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The o b j e c t  of  t h i s  thesis  i s  t o  i n v e s t i g a t e  c e r t a i n  

extrema1 p r o p e r t i e s  of  t h e  e l o n g a t i o n  diameter of connected 

graphs  and t h e  diameter of s t r o n g l y  connected d i g r a p h s .  

L e t  u s  p a r t i t i o n  t h e  v e r t e x  set  V of a graph of  o r d e r  

such tha t  through each v e r t e x  n i n t o  two s u b s e t s  V1 and V 

i n  V1 there  are e x a c t l y  n-1 edges ( t o  t h e  o t h e r  n-1 v e r t i c e s  
2 

i n  V ) ,  w h i l e  t h e  number of  edges through any v e r t e x  i n  V2 

i s  s t r i c t l y  less  t h a n  n-1. C lea r ly  V 1 u  V2 = V and 

v l n  v2 = b .  

I A graph  of  o r d e r  n on t h e  se t  V i s  said t o  b e  e x a c t  

k-complete, k > 1, i f  t h e  subse t  V has k v e r t i c e s ,  

and none of  t h e  v e r t i c e s  of t h e  s u b s e t  V are j o i n e d  by 
1 - 

2 

means of edges t o  each  o t h e r ;  such a graph  i s  denoted by 

.G(n,k) .  A graph of  o r d e r  n on t h e  se t  V i s  said t o  be p l u s  

k-complete i f  i t  c o n t a i n s  an  exac t  k-complete graph  and 

one v e r t e x  i n  V i s  j o i n e d  by m e a n s  of edges t o  d of t h e  

remain ing  n-k-1 v e r t i c e s  i n  V where 1 < d < n-k-1. 
2 

- 2 '  

L e t  G be t h e  c l a s s  o f  a l l  connected graphs  w i t h  n n,N 
v e r t i c e s  and N edges.  L e t  C denote  t h e  c l a s s  of  a l l  

e x a c t  k-complete graphs (k  2 1) and p l u s  k-complete 
n ,N 

g r a p h s .  We deno te  t h e  e l o n g a t i o n  diameter o f  a graph  G 

by e ( G ) .  Some p r o p e r t i e s  of  t he  e l o n g a t i o n  d i ame te r  and 

of k-complete graphs  y i e l d  t h e  foll5wing: 



t h e n  e ( G )  < e ( G ' )  where - n , N  
Theorem: If G belorigs t o  C 

G I  belongs  to G - c  n , N  n,N' 
An ana logous  problem f o r  d i g r a p h s  i s  known as B r a t t o n ' s  

problem: C o n s t r u c t  a s t r o n g l y  connec ted  d igraph  I' n ,N w i t h  

-_-- " ~ ~ . ~ i L = ~  4 : - - -  allu --a mi ly  c u ~ c 3  -J--- ir; ..-L=,.L 4 ~ -  a = - - - 4 - -  -e + L -  ,a:--,.-h 
w l i i ~ i i  b i i c  u i a i i i c b c A  VI b i i c  ui6;l ap14 

i s  a t  a minimum. 

While a complete s o l u t i o n  to t h i s  problem has no t  been 

found,  w e  have been able  t o  o b t a i n  a t  least  a n  i n t e r e s t i n g  

s ide  r e s u l t :  

Theorem: 

where  &(F) d e n o t e s  t h e  diameter of t h e  d i g r a p h  r and r 

d e n o t e s  t h e  r a n k  of t h e  i n c i d e n c e  m a t r i x  isomorphic  t o  t h e  

t h e n  2 6 ( r  ) > 2n - N + 2 .  

L e t  t h e  d i g r a p h  rn ,N  be such  t h a t  b ( r n , N )  2 r + 2  __ 
2 

n,N - digraph r n  ,N 3 
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I n t r o d u c t i o n  and Summary 

. 
I n  t h i s  thesfs wc aye m a i r ? l y  concerned w i t h  an i n v e s t i -  

g a t i o n  o f  t h e  p r o p e r t i e s  ( a )  of t h o s e  connected graphs  which 

have a f i x e d  number o f  edges and v e r t i c e s  and whose elonga-  

t i o n  diameter i s  a minimum; and ( b )  o f  t h o s e  f i n i t e  s t r o n g l y  

connected d ig raphs  which have a f i x e d  number of  d iedges  and 

v e r t i c e s  and whose diameter i s  a minimum. 

F i n i t e  connected graphs  and f i n i t e  s t r o n g l y  connected 

d i r e c t e d  graphs  en joy  s p e c i a l  p r o p e r t i e s  which make them 

a p p l i c a b l e  as mathemat ica l  models i n  such areas as communi- 

c a t i o n  networks and group dynamics. There are numerous 

examples of such a p p l i c a t i o n s ;  f o r  i n s t a n c e ,  s e e  Bhargava 

[ 2 ] ,  Busacker and Saa ty  [ 4 ] ,  o r  Flament [TI. Our purpose 

here i s  t o  look i n t o  one o f  these s p e c i a l  p r o p e r t i e s  o f  

. g r a p h s ,  namely t h e  n o t i o n  o f  diameter and e l o n g a t i o n  diameter 

of  a graph.  These concepts  a r i s e  i n  d i s c u s s i o n s  o f  p a t h s  o f  

maximum and minimum l e n g t h  between p a i r s  of  v e r t i c e s  i n  a 

graph .  

Moon [ll] has cons idered  problems d e a l i n g  w i t h  t h e  

diameter of a graph  from t h e  viewpoint  o f  f i n d i n g  t h e  degree  

of  each  v e r t e x  g iven  the number of v e r t i c e s  and t h e  maxi- 

mum diameter. However, w e  cons ide r  t h e  problem of  c o n s t r u c t -  

i n g  graphs  and d ig raphs  w i t h  a f i x e d  number of edges and 

v e r t i c e s  i n  which t h e  diameter  o r  e l o n g a t i o n  d i ame te r ,  as 

- I -  
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t h e  c a s e  may be ,  i s  a minimum. 

The first c h a p t e r  of t h i s  t h e s i s  i s  devoted t o  some 

b a s i c  d e f i n i t i o n s  and r e l e v a n t  n o t a t i o n s  from t h e  theo ry  of  

graphs  and d i r e c t e d  g raphs .  Also,  some r e s u l t s  from t h e  

t h e o r y  of i n c i d e n c e  m a t r i c e s  which are useu i n  our woi-k a r e  

presen ted .  

I n  t h e  second c h a p t e r  w e  i n t r o d u c e  a new c l a s s  of  

g raphs  C, which i s  a s u b s e t  of t h e  c l a s s  of a l l  connected 

graphs G ,  whose elements  have t h e  p r o p e r t y  of minimum elonga- 

t i o n  diameter. T h i s  c l a s s  C = C ' u  C", where C' i s  t h e  

c l a s s  of a l l  e x a c t  k-complete graphs  and C" i s  t h e  c l a s s  of 

a l l  p l u s  k-complete graphs .  

I n  Chapter 111, w e  summarize t h e  p rev ious  r e s u l t s  

related t o  B r a t t o n ' s  problem, t ha t  i s ,  c o n s t r u c t i o n  of  a 

g raph  w i t h  n v e r t i c e s  and N edges whose diameter i s  a mini- 

mum, and w e  s t a t e  B r a t t o n ' s  con jec tu re .  While a complete 

s o l u t i o n  of t h i s  problem has not  been found w e  have been 

able t o  o b t a i n  at  leas t  an i n t e r e s t i n g  s ide  r e s u l t :  Let t h e  

r + 2  d igraph  I' be such that  6 (  r) > -, where 6 ( r )  denotes  t h e  
- 2  

diameter of d ig raph  I' and r denotes  t h e  rank of  t h e  inc idence  

m a t r i x  isomorphic  t o  t h e  d igraph  r ,  t h e n  26(I') - > 2n - N + 2. 

F i n a l l y ,  i n  t h e  appendix we g i v e  t h e  ea r l i e s t  and l a t e s t  

stage i n  which a random d i r e c t e d  graph  can belong t o  each 

of t h e  c o n n e c t i v i t y  c l a s s i f i c a t i o n s .  



Chapter I 

P r e 1 i min a r i e s 

This chapter consists of EoEe relevznt definitions and 

n o t a t i o n s  from t h e  t h e o r y  of graphs and d i r e c t e d  graphs ,  and 

from t h e  theo ry  o f  0-1 mat r i ces  t h a t  are used throughout  

t h i s  t hes i s .  These are s t anda rd  d e f i n i t i o n s  and t h e y  can be  

found i n  Berge [l], and Bhargava [ 2 ] ,  and O r e  [12]. 

1.1 G r a D h s  

L e t  Vn be a f i n i t e  set  c o n s i s t i n g  of n e lements ,  denoted 

by vi, i = 1, 2 ,  ..., n ,  and le t  E be  t h e  s e t  of a l l  p o s s i b l e  

l i n e s  j o i n i n g  a l l  t h e  p a i r s  of d i s t i n c t  p o i n t s  belonging t o  

t h e  s e t  Vn. C l e a r l y ,  t h e  number of e lements  i n  E i s  n(n-l). 
. 2  

D e f i n i t i o n  1.1.1: The p a i r  (Vn,EN), B 5 F N C E ,  i s  c a l l e d  

a f i n i t e  graph 

where n i s  t h e  

of  e lements  i n  

of o r d e r  n ,  and i s  denoted by G n,N = G(Vn,FN), 

number of elements i n  Vn and N i s  t h e  number 

EN. The e l emen t s  o f  V are c a l l e d  t h e  v e r t i c e s  

of t h e  graph Gn,” and t h e  elements of  PN are c a l l e d  t h e  

edges of t h e  graph G Whenever n and N are f i x e d  and no 

confus ion  can arise,  w e  drop the s u b s c r i p t s  and denote  
n ,No 

G = G(V,F) simply by G .  
n,N 

All t h e  g raphs ,  G n , N  w i t h  which w e  are d e a l i n g  are 

assumed t o  be wi thout  m u l t i p l e  edges and loops  ( t h a t  i s  

edges  of t h e  t y p e  ( v i , v i ) ) .  Thus, t h e  number of edges i n  

G v a r i e s  from ze ro  (no  edges a t  a l l ,  i n  which c a s e  t h e  
n , N  
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grap-1 i s  c a l l e d  a n u l l  g raph)  to n ( n -  1'2 ( a l l  p o s s i b l e  

edges,  i n  which case  t h e  graph i s  c a l l e d  a complete g r a p h ) .  

D e f i n i t i o n  1 . 1 . 2 :  A p a t h  i s  a sequence of  edges ,  

ei = ( v i - l , v i ) ,  

i-1 i 

i = 1, 2 ,  ..., m 

--a 
i 

appears  once and only once ( v e r t i c e s  may appear  more t h a n  

r . r h n v a 0  1 . L 1 L . 1  L L d U A A U  2 a l w a y s  havz a 2 ~ ~ j l ~ i ?  ' v ' 2 1 ? t s X  azd each 2. 

once ) .  The v e r t e x  vo i s  c a l l e d  the  i n i t i a l  v e r t e x  whi le  

t h e  v e r t e x  vm i s  c a l l e d  t h e  t e rmina l  v e r t e x  o f  t h e  p a t h ;  

a l l  o t h e r  v e r t i c e s  o f  t h e  pa th  are c a l l e d  i n t e r m e d i a t e  

v e r t i c e s .  

m ,  t h e  number of edges between t h e  i n i t i a l  and t e r m i n a l  

The l e n g t h  of a p a t h ,  {ei, i = 1, 2 ,..., m 1 i s  

v e r t i c e s .  

D e f i n i t i o n  1.1.3: 

D e f i n i t i o n  1 . 1 . 4 :  A p a t h  i s  said t o  be  a s imple  p a t h  i f  

none of i t s  v e r t i c e s  are t r a n s v e r s e d  more t h a n  once. 

D e f i n i t i o n  1.1.5:  A complete cyc le  ( o f t e n  c a l l e d  a Hamilton 

l i n e )  i s  a c y c l e  which passes  through a l l  t h e  v e r t i c e s  of a 

If vo = v t h e  p a t h  i s  s a i d  t o  be c y c l i c .  m 

graph. 

D e f i n i t i o n  1 .1 .6 :  A graph G i s  said t o  be connected i f  

f o r  eve ry  p a i r ,  ( v i , v j ) ,  t h e r e  ex is t s  a p a t h  wi th  vi as t h e  

i n i t i a l  v e r t e x  and v as t h e  t e r m i n a l  v e r t e x .  
j 

For  f i n i t e  connected graphs G ,  t h e  l e n g t h s  of p a t h s  

between any two v e r t i c e s  are p o s i t i v e  i n t e g e r s .  Consequently,  

there  e x i s t  p a t h s  of minimum and maximum l e n g t h s .  

D e f i n i t i o n  1.1.7: The l e n g t h  of t h e  s h o r t e s t  s imple  p a t h  

between v and v1 i s  c a l l e d  t h e  d i s t a n c e  of  vi and v I ,  and i 



i s  denoted  by d ( v i , v . ) ;  t h e  diameter i s  t h e  maximum of 

d ( v i , v  
J 

o v e r  a l l  pa i r s  ( v i , v . ) ,  i # j ,  and i s  denoted by 
S J 

mn,N). 
D e f i n i t i o n  1.1.8:  The l e n g t h  of t h e  l o n g e s t  s i m p l e  p a t h  

hP.4--..fin.-. Z I  r r - 2  -* is eal lec  t h e  elori-at.on of -< -".A -- 

and i s  denoted by e ( v  , v . ) ;  t h e  e l o n g a t i o n  d i ame te r  i s  t h e  

maximum of e ( v  , v . )  ove r  a l l  p a i r s  ( v i , v j ) ,  i # j ,  and i s  

denoted by e ( G  ) .  

'i 'j i 'j ' UT; U W C T ; l l  

i J  

1 3  

n,N 
It is  obvious that  f o r  any (vi ,v  .) , i # j , 

J 
e ( v i , v j )  = e ( v j , v . )  1 and d ( v i , v j )  = d ( v . , v i ) .  J 1.1.1 

Also, 

1.1.2 

D e f i n i t i o n  1.1.9: T h e  l o c a l  degree  of a v e r t e x  v i s  t h e  

number of edges through t h a t  v e r t e x ,  and i s  denoted by p ( v i ) .  
i 

D e f i n i t i o n  1 . 1 . 1 0 :  A graph G'(V',F') i s  sa id  t o  be a sub- 

g r a p h  of G ( V , F )  if V '  i s  a subse t  of V and F' i s  a s u b s e t  

o f  F. 

1 . 2  D i r e c t e d  Graphs 

L e t  Vn be a f i n i t e  s e t  c o n s i s t i n g  of  n e lements ,  denoted 

by vi, i = 1, 2 ,..., n ,  and l e t  D be  t h e  set of a l l  o rde red  

p a i r s  of p o i n t s  < v i , v . > ,  i # j , belonging  t o  t h e  s e t  V.  

C l e a r l y ,  t h e  number of  elements i n  E 

D e f i n i t i o n  1 . 2 . 1 :  

a f i n i t e  d i r e c t e d  graph  ( o r  s i m p l y  d i g r a p h )  o f  o r d e r  n ,  and 

J 
i s  n (n -1 ) .  

The  p a i r  ( V n , C N ) ,  6 CC,C D ,  i s  c a l l e d  



i s  de o t e d  b 

6 

where n i s  the n u :  i r cf e lements  i n  V 
'n,NY n 

The e lements  o f  Vn 
14 - and N i s  t h e  number of elements i n  C 

are  c a l l e d  t h e  v e r t i c e s  of  t h e  d ig raph  and t h e  e l emen t s  

o f  CN are c a l l e d  t h e  d i r e c t e d  edges (or simply d iedges)  o f  

v as i t s  t e r m i n a l  v e r t e x .  Whenever n and N are f i x e d  and 

no confus ion  can a r i se ,  w e  d r o p  t h e  s u b s c r i p t s  and deno te  
j 

r = r ( V , C )  s i m p l y  by  r .  
n,N 

A l l  t h e  d i g r a p h s ,  rn ,N,  w i t h  which w e  are concerned 

are assumed t o  be wi thout  m u l t i p l e  d i edges  and loops .  Thus, 

t h e  number o f  d i edges  i n  l' may vary  from z e r o  ( t h e  null 

d i g r a p h )  to n(n-1)  ( t h e  complete d i g r a p h ) .  

D e f i n i t i o n  1 . 2 . 2 :  A d i r e c t e d  p a t h  (or simply d i p a t h )  i s  a 

sequence of  d i edges ,  

n , N  

e = <v v > ; i = 1, 2 ,  ..., m 
i i-1' i 

where t h e  t e r m i n a l  v e r t e x  o f  ei - i s  a l w a y s  t h e  i n i t i a l  

v e r t e x  o f  e 

on ly  once. 

and each  ei ,  i = 1, 2 ,  ..., m y  appea r s  once and 
i 

The v e r t e x  vo i s  the  i n i t i a l  v e r t e x  wh i l e  t h e  

v e r t e x  vm i s  t h e  t e r m i n a l  v e r t e x  o f  t h e  d i p a t h ;  a l l  o t h e r  

v e r t i c e s  of t h e  d i p a t h  are c a l l e d  i n t e r m e d i a t e  v e r t i c e s .  

The l e n g t h  o f  a d i p a t h  {e i = 1, 2 ,..., m) i s  m ,  t h e  num- 

b e r  o f  edges between t h e  i n i t i a l  and t e r m i n a l  v e r t i c e s .  
i ' 

D e f i n i t i o n  1 . 2 . 3 :  

D e f i n i t i o n  1 . 2 . 4 :  

i f  none of i t s  v e r t i c e s  are t r a n s v e r s e d  more t h a n  once.  

I f  vo = v 

A d i p a t h  i s  said to be a s imple  d i p a t h  

t h e  d i p a t h  i s  said t o  be  c y c l i c .  m 

I n  o r d e r  t o  d i s c u s s  connectedness  i n  a d ig raph  r n,N' 
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a c l a s s i f i c a t i o n  s y s t e m  f o r  the d ig raph  based on s t r e n g t h  

o f  connec tedness  i s  n e c e s s a r y ,  and i s  d e s c r i b e d  below. 
~ 

D e f i n i t i o n  1 . 2 . 5 :  A d i g r a p h  i s  s t r o n g l y  connec ted  i f  for 

eve ry  o r d e r e d  p a i r  <vi,v .> , i # j , t he re  i s  a d i p a t h  fi-om 
J 

v t.c! v ar,e 8 dipath f r o m  v t z l  v 
i j j i‘ 

D e f i n i t i o n  1 . 2 . 6 :  A d igraph i s  u n i l a t e r a l l y  connected i f  

f o r  every  o r d e r e d  p a i r  <v  , v j > ,  i # j , there  i s  a d i p a t h  

from vi to v 

D e f i n i t i o n  1.2.7: A d i g r a p h  i s  weakly connec ted  i f  f o r  

e v e r y  o rde red  p a i r  < v  , v . > ,  i # j ,  there  i s  a sequence o f  

edges, i g n o r i n g  t h e  d i r e c t i o n ,  from v 

D e f i n i t i o n  1 . 2 . 8 :  A d i g r a p h  i s  d i sconnec ted  i f  it i s  no t  

i 

o r  a d i p a t h  from v to vi,  o r  bo th .  
j j 

i J  

t o  i 

even weakly connec ted .  

S i n c e  a d igraph  which i s  s t r o n g  i s  a l s o  u n i l a t e r a l ,  

, and a d ig raph  which i s  u n i l a t e r a l  i s  a l s o  weak, t h i s  c l a s s i -  

f i c a t i o n  s y s t e m  i s  n o t  mutual ly  e x c l u s i v e .  However, a 

mutua l ly  e x c l u s i v e  s y s t e m  can b e  o b t a i n e d  i n  a n  obvious 

manner, namely, a d i g r a p h  i s  sa id  to b e  

( a )  t y p e  S3 i f  it i s  s t r o n g ,  
I 

( b )  t y p e  S 2  i f  i t  i s  u n i l a t e r a l  b u t  n o t  s t r o n g ,  

( c )  t y p e  S1 i f  i t  i s  weak b u t  no t  u n i l a t e r a l ,  and 

( d )  t y p e  S o  if it i s  no t  even weak. 

I n  o r d e r  t o  d i s c u s s  d i s t a n c e s ,  e l o n g a t i o n s ,  diameters 

I 
and e l o n g a t i o n  diameters i n  a d ig raph  r w e  must be  

a s s u r e d  of a d i p a t h  from vi t o  v 

< v i , v . > ,  t h a t  i s ,  I’ must be s t r o n g l y  connec ted .  

n,N’ 
f o r  every  o r d e r e d  p a i r  

j 
, 

J n , N  



For f i n i t e  s t r o n g l y  connected d ig raphs  r , t h e  

l e n g t h s  of  d i p a t h s  from one v e r t e x  t o  a n o t h e r  are p o s i t i v e  

i n t e g e r s ;  as a consequence, t h e r e  e x i s t  d i p a t h s  o f  maximum 

n,N 

and minimum l e n g t h .  

n e f i n l t i o n  1.2.9: T h e  length  nf the shnrtest  simple dfpmth 

from v t o  v .  i s  t h e  d i s t a n c e  of vi and v , and i s  denoted  

by d ( v i , v j ) ;  t h e  diameter i s  the  maximum of d(v i ,v  ) o v e r  

a l l  <v i ,v j> ,  i # j ,  and i s  denoted by 6(r 

D e f i n i t i o n  1 .2 .10 :  The l e n g t h  o f  t h e  l o n g e s t  s imple  d i p a t h  

from vi t o  v i s  c a l l e d  t h e  e l o n g a t i o n  o f  v and v , and i s  

denoted  by e ( v  , v . ) ;  t h e  e l o n g a t i o n  diameter i s  maximum o f  
i J  

i J j 

j 
) .  

n,N 

j i j 

i # j ,  and i s  denoted  by e ( r  ) .  
<vi > n ,N 

e ( v  , v . )  o v e r  a l l  
i J  

We remark t h a t  i n e q u a l i t i e s  l i k e  1 . 1 . 2  f o r  graphs  h o l d  f o r  

d i g r a p h s  a l s o .  

D e f i n i t i o n  1 . 2 . 1 1 :  A d ig raph  r'(V',C') i s  said t o  be  a 

subd ig raph  of r(V,C), i f  V '  i s  a s u b s e t  of V and C '  i s  a 

s u b s e t  o f  C .  

1 . 3  I n c i d e n c e  Matrices 

D e f i n i t i o n  1.3.1:  Assoc ia ted  w i t h  every  graph  G i s  an  n,N' 
nxn m a t r i x ,  M ( G ) ,  whose e n t r i e s  are d e f i n e d  as f o l l o w s :  

1 i f  (v i , v . )  be longs  t o  F 

0 i f  ( v . , v . )  does n o t  be long  t o  F.  

ii 

For i # j ,  mij = { J 

1 J  
For i = j ,  w e  d e f i n e  m = 0. 

Since  ( v i , v . )  = ( v j , v . ) ,  w e  n o t e  t h a t  M ( G )  i s  s y m m e t r i c  1 J 
w i t h  respec t  t o  t h e  main d i agona l .  Such a m a t r i x  i s  c a l l e d  

t h e  i n c i d e n c e  m a t r i x  of t h e  graph G n,N' 



I D e f i n i t i o n  1 . 3 . 2 :  I n  a s i m i l a r  manner, w e  associate w i t h  
, eve ry  d ig raph  r t h e  nxn ma t r ix ,  M(r) ,  whose e n t r i e s  a r e  

d e f i n e d  as f o l l o w s :  
n,N 

1 i f  <vi ,v .> be longs  t o  C 
j 

If = v  , v j i  Goes rioi  be long  t o  C .  LG i 

ii 

r For i # j ,  m = 
i .i 

For i = j, w e  d e f i n e  m = 0 .  

Such a m a t r i x  i s  c a l l e d  t h e  i n c i d e n c e  m a t r i x  o f  t h e  

d ig raph  rn," 

To i n d i c a t e  t h e  ( i , j ) t h  e n t r y  of t h e  m a t r i x  M n ,  t h e  

9 

nth power of M ,  w e  sha l l  employ t h e  symbol m y j .  The fo l low-  

ing  r e s u l t  i s  t r u e  f o r  i n c i d e n c e  m a t r i c e s  a s s o c i a t e d  w i t h  a 

graph as w e l l  as a digraph.  

Lemma 1.3.1: I n  Mn,  t h e  e n t r y  mn = c if and only  if t h e r e  
i j  

are c d i s t i n c t  pa ths  of l e n g t h  n from v t o  v i # j, and 

where t h e  c d i s t i n c t  paths o f  l e n g t h  n are n o t  n e c e s s a r i l y  
i j' 

s i m p l e  p a t h s .  

I F o r  p roof ,  w e  r e fe r  t o  L u c e  and P e r r y  C81. 

D e f i n i t i o n  1.3.3: The r ank  of a m a t r i x  i s  t h e  o r d e r  o f  t h e  

largest nonzero de te rminan t  which  i s  o b t a i n a b l e  by t h e  

- 
p o s s i b l e  d e l e t i o n  o f  rows and columns from t h e  m a t r i x .  

L 



Chapter I1 

Elongat ion  Diameters 

L e t  G be  t he  c l a s s  of  a l l  connected f i n i t e  graphs 
n,N 

w i t h  n v e r t i c e s  and N edges ,  t h a t  i s ,  

i s  connected;  n ,  N f i x e d ) ,  
n , N  

G = { G  I G  n,N n,N 

n(n-1)  where n > 2 and n-1 < N < 
- 2  - - 

L e t  e ( G )  denote  t h e  e l o n g a t i o n  diameter of G ,  where G 

i s  a graph  be long ing  t o  G n , N .  

The problem w e  c o n s i d e r  i n  t h i s  c h a p t e r  e s s e n t i a l l y  

c o n s i s t s  of  f i n d i n g  a s u b s e t  G' C - G n , N ,  such t h a t  i f  G '  

belongs  to G '  and G belongs t o  Gn," t h e n  e ( G ' )  - < e ( G ) .  

I n  o t h e r  words w e  wish t o  f i n d  a graph (or c o l l e c t i o n  

o f  g raphs )  which i s  connected,  and has f i x e d  number o f  ve r -  

t i c e s  and edges ,  and has  minimum e l o n g a t i o n  d i ame te r .  

2 . 1  Minimum Elonga t ion  Diameter 

L e t  u s  p a r t i t i o n  t h e  v e r t e x  s e t  V of  a graph o f  o r d e r  n 

i n t o  two s u b s e t s  V1 and V2 such t ha t  through each v e r t e x  i n  

V1 there  are e x a c t l y  n-1 edges (to t h e  o t h e r  n-1 v e r t i c e s  

i n  V), w h i l e  t h e  number of edges through any v e r t e x  i n  V2 i s  

s t r i c t l y  less t h a n  n-1. 

D e f i n i t i o n  2.1.1: A graph G of o r d e r  n on s e t  V i s  said t o  

b e  e x a c t  k-complete, k - > 1, i f  t h e  s u b s e t  V1 has k v e r t i c e s  

and none of t h e  v e r t i c e s  i n  the  s u b s e t  V a r e  j o i n e d  by  

C l e a r l y ,  VIUV, = V, and V,nV,= 8 .  

2 

- 10 - 



means o f  an edge t o  each o t h e r ;  such a graph i s  denoted by 

G(n ,k) .  We n o t e  t ha t  an exact  k-complete graph has 

N = k n -  k(k+l)  edges. 

V 

t h e  incompieie  vertices of t i i e  graph G ( i ? , k > .  See Flgure  1 

f o r  an  example of such a graph. 

We c a l l  t h e  p o i n t s  i n  t h e  s u b s e t  
2 

complete v e r t i c e s  of  t h e  graph G and t h o s e  i n  s u b s e t  V2 1 

D e f i n i t i o n  2 . 1 . 2 :  A graph G o f  o r d e r  n on s e t  V i s  said 

to b e  p l u s  k-complete i f  i t  has an exac t  k-complete graph 

G(n,k) as a subgraph and t h e r e  i s  e x a c t l y  one incomplete  

v e r t e x  which i s  j o i n e d  by means of edges t o  d of t h e  remain- 

i n g  n-k-1 incomplete  v e r t i c e s ,  and 1 - < d < n-k-1; such a 

graph i s  denoted by G(n,k+>. See F igu re  2 f o r  an  example 

of such a graph. 

D e f i n i t i o n  2.1.3: A graph G i s  said to be k-complete i f  it 

i s  e i t h e r  exac t  k-complete o r  p l u s  k-complete. 

F igure  1. Example of  an  exac t  k-complete graph;  
n=7, k=2, N = l l ,  V1={a,b3, V = { c , d , e , f , g ) .  2 

a b 

C 

d e f 

Figure  2. Example of p lus  k-complete graph; 
n=7, k=2 ,  N = 1 4 .  
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To avoid  having t o  make t r i v i a l  excep t ions  l a t e r ,  l e t  

u s  assume n L 3. 

We n o t e  t h a t  C C G  C I  ncclt = 8 ,  and 
n,N - n,N' n,N n ,N 

be longing  t o  C n , N  Theorem 2 .1 .1 :  For  any graph G 

e(Gn,N n,N n ,N  n , N  n,N' 

n ,N 
- c  ) 5 e ( G '  ) where G I  belongs t o  G 

The proof of  t h i s  theorem r e q u i r e s  s e v e r a l  r e s u l t s  

r e g a r d i n g  t h e  e x a c t  k-complete graphs and p l u s  k-complete 

g r a p h s ;  these are s ta ted  and proved i n  t h e  form of Lemmas 

2 . 1 . 2  through 2 .1 .5  and Corol la ry  2 . 1 . 6 ;  t h e  proof  of t h e  

theorem t h e n  fo l lows .  

We have a l r eady  seen  t h a t  i f  G(n,k) i s  an  e x a c t  k- 

complete  graph and V 

v e r t i c e s  and t h e  s e t  of incomplete  v e r t i c e s  r e s p e c t i v e l y ,  

and V2 denote  the  set  of complete 1 

tha t  V 1 u V ,  = V ,  t h e  set  of v e r t i c e s  of G(n ,k ) ,  and 

v,n v = 8 .  
2 

L e t  P ( i , j )  denote  t h e  pa th  of maximum l e n g t h  between 

i o '  v and v l e t  t h i s  p a t h  c o n s i s t  of r+l v e r t i c e s ,  v 

V i l , . . . ,  v w i t h  vio = vi and vir = v i r  
of pa th  i s  r.  

i 3 '  
s o  t h a t  t h e  l e n g t h  

L e t  u s  r e p r e s e n t  P ( i , j )  by t h e  sequence 

{ V  , a = 0, 1 ,..., r). 
i a  



Lemma 2 . 1 . 2 :  For  an exac t  k-complete g r a p h ,  G(n ,k ) ,  

p ( i , j >  = {via I via E W f o r  a = 0,2,. . . , 2 m  and 

where W = V1 o r  V2 and r = 2m o r  2 m + l ;  u n l e s s  e (v i ,v  )=n- l .  
j 

Proof:  

consecut ive  v e r t i c e s  i n  t h e  pa th  belong t o  t h e  same s u b s e t  W 

The above p a t h  from vi t o  v i s  such t h a t  no two 
j 

o f  v e r t i c e s .  We c a l l  such a pa th  an a l t e r n a t i n g  p a t h .  

Assume t h e  e l o n g a t i o n ,  P ( i , j )  = {via, a = 0 , 1 , 2 ,  ..., r}, 

i s  not  an a l t e r n a t i n g  p a t h ,  t h a t  i s ,  bo th  via 

t o  V f o r  some a = 1 , 2 ,  ..., r ;  we need no t  cons ide r  both v 

and v 

exac t  k-complete graph.  S ince  v and via are bo th  complete 

v e r t i c e s ,  t h i s  i m p l i e s  t h e  e x i s t e n c e  of  a p a t h  segment from 

and via belong - 
1 i a - 1  

belonging t o  V2,  because t h i s  i s  not  p o s s i b l e  i n  an  

i a - 1  

i a  

t o  v through some v belonging t o  V u n l e s s ,  o f  cour se ,  
v i a - l  i a  e 2 

n 
2 2 

V has been exhausted by t h i s  t i m e ;  i n  which case  k > - and 

e ( v i , v j )  = n-1. 

a = O,l, ..., i-l,t,i, ..., r} i s  longer  which i s  a c o n t r a d i c t i o n .  

Lemma 2.1.3: I f  G(n,k) i s  an exac t  k-complete graph ,  k 

t h e n  e ( G ( n , k ) )  = 2k; i f  k > [:I t h e n  e (G(n ,k) )  = n-1. 

Proof :  By Lemma 2 .1 .2  w e  know the p a t h  c o n s t i t u t i n g  t h e  

Thus t h e  p a t h  through ve, t h a t  i s  {via, 

[$I 

e l o n g a t i o n  diameter i s  a l t e r n a t i n g ;  between the i n i t i a l  and 

t e r m i n a l  v e r t i c e s  w e  have as many v e r t i c e s  as p o s s i b l e .  

I f  a t  any s t a g e  t h e  e longa t ion  i s  n-1, which i s  t h e  

maximum l e n g t h  of any s imple path i n  G(n ,k) ,  t h e n  t h i s  i s  

n e c e s s a r i l y  t h e  e l o n g a t i o n  d iameter .  

S ince  t h e  set  of v e r t i c e s  of  an exac t  k-complete graph 
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c o n s i s t s  of two d i s j o i n t  se t s ,  namely, V1 and V 

only  c o n s i d e r  t h r e e  t y p e s  of p a t h s  o f  maximum l e n g t h :  

we need 
2’ 

(i) between vi and v both belonging t o  V i n  
j 1’ 

which case  e ( v  v ) = 2k-2, because vi and v 
i J  3 j 

ii) between v and v both be longing  t o  V2 ,  i n  ‘ 

which case  e ( v  v ) = 2k,  because each of  t h e  

k v e r t i c e s  of  V have two i s s u i n g  edges, and 

i j 

i’ 3 

1 
iii) between vi belonging t o  V and v belonging 

1 3 
t o  V2, i n  which case e ( v  v ) = 2k-1, because 

iJ  j 
has only  one i s s u i n g  edge. 

i s  less t h a n  n-1, t h e n  i t  i s  e v i d e n t  t h i s  i m p l i e s  

e (G(n ,k) )  = 2k.  

e (G(n ,k ) )  = n-1, where t h e  b r a c k e t s  i n d i c a t e  t h e  g r e a t e s t  

From t h i s  we n o t e  t h a t  k > [ E ]  g i v e s  
2 

i n t e g e r  no t  exceeding n/2.  

The graph i n  F igu re  3 shows t h a t  no th ing  can be  said 

i n  t h e  way of a cqnverse t o  Lemma 2.1.3;  i n  t h i s  example 

w e  have e ( G )  = n-1 and y e t  t h e  number of edges i s  only 

N = n. 

F igu re  3 .  Example o f  a graph  w i t h  n=6, N = 6 ,  and 
e(G) = 5 .  

Lemma 2 . 1 . 4 :  If G c o n t a i n s  an e x a c t  k-complete graph 
n ,N 



I .  

I 

G(n,k) w i th  N - 1  edges,  t h e n  e(G ) < 2k+l .  n,N - 
Proof:  See F igure  4 f o r  an example o f  t h e  graph d e s c r i b e d  

i n  t h i s  lemma. 

L e t  G(n,k,N-1) denote  an e x a c t  k-complete graph w i t h  

N - 1  edges, If e[G(n,k,N-l))  = ~ - l ,   the^ af f i  ) 5s ob-yicus= 

ly n-1. 
‘“n ,N 

Suppose e(G(n,k,N-1)) <n-1 = 2k.  

L e t  te = (vi-l,vi), i = 1 , 2 ,  ..., 2k} r e p r e s e n t  t h e  

2 

i 
e l o n g a t i o n  d iameter .  S ince  vo E V i s  an a r b i t r a r y  element 

of V2, w e  l e t  t h e  a d d i t i o n a l  edge be from vo t o  V2k+l E: V 

where v 

e(G(n,k,N-1)) by one. From v 

edges t o  set  of complete ve r t i ce s  V bu t  a l l  t h e  complete 

v e r t i c e s  have been t r a n s v e r s e d .  Thus e(G ) = 2k+l .  

2’ 
# v i = 1 , 2  ,..., 2k. Now e increases 

E V t h e r e  are only  
2k+l  i’ 2k+l 

2k+l  2’ 

1’ 

n ,N 
Again F igu re  3 shows t h a t  t h e  converse cannot hold; 

e ( G )  = n-1 t e l l s  us  no th ing  about t h e  number of edges of G .  

Lemma 2.1.5: I f  G contains an e x a c t  k-complete graph  n ,N 
G(n,k)  w i t h  N-2 edges ,  t h e n  e ( G  ) < 2k+2. n,N - 
Proof :  See F igu re  5 f o r  an example of t h e  graph d e s c r i b e d  

i n  t h i s  lema. 

L e t  G(n,k,N-2) denote  an e x a c t  k-complete graph wi th  

N-2 edges.  If e(G(n,k,N-2)) = n-2, t h e n  by Lemma 2 . 1 . 4  

w e  have e ( G  ) = n-1. 
n , N  

I f  e(G(n,k,N-2)) = n-1, then  e ( G , , N )  i s  obviously n-1. 

Suppose e(G(n,k,N-2)) < n-2 = 2k. By Lemma 2 . 1 . 4  

e(G(n,k+,N-1)) = 2k+l .  L e t  {ei = (Vi- l ,Vi )  , = 1,2,. . , 2 k + l )  



denote  t h e  e l o n g a t i o n  diameter of  G(n,k + ,N-1). A t  t h i s  

s t a g e  w e  have a p l u s  k-complete graph whose v e r t e x  set V 

c o n s i s t s  of three d i s j o i n t  sets:  

1' 
a )  
bj Tl ... I..-....-, v 2  n u c A c  P ( V )  = IC f ~ r  v E V = 

V1 where p ( v )  = n-1 f o r  v E V 

and 
2 

c )  V I  where p ( v )  = k + l  f o r  v E V ' .  
2 2 

We n o t e  that V1 c o n s i s t s  of k v e r t i c e s ,  V 

n-k-2 v e r t i c e s ,  and V *  c o n s i s t s  of two v e r t i c e s .  

c o n s i s t s  of 2 

2 
) i s  such t h a t  - 

- (V2k+l  'V2k+2 2k+2 
E V2 o r  

2k+2 

2k+2 

Now t h e  las t  edge, e 

E V2 and v i, V2k+l 
V2k+l  E V' and v E v2. ii) 2 

We need no t  c o n s i d e r  o t h e r  c a s e s ,  because t h e  elements  

of V have a l l  p o s s i b l e  edges through them. 
1 
i) S i n c e  vo i s  an a r b i t r a r y  element o f  V w e  l e t  

2 '  
) , where 

i n c r e a s e s  e (G(n,k+,N-l)) 

- 
0 = V2k+l '  Now e2k+2 - (V2k+l'v2k+2 

be longs  t o  V 
2k+2 2' V 

by one. S ince  a l l  t h e  elements  of  V have been 

t r a n s v e r s e d ,  w e  cannot go beyond v ~ ~ + ~  belonging 
1 

t o  v2. 
- ) where V 2 k + l E  V; I n  t h i s  ca se  e2k+2 - (V2k+l  'V2k+2 

and v 

one. 

ii) 

'2; e2k+2 i n c r e a s e s  e (G(n,k+,N-l)} by 

From V2k+2 we can go no f u r t h e r  because a l l  
2k+2 

v e r t i c e s  of V1 have been t r a n s v e r s e d .  

T h e r e f o r e ,  e ( G n , N  ) = e(G(n,k,N-2)) + 2.  We n o t e  a g a i n  from 

F i g u r e  3 t h a t  no th ing  can be said i n  t h e  way of a converse; 

it i s  a l s o  e v i d e n t  t h a t  a t h i r d  lemma i n  t h e  same l i n e  as 



the previous two does n o t  exist. 

Figure 4. Example of a connected graph G with 
a subgraph G(n,k,N-1) which isnyNexact 
k-complete; n=7, k=2, N=12. 

n,N with Figure 5. Example of a connected graph G 
a subgraph G(n,k,N-2) which is exact 
k-complete; n=7, k=2, N=13. 

Corollary 2.1.6: If Gn,N belongs to CnyNy then 

at most 2k+l if N = kn - k(k+l) + 1 

at most 2k+2 if kn- k(k+l) +1< N <  (k+l)n- 
2 

(k+1) k+2: e(Gn,N 
2 2 

We are now ready to complete the proof of Theorem 2.1.1. 

The technique involved in proving this theorem is induc- 

tion on k. We first prove that the elements of C' have 
n,N 

minimum elongation diameter. We note that it is impossible 

for e(G ) = 1 and have G n , l  connected. Therefore, the n,N 
is e(G ) = 2. 

n,N n,N 
smallest elongation diameter of any graph G 

We prove Theorem 2.1.1 for an exact 1-complete graph, 

that is, G(n,l) belongs t o  C k y n  - if and only if e(G(n,l))= 2. 



Let e(Gn,n-l  ) = 2 .  

{ e i  = ( v i - 1 , v i ) j  i = 1 , 2 } .  

added t o  vl; t h u s  Gn,n-l belongs t o  C' n,n- l '  

T h i s  means t he re  i s  a p a t h  of l e n g t h  two, 

A l l  a d d i t i o n a l  edges must b e  

If G ( n , l )  belongs t o  C A , n  - 1, i t  i s  ev iden t  e ( G ( n , l ) ) =  2 .  

1 L e t  us 2:ssu;;;c t h a t  2E exac t  k-comi;lztz graph G ( E , k )  w i t h  ?! 

edges has e (G(n ,k ) )  a t  a minimum. 

exac t  k+l-complete graph G(n,k+l)  w i t h  N3 edges has e ( G ( n , k + l ) )  

We want t o  show tha t  an 

L 

k ( k + l )  and N2= ( k + l ) n -  (k+l)(k+2).  a t  a minimum. Here, N1 = kn- 
2 2 

I n  t h e  second p a r t  of Lemma 2 . 1 . 5 ,  w e  show that  any 

two edges added t o  G(n,k) i n c r e a s e s  e ( G ( n , k ) )  by two, b u t  

w e  can add n-k edges t o  G(n,k) i n  going t o  G ( n , k + l ) ,  which 

be longs  t o  C 1  

e ( G ( n , k + l ) )  = 2(k+l). 

and w e  i n c r e a s e  e (G(n ,k ) )  = 2k t o  
n ,N 

Therefore ,  an  exac t  k+l-complete graph has a minimum 

e l o n g a t i o n  diameter provided an e x a c t  k-complete graph has 

a minimum e l o n g a t i o n  d iameter .  Thus f a r ,  w e  have shown tha t  

t h e  elements  of C' have minimum e l o n g a t i o n  diameter. n ,N 
The f i r s t  p a r t  o f  t h i s  theorem t o g e t h e r  w i t h  Lemma '2.1.6 

t e l l s  us  t h a t  t h e  elements  of C" have minimum e l o n g a t i o n  

d i ame te r  f o r  kn- 
n ,N 

k(k+l) c N < ( k + l ) n  - ( k + l ) ( k + 2 )  
2 2 

2 (3n  - 2n)/8 i f  n i s  even 

(3n2-4n+1)/8 i f  n i s  odd, 

Coro l l a ry  2 . 1 . 7 :  
If 

t h e n  e(G ) = n-1 f o r  a l l  G n , N .  
n,N 

P r o o f :  The c o r o l l a r y  fo l lows  d i r e c t l y  from n o t i n g  t h a t  

n/2 i f  n i s  even 

(n-1)/2 i f  n i s  odd, g i v e s  e(G ) = n-1. 
n ,N 



2 . 2  Minimum Diameters 

b e  t h e  c l a s s  of all connected graphs  wi th  n Let Gn,N 
v e r t i c e s  and N edges.  The problem of  f i n d i n g  t h e  s u b s e t  

of G i n  which t h e  d iameter  i s  a minimum can be so lved  

by t h e  fo l lowing  two lemmas: 
n , N  

n (n-1)  
2 , t h a t  Lemma 2 . 2 . 1 :  6 ( G n Y N )  = 1 i f  and only i f  N = 

i s ,  Gn,N i s  complete.  

P roof :  L e t  e ( G  ) = 1. T h i s  means an a r b i t r a r y  vo has  

n-1 edges through i t ;  t h u s  a complete graph .  
n , N  

i s  complete ,  it i s  c l e a r  t h a t  6 ( G  ) = 1. 
If Gn,N n,N 

denote  t h e  c l a s s e s  of f i n i t e  graphs  of o r d e r  Let Rn,N 
n ,  w i t h  N # n(:-l) t h a t  have G(n , l )  be longing  t o  C;,* - 

as a subgraph, t h a t  i s ,  

t h e n  6(G i s  a 
n ,N n,N 

Lemma 2 . 2 . 2 :  

minimum. 

I f  G n Y N  belongs t o  R 



Chapter I11 

B r a t t o n ' s  Problem 

be  t h e  class of a l l  s t r o n g l y  connected Let 'n,N 
d ig raphs  w i t h  n v e r t i c e s  and N d i e d g e s ,  bo th  n and N f i x e d ;  

t h a t  i s ,  V = { r  s t r o n g l y  connected;  n,N f i x e d ) .  I 'n,N n,N n ,N  
We denote  t h e  d iameter  of a d ig raph  r by 6 ( r  ) o r  

n ,N 
W). 

T h i s  c h a p t e r  cons ide r s  a problem analogous t o  t h e  one 

w e  s o l v e d  i n  t h e  p rev ious  c h a p t e r ,  bu t  i n  terms of d ig raphs  

now. 

such t h a t  i f  r '  belongs t o  V t  and r belongs t o  D 

6 W )  - < a ( r ) .  

The problem c o n s i s t s  of f i n d i n g  a s u b s e t ,  D' C_ On," 

t h e n  
n ,N 

I n  o t h e r  words w e  wish t o  f i n d  a l l  s t r o n g l y  connected 

d ig raphs  w i t h  n v e r t i c e s  and N edges ,  f o r  which t h e  d iameter  

of t h e  d ig raph  i s  as small as p o s s i b l e .  We n o t e  h e r e  t h a t  

t h i s  problem i s  posed i n  Ore [12] and i s  c a l l e d  B r a t t o n ' s  

problem. 

For  convenience,  l e t  us  write 6 i n  p l a c e  of t h e  more 

e x p l i c i t  symbols 6 ( r  ) o r  6 ( r ) .  n ,N 
F i r s t  of a l l ,  w e  n o t i c e  tha t  w e  are concerned w i t h  

t h o s e  N f o r  which n - < N ~ n ( n - 1 ) .  

due t o  t h e  f a c t  t h a t  r i s  s t r o n g l y  connected,  and t h e  upper 

bound comes from t h e  f a c t  t h a t  r has no m u l t i p l e  edges o r  

The lower bound here i s  

l o o p s .  

- 20 - 
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lie note  that 1 - < 6 n-1. A g a i I l  L , i e  lower bound i s  

due to t h e  f a c t  t h a t  r i s  s t r o n g l y  connected,  and t h e  upper 

bound comes f r o m  t h e  f a c t  t h a t  t h e  d iameter  i s  a s imple  

d i p a t h ,  t h a t  i s ,  any v e r t e x  i s  t r a n s v e r s e d  a t  most once.  

R n o t f n n t ~  U A  a v  U V L L  p y c b l e z  c . r ~  h e  i n t e r p r e t e d  i n  t h e  fo l lowing  

manner: "Given r a s t r o n g l y  connected d ig raph  w i t h  n 

v e r t i c e s  and N edges,  n and N f i x e d ,  f i n d  as s h a r p  a lower 

bound f o r  t h e  diameter as p o s s i b l e . "  

3 . 1  6 e q u a l  t o  1 o r  2 

Since  4 i s  a lways  g r e a t e r  t h a n  z e r o ,  l e t  u s  cons ide r  

t h e  smallest p o s s i b l e  d iameter ,  that  i s ,  6 = 1. 

Lemma 3.1.1: 6 = 1 i f  and only i f  r 
Proof :  The proof of t h i s  lemma i s  e x a c t l y  i d e n t i c a l  t o  t h e  

i s  complete.  
n ,N 

proof  of Lemma 2 . 2 . 1  except  we work i n  terms of d ig raphs  

now. T h i s  lemma completely e x h a u s t s  t h e  case  6 = 1. 

' D e f i n i t i o n  3.1.1:  A node i s  a v e r t e x  w i t h  more than  two 

edges through i t  ( e i t h e r  i n c i d e n t  o r  emanat ing) .  

D e f i n i t i o n  3.1.2:  An ant inode i s  a v e r t e x  w i t h  e x a c t l y  

two edges through it .  

D e f i n i t i o n  3 . 1 . 3 :  A r o s e t t e  i s  a s t r o n g l y  connected d igraph  

w i t h  e x a c t l y  one node. S ince  a r o s e t t e  i s  s t r o n g l y  connected,  

a l l  o the r  v e r t i c e s  w i l l  be an t inodes  w i t h  one i n c i d e n t  edge 

and one emanating edge. A rosette on n v e r t i c e s  w i t h  a 

maximum number of edges ,  that  i s  2(n-1) edges ,  i s  denoted 

b y  r *  throughout  t h e  res t  of t h i s  c h a p t e r  and i s  c a l l e d  a 

s t a r  d igraph .  The c e n t e r  of a r o s e t t e  i s  t h e  v e r t e x  t h a t  



i s  t h e  node. 

Now w e  c o n s i d e r  t h e  case  6 = 2 .  

Lemma 3 . 1 . 2 :  If r *  i s  a subdigraph of r N # n(n-11, n,N' 
t h e n  6 ( r n J N )  = 2 .  

Proof :  Consider  I'* a s u b d i g r a p h  nf I' Since N z n!n-1>, n,N' 
w e  cannot have 6 = 1, and t h e  f a c t  t ha t  I+* i s  a subdigraph  

a s s u r e s  u s  t h a t  6 = 2. 

It would be  d e s i r a b l e  t o  prove t h e  converse  to t h e  

above lemma i n  o r d e r  t o  completely exhaus t  t h e  case  of  

6 = 2;  however, it remains an open problem. 

3.2 B r a t t o n ' s  Conjec ture  

For t h e  sake  of completeness w e  list a f e w  r e s u l t s  

which have been p r e v i o u s l y  ob ta ined  by o t h e r s .  

Luce [ g ]  has  been able t o  show t h e  fo l lowing  r e s u l t s  

f o r  g e n e r a l  6 ,  b u t  these resu l t s  are i n  t h e  same d i r e c t i o n  

as Lemma 3 . 1 . 2 .  

Lemma 3 .2 .1 :  (Luce) For  any n ,  N and 6 s a t i s f y i n g  

2 < 6 - < n-1, 3 . 2 . 1  

2n = 6 + N ,  3 . 2 . 2  

- 

n < N - < n(n-1)  - and 3 .2 .3  

t h e r e  e x i s t s  r w i t h  diameter 6 .  

Lemma 3 .2 .2 :  (Luce)  For  any n ,  N and 6 s a t i s f y i n g  3 . 2 . 1  and 
n , N  

2n < 6 + N ,  3 . 2 . 4  - 
3.2 .5  

t h e r e  e x i s t s  r w i t h  diameter  6 .  
n , N  
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The p roof  of Lemma 3 . 2 . 1  involves  t a k i n g  6 o f  t h e  N 

edges and c o n s t r u c t i n g  on 6 v e r t i c e s  a s imple c y c l e .  From 

any v e r t e x  vo belonging t o  t h e  above c y c l e ,  c o n s t r u c t  a 

s t a r  graph w i t h  t h e  remaining v e r t i c e s  and v as t h e  c e n t e r .  
0 

Now, tile r" siibcidigraph hzs 

No = 2(n  - a ) ,  

and t h e  s i m p l e  c y c l e  has  

N1 = 6. 

The re fo re ,  N = No + 
2n = 6 + N .  

Lemma 3 .2 .2  fo l lows  d i r e c t l y  by n o t i n g  t h a t  t h e  a d d i t i o n  

of edges does not i n c r e a s e  t h e  d iameter .  

D e f i n i t i o n  3.2.1:  A branch i s  a d i p a t h  i n  which t h e  i n i t i a l  

and t e r m i n a l  v e r t i c e s  are nodes. 

Lemma 3.2.3:  (Berge) The number of branches 8 of a r o s e t t e  

i s  N-n+l. For proof  w e  r e f e r  t o  Berge [l]. 

L e t  q b e  t h e  q u o t i e n t  of n-1 by N-n+l, and l e t  r be t h e  

remainder .  

Let 
i f r = O  
i f r = 1  f:+l 2q+2 i f  r - 2 .  

A(N,n) = 

Lemma 3 . 2 . 4 :  (Berge)  The maximum diameter  of a r o s e t t e  

w i t h  n v e r t i c e s  and N edges is  2n-N; t h e  minimum diameter  

o f  a r o s e t t e  w i th  n v e r t i c e s  and N edges i s  A(N,n). For  

proof  we r e f e r  t o  Berge [l]. 

I n t u i t i v e l y ,  t h e  r o s e t t e  w i th  d iameter  A(N,n) would seem 

t o  be t h e  d igraph  w i t h  minimum diameter  f o r  a r b i t r a r y  n and N ;  



t h a t  t h i s  i s  no t  s o  can b e  seen by t h e  fo l lowing  c.- b~nter- 

example which can be found i n  Berge [l]. Consider  t h e  

f o l l o w i n g  two d i g r a p h s .  

F i g u r e  6.  Digraph w i t h  F igu re  7.  R o s e t t e  w i t h  
r i=i5,  X T - 1 0  11--Iu, E = 7 .  n=15, r\!=18, A = &  

I n  F i g u r e  7 w e  have a rose t t e  w i t h  n=15 and ~ = 1 8 ,  and 

i n  F i g u r e  6 w e  have a d igraph  w i t h  n = l 5  and ~ = 1 8  and a 

diameter t ha t  i s  smaller than t h e  d iameter  of  t h e  r o s e t t e .  

T h e r e f o r e ,  a r o s e t t e  does not  n e c e s s a r i l y  have t h e  minimum 

diameter. 

L e t  us  now s t a t e  B r a t t o n ' s  c o n j e c t u r e :  "Every s t r o n g l y  

w i t h  n v e r t i c e s  and N edges has a 
n , N  

connected d ig raph  r 
d i a m e t e r  which i s  g r e a t e r  t han  or equa l  t o  A(N,n) - 1." 

We now p r e s e n t  a p a r t i a l  s o l u t i o n  t o  B r a t t o n ' s  problem. 

B e l o w  w e  e x p r e s s  t h e  d iameter  of t h e  d ig raph  i n  F i g u r e  6 

i n  t e rms  of n and N a lone  r a t h e r  t h a n  i n  terms of A(N,n). 

6 ( rn lN)  = n - E + 1 f o r  r i n  F i g u r e  6 .  
2 n ,N  

The above e q u a l i t y  and i n s p e c t i o n  of  d ig raphs  w i t h  small 

n and N leads us  t o  b e l i e v e  t h a t  a s o l u t i o n  t o  B r a t t o n ' s  

problem can be  o b t a i n e d  b y  showing 

26 + N - > 2n + 2 3.2.6 



i s  true for a l l  6 ,  n and N .  

However, t h e  i n e q u a l i t y  3.2.6 can b e  shown t o  b e  fa l se ;  

for example, a r o s e t t e  w i t h  minimum diameter and n=25 and 

N=41. I n  t h i s  c a s e  t h e  diameter o f  a r o s e t t e  i s  ~ ( 2 5 , 4 1 )  = 4 ,  

2nd 25 -t N - 2 ( 4 )  4- 41 = 49 i s  not. g r ea t e r  t h a n  2n + 2 = 52. 

Luce [ l o ]  has shown a similar i n e q u a l i t y  t o  be t r u e ,  

namely, 

for a l l  r, N and n ,  where r i s  t h e  r a n k  of t h e  inc idence  

m a t r i x  M(r 

r + N >  - 2n 3.2.7 

) a s s o c i a t e d  w i t h  rn," 
n , N  

It would b e  desirable t o  de te rmine  t h e  r e l a t i o n s h i p  

between 3.2.6 and 3.2.7, that  i s ,  t h e  r e l a t i o n s h i p  between 

r and 2 6  - 2 .  We want t o  de te rmine  f o r  what 6 ' s  t h e  

i n e q u a l i t y  3.2.6 i s  c o r r e c t .  

Lemma 3.2.5:  L e t  r be  t h e  r ank  of t h e  i n c i d e n c e  m a t r i x  

M(r) a s s o c i a t e d  w i t h  t h e  digraph r ;  t h e n  r - > 6 .  

P r o o f :  L e t  r have d i ame te r  6 .  T h i s  i m p l i e s  there  e x i s t s  

some d i p a t h  e = ( V ~ - ~ , V ~ ) ,  i = 1 , 2  ,..., 6 ,  o f  l e n g t h  6 i n  t h e  i 

... o-) 

... 0 

... 0 

... 1 

... 0 - 

d ig raph  r .  

* 
0 

0 

0 

6 
0 - 

vO 

v1 

2 
V 

V 6 - 1  

Cons ider  M(r) w i t h  a (6+1)x(6+1) sub-determinant :  

1 V 

1 

0 

0 

i, 
0 

v2 
0 

1 

0 

i, 
0 



2 6  

We can see t h e  6 x 6 sub-determinant  

2 - * *  v6 V 1 V 

1 V 

v, L 

6 V 

0 ... 
... 

... 

i s  non-zero; t h e r e f o r e ,  t h e  r ank  w i l l  be a t  l eas t  6 .  

A t  t h i s  p o i n t ,  w e  n o t e  t h a t  t h e  r ank  r i s  a l w a y s  less  

t h a n  or e q u a l  t o  n ,  and no o t h e r  upper  bound can be p l aced  

on r f o r  a r b i t r a r y  n and N .  

From i n s p e c t i o n  of 3 .2 .7 ,  w e  see tha t  the  i n e q u a l i t y  

3 .2.6 ho lds  when r - < 2 6  - 2. 

These r e s u l t s  can  b e  summarized i n  t h e  f o l l o w i n g  theorem. 
r + 2  - i s  s t r o n g l y  connec ted ;  6 ( rn ,N)  > --I. - “n,Nlrn,N - 2  L e t  P 

n , N  

t h e n  6 ( r )  > n - E + 1. 2 Theorem 3 .2 .6 :  If r be longs  t o  - 

n ,N Here, w e  have found a class of  subd ig raphs  of  v 
for which w e  have a lower bound o f  n - $ + 1 f o r  6 .  
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Appendix 

I n  t h i s  s e c t i o n  w e  p r e s e n t  f o u r  lemmas which g i v e  t h e  

f i r s t  and last stage i n  which a random d ig raph  ( d e f i n e d  

below) can belong to each o f  t h e  c o n n e c t i v i t y  C l a s s i f i c a -  

t i o n s  (see D e f i n i t i o n  1 . 2 . 1 0 ) .  W e  remark t h a t  t hese  r e s u l t s  

were d e r i v e d  f o r  t h i s  t h e s i s  independent ly  but  i t  was found 

l a t e r  t h a t  most o f  these  r e s u l t s  were a l r e a d y  o b t a i n e d  i n  

a p a p e r  b y  Car twr igh t  and Harary [S I  u s i n g  a s l i g h t l y  d i f f e r -  

e n t  approach. 

L e t  V be a f i n i t e  s e t  c o n s i s t i n g  o f  n e lements  vi, 

i = 1, 2 ,..., n.  

D e f i n i t i o n  4 . 1 :  We d e f i n e  a random d ig raph  as f o l l o w s :  

A t  s tage  t=l ,  p i c k  ou t  one of t h e  n(n-1) p o s s i b l e  d i -  

e d g e s ,  d e n o t i n g  t h i s  d iedge  by  el. 

A t  s tage t = 2 ,  p i c k  ou t  one of  t h e  remaining n(n-1)  

diedges,  d e n o t i n g  t h i s  edge by e2. 

Cont inuing  t h i s  p r o c e s s ,  a t  s t a g e  t = k + l ,  p i c k  one 

d i e d g e  ou t  o f  t h e  remaining n(n-1) - k d i edges ;  t h i s  d i edge  

i s  p i cked  w i t h  p r o b a b i l i t y  1 
. n(n-1)-k '  

t h e  random d ig raph  c o n s i s t i n g  o f  v e r t i c e s  
n ,N Denote b y  R 

v i = 1, 2 , .  . . , n ,  and d iedges  e i ,  i = 1, 2 , .  . . , N .  

Lemma 4 . 1 :  

P roo f :  

obv ious ly  t = O .  The l a t e s t  s t a g e ,  t = ( n - l ) ( n - 2 ) ,  i s  due 

i' 
If R n , N  i s  of  t y p e  S o ,  t h e n  0 - < t - < ( n - l ) ( n - 2 ) .  

The e a r l i e s t  s t a g e s  a t  which R,,N i s  d i sconnec ted  i s  

-27- 
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t o  t h e  f a c t  tha t  a complete d igraph  cn  n-1 v e r t i c e s  has 

( n - l ) ( n - 2 )  d i e d g e s .  

I -  
I 

Lemma 4 . 2 :  

Proof :  We need n-1 d i edges  t o  become t y p e  S * b e f o r e  this  

w e  have a t  l ea s t  one i s o l a t e d  v e r t e x .  

If R,,I; i s  of type S,, t h e n  n-1 < t < (n-li(:?-L3). - - 
A 

1’ 

The l a s t  s t a g e  a t  which a random d ig raph  i s  of type 

S1 i s  t = ( n - l ) ( n - 2 ) .  

which there  does no t  e x i s t  a 

from v to vi. T h e r e f o r e ,  w e  c o n s t r u c t  a complete d ig raph  

We have two v e r t i c e s ,  vi and v f o r  
j y  

d i p a t h  from vi and v or 
j 

j 

on (n-2) v e r t i c e s ,  2nd from vi and v 

p o s s i b l e  i s s u i n g  eCges, t h u s  

w e  c o n s t r u c t  21: j 

t = (n-2) (n-3)  t 2(n-2) 
- 

= ~ ‘ - 3 n + 2  

= ( n - l ) ( n - 2 )  
2 Lemma 4 .3 :  

P r o o f :  We need n-1 diedges,  t r a n s v e r s e d  i n  t h e  p r o p e r  

to be of t y p e  S . (n-1)2 i s  o b t a i n e d  manner, f o r  Rn,]( 

f rom n o t i n g  t h a t  w e  can c o n s t r u c t  a complete d ig raph  on 

I f  R n , N  i s  of t ype  S 2 ,  t h e n  n-1 - < t - < (n-1)  . 

2 

n-1 v e r t i c e s  and have one v e r t e x  w i t h  a i l  p o s s i b l e  issLling 

edges; t h u s  

t = ( n - l ) ( n - 2 )  + (n-1) 

= ( n - l ) ( n - l >  

= (n-1) 

n , N  
Lemma 4 . 4 :  I f  R 

P r o o f :  Here, w e  need t h e  n d iedges  to a s s u r e  u s  a d i p a t h  

be tween eve ry  p a i r  of v e r t i c e s .  

due t o  t h e  f a c t  t h a t  a complete d i g r a p h  has n(n-1)  edges .  

i s  o f  t y p e  S3,  t h e n  n - < t - < n ( n - 1 ) .  

The upper  bound, n(n-11,  i s  
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