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FOREWORD

This report is a technical summary of the progress made since the
May 28, 1965 technical report by the Electrical Engineering Depart-
ment, Auburn University, toward fulfillment of Contract No. NAS8-11274
granted to Auburn Research Foundation, Auburn, Alabama. The contract
was awarded May 28, 1964, by the George C. Marshall Space Flight
Center, National Aeronautics and Space Administration, Huntsville,

Alabama.
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SUMMARY /3 -

A new method of analysis of sampled-data control systems with
unsampled inputs is presented. The method is applicable to low-pass
systems. The results of an investigation into the accuracy of analysis
of sampled-data systems in the w-plane are also presented. Nyquist
diagrams of a compensated thrust vector control system which is sampled
in the ¢ channel are obtained by the describing-function approach.

The preliminary results of an investigation into the effects of varing

the sampling rate of a sampler in the ¢ chnnel are included.
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I. INTRODUCTION

A complete analysis of the system shown in Figure 1 requires the
determination of the gain and phase margins in each of the three
channels. These margins may be determined analytically by breaking
the system in each of the three channels, obtaining the open-1loop
transfer function of the system for each channel respectively, and
investigating the Nyquist diagram of each of these transfer functions
about the minus one point. An open-loop transfer function can readily
be obtained if the input signal is sampled before passing through a
continuous-data element. An example is the system shown in Figure 1
broken at the point ¢. An open-loop transfer function cannot be
written, however, if the input signal is acted upon by & continuous-
data element in the system before being sampled. An example is the
system shown in Figure 1 broken at the point Be or at the pcint 6.

Chapters II through V of this report are concerned with a new
analytical procedure for obtaining a Nyquist diagram for the system
shown in Figure 1 broken at B,. This method involves inserting a
fictitious sampler and a fictitious hold at the point Be* The accuracy
of this method is investigated and is found to be dependent on the
low-pass nature of the system.

Chapter VI of this report is an investigation of the numerical
accuracy of analysis of sampled-data systems in the w-plane as compared
to analysis in the z-plane. No appreciable increase in accuracy was

found using the w-plane.
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In Chapter VII the results of an analysis of a sampled, com-
pensated thrust-vector control system are presented. The analysis is
based on the describing=-function approach. The purpose of this
ar.alysis was to obtain results which could be compared with results
of an analog simulation.

Chapter VIII presents preliminary results of an investigation

of the effects of varying the sampling rate T in the system of Figure 1.




II. ANALYSIS OF THE SYSTEM

A typical sampled-data control system for a thrust vector control
s7stem of a space vehicle is shown in Figure 1. The BC channel is the
forward path and the . and é channels are the attitude and attitude
rate feedback paths respectively. 1In Figure 1, Wss(s) is the control
engine deflection angle response per control engine command angle,
Gl(s) is the attitude error angle response per control engine de-
flection angle, GZ(S) is the attitude rate angle response per control
angine deflection angle, and Ho(s) is the transfer function of the
zero-order hold. The switch in the ¢ channel is used to symbolize a
sampler with a sampling period of T seconds. The sampling frequency,
fS = 1/T, of the system in Figure 1 is twenty-five hertz.

Figure 2 is the composite signal flow graph of the system shown
in Figure 1 broken at ¢. The lower portion of Figure 2 was obtained
by assigning a variable, X (s), to each node of Figure 1 and then by
constructing the "original signal flow graph'" of the system.l Next,
the sampled variables, Xn*(s), were obtained by applying Mason's gain
formula2 directly to the lower portion of Figure 2 and by taking the
pulse transform at the same time. The sampled variables are

X, (s) = X; (s)




o B HO(S) w %
&y (8] = [1 - szss(s)} Ry £8ds

X3* _ [ Host(S) }x Xi*(S) i (1)
1 - szSS(S)

and

D G,HW_ (s) T« 5
X = [1 1 g ;s ] X,"(s) .
- 9 ss(s)

The sampled signal flow graph,shown in the upper portion of Figure 2,
was drawn from Equations (1). The pulsed input, Xi*(s), to the original
flow graph was then obtained directly from the sampled flow graph. The
open-loop transfer function was written directly from the composite

signal flow graph by using Mason's gain formula and is given by

(2)

XS(S) _ [ GlHowss(S) } *
Xi(s) L1 = G ()

The gain and phase margins of the closed-loop system at the point ¢
can now be obtained by investigating the Nyquist of (2) about the
zero db,180 degree point.

The gain and phase margins at ‘., cannot be obtained as readily,
however, since an open-loop transfer function independent of the

input cannot be obtained. Following the same procedure as outlined




above for the system broken in the ¢ channel, the output of -the

system broken at Ee can be obtained and is given below.

X, (s) = [xic;zwss(s)]“ + [Xicl(s)Jx : [HOWSS(S)T : 3)

Equation (3) is not a true transfer function since the input, Xi(s),
cannot be factored out of the output expression. In general, if the
input to a discrete system is acted upon by a continuous-data element
before being sampled, it cannot be factored out of the resulting out-

put expression and, therefore, no transfer function can be written.




IIT. METHODS OF APPROACH

In Chapter II, it was determined that an open-loop transfer
function cannot be written unless the input is sampled before being
acted upon by a continuous element in the system. This condition may
be satisfied by inserting a fictitious sampler and hold at the input
terminal. The possibility of operating the sampler at a much faster
rate than the basic sampling rate of the system was first investigated.
The higher the sampling frequency of the fictitious sampler, the less
effect it has on system performance. Theoretically, as the sampling
frequency approaches infinity, the fictitious sampler and hold have
characteristics that approach the characteristics of a continuous
path.

Figure 3 is the system shown in Figure 1 broken in the Pe channel
with a fictitious sampler and hold added at the input terminal, X5
If the sampling peiiod of the fictitious sampler is T/N, where T is
the sampling period of the sampler in the ¢ channel and where N is
any positive integer, the fictitious sampler may be represented by
the signal flow graph shown in Figure 4. Each of the N samplers in
Figure 4 are sampling at the same instant and at the basic sampling
rate of the system. The input signal, however, to the Kth branch is
advanced by KT/N seconds, sampled at the same instant as the signals

in all of the other branches, delayed by KT/N seconds, and then




0'ss
- szss(s)

HW_ _(s) }*

- Glﬁowss(s)\T\o X,

o= szss(s)

()

Fig. 2--Composite signcal flow graph for system shown in Figure 1
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adcded to the other branch output signals. The Kth branch, there-
fore, represents the Kth sample of the multirate s~mpler during each
basic sampling period. The sum cf the outputs of all branches in
Figure 4 represents the N samples of the multirate sampler during each
hasic szmpling pericd. Represgenting the fictitious mult.rate sampler
by N samplers, all orerating at the basic sampling rate of the system,
pernits che use of the crdinary z-transform in analyzing the system.
Fizure 5 is the composite signal flow graph represeniing the
svstem of Figure 3, when the sampling rate of the fictitious sampler
is twice the rate of the sampler ir the ¢ channel. By applying

%
Mason's gain formula to Figure 5, the pulsed output, X, (s) can be

expressed as

KN ¥ ‘// |- —:.'; ‘7 _]* ﬂl)‘&‘ \ (4)
= ¥ ¢ W { { {
X, ) =X; (s){ LHSSGZHOJ (s) + LGIHOJ (s) WssHoj (S)/
L0 ) sT/2V (1 oy -sT/2 |* (23 + rG . sT/2i*(s) [w . T
b 1S € J} \\ ‘\\'S:\rz 3,5 | 1 Oe —1 s [- SS OJ >
in Figure 5
\.* y = X. ¢ D)
) =%,
and
- ‘F /9 T
X, () = X, (s)e®H T
l]_ L + _.I
Since
- -
C em /o %
f ql/é‘\'iis)é # zzxi(z), (5)
L B -
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Fig. 5--Composite signal flow graph of Figure 3 (N=2)
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the input, X,, cannot be factored out of the second term of (4).
Therefore, a transfer function cannot be written when the fictitious
sampler is sampling at an integral multiple rate of the basic sampler
in the system.

When the rate of the fictitious sampler is T/N, the generalized

form of the output, expressed in modified z-transform notation, is3

r = |
X_(2) = %;(2) < LWSSGZHOJ(Z) " [GIHO:'(Z)[WSSHOJ(Z)>

N-1
.
+z Xxi(z, P/N) < [WSSGZHO_‘(Z, 1 - P/N) (6)
P=1
+ {c H J(z, 1 - P/N) [w H J(z)) ,
lo Ss O
where [EPTS/NXi(s)J = in(z,P/N), for 0<P/N<L1
and y i:C-PTS/NXi(S)J = Xofz,1 = P/N) , for 0 < P/R < 1.

From the results of Chapter II and the above results of this
chapt-r, it was concluded that no transfer function can be written
for the system broken in the ﬁc channel unless a fictitious sampler,

operating at the same rate as the sampler in the ¢ channel, is in-
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serted at the input terminal. The effects on system performance of
inserting a fictitious sampler at the input terminal will be investi-

gated in Chapter IV.




IV. DERIVATION OF TRANSFER FUNCTION
USING A FICTITIOUS SAMPLER AND FICTITIOUS HOLD

In Chapter III, a fictitious sampler and a fictitious hold were
introduced at the input terminal, X,, as shown in Figure 3. It was
determined that in order to write a transfer function, the sampling
rate of the fictitious sampler must be the same as the basic sampling
rate of the system. In this chapter, the effects of the fictitious
sampler on the system will be determined and a transfer function will
be written using a fictitious ideal hold.

The fictitious sampler in Figure 3 acts as a pulse modulator,
introducing an infinite number of harmonic frequency components in
the output in addition to the fundamental frequency component. If
the input to the sampler is e(t), the Laplace=-transformed,fsampled

output is given by

40
E (s) =% ; E(s + jnwg) +°—'§ﬂ : (7)

n=-w

+
The Ei%—l term4 is included in (7) to account for the effect at the
output of the sampler of an input time function, e(t), that has a
jump discontinuity of e(0%) at t = 0. If the Laplace transform,

E(s), of the sampled function satisfies the condition

15
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lim sE(s) =0, . (8)

§—>®

the second term of (7) is zero. Since E(s) for the system in Figure
3 has at least two more poles than zeroes, the condition of (8) is

satisfied and (7) reduces to

E(s) =% Z E(s + o). (9)

n=-c

If the input to the sampler, E(jw), contains no frequency com-
ponent greater than @, where W is less than one-half the sampling
frequency in radians per second, and has the frequency spectrum as
shown in Figure 6(a), the output given by (9) is as shown in Figure
6(b). The input signal, E(s), can be completely recovered by an
ideal low-pass filter with characteristics as given in Figure 7. The

ideal filter can be represented by

B (o) = A@) ¢°©, (10)
where

A@) = T for |o| < ju,/2], (11)

A@) =0 for |u| > |u /2],

5
and 6(w) = 0, giving no phase shift through the filter.
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\E(ju&‘
' |
| 1 |
| |
| |
I |
l | 1 A
-(]) U= c 0 w l w i%
s | c ® /2 s
-us/2 -,
(a)
*-
\E(Jw)l I
| | |
| | 1/T | |
| | | |
| I | I
‘ l | [
| | |
l I | w
= + r
| | =i (L‘,C | |
-3.5/2 - -ws/Z ws/2 Wg 3ws/2
(b)

Fig. 6--Input-output spectrum of ideal sampler (a) Input amplitude
frequency spectrum (b) Output frequency spectrum
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Fig. 7--Gain characteristics of ideal filter

&/ C*(S)
l._ —_—l - —— — -
T

{
E(s) E,—E*(s) i C(s)
HI(S) —>

T

Fig. 8--Sampler followed by idezl hold
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The fact that the ideal filter illustrated in Figure 7 cannot be
physically realized causes no co.cern, since it was introduced into
the system fictitiously. 1In fact, as is shown below, no analytic
transfer function need be derived for HI in order to analyze the system.
The output of the sampler in Figure 8 is E*(s), where E*(s) is
given by
40

1 —
E (s =5 Z E(s + oo ). (12)

n=-o

Or

‘ 1
E'(jo) =T [E(jw) + E(jo - jo ) + E(o + ju )
(13)

+ EQ(Gw - 2jag) + EQw + 2ju ) + J ,

Equation (13) is an expression for the input to the ideal hold in
Figure 8. The ideal hold, however, as shown in Figure 7, will pass
only those components of (13) with frequencies that are less than
S/2 and will multiply the magnitude of these components by a factor
of T, the sampling period of the sampler. If the input frequency, w,

in (13) is less than us/2, the output will be
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ety = e | 1 } ,
or L
C(jw) = E(jw), (14)
for
w < ws/2 .
Equation (14) shows that if a sampler is followed by an ideal hold,
the continuous output wave of the hold is equal to the input wave
to the sampler.
From Figure 8
C(s) = E"(s) H(s) - (15)
Starring both sides of (15), the following is obtained:
c*(s) = E¥(s)H,"(s)
or
E;iil = HI*(S)- (16)
E*(s)

Equation (16) is the transfer function of the ideal hecld in Figure 8.
If (16) is expressed by its equivalent frequency domain expansicn,

the following relationship results:

+o0
%,
9¥£¥£2 =1 p HI(jw + jnws) =1 {Hl(jw) + Hl(jw - jws)
EP(w) T T L
(17)
o 7
+ HI(Jw + st) + ... J .
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For « less than « /2, all the terms in (17) are zero except the first
a .

term, which has a -ralue of T. Therefore,

C?C :S} ~ l r _
E¥(s) T LT_ =
and
c¥(s) = E¥(s). (18)

Equation (18) proves that if the output of the ideal hold in Figure 8
were sampled, the resulting sampled signal would be the same as the
sampled input signal to the hold.

The sampled output of Figure 9 is given by
g (ah = R*(s)HIc*(s). (19)

The transfer function of the s ’stem shown in Figure 9 is

e 1 -}:m
C (s % 4\ o
R§(s§ = HIG (s) = T /)‘ HIG(S + ngs),
e

or

C'.'r . ) 1r

R*(j - T HIC(j.) + H{G(ju - jug) + H{G(jm + j”s)

(20)

+ HIG(j. - 2j.S) + HIG(j L gy,s) ik ....J )
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'{ the input frequenc., ., is less than q’2, ail of the terms in
(20) with the evceptior o1 the first term will be =zerc, since H
P ’ I
passes only those componente with frequencies less than ¢ /2. Under
s

these conditions, (20) becomes

- i i
HIC (o) = 2y (39)G(). (21)

N
=

mo|e
~ %f‘
(S .

e |e

But, from Figure 7, Hy(ju) = T when w is less than US/Z. Therefore,

(20) becomes

€L - 1 s,
R-':(ji';) g

or

C(jw) _ G(jw) . (22)

R*(j'- )

The output of the ideal hold in Figure 9 is R(s), as was shown by (14).

Therefore, the continuous output of Figure 9 can be expressed as

C(jx) = 6(jw) R(jw),
or

€U - g(u). (23)
R(j.

~
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Equations (22) and (23) show that for input frequencies less than
(QS/Z, there is no effect on the system by the insertion of the fic-
titious sampler and ideal hold. The results of (22) and (23) are
very important when analyzing systems with inputs that are not
sampled before passing through a continuous-data element.

As explained in Chapters II and III, a transfer function cannot
be written for the system given in Figure 10. However, if a ficti-
tious sampler and a fictitious ideal hold are inserted at the input
terminal, as shown in Figure ll,a transfer function can be written
and is given by

C'(s) _ % %
——U-R*(S) = 16*()H N " (s). (24)

Equation (24) miy be written as
oo +o0

_—LL*Z‘HI(S‘FJM)J%ZHW (S+_‘|DL~)] (25)

R (s)

1

n=-0 n=-o

From the results shcwn in (19), (20), (21) and (22), Equation (25)

can be reduced to

40
Cw ®) - G(jw) {% ) Howss(Jw 4 ans)]. (26)
R (jw) Ly La

n==x
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Equation (26), however, is only valid for input frequencies less than
ws/2. For 0 < w < u)S/2, (26) gives an exact Nyquist diagram of the

system in Figure 10.




V. APPLICATION OF FICTITIOUS SAMPLER .
AND FICTITIOUS IDEAL HOLD METHOD
The fictitious sampler and ideal hold method of analysis may

be applied to the system shown in Figure 1 broken at se. Since the
open-loop transfer function is the parallel combination of the upper
and lower channels, the complete transfer function is the sum of the
upper and lower loop transfer functions. The lower loop, having no
sampler, is continuous and has an open-loop transfer function, O.L.T.F.,

given by
O.L.T.F.Lower= GoW . (s). (27)

The upper loop is identical to the system shown in Figure 10. By
using the fictitious sampler and fictitious ideal hold method of
analysis, the open-loop transfer function can be obtained and is
given by (26) and (28).

4o
b

- 1 .
O.L.T.F.Upper— Gl(s)[T Zij HWgg(s + ans)] . (28)

-

n=-0o

Therefore, the total open-loop transfer function for the system shown

in Figure 1, broken at Be, is

27
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400
1
0.L.T.F. = GoWgg(s) + Gl(s)[T z HW (s + jnws)J. : (29)

N ==00

As explained in Chapter IV, (29) is only valid for input frequencies
less than ws/2.

When the loop is closed at ., the system given in Figure 1
can be redrawn as shown in Figure 12. The closed-loop transfer

function of Figure 12 is

o.__OUL.T.F,

Xi 1 - OoLoT.F-
or
X
9 _ O.L.T.F. . (30)
X5 1+ (- 0.L.T.F.)

The Nyquist of the negative open-loop transfer function can be in-
vestigated about the minus one point to determine the stability of the
system.

Analysis of a low-pass system

The first system to be analyzed by using the new method of
analysis described in Chapter IV, is a system having low-pass
characteristics. The transfer functions of the system shown in

Figure 1 are given by
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G (s) = —=0.94068468
1 ?
s2 - 0.029727836

- 0.94068468 s

G (S) = 3 31
2 s2 - 0.029727836 (31)
625
Weo(8) = ,
s s + 25s + 625
and
-ST
1l - ¢ S
Ho(s) = " .

By substituting (31) into (29) and by using the digital computer
program given in Appendix A, the Nyquist diagram shown in Figure 13
was obtained. Figure 13 gives an exact Nyquist for the open-loop
system shown in Figure 1.

The effects of the harmonics generated by the sampler in the ¢
channel can be investigated by comparing the Nyquist in Figure
13 with the continuous Nyquist. The open-loop transfer function for
the continuous system, broken at B,, was obtained by deleting the

sampler in the ¢ channel and is given below.

0.L.T.F. = GolWgg(s) + GyHgWgg(s) - (32)

The Nyquist for the continuous system was ther. obtained by plotting
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14--Nyquist diagram of system broken in 3 channel with marginal
gain as determined by system broken in B, channel

Fig.
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the negative of (32) as a function of w. The Fortran IV computer
program given in Appendix B was used. The curve, however, differed
from the exact Nyquist by only .05 db and 0.3 degrees at w = w./2
and could not be plotted as a separate curve. This indicates that
the effects of the harmonics generated by the sampler in the %
channel can be considered negligible for the low-pass system des-
cribed by (31).

The accuracy of the results obtained above can be determined by
adjusting the gain of Wgg 8O that the system is marginally stable.
Since, as shown in Appendix D, the system of Figure 1 has the same
characteristic equaticn regardless of where it is broken, the open-
loop Nyquist diagram of the system broken at ¢ should also show mar-
ginal stability at the same gain for Wss. The latter marginal gain may
be determined by varying the gain of Wog until the Nyquist of the
system broken in the ¢ channel is marginally stable. This marginal
gain is taken as the correct value because it is obtained by the con-
vencional a-transform method oi analysis.

As dete.mined from Figure 13, the marginal gains are +30 db at zero
hertz and -28.3 db at 3.9 hertz. By substituting the transfer functions
given in (31) into the negative open-loop transfer function of the system
broken at ¢, and by increasing the gain of WSS by 28.3 db, the Nyquist
diagram in Figure 14 was obtained. This Nyquist diagram, however, shows

marginal stability at the same frequency that the system broken in the




w
L\

Pe channel is marginally stable. Therefore, the new method of analysis
yields accurate results for low-pass systems.

Analysis of high-pass system

The next system to be analyzed is a system having high-pass
characteristics. The transfer functions of the system shown in

Figure 1 are given by

Gq(s) - ,
1 Z _ 1000

]

Gy(s) = —b
2 s2 - 1000
(33)
Wy (s) = —y—6258(s + 1) ’
(s + s + 2500){(s + 10)
and

-sT
H(s) = L-€
o s

The Nyquist diagram shown in curve A of Figure 15 was obtained by
substituting (33) into (29) and by using the computer program in
Appendix A. It is obvious from the Nyquist diagram that the system de-
scribed by (33) has high-pass characteristics. Therefore, the har-
monics generated by the sampler in the ¢ channel must be considered.

The effects of these harmonics may be determined by comparing curve A
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of Figure 15 with the continuous Nyquist. Any difference between

che two curves wil! be caused by the effects of the generated harmonics.

By substituting (33) into the negative of (32), curve B of Figure 15
was obtained. The two curves correlate very well for frequencies
greater than 6.25 hertz but do not correlate for frequencies below
6.25 hertz.

In order to investigate the accuracy of the Nyquist diagram, as
obtained by using the ideal hcld method of analysis and as shown by
curve A of Figure 15, a Nyquist diagram must be obtained by using a
fictitious hold with characteristics that very closely approximate the
characteristics of the ideal hold. The zero-order hold, with a trans-
fer function given by (34), is unsatisfactory because of the phase
shift introduced and because of the low attenuation of the higher
harmonics by the hold. The gain and phase responses of the zero-
order hold as a fuuccion of the input frequency, w, are shown by curve
A of Figure 16(a) and by Figure 16(b),respective1y.7 The transfer

function c¢f the zero-order hold is

-<T
B N -
Hy(s) = =25 — . (34)
The polygonal hold, with a transfer function given by
sT -sT\2
Ho=¢ (d-e )7, (35)
P Ts2

has characteristics that approximate the characteristicz of the ideal

hold. The characteristics of the ideal hold are shown in Figure 7
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and have been redrawn in Figure 16, curve D, for comparison purposes.
The polygonal hold, with gain characteristics as shown by curve B of
Figure 16(a), introduces no phase shift and greatly attenuates the
higher frequency harmonics introduced by the fictitious samplzer. The
fact that the polygonal hold requires a predictor and, therefore, is
not physically realizeable causes no concern, since it is introduced
fictitiously and is used only for analytical analysis.

The averaging parabolic hold, with a transfer function given by

e2sT(1 - e'ST)(zu +e 5Ty - sT(L - e'ST)J
: (36)

Hy =
A
4s3T2

and with gain characteristics as shown by curve C of Figure 16 (a),
gives a better approximation to the characteristics of the ideal hold.8
Recause of the complexity of its transfer function, however, the para-
bolic hold was not used as the fictitious hold.

Figure 17 shows the system in Figure 1, broken at Be, with a
fictitious sampler and fictitious polygonal hold in the ¢ channel.
It is not necessary to irtroduce the fictitious sampler and hold inr
the é channel, because an open-loop transfer function can be written
for this channel znd is given by (27). The contribution tc the output

by the upper channel in Figure 17 is

% % |r % ] 5
X (s) =X, (s) | GH (s)J HW {(s)
OUpper L ' 17p O'ss

37)
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The transfer function of the upper channel is therefore

*
X, ()

= (G H *(s)] (H W *(s)] (38)
L1 L 1’

p 0SS

which can be expressed in its frequency domain,infinite series re-

presentation as

o0 40
1 . 1 ) (39)
O.L.T.F.Upper = |7 z{:Gal(s + ans)} [f EE: Howss(s + ans)].
n=-o0 n=-o00

The total open-loop transfer function is the sum of the transfer

functions of the upper and lower loops and is given by (40).

(40)
+oo 400

1 L 1\’ :
0.L.T.F. = G,W__(s) + |7 L GiHp(s + jrwg) | | /) HW, (s + ans)]

n=-o© n==~-o00

Equation (40) will give an accurate Nyquist diagram in the low
frequency range of the system in Figure 1 broken at Be. A more accurate
Nyquist diagram, however, can be obtained by considering the attenua-
tion of the fundamental frequency component introduced by the ficti-
tious polygonal hold. For an input frequency of ws/4, for example,
the fundamental component of the output of the fictitious sampler is
attenuated 1.8 db by the fictitious polygonal hold and at ws/2 by

7.5 db. This error can be compensated for by ircreasing the magnitude
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of the fundamental frequency term by an amount equal to the attenua-
tion of the polygonal hold as done by the computer program in Appendix
C. The Nyquist diagram of the system expressed by the negative of
(40), with the fundamental component of the upper loop compensated,
is shown by curve C in Figure 15. For frequencies less than ten
hertz, curve C of Figure 15 coorelates with curve A to within

four significant figures in db and to within three significant
figures in the angle. Therefore, it could not be plotted as a sepa-
rate curve. The curve separation at frequencies slightly less than
ws/2 is caused by the second harmonic component, generated by the
fictitious sampler, with a frequency slightly greater than wg/2.

The magnitude of this harmonic component is not negligible compared
with the magnitude of the fundamental component.

Since the characteristics of the polygonal hold, with its funda-
mental output component compensated,closely approximate the charac-
teristics of the ideal hold, curve C of Figure 15 is a good analytical
check on the accuracy of the open-loop Nyquist diagram obtained by
the new method of analysis. From the abov2 results, it is concluded
that the new method of analysis yields accurate results for both
high and low-pass, open-loop systems.

Limitations of the new method of analysis

The accuracy of the new method in obtaining closed-loop Nyquist
diagrams will be investigated in this section. In the first szaction

of this chapter, the new method of analysis was shown to be very
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accurate in determining gain and phase margins of low-pass systems.
This section is concerned with the accuracy of the new method of
analysis in determining gain and phase margins of systems that are
not low-pass.

The transfer functions of the system in Figure 1 are given by

6. (s) = — 0.94068468
1 s2 - 0.02972784
- 0.94068468 s
G = 1
2(8) = T 0 02972784 (41)
and
S
W..(s) = —————
ss(s) s2 - 25,000

By substituting (41) into (29), the open-loop Nyquist diagram for the
system broken at 8, is obtained. This Nyquist, however, does not
intersect the 180 degree axis. Therefore, the system has no gain
margin. If Wy (s) is given by

s €jn/3

_ (42)
Wss(5) =725 000

and if Gl(s) and G,(s) are given by (41), the open-loop Nyquist
diagram is shifted by sixty degrees, as shown by curve A of Figure 18.

The continuous Nyquist for this system, obtained by substituting the
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above transfer functions into (32), is given in curve B of Figure 18.
Both curves have a gain margin of approximately 88.6 db. The fre-
quencies at which these gain margins are measured, however, are .104
hertz for the continuous system and .340 hertz for the sampled
system.

The correct frequency at which the system will oscillate, when
it is marginally stable, is obtained by increasing the gain of Wg4(s)
by 88.6 db and then by obtaining the Nyquist diagram of the system
broken in the ¢ channel. This Nyquist, shown in Figure 19, is obtained
by substituting the gain of Wss(s) and the transfer functions given
by (41) and (42) into the negative of (2) and by using the digital
~ computer program in Appendix A. From Figure 19, the correct fre-
quency at which the system will oscillate, when it is marginally stable,
is .104 hertz.

The above results indicate that, although both the continuous
Nyquist and the Nyquist obtained by the new method of analysis give
the correct gain margin, only the continuous Nyquist gives the correct
frequency at which the gain margin is measured. This inaccuracy in
the new method of analysis is caused by the high-pass nature of W, (s).
The sampler preceding Wgo(s) generates harmonic frequency components
that are not filtered out entirely by Ho(s) and Wss(s). These
components are present at the output of the open-loop system. The
new method of analysis presented in this paper includes the effects

of these components whereas the continuous analysis does not. When
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the system is closed, however, all of the harmonic components are
filtered out by the ideal hold, leading to inaccuracies in the new
method of analysis when analyzing closed-loop, high-pass systems.

The continuous Nyquist yields accurate results for this particular
example because, when the open-loop system is closed, all of the
harmonic components are filtered out by the low-pass transfer func-
tions in the remainder of the system. Tf the remainder of the system
were high-pass, the continuous Nyquist would also have led to inac-

curate results.




VI. INVESTIGATION OI' NUMERICAL ACCURACY OF
ANALYSIS IN W-PLANE
In this chapter an investigation is made of the accuracy of

Nyquist diagrams obtained from a contour in the z-plane ac compared
to those obtained from a contour in the w-plane. The sampled-data
control system chosen for the investigation is shown in Figure 21.
The particular transfer functions shown below along with the poly-
gonal hold were chosen because the Nyquist diagram obtained from the
path around the unit circle in the z-plane became erratic at fre-
quencies above 3 hertz. It was felt that if more accurate results
can be obtained by using a Nyquist path in the w-plane, the increased

accuracy would become evident in this example.

-.94068468
G (S) = ’
1 s2 - 0.029727836
- 0.940684
Gz(s) - - 68468 s ,
s - 0.029727836 (43)
wss(s) - 625 ,
s + 258 + 625
and
H.P(s) _ GST(]- E-ST)Z
T52

47
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The open=loop transfer function of the system in Figure 21 broken

at ¢ was derived in Chapter II, and, from (2), is

~

O.L.T.F.*(s) = L

HyG1Wss (5) ] . (44)
1- G2WSS(S)

Substituting (43) into (44) and simplifying yields

% -
0.L.T.F. (s) = [ 14,698.198 (¢5T- 2 + ¢=ST) } 45)
s2 (s44+2583+ 624.9702752+587.1847s-18.579900)

The z-transform of (45) is
0.L.T.F.(z) = HOLD (z)! RTOT1 (z) + RTOT2 (z) + RTOT3 (z)

(46)

+ RTOT4 (z) + RTOT5S (z)]

where
-1 2
HOLD(z) = 2= L
zT
(z - 1)2
RTOT2 (z) = = 25000.6792,

z -1
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RTOT3(z) = 25024.761z

z - 1.0012264
(47)
RTOT4(z) = = 24.0799142
z - 0.96048047
and
RTOT5(z) = = .0017510774 (22 + 0.62627080z)

22-0.811433272+0.38254692

The Nyquist diagram of (47) substituted into (46) is shown by curve A
in Figure 22. The Nyquist diagram, however, became so erratic at
frequencies above 3 hertz that it could not be plotted.

Making the bilateral substitution

z = 1l +w , ‘ (48)

o
1
g

(47) becomes

4w2

HOLD(w) = ——%———
(1 - wd)T

- 791.08022(1 - wd)T

RTOT1(w) = 5
bw

’
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2w
T 2.0012264w - 0.0012264
‘ (49)

RTOTA () = 2 24:079914(1 + w)

1.9604805w + 0.03951953

and

- 0.0017510774 [(1 +w)? + 0.62627080(1 - w?) }

RTOTS(W) = ’

(1 + w)2 - 0.81143327(1 -w?) + 0.38254692(1 - w)?

The Nyquist diagram of (49) substituted into (46) agrees very
closely with the Nyquist diagram of (47) substituted into (46) in
the low frequency range and is just as erratic above 3 hertz. This
Nyquist diagram is shown in curve B of Figure 22.

In order to investigate the relative accuracy of the two Nyquist
diagrams obtained above, the terms in (47) and (49) were broken down
into their real and imaginary parts and priated out in a digital computer
program. Table 2, page 107, gives this data for frequencies of
0.34722222 hertz, 6.250 hertz, and 12.50 hertz. As can be seen from
the data at 0.34722222 hertz, the real and imaginary parts of the HOLD
and RTOT terms correlate out to the eighfh significant figure-except
for the imaginary parts of RTOT1 and HOLD and except for the real

part of RTOT3 which does not correlate in the sixth significant




53
figure because the constant in the denominator of RTOT3(w) contains
only five significant figures. The imaginary parts of RTOT1 and HOLD
should be zero. It is seen that in cases where the imaginary part of
the function is- zero, the w-plane Nyquist gives the most accurate
results. It is pointed out that in this program and in other pro-
grams used in the accuracy investigation of the w-plane Nyquist, the
case where the imaginary part of the function is zero is the only
case where the w-plane Nyquist yielded more accurate results. This
is not to say, however, that if the investigation were continued,
more cases could not be found.

The reason for the erratic behavior of the Nyquist diagram above
3 hertz can be determined by investigating the sum of the real and
imaginary parts of the RTOT terms at 6.25 hertz. The sum of the real
parts of the RTOT terms is 0.0023 and the sum of the imaginary parts
of the RTOT terms is 0.0012. The first significant figure of the sum
corresponds to the last significant figure of several of the individual
terms. Since the last significant figures of these terms were rounded
off by the computer, it is easy to see that the erratic behavior of
the Nyquist diagrams is due to lack of significant figures.

In order to obtain a more accurate Nyquist diagram by the z-
transform method, it is necessary to increase the number of significant
figures in the Nyquist program, in the siplane to z-plane transforma-
tion program, and in the partial fraction and root solving program in

the s-plane. This represents a considerable amount of time and effort.
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A more accurate method of computing the Nyquist diagram without having
to increase the number of significant figures is given below.
Expressing (44) in its infinite series-frequency domain ex-"

pansion yields

0

0.L.T.F.*(8) =1 ;;1 0.L.T.F. (8 + Jnwg)

-
N =~=00

(50)
00
H GyW, g (8 + Jnoo)
1 = GoWgg(s + jmwg)

=1
T

=00

If the system under consideration is low-pass, only a few terms of
(50) will be necessary in order to obtain accurate results. Sub-
stituting (43) into (50) and taking twenf ¥ tefms of (50) Yield the
Nyquist diagram shown in curve C of Figure 22. This Nyquist diagram
correlates with the z-plane and w-plane Nyquists up to approximately
2.1 hertz. It is puinted out that the Nyquist obtained by the infinite
series method does not become erratic in the upper frequency range.
The accuracy of the infinite series Nyquist was checked by using
eighty terms of (50). The output obtained was identical to the out-
put using only twency terms of (50) out to eight significant figures
in the magnitude expressed in db and to eight significant figuies

in the angle. It was therefore concluded that the Nyquist diagram

shown in curve C of Figure 22 is accurate.
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From the above results it is concluded that only a very slight
increase in accuracy, if any, can be realized by going to the w-plane.
The Nyquist diagram can, however, be accurately computed in single

precision by using the infinite series-frequency domain method of

analysis.




VII. APPROXIMATE TRANSFER FUNCTION USING
THE DESCRIBING FUNCTION

The describing function approach was used to obtain Nyquist
diagrams for the system of Figure 23 which has compensation in thea
$ channel. The describing function approach was describad in the
Second Technical report, dated May 28, 1965. The object of this
investigation was to obtain data which can bYe compared with results
obtained by the Marshall Space Flight Center in order to determine
the accuracy of the describing function approach. Two cases were
considered. For the first case, a, and a; were equal to one. For

the second case, a, and a; were equal to 0.5. The transfer functio:rs

used were
1 -Ts
H, = E»(l -e 7)/s (51)
82 - 0.02972784
2

G1B1(s) = —0:0065323138(s? + 498.59362) (53)
82 + 0.064905305s8 + 42.126986
- . 2 . ,

G1B2(s) = 0.0040378959 (82 + 485.48033) (54)

82 + 0.120134508 + 144.32299

56
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- 0.0053896739(s2 + 470.36052)

) = T o 137817 + 337.76255 2
GlB4(s) = 0:0058368238(s? + 469.03256) (56)
82 + 0.?24812373 + 505.40603
G2R(s) = s(GIR(s)) (57)
G2B1(s) = s(G1B1(s)) (58)
G2B2(s) = s(G1B2(s)) | (59)
G2B3(s) = s(G1B3(s)) (60)
G2B4(s) = s(GlB4(s)) - (61)
W, = 625 (625

s 4+ 25s + 625

0.33747 x 10~8s% + 0.57852 x 10™7s’ + 0.32159 x 10~78°
0.31188 x 10~10s9 4+ 0.30536 x 10788 + 0.13131 x 10-5s7

PHDTC) con't

_ +.0.38442 x 107%s> + 0.727818 x 10"3s* + 0.006972763
+0.33399 x 107%s% + 0.59308 x 10-3s% + 0.0068924s%

con't

+ 0.055606s2 + 0.38360s + 1.0 (63)
+ 0.056518s3 + 0.30188s2 + 0.87623s + 1.0
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a,(G1R + G1B1 + G1B2 + G1B3 + G1B4) Howss s
- S
L= alwss(GZR + G2Bl1 + G2B2 + G2B3 + G2B4)PHDTCO

¢ open-loop

ajWgg (G2R + G2Bl + G2B2 + G2B3 + G2B4) PHDTCO

o open-loop (s)

1 - a W _(GIR + GIBl + G1B2 + G1B3 + GlBA4)H,

B, open-loop = W l_al(czn + G2Bl + G2B2 + G2B3 + G2B4) PHDTCO +

-

a, (GIR + G1Bl + G1B2 + G1B3 + GIM)HO] (s)

The compensation in the $ channel (PHDTCO) was furnished by D. P.

(64)

(65)

(66)

Vallely, George C. Marshall Space Flight Center, National Aeronautics

and Space Administration, R-ASTR-F, Huntsville, Alabama.

Figures 24, 25 and 26 are Nyquist diagrams of the system broken

in the ¢, ¢ and 6c channels respectively, for a and a, equal to one.

The poles of the system broken in the ¢ channel are

s1 =0

sp = 0.5725
s3 = = 15.27
s, = 935.5
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13
14
15
®16
17
18
19

20

0.06310 + j12.01

0.06310 - j12.01

= 0.09854 + j18.41

0.09854 - j18.41

0.1117 + j22.48

0.1117 - §22.48

- 0.5688 + j6.275

- 0.5688 - j6.275

- 1.278 + j2.230

- 1.278 - j2.230
- 3.244 + j8.660

- 3.244

i8.660

- 3.890 + j16.29

- 3.890

§16.29

- 5.412 + jl.241

- 5.412 - j1.241

63
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s,, == 12.58 + 321.77

822 = - 1‘058 - j21¢77

As can be ;een from Figure 24, there is one encirclement of the
0 DB-180° point in the ;ounterclockwise direction. From the above
roots it is seen that there is one root in the right-half of the s-
' plane; this result was also checked with the Routh - Hurwitz criterion.
This means that there are no poles of the closed-loop system in the
right-half of the s-plane and that the system is stable.

Figures 27, 28 and 29 are Nyquist diagrams of the §ystem broken
in the ¢; ¢ and Bc channels respectiveiy, for a, an& a; equal to 0.5.

The poles of the system broken in the ¢ channel are

s] = 0.6106

s2 = 0.0

83 = = 15.71

34 = =- 935.4

s = - 0.06378 + j12.01
s6 = - 0.06278 - jl12.01
s, = = 0.09592 + 318.39

0.69592

§18.39
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sy = = 0.1118 + }22.48

10 0.1118 - §22.48

8y1 = - 0.2755 + 36.386
8., = - 0.2755 - 6.386
= - 1.420 + j1.620
= - 1.420 - j1.620

815 = - 3.261 + 38.885

3.261 - §8.8:5

3.928 + j16.32

8., = - 3.928 - j16.32

8., = = 5.408 + j1.182

19
5,0 = - 5-408 - j1.182
8, = - 12.54 + j21.71
8,y = = 12.54 - J21.71

As can be seen from Figure 27, there’ is one encirclement of the
0 db-180° point in the counterclockwise direction. From the above

roots it is seen that there is one root in the right-half of the
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s-plane. This result was also checked with the Routh-Hurwitz criterion.
Thus, there are no poles of the closed-loop system in the right-
half of the s-plane and that the system is stable. The gain margin

is 8 db and the phase margin is 35 degrees in the ¢ channel.




VIII. AN INVESTIGATION OF THE EFFECTS OF VARYING
THE SAMPLING RATE IN THE ¢ CHANNEL
The describing function approach was used to investigate the
effects of varying the sampling rate of the sampler in the ¢ channel
of the system of Figure 23. For the investigation, a, and a, were
chosen equal to 0.5, and PHDTCO, the compensating function, was set .
equal to one. The System functions used were those of (51) through

.(62). For the ¢ channel,

(/1)1 - e"T5)(0.919s10 + 0.46482 + 864.0s% + 382.8s’
12 ¢ 2466 + 167.0s10 + 0.2577x 10°s? + 0.987 x 10%68

.con't

open-1loop s(s

+0.354 x 10%% + 0.107 x 10%s> + 0.925 x 10%5%

- _ con't
+ 0.833 x 107s7 + 0.248 x 10936 + 0.833 x 1098'5 + 0.242 x 101184

(67)

+0.912 x 101052 - 0.103 x 10195 - 0.306 x 1012 )
+0.190 x 101183 + 0.649 x 101252 + 0.305 x 10125 - 0.193 x 10!1)

This transfer function was obtained by substituting (51) through (62) into
into (64), with PHDTCO set equal to one.
Figures 30 through 47 are the Nyquist diagrams for the system

broken in the ¢, é, and Bc channels for different values of T. It is

70
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noted that the Nyquist diagrams of values of T of 0.01, 0.04, 0.08,

and 0.1 seconds are approximately of the same form. It is also to

be noted that since the describing function approach was used in this
investigation, the accuracy of the Nyquist diagrams for T > 0.1 seconds
is doubtful. For T > 0.1 seconds, fs/2 is less than five cycles-ﬁer-
second and the system is no longer lbw-pass with respect to fs/2.

The roots of the denominator of ¢ re

a
open- loop

s, = 0.4446
i

8o f C.4556 - j6.381
Sy = 0.4556 - j6.381"
5, = 10.88 + j20.56
S5 = 10.88 - j20.56
36 = 0.0
s, = - 0.6439
sg = = 0.2213 + j18.61
89 = = 0.2213 - j18.61
S16 =~ 0.2402 + j12.13

- 0.2402 - j12.13

w
]

11




12

- 23.11 + 36.604

813 - 23.11 - j60604

do not change as

As can be seen from (67? the poles of d>open.loop

T is changed so the e2bove five roots of ¢ in the right~half
open-1loop

of the s-plane do not change. From Figures 7 through 24, it is seen

 that varying T does not give the needed encirclements of the 0 db-

180° point necessary to stabilize the system. This investigation is

not complete. Further work will be performed during the next month.




Lo oo oo b 73HillllollILL,l,JII_i_,_‘l)zllllllIIIIJ‘!IIIIJ
o o i 0 0SE OFE LOEE
i1 7
o -
RS
i
26 :
«Or T o 5 /
v \u\l 2 /
st il \ \
o T /‘
> 1 Bl
~ t V2, X
L€ 2 v o 5
0% - 1 L
\{‘Y Ym f
N . T 1
n” ] ,Hv p
F- A .
:ggc £ w 53 “
oy - ,
QNOVHAO
§3337
g_oo--uv~
U I T ]
:% ;d.o o v

0L

206 - -

4

oot

087
00“

07
OOZ l

14

44
<OFt

K11 SR

01T
009.

l 0£1 091 081
<061 00 01z

0§
o0iE

Ol
1,74

0T!
0rZ

BO€|
14

Eudl
1744

Fig. 30--Nyquist diagram broken in ¢ channel of system shown in Fig, 23, T = 0.01

fe -




39.%°

10°0 = I ‘gz .w...n.m UT UMOYS WaISAS JO [IUUBYD ¢ UT uajoaq weaderp umﬂs?ﬂz:ﬁ,m ‘313

]

<0¢
OEE

ENEEARNERIAY,

|
|

!

!

i

11|

0%
01

OF€
.0

NERIARERARERRIANENANEE

|

I

o0€€
0f

Lol

b » =t -~ -t - -t
8% %5 8% 38 &% 53 £
%
4 247
/ IR, {\ TR
4 < i,
T IRLLH LA ! :
T4 L %4 : \MNW\ /i

- EEERE
*qp 306 ol ;
U o
I mu
ST $
J ! S
T RN
\4\\

A
< <
X XK b
05°2 = 2 ‘ <
05°¢ =3 G2°2 = Q 7 0 :
M*E=P €2°0 =% '€0°T O
"~ (°2y) ALousnbaaxg H _ ;

<062
Eol

Qm
<08

0Lt
G“

Omz
<001
08T
0N
sz
Qozl
<0£Z
<0¢)
144
0Fl

g &g

1749
’0’
01¢

081
01T

V174

041 091
081 0,

061
QL1

.00¢

«00C

01
081




Lol oo e b b
1,19 JObt 08¢

75 oot boo b |
0t 0T J0f
0 0SE OFE OEE

0F o0 01 l
V- o |
atan ol
\ "7 1. ‘D__
T /
o0€ | OF
0F (@] coz‘
U
X e T
o) X T
b BN
— ”_'\ﬂ; o 1y
OlE] o1 o
Q6 |5 V0 0ie
~ B e -1+
> itk
Q oW\ ™ @ 13
g oW 53 P 25
% QoY ¥ Wy t
00F ' LIRS XX o " 09
Bk ehe e e e
062 74
00‘
08T 08
ﬂm ﬂmz
042 £ = 06
06 H s m—— == = o0LT
p= e
092 +001
2001 09T
o
02 Ol
Ol [y 05T
e
oy R 071
01 4
08P J0€1
Ot J0ET
S
% \\i
VY . “\
\ ’;Y 3!
072 Ol
0Pl J0TT
aNgent
012 00 061 08l 021 091 081
054 <091 L' ¢ <061 007 012

Fig. :32 --Nyquist diagram broken in B, channel of system shown in Fig. 23, T = 0.01




oo oo s oo e beeo b b b |
0fE JObt 0T 0t

X ] o X
W0F 08 .01 0 0§ OFE JOEE
T :
‘ r 21
‘o-—
T
06 oOF
OF A 02¢
&1
NN O
w3 wn
J e T
N
1€ 0§
X T it
20 T
)(V i i1
[x T
5.-3 NN O L
5 OWNM MmN H
» & o ® I3
+00¢ §-° oHo Q 09
<09 A NN w ] <00€
~ad00T S H-H
; (3]
06 5 = D 0L
oL S by <062
. N A
3 Nty ' \’\)\.
X A
082 © <08
Om ﬂm
'--
= )
== N
04T =i = : —— ~ = .06
¥ SES : 4 + e amm =i .0z
- = H I -
097 ON . owl
001 ) 092
N
082 o i 011
<011 e ] o087
. 7 :
i
oV S it Mg SRAR AR L W 071
<0z1 A /110 i R O \ . Oz
; XA it ipi
o R
[T n‘
€2 : i 061
0 (o] b <0ET
TTI
e
13 0
-
>\. Ho e
(=]
L¥aY
022 01
Obl 7 - : 027
’Z\/ by T T
J7 */ *:I T ;ﬁ i
+ i g
IFT%
01T 007 061 081 041 091 081
o o061 002 012

061 091 0L1

LTE 1%

N5 -

-

33--Nyquist diagram broken in ¢ channel of system shown in Pig. 23, T = 0.04

Fig.



J |
Lo b booo oo fr o boos b b B L1 |
€ K3 J05€ 0l 07 08
WOF 0F .01 0 0SE OFE LOEE
. T
natRuRs 5 ]
'
7
! o
ozs ,
:0' o1 JOTE
Ql
; l
> Ie% 1 I
\ i
T
N O T Y
a9 ) O - o
01€
o |~T7 i i3
e n N
Boo H]
S | I 10
0 T
5."4 wmnn Mt ¢
k: 0’ (\:U} L i H i It 09
00| 3 O oven e &
09 ‘E" . n ° \ A ‘55 ] #00€
= 800 D e
08? RS X N ﬁ%;ﬁf‘ 2 jﬁz
© 1Y \\ X v \ A\*\'.l,\\&":ﬁ%» /
- . "N ) s
X \ ] 5%
4 ~ o~ 09
<08 Zo - 08T
ShE=. F5 ! =
- == e s = -
0L S S +-§ - ES ” . = 06
MY ez is= c=E=agE-BEEsSEEES : e oLz
= i K e = = L 1
[ - s Q ' - post =t t——t
R T et e o : T
“tiewn A
092 cESSsEeE 2 +001
«001 e - :_H 09C
052 L1l
-l 05T
Q
002 021
02l orZ
ez 061
IS “0fz
a4 Ol
ol 022
017 007 061 081 04! 091 051
01 091 L0zl ¢ 2064 .07 012

34 --Nyquist diagram broken in ¢ channel of system shown in Fig. 23, T = 0.04

Fig.




bl

.y

1 ool

40°0 = 1L ‘€7 -313 Uy umoys walsis Jo [auueyd °d uy udjoaq weadeip 3IsynbAN-g¢ 81z

53 g5

33

B PO
»

~

88

~
83

g%

<

~

3

8

%

Obl

X i
S0
W
&\
21 >
%
Eth
AN
< ki : I 2
(" /u./\ X qf\ ]ﬁn - 28
~ - N
33 PSS & 5
o ~, ~,
S X
!
sa
Qe S
s
t : -
41 -
-t SE
‘ 1403 u e PES i
™ ] ! e v i = ing
o} ap 1 053 O 06~
T T . + [ +— -
JL,Ll mwl B ape 1T = :

<05¢
.0/

«OPE
0T

0f€
o0F

Lo b b b b

0S°€ = J 92°2 =
N"E =@ SS°T =q
nsg*z = p

{°24) Louanbexi

081
Q1T

091
<002

041
Em '

061
Nl

00Z
le

01T
084




0T¢

o

0lE
0§

<00¢
<09

2067
0L

0L

LlJ}l

of

LOF

]

b b
Of € Ob€ 0%€

79 10l
01

oo oo b
{174 0t
OFE JOEE

ae= 0,03 e= 2,52

Frequency (hz.)
“ob = 0.59 f= 30h3

¢

0 OSE
i l H

"¢ = 1.35 g = 3.50 .
d = 2.30

et
TN

V)
et
%

30'
«0Z¢

o0
0l€

].08
087

.I:Om

0L

<001
«092

o011

11,082

v K]

144

JOf!1
114

Eudl
0l

081 091

007 01T

36--Nyquist diagram broken in ¢ channel of system shown in Fig. 23, T = 0.08

Fig.




Illll

NRCEIRENERNENARARE!
(3 0PE

1!‘!lllll|8'0llllllIoillllllJL[lllJllllllJ!llllll

o o & Qoz M
L0F 0Z 01 0 JOSE 0P JOEE
™
putenuht S
auss 3 55 >
5
L02¢ < oOF
o TR ] ot
T
tgant AR AN
X 3 4 {
p ~NO b u T
842 e eas,
m 8
F:f".\f".\ p : . 10
Ok v 8 ; 0f
; o
0% 251’ © AW i O1€
r \ '
3 NN O 3 a1 (18135504 19 ifie,
b BN N WLt e na Lt
L 8T B R s AL At :
o0cf 5ttt Y . SR AL 1 iy, ~ .09
09 Fmedao <5 "\ T O . «00¢
:U\F- -
<062 .02
oL 062
»;*
s
-002 00
08 T4 08T
082 T 06
06 it L0L2
SS5s =
r © -
092 i «001
<001 s 0%
052k 0l
011 082
-
e
O 021
02 et
o
.
QELPCC *J.0¢1
01 2 067
XX
022 > “0b1
Ki 4] ) o0ZC
012 051
081 012

37r-Nyquist disgram broken in ¢ channel of system shown in ?;g. 23, T = 9.08

Fig.




07€¢
-OF

S01€
:(K

NERREREREEANEE
0¢

LOEE

a=Q0,71 d = 30b2

b =225 e=
c = 2.56

'/ Frequency (nz.)

S0
1741

{08
Ol€

23T = 0.08

38--Nyquist diagram broken in Bc channel of system shown in Fig.

Fig.

.Crse




1°0 = I ‘gz °31d ur umoys welsks Jo [auuryd> ¢ UT usyoIq weiBeTp 3stnbAy-- g¢ 314

051
01T

091

R4

ol o

0L

081

it
i
I

. |
il s b

061
0L1

002

091

01

—i

-

~18 0s°€ = 3 S€°1
- on°t = 3 N9°0

- 15°2 =2 €00 =®
= (*zy) Aouanbaxy
—

g2 33

2061

051




o b b

Ci
07

P

<01

RN

L)

83 111

AEEERERRENREENY
J0%€
L0

NARRERANNTY
0Pt

<0t€

Of

S

07

1°0 = I ‘gz °314 ur umoys ws3sAs jJo [auUUBYD ¢ UT

Om
0Z¢

28

uaoxaq wealerp 3IstnbAN--0%

+09C
50 | I
<05T
01
74
<0f1
0FT

*314

072

\ Syl

05°€ = J 62°2 =2
2NtE = 3 G2*0 = q wm‘

Ls*z2 = p LO°

0=

(*zy) AKduanbaxd

081
012

061 .08l 041 091

041

00Z
091

OIE
L84

0Z€
’1(»
01€
08

g2




Lot be oo bbb b oo Lo
cOé 0re € 0¢

¢ <06 0i 02
-0 .07 01 0 0SE OFE JLEE

0T¢

= 0.1

0l
08

€e= 3050

<00f
<09

Frequency (hz.)

a =071 d = 3,42
‘b = 2.25

c = 2053

067 |y
0L K

<08
<08

-08Z
0t

<071

0€Z P
O¢1 ]

Fig. 41--Nyquist diagram broken in P, chanmel of system shown in Fig. 23, T

072 VAT

0fl AN 072

01z 002 061 081 021 091 051
081 091 0t ° <061 007 012

.



[JJHIUJIIHH[IIHIHH 1|||lnua5111|uu[m;lm Iimlmlllml

005 °oz u01 0 eOSE oorf oOEf
4 'D.A
© 4 A
T
0z¢ I oOF
o 5 02€
A¥a )
8
/
1
T o 08
% ks 1 i€
& PY 1
hdd T
p 4 b .
o) LI
o~
4 .
) §8§ T
r 30 o
00¢ 09
-4l } gu . w <00€
L = d 0
ow N { 2 aol
0l . X \ "i / 062
T A
8 :
00 08
“ Hm
0L : 206
9 FE == : + SES S==== 0Lz
b ‘/+ "4 — -
om ﬂwl
4001 = 092
08T 011
<Ot 05T
W
A
AR
o 4 IR X S <021
O 0T
062 - ; €1
] 02T
) ‘x\
: : N
XY
. T
oz tgus 0¥l
Ol 027
‘ \
T
Ld
Fe]
!u 1
07 00Z 061 081 021 091 051
081 091 0Ll ¢ o061 002 012

42 --Nyquist diagram broken in ¢ channel of system shown in fig. 23, T = 0.4

Fig.

- 6"




oo oo b b bov Lo b
J0t€ OFE J0%¢

ge L vt b b b b
0l 07 f

L0¢ 202 201 0 «0SE OFE JOEE
Ty
T
] SH ~
b oy
07 7 OF
10' Q - oOZE
U\-
)
T [ ;
1
n P
3 2
DIE @ ] 0%
508 O1€
e %
I ol
T
o AL I 3
i\ ‘rA_._c)' v g
+00€ T { I 5] §°°9
09 N ‘.;k\(\ VO ‘Il\ i i '% ! oL
SR\ -\ T+ S = o
o T % e :
R T % P 5
2 I m o) 3
067 .\r pu ; &) 0L
0L X AT . ‘er H 1 HHY ﬁ o
U\ N \ ‘v\*\ ‘H’\ i l/‘f 8 N.
N Ve > W
\ S : "t
~ P 2 < ) »
082 5% Y08
08 [« 2 =1 087
I A H
" = - S -

A o O. = § g -t -
0LT o = B Som=m: t=.06
===z = e St ! + . S Esoommm==c=: = =20z

- [ pemes 351 = 'Sy md & 3 -

ESE== o = S ]
A — /V/ = oS o
4 <001
00} 092
067 011
Ol 06T
X ’,)(),}:// %5 N
o G N o001
X Oy /. T -t
<071 N o) 4 L =] OFZ
K, %./ 2 < 3
& 4
06z X 0€1
0e1k 2 OEZ
7 L]
7 -

X %, '
ozl OFl
opl T+ T 02T

7~ ~ "= -
IBENENE
INEEpgS
T 3
pan
01T 081
<061 081 01T

43 --Nyquist diagram broken in ¢ channel of system shown in Fig. 23, T =0.4

Fig.




Vgl b b bbb ee b oo b
13 SOFE o 01 0T JDf
L0 0 O5E OFE 5§
Tit]
[ d
L
o
«02€ oF
o o 3
W
1
, g
@ o
.8%‘ I i‘ 13
[ 2]
. A g
Ow‘ o m
.09 0 <00¢
:E
062 [ oL
o AL Bé 062
- 3 e
b+
08T AV Y 0'5 - JO8
08 o~ i3
H e
% EEEE S , A i
0% «001
<001 o el
1 0
057 Ol
011 14
O Q 02}
Y (>b
+ ] o
TN
T I (
0£T [ JOf!
0t | é s 4
]
o
an
Fn
)|
7 I Q
02T TN J0Fl
Orl 022
i 1
a1 ¢
Fe)
©
1
01T 041 091 061
Ky 081 w061 <00 201z

Fig. &' --Nyquist diagram broken in B channel of system shown in Fié. 23, T = 0.4

.




Lol bbb oo gs o] b b bcg oo b b
SOFE “0PE J0%E 01 07 20€
W0 0Z 201 0 05€ OFE OEE
7]
-
k- 0
)|
026
i (=]
W]
1
|
g
1
01€ [o)
° i by
i g
il
i %
| )
Tt fo
aggs 9\ ®
o [] : :
i 4 g
Omz 0
0L I} @
: \ g b
Ny v [&]
[ 3
082 8 [ ]
) o b
(Y]
g:n
- EES= = E £ 8
0LT %T_t,{‘\ e . e + et T y
a% [~ 0 = _: = | 1 1
- 3 —— -
o=
092
<001
08T 7
<014
y X, v 7. :
e & X 4 8 .:
1,24 / / - Q N2
4} 4 & U.\ ik 3 O.
% | O
i ~ Qo
i o
T 1 L]
o T ©
m
. 3 it 9
€2 3
“OEI o a
SH
Q|7 ¥
2 [
O
K
K744 L
OFl
1
N + et
T L AR 6l
; e
e
01z 007 061 08l 041 091 051
<01 <091 L0L1 g <061 002 .01Z

141

0%
«0I€

8%

Fig. 45 --Nyquist diagram broken in ¢ channel of system shown in Fig. 23, T = 0.8

<06
04T

o011

1,14

o0Z1
24

oE1
LET

«0F!
P44

-




{ ‘\I |
Luulo%il L lnjotlch |1

JOF

|

o

01

AEETNAREREA ARATIRERNARRERE
e9|11||11041‘ e fozm, I

07¢
~0F

S0t€
0§

00¢
009

0%z
o0L

08T [
+08

0L

0 OSE OEE
TTTT
1 3
3
© 7
|
T
1
T
o 1
wm
b >
| rf 9
oy §
T ’(8‘
b
Q4 > =
1 A @
T s
[4]
Eal
e
;
‘8
1
(&}
5
>
0
b T
583
O &
A, O
’ o]
35

OF
07¢

01€

067

Qm
<087

D%
o0LT

06

092
<001

067 L5
TS

0bZ

i

067
¢t

007
14

T

«001
<092

Edl
4

071
¢4

<0€1
14

o0Fl
1744

01T
0091

081
01T

46 --Nyquist diagram broken in ¢ channel of system shown in Fig. 23;

T =0.8

Fig.




|
Lui oo b o get b b b b b
WEE 0Pt o0§€ 0 <01 02 J0f
O0F 0C 0/ 0FF id3 JOEE
LN
T
| 1
1 T o
1741 o
5 o ' «07¢
I ‘m-> >
v f N
13)
§ X
LR
£
¢ ey «0%
o3 g «Ol€
L)
(%)
1
2
-t
) [
00¢
09 g
: &
| 38
062 o e
oL K
‘3%
) Ay @
s g
=~
:gz a"‘ 08T

0L

206

<092
001

08T

OH |

206
o0LT

001
.09

0Lt
08T

Ooz l
[t ¢4

S0€1
K. %4

oo' l
o022

01T
081

01
L1T

091
002

A47-Nyquist diagram broken in 8, channel of system shown in Fig. 23, T = 0.8

Fig.

vy M

et




IX. CONCLUSIONS

The neﬁ method, presented in Chapers II through V, of analyzing
sampled systems that hdve unsampled inputs yields accurate results for
open-loop systems at frequencies less than wh/2. When analyzing
closed-loop systems by using the open-loop Nyquist diagram, however,
the new method of analysis is accurate only for systems that are low;
pass. Thus, at the present time, it appears that there is little
added advantage to this method as compared to the describing function
approach. The principal advantage is due to the fact that the new
method considers to some degree the effects of the higher frequencies
generated by the sampler.

An investigation was made of the accuracy of Nyquist diagrams
obtained from a céntour in the z-plane as compared to those obtained
from a contour in the w-plane. It was concluded that very liftle, if
any, increase in accuracy can be realized by going to the w-plane.

Nyquist diagrams were obtained for a sampled, compensated thrust-
vector control system using the des .ribing-function techniques. These
results may now be compared to the results obtained by an analog
simulation to determine the accuracy of the describing-function approach.
Progress is being made in constructing an analog simulation at

Auburn University.

91
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Investigations have been initiated into the effects of varying
the sampling rate of the sampler in the ¢ channel of the thrust-vector

control system. No definite conclusions have been reached.
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APPENDIX D

Derivation of Closed-Loop Transfer Function for
Systems with Unsampled Inputs

A closed~loop transfer function for the system shown in Figure 1,
with an input at Be’ cannot be obtained by the ordinary starring and
block diagram manipulation procedure, because the input is not sampled.
If a fictitious sampler and a fictitious ideal hold are inserted
between the input, R, and the summer, as shown in Figure 20, however,
the input at the summer will not be altered and a closed-loop transfer
function can be written.

From Figure 20, the signals at C and at Bc are given by

C = R'Hp + B, (43)
and
B = 0H + G, C (44)
c o 27 "
But,
Be = W_ B, - (45)

Substituting (43) and (44) into (45) and simplifying, the following

is obtained:
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*
_ ¢*HoWgg + R™GoWggHy

Be = (46)
€ 1 = GoWgg
Also,
*
¢ =R G1HI + Glae . 7
Substituting (46) into (47), starring the resulting equation, and
then solving for ¢*, the following is obtained:
G1G *
(GyHp) "R + -l—ZHEEEi) R¥
s 1 - GoWgg
o = . (48)

. < G1HoWss >*
1 - GoWgg
Substituting (48) into (46) and solving for the closed-loop transfer

function, the following is obtained:

B _* W _H GG, WggHT
e $s0 '>* [(GIHI)* +\T - GoWgg }
s

% = -
R 1 - GyWg ! G1HoWgg \*
TA\T- GZ“sé)

G2wssHI N\
1 - GoWyg

49)

Using the results of (19), (20), (21), and (22), Equation (49)

can be reduced to
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. < > l'lowss )*
E& 1 - G2wss

GoVsg/
R” G{H.W
1 - < 1%0"ss \
1 = GoWg/
(50)
GaWgs . G1HoWgs \*
1 - GoWgg " \1 - GyWgg
+ .

G1HoWgg

(%] %
l- (1 - c2w88>

Equation (50) is valid only for input frequencies less than ws/Z.

The denominator of (50) is the characteristic equation of the
system broken at Be. The denominator of (30), where the 0.L.T.F.,
open-loop transfer function, is given by (2), is the characteristic
equation of the system broken at ¢ and is the same as the charac-
tevistic equation of the system kroken at Be' This was expected,
however, since the characteristic equation should be the same regard-
less of the point at which the system is broken.

Using the fictitious sampler and the fictitious ideal hold to
obtain closed-loop transfer functions for sampled systems that have
unsampled inputs, is one application of the new method of analysis

presented in Chapter IV.
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