX i (z,P/N), for 0 < P/N < 1

J

[
ande

-PTs/N
  X. (s )= X • (z, l - P/N)	 for 0 < P /N < I.i

From the results of Chapter II and the above results of this

chapt-• r, it was concluded that no transfer function can be written

for the system broken in the nc channel unless a fictitious sampler,

operating at the same rate -is the sampler in the (^ channel, is in-

(6)
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serted at the input terminal. The effects on system performance of

inserting a fictitious sampler at the input terminal will be investi-

gated in Chapter IV.



IV. DERIVATION OF TRANSFER FUNCTION
USING A FICTITIOUS SAMPLER AND FICTITIOUS HOLD

In Chapter III, a fictitious sampler and a fictitious hold were

introduced at the input terminal, X i , as shown in Figure 3. It was

determined that in order to write a transfer function, the sampling

rate of th,- fictitious sampler must be the same as the basic sampling

rate of the system. In this chapter, the effects of the fictitious

sampler on the system will be determined and a transfer function will

be written using a fictitious ideal hold.

The fictitious sampler in Figure 3 acts as a pulse modulator,

introducing an infinite number of harmonic frequency components in

the output in addition to the fundamental frequency component. If

the input to the sampler is e(t), the Laplace -transformed sampled

output is given by

E ^(s) = 1	 E(s + jr1a, $ ) + 0 2 0+)	 (7)
T , :

n =-«o

The e(0+)t erm4 is included in (7) to account for the effect at the

output of the sampler of an input time function, e(t), that has a

jump discontinuity of e(O+) at t = 0. If the Laplace transform,

E(s), of the sampled function satisfies the condition

15
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lim	 sE( s) = 0,	 (8)
s—^00

the second term of (7) is zero. Since E(s) for the system in Figure

3 has at least two more poles than zeroes, the condition of (8) is

satisfied and (7) reduces to

E* (s) = T
	 E(s + jnw s )	 (9)
	 X

n =-oo

If the input to the sampler, E(jw), contains ra frequency com-

ponent greater than w
c , 

where we is less than one-half the sampling

frequency in radians per second, and has the frequency spectrum as

shown in Figure 6(a), the output given by (9) is as shown in Figure

6(b). The input signal, E(s), can be completely recovered by an

ideal low-pass filter with characteristics as given in Figure 7. The

ideal filter can be represented by

HI ( jw ) = A (w ) e3e (w)
	 (10)

where

A(w) = T for jwl < us
/2l,	 (11)

A(w) = 0 for lcul > 1ws/21 ,

and 6(w) = 0, giving no phase shift through the filter.5
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-"._ s , -	 ----S 	 S•	 s	 n	 a

(b)

Pig. 6--Input-output spectrum of ideal sampler (a) Input amplitude

frequency spectrum (b) Output frequency spectrum
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_ , :,s	 -mss / L	 -	 ^k,s, t-	 WS

W

Fig. 7--Gain characteristics of ideal filter

C (s)

T

E( )^ E*(s)	
HI(s)

	 C(s)

T

Fig. 8--Sampler followed by ideal hold
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The fact that the ideal filter illustrated in Figure 	 cannot be

physically realized causes no co., ,, ern, since it was introduced into

the system fictitiously. In fact, as is shown below, no analytic

transfer function need be derived for H I in order to analyze the system.

The output of the sampler in Figure 8 is E (s), where E"(s) is

given by

4-
1

E(s) = T 7E(s + jnLU	 (12)

n=-CO

Or

,,	 1
E ( juo) = T [E(j(-u)  + E (ju - ju s ) + E (ju + ju s )

(13)

1
+ E(j.j - 2ja;s ) + E(jw + 2jc,-,$ ) + ...... I .

Equation (13) is an expression for the input to the ideal hold in

Figure 8. The ideal hold, however, as shown in Figure 7, will pass

only those components of (13) with frequencies that are less than

s /2 and will multipl y the magnitude of these components by a factor

of T, the sampling period of the sampler. If the input frequency, w,

in (13) is less than c s /2, the output will be
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C ( jco ) = T F ( ju')	 T

or

C ( jw) = E (ju')

for

w < ws /2 .

Equation (14) shows that if a sampler is followed by an ideal hold,

the continuous output wave of the hold is equal to the input wave

to the sampler.

From Figure 8

C(s) = E"(s) H I (s) .

Starring both sides of (15), the following is obtained:

C * (s) = E"(s)HI*(s)

or

C ^,,(s	 = HI(s).
E"(s)

Equation (16) is the transfer function of the ideal hold in Figure 8.

If (16) is expressed by its equivalent frequency domain expansicn,

the following relationship results:

^x 
w = 1	 HI(jw + jnWs ) = T ^'jI ( jw ) + 11 IOW- jWS)

E"(jw)	 T
n =-^

+ HI ( jw + jws ) + ....

(14)

(15)

(16)

(17)



21

['or ni less than u, /2, all the terms in (17) are zero except the first
s

term, which has a -value of T. Therefore,

C "(S)	 1 '
E*(s) - T [T_j = 1

and

C * (s) = E* (s).	 (18)

Equation (18) proves that if the output of the ideal hold in Figure 8

were sampled, the resulting sampled signal would be the same as the

sampled input signal to the hold.

The sampled output of Figure 9 is given by

C(s) = R"(s)HIG"(s).

The transfer function of the s .. ,stem shown in Figure 9 is

+CO

R(s) = 11 G"(s) = T > H IG(s + jmti-)
L _i

n =-OC

or

C"  

H1G(j.u) + 11 1G(ja. - j(us ) + H IG(j^ + jw.S)
R (j( )_ 

+ H I G(j. - 2j. S ) + H I G ( j ' + 2j:. $ ) + ....1

(19)

(20)
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Tf the input fret juei:, ,	 ?s less than	 12, ail -)f the terms in
S

12G) with the e-:ceptior of the first term will be zero, since H1

pas,,es only those cu-npon?nte with fre(luencies less than G 
s 
/2. Under

these conditions, (20) becomes

G	 c..) = TH T G O" ; ) = T}11(Ju)G(Ju'')

Brit, from Figure 7, H I (jcu) = T when cu is less than ` s
/2. Therefore,

(20) becomes

T

or

L = G (jam)

The outpu t_ of the ideal hold in Figure 9 is R(s),as was shown by (14).

Therefore, the continuous output of Figure 9 can he expressed as

C ( j ) = G(j- ) R ( j ),

or

CO	 C

R(I

(21)

(22)
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Equations (22) and (23) show that for input frequencies less than

WS /2, there is no effect on the system by the insertion of the fic-

titious sampler and ideal hold. The results of (22) and (23) are

very important when analyzing systems with inputs that are not

sampled hefore passing through a continuous-data element.

As explained in Chapters II and III, a transfer function cannot

be written for the system given in Figure 10. However, if a ficti-

tious sampler aul a fictitious ideal hold are inserted at the input

terminal, as shown in Figure ll,a transfer function can be written

and is given by

C S)
 - HIG"(s)H0Wss"(s).

R(,$) 

_

Equation (24) miy be written as

4-
C„ s ` 1	 F1 \

-^ T^ H I G ( s + jnc:; s )1 T ) Ho ,s (s + jnc;s)
R (s)	 J	 LJ

n=-00	 n=-^

From the results shcwn in (19), (20), (21) and (22), Equation (25)

can be reduced to

C ' W) 
= G(jw) T
	 HoWss(jW + jrs) i	

(26)
R " (ju))

n.-.^

(24)

(25)
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Equation (26), however, is only valid for input frequencies less than

I ws/2. For 0 < w < ws /2, (26) gives an exact Nyquist diagram of the



V. APPLICATION OF FICTITIOUS SAMPLER .
AND FICTITIOUS IDEAL HOLD METHOD

The fictitious sampler and ideal hold method of analysis may

be applied to the system shown in Figure 1 broken at p e . Since the

open-loop transfer function is the parallel combination of the upper

and lower channels, the complete transfer function is the sum of the

upper and lower loop transfer functions. The lower loop, having no

sampler, is continuous and has an open-loop transfer function, O.L.T.F.,

given by

O.L.T.F. Lower= G 2 SS ( s ) .(s).	 (27)

The upper loop is identical to the system shown in Figure 10. By

using the fictitious sampler and fictitious ideal hold method of

analysis, the open-loop transfer function can be obtained and is

given by (26) and (28).

4-

O. L. T. F.	 = Gl (s) 1	 HoWss(s + jryo	 (28)
Upper	 T

n=-co

Therefore, the total open-loop transfer function for the system shown

in Figure 1, broken at fi e) is

27
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IT1 +C0
O.L.T.F. = G2Wss(s) + G l (s)7 oWss (s + JrAus

n=-oo

As explained in Chapter IV, (29) is only valid for input frequencies

less than ass/2.

When the loop is closed at P e , the system given in Figure 1

can be redrawn as shown in Figure 12. The closed-loop transfer

function of Figure 12 is

XO _	 0.L.T.F.
Xi	1 - O.L.T.F.

or

X =	 O.L.T.F.	 .

Xi	 1 + (- O.L.T.F.)

The Nyquist of the negative open-loop transfer function can be in-

vestigated about the minus one point to determine the stability of the

system.

Analysisis of a low-pass system

The first system to be analyzed by using the new method of

analysis described in Chapter IV, is a system having low-pass

characteristics. The transfer functions of the system shown in

Figure 1 are given by

(29)

(30)
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G (;; ) _	 - 0.94068468
1	 s2 - 0.029727836

G2(s) _	 - 0.94068468 s

	

s - 0.029727836
	 (31)

Wss(s) =625
S2 + 25s 7625

and

1-CsT
Ho (s) =	

s

By substituting (31) into (29) and by using the digital computer

program given in Appendix A, the Nyquist diagram shown in Figure 13

was obtained. Figure 13 gives an exact Nyquist for the open-loop

system shown in Figure 1.

The effects of the harmonics generated by the sampler in the ^

channel can be investigated by comparing the Nyquist in Figure

13 with the continuous Nyquist. The open-loop transfer function for

the continuous system, broken at P e , was obtained by deleting the

sampler in the ^ channel and is given below.

O.L.T.F. = G2Wss(s) + G1HoWss(s) .	 (32)

The Nyquist for the continuous system was ther, obtained by plotting
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the negative of (32) as a function of w. The Fortran IV computer

program given in Appendix B was used. The curve, however, differed

from the exact Nyquist by only .05 db and 0.3 degrees at w = ws/2

and could not be plotted as a separate curve. This indicates that

the effects of the harmonics generated by the sampler in the ^

channel can be considered negligible for the low-pass system des-

cribed by (31).

The accuracy of the results obtained above can be determined by

adjusting the gain of Wss so that the system is marginally stable.

Since, as shown in Appendix D, the system of Figure 1 has the same

characteristic equation regardless of where it is broken, the open-

loop Nyquist diagram of the system broken at ^ should also show mar-

ginal stability at the same gain for W 	 The latter marginal gain may
ss

be determined by varying the gain of W ss until the Nyquist of the

system broken in the 0 channel is marginally stable. This marginal

gain is taken as the correct value because it is obtained by the con-

vencional z-transform method of analysis.

As determined from Figure 13, the marginal gains are +30 db at zero

hertz and -28.3 db at 3.9 hertz. By substituting the transfer functions

given in (31) into the negative open-loop transfer function of the system

broken at ^, and by increasing the gain of W SS by 28.3 db, the Nyquist

diagram in Figure 14 was obtained. This Nyquist diagram, however, shows

marginal stability at the same frequency that the system broken in the
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f'c channel is marginally stable. Therefore, the new method of analysis

yields accurate results for low-pass systems.

Analysis of high-pass systemtem

The next system to be analyzed is a system having high-pass

characteristics. The transfer functions of the system shown in

Figure 1 are given by

Gl(s) _-s
^

G2 (s) =	 -1

S2 - 1000

(33)

Wss(s) _	 625s(s + 1)

(s 2 + s + 2500)(s + 10)

and

H (s) _
1 - E-ST

o	 s

The Nyquist diagram shown in curve A of Figure 15 was obtained by

substituting (33) into (29) and by using the computer program in

Appendix A. It is obvious from the Nyquist diagram that the system de-

scribed by (33) has high-pass characteristics. Therefore, the har-

monies generated by the sampler in the m channel must be considered.

The effects of these harmonics may be determined by comparing curve A



Of	 OZ of oUSt	 vrc

o :t: All
c	 E x ^Ott

•

T	 ar LL ^^	
f^ .	 .

d L N /

r,

C v' >' "' o01f

2	 J
A N W U

f	 '

It f-	 yA	 7	 N

a u at {_., '09
>° G ! o00f

Z U U 3 f

U
.

v v v sOL
> > >

'
,06Z

N	 Fs	 Y+

U U V ^ t _

^\\ Y	 ^' ,06Z

006

k. .09Z

f k

0011
r	 A	 k^ •OSZ

.0ZI

3
r`
r	 \	 ^v^ OtzI

Z a x ,Otc

f k	 rX^

o0'c?

nc+

,OZf

-Ot

At

cos

,OOf

X09

<OL

,M;

,O@

e01'
:06

,09
:00

OS

<01

^0!

cQ?

0',

0'

,n
;u

C
C
m
X
U

G

G

x
O
fa
A

Cn
c•f

T
A

C

E
vL
T

O

L
m
.A

a
TZ

Lrl

f

00

r.

•	 i
'01	 Oz	 of

,Olt	 OUC	 'unI	 UXI	 )61:OOZ	 .Ott
.O51	 .09'	 011



36

of Figure 15 with the continuous Nyquist. Any difference between

the two curves will be caused by the effects of the generated harmonics.

By substituting (33) into the negative of (32), curve B of Figure 15

was obtained. The two curves correlate very well for frequencies

greater than 6.25 hertz but do not correlate for frequencies below

6.25 hertz.

In order to investigate the accuracy of the Nyquist diagram, as

obtained by using the ideal hold method of analysis and as shown by

curve A of Figure 15, a Nyquist diagram must be obtained by using a

fictitious hold with characteristics that very closely approximate the

characteristics of the ideal hold. The zero-order hold, with a trans-

fer function given by (34), is unsatisfactory because of the phase

shift introduced and because of the low attenuation of the higher

harmonics by the hold. The gain and phase responses of the zero-

order hold as a fut..:Lion of the input frequency, w, are shown by curve

A of Figure 16(a) and by Figure 16(b),respectively. 7 The transfer

function cf the zero-order hold is

=(s)	
1 -

Hos
E 	(34)

The polygonal hold, with a transfer function given by

H _ EsT(1 - E -sT ) 2 	 (35)

p	 Ts2

has characteristics that approximate the characteristic: of the ideal

hold. The characteristics of the ideal hold are shown in Figure 7
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and have been redrawn in Figure 16, curve D, for comparison purposes.

The polygonal hold, with gain characteristics as shown by curve B of

Figure 16(a), introduc--s no phase shift and greatly attenuates the

higher frequency harmonics introduced by the fictitious sampler. The

fact that the polygonal hold requires a predictor and, therefore, is

not physically realizeable causes no concern, since it is introduced

fictitiously and is ut.ed only for analytical analysis.

The averaging parabolic hold, with a transfer function given by

E2sT(i - E -sT)r2(1 + E-ST) - sT(1 - E sT)I

HA	 4s3T2

	 (36)

and with gain characteristics as shown by curve C of Figure 16(a),

gives a better approximation to the characteristics of the ideal hold.8

Because of the complexity of its transfer function, however, the para-

bolic hold was not used as the fictitious hold.

Figure 17 shows the system in Figure 1, broken at p e , with a

fictitious sampler and fictitious polygonal hold in the ^ channel.

It is not necessary to introduce the fictitious sampler and hold in

the	 channel, because an open-loop transfer function can be written

for 4his charnel c;+.d is given by (27). The contribution to the output

by the upper channel in Figure 17 is

Xo (s
	
Xi (s) G1Hp ( s )I Ho ss ks)	 (37)

Upper	 J
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The transfer function of the upper channel is therefore

^e
^c	 x

xo^'c(S)	 I G 1 Hp (s) L HoWss (s) 1 '

Xi (5)

which can be expressed in its frequency domain,infinite series re-

presentation as

r 4-

	 [-' 
-too	

(39)

^G,Hp (sO. L. T. F.	 = I T 	 + jrus)] 	 L HoWss(s + jruus)^.
Upper L 

n=-co	 n=-

The total open-loop transfer function is the sum of the transfer

functions of the upper and lower loops and is given by (40).
(40)

+oo	 4-

r 1 ^'	

I

IO.L.T.F. = G 2 t,,lss (s) +
T

>J G 1Hp (s + jnu; s
)1
	 V oWss (s + jnw

n= — oo	 nee—oo

Equation (40) will give an accurate Nyquist diagram in the low

frequency range of the system in Figure 1 broken at fi e . A more accurate

Nyquist diagram, however, can be obtained by considering the attenua-

tion of the fundamental frequency component introduced by the ficti-

tious polygonal hold. For an input frequency of wS/4, for example,

the fundamental component of the output- of the fictitious sampler is

attenuated 1.8 db by the fictitious polygonal hold and at w S /2 by

7.5 db. This error can be compensated for by increasing the magnitude

(38)
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of the fundamental frequency term by an amount equal to the attenua-

tion of the polygonal hold as done by the computer program in Appendix

C. The Nyquist diagram of the system expressed by the negative of

(40), with the fundamental component of the upper loop compensated,

is shown by curve C in Figure 15. For frequencies less than ten

hertz, curve C of Figure 15 coorelates with curve A to within

four significant figures in db and to within three significant

figures in the angle. Therefore, it could not be plotted as a sepa-

rate curve. The curve separation at frequencies slightly less than

Ws /2 is caused by the second harmonic component, generated by the

fictitious sampler, with a frequency slightly greater than Ws /2.

The magnitude of this harmonic component is not negligible compared

with the magnitude of the fundamental component.

Since the characteristics of the polygonal hold, with its funda-

mental output component compensated,closel.y approximate the charac-

teristics of the ideal hold, curve C of Figure 15 is a good analytical

check on the accuracy of the open-loop Nyquist diagram obtained by

the new method of analysis. From the above results, it is concluded

that the new method of analysis yields accurate results for both

high and low-pass, open-loop systems.

Limitations of the new method of analysis

The accuracy of the new method in obtaining closed-loop Nyquist

diagrams will be investigated in this section. In the first section

of this chapter, the new method of analysis was shown to be very
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accurate in determining gain and phase margins of low-pass systems.

This section is concerned with the accuracy of the new method of

analysis in determining gain and phase margins of systems that are

not low-pass.

The transfer functions of the system in Figure 1 are given by

Gl(s) _	 - 0.94068468

s 2 - 0.02972784

G (s) 2--- 0.94068468 s

2	 s2 - 0.02972784

and

s
f	 Wss(s) -'s 2 - 25,000

By substituting (41) into (29), the open-loop Nyquist diagram for the

system broken at ^e is obtained. This Nyquist, however, does not

intersect the 180 degree axis. Therefore, the system has no gain

margin. If Wss (s) is given by

S 
EJn/3	

(42)
Wss (s)	 s 2 - 25,000

and if G 1 (s) and G 2 (s) are given by (41), the open-loop Nyquist

diagram is shifted by sixty degrees, as shown by curve A of Figure 18.

The continuous Nyquist for this system, obtained by substituting the

(41)
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above transfer functions into (32), is given in curve B of Figure 18.

Both curves have a gain margin of approximately 88.6 db. The fre-

quencies at which these gain margins are measured, however, are .104

hertz for the continuous system and .340 hertz for the sampled

system.

The correct frequency at which the system will oscillate, when

it is marginally stable, is obtained by increasing the gain of Wss(s)

by 88.6 db and then by obtaining the Nyquist diagram of the system

broken in the ^ channel. This Nyquist, shown in Figure 19, is obtained

by substituting the gain of W ss (s) and the transfer functions given

by (41) and (42) into the negative of (2) and by using the digital

computer program in Appendix A. From Figure 19, the correct fre-

quency at which the system will oscillate, when it is marginally stable,

is .104 hertz.

The above results indicate that, although both the continuous

Nyquist and the Nyquist obtained by the new method of analysis give

the correct gain margin, only the continuous Nyquist gives the correct

frequency at which the gain margin is measured. This inaccuracy in

the new method of analysis is caused by the high-pass nature of Wss(s).

The sampler preceding W ss (s) generates harmonic frequency components

that are not filtered out entirely by H 0 (s) and Wss (s). These

components are present at the output of the open-loop system. The

new method of analysis presented in this paper includes the effects

of these components whereas the continuous analysis does not. When
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W

U	 ^

(1(14 G

a
H

U
06Z

AL

,OR
.W

Ott
:06

)wZ
,(X)1

OSZ

,011

Ott

,aZl

Of 	 0	 'oSf	 Dorf	 XIf

.0►

.OZ1

.011
e

m
e

.1i
O

.0001	 a

n
N
1v

.UL	 yp

.06Z	
^tl

s

.06

.MZ
A
'O
a

.06

.OLZ
N
a

.001	 y

.092
N
T
N
W

.011	 0

.OSZ
N

7
T
z

.071

.OK	 frn

m

f..

0111	00Z	 061	 091	 ut1	 .091	 'M
.a51	 ,091	 ,OLI	 -	 AM	 _OOZ	 OIZ



46

the system is closed, however., all oj. the harmonic components are

filtered out by the ideal hold, leading to inaccuracies in the new

method of analysis when analyzing closed-loop, high-pass systems.

The continuous Nyquist yields accurate results for this particular

example because, when the open-loop system is -iosed, all of the

harmonic components are filtered ont by the low-pass transfer func-

tions in the remainder of the system. If the remainder of the system

were high-pass, the continuous Nyquist would also have led to inac-

curate results.



VI. INVESTIGATION OI' NUMERICAL ACCURACY OF
ANALYSIS IN W-PLANE

In this chapter an investigation is made of the accuracy of

Nyquist diagrams obtained from a contour in the z-plane as compared

to those obtained from a contour in the w- plane. The sampled-data

control system chosen for the investigation is shown in Figure 21.

The particular transfer functions shown below along with the poly-

gonal hold were chosen because the Nyquist diagram obtained from the

path around the unit circle in the z-plane became erratic at fre-

quencies above 3 hertz. It was felt that if more accurate results

can be obtained by using a Nyquist path in the w-plane, the increased

accuracy would become evident in this example.

G (s)	
'•94068468

1	 s2 - 0.029727836

G2(s) _ - 0.94068468 s

s 2 - 0.029727836

Wss (s) =	
625

s + 25s + 625

and

HP s _
EsT 1 - E-sT)2

( ) 
Ts

(43)

47
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The open-loop transfer function of the system in Figure 21 broken

at it was derived in Chapter II, and, from (2), is

*
	_11-

O.L.T.F. (s) 	G1Wss (s)	 (44)
G2Wss (s )

Substituting (43) into (44) and simplifying yields

O.L.T.F.*(s) = 1 2 
4 

14,398.198(E ST- 2+ E-ST)	
J (45)

s (s +25s + 624.97027s +587.1847s-18.579900)

The z-transform of (45) is

0.L.T.F.(z) = HOLD (z)I RTOT1 (z) + RTOT2 (z) + RTOT3 (z)

(46)

+ RTOT4 (z) + RTOT5 (z) I

where

HOLD(z) = z	 1 2
zT

RTOT1(z) _ - 791.08032Tz

(z - 1)2

RTOT2(z) _ - 25000.679z

z - 1
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(47)

RTOT3(z) - 25024.761z
z - 1.0012264

RTOT4(z) =	 24.079914z
z - 0.96048047

and

RTOT5(z) _ - .0017510774(z2 + 0.62627080z)

Z2-0.81143327z+0.38254692

The Nyquist diagram of (47) substituted into (46) is shown by curve A

in Figure 22. The Nyquist diagram, however, became so erratic at

frequencies above 3 hertz that it could not be plotted.

Making the bilateral substitution

Z 
= 1 + w	 (48)

1 - w

(47) becomes

HOLD(w) = 4w2
(1 - w2)T

RTOT1(w) - - 791.08032(1 - w 2 )T
4w2
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RTOT2(w) _ 25000.679(1 + w)
2w

RTOT3(w) =	 25024.761(1 + w)
2.0012264w - 0.0012264

(49)

RTOT4(w) _	 - 24.079914(1 + w)
1.9604805w + 0.03951953

and

0.0017510774 
L

(1 + w) 2 + 0.62627080(1 - w2)

RTOTS(w) =	 J
(1 + w) 2 - 0.81143327(1 -w2 ) + 0.38254692(1 - w)2

The Nyquist diagram of (49) substituted into (46) agrees very

closely with the Nyquist diagram of (47) substituted into (46) in

the low frequency range and is just as erratic above 3 hertz. This

Nyquist diagram is shown in curve B of Figure 22.

In order to investigate the relative accuracy of the two Nyquist

diagrams obtained above, the terms in (47) and (49) were broken down

into their real and imaginary parts and printed out in a digital computer

program. Table 2, page 107, gives this data for frequencies of

0.34722222 hertz, 6.250 hertz, and 12.50 hertz. As can be seen from

the data at 0.34722222 hertz, the real and imaginary parts of the HOLD

and RTOT terms correlate out to the eighth significant figure except

for the imaginary parts of RTOT1 and HOLD and except for the real

part of RTOT3 which does not correlate in the sixth significant
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figure because the constant in the denominator of RTOT3(w) contains

only five significant figures. The imaginary parts of RTOT1 and HOLD

should be zero. It is seen that in cases where the imaginary part of

the function is-zero, the w-plane Nyquist gives the most accurate

results. It is pointed - out that in this program and in other pro-

grams used in the accuracy investigation of the w-plane Nyquist, the

case where the imaginary part of the function is zero is the only

case where the w-plane Nyquist yielded more accurate results. This

is not to say, however, that if the investigation were continued,

more cases could not be found.

The reason for the erratic behavior of the Nyquist diagram above

3 hertz can be determined by investigating the sum of the real and

imaginary parts of the RTOT terms at 6.25 hertz. The sum of the real

parts of the RTOT terms is 0.0023 and the sum of the imaginary parts

of the RTOT terms is 0.0012. The first significant figure of the sum

corresponds to the last significant figure of several of the individual

terms. Since the last significant figures of these terms were rounded

off by the computer, it is easy to see that the erratic behavior of

the Nyquist diagrams is due to lack of significant figures.

In order to obtain a more accurate Nyquist diagram by the z-

transform method, it is necessary to increase the number of significant

figures in the Nyquist program, in the s-plane to z-plane transforma-

tion program, and in the partial fraction and root solving program in

the s-plane. This represents a considerable amount of time and effort.



54

A more accurate method of computing the Nyquist diagram without having

to increase the number of significant figures is given below.

Expressing (44) in its infinite series-frequency domain ex-

pansion yields

00

O.L.T.F. *(s) = 1	 O.L.T.F. (s + jnws)
T X

n=-oo

(50)

+W

_ 1	 IPGlWss(
s + jnws)

T X 1 - G W ^(s +2 ss	 s
n=-w 

If the system under consideration is low-pass, only a few terms of

(50) will be necessary in order to obtain accurate results. Sub-

stituting (43) into (50) and taking twenty terms of (50) yield the

Nyquist diagram shown in curve C of Figure 22. This Nyquist diagram

correlates with the z-plane and w-plane Nyquists up to approximately

2.1 hertz. It is pointed out that the Nyquist obtained by the infinite

series method does not become erratic in the upper frequency range.

The accuracy of the infinite series Nyquist was checked by using

eighty terms of (50). The output obtained was identical to the out-

put using only twenry terms of (50) out to eight significant figures

in the magnitude expressed in db and to eight significant figures

in the angle. It was therefore concluded that the Nyquist diagram

shown in curve C of Figure 22 is accurate.
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From the above results it is concluded that only a very slight

increase in accuracy, if any, can be realized by going to the w-plane.

The Nyquist diagram can, however, be accurately computed in single

precision by using the infinite series-frequency domain method of

analysis.



VII. APPROXIMATE TRANSFER FUNCTION USING
THE DESCRIBING FUNCTION

The describing function approach was used to obtain Nyquist

diagrams for the system of Figure 23 which has compensation in tha

$ channel. The describing, function approach was described in the

Second Technical report, dated May 28 9 1965. The object of this

investigation was to obtain data which can be compared with results

obtained by the Marshall Space Flight Center in order to determine

the accuracy of the describing function approach. Two cases were

considered. For the first case, s o and al were equal to one. For

the second case, so and al were equal to 0.5. The transfer functio:+s

used were

Ho = T (1 - e-Ts )/s	 (51)

G1R(s) = 2 0.94068468	 (52)
82 0.02972784

0.0065323138(s 2 + 498.59362)G1B1(s ) _ ---	 _---- --
	 (53)

82 + 0.064905305s + 42.126986

G1B2 (s)	
0.0040378959(s2 + 485.480= 	 (54)

92 + 0.12013450s + 144.32299

56
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0.0053896739(82 + 470.36052)G1B3(s) _	 (55)
s2 + 0.1837817s + 337.76255

G1B4(s) =. 00058368238(8 2 + 469.03256)	
(56)

82 + 0.22481237s + 505.40603

G2R(s) = s(G1R(s))	 (57)

G2B1(s) = s(G1B1(s))	 (58)

G2B2 (s )' = s (G1B2 (s) )	 (59)

G2B3(s) = s(G1B3(s))	 (60)

G2B4(s) = s(G1B4(s))	 (61)

W __
	 625	

(62)ss s
2 + 25s + 625

PHDTC f
) = 0.33747 x 10-8 88 + 0.57852 x 10-78 7 + 0.32159 x 1058`' con't

0.31188 x 10"1089 + 0.30536 x 10-788 + 0.13131 x 10"5s7

_ + 0.38442 x 10-485 + 0.727818 x 10"384 + 0.0069727s3 con't

+ 0.33399 x 10-486 + 0.59308 x 10" 385 + 0.006892484

• 0.055606s2 + 0.38360s + 1.0 	 (63)

• 0.056518s 3 + 0.30188s2 + 0.876238 + 1.0
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a (G1R + G1B1 + G1B2 + G1B3 + G1B4) H W
it open-loop = --^ 

o	 o ss	
(s)	 (64)

- a1Wss (
G2R + G2B1 + G2B2 + G2B3 + G2B4)PHDTCO

alWss (G2R + G2B1 + G2B2 + G2B3 + G2B4) PHDTCOopen-loop =	 (s)	 (65)

1 - aoWss (G1R + G1B1 + G1B2 + G1B3 + G1B4)Ho

Pc open-loop = Wss [aJG2R + G2B1 + G2B2 + G2B3 + G2B4) PHDTCO +

(66)

ao (G1R + G1B1 + G1B2 + G1B3 + G1B4)HeI (s)

The compensation in the channel (PHDTCO) was furnished by D. P.

Vallely, George C. Marshall Space Flight Center, National Aeronautics

and Space Administration, R-ASTR-F, Huntsville, Alabama.

Figures 24, 25 and 26 are Nyquist diagrams of the system broken

in the m, m and Pc channels respectively, for ao and a l equal to one.

The poles of the system broken in the 0 channel are

s 1 = 0

S2 = 0.5725

S3 = - 15.27

s4 = 935.5
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s 5 = - 0.06310 + j12.01

s 6 = - 0.06310 - j12.01

s 7 = 0.09554 + j18.41

s8 = - 0.09854 - j18.41

s 9 = - 0.1117 + j22.48

s 10 = - 0 ' 1117 - j22.48

sll	 - 0.5688 + j6.275

s 12 = - 0.5688 - j6.275

s 13 = - 1.278 + j2.230

s 14 = - 1.278 - j2.230

s 15 = - 3.244 + j8.660

s	 = - 3.244 - j8.660
16

s 17 = - 3.890 + j16.29

s 18 = - 3.890 - j16.29

s 19 = - 5.412 + j1.241

s20 = - 5.412 - j1.241

63

t ,-
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s21 =- 12.58+j21.77

822 = - 12.58 - j21.77

As can be seen from Figure 24, there is one encirclement of the

0 DB-180
0
 point in the counterclockwise direction. From the above

roots it is seen that there is one root in the right-half of the s-

plane; this result was also checked with the Routh - Hurwitz criterion.

This means that there are no poles of the closed-loop system in the

right-half of the s-plane and that the system is stable.

Figures 27, 28 and 29 are Nyquist diagrams of the system broken

in the 0, $ and Pc channels respectively, for so and al equal to 0.5.

The poles of the system broken in the (P channel are

s l = 0.6106

s2	0.0

S3 = - 15.71

s4 = - 935.4

S5 = - 0.06378 + j12.01

s 6 = - 0.06278 - j12.01

s 7 = - 0.09592 + j18.39

s8 = - 0.09592 - j18.39
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a 9 = - 0.1118 + j22.48

8 1C - - 0.1118 - J22.48

a ll - - 0.2755 + j6.386

812 - - 0.2755 - j6.386

S13 = - 1.420 + j1.620

8 14 = - 1.420 - J1.620

8 15 = - 3.261 + j8.885

s 16 = - 3.261 - JM__. 5

s 17 = - 3.928 + j16.32

s18 = - 3.928 - j16.32

8 19 = - 5.408 + J1.182

s20 = - 5.408 - j1.182

821 = - 12.54 + J21.711

822 - - 12.54 - j21.71

As can be seen from Figure 27, there'is one encirclement of the

0 db-1800 point in the counterclockwise direction. From the above

roots it is seen that there is one root in the right-half of the
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s-plane. This result was also checked with the Routh-Hurwitz criterion.

Thus, there are no poles of the closed-loop system in the right-

half of the s-plane and that the system is stable. The gain margin

is 8 db and the phase margin is 35 degrees in the m channel.



VIII. AN INVESTIGATION OF THE EFFECTS OF VARYING
THE SAMPLING RATE IN THE m CHANNEL

The describing function approach was used to investigate the

effects of varying the sampling rate of the sampler in the m channel

of the system of Figure 23. For the investigation, s o and al were

chosen equal to 0.5, and PHDTCO, the compensating function, was set .

equal to one. The system functions used were those of (51) through

(62). For the 0 channel,

4	
_	 (1/W l - e-Ts)(0.919s10 + 0.464s 9.+ 864.Os8 + 382.8s7 _

 con't
open-loop	 12	 11	 10    s(s + 24.66 + 167.0slo 0.2577x 10589  + 0.987 x 10688 

+ 0.354 x 106s6 + 0.107 x 10685 + 0.925 x 10884

+ 0.833 x 107s7 + 0.248 x 10 996 + 0.833 x 10995 + 0.242 x 1011s4
con't

(67)

+ 0.912 x 101092 - 0.103 x 10109 - 0.306 x 1012

+ 0.190 x 10 11x3 + 0.649 x 1012x2 + 0.305 x 10 12s - 0.193 x 1011)

This transfer function was obtained by substituting (51) through (62) into

into (64), with PHDTCO set equal to one.

Figures 30 through 47 are the Nyquist diagrams for the system

broken in the 4^, 4), and pc channels for different values of T. It is

70
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noted that the Nyquist diagrams of values of T of 0.01, 0.04, 0.08,

and 0.1 seconds are approximately of the same form. It is also to

be noted that since the describing function approach was used in this

investigation, the accuracy of the Nyquist diagrams for T > 0.1 seconds

is doubtful. For T > 0.1 seconds, fs /2 is less than five cycles-per-

second and the system is no longer low-pass with respect to fs/2.

The roots of the denominator ofopen-loop are

s. = 0.4446
i

s2 = 0.4556 - j6.381

s3 = 0.4556 - j6.381-

s4 = 10.88 + j20.56

s5 = 10.88 - j20.56

s 6 = 0.0

s 7 = - 0.6439

58 = - 0.2213 + j18.61

S9 = - 0.2213 - j18.61

s 10 = - 0.2402 + j12.13

s 11 = - 0.2402 - j12.13

W.
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s 12 = - 23.11 + j6.604

s 13 = - 23.11 - j6.604

As can be seen from (67) the poles of 0open-loop 
do not change as

T is changed so the above five roots of 0 
open-loop 

in the right-half

of the s-plane do not change. From Figures 7 through 24, it is seen

that varying T does not give the needed encirclements of the 0 db-

1800 point necessary to stabilize the system. This investigation is

not complete. Further work will be performed during the next month.
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IX. CONCLUSIONS

The new method, presented in Chapers II through V, of analyzing

sampled systems that have unsampled inputs yields accurate results for

open-loop systems at frequencies less than %/2. When analyzing

closed-loop systems by using the open-loop Nyquist diagram, howe-ar,

the new method of analysis is accurate only for systems that are low-

pass. Thus, at the present time, it appears that there is little

added advantage to this method as compared to the describing function

approach. The principal advantage is due to the fact that the new

method considers to some degree the effects of the higher frequencies

generated by the sampler.

An investigation was made of the accuracy of Nyquist diagrams

obtained from a contour in the z-plane as compared to those obtained

from a contour in the w-plane. It was concluded that very little, if

any, increase in accuracy can be realized by going to the w-plane.

Nyquist diagrams were obtained for a sampled, compensated thrust-

vector control system using the describing-function techniques. These

results may now be compared to the results obtained by an analog

simulation to determine the accuracy of the describing-function approach.

Progress is being made in constructing an analog simulation at

Auburn University.
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Investigations have been initiated into the effects of varying

the sampling rate of the sampler in the 0 channel of the thrust-vector

control system. No definite conclusions have been reached.
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APPENDIX D

Derivation of Closed-Loop Transfer Function for
Svstems with Unsampled Inputs

A closed-loop transfer function for the system shown in Figure 1,

with an input at Pe , cannot be obtained by the ordinary starring and

block diagram manipulation procedure, because the input is not sampled.

If a fictitious sampler and a fictitious ideal hold are inserted

between the input, R, and the summer, as shown in Figure 20, however,

the input at the summer will not be altered and a closed-loop transfer

function can be written.

From Figure 20, the signals at C and at Pc are given by

C = R*HI + De	 (43)

^c = ^
*
H + G2C	 (44)
0

Pe = Wsspc .	 (45)

Substituting (43) and (44) into (45) and simplifying, the following

and

But,

is obtained:
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e	 1 - G2Wss

O
*HoWss 

+ R*G2WssHI	
(46)

Also,

m - R G 1HI + Glee
*	

(47)

Substituting (46) Into (47), starring the resulting equation, and

then solving for 0 	 the following is obtained:

^.	 GlHOWss

(G1HI)*e + G 1G2WssH *R*

- C1 - GW
2 ss

Cl - G2Wss
	

(48)

Substituting (48) into (46) and solving foK the closed-loop transfer

function, the following is obtained:

*(G1G24ssHI

-

Pe

	

	
WssH0 * (G1HI

)* 
+ -1 - 2 ss

1 - G2Wss/R	
r	

JC	 L 	AG IHOWss *
^2^5 s

G2WssHI
1 - G2Wss)

Using the results of (19), (20), (21), and (22), Equation (49)

can be reduced to

(49)



	

Gl	 HoWss
*

G2Wss	 1 - G2Wss

R*
1 _ G1HoWss ^*

1 - G2
W

s s^

	

G2Wss	 G1HoWss
l 1

C 1 - G2Wss/	 - C1 - G2Wss^]
/ G1HoWss *

1 - C1 - G2Wss)

Equation (50) is valid only for input frequencies less than ms/2.

The denmminator of (50) is the characteristic equation of the

system broken at P 
e

. The denominator of (30), where the O.L.T.F.,

open-loop transfer function, is given by (2), is the characteristic

equation of the system broken at d and is the same as the charac-

teiistic equation of the system broken at P e . This was expected,

however, since the characteristic equation should be the same regard-

less of the point at which the system is broken.

Using the fictitious sampler and the fictitious ideal hold to

obtain closed-loop transfer functions for sampled systems that have

unsampled inputs, is one application of the new method of analysis

presented in Chapter IV.

io4

(50)
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