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ABSTRACT

A summary of the work involving the Monte Carlo method in the so-
lution of problems in thermal radiation transfer is presented, which
indicates general methods previously used for solving problems in which
rad’ation is coupled with other modes of energy transfer. Previous work
involving radiation in absorbing-emitting media is included.

An example is outlined to indicate the use of the Monte Carlo method
in the design of a space radiator. Suggestions are given for solution of
a complex case incorporating the effects of coupled conduction, convec-
tion and radiation, wavelength dependent and selective surfaces, noniso-
thermal conditions, and strongly directional or nondiffuse emitting and
reflecting surfaces.

A discussion is given of the factors that may affect convergence,
running time, and accuracy of the Monte Carlo solutions and of the ad-
vantages and disadvantages of this approach for practical problems.
Also discussed are the case of programming for complex problems and the
probable machine time requirements of the method.

INTRODUCTION

In many thermal radiation problems, integral equations of a type
that are amenable to a Monte Carlo solution appear. One example of cur-
rent interest from a design standpoint is a space radiator system. A
segment of such a system might be as shown in figure 1.

A number of analyses of such a system using conventional approaches
(refs. 1 to 4, for example) heve been performed, but these are limited
by certain common factors. The general formulation consists of using
"interchange" ("shape", "view", or 'tonfiguration") factors, which are
derived through an auxiliary anelysis to give the fraction of energy
leaving a given area element and arriving at another., Inherent in such
factors is the asssumption of a diffuse surface, which follows the cosine
law for emitted and reflected energy.
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These fractions of arriving energy are then summed by an appropriate
integration, and the net energy flux for each area element is determired.
Although it is possible to account for such factors as wavelength de-
pendent properties, temperature dependent properties, and coupling with
conduction or convection in the system studied with this type of analysis,
it becomes quite cumbersome to evaluate the multiple integral terms that
appear. These terms may involve integration over three dimensions and
the wavelength interval of interest.

Recently, a number of papers have appeared in the open literature
epplying the method of Monte Carlo to problems involving thermal radia-
tion exchange (refs. 5 to 8). Reference 5, which is concerned with ra-
diant transfer through absorbing-emitting media, discusses the case of
the wavelength- and temperature-dependent radiation absorption coeffi-
cients The advantage of this method, as pointed out by this paper, is
the simple evaluation of an otherwise difficult-to-solve set or inlegral
equations.

In reference 6, the case of transients in the temperature of an
absorbing-emitting gas with simultaneous heat conduction is treated ex-
tensively. In references 7 and 8 a Monte Carlo technique 1s used to
solve for the steady-state, axial heat flux distribution in a rocket
nozzle, considering the effects of flow and convection. In reference 8
real equilibrium propellant properti:s were used, and temperature, pres-
sure, and wavelength effects on the propellant radiation absorption
coefficient are demonstrated.

The latter three papers all involve the solution of a set of nonlinear
integro-differential equations, generally using a Monte Carlo technique
for evaluation of radiatior. integral terms. A standard method such as
Newton-Raphson is used for evaluation of %he remaining set of equations,
which are put in finite-difference form.

SAMPLE MONTE CARLO PROGRAM

In essence, the Monte Carlo technique removes the evaluations of
multiple integrals from the computer Program and replaces it with a
simple summation. As an example of this approach, we may write the en-
ergy balance on a volume element dVg of a typical radiator fin (fig. 1)
as

A a2
A%(VZT + 2 J f G.}\’ae?\,ee?\,aFa_e dAa dA = ZJ' €7\’337\,a dA&. dA (l)
A A A

where the first term is the energy conducted into the volume element,

the second term is the radiant energy absorbed by the two exposed surface
elements of dVR (assuming symmetry about the plane of the fin), and the
term to the right of the equality is the energy radiated from the two
exposed area elements. For an elemert on a radiator tube, a convection
term must be added.

- .
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If the integral term can be evaluated separately, the complete
equation can be written in finite difference form with the integral re-
placed by a constant for each iteration. The coupled set of equations
that results (one for each element considered) can then be solved by any
of a number of standard techniques. A new temperature distribution re-
sults that can be used to reevaluate the integral terms. This procedure
is continued until the temperatures converge, that is, until the old and
nevw temperatures are the same.

The remainder of this section will be devoted to the evaluation of
the integral terms by the Monte Carlo procedure, leaving the methods of
solution of the entire matrix of equations and the attendant problems of
convergence and accuracy to be settled by the knowledge, experience, and
intuition of the interested programmer.

Monte Carlo Procedure

The procedure to be presented is a simple and stralghtforward
"engineering" approach to the problem. It is aimed at giving the general
methods that can be applied with no attempt at giving the more complex
but often faster running "shortcuts" in programming with which the liter-
ature on Monte Carlo abounds.

The method for this type problem reduces to this: a number Ngza
of "bundles" of energy are assumed to be emitted from each area element
on the radiator. The energy per bundle, G,, is taken as constant for
all bundles within the system to simplify bookkeeping, and it can also
be specified as a program input. The rate of bundles to be emitted from
a given element must then be given by

[;f‘ e\ d%i!dA

Nd.A = 7\ Cb —_— (2)

If the direction of emission of the bundle is (n,8) as shown in
figure 2, then for a surface with Girectional emissivity €. independent

of wavelength, the direction of an individual bundle is given by

~1
b' €q €05 M sin 1 dn
0
Rl= {,\‘nlz (3)
Y, € CO8 1 sin n dn
0

6 = 2nR, (4)
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where R; and Ry, are numbers chosen at random from a set of numbers
evenly distributed In the rarge O <R <1, The derivation of equa-
tions (3) and (4) 15 given in reference 5. These equations assume an
emissivity that is cymuetrical about the normal to the surface such as
we might expect for a real etched or plated surface. For a surface
with a constant en, equation (3) reduces to

cos q = 1/§I (5)

If € is & nonanalytic function, equation (3) may be integrated numer-

ically to find a curve of 7y as a function of Ry, which may then be
curve fit to put a function, perhaps of the form

n=A+BRl+UR§+... (6)

directly into the machine.

Directional effects might be examined for their possible use in
increasing radiator efficiency in this wanner. Directional properties
for a grooved surface with very strong directional effects are given in
reference 9. Such grooving could be used to minimize interchange of
radiation between segments of the radiator by directing the radiation
Preferentially toward space.

Returning to the problem at hand, we may specify the wavelength
of the bundle from the equation

NA
€78\ dA
_ v Mpin
3 ™ Muax
E%e% da

R (7)

- xmin

where Mpin @and Amax are the limits of the wavelength range of interest.

For ease of use, we may again fit a curve of the form of equation (6) to
Rz as a function of A for use in the Progranm.

It should be noted that e, has been assumed independent of wave-
lengtn and €\ independent of girection of emission. If this were not
80, equation (3) would have to be carried out for many values of A, and

equation (6) would then give a family of curves with A as the parameter
for use in the final program. ‘

Similarly, a family of curves with n as parameter would result
from equation (7).
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It is seen from the relations derived previously that 1, 6, and A
may be found by picking three random numbers R;, Rp, and Rz and using
them in simple relations. If the direction of emission is known, simple
geometry determines whether the bundle will be radiated to space or will
strike another point on the radiator surface. For example, if the ele-
ment of bundle emission is on the fin, it can be seen from figure 3 that
for x taken as the distance to the center of the nearest tube, the
energy bundle must be lost to space 1if

cos 7 >-f-( (8)

However, if the inequality 1s nct satisfied, the bundle will not neces-
sarily strike a surface. Such simple tests are useful if a large frac-
tion of bundles are lost to space, as they save many useless calcula-
tions of final position of the bundle.

If the bundle does strike another surface, i1t may be either reflected
or sbsorbed. To determine this, another number R, 1s chosen and com-
pared to the spectral absorptivity o) evaluated at the bundle wavelength.
If R4 > ap, the bundle will be reflected; otherwise, it will be absorbed.

If it is reflected, the new direction must be chosen again by select-
ing at random from the correct distribution of possible angles. For &
diffusely reflecting surface, these are given by equations (4) and (5).
For a specular surface, we need only to find the incident angle of the
bundle by geometry, and then the angles of reflection are given by

Nrefl, = NMincident )

Orer1, = 6+ =«
incident

For a directional surface, the direction of reflection will in general
depend on the angle of incidence. A family of curves with the angle of
incidence 7' must then be specified of the form

[
L/g Ppi,q €08 M sin n dn
Rg = , w2 (10)
./ !
L j pﬂ':ﬂ cos 1 8in 7 dn;
L © n
where P, is the reflectivity in direction 1n for energy incident

N0
from 1n'. As a practical matter, such data is scarce. One source is

reference 10 for an idealized grooved surface.



-6 -

The reflected bundle is now followed through eny successive re-
flections until it 1s either absorbed at a surface or lost to space.
Each bundle emitted from each element is followed in the same way.

Absorptions at each area element are tallied as they occur. Mul-
tiplying the number of bundles finally absorbed by the energy per
bundle gives the total radiant energy absorbed at each area element,
and we have thus completed evaluation of the integral term in equation (1).

If solar radiation is to be considered, the direction of incidence
must be specified, and sufficient bundles are fired at our radiator to
equal the incident solar energy. The wavelength of each incident bundle
is again chosen by equation (8) using solar emissivities and tempera-
tures. The bundles are followed as outlined previously.

Running time for such a program is difficult to predict. It would
certainly depend on many factors; however, the major ones are probably
the astuteness of the original temperature distribution guess and the number
of energy bundles followed. For this type of program, the running time
would be nearly proportional to the number of bundles followed. For the
mathematically similar but more cumbersome rocket nozzle program of ref-
erence 8, four to five iterations took less than 10 minutes time, follow-
ing about 75,000 energy bundles on the final few. A Newton-Raphson
technique gave good convergence of the set of equations for each iteration.
On the IBM 7094, the four to five iterations brought convergence to with-
in O.1 percent for all temperatures in the distribution. The program out-
lined here would elmost certainly run faster because the multiple ab-
sorptions in the nozzle propellant are not present, and these absorptions
represent a major fraction of the running time.

Advanteges and Disadventages of the Method

The main work involved in programming this method is the initial
evaluation of the functions describing wavelength and directional de-
pendence. These may involve numerical integration, which needs to be
carried out only once. The remainder of the programming then consists
of setting up a series of "do" loops around the simple algebraic equa-
tions derived above.

Many techniques are available (ref. 11) for estimating error in
Monte Carlo calculations, but accuracy can usually be increased by fol-
lowing more energy bundles (decreasing the energy per bundle). Often
it is difficult to predict or deduce the error present in a standsrd mul-
tiple numerical integration.

The advantages of the Monte Carlo method for these programs might
be summarized as

(1) The ability to handle complex problems in a simple and straight-
forward manner
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(2) The simplicity of the resulting computer program, with the
attendent ease of checking

(3) The ability to control to some extent and to accurately esti-
mate the probable errorcs in the solutions

There are also certain disadvantages. It is possible that for cer-
tain problems sufficient accuracy cannot be obtained from the straight-
forward methods outlined without excessive computer times. More sophis-
ticated approaches would then be required, with some loss of the advan-
tages outlined previously. These approaches are well developed in ref-
erence 1l.

Because of the simplicity of the equations and the independence of
each occurrence slong the path of a bundle, it is sometimes difficult to
pinpoint or even detect the presence of program errorc. Judgements made
are usually on the basis of the final summations, which may show little
obvious effect of error unless gross mistakes are present. Standard
approaches generally provide a number of possible intermediate check-
points, lending some feeling of security to the programmer.

CONCLUSIONS

The Monte Carlo method may offer considerable savings in program-
ming complexity and time for thermasl radiation problems in which varia-
tions with wavelength and direction are encountered in surtface radia-
tive properties. The method appears to offer short computer running
times even where complex variations occur.
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SYMBOLS
area

energy pexr Monte Carlo bundle

e Planck spectral energy distribution

Fo.e View factor between ares elements a and e

k thermal. conductivity

Naa rate of bundles emitted from a given surface element

T outside radius of tube on tube and -fin radistor

R random number from evenly distributed set in range O to 1

T absolute temperature

\') volume

X normal distance from area element on fin to centerline of nearest
tube

o surface absorptivity

€ surface emissivity

A wavelength

n,9 angles defined in fig. 2

pﬂUTI reflectivity in angle 17 for energy incident at angle 7

Subscripts:

A spectrally dependent

a,e surface area element index, absorbing or emitting element,
respectively

n,0 dependent on angle n or 6
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Fig. 3. - Criterion for loss to space,





