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The method of integral relations has been applied to the flow over a blunt axi-
symmetric body at moderate angle of attack. A one-strip analysis is developed
for a perfect gas or equilibrium air. A machine program has been written
based on this analysis, and results of the program are presented.
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I. INTRODUCTION

Despite certain drawbacks which will be mentioned below, Dorodnitsyn's
method of integral relations has been employed in connection with a variety of
problems in fluid dynamics and has generally been found satisfactory. It es-
sentially consists of a systematic formulation of the classical integral tech-
nique in which the equations are put in integral form and the integrais are eval-
uated on the basis of an assumed dependence on the independent variable. An
illustration of the procedure has been furnished by Dm-odnitag,rn1 in the form of
a solution of the linear equation

# #u
f(l=xul] «
ax? 3y?

This equation exhibits the mixed behavior of the Navier-Stokes equations for
the blunt body problem, being elliptic for x <1and hyperbolic forx>1. It can
be written as two first-order equations:

du dv 0 d i yu) dv 0
5y s T ax Bt

\
The boundary conditions in the elliptic region indicated in figure 1 are sufficient
to specify a continuous solution in the shaded region bounded on the right by
two characteristics of the system. An approximation to this solution can be
" developed by assuming the dependent variables have the quadratic form

ulx,y) = uix,0) ~ [3u(x,0) - u(x, ) —4ulx, /D]y
<2lux, 0) - ulx, 1) =2ulx, I/Dly? ,

and the same for v. Integrating the differential equations from y -0 to y = 1/2
and from y =0 toy =1, and substituting the above forms for u and v, gives the
following set of ordinary diiferential equations:

du(x, 0) 1+ u(x, 0 =2[x = 2v(x, 1) + 4v(x, 1/D)]

dx ]l - x

dulx, 1/2) 2ulx, 1/2) =1 =Svix, D + 2[x « 2v(x, 1/D)]

dx 2(1 - 1)
dvix, 1/2) 1 )
— e — [x-5ulx,0) s dulx, 1/D)] ,
dx 2
dv(x, 1)
_‘:(_X__ . 4lx +ulx,0) =2ulx, /)]
dx
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Here account has been taken of the boundary conditions at y =0 and y = 1. The
boundary conditions uiV,0) =u(0.1/2) = 0 are available at x = 0 to start the
integration. The starting valuee +(0,1/2) and v(0,1) are dependent on the
requirement that the solution be continuous through x = 1. A correct choice of
these values assures that the numerators on the right-hand sides of the first
two of the above equations will vanish at the same time as the denominators.
Dorodnitsyn's numerical solution of the approximating system shows excellent
agreement with the exact solution.

Consideration of the example cited above reveals the following salient points

of this formulatiion of ithe method of integral relations which are common to the
blunt body problem: the equations are integrated up to a number of strip bound-
aries which divide the region of interest, and a form of variation of the solution
in the direction of integration is assumed. Singularities appear in the resulting
integrated equations which are associated with the transition from an elliptic

to a hyperbolic system. The starting conditions must be chosen to render the
solution continuous through these singularities.

The advantage of the method of integral relations in reducing the partial differ-
ential equations to a set of ordinary differential equations is obvious. The
solution is not limited to a particular region - e. g., the elliptic region - and it
takes into account the influence of the elliptic region on the hyperbolic region
through the singularity condition. By dividing the region into more strips and
using higher-order approximating functions, the accuracy of the solution can

be systematically improved. Finally, problems involving floating boundary con-
ditions can be treated in a direct manner by suitable choice of the coordinate
system.

For instance, the blunt body problem is treated in a body-oriented coordinate
system. The equations of motion are integrated along the normals to the body
from the body surface to the edges of a number of strips which divide the shock
layer in equal intervals. A set of ordinary differential equations can then be
obtained governing, say, the velocity component in the body direction evaluated
at the various strip boundaries, together with the detachment distance and
shock angle. These equations become singular when the velocity components
become sonic. Suitable choice of the starting conditions - the stagnation point
shock detachment distance and the velocities at the strip boundaries along the
dividing streamline - enables the singularities to be passed through in the pro-
per manner. The solution can then be continued in the supersonic regicn.

Four drawbacks are evident in this scheme. First, the singular points do net
lie on the sonic line, except on the body, since the normal componant of vel-
ocity does not appear. Thus the intuitively correct ''choking'' behavior of the
solution is illusory. This objection cannot be taken seriously as a practical
matter because the normal velocity component involved {s generally small
except at lJow free-stream Mach numbers. It is sufficient to recognize that for
a given approximation the method of integral relations may be inaccurate at
Mach numbers for which the normal extent of the shock layer {s commensurate

with its lateral extent. :
-3.



Second, the accuracy of the method is poor in the hyperbolic region, probably
due to the thickening of the shock layer downstream of the sonic line. It is
| therefore desirable to employ the method of characteristics in the supersonic
region, starting as close as possible to the sonic line.

Third, the sciution in the general neighborhood of the singularity is quite sen-
sitive to small changes in the starting conditions, so that it becomes necessary
to determine the standoff distance with useless accuracy in order that the rest
of the results be acceptable. A numerical scheme for rapid convergence on
the final solution is indicated.

Fourth, any set of dependent variables can be chosen to be approximated in the
direction normal to the body, and any set of approximating functions can be
chosen for this purpose. The choice of variables and functions is arbitary from
a rnathematical point of view and thus rests entirely on individual judgment.
Under such circumstances it is wise to choose those dependent variables and
approximating functions which are convenient to work with and which at the
same time are appropriate to the physical situation so as to optimize the
i accuracy of the computation. The choice of coordinate system will also affect
the results. The method of integral relations cannot be used automatically for
any given problem with the expectation that meaningful results will be obtained;
rather, close attention must be given to the suitability of various possible
schemes for yielding the expected form of the solution. )

Schwiderski? has stated some of the above drawbacks, evidently in an attempt
| to discredit the method of Dorodnitsyn. His arguments are based in part on
\ mathematical and physical reasoning which is difficult to follow. At any rate,
\ it is felt on the basis of the foregoing remarks that the method of integral re-
‘ lations remains on solid theoretical ground despite the criticism.

With these drawbacks in mind, the method of integral relations remains a use-
ful tool for the solution of a number of flow problems. Its application to the
blunt body problem dates from the work of Belotserkovskii®’ 4 in which power
series are employed to represent the behavior of the flow variables from body
to shock. Traugott:’. Holtb, Xerikos and Anderson7. Kennets, etc. have pre-
‘ sented versions of this method. Belotserkovskii basically finds that the results
i for one strip - the simplest approximation, in which linear profiles are assumed -
are sufficiently accurate for most engineering purposes, while for two or three
strips the method has essentially converged to the desired solution.
Belotserkovskii? has also investigated other formulations of the problem, in
one of which the strips are taken in the lateral rather than normal direction.
This method appears promising for low supersonic Mach number flows and
reacting flows, in which the normal profiles are perhaps not well approximated
- by power series. It has the advantage of doing away with the sonic singularity.

Before discussing the application of the method of integral relations to flows
with angles of attack, the work of Swigartw' 11 should be mentioned. Swigart



perturbs the equations of motion in the small angle of attack and at the same
time develops a solution in the form of a series expansion valid near the axis
of symmetry of the shock wave (i. e., near the stagnation line). The angle of
attack perturbation permits the dependence on the meridional coordinate to be
eliminated, and the series expansion resuilts in a set of ordinary differential
equations that are integrated inward from the given paraboloidal shock.
Swigart's results for zero angle of attack agree well with exparimental and
other theoretical results for spherical bodies and ellipsoidal bodies of moderate
eccentricity, even up to the sonic point; however, his expansion procedure
would not be expected to be accurate for blunt bodies with relatively small cdr-~
ner radii, unless many terms in the series were retained.

Swigart observes that his computed body {dividing) streamline at angle of attack
differs from the streamline that passes through the point where the shock is
normal to the free stream vector -- in other words, the body entropy is not the
maximum entropy in the flow field. The important question of the body entropy
will be discussed in greater detail in Section 3.

The papers of Bazzhinl? and Minailos!3 represent recent Soviet work in the
field of blunt body flow at large angles of attack. Both apply the method of inte-
gral relations with one strip in the direction normal to the body, Bazzhin to the
two-dimensional flat plate problem and Minailos to the problem of a yawing
axisymmetric body. Vaglio-Laurinl4, in addition to his treatment of the appli-
cation of the PLK method to the calculation of blunt~body flows, presents an
analysis similar to Bazzhin's for asymmetric two-dimensional shapes. Both
Soviet authors make allowances for the possibility that the dividing streamline
does not pass through the normal point of the shock, but do not furnish the
additional conditions necessary for its determination. Baszzhin surmmarises

the results of his calculations, which were performed with the initial assump-
tion that the dividing streamline did pass through the normal point on the shock.
For angles of attack sufficiently large { > 30° ) that his resulting solution indi-
cated that the initial assumption on the dividing streamline was incorrect, he
notes that it was not possible to iterate the solution in order to obtain successive
values of the entropy on the body.

Minailos circumvents the difficulty of describing the meridional variation of the
flow variables by assuming that this variation is similar to what it would be for
small angles of attack - i.e., it is sinusoidal in the meridian angle. The eqQua-
tions of motjon can then be written in the two dimensions of the plane of sym-=-
metry, with the terms which represent the meridional flux of mass and momen-
tum determined by the solution in the plane. Although this approach is artificial,
it probably introduces no more error than the one-strip assumption normal to
the body. The meridional variation can be thought of as being approximated by
Fourier series in the meridian angle, just as the normal variation is approxi-
mated by power series in the distance normal to the surface. The approach of
Minailos then consists of taking the leading terms in the meridional as well as
the normal direction; the two approximations are consistent in this sense. If it

-5.
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were desired to take more than one strip in the normal direction, it would also
be necessary to employ a higher approximation in the meridional direction in
order to make the results consistently better, and vice versa. The sinusoidal
approach is appropriate to the moderate angle of attack range; it is not a per-
turbation scheme limited to small angles of attack, but it would be expected

to break down at very large angles of attack. The precise range of validity
can only by established by comparison with experimental and other theoretical
results.

Vaglio-Laurin presents a one-strip analysis which does not involve any assump-
tion on the meridian coordinate. A finite-difference integration of the equations
over the surface of the body is suggested, starting from the locus of sonic points
and working inward to the stagnation point. No details on the method of integra-
tion were given and results were not reported.

The work reported below was done under Contracts NAS 9-858 and NAS 9-2494,

the former under Subcontract RL-30107 from Avco Everett Research Laboratory.

The former contract covered a survey of all the methods presently available for
the blunt body problem, an analysis of their suitability for the determination of
three-dimensional flow fields, and formulation of the method of integral relations
for yawed flows when that approach appeared to be most promising. In addition,
a machine ?rogram for zero yaw based on the Garabedian-Lieberstein ap-
proachlév 7 was furnished to NASA. The latter contract has covered the devel-
opment of a machine program for the three-dimensional problem.

The approach is similar to that of Minailos. The equations of motion are inte-
grated from the shock to the body in the direction normal to the body, and a
linear variation of certain flow quantities in this direction is assumed. The
meridional variation is assumed to be sinusoidal. The problem then reduces to
the solution of ordinary differential equations for the body velocity, detachment
distance, and shock angle in the plane of symmetry of the flow. Singularities
at the two sonic points (windward and leeward) on the body appear in the body
velocity equation. A body-oriented asymmetric coordinate system is employed
with origin at the stagnation point. The equations are integrated from the stag-
nation point outward in the windward and leeward directions, There are four
conditions needed to start the integration: the location of the stagnation point,
the shock detachment distance and shock angle at that point, and the value of the
entropy on the body. The requirement that the solution be analytic in the vicinity
of the sonic points essentially establishes two relations between the unknown
starting conditions. Two other relations follow from the fact that the stagnation
streamline must be perpendicular to the surface in order that the solution be
analytic in the vicinity of the stagnation point. ~ The solution is then developed
by an iterative scheme in which two parameters - the stagnation point detach-
ment distance and shock angle - are adjusted until the body velocity can be ex-
tended smoothly through the two sonic points.

-




The machine program has been written for a perfect gas and equilibrium air;
the equation of state for the latter is in the form of curve fits. The output of
the program includes profiles of the flow variables from the body to the shock
at various subsonic and supersonic stations, computed from the assumed
linearly varying functions. The iterative scheme is automatic and requires
only a reasonable first guess of the two starting parameters, Comparison of
the results with zero-yaw computations for a sphere indicates good agreement.

-7-



1I. DIFFERENTIAL EQUATIONS

A geodesic, surface-oriented orthogonal coordinate system (r,n, 6) is em-
ployed, where n is the distance normal to the body, n = 0 is the body surface,
r is surface distance along geodesic curves originating at the stagnation point
r = 0.9 is the angle between the line of symmetry and a geodesic, measured
on the body at the stagnation point, 6 = 0 is the leeward plane of symmetry,
and 4 = »is the windward plane of symmetry {figure 2). Then a general ele-
ment of length ds is given by

¢h32 d@z . {1}

hl=}‘-—— . (Z)

b 1.
3 = ;-E-(-)-g,

where R, (r, #) is the radius of curvature of the surface in the r-direction,

Ry (r, ) is the radius of curvature in the 6~ direction, and g(r, ) is the sur-
face metric for the - coordinate. Minailos!3 uses a cylindrical coordinate
system with axis along the axis of symmetry of the body: however, it is felt
that the improvement in accuracy achieved with a coordinate system with origin
at the stagnation point outweighs the slight additional complication {see the
derivation of the cross-flow equation below).

In this coordinate system the velocity components in the (r, n, 4)~ directions
are denoted (u,v,w). respectively. The continuity equation and the equations
of momentum in the r.a, and ¢ directions are

? (hy pu) ? (hy h 9 (hy pw) = O (3)
5, aew v g (hphyew) e g thyew) = 0

u Jdu du w du 1 dp uv ohy uw dh; w? ah} (4)
— 4 ¥ =y = 4 —— m e e e e 4 _,

By 9r dn  hy 96 hyp 9n by dn  Thjhy 96  hby dr

u dv dv w dv 1 Jp u? ahl w2 ah} (5)
hy dr YV en hy 99 p dn hy Jdn hy dn '

g Ow ow w dw 1 ap u ahl ah} vw r9h3
i el Ty IR N (3
hy dr dn hy byp 99 hyhg t 3 dn



W3LSAS JLYNIGHOO0D ANV NOLLYANDIINOD  senbiy

Isr-ve

,///JU; : s.\f

o\ // B ) -

SIXy
IINNIA

ANiInmag
40 3NN

9.



By making use of equation (3) and relations of the form

fiy o N .r? h ,
h — < —= ¢h u<) —u — u
3 o dr dr 3P Aar 3P

equations (4}, (5), and {6) can be written in the "divergence form"'

- + 2 -_— 12 TR A——

Py [h3 (p+pud)l + an (hybh3 puv) + 38 (hy puv) ("N
U G EAru ST A P A

? ,~,- > 3

3 (hB puvy - -r;)‘ {hl h3 (p + pv v} - 5—6— (hl pvw (8)

éh dh ;
='P("3°‘ PR 3::) Pegy tihyo

i i i hy (p + wi)l
5 (hy puw) -~ N (hyhy pvw) + 37 1lp+p (9)

, ohy dhy aha) dhy
- c o~ ; -hy vw — + -
PN e T e T 6a 36

Before performing the integration in the n- direction, the variable n is replaced
by the dimensionless variable ( = n/¢ , where ¢ is the value of n at the shock
wave. This transformation is governed by the following equations:

d a £ de d
P ar(‘g T ¢ 9r a¢ "

i1 @

Hn‘ € dc

o (a { a9
aa ~ \as)s 4 ~ « a8 ¢
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Equations (3), (7), (8), and {9) then take the form

ap.
i

4Q; IR,

—— | e, e

At

3¢ G0 "~ Li (10)

2, 3, 4}, respectively, where

i

hy pu, Py = hy (p + puz),P3 = hy puv,Py = hy puw;

, hyhav

o / de de phyhg

- - ——— = -+ ’
- !hthV 4 \h3u e hy w GG)I {plLy -

[i}

$h3p e
= qu-‘( .a_[.
= le‘

4hlp de
A P T

(11)
2y

= hj pw,Ry = hjpuw, Ry = hjpvw, Ry~ h) (p+pw
A de ., a¢>

-2 = b ow =),
e \3%% "MV 5%

=uL1—p(hauvan~uw'3;—wT +¢P§-: -;- ,

2 -
= vly +p (113 u? -5: + hyw :?_n— + p P (hlh_‘) .

5 dhy dhy 9hy F (h,)
,wL14p(a 36 -uv/'-é';‘ -hvw -3—;1_ .(pa-é -7-

Equations (10) can now be integrated with respect to { from the body surface to
any number of strip boundaries which divide the shock layer. For this one-strip

-11-



analysis we integrate with respect to { from 0 (body) to 1 {shock). The coeffi-

cients P,. R;. I, are assumed to have linear profiles in {:

P, (-0 P, (P

b s

, e1c.,

(12)

where Pj is the value of P; at the body and P;_ is the value of P; at the shock.

The results of these integrations are

In particular, the continuity equation becomes

o 6 Au L ahﬁ )
! v -— ! ~— -pu T = - T
A 3% 37 or 3¢ dr p dr/p dr
dR JdR
\ iy, lg
-2 - - L, - -
le L]b I ag a0

Equation (9) becomes

d h b Iw N du . dp
P SPuw)b - spudT; + h3 pw -(r + hyuw ar + puw
dR aR

iy 4

a
- - — /n 3. =20 Ly +L, = —— -~ —
ar 3 PeVs LR TR 360 30

s

The equation of conservation of stagnation enthalpy

1
2 2
hy + - (uy « w) = H
or
ahb ( du dw
J— = — U o~ b W e
or dr dr b

Since the entropy is constant on the body,

-12-
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dpy (6P> dhy, [p 6: du Bw)] (17
— L e —_— . - — T e w T .
or dh s dr 32 dr dr 5
g w, apb
The quantities —8_— and ‘—"a can now be eliminated between squations {14), (15),
t b4

and (17), resulting in the fundamental equation for w, !

u?) du w? w
s b-5)5) - 3), - 6), e

b

where

A LI L2,

ST € Ot (3‘)*( a6 IGPW)b

- e T + € T - TT— R

dr € 08 € ¢ .
5 13 by Byw hy 9 ten)
= - | - + — — e} o —— (g
« g LTRSS Y T & « a8 Pl 19

3 (thu w) F) (hl pvrz) ;2 oh; 5!:3
dr € MREFY) € -f )u a8 ¥ dr

dh 2h
3 3 ( d p
‘hl"‘(an ’ “:‘); T (—)]
The second of equations (13) yields

5 hapuv 2 ihl 8h3
(at (———-——-’ - p(h3u "'hl'z 90

¢ da
‘8 2h) by ) 3 hypvw
TP Yen (amy) - ““"} R R (‘"‘) (20)
ahl 2 hl h3 Vz 6h3 a 2 hl h;
2 — L ———— 2 — — - ———
P (*‘*3\; dn ¢ Py on) *P)3n hy by € }
]
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In the preceding analysis, the only assumption has been that the profiles in the
n— direction are linear. The re}’evant Squations are now written in the plane
e b - o ¥ = |
# -~ 0.7, where by symmetry 770 = 347 =~ - = 0, w =0, 58 # 0, Equation {18) \
becomes

h (1 “2) ) Py o hy e (21)
- —} — = - |— — €) + o

3P al erb € dr 3 17 96 |,
4 (h3 pu) L dw 2hyjhypv

T dr € e a6 € < ’

while equation {20) becomes

hxpuv ‘ dh 2h; h
a fh3e ) 0 103 ]
N —1 2 4 12 (22)
‘t( dr ( € ]s [hs pa dn P)an (hy b3) = € ‘ b

; 2
o (h , b 2hphyw
TITTPY g TP BT g p

| s 2hy by
N S

€

. dw N X
It remains to evaluate the cross-flow term—a;-appearmg- in the above equations.

This is done by assuming that the variation of the cross-flow velocity component
in the circumferential direction is given with adequate accuracy by

-
w = w2

sin 8, (23) \

while the variation of the other flow quantities {enthalpy, u, v ) is given by

ho . h” h° — h"
h:"‘-z'_—-— - —-—2—-—— cos 9, (24)

" :
etc. Here the superscripts o,3,r refer to the values of # at which the func-
tions are evaluated. In the surface =17/2 the equation of conservation of stag-
nation enthalpy (12} gives

2 iy 2 2
/2 +—; (W2 ™2« wH V- H

or, solving formally for "2

1/2
” u® + 47 2 v . v 2
w7 = |2ZH=-R° =K - | ——— - ___._.)
2 2
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The quantities h°.h7 are eliminated by employing the enthalpy equations in
the planes ¢ - 0, =

1

R
H-h° - ~ (W2 « 1,

1
H-b" = — lw™? « «7)]

Then dw/d6 in the planes 6 = 0, » is determined from the equation

Fw /2
o W -w cost (25)
08

te
P
[+
<
LB
[~
R
S
L)
"
o~
<
Q
o}
<
3
g™’
~

where the plus sign is selected for the windward side of the stagnation point
and the minus sign for the leeward side.

The significance of the above approach for the cross-flow is that the sinusocidal
dependence of the flow variables which is valid for a perturbation scheme about
zero angle of attack has been extended to the moderate angle of attack problem
under consideration. The precise way in which this extension is made remains
to a certain extent arbitrary. The usual perturbation scheme furnishes no well-
defined guidelines for the treatment of larger angles of attack. Therefore the
extension must be made 80 as to retain as many of the physical features of the
problem as possible. For instance, the choice of a coordinate system will
affect the validity of equation (25). The use of a coordinate system with {ts

dw
origin at the stagnation point insures that 775~ will vanish at the stagnation

point, as it should.

Equation (21) governs the variation of u, in the windward and leeward directions.
The coefficient of the derivative is seen to vanish at the sonic points on the body.
The condition must then be imposed that the right-hand side vanish at the sonic
points also. The way in which this is accomplished will be discussed in section
1v.

Equation (22) is essentially an implicit equation for the variation of the shoek
angle in the plane of symmetry. In section llI,the shock conditions will be spaci-
fled in terms of the shock angle, so that it will be possible to write equation (22)
in explicit form. Then by using an additional equation describing the geometry ™
of the shock, a closed system will result in which the body veloeity, shock de-
tachment distance, and shock angle can be determined by integration.

-15-



I1I. BOUNDARY CONDITIONS

| The boundary condition at the body v, = 0 has already been used. The general

shock relations are written in terms of the velocity components Vy_ {(free stream)
| and Vy (behind the shock)lnormal to the shock wave. The conditions of continuity,
normal momentum conservation, and energy conservation are:

B v
’ ps pm VN ’
| 27
ps = Pm -~ pa‘ VA\ (vac - VN) » ( )
| ' w2 _v2
| by = by o VR _-VR) (28)
\
! The condition of tangential momentum conservation yields the relations
1 Jde (29)
| ug = oo (voo— V) —-g;- —é—; R .
|
1 de
L A -—vs) —g; W , (30)

while the velocity component v, can be related to the normal velocity compbnent
and the shock geometry by

‘ -1/2
| \ . 1 de\? 1 de\?
! v. = — V. v - - e ——
f s N h, dr by 90
? ; v ; 2 2]-1
Y~ e 1 o I~ 1 Ode 1 de 1 Jde
+ u”-—-——--—-a- wx¢——-.éf.._..—_. 14+ —_——— +f —— —

(31)

Equations {26)-(31) essentially render the shock variables as functions of the
shock geometry. An additional relation, the equation of state in terms of p, p,
and b, is needed to complete the system. The system is solved in an iterative
manner for equilibrium air, whose equation of state in this instance is in the
form of curve fits, by requiring compatibility of equations (26)-(28) with the
equation of state.

Figure 3 shows the geometry of the shock wave in the plane of symmetry. The
N angle between the shock wave and a line tangent to the body at the corresponding
point is A , measured positively as indicated. The angle between the shock and
the free stream is . In specifying the shock conditions and the geometry in
the plane of symmetry it is convenient to replace the velocity component u which
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is positive everywhere by the component U which is equal to v in absolute value,
but which is positive to the leeward of the stagnation point and negative to the
windward of the stagnation point, The shock conditions then become

PN sy
Y ~

] = e e . (32)
g 3
S \N
Ps = P + P Vosinv(V_ siny — V) (33)
1
2 .2 2 (34)
hs = hm pe T(Vmsm II—VN) \
ug = "'N sinA + V. ctosAcosy , (35)
v v o= Vy cosA + V_ sindcosw {36)
where v= A+ A-a. The constants ¢ , V., p_, p., and h_are input, and

for a real gas Vy is determined at each point by the Newton-Raphson method

so that ps, ps, and by are consistent with the curvefit equation of state of
equilibrium air p, = p{(p, , k).

For a perfect gas,

V_si 2
Ve = it + y-1 . (37)
N y+1 A\ n2 sinly

Let Y be the Cartesian coordinate in the plane of symmetry indicated by figure 5.

Then the shock detachment distance ¢ is related to the shock angle A by the equa-
tion

d
sin A\ —-—i- = (1 - ..(_) tan A (38)
dyY R

I

Because there are four arbitrary parameters required to start the integration
and only two sonic singularity conditions as discussed in the Introduction, it is
necessary to obtain additional conditions if the problem is to be well set, These
additional conditions follow from an examination of the nature of the solution

near the stagnation point. In the neighborhood of the stagnation point the geodesic
coordinates (n, r , 6) reduce to a cylindrical coordinate system with axis
normal to the body (Figure 4). )

We assume that it is possible to expand the velocity components in Taylor series
in r and nin the vicinity of the stagnation point:

-18-~
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v = f(A)r + c{hn

a(gjr ~ d(@n ,

4
]

b{(r + ¢{f)n

]
]

(39)

Butf (¢) = 0 because v=0at n= 0, and <¢{ #) = ¢ = constant because other-

wise v would not be single-valued along the n- axis.

The vorticity is given by

L v~ ug i
Q = §— - - y — wn' un - vr

k4 i 4

in the {n, r , A ) directions, or

e n
Q= |2b - (e —dg)—, -¢,d
[ 364C e)t 1 ]

(40)

(41)

- - 1
The momentum equation (g -V) g = -~ Vp gives p, = p, = pg= 0 because of the
P

vanishing velocity, and similarly the equation of conservation of stagnation
enthalpy h+4 1/2 ¢ = H{constant) gives h, = h, = by = 0. Hence all thermo-
dynamic variables -- in particular, the density -- are stationary at the stagna-

tion point by reason of the equilibrium equation of state,

tion then gives
- - * .
P‘,’ < g+ q - ‘P = 0,
or, since Vp= 0,
Vi o.q =2a<b,rc (d.c)— -0 ¢
T
thus

lﬁ*bei-(':o,

d‘l‘e:O

The vorticity equation is written in the form VUx (; x 5) =

right-hand side vanishes,

Vx@ x ) = (E,0,0) =0

-21~

The continuity equa-

(42}

1
Vx{~Vp). Since the
P

(43)




where

£ = ~ f(Zb—-ae)(Ia &bﬁ) - (2b - Bg)gb] - [ce*(Zb—ae)d

] n n 2
+(e~d9)a+ {(c—dg)b - (Zb—ao)e—cd}e]? -~ {(e "d&)‘}g (r—)

n ﬂ2
s by — & (—) & .
r \rl
]

n
n = (be)y + (@a+ c)e+ 2bd + 2e(d+e9)-—— =9, +— M '
- r t

¢ - 2b—age-bd, ~ (a»c)d»"e(c—dg)f:— = ¢ +; £y
Using equation (42), n,= 0yields

bd-ae = 0 (44)
The equation {; = 0 becomes

2b(e —dg) = O ,
so that

e-dy = 0. (45)

Now (2b - a4) must be constant in order that the vorticity component in the
n-direction (equation (41)) be single-valued. The equation £ = 0 then implies

Zb——a,), = 0 (46)

Differentiating equation (46) with respect to § and using the first of equations
(42) to eliminate b;, we obtain the following differential equation for a:

(47)

8gg + 4@ + 2¢ = 0 .
Let a{0) = A, b(0) = 0 (assuming a plane of symmetry), 8(#/2) = B(A and B

are the velocity gradiente in two orthogonal directions away from the stagna-
tion point on the surface). Then equation (47) has the solution

A+B A-B : (48)
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where ¢ = - (A + B) and equation {(46) yields

A-B
b = - 3 sin 26 (49)

for the cross-flow gradient.

The two-dimensional stagnation point is represented by the spécial case B= 0.

In general, the stagnation point has two axes of symmetry on the surface
(6= 0,2/2 ),

Examination of equation (45) and the second of equations (42) in the same way
yields

d = klsine - kzcosﬁ ,

e :—kzsinﬂoklcosﬁ .

At 6 = ¢, equation {44) implies that e{( 0) = 0= &k
evaluation of equation (44) at 4=n/2 gives

1 H in addition B £ 0, then

for all 8. If the stagnatjon point is two-dimensional, on the other hand, this
conclusion cannot be drawn.

In a three-dimensicnal flow, therefore, there are two alternatives. First, the
flow in the neighborhood of the stagnation point is analytic (i.e., can be expanded
in power series}). Then unless B= 0, all three components of the vorticity at
the stagnation point are zero, and the velocity components in the neighborhood

of the stagnation point have the form ’

u = a (6)!
w = b(Hr ,
v = Ccn, (50)

where a and b are given by equations (48) and (49). The outflow velocity v and
the cross flow wvanish along the axis perpendicular to the body, and the stagna-
tion streamline is perpendicular to the surface. If B=0, however (two-dimen-
sional flow}, this is not so, and the stagnation streamline subtends an angle to
the surface which is dependent on the way it passes through the shock rather
than on conditions near the stagnation point.

The second possibility is that the flow does not have an analytic solution near
the stagnation point. This possibility is rejected in the present context because

-23-




it is inconsistent with the assumption that the flow variables can be approximated
by analytic functions. Hayes!8 explores this possibility in detail and arrives at
several interesting conclusions, It seems questionable, however, whether an
actual subsonic flow field would support the nonanalytic stagnation points which
Hayes considers.

The meaning of the argument presented above in the context of the one-strip
approximation being considered in this paper is that the dividing streamline
becomes a straight line perpendicular to the body. This can be seen from the
fact that the velocity component'u’lacks any linear dependence on n in the vicinity
of the stagnation point, so that, to be consistent with the linear approximation,

it must vanish identically along the stagnation point normal. In addition, the
fundamental differential equation for v, cannot be satisfied at the stagnation
point unless the value of u at the shock point opposite the stagnation point
vanishes.

It is therefore concluded that the initial shock angle must be such that v = o0,
and that the body entropy has the value associated with that shock angle. The
problem then essentially reduces to the determination of the proper values of
two parameters, the stagnation point location A, and initial shock detachment
distance ¢,, which will allow the sclution to be continued through the two sonic
point singularities. The shock angle is determined at the initial point by setting
the right-hand side of equation (35) equal to zero and performing the usual
Newton-Raphson iteration subject to this constraint.

19

missing starting conditions for the one-strip method of integral relations, al-
though his argument is different from that used above. He generalizes his
argument to cover the case of N sirips being taken between the body and the
shock, and arrives at a streamline which is not normal to the body at the stag-
nation point for N > 1. ~

Vaglio-Laurin™ 7 originated the concept of ug, = 0 being used to determine the

@

The above argument can readily be generalized to the case of N strips, The
initial conditions are then most easily visualized if they are formulated along
the dividing streamline. This curve is given by some unknown equation r =
r-r(n}. For each o, {i= 0,1, ..., Nfor XN strips) there is an unknown r; ,
giving a total of (N + 1) unknown r; .  Also the value of oy (standoff distance)
is unknown (the other n; can be specified as fractions of this quantity). The
unknown shock angle A at the dividing streamline determines the values of the
variables at the shock together with the dividing {body) entropy. The two
velocity components along the dividing streamline are related by

w24




wnd both vanish at the body. Hence there are (N - 1) unknown u; , say. All
other properties along the dividing streamline can be determined from these
{(-N 4+ 2) unknowns by the equation of conservation of stagnation enthalpy and
the equation of state. The N sonic singularity conditions determine all but
two of them,

The two remaining unknowns are determined by expressing the unknown func-

tions r(n) and u{?} along the dividing streamline in terms of expansions appro-
priate to the N-strip approach:

Since the streamline is perpendicular to the surface at the stagnation point and
My

=0 there, we require
f

rlrul‘:ﬁ.

two relationships between the unknowns which are sufficient to yield a well-set
problem.



IV, FINAL FORMULATION AND METHOD OF SOLUTION

Having introduced the Cartesian coordinate Y in the previous section (see figure
5) and the velocity component U (equal in absolute value to u but positive on the

leeward side of the stagnation peoint and negative on the windward), we can now
write the differential equations corresponding to (38), (22), and (21), respectively:
) d ,
sin A == . 13 —)tanA s (51)
dy R,

(52)
(2 1 i > &
£ RI RG € s ’
e du pU d
1-"—2- gpsin:\;;—b = - —(—sinA-d-Y((g)-pr
a
(53)
\ d (/1 1 LQ 1 I\ § 1 1 v F
- s —_— e m— U e = = 2 v m— v o+ 4 =
¢ | sin 4 p R, g¢ \ - R I g R 14 P ’ .
Here
1 I,
Hb~H——2-UE (H:h&«@"—\"‘w)
; (54)
1
— 11l 2
hy = H — — (U « <) . (55)
#n P (g Sy) ' (equation of state of equi-
- , librium air given by curve
P P(hbv Sb) \ fits with &, = constant), (56)
ay - alhy. S) (curve-fit speed of sound). (57)
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Using the shock conditions derived in the previous section, the following final

equations are obtained, The derivations have been omitted.

_tic_ . ¢ \tan A
dY - R, sin A

dA

—

dA 1

— +

D
C

de

dY

€

. 1
UvsinAf— —
ay 1 1\ [G+“"s'” (; ay
Cgl— + E-)smA

]

@
dUb F
vy [ ( Uz}
e |1 - ——-) g sin A
. 2
bl |
where

B
C = (pv), [—A— sinA + VycosA -

v, sin(v + A)]

B
- (pU). [— T cos)\~VNsinA « V,cos (v - A)]

AV

cos vy B sinv
- UV P Ve - = :

A 2
N V&

B
D = (pv), [-A_ sinA - V_ sin vcos)\]

B
- (pL), [T cos A « V_ siny sin A]

cos v B sinyv
- U, Ve o - = ‘
n

A [ Poc vm sin v v . (6P) v <(9P) ]
- - * Pa Ve SV T + N5 1
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p. V. _cos Fe) d Q
B = - s {2V_sinicosy — Vycos vl p Vo il —Vi siny cos1 "f‘) . (64)
) : ~= % v/

> (21 a1y | rl 1 § pu? L. 2 I

v p ~

S o o AL N (R R S A eR VR
| R € R, Rg ‘ Ry R, ¢ T

o K P

™~
—
~
—
N
1%
—d
=
n

29

4 1 de 1 dRy
F = — ———sxn\-——((s)‘Pw - Si“»\lgﬁb T

4y > dy
. pd RY

1 1 d 1 1 dx { B _
- - pU—E- +f = + =} g} — ),; ——sinA»pV\:cosA—pszm(z\&,p)
Ry 4 A ‘

1/—\
Do
":7!"\3
~——
=
i}
|
M
—-i
A
Q.:IQ_‘
S
SN—
=2

(67)

are given in terms of the curve-fit function(dp/dS);- . For a perfect gas,

@) .o 2 (68)
s/ R

-

where R is the gas constant.

The cross-~flow ¥ is given by
P [T « U(-Y + 2Ry cos A | 2

2 $

(69)

. . 1,2
§ vIY) v (Y - 2 Rj cos lo‘v -

" 2 \
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where the plus sign is selected for Y < Rjcos 3,and the minus sign for
Y - Rjcos iy

We now specify the geometric parameters appearing in the above equations.
As indicated in Fig. 5, the body is assumed to be a sphere with radius R at
least up to the stagnation point. At the last point on the nose sphere, } = 3 .
Beyond this point the body shape either may be given in tabular form or, if the
input constant R, is specified, may be a tangent torus with corner radius R, .

The function A = A0 < A <7, A(=Y)=7» - AMY)] is defined as follows:

Y
for |Y' < —RjcosAy, A = cos™1 (—r) ;
- 1

for Y >~ Rocos A, A(Y)is either given in tabular form as input (Y > 0),

or, if a value of the input constant R, is given, A - cos"l[ R
5

<

Here Rj,Ry,and Aj(z>A;>A, > #/2) are input constants.

The radius of curvature R, of the body contour in the plaﬁe of symmetry is
defined as follows:

Ry for |[Y; < - Rycos A
R, = R for iY' » -R Ay and R5 gi
r 2 1 caos 1 it 2 given (70)
-1 '
T for 1Y > ~ R cos A and Rj not given
— sin A
dy

The radius Ryin the plane of symmetry is simply the distance from the body
to the body axis of symmetry, measured along the normal to the body:

\Rl for ;Y! < — Rpcos )y

Rp=" (71)
, for 'Y > ~Rjycos Ay |
cos A

The metric g measures the surface distance between corresponding points on
adjacent geodesics, divided by the meridian angle between them at the stag-

nation point. In the plane of symmetry, this becomes in terms of the co-
ordinate Y

~-29-
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) dy
g - Y Rl cos *\u

Y2 sin A

where the integration is carried out from the stagnation point Y, = Rjcos \, .
The integral is singular at Y= 0. This behavior is circumvented by noting that
on the nose sphere g is equal to the cylindrical radius in a coordinate system
oriented with reepect to the stagnation point., The equation above can then be
applied on the body contour excluding the nose sphere, resulting in the defini-
tion:

Rysin (A -3, foriY, < —Rjcos |\
. Y
Ysin (A, ~ Ay) dy .
g = — Y Rjcos A - for ¥ > — Rj cos 4 (72)
cos 3 ° Y2 sin A
-—Rl cos .'\]
. Y
Y sin (/\1 - jo) dyY
—————————— -~ Y R, cosA ————— for Y < Ry cos A
1 0 i 1
cos A v2 sinA

Since g, = 0 (the value of g at the stagnation point}), the governing equation for
Us has an indeterminate form at the stagnation point, This indeterminacy must
be removed by expanding locally in Y- Y, . In the vicinity of the stagnation
point,

Y - ¥,
&= sin A
U Y -Y,) du
- dl dY i)
¥ =(Y-Y.)}—
° Y

Substituting in equation (53) and dividing by Y- Y, , we obtain the initial gradient
of the body velocity:

du € dU 1 dv v € (
P s-tpll-—})iT = T 3y + — v =
ay by Ry I dY 2 Y esin A Ry J§ 5 (73)
(+forY < RycosA,. — faoY > Rjcos A7)
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The method of solution is as follows. An initial guess is made of the unknowns

Y, and ¢, . Inthe absence of experimental data or the like, the stagnation
peint location can be approximated as the point at which the body surface is_
perpendicular to the stream direction:

W 4)

Also the detachment distance can be approximated by the zero-yaw value for a
sphere, which can be correlated fairly well by the formula
R .
W L ooms 2L (75)
pso

It is likely, however, that equation (75) in particular will be inaccurate for
most cases of interest. Fortunately, excellent data is available for A\, and
¢y (e.g., reference 20), and at worst a series of preliminary machine program
runs can be made to bracket the starting values of 3, and ¢, before the auto-
matic iteration procedure in the program becomes effective.

The shock equations {32)-(36) are solved for Us, = 0 to determine the starting
conditions corresponding to the initial choice of starting parameters, These
values are substituted into equation (73) to determine the initial gradient of the
body velocity. The differential equations (51), {52), and (53), are then integrated
simultaneously for Y > Ry cos A,,U>C and Y<Rjcos A ,U <0, Essentially they are
considered as a set of six equations, three for the plus (leeward) direction and
three for the minus (windward) direction, Positive and negative increments in
Y are equal for each integration step. The first few integration steps are com-
puted by a Runge-Kutta technique; subsequently, a predictor-corrector integra-
tion procedure is used which varies the Y-intervals according to the agreement
of the integrated values with values computed by extrapolation from previous

. steps.

In the process of integration, the program eventually reaches two points, one

2
U
in each direction, at which either F=0 or 1 - - 0 {(whichever happens first}.
a
b
If F=0, Uy reaches a stationary point and subsequently decreases in magnitude.
u2
If1- -5 ~0, U, varies rapidly and the predictor-corrector integration routine
2
a
b

reduces the interval between successive steps to an unacceptably small value, ©
The location of these points is determined in the following manner:

(a) If F = 0 the solution is interpolated to the precise point where F = 0
and the quantity
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dy - [1- — (76)

is computed at the point.

2
1" -
“b i
(b} If !~ — .o{i.e., the integration interval is reduced beyond a
certain point), the solution is extrapolated to the supposed point where
-2
Lb fal 1 R
I~ 5 ~ U and the quantity
%b
da (F) s (77)
2 =
1~ - =0
ag

is computed at that point,

In practice, one of these points is reached before the other. When the first
singular point is reached, the integration corresponding to the side (windward
or leeward) on which the point lies is suspended. Subsequent values of ¥,

which are needed to continue the integration in the other direction, are computed
by a least-squares curve fit of all the preceding values of %, The integration

is then continued in the other direction until the other singular point is reached,
when steps (a) and (b} are repeated,

Thus each iteration corresponding to a pair of values for \; and ¢, produces
a pair of values d; and d; (i=1or 2),the first on the leeward side and the sec-

cend on the windward. {Object: to reduce the values d; and d; in magnitude

until the solution can be continued through the two sonic points), This is .

accomplished by a Newton-Raphson scheme in which successive values of

d, . and d; are estimated by numerically forming ""derivatives' of these

-

quantities with respect to A and ¢ . For instance, after the solution di(l)
.

corresponding to the initial guess of \((,”and ro(” has been computed, two other

solutions are computed, corresponding to the value

(2 (1
\0 = \0 - FA
NEN S
(78)
RS ()]
LWl
(3 {1
t, =ty } + M . -32-




where py and ¢ are small input constants, The following derivatives are then
€
computed:

. 4@ — 4 d. a@ . g
34, HA ' 9¢, He

The predicted values of A(? and r(:) are given by

¢ 1 adi e adl
+ -
AQ - aQ .~ d(i) Y :
] ~  de, + de, (80)
34, a4,
o L@ = =)
o o J 1_ aAo i, aAo
where
8 oy 34 34
) - dA, de, 9N, de

and where f is a factor less than or equal to unity., For the usual Newton-
Raphson scheme, f would be set equal to unity, Convergence may be achieved
more quickly, however, if f is given a fractional value., The reason is that
the program must stay on the same side of the singularities from iteration to
iteration - in other words, if F=0 at the leeward singularity on the {irst

U
iteration { case (a)), then F must go to zero before ! - -—g- goes to zero at the

a
leeward singularity on all succeeding iterations. If this condition is not met,
the Newton-Raphson scheme becomes meaningless because the function 4,
which it is attempting to minimize is not smooth. Therefore if the program
jumps to the other side of a singularity during an iteration, it is required to
reduce the increments in 4, and ¢, systematically until it returns to the original
side of the singularity, Giving f a fractional value tends to make this behavior
less likely. The optimum value forf can only be determined by experimentation.

The solution is iterated until successive values of A, and ¢, satiafy the following
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convergence criterion:
(n) n-1) . |

A N [ AY
(81)

L) =D
S €q LR,

Typical values are uy = p = 10-7,x = 10.
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V. MACHINE PROGRAM

A machine program has been written for the IBM 7094 computer based on the
foregoing analysis. The running time is about 5 to 10 minutes for a given
body shape and angle of attack and for a perfect gas.

Figures 6 and 7 show preliminary results from this program for a perfect
gas. Figure 6 is a comparison of the zero-yaw body velocity distribution at
Mach 10 on a spherical body with unit radius; the comparsion curve was com-
puted by the one-strip program of Shih et al.2l as adapted by Springfield22 at
Avco RAD, The computed shock detachment distance was 0.12601, 28 compared
with the value 0,12662 from the Shih program. The difference is due to a
different choice of dependent variables.

On figure 7 is plotted the body velocity distribution on the same sphere as
computed ata =0 and 2 =15 degreea, The coordinate y; is a wind-oriented
Cartesian coordinate. Since the flow field on the sphere simply rotates with
the free-stream vector, ideally the curves as plotted this way would coincide,
The following values resulted from the computation: ¢ = 0,12826, Ay = 104.96
degrees.,

It is seen from figures 6 and 7 that the velocity distributions are indistinguish-
able except near the sonic points, where the disagreement is due to a rather
loose convergence requirement on A, and ¢, rather than to a deficiency in the
program.

Following is a summary of the input to Program 1560, Many of the values are
preset, but can be altered to suit the requirements of any particular problem.

INPUT
HS8 hoo
Free-stream conditions
V8 Ve
ROWS Foa
R1 Ry
R2 Ry ST
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D1 =
ALPHA:®
GAMMA
R

SOR
ROAWO
HO

TO
GASQ@P
CONV
UPBND
DNBND
FACTQR
EFACT
DELO -
EM
DM
NG@LQOP
XMUK
DT

SQ@P

FIXNEW

v
a Angle of attack

Ratio of specific heats
R Gas constant
SQ/R

-

Po

Reference (sea level} conditions
hO
T

Gas option {0 perfect gas; 1 real gas)

Convergence criterion for A, iteration (10-9 for perfect gas)
Upper bounds for predictor-corrector

Lower bounds for predictor-corrector

Factor to change predictor-corrector when bounds are exceeded
Initial value of ¢, (zero results in calculation from correlation)
Initial value of \, (zero causes \j= /2 ~a )

ke - derivative change in ¢ for Newton-Raphson

#y - derivative change in 3\, for Newton-Raphson

Number of Newton-Raphson iterations allowed

« - factor in Newton-Raphson

Initial integration interval in v

Newton-Raphson square option (1 causes square of 4;,
to be used; 0 causes exact value to be used) -

f - fraction of indicated change of Newton-Raphson which will
autilized
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PRINT Print option (0 prints only last integration; 1 prints all

integrations)
N N - Profile printed out every Nth integration step
L L - (L. + 1) points on each profile
* degrees
v radians

Aside from the parameters ¢, A5, A,, Sy, the output of the program consists
of a series of profiles of the flow variables from the body to the shock. These
profiles are computed during the f{inal iteration of the program. They are
based on the assumed linear profiles for the P;:

1 1S

P. =(1-¢) Pib + (P,

The following equations result:

pL =

€
(1-4)(;"‘){:2)15’( (’ T) (p + PUI)'
6
-pt? |

P -
€
VLS

Rg (82)

€
<) oo

» ‘ . '
(l—‘)(PL‘)b - (v R—e-) (PL)’

v o~

¢
] - v vw - 1 o uw
=) (pUWy + ¢ ( Rs) (PUW),

r' ¥ ¢ N
(1 =¢)(pUly ~ CG + i—;)(pb).

The profiles are printed out every Nth integration step, where N is an input
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integer. At each step there are L+1 points in all on a profile, including the
body and the shock, where L is another input integer. The points are equally
spaced and are computed from the formula

§
¢

e — 1 -0.1.2,....L

At each point on a profile, equations (82) are solved by a straightforward
iterative scheme involving the equation of conservation of stagnation enthalpy
and the equation of state.

The variables printed out are

together with \, V.. A, ¢, and ¢ . where

v - eyl

is the fluid speed and

1 v
Vs tanTt — forU>0
C
-1 v
= A . tan T ~7 for U< 0

Y - 7 2 for U= O

is the flow-deflection angle with respect to the vehicle axis.
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