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In t h i s  r e p o r t ,  we i n v e s t i g a t e  c e r t a l n  t i e - u p s  between 

t h e  t h e o r y  of d i r e c t e d  graphs and p o i n t - s e t  topo logy ,  This 

work e x t e n d s  c e r t a i n  a s p e c t s  o f  t h e  Work done by Bhargava i n  

' ' A  S t o c h a s t i c  Model f o r  T i m e  Changes i n  a B i n a r y  Dyad ic  

Re I a t i on". 

With each d i r e c t e d  graph r (A,E)  on an a r b i t r a r y  s e t  A, 

we a s s o c i a t e  a unique t o o o l o g i c a l  space (A,T) by d e f l n i n g  

a s e t  2 5  A t o  be open I f  t h e r e  does n o t  e x i s t  an edge i n  

r ( A , E )  from s e t  ( A  "2) t o  s e t  sf each such t o p o l o g y  Is 

shown t o  have the  p r o p e r t y  o f  c o m p l e t e l y  a d d i t i v e  c l o s u r e .  

We ob t a l n  s e v e r a l  theorems r e l a t l n g  connectedness  and access-  

i b i l i t y  p r o p e r t i e s  o f  a d i r e c t e d  g raph  t o  p r o p e r t i e s  o f  t h e  

t o p o l o g y  d e t e r m i n e d  by  t h a t  d i r e c t e d  graph. I t  Is f ound  t h a t  

$be connectedness  o f  a d i r e c t e d  g raph  is,  I n  a c e r t a i n  sense, 

c o n s l s t e n t  w i th  the  " t o p o l o g i c a l  connectedness"  o f  t he  topo- 

l o g i c a l  space d e t e r m i n e d  by t h a t  d i r e c t e d  graph. We f u r t h e r  

i n v e s t i g a t e  these t o p o l o g l e s  In terms o f  the c l o s u r e ,  k e r n e l ,  

and c o r e  o p e r a t o r s .  

\Ve show t h a t  t h e  d e f i n i t i o n  o f  an open se t ,  as g i v e n  

he re ,  e s t a b l i s h e s  a s i n g l e  v a l u e d  mapping o f  the  f a m i l y  o f  

a l l  d I r e c t e d  g raphs  on s e t  A o n t o  t h e  f a m i l y  o f  a l l  t o p o t -  

@&tea; wi th  c o m p l e t e l y  a d d l t f v e  closure on s e t  A. T h i s  

mapping  a l s o  maps one-to-one t h e  f a m i l y  o f  a l l  t r a n s i t I V e  

d i r e c t e d  g raphs  w l th  loops  on s e t  A o n t o  the f a m i l y  o f  a l l  
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t o p o l o g i e s  w l th  c o m p l e t e l y  a d d l t f v e  c l o s u r e  on s e t  A, 

f u r t h e r m o r e ,  t he  t r a n s l t i v e  d l r e c t e d  g raph  wl th l o o p s  mapped 

t o  a particular t o p o l o g y  l s ,  l n  each case, the  d i r e c t e d  

g raph  w l t h  the maxlmum edge se t  d e t e r m i n l n g  t h a t  topology. 

On the  o t h e r  hand, we f l n d  t h a t  t h e r e  does n o t  n e c e s s a r f l y  

e i i i s i  a d i r e c t e d  g raph  w l t h  a rn ln fma l  edge s e t  d e t e r m i n i n g  a 

p a r t i c u l a r  topo logy .  

F l n a t l y  we make a b r l e f  s t u d y  o f  t h e  p r o p e r t l e s  o f  

t o p o l o g f e s  o b t a l n e d  from a d i r e c t e d  graph wl th  r e s p e c t  t o  

two o t h e r  d e f f n l t l o n s  f o r  an open s e t .  
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CHAPTER 0, 

INTRODUCT I ON 

The o b j e c t  o f  t h i s  r e p o r t  i s  t o  i n v e s t i g a t e  c e r t a i n  

t i e - u p s  between the t h e o r y  o f  d l r e c i e a  graphs  aiid psizt-set 

topo logy ,  In a c e r t d  n sense t h i s  r e p o r t  c a r r i e s  f u r t h e r  

some o f  the work done by Bhargava i n  131, where he  d e v e l o p s  

a p r o b a b i l i s t i c  model f o r  the s t u d y  o f  b i n a r y  d y a d i c  r e l a t i o n s ,  

An aggrega te  o f  b i n a r y  d y a d i c  r e l a t i o n s  on a s e t  has  two Iso- 

m o r p h i c  r e p r e s e n t a t i o n s :  ( 1 )  a d i r e c t e d  graph, and ( i i )  an 

l n c i d e n c e  m a t r i x ,  A p p l i c a t i o n s  o f  m a t h e m a t i c a l  models  o f  

these t ypes  have been t r e a t e d  by Bhargava '  and a r e  b e i n g  

fu r ther  i n v e s t i g a t e d 2  by h i m ,  In t h i s  VePor' t ,  we do n o t  

c o n s i d e r  app l  i c a t i o n g  r a t h e r ,  we s t u d y  c e r t a i n  t h e o r e t i c a l  

a s p e c t s  of d i r e c t e d  g raphs  i n  terms o f  p o i n t - s e t  t opo logy ,  

The n o t i o n s  o f  a c c e s s i b i l i t y  o f  p o i n t s  and o f  connected-  

n e s s  of a d i r e c t e d  g r a p h  appear s i m i l a r  r e s p e c t i v e l y  t o  t h e  

c o n c e p t s  o f  a c l o s e d  s e t  and o f  connec ted  s e t s  as used I n  

p o i n t - s e t  topo logy ,  There fo re ,  i t  seems n a t u r a l ,  as we have 

done i n  t h i s  report,  t o  i n v e s t i g a t e  p o s s i b l e  t i e - u p s  between 

d i r e c t e d  g raphs  and p o i n t - s e t  t opo logy .  I t  i s  hoped t h a t  the  

r e s u l t s  o f  t h i s  work w i l l  be h e l p f u l  I n  t h e  s t u d y  and a n a l y -  

s i s  o f  m a t h e m a t i c a l  models s i m i l a r  t o  those deve loped  i n  (33 ,  

I With L. Katz, ',A S t o c h a s t i c  k o d e l  f o r  a B i n a r y  Dyad ic  
R e l a t i o n  w i t h  A p p l i c a t i o n s  t o  S o c i a l  and B i o l o g i c a l  Sc iences" ,  
B u l l .  I n s t .  In te rna t .  S t a t i s t .  40 (19641, 1055-1057. 

r e s e a r c h  g r a n t  number .Us G-568, 
Under N a t i o n a l  A e r o n a u t i c s  a7 d Space A d m i n i s t r a t i o n ,  

pc 
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A d i r e c t e d  graph ( o r  s i m p l y  a d i g r a p h )  c o n s i s t s  o f  a 

s e t  o f  p o i n t s  and a s e t  o f  edges ( p o s s i b l y  v o i d )  j o i n i n g  

p a r t i c u l a r  o r d e r e d  p a i r s  o f  p o i n t s ,  whereas a t o p o l o g y  Is a 

f a m i l y  o f  s e t s  I n  w h i c h  the i n t e r s e c t i o n  o f  any two s e t s  i s  

a member o f  the  f a m i  l y  and the  u n i o n  o f  t he  members o f  each 

s u b f a m i l y  i s  a member o f  the f a m i l y ,  

Our i n v e s t i g a t i o n  c o n s i s t s  o f  e s t a b l i s h i n g  a t o p o l o g y  on 

an a r b i t r a r y  d i g r a p h  and then e x p r e s s i n g  t h e  n o t i o n s  o f  

a c c e s s i b i l i t y  o f  p o i n t s  a n d  connectedness  o f  a d i g r a p h  i n  

te rms o f  t h a t  t opo loqy ,  We r e l a t e  c e r t a i n  t o p o l o g i c a l  con- 

c e p t s ,  f o r  e x a m p l e  the s e p a r a t i o n  ax ioms and t h e  c l o s u r e  

o p e r a t o r ,  t o  some o f  the connectedness  p r o p e r t i e s  o f  d ig raphs .  

We a l s o  make a c o m p a r a t i v e  s t u d y  o f  t h e  f a m i l y  o f  d i g r a p h s  

w i t h  r e s p e c t  t o  t h e  f a m i l y  o f  t o p o l o g i e s  d e t e r m i n e d  by these 

d i g r a p h s  and b r i e f l y  c o n s i d e r  o t h e r  t o p o l o g i e s  wh ich  may be 

e s t a b l i s h e d  on a d ig raph .  



C# iAPT. -R  1.. 

P R E L  I h i  I NAR I ES 

CECTION 1 . 1 .  O E F l N I T I O r S  AND NOTATIONS 

The f o l l o w i n g  d e f i n i t i o n s  m d  n o t a t i o n s  s e r v e  as  a 

b a s i s  f o r  o u r  d i s c u s s i o n  of d i r e c t e d  g r a p h s  t h r o u g h o u t  t h i s  

r e p o r t .  Mos t  o f  t hese  a r e  s t a n d a r d  and have  appeared e l s e -  

where (e.g., see Bhargava [ 3 1 ) .  

L e t  A deno te  a s e t  of p o i n t s ,  A = c  pi : i F\P, an 

i n d e x  s e t l .  S e t  A may be a f i n i t e ,  a c o u n t a b l e ,  or an 

u n c o u n t a b l e  s e t .  \?e denote a s u b s e t  o f  A b y  a. - 
L e t  8 deno te  a s u b s e t  o f  the  C a r t e s i a n  p r o d u c t  A X A, 

D E F I N I T I O N  1 . 1 . 1 .  A d i g r a p h  ( d i r e c t e d  g r a p h )  i s  a 

s e t  A o f  p o i n t s  a d  a s e t  E o f  o r d e r e d  p a i r s  o f  p o i n t s  

such t h a t  4 - E  c A X A .  A d i g r a p h  i s  d e n o t e d  b y r  (A,E),  

o r  simply by r(A) i f  the s e t  E i s  f i x e d .  

- - 

DEFINITION 1.1.2. For  a r  A ,  the d i g r a p h  -- 
r ( g ,  E q  3 x z ) ~  d e n o t e d  s i m p l y  b y r ( g ) ,  i s  a s u b d i g r a p h  

o f  the  d i g r a p h  r ( A , E ) .  
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DEFINITION 1.1.3. An e lemen t  o f  E I s  c a l l e d  an edqe o f  

the d i g r a p h  I ‘ ( 4 , E )  and i s  d e n o t e d  by  e ( i , j ) ;  e ( 1 , j )  Is 

s a i d  t o  be an edge f r o m  Pi t o  P and may be r e p r e s e n t e d  

by  a d i r e c t e d  l i n e  f rom P t o  P 
j 

.io i 

! R  the digraph r ( A ; E ) :  e( i , J )  E E i s  a l s o  s a i d  t o  

be an edge f r o m  s e t  zr 5 A t o  s e t  9, s A ,  i f  P I  C zr 

and PJ gs. 

DEFINITION l G l , ~ ,  A d l p a t h  ( d i r e c t e d  p a t h )  o f  l e n g t h  

L from Pi t o  P I s  an o r d e r e d  (L + I ) - t u p l e  o f  p o i n t s  of 

r(A,E), 
j 

Is a s u b s e t  o f  the edge s e t  E o f  F ,(A,E). The p o i n t  P I  

Is c a l l e d  t h e  i n i t i a l  p o i n t ,  t he  p o i n t s  ‘k2) ‘Kj’ .*, 9 

a r e  c a l l e d  i n t e r m e d i a t e  p o i n t s ,  and P i s  c a l l e d  
P k ( L - i )  j 
t h e  t e r m i n a l  p o i n t  o f  the d i p a t h ,  

We n o t e  t h a t  a d i p a t h  i s  a lways  o f  p o s i t i v e  f i n i t e  

l e n g t h  and t h a t  t h e  d i p a t h  o f  l e n g t h  one i s  

s i m p l y  the  edge e ( i , j ) .  

DEFINITION 1.1.5. An edge f r o m  Pi t o  P i  i s  c a l l e d  

a loop a t  PI  and i s  denoted  by e ( i , i ) *  
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DEFINITION 1.1.6. I f  t h e r e  e x i s t s  a d i p a t h  f r o m  Pi 

J t o  P I n  r ( A , E ) ,  we s a y  t h a t  Pi 1s a c c e s s i b l e  t o  P J 
( o r  t h a t  P i s  a c c e s s i b l e  f r o m  PI)  and deno te  t h i s  by J 
a(i,j), In  t h i s  s i t u a t i o n ,  the  o r d e r e d  p a i r  (P ,P Is 

1 . l  
c a l l e d  an a c c e s s i b l e  p a l r .  

I f  P I  f s  n o t  a c c e s s i b l e  t o  P we w r i t e  a(1,j). 
In t h i s  w, we a d o p t  t h e  c o n v e n t i o n  t h a t  PI Is 

a l w a y s  a member o f  the  s e t  o f  p o i n t s  a c c e s s i b l e  f r o m  Pi; 

we deno te  t h i s  f a c t  by a ( i , ; ) .  I t  s h o u l d  be  n o t e d  t h a t  

a(1,i) does n o t  n e c e s s a r i l y  i m p l y  t h a t  t h e r e  e x i s t s  a 

d i p a t h  f rom Pi t o  P i s  

f o r  each P I  € A, 

J’  
hikpot’t 

but  does i m p l y  t h a t  Pi E: fP . :&( i , j )?  
J 

DEFINITION 1.1.7. I f  b o t h  (p ( t , j )  and @(j , I ) ,  

t h a t  Is I f  P I  i s  a c c e s s i b l e  t o  P and P i s  a c c e s s i b l e  
j j 

we say t h a t  Pi and P a r e  s y m m e t r i c a l l y  a c c e s s i b l e  
I ’  j 

t o  P 

and deno te  t h i s  b y  a*(l,j). 

We n o t e  t h a t  the  r e l a t i o n  &* Is an e q u i v a l e n c e  

r e l a t i o n  on s e t  A and thus  p a r t i t i o n s  s e t  A (see 

DEFINITION 1.1.8, r ( A , E )  is a t r a n s i t i v e  d i g r a p h  1f 

e ( 1 , j )  F E and e ( j , k )  F E i m p l i e s  tha t  e ( i , k )  G E, 

DEFINITION l . l e 9 ,  An edge f u n c t i o n  f on the d i g r a p h  

r : A , E )  i s  a f u n c t i o n  which a s s i g n s  a non -nega t i ve  r e a l  number 

t o  each e l e m e n t  o f  A X A, such t h a t  f ( i , j )  > 0 i f f  

e ( l , j )  E E. f ( 1 , j )  = 0 o the rw ise .  
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DEFINITION I . l . I O  The c h a r a c t e r f s t l c  edge f u n c t i o n  f c  
I 

on t h e  d i g r a p h  l"(A,E) i s  d e f i n e d  t o  be: 

In genera l ,  the i o p o i o g i c a i  u e r i i i t  A - r t  * L : - - -  S I U ~ ~ ~  u a I u  3 n A  nntatinnc . .- .-  

used  i n  t h i s  report a r e  q u i t e  s t a n d a r d  and may be f o u n d  i n  

K e l l e y  [51. 

SECTION I .2. CLASSiFlCATlON SYSTEMS 

There a r e  c l e a r l y  many ways o f  d e s c r i b i n g  c l a s s i f i c a t i o n  

sys tems f o r  d i g r a p h s .  We p r e s e n t  be low two o f  these wh ich  

a r e  r e l e v a n t  t o  o u r  d i s c u s s i o n .  These a r e  g i v e n  i n  Bhargava 

E 3 1 9  PP. 7. 

CONNECTEDNESS CLASS I F  I C A T  ION 

A d i g r a p h  F ( A , E )  Is s a i d  t o  be: 

I ( 1 )  s t r o n g l y  connected, i f  @*(r , j )  f o r  e v e r y  P i  

and P i n  A, J 

( 1 1 )  u n i l a t e r a l l y  connected, i f  @(i,j) o r  d(j, i) ,  

f o r  e v e r y  P I  and P in A. J 

( f i r )  wear<lv connected, i f  r ( A , E  [ J  E')  I s  s t c o n g l y  

connected, where E' = f e ( j , f )  : e ( 1 , j )  E €1. 

( i v )  d i sconnec ted ,  i f  r (A ,E)  1s n o t  even weak ly  

c onne c t e  d o  
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To o b t a i n  a m u t u a l l y  e x c l u s i v e ,  t o t a l l y  e x h a u s t i v e  

c l a s s i f i c a t i o n  system, we may d e f i n e  a d i g r a p h  F(A,E)  t o  

be o f  type: 

( r )  53, i f  r ( A , E )  Is s t r o n g l y  connected. 

( 1 1 )  s2, I f  F(A,E) i s  u n i l a t e r a l l y ,  b u t  n o t  s t r o n g l y  

connected, 

( i i i )  s t ,  I f  r ( A , E )  i s  Weakly, b u t  not u n i l a t e r a l l y  

connected, 

(Id SO’ I f  r ( A , E )  I s  d isconnected ,  

A d i g r a p h  o f  t y p e  s i  i s  s a i d  t o  be i n  the connected-  

n e s s  s t a t e  s f 9  f o r  1 = 0, I, 2, o r  3. 

ACCESSIBJLITY CLASSIFICATION 

i f  t he  s e t  f ( P  P 1: 
1 ’  J A d i g r a p h  r ( A , E )  1s o f  type s ’ ~ ,  

( P  ,P ) A X A ,  @ ( I , j ) g  c o n t a i n s  e x a c t l y  k members. 
1 J  



I CHA?TER 2. 

POINT-SET TOPOLOGY AND DIGRAPHS 

In t h i s  c h a p t e r  we I n v e s t i g a t e  t h e  a c c e s s i b i  I i t y  o f  

p o i n t s  o f  a d i g r a p h  (see s e c t i o n  1.1. )  and t h e  connectedness  

s t a t e  o f  a d i g r a p h  (see s e c t i o n  1.2.j i n  terms o f  some o f  

t he  c o n c e p t s  o f  p o i  n t -se t topo I ogy . 
SECTION 2.1. A TOPOLOGY ON A DIGRAPH 

A t o p o l o g y  may be de te rm ined  on s e t  A by s u i t a b l y  

d e f i n i n g  c e r t a i n  s u b s e t s  o f  A t o  be open w i t h  r e s p e c t  t o  

a d i g r a p h  F(A,E) .  

DEFINITION 2.1e1, S e t  3 ,c A o f  d i g r a p h  r (A,E)  1s 

open, i f  Pi E ( A  9 2) and Pj 2 I m p l i e s  t h a t  e ( 1 , j )  4 E. 
In o t h e r  words, 2 s  A 1s open I f  t h e r e  does n o t  e x i s t  an 

edge I n  r(A,E) f r o m  ( A  -3) t o  20 

We ment ion ,  I n  pass ing,  t h a t  s e t  2s A o f  r (A ,E)  1s 

- c l o s e d  I f f  s e t  ( A  -2) of  F(A,E) Is open. Hence s e t  

.I a ,c A o f  d i g r a p h  r ( A , E )  Is c l o s e d  i f f  PI E 3 md 

PJ f ( A  -2) I m p l i e s  t h a t  e ( l , j )  $ E. That  Is, s e t  

2 t A Is c l o s e d  I f f  t he re  does n o t  e x i s t  an edge i n  r ( A , E )  

f r o m  9 t o  ( A  - a ) .  - 
* The ma in  r e s u l t s  o f  t h i s  c h a p t e r  have been p r e s e n t e d  

a t  t h e  A p r i l ,  I96 meet ings  o f  t h e  American M a t h e m a t i c a l  
S o c i e t y ;  see [ 4  . 

0 
4 
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t 

THEOREM 2.1.1. Each d i g r a p h  r(A,E) d e t e r m i n e s  a 

u n i q u e  t o p o l o g f c a l  space (A,7), where = la: 2s A o f  

d A , E )  Is openl. Aloreovet, ( A ? )  h a s  c o m p l e t e l y  a d d i t i v e  

c l o s u r e  (1.8. the i n t e r s e c t i o n  o f  any number o f  open s e t s  

i s  open). 

PROOF,  L e t  r ( A , E )  be an a r b i t r a r y  d ig raph .  R e l a t i v e  

t o  d e f i n i t i b n  2.1.1., r ( A , E )  d e t e r m i n e s  a u n i q u e  f a m i l y  7 ,  

where T = @: 2 A o f  F(A,E) I $  open?, 

To p r o v e  t h a t  (A,:) i s  a t o p o l o g i c a l  space, we must  

show t h a t  (see K e l l e y  151, PPe 37): ( I )  the  u n i o n  o f  

t h e  members o f  the f a m i l y  7 f s  A, ( I f )  the u n i o n  o f  

t h e  members o f  each s u b f a m i l y  o f  7 1s a member o f  If, 

and (Tl I )  the i n t e r s e c t i o n  o f  any two members o f  3 fs  

a member o f  7 .  

( I )  ( A -  A )  = $, the  v o ? d  se t .  Thus, s e t  A vacuous ly  

s a t i s f i e s  d e f i n i t i o n  2.i.f. and t h u s  A E To F o r  e v e r y  

- a E T+, 815 A. The re fo re ,  ~(2: 2 E r3 = A. 

( 1 1 )  L e t  fsk: k E K 1  be an  a r b i t r a r y  s u b f a m i l y  o f  7, 

F o r  each k E K, t h e r e  does n o t  e x i s t  an edge f r o m  s e t  

( A  - & )  t o  s e t  ijk. Thus t h e r e  does n o t  e x i s t  an edge 

f r o m  n T A  -gk: k E K ' j  t o  any a+* Hence t h e r e  does n o t  

e x i s t  an edge f r o m  A - 1 1  fsk: k € K! 

L e .  u f g  k c K  I E 7. 

t o  I I  f&: k f K ? *  

( 1 1 1 )  Agarn l e t  fak: k f K 1  be an a r b i t r a r y  s u b f a m i l y  

of 7 ,  F o r  each k € K, t h e r e  does n o t  e x i s t  an edge f r o m  

s e t  ( A  - 4 )  t o  s e t  s. Thus t h e r e  does n o t  e x i s t  an 

edge f remaap ( A  -sk) t o  nfa+: k E K I .  Hence t h e r e  

does  n o t  e x i s t  an edge f rom [ J f A  -zk: k E K )  a 



A - ‘1 f&: k E K ?  t o  Q &: k € K ? ,  1.0. n fgk: k C.K! C 7. 

Consequent ly ,  (A,T) Is a t e p o I g t c a l  space and thus 

r(A,E) d e t e r m i n e s  a un ique t o p o l o g i c a l  space (APT). More- 

over, by p a r t  ( I f f ) ,  (A,T) h a s  c o m p l e t e l y  a d d l t l v i e  closure- 

LEMMA 2.1.2. Le t  PI and P be f i x e d  p o i n t s  o f  s e t  4, 

( f , J ) ,  1.e. PI 1s a c c e s s i b l e  t o  P i f f  f o r  each s u b s e t  
J 

J’ 
a A c o n t a i n i n g  Pi b u t  n o t  P t h e r e  e x i s t s  an edge f r o m  

- a t o  ( A  -21, fee. an edge f r o m  some p o i n t  o f  2 t o  some 

p o i n t  o f  ( A  - g). 
J’ - 

the  lemma i s  t r i v i a l l y  t rue ,  
J’  

PROOF. I f  P l  = P 

Assume t h a t  @ ( t , J )  for . Thus t h e r e  e x i s t s  a 

L e t  p be an a r b l -  
p 1  + pJ 

j’ 
d i p a t h  o f  f i n i t e  l e n g t h  f r o m  P i  t o  P 

t r a r y  s u b s e t  o f  A c o n t a i n i n g  Pi b u t  n o t  P 

Inition.l;L,4,,we n o t e  t h a t  a d f p a t h  Is an o r d e r e d  t u p l e  o f  

f i n i t e  l e n g t h .  L e t  P K ,  the k - th p o i n t  o f  the  t u p l e ,  be t h e  

f i r s t  p o i n t  o f  t h i s  d i p a t h  wh ich  i s  n o t  i n  s e t  g, 1.8. 

P 4 2 an d  each p o i n t  p r e c e d i n g  Pk i n  the  t u p l e  Is i n  8. 

A l s o  PlC # PI- 
name I y 

In  d e f -  J’ 

k 

Thus P ( k m l )  E 2, and we have t h e  r e q u i r e d  edge, 

e (k-1 ,K 1. 

L e t  P ,  and P be d l s t i n c t  f i x e d  p o i n t s  o f  s e t  A, J 

J’ Assume t h a t  f o r  each subse t  2 c o n t a i n i n g  Pi b u t  n o t  P 

t h e r e  e x i s t s  an edge f rom s e t  2 t o  s e t  ( A  -3). Form t h e  

s e t  31 = f P h :  a(r,h)?, t h e  s e t  o f  a l l  p o i n t s  t o  wh ich  P f  

I S  a c c e s s l b l e .  Assume tha t  PJ 4 gt. Then, by h y p o t h e s i s ,  

t h e r e  e x i s t s  an edge f rom g1 t o  ( A  -at), say e ( r , s )  f rom 



p r  e 21 t o  Ps E ( A  *si). But PI 1s a c c e s s i b l e  t o  P,.: 

1.e. P = Pr o r  t h e r e  e x i s t s  a f i n i t e  d i p a t h  f r o m  P t o  

wh ich  'r* 
i n c l u d e s  the  p o i n t  Pro Thus PI 1s a c c e s s i b l e  t o  Ps and 

t h e r e f o r e  Ps pi. C o n t r a d i c t i o n !  Thus PJ  E s1, i.e. P, 

i s  a c c e s s i b l e  t o  P 

1 1 
Thus t h e r e  e x i s t s  a f i n i t e  d i p a t h  f r o m  Pi t o  Ps 

.r 
THEOREM 2.1.3. L e t  P and P be f i x e d  p o i n t s  o f  s e t  A. 

i j 
i f f  each c l o s e d  J '  d?(i, j), L e .  P I  i s  a c c e s s i b l e  t o  P 

s e t  c o n t a i n i n g  P c o n t a i n s  P o r  e q u i v a l e n t l y ,  I f f  each 
i J' 

open s e t  c o n t a i n i n g  P c o n t a i n s  J 

PROW. L e t  P I  and P be f i s e d  p o i n t s  o f  s e t  A. 

Assume that ( i , j ) *  L e t  2 be an a r b i t r a r y  c l o s e d  s e t  
J 

c o n t a i n i n g  Pi. I f  P E ( A  ?a),  then,by lemma 2.1,2., t h e r e  

e x i s t s  an edge f r o m  2 t o  ( A  -21, 1.e. 3 Is n o t  c losed.  

Thus Pj 

J 

Now assume t h a t  each c l o s e d  s e t  c o n t a i n i n g  PI c o n t a i n s  

P 1.8. t h e r e  does n o t  e x i s t  a c l o s e d  s e t  c o n t a i n i n g  .J' 
A s e t  - a i s  c l o s e d  I f f  the  s e t  ( A - 2 )  i s  J '  b u t  n o t  P 

open: thus  t h e r e  does n o t  e x i s t  an open s e t  c o n t a i n i n g  P 

b u t  n o t  Pip ! .ev  each open s e t  c o n t a i n i n g  P c o n t a i n s  PI. 
J 

.J 
F i n a l  1 y  assume that  each open s e t  c o n t a i n i n g  P con- 

t a i n s  Pi. Hence each s e t  2 c o n t a i n i n g  P .  b u t  n o t  PI I s  

n o t  open, 1.8. each s e t  ( A  7 s )  i s  n o t  c losed.  Thus f o r  each 

s e t  ( A  -2)' t h e r e  e x i s t s  an edge f r o m  ( A  ' ?a )  - t o  8. B y  

lemma 2.1.2.s PI i s  a c c e s s i b l e  t o  P 

J 

J 

j' 



SECT ION 2.2. CONNECTEDNESS STATES 

We p r e s e n t  now an  i d e n  t i f i ca t i on theorem f o r  the  connec t -  

edness s t a t e s  ( s e c t i o n  1.2.) o f  a d i g r a p h  rt 9 , E )  i n  te rms 

o f  the  topology ( A J )  on t h a t  d ig raph .  

( 1 )  The d i g r a p h  f ' iA,E)  i s  s t r o n q l y  connec ted  ( s 3 )  

I f f  ( A , f )  Is an i n d f s c r e t e  t o p o l o g i c a l  space, (1.e. 

7 = E.A,O]). 

( I ? )  The d i g r a p h  I'(A,E) Is u n i l a t e r a l l y  connec ted  

1s l i n e a r l y  (s2 o r  s ) I f f  the  f a m i l y  o f  open s e t s , r ,  

o r d e r e d  by i n c l u s i o n ,  (i.e. whenever a and g2 a r e  open, 
3 

- I  

( I l l )  The d i g r g p h  T'(A,E)  I s  weak ly  connec ted  

(si o r  s2 o r  s ) i f f  

(1.e. s e t  A c a n n o t  be exp ressed  as the  u n i o n  o f  two d i s j o i n t  

non -vo id  open s e t s ) .  

( A , I )  is " t o p o l o g i c a l l y  connected" ,  
3 

( I v )  The d i g r a p h  r ( A , E )  Is d i s c o n n e c t e d  ( s o )  I f f  (A,T) 

Is n o t  " t o p o l o g i c a l l y  connected",  (1.8. s e t  A can be ex -  

p r e s s e d  as the  u n i o n  o f  t w o  d i s j o i n t  non -vo id  open s e t s ) .  

PROOF. 

( I )  Assume t h a t  T ' (A ,E)  is s t r o n g l y  connec ted  (see sec- 

t i o n  1.2.). I f  P ,  m d  2 .  a r e  a r b i t r a r y  p o i n t s  o f  F(A,E), then  
J 



By  theorem 2.1,3., J' 1, 1.e. P I  1s a c c e s s i b l e  t o  P 

each open s e t  containing P c o n t a i n s  Pi. Hence t h e  o n l y  J 
n o n - v o i d  open s e t  I n  (A,S) 1s A, Thus, 7 = TA,q] ,  

Assume now t h a t  7 = EA,()]. L e t  Pi and P j  be a r b l -  

t r a r y  - .  p o i n t s  o f  Z'(A,E). Each open s e t  c o n t a i n i n g  Pi con- 

t ; ? l n s  P m d  each open s e t  c o n t a i n i n g  P c o n t a i n s  Pi, 

s i n c e  A i s  the o n l y  non-vo id  open s e t  i n  (A,IT), By theorem 

2.I.3., @ ( j , 1 )  and CP ( I , J ) ,  1.8. 6%,j). Consequen t l y  

r (A ,E)  i s  s t r o n g l y  connected, 

J J 

( 1 1 )  The f a m i l y  7 o f  open s e t s  o f  (A,T) i s  l i n e a r l y  

o r d e r e d  by i n c l u s i o n  ( i . 8 .  f o r  e v e r y  two open s e t s  o f  (A,T), 

one 1s a s u b s e t  o f  the  o t h e r )  I f f  f o r  a r b i t r a r y  p o 1 n t s  

a r d  P o f  A t h e r e  does n o t  e x i s t  an open s e t  c o n t a i n i n g  
PI 

J 
b u t  n o t  P o r  t h e r e  does n o t  e x i s t  an open s e t  c o n t a i n -  

pi J 
J 
This 

i n g  P b u t  n o t  PI. That  is, each &pen s e t  c o n t a i n i n g  P 

c o n t a i n s  PI o r  each open s e t  c o n t a i n i n g  Pi c o n t a i n s  P 

i s  t r u e  i f f ,  by theorem 2 .1r3 , ,  0 ( 1 , j )  o r  ( f l ( J , I ) ,  f o r  the  

a r b i t r a r y  p o i n t s  P and P o f  r(A,E), By  s e c t i o n  1,2., 

T(A,E) Is u n i l a t e r a l  l y  connected, 

J 
J' 

I J 

( 1 1 1 )  In the d i g r a p h  r (A,E) ,  s e t  A c a n n o t  be expeessed 

a s  t h e  u n i o n  o f  two d i s j o i n t  non -vo id  open s e t s  I f f  e v e r y  non- 

v o i d  p r o p e r  s u b s e t  o f  A i s  n o t  open o r  i s  n o t  c losed .  E q u i -  

v a l e n t l y ,  by d e f i n i t i o n  2.1.1., f o r  each n o n - v o i d  p r o p e r  sub- 

s e t ,  say Zk9 o f  A, t h e r e  e x i s t s  an edge f r o m  ( A  -2,) 

t o  gk o r  t h e r e  e x i s t s  an edge f rom zk t o  ( A  -2,) 1n 
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r (A ,E) ,  Tha t  Is, i n  F ( A ,  E U E'), where E' = { e ( J , t )  : 

e ( 1 , J )  C E?, t h e r e  e x i s t s  an edge f r o m  ( A  N a ) t o  4 
and t h e r e  ex1s t s  an edge f r o m  sk t o  ( A  - a+), f o r  each non- 

v o i d  p r o p e r  s u b s e t  a o f  A, Hence by  d e f i n i t i o n  2.l.I,, 

t he  o n l y  open s e t s  i n  T(A, E U E') a r e  0 and A, Th ls  Is 

t r u e  I f f ,  by p a r t  ( 1 )  o f  t h i s  theorem, r ( A ,  E U E') I s  

s t r o n g l y  connected.  E q u i v a l e n t l y ,  by s e c t i o n  1.2, T'(A,E) 

i s  Weak I y connected, 

--I< 

'k 

( l v )  T h i s  i s  the  c o n t r a p o s i t i v e  o f  p a r t  (lii) o f  t h i s  

theorem. 

In s e c t i o n  2,4., we d i s c u s s  the  c l o s u r e  o p e r a t o r  a d  

p r e s e n t  an f d e n t f f  f c a t f o n  theorem (thm. 2.4.4.) based upon 

the  c l o s u r e  o p e r a t o r ,  It I s  e q u i v a l e n t  t o  t h e  theorem t h a t  

we have J u s t  proved. 

We n o t e  t h a t  the  connectedness  c l a s s i f i c a t i o n  o f  a 

d i g r a p h  r ( A , E )  i s  c o n s i s t e n t  w l  th t h e  " t o p o l o g i c a l  connected-  

ness"  o f  the t o p o l o g i c a l  space (A,T) d e t e r m i n e d  by t h a t  

d i g r a p h .  The t o p o l o g i c a l  space d e t e r m i n e d  by a d i g r a p h  i s  

dependen t  upon the  d e f i n i  t i o n  o f  an "open set" .  In c h a p t e r  

3, we show t h a t  a i  t e r n a t e  de f  i n f  t i o n s  f o r  an "open s e t "  may 

o r  may n o t  p roduce  t h i s  c o n s i s t e n c y .  Throughout  t h i s  repozt, 

an open s e t  r e f e r s  t o  a s e t  s a t i s f y i n g  d e f i n i t i o n  2 . i . l .  

SECTION 2.3, SEPARATION AXlOhiS 

In t h i s  s e c t i o n ,  we i n v e s t i g a t e  a d i g r a p h  i n  terms o f  



t h e  s e p a r a t i o n  a x i o m ( s )  s a t i s f i e d  b y  the  t o p o l o g i c a l  space 

wh ich  Is d e t e r m i n e d  by t h a t  d ig raph.  Le make use o f  the  

f o l l o w i n g  two s e p a r a t i o n  axioms (see K e l l e y  [ 5 ] ,  pp. 56-57): 

( 1 )  a t o p o l o g i c a l  space ( A . J )  1s a Tn-space i f f  f o r  e v e r y  
.I 

P, =# P, ,  e l t h e r  t h e r e  e x i s t s  an open s e t  c o n t a i n i n g  PI b u t  
I J 

n o t  P o r  t h e r e  e x i s t s  an open s e t  c o n t a i n i n g  P b u t  n o t  

Pi and ( 1 1 )  a t o p o l o g i c a l  space ( A , * )  I s  a Ti-space I f f 

each s e t  wh ich  c o n s i s t s  o f  a s i n g l e  p o i n t  i s  c losed .  

J J 

THEOREM 2.3. t 

N 

( 1 )  I n d i g r a p h  r ( A , E ) ,  a(1,j) or C J l ( J , f ) ,  f o r  

a l l  P f  3 PJ (1.e. t h e r e  does n o t  e x i s t  PI and P such t h a t  

PI PJ and a*(i,j)) I f f  ( A , J )  i s  a &,-sDace, 
J 

PROOF. 

( 1 )  L e t  P, sdd P denote  d i s t i n c t  a r b i t r a r y  p o i n t s  J 
o f  r(A,E).  5 ( 1 , j )  o r  Z ( j , I ) ,  1.e. PI i s  n o t  access-  

i b l e  t o  P o r  P I s  n o t  a c c e s s i b l e  t o  PI. T h i s  i s  t r u e  

i f f ,  by theorem 2.1.3., t h e r e  e x i s t s  an open s e t  c o n t a i n i n g  

P b u t  n o t  PI o r  t h e r e  e x i s t s  an open s e t  c o n t a i n i n g  P I  

b u t  n o t  P i . e ,  (A,7) 1s a To-space. 

j j 

3 

J '  



( 1 1 )  For d i g r a p h  r ( A , E ) ,  fe(1,J)  : e(1,J) f E, 

3 1  = 4, 1 

of A t o  any o t h e r  d i s t i n c t  p o i n t  o f  A, I f f  ( u s i n g  d e f l -  

n i t l o n  2.1.1e) each s e t  c o n s i s t i n g  o f  a s i n g l e  p o i n t  Is 

c l o s e d ,  i,e. (A,T) Is a TI-space. S i n c e  (A,Z) h a s  com- 

p l e t e l y  a d d i t i v e  c l o s u r e ,  each s e t  c o n s i s t i n g  o f  a s i n g l e  p o f n t  

Is c l o s e d  I f f  e v e r y  s u b s e t  o f  A i s  open, 1.8. ( A , J )  i s  a 

d i s c r e  t e  space. 

I.e. t h e r e  does n o t  e x i s t  an edge from any p o i n t  

SECTION 2.4. TOPOLOG ICAL OPERATORS 

In t h i s  s e c t i o n ,  we make use o f  t h e  closure, k e r n e l ,  

and c o r e  o p e r a t o r s  t o  i n v e s t i g a t e  the  connectedness  o f  a 

d i g r a p h .  The s t a n d a r d  t o p o i o g i c a l  de f  i n i  t i o n  Is g i v e n  f o r  

t h e  c l o s u r e  o f  a s e t .  The d e f i n i t i o n s  f o r  t he  k e r n e l  and t h e  

c o r e  o f  a s e t  a r e  taken  from an a r t i c l e  b y  Aull and Thron [I]. 

F i r s t  l e t  us s t a t e  t h e  d e f i n i t i o n  o f  the  c l o s u r e  o f  a 

s e t  i n  the  t o p o l o g i c a l  space (A,r). 

DEFINITION 2.4.I. The c l o s u r e  o f  s e t  8, deno ted  by 

CI(g), i s  t he  i n t e r s e c t i o n  o f  a l l  t h e  c l o s e d  s u b s e t s  o f  A 

c o n t a i n i n g  p, l e e .  C I ( ~ )  = nlaJ : gJ Is c losed ,  8" gj 5 A ) .  

L e t  us now d e f i n e  a n  opera t o r  ana logous t o  t h e  c l o s u r e  

o p e r a t o r  r n  terms o f  t h e  open s e t s  f a t h e r  t han  t h e  c l o s e d  

s e t s  c o n t a i n i n g  a p a r t i c u l a r  se t ,  



DEFINITION 2.4.2. The k e r n e l  o f  s e t  2, deno ted  by 

KI(=), i s  t h e  i n t e r s e c t i o n  o f  a l l  t h e  open s u b s e t s  o f  A 

c o n t a i n i n g  s e t  2, f o e o  ~ i ( p )  = n f a  -j ' &j is open, 

$2 n c t e  t h a t  the r ! o z u r e  o f  a s e t  i s  a lways  c l o s e d  and 

t h a t  s e t  2 Is c l o s e d  i f f  2 = Cl(p). Also,  s i n c e  the  

t o p o l o g y  on a d i g r a p h  has c o m p l e t e l y  a d d i t i v e  c l o s u r e  (see 

theorem 2.1 .I . ), we see t h a t  the  k e r n e l  o f  a s e t  i s  open d 

t h a t  s e t  p i s  open i f f  s =  K 1 ( = ) ,  

THEOREM 2.4. f 0 

( 1 )  F o r  any p o i n t  P, of r ( A , E ) ,  

C! { P i 1  = [PJ : a ( 1 , j ) ) ,  and 

KI E p l )  = [pJ U l ( J , i ) .  

In words, Cl ( P l ]  

a c e  a c c e s s l b l e  f rom 

d i g r a p h  wh ich  a r e  a c c e s s i b l e  t o  p o i n t  

Is t h e  s e t  O f  p o i n t s  o f  t h e  d i g r a p h  wh ich  . K I  cP13  f s  t h e  s e t  o f  p o i n t s  o f  t he  
pi 

PROOF. 

c l o s e d  and Pi E a 3 .  T h a t  i s ,  Cl c P l ]  Is t he  s e t  o f  a l l  

p o i n t s  such t h a t  e v e r y  c l o s e d  s e t  c o n t a i n i n g  P i  c o n t a i n s  
-J 



We w i s h  t o  n o t e  h e r e  t h a t  Berge d e f i n e s  t h e  " t r a n s i t i v e  

c l o s u r e "  o f  a p o i n t  P I  

i n  ou r  t e r m i n o l o g y ,  the  s e t  

r e s u l t s  o f  theorem 2,4,1,, I t  f o l l o w s  t h a t ,  i n  a d ig raph ,  

t o  be a s e t  o f  p o i n t s  i d e n t i c a l  with, 

fPlc : a ( i , k ) ) .  Thus, f rom t h e  

o u r  c l o s u r e  o f  P, Is e q u i v a l e n t  t o  Berge 's  " t r a n s i t i v e  

c l o s u r e "  o f  pi. (Berge [ 2 l ,  pp. I I  1. 

The c l o s u r e  o p e r a t o r  i s  u s e d  t o  d e f i n e  v a r i o u s  t o p o l o g i -  

c a f  terms, 8.g.: a s e t  2 i s  dense i n  a t o p o l o g i c a l  space 

( A , I )  I f  Cl(p) = A (see K e l l e y  [51# pp. 49). Two s u b s e t s  



4 

a and a a r e  s e p a r a t e d  i n  (A,T) I f  C l h i )  t7 a = 4 
and p1 r) CI a = 4 (see K e l l e y  [ ? I ,  p p ,  52). L e t  us  r e l a t e  
-1 'J -J 

-J 
dense and s e p a r a t e d  s e t s  t o  t h e  a c c e s s i b i l i t y  o f  p o i n t s  i n  

a d ig raph .  

COROLLARY 2,4,2, S a t  a ! s  dense ? n  A o f  r f A , E )  I f f  - - 
for each p o i n t  P, of A, t h e r e  e x i s t s  a p o i n t  PI o f  p 

such t h a t  P i  f s  a c c e s s i b l e  t o  PK 
PROOF, Fol lows from theorem 2,4,1, 

o f  A a r e  
pJ COROLLARY 2.4.3, Two s u b s e t s  s1 and 

s e p a r a t e d  i n  I'(A,E) i f f  t h e r e  does n o t  e x i s t  Pi E si and 

P Eaj, such t h a t  ( 1 , j )  or  C? (, jsi).  
J 

PROOF. Cl(ql)  pj = 0 and pi fl C l  sj 0 i f f ,  by 

and theorem 2.4.I., t h e r e  does n o t  e x i s t  p o i n t s  

PJ f a such t h a t  @ ( f , j )  and t h e r e  does n o t  e x i s t  p o i n t s  

P E a and Ps € a such t h a t  a ( s , r ) .  

P I  E sf 
-J 

r -1 -J 

In  s e c t i o n  2.2, we p roved  an f d e n t f f i c a t i o n  theorem f o r  

t h e  connectedness  s t a t e s  o f  a d ig raph ,  We now p r e s e n t  an 

i den t i  f i c a  t i  on theorem based upon the c I o s u r e  opera  t o r  and 

s e p a r a t e d  s e t s ,  

( 1 )  The d i g r a p h  T ( A , E )  Is s o  ( d i s c o n n e c t e d )  I f f  

s e t  A can be exp ressed  as t h e  u n i o n  of two non-vo id  

s e p a r a t e d  s u b s e t s  o f  (A,Y). 
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1 
( 1 1 )  The d i g r a p h  r ( A , E )  1s so  ( d i s c o n n e c t e d )  O r  S 

(weak ly  connected, b u t  n o t  u n l  l a t e r a l l y  c o n n e c t e d )  i f f  (A ,Y)  

c o n t a i n s  two non-vo id  s e p a r a t e d  subsets .  

( f l f )  The d i g r a p h  r ( A , E )  i s  s3 ( s t r o n g l y  connec ted )  

? f f  each p n i n t  nf A !s  d e n s e  i n  ( A F T ) p  1.e. I f f  f o r  each 

PROOF. 

( 1 )  T'(A,E) 1s so i f f ,  by theorem 2.2,1., s e t  A can 

be expressed  as the  u n i o n  o f  two d i s j o i n t  n o n - v o i d  open s e t s ,  

say br and ( A  -si) .  That Is, t h e r e  does n o t  e x i s t  an 

edge f r o m  s e t  Pi t o  ( A  - a l )  o r  f rom s e t  ( A  -gi )  t o  

Pi ' Hence, C f  (9, ) = gi and C I ( A  - z r )  = ( A  There- 

f o r e ,  T(A,E) 1s so I f f  s e t s  g1 and ( A  - g l )  a r e  

s e p a r a t e d  I n  (A,T). 

( i f )  Assume t h a t  r(A,E) i s  e i t h e r  s 1  or so, 1.e. 

Then, b y  s e c t i o n  1.2., s3 nor %' r ( A , E )  i s  n e i t h e r  

t h e r e  e x i s t  p o i n t s ,  say 

and 8( j , i ) ,  By theorem 2.4.l., P I  4 CI TP 1 and 

P 4 CI f P i ] .  Thus, [ P I ]  and fP 1 a r e  two non-vo id  

s e p a r a t e d  subse ts  o f  (A,y), 

i n  A such t h a t  5 ( i , j )  J '  Pi and P 

J 

J I .i 

Assume now t h a t  ( A , r )  c o n t a i n s  two non-vo id  s e p a r a t e d  

subse ts ,  say,Zi and a By c o r o l  l a r y  2.4.3., t h e r e  does 

n o t  e x i s t  Pi c q  and P E sj, such t h a t  a ( i , j )  o r  

a(j,f),  s i n c e  gI and gI a r e  non-void,  t h e r e  e x i s t  p o i n t s ,  

-J* 
j 



By s e c t i o n  1.2., r ' ( A , E )  Is e i t h e r  so o r  si. 

(IIi) By theorem 2.2.1., r ( A , E )  Is s t r o n g l y  c o n n e c t e d  

i f f T = rA,Q)* T h i s  Is t r u e  i f f  C l  fP i?  = A f o r  each PI E A. 

L e t  us now d e f i n e  the c o r e  o p e r a t o r  and r e  I a t e  I t t o  t h e  

c l o s u r e  and k e r n e l  o p e r a t o r s ,  

~ 

~ 

DEFINITION 2.4.3. The - c o r e  o f  s e t  2, d e n o t e d  by X ( g ) ,  

Is t he  i n t e r s e c t i o n  o f  a l l  s u b s e t s  o f  A c o n t a i n i n g  p wh ich  I 

a r e  c l o s e d  o r  open, i.e. 

THEOREM 2.4.5, 

( 1 )  F o r  any p o i n t  PI o f  F'(A,E), 

X EP 3 = lpJ  : Cp*(i,j)I, 
I 

I n  words, 3( CP,l 

w h l c h  a r e  s y m m e t r i c a l  Iy a c c e s s i b l e  t o  PI. 

1s t h e  s e t  o f  a l l  p o i n t s  o f  the  d i g r a p h  

J ( l i )  F o r  any s e t  2 ,C A o f  r ( A , E ) ,  x ( 2 )  = TP : 

@ ( 1 , j )  f o r  some P E A and @(j,k) f o r  some P, Cg). I 

PROOF. U s i n g  theorem 2.4.1. and d e f i n i t i o n  2.4.3., we 

o b t a i n  the f o l l o w i n g .  

( 1 )  XfP,? = C t  f P I ? n  K I  [PI? 

: (i,j) 0 rp  CP (. j , i) I  
J 

= f P j  



COROLLARY 2.4,6. Fo r  any p o i n t  PI o f  the d i g r a p h  

r ( A , E ) ,  t h e  c o r e  o f  Pi  Is the  maximum subset ,  say 2, o f  

A c o n t a i n i n g  Pi such t h a t  t h e  subgraph T(p) Is s t r o n g l y  

c o n n e c t e d  ( s i j ) .  

PROOF. B y  theorem 2.4e5.9 Pk f X C P , ]  i f f  d ( i , k ) .  

Thus by t h e  connectedness  c I ass1 f i c a t i o n  (sec  t i  on I .2. ), 

t h e  s u b d f g r a p h  r ( X I P , 1 )  Is s t r o n g l y  connected.  F o r  any 

s e t  p, c o n t a i n i n g  PI and c o n t a i n i n g  some o t h e r  p o i n t ,  say 

P where P 4 ;bcCPt l ,  T'(Z1) i s  n o t  s t r o n g l y  connected. J'  J 

SECT I ON 2.5. TOPOLOG IES AND TRANS I T  I VE D JGRAPHS 

In  t h i s  s e c t i o n ,  we e s t a b l i s h  a one-to-one mapping o f  a 

c e r t a i n  c l a s s  o f  d i g r a p h s  o n t o  a c e r t a i n  c l a s s  o f  t o p o l o g i e s .  

L e t  A be a f i xed ,bu t  a r b i t r a r y ,  s e t  o f  p o i n t s  and l e t  

P, = { E  : 4 - -  C E A X A ] ,  !.e. e f s  the  f a m i l y  o f  a l l  sub- 

s e t s  o f  the C a r t e s i a n  p r o d u c t  A X A. 



. 
From theorem 2,I.I., w e  see t h a t  each d i g r a p h  r ( A , E )  

I 
I 

d e t e r m i n e s  a u n i q u e  t o p o l o g i c a l  space (A,T) and t h i s  

t o p o l o g i c a l  space has  c o m p l e t e l y  a d d i t i v e  c l o s u r e .  T h i s  

e s t a b l ? s h e s  a mapp ing  o f  t h e  f a m i l y  o f  a l l  d i g r a p h s ,  

w= f r (A,E)  t. E E e l ,  on s e t  

p= { ( A , T )  : 

s e t  A, L e t  us deno te  t h i s  mapping by a. 

A i n t o  the  f a m i l y  o f  t o p o l o g i e s ,  

(APT) h a s  c o m p l e t e l y  a d d i t i v e  c l o s u r e  1, on 

PROPOS I T JON 2.5. I , 
( 1 )  F o r  any d i g r a p h  r ( A , E ) ,  (o ( r ( A , E ) )  = ( t h e  t o p o l o g y  

( A , T )  which  has  the  f a m i l y  f f P f  2 & ( l , j )  fn T ' ( A , E ) ]  : 

P E A I = f K I  f P J 1  : P E A )  as a base). J J 
( i f )  (I, Is a many-to-one mapping o f  t he  f a m i l y w o f  a l l  

d i g r a p h s  on s e t  A o n t o  the fam i  l y  v o f  a l l  t o p o l o g i e s  w i t h  

c o m p l e t e l y  a d d i t i v e  c l o s u r e  on s e t  A. 

PROOF. 

( I )  CP ( r ( A , E ) )  = ( A , J )  I s  the  t o p o l o g y  d e t e r m i n e d  by 

t h e  d i g r a p h  r ( A , E )  r e l a t i v e  t o  d e f i n i t i o n  2.1.1. o f  an open 

s e t ,  F o r  each p o i n t  P o f  r ( A , E ) ,  t he  se t  KI f P J d  Is 

open and Is t h e  s m a l l e s t  open s e t  c o n t a i n i n g  t h e  p o i n t  P 

Thus C K I  f P J j  t P E A )  i s  a base f o r  t he  t o p o l o g y  ( A , T ) .  

j 

J' 

J 
By  theorem 2.,!+.l., f o r  each P i n  T ( A , E ) ,  KI f P J ]  = J 

CP, : 'b(i,j) fn ~(A,E)I .  

( 1 1 )  (I) Is a many-to-one mapp in j ,  by theorem 2.1.1. I f  

( A , T )  f s  an a r b i t r a r y  topo logy  on s e t  A and i f  



IS an o n t o  mapping. 

We wish now t o  de te rm ine  a s u b f a m i l y  o f  'bu such  t h a t  t h e  

mapp ing  (0 r e s t r i c t e d  t o  t h i s  s u b f a m i l y  Is a one-to-one 

mapp ing  o n t o  t h e  f a m i l y  

PROPOSITION 2.5.2, 'i'/c Is t h e  f a m i l y  o f  t r a n s i t i v e  dC- 

graphs, w l th  Ioops,  on s e t  A, T h a t  Is: 

r ( A , E )  f i f  and o n l y  If 

( I )  e(1 , j )  E E and e ( j , k )  f E i m p l i e s  t h a t  e ( i , k ) f  E, 

PROOF. The r e l a t i o n  o f  a c c e s s i b i l i t y  i s  t r a n s i t i v e  and 

r e f l e x i v e .  u= f r ( A , E )  : e ( i , j )  E E i f f  a(1,j) i n  r ( A , E ) l ,  

Thus r ( A , E )  E a i f f  r ( A , E )  Is a t r a n s i t i v e  d i g r a p h  (see 

d e f i n i t i o n  I.l.8.) and r ( A , E )  has  a l o o p  (see d e f i n t t i o n  

1.1.5.) a t  each p o i n t  o f  s e t  A. 

L e t  us c o n s i d e r  the  mapping Q, r e s t r i c t e d  t o  the  f a m i l y  

sf,&,/, 1.e. the  mapping ( C P  Ih2L,. 



a l l  t r a n s i t i v e  d i g r a p h  w i t h  loops  on s e t  A o n t o  the f a m i l y  

‘&of a1 I t o p o l o g i e s  w i t h  c o m p l e t e l y  a d d l  t l v e  c l o s u r e  on 

s e t  A ,  

PROOF. 

( 1 )  T h i s  i s  p r o p o s i t i o n  Z . 5 . l .  (I) w i t h  the mapping 

r e p l a c e d  by  (a,lcd), where’& = f r ( A , E )  : e ( l , j )  E E I f f  

@ (1,j)  i n  F(A,E)I* 

(11 )  B y  p a r t  ( I ) ,  (cplq4.) Is a many-to-one mapping o f  

.[, I n t o ’ b .  i f  (A,Y)  Is an a r b i t r a r y  member o f  the f a m i l y  

‘&and E = f e ( 1 , j )  : P I  E CP ] !n (A8T)1*  then  r (A ,E)  J 
I s  t h e  un ique  member of”& such t h a t  (ml’u) ( r ( A , E ) )  = 

( A , Y ) .  Thus (c~l?,o Is a one-to-one mapping o f  onto? 

I n  genera l ,  I f  the s e t  o f  p o i n t s  i s  n o t  s p e c i f i e d ,  

(c~l‘x) Is a one-to-one mapping o f  t h e  f a m i i y k ’  o f  a l l  

t r a n s i t i v e  d i g r a p h s  with loops o n t o  t h e  f a m i l y  p* o f  a11  

t o p o l o g i e s  w i t h  c o m p l e t e l y  a d d i t i v e  c l o s u r e ,  
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SECTION 2.6. M A X I M U M  AND A l N l M U M  EDGE SETS 

By p r o p o s i t i o n  2.5. l . ,  t h e  mapping v 1s a many-to-one 

mapping o f  the f a m i l y  o f  a l l  d i g r a p h s  on s e t  A o n t o  the  

f a m i l y  o f  a l l  t o p o l o g i e s  with c o m p l e t e l y  a d d i t i v e  c l o s u r e  on 

s e t  A ,  Thus, d i s t i n c t  d i g r a p h s  on s e t  A may d e t e r m i n e  

I d e n t i c a l  t o p o l o g i e s  on s e t  A, In t h i s  s e c t i o n ,  f o r  an a r b l -  

t r a r y  t o p o l o g y  w i t h  c o m p l e t e l y  a d d i  t i v e  c l o s u r e ,  we i n v e s t i -  

g a t e  t h e  e x i s t e n c e  o f  a d i g r a p h  w i  th a maximum edge s e t  and 

a d i g r a p h  w i th  a minimum edge s e t  wh ich  d e t e r m i n e  t h a t  

toPo I ogy 0 

D E F I N I T I O N  2.6.1. 

( 1 )  The d i g r a p h  I ' (A,E) Is c a l l e d  t h e  maximum d i g r a p h  

d e t e r m i n i n g  the  t o p o l o g y  (A,T),  i f  

( 1 )  Q, (%,E)) = (A,T), and 

( 1 1 )  E' ,C E, f o r  a l l  E' such t h a t  CP(T'(A,E')) = ( A , T ) .  

( 1 1 )  The d i g r a p h  r ( A , E )  i s  c a l l e d  t h e  minimum d i g r a p h  

d e t e r m i n i n g  t h e  t o p o l o g y  (A , jL ) ,  If 

( 1 )  ( r ( A , E ) )  = ( A , T ) ,  and 

( 1 1 )  E - E', f o r  a l l  E' such t h a t  rP ( r ( A , E ' ) )  = ( A , f ) .  

DEFINITION 2.6.2, The d i g r a p h  I'(A,E) Is c a l l e d  a 

m i n i m a l  d i q r a p h  d e t e r m i n i n g  the t o p o l o g y  (A,T), i f  

( 1 )  rp ( r ( A , E ) )  = ( A , J ) ,  and 

( 1 1 )  CP ( r ( A , E ' ) )  =) ( A , J ) ,  f o r  a l l  E' such t h a t  

E' C E and E' E. 



PROPOSlTfON 2.6.1. L e t  A be an a r b i t r a r y  s e t  o f  p o i n t s  

and l e t  (A,T) be an a r b i t r a r y  t o p o l o g y  w i th  c o m p l e t e l y  

a d d i t i v e  c l o s u r e  on s e t  A. ((Ol*w'' (A,T) = ( t h e  d I g r a p h  

t h e  - maxlmum d i g r a p h  d e t e r m i n i n g  (A,J) .  

PROOF. For  any p o i n t  P1 o f  I'(A,E), CI f P , l  = 

{P : e ( 1 , J )  E E?. F o r  any p o i n t  Pk o f  any d i g r a p h  on s e t  

A, C 1  [PI(] 2 f P  : e(k,J) Is an edge o f  t h a t  d i g r a p h l .  Thus 

the  a d d i t i o n  o f  an edge t o  s e t  E w i l l  n e c e s s a r i l y  a l t e r  

t h e  c l o s u r e  o f  t he  l n l t l a l  p o i n t  o f  t h a t  edge and thus a l t e r  

t o  t o p o l o g y  on s e t  A, T h e r e f o r e  l ? ( A , E )  Is t he  maximum 

d i g r a p h  d e t e r m i n g  t h e  t o p o l o g i c a l  space (A ,J ) ,  

J 

J 

F o r  a t o p o l o g y  w i th  c o m p l e t e l y  a d d i t i v e  c l o s u r e  t h e r e  

does  not n e c e s s a r i l y  e x i s t  a m i n i m u m  d i g r a p h  d e t e r m i n i n g  t h a t  

t o p o l o g y .  I n  f a c t ,  t h e r e  does n o t  a lways  e x i s t  a m i n i m a l  

d i graph. 

PROPOSITION 2.6.2. L e t  A be an a r b i t r a r y  s e t  o f  p o i n t s  

and l e t  (A,T)  be an a r b i t r a r y  t o p o l o g y  w i th  c o m p l e t e l y  

a d d i t i v e  c l o s u r e  on  s e t  A, There does n o t  n e c e s s a r i l y  e x i s t  

a m i n i m a l  d i q r a p h  d e t e r m i n i n g  ( A , 7 ) ,  

PROOF, L e t  s e t  A be t h e  s e t  o f  a l l  o r d i n a l  numbers 

w h i c h  a r e  l e s s  than o r  equa l  t o  P(u, t he  f i r s t  non-f i n i  t e  

o r d i n a l ,  1.e. A = fPI, P2, P3, ... Pw7. L e t  7 =  

[A? U { Ipj : P P l c I  : Pk A ) ,  J 
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L e t  r ( A , E )  be an a r b i t r a r y  d i g r a p h  d e t e r m i n i n g  the 

t o p o l o g i c a l  space (A,T), The o n l y  open s e t  c o n t a i n i n g  P w  

1s A, Thus Ki {Pw] f A and, by t h e o r e m  2.4.!., & ( k , w )  

f o r  e v e r y  Pk f A, That  i s ,  f o r  e v e r y  PI< e ( A  ,., fPw] ) ,  t h e r e  

e x i s t s  a f i n i t e  d i p a t h  from 

I n  E a c o u n t a b l y  i n f i n i t e  number o f  edges f r o m  s e t  

(b  fP  7 )  t o  p o i n t  P,. L e t  P i  deno te  t h e  f i r s t  p o i n t  

o f  s e t  A such t h a t  e ( f , d  f E. L e t  E'= ( E  e ( 1 , ~ ) ) .  

There fo re ,  w ( r ( A , E g ) )  = ( A , J ) ,  where E' C E and E' 3 E. 

T h e r e f o r e ,  t h e r e  e x i s t s  
Ut* 

Pk t o  P 

f 1) 



CHAPTER 3. 

OTHER TOPOLOGIES ON A DIGRAPH 

In t h i s  c h a p t e r  we c o n s i d e r  two a l t e r n a t e  d e f i n i t i o n s  t o  

the  d e f i n i t i o n  o f  an  open s e t  used I n  Chapter  2. and I n v e s t i -  

g a t e  b r i e f l y  the  t o p o l o g y  d e t e r m i n e d  by  a d i g r a p h  w i th  r e s p e c t  

t o  each o f  these a l t e r n a t e  d e f i n i t i o n s ,  In a l l  cases, we 

assume t h e  s t a n d a r d  t o p o l o g i c a l  concepts ,  e.g. s e t  - a 5 A is 

u-open I f f  s e t  ( A  -9) Is -c losed, 

SECTION 3.1. OPEN SETS 

As c o n v e n i e n t  r e f e r e n c e ,  we r e s t a t e  s e v e r a l  d e f  i n i  t l o n s  

and theorems f r o m  Chap te r  2, 

D E F t N l T l O N  2 . l . i .  S e t  9 C  - A o f  d i g r a p h  r ( A , E )  is 

open, i f  P f  c ( A  -5) a d  PJ E 2 Imp1 i e s  t h a t  

e ( i , J )  4 E. In  o t h e r  words, s e t  - -  a C A 1s open, i f  

t h e r e  does n o t  e x i s t  an edge i n  r ( A , E )  f r o m  s e t  ( A  -9 )  

t o  s e t  3. 

THEOREM 2 . I . f .  Each d i g r a p h  r ( A , E )  d e t e r m i n e s  a 

u n i q u e  t o p o l o g i c a l  space (A,TE), where JE - - fa : 

- -  a C A of  r ( A , E )  1s o p e n l ,  Moreover,  (APTE) has  

c o m p l e t e l y  a d d i  t f v e  c losu re .  



" t o p o l o g i c a l  l y  connected", ( 1  .e. se t A c a n n o t  be ex- 

p r e s s e d  as t h e  u n i o n  o f  two d i s j o i n t  non -vo id  open s e t s ) .  

SECTION 3.2. Y -OPEN SETS 

DEFINITION 3.2.1. S e t  - -  a C A o f  d i g r a p h  I ' (A,E)  i s  

-open, if PI  E p and PJ f ( A  -5) i m p l i e s  t h a t  

e ( f , J )  4 E. In o t h e r  words, s e t  2 :  A is r o p e n ,  i f  t h e r e  

does n o t  e x i s t  an edge i n  r(A,E) f rom s e t  9 t o  s e t  ( A  -2). 

PROPOSITION 3.2.I. 

( 1 )  S e t  - a =  A o f  d i g r a p h  r(A,E) i s  -open I f f  

- -  a C A o f  r(A,E) i s  c losed.  

( 1 1 )  S e t  a,C A o f  d i g r a p h  r ( A , E )  is -open I f f  s e t  

- -  a C A o f  d I g r a p h  r ( A , E ' )  i s  open, where E' r= f e ( j . i )  : 

e ( i , j )  E El. 

PROOF. Compare d e f i n i t i o n  3.2.1. w i t h  d e f i n i t i o n  2.l. l .  

We n o t e  t h a t  (E') '  = E and t h a t  t h e  d i g r a p h  r ( A , E ' )  

may be o b t a i n e d  f rom the d i g r a p h  r(A,E) b y  r e v e r s i n g  t h e  

d i r e c t i o n  o f  each and e v e r y  edge o f  r ( A , E ) .  T h i s  o p e r a t i o n  

does n o t  a l t e r  the connectedness s t a t e  (see s e c t i o n  1.2.) o f  

a d i g r a p h ,  t hus  f o r  f = 0, 1, 2, o r  3, r . (A,E ' )  1s o f  t ype  

I f f  F(A,E) i s  o f  type si. 
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L E M A  3.2.2. Each d i g r a p h  r ( A , E )  de te rm ines ,  w l  th 

r e s p e c t  t o  Y-open se ts ,  a un ique t o p o l o g i c a l  space ( A , T ~ ) Y .  

T h i s  t o p o l o g f c a l  space i s  I d e n t i c a l  t o  the  t o p o l o g i c a l  space 

(A,JE#) 

r ( A , E ' ) ,  where E' = F e ( j , ? )  : e ( ( , j )  El. 

de te rm ined  w i th  r e s p e c t  t o  open s e t s  by  d i g r a p h  

PROW, L e t  p be an a r b i t r a r y  s u b s e t  o f  A, By 

p r o p o s i t i o n  3.2.1. ( I i ) ,  se t  - -  a C A o f  r ( A , E )  Is v-open 

- {a t a = ~  o f  i f f  2,' A o f  T'(A,E') i s  open. Thus YE - .I ....a 

r(A,E) Is v-open) Is the same f a m i l y  as JE, fa : 2 5  # 
o f  r(A,E') Is open!. Hence, by theorem 2.1.1., r ( A , E ' )  

d e t e r m i n e s  a u n i q u e  t o p o l o g i c a l  space ( A p J ~ 8 )  wh ich  I S  

i d e n t i c a l  t o  t h e  t o p o l o g i c a l  space (A,J'E)v. T h e r e f o r e  

each  d i g r a p h  r ( A , E )  determines ,  w i t h  r e s p e c t  t o  ?open 

s e t s ,  a un ique  t o p o l o g i c a l  space Moreover,  ( A , T ~ ) ~  

h a s  c o m p l e t e l y  a d d l  t i v e  c10sure. 

THEOREM 3.2.3. The d i g r a p h  r ( A , E )  I s  weak ly  connected  

(sI or s2 o r  s3) i f f  (A,' I~),,  Is " t o p o t o g i c a l  i y  con- 

n e c t e d "  w i th  r e s p e c t  t o  ?-open sets.  

PROOF. r ( A , E )  Is o f  t h e  same connec tedness  s t a t e  as 

I ' ( A , E ' ) y  where E' = Ee( j , I )  : e ( 1 , j )  E E l .  I n  p a r t i c u l a r ,  

r ( A , E )  Is weakly  connected  I f f  F(A,E ' )  1s weak ly  connected. 

B y  the lemma 3.2.2., i s  i d e n t i c a l  t o  ( A , J E 8 ) .  

S u b s t i t u t i n g  i n t o  theorem 2.2.1. (Ili), we have the  f o l l o w -  

i ng .  r ( A , E )  Is weak ly  connected  i f f  Is 
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" t o p o l o g i c a l l y  connected"  w i th  r e s p e c t  t o  y-open se ts .  

L i k e w i s e ,  p a r t s  ( f ) ,  ( I ; ) ,  and ( l v )  o f  theorem 2,2.1. o f  

c h a p t e r  2,hold t rue b o t h  when the t o p o l o g y  i s  based upon open 

s e t s  and when the  t o p o l o g y  i s  based upon v-open se ts ,  Thus 

t h e  connectedness  c l a s s i f i c a t i o n  o f  a d i g r a p h  r ( A , E )  Is 

c o n s i s t e n t  w i t h  the  " t o p o l o g i c a l  connectedness"  o f  the  
- 

t o p o l o g i c a l  space ( A , I E )  and t h e  t o p o l o g i c a l  space (A,JE),,. 

SECTION 3.3. &OPEN SETS 

D E F I N I T I O N  3.3.1, S e t  2 s  A o f  d i g r a p h  r ( A , E )  i s  

b o p e n ,  I f  P I  f ( A  " g )  and P E a i m p l i e s  t h a t  e ( l , j )  E E .  

In o t h e r  words, s e t  2 5  A Is b o p e n ,  i f  t h e r e  e x i s t s  an 

edge f r o m  each p o i n t  o f  s e t  

J -  

( A  - 2 )  t o  each  p o i n t  o f  s e t  2. 

PROPOSITION 3.3.1. S e t  5,' A of d i g r a p h  T'(A,E) Is 

&-open i f f  s e t  - a 5 A o f  d i g r a p h  r(A,E*) i s  open, where 

EU = ( A  X A )  - E .  

PROOF. Comoare d e f i n i t i o n  3.3.1,  w i t h  d e f i n i t i o n  2.1.1. 

We n o t e  t h a t  (E*)* = E and t h a t  the  d i g r a p h  r - ( A , E * )  

may be o b t a i n 4 d  from the d i g r a p h  r ( A , E )  be i n c l u d i n g  i n  

r ( A , E * )  those and o n l y  those edges w h i c h  do n o t  appear  I n  

t h e  d i g r a p h  r ( A , E ) ,  T n i s  o p e r a t i o n  does, i n  some cases,  

change t h e  connectedness  s t a t e  of  a d i g r a p h ,  Fo r  example, 
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LEMMA 3.3.2. Each d i g r a p h  r(A,E) de termines ,  w i th  

r e s p e c t  t o  G-open se ts ,  a un ique t o p o l o g i c a l  space ( A , J E j 6 .  

T h i s  t o p o l o g i c a l  space Is i d e n t i c a l  t o  the  t o p o l o g i c a l  space 

(A,TE+) d e t e r m i n e d  w i th  r e s p e c t  t o  open s e t s  by  t h e  d i g r a p h  

r ( A , E * ) ,  where E" = ( A  X A )  - E. 

PROOF. L e t  p be an a r b i t r a r y  s u b s e t  o f  A, By 

p r o p o s i t i o n  3030I.r s e t  = c ,  A o f  r ( A , E )  Is &open I f f  

= Ca : a c A o f  r(A,E) - -  a A o f  r(A,E") i s  open. Thus YE -.. - -  
i s  

r ( A , E * )  Is open], Hence, by theorem 2.I.I., r(A,E4) d e t e r -  

m ines  a un ique  t o p o l o g i c a l  space (A,E*) wh ich  i s  i d e n t i c a l  

t o  the  t o p o l o g i c a l  space (A,rEl6. There fo re ,  each d i g r a p h  

r ( A , E )  determines ,  w i t h  r e s p e c t  t o  6-open Sets,  a u n i q u e  

t o p o l o g i c a l  space ( A , T ~ ) ~ .  Moreover,  (A,T,-16 has  com- 

p l e t e l y  addf t i v e  c l o s u r e .  

b o p e n  1. i s  t h e  same f ami I y  a s  JE* = fa p C A o f  

I n  g e n e r a l ,  the  connectedness  c l a s s l f  i c a t r o n  o f  a d i g r a p h  

1s -- n o t  c o n s i s t e n t  with t h e  " t o p o l o g i c a l  connectedness"  r ( A , E )  

o f  the  t o p o l o g i c a l  space F o r  example: l e t  A = 

b,,P23. The d i g r a p h  r ( A , $ )  1s d l s c o n n e c t e d  ( s o 1 9  b u t  

t h e  t o p o l o g i c a l  space ( A , J $ ) &  determined,  w i t h  r e s p e c t  t o  

&-open se ts ,  b y  r(A,$) i s  an i n d i s c r e t e  space and hence 

I s I' t op0  I og i c a  1 1 y connec ted" . 



M m y  o t h e r  d e f i n i t i o n s  o f  an open s e t  may be used t o  

e s t a b l i s h  a t o p o l o g y  on a d ig raph.  T h i s  a u t h o r  f i n d s  

d e f i n i t i o n  2 * I . l .  of an open s e t  most u s e f u l  i n  i n v e s t i g a t i n g  

the  a c c e s s i b i  I f t y  o f  p o i n t s  and t h e  connectedness  c l a s s i f  I -  

c a t i o n  o f  a d ig raph,  

Perhaps o t h e r  approaches may be used t o  e s t a b l i s h  a more 

g e n e r a l  t o p o l o g y  on a d ig raph ,  e.g. a t o p o l o g y  which does 

n o t  necessar  i I y have t h e  p r o p e r t y  o f  comple t e  I y add i  t i  ve 

c l o s u r e  o r  a t o p o l o g y  wh ich  may be 

t r i v i a l  case. Y e t  I n  a l l  cases, we d e s i r e  a t o p o l o g y  whose 

" t o p o l o g i c a l  connectedness"  i s  c o n s i s t e n t  wl th the connected-  

ness  s t a t e  o f  t h e  d f g r a p h .  One p o s s i b l e  approach I s  t o  

d e f i n e  an open s e t  i n  terms o f  an edge f u n c t i o n  ( d e f i n i t i o n  

I . l . 9 * )  a s s i g n e d  t o  the  d ig raph.  

T ,  i n  o t h e r  than the  
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