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Abstract  

Six s o l u t i o n s  f o r  t h e  v a r i a t i o n s  of  t h e  geopotent ia l  from s a t e l l i t e  

o r b i t  _. a n a l y s i s  were compared t o  t e r r e s t r i a l  gravimetry i n  the  form of  mean 

free a i r  anomalies of  300 n. m i .  squares.  

were t h e  mean square va lues  of each type as w e l l  as t h e  mean square d i f f e r e n c e  

S t a t i s t i c a l  parameters ca l cu la t ed  

f o r  d iEfe ren t  samples based on the  number of observat ions i n  t h e  300 n. m i .  

square.  

The s tudy  showed s i g n i f i c a n t  v a r i a t i o n  i n  q u a l i t y  between d i f f e r e n t  

s o l u t i o n s ,  t h e  b e s t  being t h a t  recent ly  obtained from camera t r a c k i n g  of 

s a t e l l i t e s  by Gaposhk% [1966]. It a l s o  showed t h a t  t h e  a r i t h m e t i c  mean of 

four  independent s a t e l l i t e  so lu t ions  was b e t t e r  than any s ing le  so lu t ion .  

This  combined s a t e l l i t e  s o l u t i o n  was used i n  an adjustment with t h e  gravimetry 

t o  o b t a i n  a s i n g l e  b e s t  s o l u t i o n ,  given he re in  i n  t he  forms of a geoid map; 

s p h e r i c a l  harmonic c o e f f i c i e n t s  t o  degree 6 o r d e r  1 2 , 1 2 ;  and g r a v i t y  anomalies 

a t  100 i n t e r v a l s ,  N 6 6  35182 m 
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In t roduct ion .  The complexity of determining the  g r a v i t y  f i e l d  from 

s a t e l l i t e  o r b i t  pe r tu rba t ions ,  e spec ia l ly  the t e s s e r a l  harmonics, has  always 

made it d e s i r a b l e  t o  t es t  the s a t e l l i t e  determinat ions a g a i n s t  some independent 

standard.  

[Kaula, - 1963, 1 9 6 6 ~ 1  ipclude t h e  as t ro-geodet ic  geoid; t h e  near-zero 

harmonic J a g ,  deduced from observat ions of l a t i t u d e  v a r i a t i o n ;  and t h e  

Various tests which have been proposed and app l i ed  i n  the pas t  

a c c e l e r a t i o n s  o f  t h e  24-hour synchronous s a t e l l i t e  o r b i t s .  However, a l l  

these  tests have been incomplete i n  some ways, and have l e f t  unsure such 

ques t ions  as t h e  maximum degree and order  t o  which sa te l l i t e  determinat ions 

a r e  r e l i a b l e .  

The most obvious standard of comparison has  always been gravimetry. 

But it has  been an uncer ta in  standard because t h e  high amount of l o c a l  

v a r i a b i l i t y  i n  gravzty anomalies has  necess i t a t ed  some degree of combination 

of t h e  grav imet r ic  da t a  i n  o rde r  that t h e  comparison no t  be l o s t  in  the  

"noise". Each combination unavoidably e n t a i l s  s t a t i s t i c a l  assumptions, and 

thus  i n  t u rn  con t r ibu te s  t o  the  unsureness of t h e  gravimetr ic  determination. 

When t h e  combination is pushed a l l  t h e  way t o  a sphe r i ca l  harmonic represen- 

t a t i o n  [Uoti la ,  s 1962 ; IIC- Kaula, 1966a], it becomes evident  t h a t  t he  gravimetr ic  

determinat ion of  t h e  low degree harmonics i s  q u i t e  i n f e r i o r .  

However, t h e r e  should be some intermediate  representa t ion  between the  

noisy po in t  values  and t h e  quest ionable  harmonic c o e f f i c i e n t s  which w i l l  

a f f o r d  a f a i r l y  c l e a r  comparison. The information w e  have of  t h e  spectrum 

[Kaula, P 1966c, Table 2 1  i nd ica t e s  t h a t  the s a t e l l i t e  determinat ions of the 

g r a v i t y  f i e l d  should represent  roughly 60%, i n  mgals3, of the var iance  of 

10' square ( b e t t e r  600 n .  mi. square,  t o  emphasize 100 a r c ,  not  longi tude)  

mean anomalies and roughly 4% of the var iance  of 300 n.  r n i . - v r e -  

means. Mainly because of computational convenience, it was decided t o  use 
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- 300 n. m i .  square mean anomalies for a comparison of t e r res t r ia l  gravimetry 

wi th  s a t e l l i t e  so lu t ions ,  We d i scuss  i n  t u r n  t h e  fonnat ion of  t h e  300 n .  m i .  

mean anomalies; the comparison of  t h e  s a t e l l i t e  s o l u t i o n s  therewith;  and 

t h e i r  combination t o  obta in  a n  optimum representa t ion .  

Determination of mean g r a v i t y  anomalies f o r  300 n. m i .  squares.  The 

b a s i c  da t a  were mean free a i r  anomalies for r ec t ang le s  1' i n  l a t i t u d e  by 

1' i n  longi tude ,  provided by t h e  W A F  Aeronaut ical  Chart  & Information Center ,  

S t .  Louis,  Missouri .  These anomalies were determined e s s e n t i a l l y  by t h e  
I- 1 

techniques descr ibed by Uot i l a  L19 601. 

To  obta in  a set a s  near ly  uniform as  poss ib l e  in  s t a t i s t i c a l  p rope r t i e s ,  

t h e  1' x 1' means were combined t'o form mean va lues  f o r  60 n ,  m i ,  x 60 2 30 n, m i .  

areas, The t o t a l  number of such areas  was 16,331, covering 24.6% of the 

e a r t h ' s  sur face .  Table I is  t h e  result o f  an autocovariance a n a l y s i s  of 

t h i s  sample, t ak ing  only products  between values  f a l l i n g  wi th in  t h e  same 

300 n. m i ,  square,  

O f  the 300 (+ 30) n .  m i .  squares,  t h e r e  were 935, covering 56.5% of t h e  

e a r t h ' s  sur face ,  which contained one o r  more obderved 60 n. m i .  means. 

mean anomalies of t h e  60 n ,  m i .  a reas  without  observat ions were est imated by 

applying l i n e a r  regress ion  Kaqla, 1966a; Moritz,  1962 t o  t h e  60 n. m i .  means 

wi th in  t h e  same 300 n .  m i ,  square,  using the covariances given i n  Table I: 

The 

[ 1 

where t h e  g ' s  are  observed values ,  LKjk] is  t h e  inve r se  of  t h e i r  covariance 
j 

mat r ix ,  and K i s  t h e  covariance between t h e  i t h  unobserved square and t h e  , ik 
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. kth  observed value.  The 300 n. m i .  square means were then formed a s  t h e  a r i t h -  

metic mean of a l l  t h e  observed and extrapolated 60 n. m i .  means they contained. 

The se t  of 935 300 n .  m i .  square mean anomalies were used i n  turn i n  a 

world-wide covariance ana lys i s  t o  obtain autocovariances KO(+) a s  given i n  

Table 11. These i n  tu rn  were analyzed t o  determine t h e  power spectrum, a s  

expressed by t h e  degree var iances  0; [u, 1966a]. 

where i s  arc d i s t ance  on t h e  sphere and P (cos $) is  t h e  conventional 

Legendre zonal harmonic. 

Table 111, toge ther  with some ca lcu la ted  from sa te l l i t e -de te rmined  normalized 

4 
The degree variances thus  determined a r e  given i n  

- 
p o t e n t i a l  coe f f i c i en t s  Fh, Scm by: 

m 

where y is  t h e  mean value of  t he  acce lera t ion  of grav i ty .  

Fu r the r  d e t a i l s  and t h e o r e t i c a l  de r iva t ions  a r e  given i n  Kaula e t  a l ,  

S a t e l l i t e  determinations of t h e  grav i ty  f i e l d .  A l l  sphe r i ca l  harmonic 

c o e f f i c i e n t s  given i n  t h i s  paper apply t o  funct ions normalized t o  2 6 :  

i .e. ,  such t h a t  t h e  mean square of the  sur face  harmonic is un i ty  over t h e  

u n i t  sphere.  Table I V  g ives  t h e  most r ecen t ly  published determinations of 

t h e  zonal harmonics, toge ther  with the mean values  used i n  conjunction 

with a l l  t e s s e r a l  harmonic so lu t ions  i n  comparisons with t e r r e s t r i a l  

da t a .  Table V gives t h e  most recent ly  published determinations of t h e  
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- tesseral harmonic c o e f f i c i e n t s  of  t h e  g rav i t a t iona l  f i e l d  by t h e  f o u r  p r i n c i p a l  
t- 7 I- 

e f f o r t s  i n  t h i s  area:  t h e  sets A Anderle, 1966 and G&N Guier & Newton, 1 1 1 
19651, who used Doppler t racking  da ta ;  and t h e  se t s -K6 LKaula, - 1966bl and 

I- 

68 [Gaposhkin, 19661, who used camera t racking  da ta .  The so lu t ion  of  -- - 
Gaposhkin 1966 is a cont inuat ion of  the  work by t h e  l a t e  Imre Izsak,  and 

is a d i s t i n c t  improvement over h i s  l a s t  r e s u l t  [Izsak, 19661. In  addi t ion  
1 1  

- - 

t o  these  published so lu t ions ,  t h e r e  a r e  given two so lu t ions  which probably 

w i l l  no t  be elsewhere published: 

wish t o  t e s t  is t o  how high a degree should t h e  detenninat ion o f  t h e  g rav i ty  

K8 and 66, s ince  one o f  the quest ions w e  

f i e l d  from s a t e l l i t e s  be car r ied .  

W e  a l s o  give i n  Table V a "combined" s e t  C, which is  t h e  a r i thmet ic  

mean o f  sets A ,  GW, K8, and G6. 

K8 was believed t o  be b e t t e r ;  set G 8  was not  used because it d i d  not  become 

a v a i l a b l e  u n t i l  l a t e r . )  

common t o  t h e  four  sets: 

a t  such combination and t runcat ion.  The bas i s  o f  t h e i r  disapproval is t h a t  

each so lu t ion  should be regarded a s  a complete set ,  the t 'runcation of which 

c o n s t i t u t e s  a d i f f e r e n t  representat ion of t he  g rav i ty  f i e l d  than would have 

(Set K6 was not used because a t  t h e  time 

Set  C has been t runcated a t  the h ighes t  coe f f i c i en t  

Some o r b i t  ana lys t s  would express shock 
- 
G a ,  sa. 

been obtained analyzing t h e  same data  f o r  a se t  comprising the  same terns 

a s  t h e  t runca t ion .  However, t h e i r  objection app l i e s  when "optimum represen- 

t a t ion"  is  defined a s  approximating as c lose ly  a s  poss ib le  t h e  s a t e l l i t e  

o r b i t s  from which t h e  sets were determined. These o r b i t s  i n  themselves a r e  

of  r a t h e r  evanescent i n t e r e s t  ; it seems geophysically more i n t e r e s t i n g  t o  

de f ine  "optimum representat ion" as approximating a s  c lose ly  a s  poss ib le  the 

acce le ra t ion  of grav i ty  a t  t h e  e a r t h ' s  surface.  
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The f i n a l  set i n  Table V, CA, is  a "combined-adjusted" set ca lcu la ted  

by a weighted l e a s t  squares adjustment between t h e  gravimetry and set C ,  

described below. 

Comparison of s a t e l l i t e  da t a  and gravimetry. For  each 300 n. m i .  square 

mean free air grav i ty  anomaly Ag w e  have two independent es t imates ,  $, one 

based on t e r r e s t r i a l  gravimetry: 

and one based on s a t e l l i t e  o r b i t  per turbat ions:  

e s  = gH + ". 

I n  (4) and (5), % is t h e  t r u e  value of t h e  contr ibut ion t o  t h e  grav i ty  

anomaly Ag of the geopotent ia l  harmonic coe f f i c i en t s  h, Sh estimated 
- 

from s a t e l l i t e  o r b i t s :  

where cp is l a t i t u d e ,  1 is  longi tude,  y is the mean value of  t h e  g rav i ty  

acce le ra t ion ,  and Ptm ( s in  cp)  is the nonnalized assoc ia ted  funct ion.  

quan t i ty  6g is the balance of t h e  f i e l d :  

- 
The 
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- &r and cS a r e ,  respec t ive ly ,  t h e  e r r o r s  i n  t h e  estimates % a n d g s .  

sa te l l i t e  e r r o r  es inc ludes  only t h e  e r r o r  of commission: 

sequence of e r r o r s  i n  t h e  coe f f i c i en t s  C b, Scm; it does not  include t h e  

e r r o r  of omission, 6g. 

The 

i.e., t h e  con- 
1 

A A  

A l l  four of t h e  q u a n t i t i e s  %, gg, eT, and e w e  should expect t o  be 

Hence from sets  of es t imates  &p and g, w e  can 
S 

A A s t a t i s t i c a l l y  independent. 

&mediately obta in  an estimate of the mean square of gH: 
U 

where t h e  c a r e t s  denote t h e  mean vaLue--of t h e  quant i ty  they enclose. 

w e  ob ta in  immediately an estimate of t h e  mean square of t h e  s a t e l l i t e  e r r o r  cs: 

Then 

To obta in  an est imate  of the mean square of the gravimetr ic  e r r o r  eT, t h e r e  

would have t o  be used s t a t i s t i c s  per ta in ing  t o  t h e  number and d i s t r i b u t i o n  

of t h e  observations within the square, The complications e n t a i l e d  i n  

obta in ing  such an es t imate  appear t o  be avoidable without too much e r r o r  

by t h e  assumptions: 

(1) The mean square e r r o r  E { 6; } is inverse ly  proport ionate  t o  t h e  

number, n ,  of observed 60 n. m i .  means within t h e  300 n ,  m i .  square;  and 

(2) The mean square e r r o r  E { e< } of a 300 n, mi., square with only 

one observed 60 n. m i .  square is equal t o  t h e  mean square anomaly, 

-7- 



I 

i 
. - E {(% + ag)'}. Whence: 

Then: 

If we have seve ra l  determinations of t h e  f i e l d  from s a t e l l i t e s ,  t he  

most obvious measure by which t o  compare them is t h e  mean square d i f fe rence  

of t h e i r  estimates eS from t h e  gravimetr ic  es t imate  %: A 

A non dimensional measure, adjusted t o  remove t h e  t e r r e s t r i a l  con- 

t r i b u t i o n  eT t o  t h e  e r r o r ,  would be the  co r re l a t ion  coef f ic ien t :  

The c o r r e l a t i o n  coe f f i c i en t  rT reflects both omission ( 6 g )  and commission ( 8  ) 
S 

e r r o r s ;  f o r  a dimensionless measure o f  conmission e r r o m  only t h e r e  is: 
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Fina l ly ,  us ing  the gravimetr ic  estimates of degree var iances  Q a i n  44 
Table 111, t h e r e  is another  es t imate  of E { +a}, which w e  denote by D: 

L 

where n is t h e  number of coe f f i c i en t s  of  degree 44 included i n  %. 44 
The q u a n t i t i e s  a c t u a l l y  calculated fruin t h e  300 n. m i .  means were fita 

a s  given i n  Table 111, '%y equation (2) ; a&a>; <q>i <(&-as)'>' and 

E{.<}, by equation (10). Equations (9),  (11), (12),  (13), (14), and (15) 
(r 

were then used t o  der ive  E{%a} (or % 2s>)i e{n:}i 2{6$}j rT; rLi and 

D ,  r espec t ive ly .  

of 300 n. m i .  squares: 

means; 2) 

The r e s u l t s  are given in Table V I  f o r  each of t h r e e  sets 

1) t h e  935 squares with one o r  more observed 60 n. m i .  

t h e  369 squares wi th  10  or more observed 60 n. m i .  means; and 

3)  t h e  136 squares with 20  o r  more observed 60 n. m i .  means. 

The v a r i a t i o n s  between t h e  three  sets emphasize t h e  uncer ta in ty  i n  t h e  

r e s u l t s  because of sample d i f fe rences  from t h e  assumption of complete ran- 

domness between t h e  fou r  q u a n t i t i e s  gH, bg, g T 9  and ". 
are those  f o r  so lu t ion  CA, but it is i t s e l f  p a r t l y  dependent on t h e  g rav i ty  

The b e s t  r e s u l t s  

anomalies aga ins t  which it is being tes ted .  

c l e a r l y  s o l u t i o n  G8; however, it is not s i g n i f i c a n t l y  b e t t e r  than t h e  more 

l i m i t e d  so lu t ion  C ,  which is  t h e  arithmetic mean of fewer terns from four  

ear l ier  so lu t ions .  In any case,  the small values  of E{c;} and rL f o r  

s o l u t i o n s  68 and C i n d i c a t e  that they a r e  about a s  good a s  might be expected 

The bes t  s i n g l e  so lu t ion  i s  
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f o r  t h e  number of terns they respec t i  contain.  

Combination of sa te l l i te  data and gravimetry. Given a s a t e l l i t e  so lu t ion  

represented by k sphe r i ca l  harmonic coe f f i c i en t s  G 
so lu t ion  represented by n (hk) mean free a i r  anomalies gri, w e  can w r i t e  

k observation equations of t h e  fonn: 

and a gravimetr ic  
j' 

n 

where Q is t h e  value of sphe r i ca l  hannonic j (of degree 4.) f o r  square i, 

and Ai is t h e  area OR t h e  u n i t  sphere represented by hi. The so lu t ion  t o  

(16) is obtained by minimizing t h e  quadrat ic  sum: 

i j  

n k 1 Pi d g a  + 1 Wj dxjp = MIN. 

The s e t  $ used f o r  a numerical so lu t ion  was so lu t ion  C i n  Table V, plus  
j 

j 
t h e  mean values  of t h e  zonals i n  Table I V :  hencek  was 54. 

were l/$ 

The weights W 

where q is t h e  q u a r t i l e  of the  range of so lu t ions  A ,  GGrpJ, G6, 
1. 

and K8: e.g,, 0.08 x lo-* f o r  of t h e  t e s s e r a l s  o r  0.02 x l(r6 f o r  

C,, of  the zonals.  
- 

A The s e t  %i used was a 1654-member set of 300 R. m i .  means covering 

t h e  e n t i r e  world. 

a s  descr ibed  i n  t h e  preceding sec t ions .  

obtained by applying a l i n e a r  regression,  a s  i n  equatiop (l), t o  t h e  r e s idua l s  

of the va lues  %,wi th  respect  t o  the l o w  degree f i e l d  

935 members of t h i s  set were those containing observat ions,  

The remaining 719 members were 

cons t i t u t ed  by 
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. so lu t ion  A i n  Tables I V  - V up through t h e  6th degree. 

f o r  t h i s  ca l cu la t ion  because a t  t he  time it was t h e  bes t  by t h e  c r i t e r i o n  

(Solution A was used 

of comparison with 24-hour o r b i t  acce le ra t ions ;  so lu t ions  K6, G6, and G8 

had not ye t  been made.) 

correspondingly ad jus ted  by removal of degrees 6 and lower: 

The autocovariances &($) i n  Table I1 were 

I n  applying t h e  l i n e a r  regression (1) t o  est imate  a p a r t i c u l a r  value 
A 
gi, i n  general  t h e  g ,  used were l imi ted  t o  t h e  neares t  and next-to-nearest  

observed values .  As a consequence of t h i s  l ack  of r igour ,  some v a r i a t i o n  

of  degrees 0 - 6 c rep t  back i n t o  the est imates  &ri used i n  (16) - (17), 

before  they were added back onto t h e  values based on so lu t ion  A f o r  

degrees 0 - 6 .  

J 

4 

The weights P used i n  (17) were based on a minor modification of t h e  i 
variances given by ( l o ) ,  i n  order  t o  give t h e  719 extrapolated values  f&i 

some weight: 

The r e s u l t s  o f  t h i s  adjustment a r e  given i n  Table V a s  harmonic 

c o e f f i c i e n t s  ( so lu t ion  CA); i n  Table V I 1  a s  grav i ty  anomalies a s  100 i n t e r v a l s ;  

and i n  Figure 1 as a geoid,  calculated by Stokes' formula. 

t h e  l a r g e s t  cor rec t ion  t o  any 300 n.  mi. mean was + 37.7 m i l l i g a l s ,  t o  an 

ex t rapola ted  value a t  Lat.  67.5' N, Long. 353.5' E .  

I n  t h e  adjustment, 

A t  t h e  opposi te  extreme, 
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* no estimate based on 25 observed 60 n. m i .  means changed more than 1 .3  m i l l i -  

g a l s .  The changes i n  general  were much smaller  than i n  a previous adjustment 

where so lu t ion  A was he ld  r i g i d l y  through degree 6,  d e s p i t e  t h e  small changes 

t o  t h e  harmonic c o e f f i c i e n t s ,  a s  indicated by the d i f f e rences  between 

so lu t ions  C and CA i n  Table V. 

Table VI11 gives the spherical harmonic c o e f f i c i e n t s  f o r  t h e  f i n a l  

so lu t ion  through degree 1 2 .  

Table V are apparent ly  a consequence of applying t h e  harmonic ana lys i s  t o  

values a t  5' i n t e r v a l s  i n t e rpo la t ed  from t h e  300 n.  m i .  means. 

The small diffepences from so lu t ion  CA i n  

Conclusions. The p r i n c i p a l  conclusions ind ica ted  by Table V I  appear 

t o  be: 

1. The bes t  published so lu t ions  f o r  ana lys i s  of  s a t e l l i t e  o r b i t s  are 

those recent ly  obtained f r o m  camera tracking: so lu t ion  G8 by Gaposhkin r19661, 
L J 

r ..I 

and so lu t ion  K6 by Kaula 1966b . The p r i n c i p a l  i nd ica t ion  of t h i s  

s u p e r i o r i t y  a r e  t h e  smaller  estimated mean square e r r o r s ,  2 {e:}. Solut ion G8 

i s  f u r t h e r  super ior  t o  K6 because it contains more terms and hence more 

-1 1 

information, a s  ind ica ted  by t h e  l a r g e r  estimated mean square cont r ibu t ion  

t o  t h e  f i e \ l d ,  8% $&>. 

2 .  An arithmetic 

super ior  t o  any. s i n g l e  

mean of d i f f e ren t  so lu t ions  from sa te l l i t e  da ta  is 

so lu t ion ,  a s  indicated bjf t h e  smaller  estimated mean 

square e r r o r  

GW, G6, and K8. 

f o r  so lu t ion  C ,  compared t o  those f o r  so lu t ions  . A ,  

-12 - 



3 .  The agreement between t e r r e s t r i a l  gravimetry and s a t e l l i t e  o r b i t  

so lu t ions  is q u i t e  s a t i s f a c t o r y ,  as ind ica ted  by t h e  magnitude of the cross  

covariance <& gS> compared with t h e  purely gravimetr ic  autocovariance 

value D and t h e  purely s a t e l l i t e  mean square value &:>. 

4. Tho terrestrial gravimetry contains  apprec iab le  a d d i t i o n a l  i n fo r -  

mation, a s  i nd ica t ed  by t h e  es t imates  of higher  degree v a r i a t i o n  %{68}. 
Hence t h e r e  should be a range of v a r i a t i o n  over which gravimetry and s a t e l l i t e  

data  should be of comparable value - probably around those  c o e f f i c i e n t s  f o r  

which t h e  sum of degree p lus  o rde r  (dim) ranges from 9 t o  13. 

5. Hence a combination of s a t e l l i t e  and t e r r e s t r i a l  so lu t ions ,  such 

a s  s o l u t i o n  CA, should be supe r io r  t o  e i t h e r  so lu t ion  alone.  

The s u p e r i o r i t y  of t he  camera so lu t ions  G8 and K6 t o  the  Doppler 

s o l u t i o n s  A and G W  is probably due more t o  t h e i r  recency than anything 

else: 

e n t i r e l y  poss ib l e  t h a t  completion of a new cycle  of a n a l y s i s  of Doppler 

the lcamera  s o l u t i o n s  were completed more than a year  l a t e r ,  I t  i s  

t r a c k i n g  da ta  could reverse  the  s i t ua t ion .  

I t  would have been d e s i r a b l e ,  of course,  t o  have u t i l i z e d  t h e  b e t t e r  

s o l u t i o n  68 i n  t h e  ex t rapola t ion  of  t e r r e s t r i a l  gravimetry and i n  the  com- 

bined s a t e l l i t e  so lu t ion  C .  However, improved so lu t ions  based on Doppler 

t r a c k i n g  w i l l  doubt less  come along shor t ly ,  a t  which time a new combination 

of s a t e l l i t e  s o l u t i o n s  and ex t rapola t ion  of gravimetry can be made, 
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Table I: Short-Range Autocovariance of 

Free-Air Gravity Anomalies 

Number of Pairs 
i n  Sample 

~ 

16331 

6803 

35225 

43674 

33864 

19414 

2675 

113 

I 

1 

~ 

Distance 
Degrees 

0.000 

0.92' 

1.32' 

2.35' 

3.35" 

4.34' 

5 .31" 

6 -19" 

-17- 

Covariance. 
M g a l '  

711  

421 

2 72 

1 9  6 

162 

97 

164 

137 



Distance 
Degrees 

@ 

5' 

9O 

13' 

18' 

2 3' 

2 9' 

3 4O 

3 9' 

44O 

49O 

54O 

Table 11: Long-Range Autocovariance of 

Free-Air Gravity Anomalies 

Covariance 
Mgqils' 

2 74 

11 6 

89 

51 

34 

20 

5 

-4 

-10 

-9 

-9 

-10 

Distance 
Degrees 

5 9' 

64' 

69' 

74' 

806 

85' 

906 

9 5' 

1000 

105' 

111° 

11 6' 

Covariance 
Mgals' 

-13 

-11 

-6 

-5 

-5 

-3 

-1 

5 

9 

16 

17 

16 

Distance 
Degrees 

121' 

12 6' 

131' 

136' 

141' 

146' 

151' 

15 6' 

162' 

167' 

172' 

175' 

Covariance 
Mgals' 

14 

11 

7 

1 

-1 

-8 

-4 

-9 

-2 

2 

1 

1 
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Table 111: Power Spectrum of 

Free -A i r G ra v i  t y Anorna 1 i e s 

I 

Degree Degree Variance 
a 4 

Mga12 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

2 . 7  

-0 .5  

6 .3  

31.8 

1 8 . 6  

8 .4  

22 .2  

11 .0  

9 . 2  

10 .1  

-19 - 
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Table I V :  Normalized Zonal Harmonic Coef f i c i ent s  o f  the  Geopotential 

Kinn-Hele GuiisUL Adopted 
Degree Smith [1965] 1963 Kozai [1964] W [1965] ~UUII [1965] Mean 

.t 10'" 11T6 lo-a 1[T6 l[Te 

2 -484 172 -484.174 -484.172 -484.17 - 3. .01 
0.97 - + .02 4 2 !I. 923 0-963 0.967 1 - 019 

0.567 0.550 0.507 0.54 2 ,02 4 
5 0.054 0.063 0,045 0 002 0.04 2 .02 
6 -0,202 -0.179 -0.158 -0.18 - + .02 
7 0.077 0.086 0.114 0.163 +0*11 2 .02 
8 0.112 0.065 -0 -107 
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Table V: Normalized Tessera l  Harmonic Coeff ic ien ts ,  C h v  S b ,  

o f  t h e  Geopotential 

Coefficient 

c22 
s2 2 

C31 
531 

C32 
532 
c33 
s 3  3 
C41 

$41 
C42 

S42 
c43 

s43 
C44 
S44 
C51 

551 
C52 

$52 
c53 
s53 

c54 
554 

css 
s55 

C 61 

5 61 

A 

10-8 

2.45 

-1.52 
2.15 
0.27 
0.98 

-0.91 
0.58 

1.62 
-0.49 
-0.57 

0.27 
0.67 

1.03 

-0.25 
-0.41 

0.34 
0.03 

-0.12 
0.6q 

-0.33 
-0.39 
-0.12 

-0.55 

0.15 

0,21 
-0.59 
-0.08 

0.19 

G&N 
UT6 

2.38 

-1.20 
1.84 

0.21 

1.22 
-0.68 
0.66 
0.98 

-0.56 
-0.44 

0.42 
0 .44 

0.84 
0.00 

-0.21 
0.19 
0.14 

-0.17 

0.27 

1-0.34 
0.09 
0.10 

-0.49 

-0.26 
-0,03 
-0.67 

0. 
0.10 

G6 
10-6 

2.45 
-1.34 
1.95 
0.29 

0.75 

-0.52 
0.47 

1 .S5 
-0,56 
-0.45 

0.38 

0.66 

0.86 

-0.21 
0.01 

0.37 
-0.09 
-0.09 

0.63 

-0.23 
-0.77 
-0 . 03 

-0 . 28 
0.05 

0.07 

-0.65 
-0.05 

-0-03 

Solut ion 
G8 
1r6 

2 -38 
- 1 ~ 3 5  

1.94 
0.27 

0.73 
-0.54 

0,56 
1.62 

-0,57 
-0.47 

0.33 

0.66 
0.85 

-0.19 
-0.05 

0.23 
-0.08 

-0.10 

0.63 

-0.23 
-0.s2 

0.01 

-0.26 
0.06 

0.16 
-0.59 
-0.05 
-0.03 

-21- 

K6 
lo-* 

2.43 
-1.39 
1.94 

0.15 
0.72 

-0.78 
0.55 
1.24 

-0.61 
-0 .'49 

0.33 
0.71 

0 -89 

0.07 

-0.31 
0.11 

-0.05 
0.03 

0.75 

-0.17 

-0 . 61 
0.1s 

-0.18 

a.12 

K8 
10-8 

2 .ii2 

-1 -39 

1 - 9 0  
0.11 

0.69 
-0.78 

0.55 
1.29 

-0.59 
-0.48 

0.28 

0.69 
0.89 

0.19 

-0.32 

0.00 
-0.01 

0.02 

0.68 

-0.25 
-0.67 

0.12 

0.08 
0.37 

-0.45 
-0.21 
-0.19 

0.13 

C 
10- 

2.42 
-1.36 

1,93 
0.20 

0,91 
-0.72 

0.56 

1.36 

-0,55 

-0.48 
0.34 

0.62 
0.90 

-0.07 

-0.26 
0.23 
0.02 

-0.09 

0.55 

-0.29 
-0.44 

0.02 

-0.31 
0.08 

-0.05 

-0,53 

-0.08 
0.10 

CA 
10- 

2 .Q 

-1.36 

1.79 
0.18 

0.78 
-0.75 

0.57 
1.42 

-0.56 

-0,46 
0.30 

0.60 

0.92 

-0.19 
-0.06 

0.32 
0.00 

-0.02 
0.44 

-0,28 
-0.31 

0.03 
0.02 
0 .ll 

0 -10 
-0.49 
70.10 

0.10 



Coeff ic ient  

C62 
S 62 
C63 
563 
C 64 
S64 
C65 
S 65 
C66 
S66 
C 71 
S 71 
C 72 
S 72 
c 73 
s 73 
c 74 
s 74 
c 75 
575 
C 76 
S76 
c77 
s77 
C81 
Si31 
C82 
S82 

A 
10-8 

0.13 
-0.46 
-0.02 
-0.13 
-r) .19 
-0.32 
-0.09 
-0.79 
-0932 
-0.36 
0.33 
0.08 
0.35 
-0 019 
0.32 
0.04 
-0.47 
-0.24 

0,os 

0.02 
-0.48 
-0.24 

GW 
lo"* 

-0,16 
-0.16 
0.53 
0.05 

-0.31 
-0.51 
-0.18 
-0.50 
0.01 
-0.23 
0.13 
0.09 
0.k6 
0.06 
0.39 
-0.21 
-0.14 
0.00 
-0.06 
-0,19 
-0.45 
-0,75 
0.09 
-0.14 
-0.15 
-0.05 
0.09 
-0.04 

G6 68 
1r6 10"') 

0.09 0.07 
-0.35 -0.37 
-0.01 -0,os 

0.03 0.03 
0,oo -0 ,OY 

Table V 

(Continued) 

Solution 

-0.32 
-0.29 
-0.45 
-0.02 
-0.40 
0.22 
0.22 
0.38 
0.16 

-0.06 

0.09 
0.06 
0.04 

-0.52 
-0.31 
-0.46 
-0 . 04 
-0 -16 
0.20 
0 -16 
0.36 
0 .l6 
0.25 
0.02 
-0.15 
-0.10 
0.08 
0.05 

-0.21 
0.06 
0.06 
0.10 
-0,08 
0.07 
0.03 
0.04 

-22- 

K6 
10-6 

0.03 
-0.38 
0.12 
0.35 
0.13 

-0.50 
-0.11 
-0.37 

0.21 
0 .ll 

-0.05 
0.05 

0.09 

-0.07 

K8 
lo-= 

0.08 

-0.41 
0.10 
0.46 
0.08 
-0.43 
-0 . 04 
-0-38 
0.15 
-0.15 
0.06 
0.06 
0.31 
0.26 
-0.03 
-0.32 
-0.41 
0.15 
0.22 
-0.31 

-0.06 
0-06 
0-08 
-0.07 

C 

0.03 
-0.34 
0 .,14 
0.10 
-0.10 
-0.40 
-0.15 
-0.53 
-0.04 
-0.27 
0-15 
0.11 
0.38 
0.07 

CA 
lo-* 

-6 .  Oi 
-0.28 
0.09 
0.04 
-0.19 
-0.43 
-0.17 
-0.60 
-0 . 05 
-0.26 
0.06 
0.07 
0.29 
0.08 



Table V 

(Continued) 

Coefficient 

C83 
S8 3 
C84 
S84 
C85 
585 
C8 6 

S86 
C87 
S8 7 
C88 
S88 
c91 
s91 
C92 
s92 
ClOl 
s101 
c102 
Sloz 
C103 
S103 
C104 
S104 
Clll 
Slll 
c121 
s121 

Solution 

A G W  G 6  68 K 6  K8 C CA 
10- 1r6 10-8 l r r 6  1 r 6  1r8 l(Te 10-8 

-0.05 

0.22 
-0.07 
-0.04 

0.08 
0. 
-0.02 
0,67 
0.17 

-0.07 

-0.15 
0.09 

-0.04 

0.00 
-0.15 -0.21 
0.11 -0.01 

-0.05 
0.12 
-0 . 02 

0.32 
-0.01 
0.03 
-0.25 
0.10 

0.11 0.12 
0.06 0.01 

0 .oo 
0,Orc 

0.10 0.11 
-0.12 -0.13 

-0 .ll 
-0.04 
-0.07 
0 -03 
-0.07 
-0.11 

-0.04 -0.05 

0.08 

0.22 
0.08 
0.04 
0.03 

-0.34 
0.10 
0.12 

-0.00 
0.03 
-0.09 
-0.09 
0.02 
-0.01 
0.01 

-0.04 

-0.13 
0.08 0.01 -0.07 

-0.21 -0.16 -0,12 
-0.04 -0.07 -0.01 

-23- 



Coef f i c i ent  

c122 
512 2 

Table V 

(Continued) 

Solution 

G6w G6 68 K6 
1r8 I r a  lra l(TS 

-0.10 

-0.01 

K8 C CA 
l I T S  1W6 1r6 

-24- 



Table V I :  Comparison of S a t e l l i t e  and Gravimetric Determinations 

of 300 n .  m i .  Square Mean Anomalies 

Mgal' 

Solut ion 

A 

GW. 
66 
G 8  
K6 
K 8  
C 
CA 

A 

GW 
G6 
G8 
K6 
K8 
C 
CA 

A 

G&N 

G6 
G 8  

K6 
K 8  
C 

CA 

Se t  [1]: n L 1; 935 members 

2 78 
29 7 
254 
2 45 
253 
2 74 
236 
224 

276 
'282 

2 60 
239 
270 
2 78 
2 42 
226 

2 49 
236 
224 

188 
210 
2 61 
2 04 

181 

2 74 192 97 94 72 
2 74 199 107 88 72 
2 74 149 97 84 72 
274 1 5 7  114 93 72 
274 104 86 62 72 
274 135 106 68 72 
274 119 91  78 72 
274 109 91  80 72 

S e t  [2]: n 2 10;  369 members 

354 167 97 122 23 
354 219 107 145 23 

354 143 97 118 23 
354 140 114 1 2 7  23  
354 101  86 92 23 

3 54 134 106 105 23 
354 1 2  0 91  116 23 
354 110 9 1  119 23 

Se t  [3]: n 2 20; 136 members 

29 0 134 97 88 1 3  
290 207 107 130 13  
290 105 97 86 13 
290 114 114 108 13  
290 103 86 92 13  
290 137 106 83 13  
290 104 91  95 13  

29 0 95 91  102 13  

104 
114 
118 

89 
1 4 1  
134 
124 
102 

2 09 
186 

213 
2 04 
239 
226 
215 
212 

189 
147 
191  
169 
185 
194 
182 
1 7 5  

98 .48 .49 
111 .44 .44 

65 .49 .56 
64 .52 .59 
42 .43 .60 
67 .42 .SO 
41 .SO .66 
29 .54 .73 

45 .52 -73 
74 .54 .66 

25  .54 .83 

13  .59 .91 
9 .so .91 

29 .SO .78 
4 .58 .97 

-9 .62 1.08 

46 .46 .66 
77 -56 .63 
19 .SO .82 

6 .61 .95 
11 .54 .89 
50 -43 .61 
9 .56 .91 

-7 -63 1.07 

-25- 



.-- 

I 

. .  



- ’  I 4 ‘ *  .. 
.. . ’  



Table VIU: Spherical Harmonic Coefficients to Degree 12 

Referred to International Gravity Formula 

NORMALIZED 

L 

2 
2 
2 
3 
3 
3 
3 
4 
4 
4 
4 
4 
5 
5 
5 
5 
5 
5 
6 
6 
6 
6 
6 
6 
6 
*7 
7 
7 
7 
7 
7 
7 
7 
8 
8 
8 
8 
8 
8 
8 
8 
8 

M 

0 
1 
2 
0 
1 
2 
3 
0 
1 
2 
3 
4 
0 
1 
2 
3 
4 
5 
0 
1 
2 
3 
4 
5 
6 
0 
1 
2 
3 
4 
5 
6 
7 
0 
1 
2 
3 
4 
5 
6 
7 
8 

ANOMALY (MGALS) 
c S 

Oo4382E 01 
0 17 37E-0 1 0 5 3 3 8 E- 0 L 
0,2356E 0 1  =9-.13r,4E oa 
Oolt89E 01 
0o3516E 0 1  Oo4?OL€-OO 
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