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The object of this thesis is to investigate certain
extremal properties of the elongation diameter of connected
graphs and the diameter of strongly connected digraphs.

Let us partition the vertex set V of a graph of order

n into two subsets Vl and V2 such that through each vertex

in Vl there are exactly n-1 edges (to the other n-1 vertices

in V), while the number of edges through any vertex in V2

is strictly less than n-1. Clearly Vl\JV2 = V and
Vlm V2 = ¢.
A graph of order n on the set V is said to be exact

k-complete, k > 1, if the subset V. has k vertices,

1

and none of the vertices of the subset V2 are Joined by

means of edges to each other; such a graph is denoted by

G(n,k). A graph of order n on the set V is said to be plus

k-complete if it contains an exact k-complete graph and
one vertex in V2 is joined by means of edges to d of the
remaining n-k-1 vertices in V2, where 1 < 4 < n-k-1.

Let Gn,N be the class of all connected graphs with n

vertices and N edges. Let‘Cn denote the class of all

N
2
exact k-complete graphs (k > 1) and plus k-complete
graphs. We denote the elongation diameter of a graph G
by e(G). Some properties of the elongation diameter and

of k-complete graphs yield the following:




.

Theorem: If G belongs to Cn Ny then e(G) < e(G') where
~corem R hl

' —
G' belongs to Gn,N Cn,N'

An analogous problem for digraphs is known as Bratton's

problem: Construct a strongly connected digraph Fn N with
3
n vertices and N edges in which the diamebter of the digraph

is at a minimum.

While a complete solution to this problem has not been
found, we have been able to obtain at least an interesting
side result:

Theorem: Let the digraph rn,N be such that 6(rn’N) > E%g
where 6(r) denotes the diameter of the digraph I and r
denotes the rank of the incidence matrix isomorphic to the

digraph Pn,N’ then 2 G(Fn’N) >2n - N + 2.
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Introduction and Summary

In this thesis we are mainly concerned with an investi-
gation of the properties (a) of those connected graphs which
have a fixed number of edges and vertices and whose elonga-
tion diameter is a minimum; and (b) of those finite strongly
connected digraphs which have a fixed number of diedges and
vertices and whose diameter is a minimum.

Finite connected graphs and finite strongly connected
directed graphs enjoy special properties which make them
applicable as mathematical models in such areas as communi-
cation networks and group dynamics. There are numerous
examples of such applications; for instance, see Bhargava
(2], Busacker and Saaty [4], or Flament [7]. Our purpose
here is to look into one of these special properties of
.graphs, namely the notion of diameter and elongation diameter
of a graph. These concepts arise in discussions of paths of
maximum and minimum length between pairs.of vertices in a
graph.

Moon [11] has considered problems dealing with the
diameter of a graph from the viewpoint of finding the degree
of each vertex given the number of vertices and the maxi-
mum diameter. However, we consider the problem of construct-
ing graphs and digraphs with a fixed number of edges and

vertices in which the diameter or elongation diameter, as




the case may be, is a minimum.

The first chapter of this thesis is devoted to some
basic definitions and relevant notations from the theory of
graphs and directed graphs. Also, some results from the
theory of incidence matrices which are used in our work are
presented.

In the second chapter we introduce a new class of
graphs C, which is a subset of the class of all connected
graphs G, whose elements have the property of minimum elonga-
tion diameter. This class C = C'\( C", where C' is the
class of all exact k-complete graphs and C" is the class of
all plus k-complete graphs.

In Chapter III, we summarize the previous results
related to Bratton's problem, that is, construction of a
graph with n vertices and N edges whose diameter is a mini-
mum, and we state Bratton's conjecture. While a complete
solution of this problem has not been found we have been

able to obtain at least an interesting side result: Let the

digraph I be such that 6§(T) > r;2, where §(r) denotes the
diameter of digraph I' and r denotes the rank of the incidence
matrix isomorphic to the digraph T, then 28(T) > 2n - N + 2,
Finally, in the appendix we give the earliest and latfest
stage in which a random directed graph can belong to each

of the connectivity classifications.




Chapter I

Preliminaries

nanceicta
AT R W

Q

f some relev
notations from the theory of graphs and directed graphs, ahd
from the theory of 0-1 matrices that are used éhroughout
this thesis. These are standard definitions and they can be
found in Berge [1], and Bhargava [2], and Ore [12].

1.1 Graphs

Let Vh be a finite set consisting of n elements, denoted

by v.

i i=1, 2,...,n, and let E be the set of all possible

lines joining all the pairs of distinct points belonging to
the set Vn‘ Clearly, the number of elements in E is Eﬁg:l).

Definition 1.1.1: The pair (Vn,EN), g € F, < E, is called

N
a finite graph of order n, and is denoted by G, y = G(Vn,FN),
grapi . :

where n is the number of elements in Vn and N is the number
"of elements in EN. The elements of V are called the vertices
of the graph Gn,N’ and the elements of Fy are called the
edges of the graph Gn,N' Whenever n and N are fixed and no
confusion can arise, we drop the subscripts and denote
Gn,N = G(V,F) simply by G.

All the graphs, Gn,N with which we are dealing are
assumed to be without multiple edges and loops (that is
edges of the type (Vi’vi))‘ Thus, the number of edges in

Gn N varies from zero (no edges at all, in which case the




graph is called a null graph) to n(n-1)/2 (all possible
edges, in which case the graph is called a complete gragh).

Definition 1.1.2: A path is a sequence of edges,

Trerawra hheasra A Ac;mseen s esmon 4 oo e mam 2 o o —~
i-1 an ei always have a common vertex and each €4

appears once and only once (vertices may appear more than

once). The vertex v,. is called the initial vertex while

o

the vertex Vi is called the terminal vertex of the path;

all other vertices of the path are called intermediate

vertices. The length of a path, {ey, 1=1,2,...,m} is
m, the number of edges between the initial and terminal
vertices.

Definition 1.1.3: If v, = vm the path is said to be cyclic.

(o]

Definition 1.1.4: A path is said to be a simple path 1if

none of its vertices are transversed more than once.

Definition 1.1.5: A complete cycle (often called a Hamilton

line) is a cycle which passes through all the vertices of a
'graph.

Definition 1.1.6: A graph G is said to be connected if

for every pair, (vi,vj), there exists a path with v, as the

i
initial vertex and vJ as the terminal vertex.

For finite connected graphs G, the lengths of paths
between any two vertices are positive integers. Consequently,
there exist paths of minimum and maximum lengths.

Definition 1.1.7: The length of the shortest simple path

between v, and v, 1s called the distance of vy and vj, and

i J
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is denoted by d(vi,vj); the diameter is the maximum of
d(vi,vj) over all pairs (Vi’vj)’ i # j, and is denoted by

G(Gn’N).

Definition 1.1.8: The length of the longest simple path

r A~ o A 2~ AT T A3 &1~ P B R e Tt - T = B S 4 ard s
wCTTil Vi ailiua j 40 LallTu uvic CTlivllgatliluil vl v o, Aiiud V.
1

J
and is denoted by e(vi,vj); the elongation diameter is the

maximum of e(vi,vj) over all pairs (Vi’vj)’ i#J, and is

denoted by e(Gn,N)'

It is obvious that for any (vi,vj), 1#3,

e(v,,vy) = e(vy,v;) and d(vy,vy) = dlvy,vy).  1.1.1
Also,

0 < d(vi,vj) < G(Gn’N) < n-1, and 1.1.2

0 <

< e(vi,vj) < e(Gn,N) < n-1.

Definition 1.1.9: The local degree of a vertex vi is the

number of edges through that vertex, and is denoted by p(vy).

Definition 1.1.10: A graph G'(V',F') is said to be a sub-

graph of G(V,F) if V' is a subset of V and F' 1s a subset
of F.

1.2 Directed Graphs

Let Vn be a finite set consisting of n elements, denoted

by vi, i=1, 2,...,n, and let D be the set of all ordered

pairs of points <vi,vj>, i # j, belonging to the set V.
Clearly, the number of elements in E is n(n-1).

Definition 1.2.1: The pair (V,,Cy), 8 ©C €D, 1s called

N
a finite directed graph (or simply digraph) of order n, and




is denoted by rn N’ where n is the nurior of elements 1in Vn
3

and N is the number of elements in CN. The elements of Vn

are called the vertices of the digraph T and the elements

n,N?

of CN are called the directed edges (or simply diedges) of

r

N A diedge e = <v,_,v_> has v, as its initial vertex and
n, i i

Vj as its terminal vertex. Whenever n and N are fixed and
no confusion can arise, we drop the subscripts and denote
rn,N = r(V,C) simply by T.

Al1l the digraphs, rn,N’ with which we are concerned
are assumed to be without multiple diedges and loops. Thus,
the number of diedges in rn N may vary from zero (the null

3

digraph) to n(n-1) (the complete digraph).

Definition 1.2.2: A directed path (or simply dipath) 1s a

sequence of diedges,
ei = <Vi—1’ vi> ; 1i=1, 2,...,m
where the terminal vertex of e; ; 1is always the initial

vertex of e:,L and each ey i=1, 2,...,m, appears once and

'only once. The vertex Vo is the initial vertex while the

vertex Vi is the terminal vertex of the dipath; all other

vertices of the dipath are called intermediate vertices.

The length of a dipath {e i=1, 2,...,m} is m, the num-

i,
ber of edges between the initial and terminal vertices.

Definition 1.2.3: If vo = vm the dipath is said to be cyclic.

Definition 1.2.4: A dipath is said to be a simple dipath

if none of its vertices are transversed more than once.

In order to discuss connectedness in a digraph Fn N?
3




a classification system for the digraph based on strength
of connectedness is necessary, and is described below.

Definition 1.2.5: A digraph i1s strongly connected if for

every ordered pair V4LV, i1 # j, there is a dipath from

J

v, to v, and a . . .
i J J i

Definition 1.2.6: A digraph is unilaterally connected if

for every ordered pair <vi,vj>, i# j, there is a dipath

from vy to Vj or a dipath from Vj to vy, or both.

Definition 1.2.7: A digraph 1s weakly connected if for

every ordered pair <Vi,Vj>, i# j, there i1s a sequence of

edges, ignoring the direction, from vi to v,.

J

Definition 1.2.8: A digraph is disconnected if it is not

even weakly connected.

Since a digraph which is strong is also unilateral,
and a digraph which is unilateral is also weak, this classi-
fication system is not mutually exclusive. However, a
mutually exclusive system can be obtained in an obvious
manner, namely, a digraph is said to be

(a) type S3 if it is strong,

(b) type S_ if it is unilateral but not strong,

2
(¢) type Sl if it is weak but not unilateral, and
(d) type S, if it is not even weak.

In order to discuss distances, elongations, diameters
and elongation diameters in a digraph rn N® e must be
I
assured of a dipath from vy to vj for every ordered pair

<Vs:,v,>, that is, T must be strongly connected.
1275 n,N



For finite strongly connected digraphs T , the
n’

lengths of dipaths from one vertex to another are positive
integers; as a consequence, there exist dipaths of maximum

and minimum length.

Definition 1.2.9: The length

of the shortest simple dipath

from vi to Vj is the distance of Vi and Vj’ and 1s denoted

by d(vi,vj); the diameter is the maximum of d(vi,vj) over

all VisVs>s i # j, and is denoted by G(Fn’N).

Definition 1.2.10: The length of the longest simple dipath

from vy to vj is called the elongation of vi and v,, and 1is
J

denoted by e(vi,v,); the elongation diameter is maximum of
J

e(v_ ,v_ ) over all <v,,v.>, i # j, and is denoted by e(T ).

i™ 17 J n,N
We remark that inequalities 1like 1.1.2 for graphs hold for
digraphs also.

Definition 1.2.11: A digraph I''(V',C') is said to be a

subdigraph of r(v,C), if V' is a subset of V and C' is a
subset of C.

1.3 Incidence Matrices

Definition 1.3.1: Associated with every graph G is an.

n,N’

nxn matrix, M(G), whose entries are defined as follows:

1 if (vi,vj) belongs to F

‘For 1 # j ms; s =
s ij 0 if (Vi’vj) does not belong to F.

For i = j, we define m,, = O.
ii
Since (vi,v,) = (Vj,Vi), we note that M(G) is symmetric
J
with respect to the main diagonal. Such a matrix 1s called

the incidence matrix of the graph Gn

LN

(V)




Definition 1.3.2: In a similar manner, we associate with

every digraph r, y the nxn matrix, M(T), whose entries are
3
defined as follows:

1 if <v,,v,> belongs to C
FOPii‘j, m,. = 179

n o
1

o H <vi’vj> does not beliong to C.

0.

For 1 = j, we define m,,
ii
Such a matrix is called the incidence matrix of the
digraph rn,N'
To indicate the (i,j)'P entry of the matrix M®, the
nth power of M, we shall employ the symbol m?j. The follow-
ing result is true for incidence matrices associated with a
graph as well as a digraph.
Lemma 1.3.1: In M®, the entry m? = c¢ if and only if there

1J
are c¢ distinct paths of length n from vi to Vj’ i# j, and

where the ¢ distinct paths of length n are not necessarily
simple paths.
For proof, we refer to Luce and Perry [8].

Definition 1.3.3: The rank of a matrix is the order of the

largest nonzero determinant which is obtainable by the

possible deletion of rows and columns from the matrix.

0




Chapter II

Elongation Diameters

Let Gn be the class of all connected finite graphs

N
b
1 with n vertices and N edges, that is,

Gn,N = {Gn,N I Gn,N is connected; n, N fixed},
where n > 2 and n-1 < N < Qi%:ll.

Let e(G) denote the elongation diameter of G, where G

is a graph belonging to G .
n,N

! The problem we consider in this chapter essentially

consists of finding a subset G'GE(%1DP such that if G'
3

belongs to G' and G belongs to G then e(G') < e(G).

n,N?
In other words we wish to find a graph (or collection
of graphs) which is connected, and has fixed number of ver-

tices and edges, and haS minimum elongation diameter.

2.1 Minimum Elongation Diameter

Let us partition the vertex set V of a graph of order n

into two subsets V1 and V, such that through each vertex in

2

Vl there are exactly n-1 edges (to the other n-1 vertices

in V), while the number of edges through any vertex in V2 is

strictly less than n-1. Clearly, Vl\JV2 = V, and Vlf\'V2= g.

Definition 2.1.1: A graph G of order n on set V is said to

be exact k-complete, k > 1, if the subset Vl has k vertices

and none of the vertices in the subset V2 are joined by

- 10 -

T
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means of an edge to each other; such a graph is denoted by

G(n,k). We note that an exact k-complete graph has

N = kn - Eigil) edges. We call the points in the subset

Vl complete vertices of the graph G and those in subset V2

the incompliete vertices of ¢

L U T . I SOV JI } AQan T2 11w~
e graph Gln,x,;. See PFigure 1

for an example of such a graph.

Definition 2.1.2: A graph G of order n on set V is said

to be plus k-complete if it has an exact k-complete graph

G(n,k) as a subgraph and there is exactly one incomplete
vertex which is joined by means of edges to d of fhe remain-
ing n-k-1 incomplete vertices, and 1 < d < n-k-1; such a
graph is denoted by G(n,k%). See Figure 2 for an example

of such a graph.

Definition 2.1.3: A graph G is said to be k-complete if it

is either exact k-complete or plus k-complete.

Figure 1. Example of an exact k-complete graph;
n=7, k=2, N=11, V1={a,b}, V2={c,d,e,f,g}.

a D

d e f

Figure 2. Example of plus k-complete graph;
n=7, k=2, N=14.




To avoid having to make trivial exceptions later, let

us assume n > 3.

Consider the following classes of graphs:

AN = {Gn,N | Gy N is exact k-complete; 1 < k < n},
Cﬁ,N = {Gn,N i Gn,N is plus k-complete; 1 < k < n-1,
C . = is ke . _

n,N {Gn,N | Gn,N is k-complete; 1 < k < n-1}.

We note that C C ! " =
° at € v S % w Cn,Nﬂ Can = 9> 2nd

3

c' ¢ =2¢C .
n,NkJ n,N n,N

Theorem 2.1.1: For any graph Gn,N belonging to Cn,N

] 1 -
e(Gn,N) < e(Gn’ ) where G N belongs to G c

N , n,N n,N’

The proof of this theorem requires several results
regarding the exact k-complete graphs and plus k-complete
graphs; these are stated and proved in the form of Lemmas
2.1.2 through 2.1.5 and Corollary 2.1.6; the proof of the
theorem then follows.

We have already seen that if G(n,k) is an exact k-
complete graph and V1 and V2 denote the set of complete
vertices and the set of incomplete vertices respectively,
that VlLJ‘V2 = V, the set of vertices of G(n,k), and
v, N v, = ¢

Let P(i,j) denote the path of maximum length between
vi and Vj; ViO’
vil""’ Vip with viO = vy and Vip T Vj so that the length
of path is r; Let us represent P(i,j) by the sequence

let this path consist of r+l vertices,

{v, ,, a =0, 1,...,r}.
la

12

~ P |
alilu
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Lemma 2.1.2: For an exact k-complete graph, G(n,k),

P(i,j) = {Via | v

e W for a 0,2,...,2m and

ia
Vig € W for a = 1,3,...,2m+1},

where W =V, or V, and r = 2m or 2m+l; unless e(vi,v )=n-1.

1 2 J
Proof: The above path from v, to v, is such that no two

1 J

consecutive vertices in the path belong to the same subset W
of vertices. We call such a path an alternating path.
Assume the elongation, P(i,j) = {Via’ a =0,1,2,...,r},

is not an alternating path, that is, both v and Via belong

ja-1

to V1 for some o« = 1,2,...,r; we need not consider both via_1

and A belonging to V,, because this is not possible in an

a
exact k-complete graph. Since vi 1 and Vi, are both complete

a—

vertices, this implies the existence of a path segment from
Via-1 to Via through some vL belonging to V2 unless, of course,
V2 has been exhausted by this time; in which case k > % and
e(vi,vj) = n-1. Thus the path through v,, that is {vy ,

a = 0,1,...,i-1,2,i,...,r} is longer which is a contradiction.

Lemma 2.1.3: If G(n,k) is an exact k-complete graph, k < [%]
then e(G(n,k)} = 2k; if k > [5] then e(G(n,k)) = n-1.
Proof: By Lemma 2.1.2 we know the path constituting the
elongation diameter is alternating; between the initial and
terminal vertices we have as many vertices as possible.

If at any stage the elongation is n-1, which 1s the
maximum length of any simple path in G(n,k), then this 1is
necessarily the elongation diameter.

Since the set of vertices of an exact k-complete graph



14

consists of two disjoint sets, namely, V1 and V2, we need

only consider three types of paths of maximum length:
(i) between v; and V3 both belonging to Vl’ in
sV ) 2k-2, because v, and vj

J

ssuing edpge
< <2

which case e(v

I

1ave only one

H

ii) between v_ and vj both belonging to V in
i

2’

which case e(vi,v ) = 2k, because each of the

J

k vertices of V1 have two 1ssulng edges, and

iii) between v, belonging to V

i 1
in which case e(vi,vJ) = 2k-1, because

and vj belonging

to V2,

v, has only one issuing edge.

J
If e(G(n,k)) = max (vi,vj) over all (vi,vJ), i#73,
is less than n-1, then it is evident this implies
e (G(n,k))

e (G(n,k))

2k. From this we note that k > [%] gives

n-1, where the brackets indicate the greatest
integer not exceeding n/2.

The graph in Figure 3 shows that nothing can be said
in the way of a converse to Lemma 2.1.3; in this example
we have e(G) = n-1 and yet the number of edges is only
N = n.

Figure 3. Example of a graph with n=6, N=6, and
e(G) = 5.

Lemma 2.1.4: 1If Gn Ncontains an exact k-~complete graph
>




G(n,k) with N-1 edges, then e(Gn N) < 2k+1,

2
Proof: See Figure U for an example of the graph described
in this lemma.

Let G(n,k,N-1) denote an exact k-complete graph with

>}

1a

[4

N-1 edges. If e[G(n,k,N-1)) = n-1, then e(g ) is cbvicus-
ly n-1.
| Suppose e(G(n,k,N-1)) <n-1 = 2k.
Let {e, = (v
{ i ( i-1

elongation diameter. Since Vo, E V2 is an arbitrary element:

’Vi)’ i=1,2,...,2k} represent the

of V,, we let the additional edge be from v, to Vop+l € V2,

where Vor+l # vi, i1i=1,2,...,2k. Now e2k+1 increases

e {(G(n,k,N-1)) by one. From Vowsl € Vp» there are only

edges to set of complete vertices Vl’ but all the complete

vertices have been transversed. Thus e(Gn N) = 2k+1l.

; s

Again Figure 3 shows that the converse cannot hold;

e(G) = n-1 tells us nothing about the number of edges of G.

Lemma 2.1.5: 1If Gn contains an exact k-complete graph

N
>
G(n,k) with N-2 edges, then e(Gn N) < 2k+2.

Proof: See Figure 5 for an examgle of the graph described
in this lemma.

Let G(n,k,N-2) denote an exact k-complete graph with
N-2 edges. If e(G(n,k,N-2)) = n-2, then by Lemma 2.1.4

we have e(G ) = n-1.

n,N
If e{G(n,k,N-2)) = n-1, then e(G, y) is obviously n-1.
3

Suppose e(G(n,k,N-2)) < n-2 = 2k. By Lemma 2.1.4

e(G(n,k*,N-1)) = 2k+1. Let {e; = (v ,vi), i=1,2,...,2k+1}

i-1



denote the elongation diameter of G(n,k+,N—1). At this

stage we have a plus k-complete graph whose vertex set V
consists of three disjoint sets:

a) Vl where p(v) = n-1 for velV

1’
b) V, where p(v) = k for v ¢ V2= and
c) Vé where p(v) = k+l1l for v ¢ Vé.
We note that Vl consists of k vertices, V2 consists of

- n-k-2 vertices, and Vé consists of two vertices.

Now the last edge, e i - (v2k+1’v2k+2) is such that
i) Vorel © V2 and v2k+2 e V, or
ii) Vor+l € Vé and Vokss © V2.

We need not consider other cases, because the elements
of Vl have all possible edges through them.
i) Since v, is an arbitrary element of V2, we let
vo = Vop41- Now €ops - (v2k+1,v2k+2), where

V,4p DElongs to V2, increases e(G(n,k*,N-1))

by one. Since all the elements of V1 have been

transversed, we cannot go beyond Vor+2 belonging

to V2.
11) 1In this case e, ., = (v2k+1,v2k+2) where Vor+1€ V3
- .
and v, ., € V,3 €., Increases e(G(n,k",N-1)} by

one. From Vop4+p W€ can go no further because all

vertices of V. have been transversed.

1
Therefore, e(G_ ) = e(G(n,k,N-2)) + 2. We note again from

3

Figure 3 that nothing can be sald in the way of a converse;

it is also evident that a third lemma in the same line as
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the previous two does not exist.

Figure 4. Example of a connected graph G N with
a subgraph G(n,k,N-1) which 1s ’ exact
k-complete; n=7, k=2, N=12.

Figure 5. Example of a connected graph G, j with
a subgraph G(n,k,N-2) which is ’ exact
k-complete; n=7, k=2, N=13. '

Corollary 2.1.6: If G, y belongs to cn N» then
3

at most 2k+1 if N = kn - Eigill + 1

We are now ready to complete the proof of Theorem 2.1.1.

The technique involved in proving this theorem is induc-

-tion on k. We first prove that the elements of (' N have

n,

minimum elongation diameter. We note that it 1is impossible

for e(Gn,N) = 1 and have Gn y connected. Therefore, the

‘smallest elongation diameter of any graph'Gn N is e(Gn Yy = 2.
2

N
3
We prove Theorem 2.1.1 for an exact l-complete graph,

that is, G(n,1) belongs to C! if and only if e(G(n,1)}= 2.

,n-1

‘at most 2k+2 if kn- Eigill +1c N< (k+1)n~(512§Et§<
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Let e(Gn n—l) = 2. This means there is a path of length two,
3>
le; = (vy_1,vy), 1 = 1,2}. A1l additional edges must be
- 1

added to vys thus Gn,n—l belongs to cn,n—l'

If G(n,1) belongs to C! ., it is evident e(a(n,1))= 2.

3’

Tot+ 11c¢ naciimn +hnt ar avant br_A~melAa+tra srarvh v 1rY wddl N
A v AL LA e wviidi v iii vAnAlwvv I\'_U\Jllly W I U VO EL O.LJLJ iz \11,:\/ WAVl l‘l

edges has e(G(n,k)) at a minimum. We want to show that an

exact k+l-complete graph G(n,k+1l) with N2 edges has e(G(n,k+1))

at a minimum. Here, N; = kn- Eigill and N,= (k+1)n—(5il§51§l.
In the second part of Lemma 2.1.5, we show that any

two edges added to G(n,k) increases e(G(n,k)) by two, but

we can add n-k edges to G(n,k) in going to G(n,k+1l), which

belongs to C! . and we increase e(G(n,k)} = 2k to
]

N
e(G(n,k+1)) = 2(k+1).

Therefore, an exact k+l-complete graph has a minimum
elongation diameter provided an exact k-complete grapﬁ has
a minimum elongation diameter. Thus far, we have shown that
the elements of CA’N
The first part of this theorem together with Lemma 2.1.6

have minimum elongation diameter.

tells us that the elements of Cg have minimum elongation

N
3
diameter for kn- Eﬁgill <N < (k+1)n - (k+1;(k+2).
‘Corollary 2.1.7: (3n2— 2n)/8 if n is even
If N >

(3n2-4n+1)/8 if n is odd,

then e{(G = n-1 for all Gn

n,N) ,N°
Proof: The corollary follows directly from noting that

n/2 if n is even

(n-1)/2 if n 1is odd, gives e(Gn N) = n-1,
3




’..J
O

2.2 Minimum Diameters

Let Gn y Ppe the class of all connected graphs with n
]
vertices and N edges. The problem of finding the subset
of Gn N in which the diameter is a minimum can be solved

3

by the following two lemmas :

. n(n-1)
Lemma 2.2.1: 6((}n N) = 1 if and only if N = 5, that
’
is, Gh N is complete.
3
Proof: Let e(Gn N) = ]. This means an arbitrary Vo has
3

n-1 edges through it; thus a complete graph.

If Gn,N is complete, it is clear that G(Gn,N) = 1,

Let Rn denote the classes of finite graphs of order

,N

n, with N # E%:H that have G(n,1) belonging to C'
3

as a subgraph, that is,

. n(n-1)
R {Gn’N | G(n,1) S6, ;N # —5—=1.

n,N - 2

Lemmag 2.2.2: If G

n,N belongs to Rn,N then 6(Gn’N) is a

minimum.



Chapter III

Bratton's Problem

Let Dn,N be the class of all strongly connected
digraphs with n vertices and N diedges, both n and N fixed;
that is, Dn,N = {rn,N | Tn N strongly connected; n,N fixed}.

We denote the diameter of a digraph T by G(FH,N) or
s(r).

This chapter considers a problem analogous to the one
we solved in the previous chapter, but in terms of digraphs
now. The problem consists of finding a subset, D! g;vn’N,
such that if r' belongs to D' and T belongs to Dn,N then
§(r') < s(r).

In other words we wish to find all strongly connected
digraphs with n vertices and N edges, for which the diameter
of the digraph is as small as possible. We note here that
this problem is posed in Ore [12] and is called Bratton's
problem.

For convenience, let us write 6 in place of the more
explicit symbols G(Fn,N) or &(Tr).

First of all, we notice that we are concerned with
those N for which n < N < n(n-1). The lower bound here is

due to the fact that T is Strongly connected, and the upper

bound comes from the fact that I' has no multiple edges or

loops.

- 20 -
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We note that 1 < 6 < n-1. Again ine lower bound is
due to the fact that T is strongly connected, and the upper
bound comes from the fact that the diameter is a simple
dipath, that is, any vertex is transversed at most once.

Bratton's problem can be interpreted in the following
manner: "Given T a strongly connected digraph with n
vertices and N edges, n and N fixed, find as éharp a lower

bound for the diameter as possible."”

3.1 8 equal to 1 or 2

Since g§ is always greater than zero, let us consider
the smallest possible diameter, that is, 6§ = 1.

is complete.

Lemma 3.1.1: 6 = 1 if and only if rn N
3

Proof: The proof of this lemma is exactly identical to the

proof of Lemma 2.2.1 except we work in terms of digraphs

now. This lemma completely exhausts the case § = 1.

Definition 3.1.1: A node is a vertex with more than two

edges through it (either incident or emanating).

Definition 3.1.2: An antinode is a vertex with exactly

two edges through it.

Definition 3.1.3: A rosette is a strongly connected digraph

with exactly one node. Since a rosette is strongly connected,
all other vertices will be antinodes with one incident edge
and one emanating edge. A rosette on n vertices with a
maximum number of edges, that is 2(n-1) edges, is denoted
by T'* throughout the rest of this chapter and is called a

star digragh. The center of a rosette is the vertex that




"

Ny

is the node.

Now we consider the case § = 2.
Lemma 3.1.2: If I'* is a subdigraph of Fn N? N # n(n-1),
3
then d(rn,N) = 2.
Proof: Consider T'¥ a subdigraph of T Since N # n(n-1),

n,N° "7
we cannot have 8§ = 1, and the fact that I'* is a subdigraph

assures us that ¢ = 2.
It would be desirable to prove the converse to the
above lemma in order to completely exhaust the case of

§ = 2; however, it remains an open problem.

3.2 Bratton's Conjecture

For the sake of completeness we list a few results
which have been previously obtained by others.

Luce [9] has been able to show the following results
for general §, but these results are in the same direction
as Lemma 3.1.2.

Lemma 3.2.1: (Luce) For any n, N and § satisfying

2 < § < n-1, 3.2.1
2n = 6§ + N, 3.2.2
and n < N < n(n-1) 3.2.3
there exists Fn,N with diameter §.
Lemma 3.2.2: (Luce) For any n, N and &8 satisfying 3.2.1 and
2n < § + N, 3.2.4
and n < N < n(n-1) 3.2.5

there exists T N with diameter §.
n’
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The proof of Lemma 3.2.1 involves taking 8§ of the N
edges and constructing on § vertices a simple cycle. From

any vertex v_ belonging to the above cycle, construct a

0

star graph with the remaining vertices and vO as the center.

3

oo
FY R

.

Now, the 1* subdigraph

and the simple cycle has
N1 = 6.

Therefore, N = N + N, = 2(n - 8)+ 6 = 2n - §, or

2n = § + N.
Lemma 3.2.2 follows directly by noting that the addition
of edges does not increase the diameter.

Definition 3.2.1: A branch is a dipath in which the initilal

and terminal vertices are nodes.

Lemma 3.2.3: (Berge) The number of branches g8 of a rosette

is N-n+l. TFor proof we refer to Berge [1].

Let q be the quotient of n-1 by N-n+l, and let r be the

remainder.
Let
2q ifr=20
A(N,n) = 2q+l ifr=1
2q+2 if r > 2.
Lemma 3.2.4: (Berge) The maximum diameter of a rosette

with n vertices and N edges is 2n-N; the minimum diameter
of a rosette with n vertices and N edges is A(N,n). For
proof we refer to Berge [11].

Intuitively, the rosette with diameter A(N,n) would seem

to be the digraph with minimum diameter for arbitrary n and N;
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that this is not so can be seen by the following cocunter-
example which can be found in Berge [1]. Consider the
following two digraphs.

Figure 6. Digraph with Figure 7. Rosette with

n=15, N=18, &=7. n=15, N=18, &§=8.

In Figure 7 we have a rosette with n=15 and N=18, and
in Figure 6 we have a digraph with n=15 and N=18 and a
diameter that is smaller than the diameter of the rosette.
Therefore, a rosette does not necessarily have the minimum
diameter.

Let us now state Bratton's conjecture: "Every strongly
connected digraph rn,N with n vertices and N edges has a
diameter which is greater than or equal to A(N,n) - 1."

We now present a partial solution to Bratton's problem.
Below we express the diameter of the digraph in Figure 6
in terms of n and N alone rather than in terms of A(N,n).

N

) = n - > + 1 for r in Figure 6.

,N
The above equality and inspection of digraphs with small

n and N leads us to believe that a solution to Bratton's

problem can be obtained by showing

26 + N > 2n + 2 3.2.6



is true for all 6, n and N.

However, the inequality 3.2.6 can be shown to be false;
for example, a rosette with minimum diameter and n=25 and
N=41. 1In this case the diameter of a rosette is aA(25,41) = 4,
and 28 4+ N = 2(l4) + L1 = U9 is not greater than 2n + 2 = 52,

Luce [10] has shown a similar inequality to be true,

namely,
r+ N> 2n 3.2.7

for all r, N and n, where r is the rank of the incidence
matrix M(rn,N) associated with rn,N'

It would be desirable to determine the relationship
between 3.2.6 and 3.2.7, that is, the relationship between
r and 26 - 2. We want to determine for what d'é the
inequality 3.2.6 is correct.

Lemma 3.2.5: Let r be the rank of the incidence matrix

M(r) associated with the digraph T'; then r > §.
Proof: Let T have diameter §. This implies there exists
some dipath e, = Wi—l’vi)’ i=1,2,...,8, of length § in the

digraph I'. Consider M(Tr) with a (8+1)x(é+1) sub-determinant:

VO V1 V2 "o VG
v, 0 10 e, 0]
vy o o 1 0
v, o o0 o0 .. 0
vey |0 0 0 1
Ve LO 0 0 . 0_
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We can see the 6§ x § sub-determinant

1 2 )
vl 1 0 .. 0
v, 0 1 .o 0
Vs LQ 0 cen {

is non-zero; therefore, the rank will be at least §.

At this point, we note that the rank r is always less
than or equal to n, and no other upper bound can be placed
on r for arbitrary n and N.

From inspection of 3.2.7, we see that the inequality
3.2.6 holds when r < 28 - 2,

These results can be summarized in the following theorem.

. r+2
Let Pn,N = {rn,Nlrn,N is strongly connected; G(Fn’N) > _5_},
Theorem 3.2.6: If T belongs to P , then &(T) > n - g + 1.
3

Here, we have found a class of subdigraphs of Dn N

3

for which we have a lower bound of n - g + 1 for §.



Appendix

In this section we present four lemmas which give the
first and last stage in which a random digraph (defined
below) can belong to each of the connectivity c¢lassifica-
tions (see Definition 1.2.10). We remark that these results
were derived for this thesis independently but it was found
later that most of these results were already obtained 1n
a paper by Cartwright and Harary [5] using a slightly differ-
ent approach.

Let V be a finite set consisting of n elements vy

Definition U4.1: We define a random digraph as follows:

At stage t=1, pick out one of the n(n-1) possible di-
edges, denoting this diedge by ey -

At stage t=2, pick out one of the remaining n(n-1)
diedges, denoting this edge by e,.

Continuing this process, at stage t=k+l, pick one
diedge out of the remaining n(n-1) - k diedges; this diledge
is picked with probability H(H:%T:E'

Denote by Rn,N the random digraph consisting of vertices
v,, 1i=1, 2,...,n, and diedges e;, 1 = 1, 2,...,N.
Lemma 4.1: If Rj

is of type S_,, then 0 < t < (n-1)(n-2).

>N o

Proof: The earliest stages at which Rn N 1s disconnected is
I E— b

obviously t=0. The latest stage, t = (n-1)(n-2), is due

,_27—
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to the fact that a complete digraph on n-1 vertices has
(n-1)(n-2) diedges.
Lemma 4.2: If Rph,iy 1s of type S,, then n-1 < t < (n-1)a-2).
Proof: We need n-1 diedges to become type Sl; before this
we have at least one isolated vertex.

The last stage at which a random digraph is of type

and v., for

Sy is t = (n-1)(n-2). We have two vertices, vy 3

which there does not exist a dipath from vy and Vj or

from Vj to v, - Therefore, we construct a complete digraph

-

on (n-2) vertices, and from v; and vy we construct sll

possible issuing ecges, thus

t (n=-2)(n-=-3) + 2(n-=-2)

AW

n~ - 3n + 2

(n-1)(n-2)

Lemma 4.3: If R, is of type S,, then n-1 < t < (n-1)2.

n,N

Proof: We need n-1 diedges, transversed in the proper

manner, for R,  to be of type S (n-l)2 is obtained
3

5"
from noting that we can construct a complete digraph on

sible 1issuing

42}

n-1 vertices and have one vertex with all po

edges; thus

t = (n-1)(n-2) + (n-1)
= (n-1)(n-1)
= (n-1)¢
Lemma 4.4: 1If Rn,N is of type 83, then n < t < n(n-1).

Proof: Here, we need the n diedges to assure us a dipath
between every pair of vertices. The upper bound, n(n-1), is

due to the fact that a complete digraph has n(n-1) edges.
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