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ABSTRACT

This report is concerned with random process theory as applied to
discrete-data processing. Both stationary and nonstationary data processing

techniques are studied.

Methods for reducing the computational times, associated with the
digital generation of correlation functions for stationary processes, are
described. A theory for developing optimal spectral smoothing weights is
discussed, and the experimental results obtained from the application of this

theory are included.

The remainder of the report deals with the development of a practical
discrete-data nonstationary correlation function detection theory. The
experimental results achieved with the application of this correlation

detector to Saturn launch vehicle vibration data are also presented.
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PREFACE
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INTRODUCTION

The first two sections of this report are concerned with stationary
data processing techniques. In the first section, emphasis has been placed
on the development of highly efficient methods of digitally computing corre-

lation functions.

The very significa.nt time savings which can be achieved when a
conventional correlation scheme is replaced by a half-polarity correlator is
discussed in Reference 1. Also shown in Reference 1 is the fact that the
half-polarity correlator is a biased estimator of the true underlying
correlation function when the process under investigation has a zero mean
bivariate Gaussian distribution. Two classes of non-Gaussian processes
are developed, and the half-polarity correlator is shown to also be a biased

estimator for any particular member of these classes.,

To further expand the applicability of the half-polarity correlator,
investigations into the effects of adding uncorrelated noise to the signal
prior to processing were performed. These studies have yielded the best
means for adding the noise, and also bounds on the strength of the noise to

be added to the signal prior to processing by the half-polarity correlator.

Also discussed in Reference 1 is a method for computing the half-
polarity correlator with the use of the summation by parts formula. This
technique, commonly referred to as Stieltjes correlation, had yielded an
additional savings of computer time. Thus the two-level Stieltjes correlator
represents an extremely efficient method for computing the half-polarity
correlation. With the objective of retaining a 'high degree of precision,
while at the same time keeping computational time at a minimum, an

N-level Stieltjes correlator is developed.

In the second section of this report, the theory for optimal spectral
smoothing as presented in Reference 1 is briefly reviewed. A particular
method of applying this theory, which was directed at obtaining greater

accuracy in the spectral estimates, is developed. The experimental results,




which were obtained from analyzing a segment of NASA's vibration data with

this new technique, are presented.

A greater percentage of the random process data being analyzed today
is of a nonstationary nature. The application of stationary data processing
:techniques to nonstationary data will often lead to a misinterpretation of the
process being analyzed. With this in mind, the last section of this report
presents a theory for the detection of nonstationary discrete-data correlation
functions. The detection is accomplished in an optimal manner from a
single record pair. This correlator is an extension to the continuous data
correlator as presented in Reference 1. The usefulness of this approach is
demonstrated by applying this theory to several segments of NASA's Saturn
launch vehicle vibration data. Methods by which the associated time varying

power spectra may be generated are also described.




AUTOCORRELATION FUNCTIONS OF STATIONARY PROCESSES

The generation of power spectral density functions with the use of a
digital computer is usually performed by first computing the correlation
function. For any given (digital) processor designed to compute spectral
densities, the computation of the correlation function generally consumes
the major portion of the total time required to produce the power spectra.
Thus, the economies provided by the application of rapid (digital) correlation
techniques can result in a sizable overall savings in regards to the spectral

analysis of random data.

The half-polarity correlator, which is described in Reference 1,
when prcperly applied is shown to effect a 20:1 computer time advantage
over the more standard correlation computation techniques, It is the
purpose of this section to further extend the usefulness of the half-polarity
correlator. This is accomplished, in the paragraphs below, by demon-
strating the applicability of the half-polarity processor to other than Gaussian
bivariate processes. It is also shown that, with the addition of a specified
quantity of uncorrelated noise, the half-polarity correlator can be made to

be an unbiased estimator of the particular function sought.

The final portion of this section is concerned with insuring the attain-
ment of a high degree of precisioh in the spectral estimates derived from a
particular correlation function, while still keeping the correlation computa-
tion time at 2 minimum. The two level correlator (half-polarity correlator)
is extended to N-levels, and a technique for digitally computing the N-level

correlator by the Stieltjes correlation method is presented.




Half-Polarity Correlation For Non-Gaussian Processes

Theoretical Background. - The half polarity correlator R, (777)

yields an estimate of the true correlation by the use of one of the following

forms:
y N-U
R, (m) = Frr Z ;(k 5[9nXk+u , w = |[m] ' (1)
k=1
or
/ N-u
R3('m): mk—/ Xf[‘f-a 5l'gﬂ/-rﬁ ) u=|m| ) (2)

Although the expressions (1) and (2) given for the half-polarity correlator

R, (777) are not in general equal, they do possess similar statistical
characteristics. It has been shown (References 1, 2) that when the sequence
X4  Tepresents N uniformly spaced samples from a zero mean Gaussian
process, either form given for R, () is a biased estimator of the true
underlying correlation function ¢ (777) . Thus, the expected value of the
half-polarity correlator &, () is proportion_al to the true correlation

@ (») , that is

£ [Ry(m)] = Ho(m) (3)

In the spectral analysis of random phenomena, interest is generally
centered on obtaining a knowledge of the relative amplitudes of the spectral
estimates. This being the case, a biased estimator provides sufficient

information. For those situations where actual rather than relative values
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of the spectrum are desired, the proportionality constant K can be
A ) A
estimated as K . Then the statistic R, (m)//( is to an approximation

an unbiased estimator of the true correlation function ¢[m) .

The statistical properties which a random process must.possess in ;
order that the half-polarity correlator R, (»,) , as defined by either (1) or
(2), be a biased estimator in the sense cf (3), will now be considered. This

desired property is illustrated in Figure 1.

Let the joint density function# ( x, y , m) of the process x be expanded
in terms of a set of orthonormal polynomials 6, , where the subscript

indicates the degree of the polynomial,

o]

Fry,m) = £0)F ) o ) @i (m) 6 ()6, () (4)

J=0

where f(z) represents the first order density function. The orthonormality

condition is given by

f-ﬁ(z) 6; (z)6;(x) dx = J} (5)

The integration in (5) is carried out over the range of the variable 1 ,
and OC']' is the Kronecker delta. For the autocorrelation case x = ¢ and
from (4) it can be shown that a;; = aj-l. . Using the definition (4) and the

orthonormality condition of (5), the following expressions are readily

obtained.

a;; (m) =f/7‘/z,y,m)6"-(2’)9j (y)dzdy
(6)

O, (%)= 1 0= Y00

Q
!

YY) _ ¢y_'M2
6,(x) = =2 a, = =
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X z
—_—
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X=y d)zy(m) = K¢xy (m)

Figure 1 A DESIRED AUTOCORRELATION PROPERTY
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where M = mean value of process

Pe

standard deviation of process

To find what restrictions must hold on the quantities g the correlation

77’
(m)of Figure 1 is computed.

Py () =ffy(sz’gn z) £(x,y,m)dxdy (7)

¢7 y

The sign ¥ is now expanded as follows

Sign x :.Z C; Gj(z) (8)
J':O

where

C; = /f(z)(szyn z)ej(z)c/x (9)

When (8) is placed into (7), the following is obtained with the use of (4),
(5) and (6) '

by () = o*jZ:/ ¢, a,; () (10)

If the half-polarity correlator is to be a biased estimator, (10) can be

written as

o’jz—’ C; i (m) = K By (m) (11)

Equation (11) is as far as the analysis can be carried out without specifying
either the marginal or joint densities or specific properties of these density

functions.

The existence of many random processes, with various joint and
marginal densities, for which the half-polarity correlator is a biased
estimator is indicated by (11), although in somewhat abstract form. If the

random process under consideration has zero mean and the property

—g 12
a cga (12)

19 17
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then from the definition for a,, in (6), (11) is seen to hold for some K .

This represents one possible solution.

It has been demonstrated (Reference 3) that a zero mean Gaussian
density function can be expanded in the form given by (4) in terms of ortho-
normal Hermite polynomials., For this expansion a“. =0 for (#J4 .

When this condition is placed into (11) it constitutes an additional proof that
the half-polarity correlator is a biased estimator in the sense of (3) for zero
mean Gaussian processes, though not as concise as the proof presented in

References 2 or 1.

A Performance Measure. - Consider now the use of (11) as a

performance measure in the sense of being an upper bound indicator of the
applicability of the half-polarity correlator to a given process., Before this
can be demonstrated, a general property which the a;; must possess is

needed. The following inequality is satisfied by all aL‘J("’) (Reference 4).
ja,; ()] <1 for all ¢ J (13)

As an example of the use of (11), suppose that for a given sequence ,t’n a

histogram of the amplitude indicates that the marginal density is approximately

uniform between - 2 and o . This information along with (5) specifies the
polynomials 8, as the Legendre polynomials. From (9) and the symmetry
properties of the Legendre polynomials, C; =0 for ; even. An
expression for C.j when ,j 1is odd is shown in Appendix A to be given by

N V ‘/‘N+—3—' (ZIV‘f).,./

2" en+1)/

Consy =(-1) JN=0,1,2,+ (14)

where
Kl1l=/-3F-5----H

Equation (11) may now be expressed approximately as

&, (m)
ae, _2’_0):_2__ - 0Cy Qg (m)+0C5Q,,(m)~0Cq Qup(m)+:--= K¢Zy(m) (15)

=



Using the values of ¢, given by (14), the above equation when normalized

- with respect to 0“0, becomes

Sy (m)=-381 4, (m)+.239 Q,x (m)-.175 A, (M) +-+- = K}’zy (},7} (16)

where /a:zy (o) is the normalized correlation. The greater the rate of .
convergence of the ¢, for a given process, the greater the reliability in the
spectral estimates obtained from the half-polarity correlation. Equation (16)
is an upper bound indicator, since all of the Q,; may be zero or proportional
to /ozy in which case (16) is exact regardless of the values of the Cj .

In addition to these two possibilities, other combinations of the a,; may

exist which make (16) an exact expression.

Class I. - The first class £, (z, y,m)of non-Gaussian processes for
which the half-polarity correlator is a biased estimator in the sense of (3)

is defined as follows

'ch/z;y7m):Z CJ'ﬁ(z:y)m)
V=1

where ) XP-2pxyey®
_ 4 -z s *R.2 (17)
75' (2";17’;7’7}" 27 0-.2/? e J J

for all i,

D
n
2
I
Q

/G-‘(M/¢ /2 (m) for ([ #/)

/

oo
2 ¢ o=
J=1
f, (z,y,m) = o0 for all z,y,m

c;C; £ O for some (#j




Although every member in the class -Fl (=, y,?n)is comprised of a weighted
sum of Gaussian bivariate densities, no particular member represents a
bivariate Gaussian process. The last condition of (17) insures that each
member must be comprised of at least two terms, the correlation 2, being
different, eliminates the possibility of any member representing a Gaussian

bivariate process.

It is now demonstrated that the ha.lf;polarity correlator is a biased
estimator in the sense of (3) for any particular process in fr (%, y,m). For
the half-polarity correlator to be a biased estimator, the following property
must hold '

E[Zy] = KE [2’ ségn y_] (18)

Taking any particular member of Fr (Z:y; m) and utilizing the half-polarity
correlator property (Eq. 51) demonstrated in Reference 1, Equation (18)

becomes

S A R - S R
J=1 J=/

Equation (19) completes the proof, since it illustrates the expectations of

(18) are related by a multiplicative constant,

Class II. - The second class o /2'; Y, n,) of non-Gaussian processes
is defined in a similar manner as the first class, with the following changes
/;’.:/3. =0 for all ([, Jj
(20)

# 0

o, J

L

for (4

When (18) is applied to any member of this second class of non-Gaussian

bivariate processes the following is obtained

pem) S oyt = K& olm) ) ¢; o (21)
i=1

J=1

10
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Thus, for this second class 'FII (z)y, m) of densities, it is seen that for any

member (18) is satisfied.

Although the definitions of Class I and Class II appear similar, there
are significant differences between the members of these two classes. The
joint densities in Class I may exhibit the characteristic of being composed of
both continuous and discrete (along %=y ) densities for a given 77 . On the
other hand, a member from Class Il may consist of either a continuous or a
discrete density for a given 37 , but not both. The correlation for any
member of Class II is proportional to the correlation of the individual
component densities which make up that member. For members of Class I,
however, the correlation is proportional to a weighted sum of the individual
component correlations. As a final comparison between the members of
these two classes, consider their marginal densities. It is interesting to note
that though the joint densities in Class I are non-Gaussian, the associated
marginal distributions are Gaussian. The associated marginal distributions

for Class II, however, are non-Gaussian as is illustrated in the following

. example.
Example. - Consider the member of Class II which is given by
-FH(Z’,y,m)r/./-F,[Z,y,m)—./vcz (Z,g,rn) (22)
where
0” = /0 0"2

To obtain the marginal density, integration of (22) with respect to either X

or ¥y is performed. This results in

2
1.1 e‘a—l(/—OI—O‘Z) _ ! e_?/(%)z (23)

vam oo, Ya7r 100

Figure 2 illustrates the non-Gaussian character of this density function.

fpom (x) =

Conclusions. - The properties which a random process must possess

in order that the half-polarity correlator be a biased estimator have been

derived and are expressed by Equation (11). The main objective of this

11
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section, however, was the determination of processes other than joint
Gaussian for which the half-polarity correlator would be an appropriate
processor, This goal has been accomplished by the development of two
such classes of random processes. Much of the physical phenomena
encountered in practice is often approximated by a marginal density

associated with the second class discussed.

It is believed that, in addition to the two classes developed here,
there exist many other processes which possess the desired property. A
more descriptive definition, other than (11), for these other processes has

not yet been determined.

The problem of developing tests to determine if the hélf-pola.rity
correlator is appropriate for a given process is a difficult one. Demonstrating
the expanded usefulness of the half-polarity correlator has not simplified this
problem area. The example given above demonstrates that a test for the
applicability of the half-polarity correlator, to a given process, which is
based upon a Gaussian criteria, is very restrictive. This is clearly the case,

since every member of Class II has a non-Gaussian marginal distribution,

The possibility of using the expansion coefficients of sign x as an
upper bound measure of performance was discussed. The potential usefulness
of this error measure will depend upon the existence of marginal densities

which provide for rapid convergence of the expansion coefficients.

Half-Polarity Correlator with Added Noise

Theoretical Background. - The half-polarity correlator has been

demonstrated to be applicable over a wider class of random processes.
There are still, however, many processes for which this correlator, in its
present form, will not yield sufficient accuracy. Itis to this remaining

class of random processes that the following paragraphs are devoted,

Methods for modifying the half-polarity correlator while still retaining
the essential features which allow for rapid digital computation are described.
The improvement that can be achieved by adding uncorrelated Gaussian noise

to the signal prior to processing by the half-polarity correlator has been

13



experimentally demonstrated in Reference 1. It is the specific aim of this
section to obtain analytical expressions which will provide information on the

following:
1. Where should the noi.se be added ?
2. What type of noise should be added ?
3. How much noise should be added ?

In the analysis presented here, no assumptions are made regarding the
underlying statistics of the signals being processed. It is also understood
that all expectations imply averaging over the probability space of the added
noise. The full implications of these statements are made clear in the

paragraphs below.

A Performance Index. -~ Three possible arrangements for the addition

of noise into the half-polarity correlator will be considered., Figure 3
illustrates the correlator modifications, For the first case to be considered
«w = 7 that is, the same noise is added to each leg of the correlator. This
particular correlator is the same as that discussed in Reference 1, and for

the purpose of the present discussion it will be designated as g, (m). By

definition
N=-n
/ .
R,(?’fi)'—' N — 1 %_—;/ (xk+nk) 51]”(?k+m+ 777C+)‘/7) (24)

In the second correlator to be considered, the noise signals w and n are

independent, and the correlator is defined as

) (25)

N~
/
Rz(m): prmew g/ /;Ck+ uﬁ)sdgn /gk+m+ hft+7n

The last case to be considered is obtained by setting the noise signal «w

equal to zero, An expression for this correlation is then given by

2

/ -m
R (m) = vy

M

» Ay 5£gn/yk+m+ 771”7)7) (26)

14

0 2 £ & &) 8 O B €2 00 3 €2 628 & £ . =2 3 £33



"MULT.

NOISE n
+ ) —
y + ADVANCE
—
m L a—
X +
+
NOISE u

Figure 3 HALF - POLARITY CORRELATOR WITH ADDED NO!SE

S1

Ry(m)




As a means of comparing the performance of the three correlators
R, (m) s R, (n) ,» and Rg (m), a performance index is developed. Let the
error be defined as the difference between a constant times one of the noise

added correlators and the actual estimate sought. That is

cj(m) = Kj Ry (m)- R (m) (27)
where .
~'j = /) 2) 3
/ N-m

R (m) N-m ;A‘—’:, Xﬁ Y4 +m

i

The constant Kj is selected such that for some value of the strength of
noise added, the expected value of the random variable ej-(m) is equal to
zero. The performance index chosen will be the mean squared value of

error, and is given by

Jo= E [eiem)] (28)

With the use of (27) the above equation may be expanded in a more convenient

form as follows:

o= E[(; Ry On) - R(m))" ]

= £ [KFRE(m) -2k, R (o) ROn)+ R2(m) ]

= K; E [:f?;(-m)] - 2K; E [RJ- (m)]ﬁ(m)+R2(m)

= KJ-ZE [R;(M)]- KJ-Z E* [Rj(m)]

+ HjE® [ Ry (m)] - 2k; E (7, (o )| 7 (m) + REZ(m)

I = K var [ R (»{)] + [KJ. E [R; (m)J—R(m)]z (29)
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It should be noted that both terms in the expression for the performance index

(29) are positive quantities.

The idealized objective is to minimize Tj with respect to the types of
correlators, types of noises and amount of noise strength added, the solution
of which must not be dependent upon the detailed nature of the sequence being
processed. Though the goal is a worthy one, it is somewhat overambitious,

In the first place, the stated objective is somewhat contradictory in the sense
that an exact mathematical minimum must, in general, depend upon the

specific nature of the sequence being processed,

The analysis to follow will consider the three types of correlators
discussed above, and two types of uncorrelated noise. General guides as to
the amount of noise which should be added will be obtained rather than exact

values.

Expected Value and Variance of Correlators. - Expressions for the

expected value and variances of the three correlators as derived in

Appendix B are given by

1 A B O
CE[R ()= %ﬁ g Frm * REX 9, (30)
=1 7(—7
where
-Fk = F [SLgn(y7c + hk)]
9, = E [74 sign(y, + wk)]
2 { Nom 2 2
i b= i+ e £ 8 g
2 Lzm
+ [ (N-7n)2 'RZ:/ 2'7,; gﬂ.,.m fﬁ;zm](’_Jom)
_ [ 2 Z”r Y £ + L Z/‘.V 2 (31)
NE Gy T Ik T NT g i ] Som
where 0"2 is the variance of the noise »
s N~m
£ [moem)] = - I, (32)
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ou” 1 7T e [1-£2
VAR [Rz(-m):|= New 7t W) %’-_-/ 29 —/c+m] (33)

2, . .
where o,  is the variance of the noise ¢

E ['?3 (7”)] = /—v_—/;; g-‘; Xy -Fﬂ:+m . (34)
/ N-m 2 .
VAR [Rs (‘rn)] = (@2 1':;':/ 2/7: [/_701:+>n-] (35)

When (33) is compared with (35), it is seen that the variance of the

R3(m) correlator is always less than that of the R, (m) correlator. Since the

value for the constant Kj- will only depend upon the expected value of the

correlator, (29) indicates that the following relation will always hold

(36)

That is, the R, (7-,7) correlator will provide a better estimate than the i ()

correlator. In the following paragraphs no further consideration will be

given to the R, () correlator.

Gaussian Noise. - When zero mean uncorrelated Gaussian noise is

added to the R, (»7) and R, () correlators, the functions 7c7c and g, as

defined above are found in Appendix C to be given by
Y1

vz o 2
_ 2 -4 d
-Fﬁ _ﬁ[ e A

Y
st (77 o

v 2
9% ‘71/—%— e_ZL ?L‘) a

Using the above relations, the expected value of the Rs(m)(or :‘?1(771) for m

not equal to zero) correlator becomes

18




) y N-wm 2 Yz o - 2
elr, ()] = 5 %;/ X, 7= f e " aa (38)
- o
With a change of integration variable, this may also be expressed as
p > / N=mm Y +m _L(E)z
= 2 “z(o 3
E [r, ()] = % N_.m-%f:./ X, fo e da (39)

If the constants /(J- are selected to be
]/n‘
K, =Ky = 0z (40)

Then from (39) the following limiting values are obtained

TZ_L;’:O K, E [—R, [m)] = R(m), m#0 a1)
i kg E[ R )] = R () |

With the use of the following property of the error function

2¢m erf(x) =y (42)

o — 00

the variances of the R, (m)and R (3») correlators are seen to go to zero as

the strength of the noise ¢ is decreased.

The determination of an optimum or near-optimum choice of the noise

strength - in the sense of minimizing either of the indices 7

all sequences ;\’/‘: is a difficult, if not impossible, task. A useful lower

or ‘].-3 for

bound, however, can be obtained for the noise strength g . A value of g
greater than this lower bound will insure the better performance of the
correlator. This lower bound will now be determined. If the Ry (>n) correlator
is to provide greater accuracy, the following relationship between the

performance indices must be satisfied

J-J, >0 (43)
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From the definition of the performance index given by (29) and the expression

- for the variances, (43) reduces for » not equal to zero to the following

: 2
N~2 m- y'/C m
o2 2 2 'El‘( ar ) Yet+em ]
< [Z Ykt e 44
K, [N—m +(~-n)2 ﬁ.Z::-I Xk o Vrz e cr;“[ ;/2_0_) >0 (44)
or
é,(‘y1c+"m 2
‘-}-/27Z N=2m e g /‘ch+27n
4 e £ [ Trram) L, (45)
{ + =) g':/ X T er =

Assuming the worst possible conditions for (45), a situation not very likely

to occur in practice, (45) reduces to

N=2m
- L .
'~ F iy o, 1] e (46)
or
J,L
o >

N
Va7 (N=-m) 1{, % |

where M 1is the largest value of lag to be computed. If the sum of the
magnitudes is a quantity not normally available, Schwarz's inequality can

be employed to obtain a lower bound which is in general, larger, and given by

J’b L =7 4
7= S N-M N (47)

When the following range of ¢ is used in (45)

> £ (48)
.75
where ¢ is given by
¢ - {lzkl}
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it can be demonstrated that the inequality is also satisfied. Thus, the expression
. given by (48) represents a different lower bound on the strength of the noise
to be added. For many sequences, and especially when M is a large percent-

age of N , this second bound may prove to be lower than that of (46).

For the zero lag case when 7 = 0, the difference of the performance
indices is no longer given by (45). This difference must be reformulated from
the basic relations given by (29), (30), (31), (34), (35), for » = 0. With this
reformulation, a value of ¢ > ¢/.837 is found to be a lower bound on the noise

strength,

Returning to Equation (45), it will now be demonstrated that the R, Gn)
correlator is also better than the & (m) correlator for small values of o .

Each term in the sum in the second member of the left hand side of (45) must
contain a factor of the form % (7 . This particular function of ¢

approaches zero as ¢ approaches zero, thus the inequality of (45) can

always be satisfied by reducing the noise strength,

- Uniform Noise. - With the addition of uncorrelated uniform noise, the
functions -Fk and ?1: as shown in Appendix D are given by
= 9 (.yk)+ 77 Y. % (‘yk (‘yk) (50)
2 2
30 -V,
9 = ——— . (y ) (51)
% 2Y3 ¢ 2k

The J(y) functions separate the range of y into three ndnoveﬂapping regions
and have a value (unity) only in their respective regions. A more complete

description of these functions is given by Equation (D-1) of Appendix D.

If the maximum absolute value of the sequence Y+ 1s again designated
as ¢ , then from (34) and (50) the expected value of the Ry (m) correlator is

seen to be

, ,
E[r,om)] = e R(m), o255 (52)
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thus, the constants K/ and h’3 are evaluated as
K, = Ky, =V3 0 (53)

The shape of the performance index Jz 2asa function of & will now be
obtained. Let the first term of the expression for J, (Equation (29)) be
designated as v (s) , and the second term as g (o) .

Figure 4 illustrates the general shape of these functions for any

sequence Xﬁ:

functions of o respectively, though not necessarily smoothly as shown in

. The functions V(o) and B(s) are decreasing and increasing

Figure 4, The optimum choice for the noise strength ¢~ to be added to this
correlator is seen to be bounded by the interval (0, ¢ 43 ) It must be
emphasized that this result is not dependent upon a detailed knowledge of the

sequence A being processed. This is a desirable characteristic.

If a lower bound is sought, as was done for the Gaussian noise case,
to insure the superiority of the £,¢7) correlator the following result would
be obtained

o >cC (54)

This lower bound on the noise strength is not very useful, since the optimum
choice of ¢ for the R, (m) correlator has been demonstrated to lie in the
interval (o, c/ﬁ‘) . The relative magnitudes of J, and Jz are difficult
to determine for general sequences when (54) is not satisfied, However, it
can again be demonstrated that the index Jg is less than J, for sufficiently

small o

Conclusions. - From the analysis of three modified (noise added)

half-polarity correlators, it can be concluded that the /?3(77:} correlator as
defined by (26) performs better than the other two correlators considered,
Lower bounds on the noise strength, to be added in order to insure the
superiority of the Ry (>») correlator, have been obtained. The nature by
which these lower bounds were obtained would lead the author to conclude that
for some interval below the stated bounds, the condition Js < J/ is still
valid for any sequence %, whatever. Indeed, the A, () correlator may

well be superior for any value of noise strength.
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When the added noise is uncorrelated Gaussian noise, it is difficult to
. determine the optimum value of the noise strength 0, , which minimizes the
index J , without further specifying characteristics of the sequence Xy o
All that can be said about this optimum value of noise strength is that it lies
in the interval between zero and infinity. However, when the noise added is
uncorrelated uniform noise, the optimum choice for the noise strength ¢
is known to lie somewhere in the interval (0, c/,/é") . Thus, it is recommended
that with the addition of uniform noise a value of 6/27/3‘ be chosen for the noise

strength.

N-Level Correlators

Theoretical Background. - The N-level correlator is conceived as a

means of combining the merits of greater accuracy afforded by the full

precision correlator, and the high computational speed given by the two-level
correlator (half-polarity correlator). As the number of levels A/ 1is increased
beyond two, the N-level correlator is still a biased estimator of the true
correlation when the process under investigation is bivariate Gaussian with

zero mean., It is also a biased estimator forany process in the previous two
non-Gaussian classes described earlier. Thus, the number of processes for
which the N-level correlator is an appropriate processor, in the sense of being

a biased estimator, apparently does not decrease as N increases. On the

other hand, the accuracy obtained with the use of an N-level correlator, on a
process for which the correlator is only approximately a biased estimator,
increases as N increases, That this must be the case can be reasoned
intuitively, since in the limit, as N increases without bound the N-level
correlator approaches the full-precision correlator (assuming thresholds

and relative levels decrease with increasing N ). This can also be demonstrated
mathematically by observing the expansion coefficients (;

J
with the sign x replaced by the appropriate nonlinear N-level function. Again

of Equation (9)

J

in the limit ¢, approaches ¢  and all other ¢, go to zero.
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Coding Scheme. - An efficient means for coding the N-level correlator

. on a general purpose digital computer will now be presented. The N-level
correlator is given by

/ N-m R o
Rm=A-,_—mZ Xy Ymam 2 =G L2 (55)
” =y
Where in (55) y represents the quantized version of the z data. Roman
numerals heading subsequent paragraphs refer to the corresponding blocks

in Figure 5.

1. Preparation of x data

The mean value associated with meteorological, acoustic, or vibrational
random phenomena is often zero. Itis recohmmended that any bias in the data
be removed, whether the bias is the result of instrumentation error or a true
characteristic of the process. If the data Zz, are integers, set }’L. = 2[—[§]
where [2} is the integerized average of the 2z values. However, in most
cases the Z  are floating point numbers. For this case, the Z, should be

¢
scaled, then set XL. :[z‘, 'EZ] , Where [ ] denotes the integerization

process. Integerization is performed to take advantage of the faster speed that
certain fixed-point arithmetic instructions possess over their floating point

equivalents,

II. Preparation of y data

For the present autocovariance problem x and y data are logically
equivalent; however, a numerical difference is forced into the y data by

quantizing rather coarsely compared with the 2 data. Thus
y; = quant (%)

where quant ( ) implies quantization of the 2z data into, say, N-levels.
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III. Prepare list from y data
With a counter keeping track of n a LIST array is formed. IBM 7044
machine language is used here to represent the actual operation: '
(2) If Yn

(b) If y, =+1, add to the LIST array the command:
ADD X+n, 1

0, increase 7 by | and go to the next y, value

{]

(c) If Yy, = -1, add to the LIST array the command:
SUB X+n , 1

'(d) If y, has a positive value % >/, add to the LIST array
A commands:
ADD X+n, 1
ADD X+ %, 1

ADD ¥+m, 1

(e) If y,, has a negative value greater than 1 in magnitude,

follow step (d) except use SUB X+ » , 1 commands,

What to do for the Y, values when (yn[ > 1, is a matter of choice, The
simplest option, as shown above, is to insert the proper number of ADD or
SUB commands directly into the list. If [yh ] > 1 occurs frequently, the
length of the list may increase beyond desirable bounds; in this case, a
transfer command could be inserted into the operable array which would

give an exit to short subroutines, one for positive y, , one for negative y,_ ,

to save storage at a slight cost in terms of machine time.

Iv. Prepare to enter list at proper point for lag M

In direct calculation of correlation sums, exactly one term is dropped
as the lag number is increased by one. This one-to-one relation does not
apply to the packed list, of course. One ''direct" term may correspond to
none, one, or more executable instructions, and hence, the point of entry
may remain fixed, move ahead by one, or move ahead several cells depending

upon the original data.
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Logic to determine the proper entry point rapidly (with minimal

. auxiliary storage) was coded as follows:

(a) tentatively select entry point same as for previous lag number

{b) check effective address (of the ADD or SUB command in this

cell) against the beginning of the data array:

(i) effective address = [true address] - (contents of index register]

= [address of some X(I)] - [lag number)
(ii) is effective address > address of X(1)°?

(c) if answer to (ii) is no, the next cell is selected and step (b) test
is applied. This process is repeated until the proper entry point

is located,

Since the previous entry point equals, or is very close to, the correct
new entry point, this search procedure requires little time and requires no

extensive table of entry point values or other auxiliary storage.

V. Execute commands of list

With the correct entry point determined, the list commands are
executed. The resultant sum in the accumulator is then proportional to the

correlation at lag m

The following table shows the x , y and List arrays that would be
generated by the given original data z array. Threshold levels are at %5,
15, *£25, £35,

The N-Level Stieltjes Correlator. - The so-called Stieltjes correlator

is an application of the surmmation-by-parts formula (analogous to integration-
by-parts) to the calculation of correlation sums. The N-level correlator
described above, and the Stieltjes correlator described here will both provide
a very large speed advantage over the usual direct summation. Comparison
between the N-level and Stieltjes N-level correlator will be made in later
paragraphs, To be considered now are the modifications required in the
above coding scheme in order to convert the program into a Stieltjes N-level

correlator.
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Table |  EXAMPLE OF N - LEVEL CORRELATOR

n z X Y. usT
1 29.1 29 3 ADD X+1,1
2 20,4 - 20 2 ADD X+1,!
3 4.1 4 0 ADD X+1,1
4 -3.9 -4 0 ADD X+2, 1
5 -14.2 14 -1 ADD X+2,1
6 -19.8 -20 -2 SUB X+5, I
7 -34.0 -34 -3 SUB X+6, |
SUB X+6, |
SUB X+7, 1
SUB X+7, 1
SUB X+7, |

By applying the summation-by-parts formula, (55) may be written as
. / N-~m-1
.R'rn: N=m { CN—TH ‘yN - Z Cy Dn+7n:,r (56)

n=1{

where

Y

Cn: 2}

L
1]
-

On = Insr — 9y

When the definition for ¢, and 0, are placed into #,, above and expanded,
it is readily demonstrated that Equations (55) and (56) are equivalent regard-
less of the form of the » , y data. The second term within the brackets of

(56) is commonly referred to as a Stieltjes sum (Reference 6).

To modify the N-level correlator as shown in Figure 5, the following
insertions are made. The calculations of ¢,, and p_ as given by (56)
would be performed after Block II. The D, array would replace the Y,
array which is no longer needed (except for y, ), and the ¢, array would
replace the %, array. In Block III the list array is now formed by using
the D, . The only other modification needed to convert the N-level correlator

to an N-level Stieltjes correlator is the addition (with appropriate sign) of the
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term ¢ This addition can be performed after the exit when the

N-mIN -
scaling by 1/(N-m) is accomplished.

Quantizer Thresholds. - The actual coding of the quantizer is a minor

problem. Several good fast methods can be developed by an average programmer,
even if the threshold values are not uniformly spaced. And in any case, the
required machine time will be small compared with that used in calculating

correlation sums and spectra,

The purpose of this section is to document some principles for deter-
mining good threshold values -- quantitatively, for Gaussian data, and approxi-

mately for nearly Gaussian data.

Before this is accomplished, however, some of the theoretical aspects
of threshold selection will be discussed. With the processing of random data,
amplitude histograms are often computed, from which information on the
marginal density can be obtained. In an earlier portion of this report, it
was demonstrated that the marginal density specified the orthonormal expansion
polynomials e; - If the particular N-level device selected is designated by

N (%) then the expansion coefficients C; may be expressed as
¢y =) F(x)0,(2) I (57)

where f(2) represents the marginal density for the process. A potentially
useful technique for the selection of the thresholds { T} associated with A/ (x)
would then be given by

in & oo, :
7{777} 18 5 J=2os] (58)

That is, the thresholds {T} are selected so as to reduce the values of cj-/q

in Equation (11). The complexities which may be involved in obtaining solutions

of (58) for the thresholds {T} have not been fully explored. The convergence
c -

properties of the normalized coefficients must also be examined.

2
. ¢
Return now to the problem of specifying the thresholds under the

assumption that the data is Gaussian or nearly Gaussian.
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Consider a correlation sum, the exact value of which is R:Z x; Y

and which is to be approximated with
R = 2 % 5"1
where } is a quantized value of the exact Yy value. Consider a particular
quantum region, say
If A< vy 5 B, assign the value zr to y.

That is, a single value 7 is to act as a representative for all values of Yy
between A and B. If the distribution of the y data is known, then it a.i:pears
that a potential mult.iplicative bias could be removed, by choosing for the
number ¢ the average value of the class, i.e.,

B8
L v )y

{Bf’(&’)dy

let v = » conditioned average for interval A, B (59)

Note that this criterion would work for the half-polarity correlator,
where the use of V+= +1 for positive y and V=-1/ for negative y gives
the correct expected value of correlation, multiplied by the constant ‘,’:l‘
(Gaussian data, ;=7 ). By the average-value criterion, one should use for

positive y the value *

"Loye %
v Jﬁ ” = }/;g;

= /‘°° 7 _%:C/
[ an © J
and by symmetry —;/E—/;’—E for negative y , a choice which does indeed

remove the multiplicative bias. (Agreed, one would do the actual coding

with +1 and -1 for convenience, and put the multiplier in just once at the end.)

The following scheme resolves the multiplicative bias problem, while
preserving integer values for the quantized y data, when the number of
quantum levels is an odd number (3, 5, ....). Specifically, the v values
are set to fixed integer values, and the set of equations (59) is used to solve

for the set of threshold values.
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To illustrate, assume a three-level quantizer, operating on Gaussian

o |

. data with zero mean and unit variance with the following rule for quantizing:

If - oo Yy - A let y = - /
-A y +A let y = o
A R oo let y = + /

Loser

The middle requirement is automatically correct (the average of any
symmetrical region about 0 is zero), and the first will, by symmetry, be
satisfied if the third one is. Thus, the only unknown is A, which must, by
(59) satisfy

‘yZ

oa/ _2_
/sz_ﬁye dy
fm__/_ "'lzt1
l, Vzx © dy

=3

(60)

£

Denoting # (°) as the cumulative distribution function for the standardized

Gaussian distribution, then (60) may be written

o

AZ
A

7/2:” e = [/-—P(A)} (61)

=

This transcendental equation is easily solved by hand, since both the left hand

side and the P function are tabulated functions; the numerical solution is
A = 0.3026

Thus, for a three-level quantizer, the thresholds should be £0.3026 (more

2 &3O &3

generally £0.3026 0 ), for Gaussian data.

If the number N of quantum levels is odd, say zx+ 7, there are K

positive threshold values to be determined (negative ones follow by symmetry).

The system of equations obtained by applying (59) comprises exactly K

&3

equations, Furthermore, these equations are easily solved, one variable at
a time, when one begins with the most positive threshold. Threshold values

for 3, 5, and 7 level correlators are tabulated below.

£33 3
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Table 2
THRESHOLD VALUES FOR N-~LEVEL CORRELATORS

LEVELS THRESHOLDS
3 1 0.3026G
5 +0.59286°, ¥ 1,572G
7 $0.555G , £ 1.654G , * 2.071G

If the number N of quantum levels is even, say 2K, there are K-1
positive threshold values to be determined, but there are K equations implied
by the application of (59). Thus the unknowns are over-specified, and there
is in general no solution. (One may observe that when N is odd, the middle
interval (centered on the origin) satisfies its zero average requirement 'for

free', and the excess equation is avoided.)

Experimental Results. - The accuracy obtained with the N-level

correlator, or Stieltjes N-level correlator, is the same since their mathe-
matical forms are equivalent. The computational times, however, are not
in general the same, but are dependent upon the nature of the data being
processed. The computational time for a given set of data is dependent

primarily upon the length of the list array.

An attempt will now be made to determine which of the two correlators
would be most appropriate in a given situation. Assume that the frequency
spectra of a quantized signal is reasonably similar to that of the unquantized
signal. In many practical situations this can be shown to be the case. The
list array commands for the Stieltjes correlator are determined by the forward
first difference of the y data. The frequency characteristics of this data
may be expressed as

D(z) = (z-1) v(z)
| (62)
Thus, the Stieltjes correlator modifies the frequency characteristics of the
y data (which is used to generate the list in the N level correlator) by
the factor (Z-1). The frequency characteristics of the magnitude of this

factor is shown in Figure 6.
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From the sketch of Figure 6 it would be reasonable to assume that

the Stieltjes correlator would not provide a time advantage over the N-level

correlator when the energy of the original data being analyzed is about equally

-dispezl'se.d over the frequency interval 0, 7% /7‘ . The same would be true
if a éreater po_l"tion of the energy were in the higher frequency ranéé of

this interval. The high frequency content in the quantized data would tend

to réducg the nuihbe; of zeros of p, , the first difference of the y data, | '
thus creating a longer list array. On the other hand, if the significant portion
of the energy lies in a lower frequency region, then the Stieltjes correlator ‘

would maintain the computational time advantage.

. A segment of NASA's vibration data was used to compare the compu-~
tational times of these two correlators. Three-level correlators were
programmed. The full precision (Hanned) spectrum of the data used is that
shown in Figure 10. The results of these experiments, along with the com-
putational times of the full precision and Stieltjes two-level correlators for

comparison, are tabulated below.

Table 3  COMPARISON OF COMPUTER TIME

CORRELATOR COMPUTATIONAL TIME LENGTH OF LIST ARRAY
SEC.
STIELTJES 2 - LEVEL 12.4 4003
3 - LEVEL 6.5 5283
STIELTJES 3 - LEVEL 22. 1 7230
FULL PRECISION 244.3 NA

TESTS CONDUCTED ON IBM 704t MACHINE

CORRELATION FOR 700 LAGS AND 7000
DATA POINTS

Conclusions. - Two types of N-level correlators, both of which

Possess a computational time advantage over the full precision correlator,
have been developed. A practical method for selecting the correlator
threshold levels is also presented. A technique for determining when one
of the two N-level correlators described will possess a computational time

advantage over the other is discussed. Since the technique was based upon
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assumptions and approximations, an experimental test was performed. The

results of this test were in agreement with the expected results.

When the number of levels selected is about 21 or higher, the compu-
tational time advantage over the full precision correlator may not be signi-
ficant. This estimate is based upon a multiply time of 17 cycles and an add
or subtract time of 2 cycles, and also allows somewhat for the fact that only
a portion of the data will be in the largest threshold region. The size of the
list array produced from a 2l-level correlator would, in general, be pro-
hibitive without the use of transfer commands in the list array. Judging
from the results of Reference 1, (where a two-level correlator was tested),
however, sufficient accuracy should be obtained in general from a correlator

with a low number of levels, say 3, 5, or 7.
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A THEORY OF OPTIMUM SPECTRAL SMOOTHING

FOR STATIONARY PROCESSES

Theoretical Backgrodnd. - In Reference 1 -a.theory for o.ptima'_'lh

spectral smoothing was developed. The objective was the development of
smoothing weights which are optimal with respect to the correlation function
to which they will be applied. This approach is different from the usual
selection of a standard smoothing weight, such as Hanning or Hamming,

regardless of the nature of the data being analyzed.

The smoothing weights, Dj, were specified by minimizing the 'éxpect_ed

value of the following index with respect to the weights.

T e

where in (63) the spectrum éa («) represents the actual spectrum achieved,

(63) ..

and is of course directly dependent upon the weights Dj selected. The spectrum
éc' (aJ) represents the true underlying spectra of the process being analyzed.

The solution for the weights, as given by Equation (69) of Reference 1, are

32 2 / NS~ . 2 !
R LR AN )
=~ -7 -/

The terms ¢ff in the above equation represent the value of the underlying
correlation at lag ; . Before the weights can be evaluated for a given

process, a reasonable choice for the function ¢.!/ must be made.

Optimum Weights. - The method for generating the weights for any

particular process will now be considered in detail. Since the true under-
A

lying spectra éi (a)) is unknown, an estimate of this function, say _@; () »

must be used. This estimate should contain the general characteristics of

&.(w) . One particular characteristic of special significance is
<

_f“. (w) > 0 forall w (65)
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The importance of this particular characteristic stems frbm the nature of the
specific index (63), upon which optimality is based. A mean square type of
performance index will not insure the positiveness of the resultant spectrum
o (w) . Thus, in order to keep the negative portion of & _/w) toa

. minimum, the condition given by -(65) should be met.

Let the unsmoothed empirical correlation for a given process be
designated as R If the maximum lag M which is computed is less than the
number of data points N, then the empirical spectra associated with this
(unweighted) correlation will, in' general, possess negative power. To provide
a spectrum é“ (@) which will have the same general characteristics as the
underlying spectra of the process, while at the same time insuring that this

spectra will have only positive power, the following weighting is used:

A

¢ = o, R, (66)
where
/ml
= 1= 3

A
It will now be demcnstrated that the spectra § () associated with
I3

must possess the property specified by (65).
” p y

Define the operation x by

o

x T x = Z;:-:_m 2’7: Xt s % (67)
Then if ¥ represents the data sequence being processed
o + (68)
R, = N Ax X
also
_ /!
Um = A4 (69)
where
f 12 =M
51: = 0 otherwise
The correlation in (66) may now be expressed as
A
!/
¢, = my (Ax"2) - (x =" x) (70)
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Taking the ¥ transform of (70) yields

A ! 2 2 ’

G) = g |s@)| = |x()] (71)
In (71) S(w) and X(w)are the 4 transforms of Sy and Ay with Z replaced
by e e The operator »x indicates convolution. Since the convolution

of two positive functions must be positive (71) demonstrates that 5 (w) is
) I3

always greater than, or equal to, zero.

Experimental Results. - A segment of NASA's vibration data was used

to test this theory. Correlation values up to 700 were computed from a data
sequence of 7000 points. The folding frequency was 3500 cps. Results
obtained for the correlation function and power spectrum, when (66) is placed
into (64) and these optimum weights used instead of standard weights, are
shown in Figures 8 and 11. Also shown for comparison are the unweighted
correlation, the unsmoothed power spectrum and the Hanned power spectrum

in Figures 7, 9, and 10, respectively.

_ The significant difference between the Hanned spectrum and the
opfimally smoothed spectrum is most dramatically demonstrated when their
graphs are superimposed in front of a lighted background. The Hanning
weights, while producing a very smooth spectrum, have also smoothed over
spectra in the areas of 875 cps, 1400 cps, and 2100 cps which are more

clearly defined in the optimally smoothed spectrum.

The computational time to compute the correlation (unweighted) for
this data was 244. 3 seconds. Since the nature of the optimum weights are
more complex thaﬁ the .25, .5, .25, Hanning weighting of the spectrum,
additional computer time is required. This additional computer time for

the particular data analyzed amounted to 51. 6 seconds.

Conclusions. - The usefulness of an optimally derived set of smooth-

ing weights has been demonstrated. If additional smoothing is desired, for
any particular process, this can be achieved in an optimal manner by modify-
ing the weighting function &J,, . Additional smoothing would be afforded by
selecting a functiond),, which decreased more rapidly than the one selected.

Care must be exercised, however, to insure that property (65) is maintained.
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A THEORY OF NONSTATIONARY CORRELATION DETECTION

The discrete data nonstationafy correlation function detection theory

presented here has as its primary objectives the following:

(a) -""I‘qkinvci-éafse the p_.sef_ulnes._s of the continuous data non-’
stationary correlation theory described in Reference 1,

by develcping an analogous discrete form of this theory. .-

(b) To improve this nonstationéry corre_lafidn theoxj}"r by
developing performance measures not previously
considered, and which will allow for fewer approximations

in the development of the theory.

(c) To expefimentally demonstrate the usefulness of the discrete

nonstationary correlation detection theory which is developed.

As an alternative to developing the discrete data theory, the optimum’
filters for the continuous case could be transformed into discrete form. The
discrete data filters produced in this manner, however, will in general no
longer be optimum with respect to the analogous discrete performance index.
The fact that there is no one universal technique for transforming an analog
filter into discrete form is a verification of the above statement. One may
argue that the filters generated in this fashion must minimize some discrete
performance index. Though this may indeed be true, the fact that the form of
the index and the relationships between index weights and filter parameter
values remains unknown, would dictate the rejection of this approach. In
addi.tio.n, this approach would not, in general, give insight into the means for

accomplishing the second objective listed above.

Figure 12 is a block diagram of a discrete time correlator which
possesses the same topology as the continuous correlation function detector
reported ir.lhReference' 1'.‘ This correlator configuration exhibits a separability
property along the » and 7?7 axes that is analogous to the separability of the
continuous correlator along the ¢ and 7 axes. As a matter of convenience,

the 7 and 77 axes will still be referred to as the ¢ and 7 axes, respectively.
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MULTIPLIER - H(rn) ———
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Figure 12 DISCRETE TIME CORRELATOR

The output of this correlator, when expressed in terms of the input signals,

is given by

00

Y0 (72, m)= zo:o Z h(B)L(a)i, (n-B)<2(n-p-a-m) (72)

8=0 &=0

where, in Equation (72), a and @ are dummy integer variables. If it is
assumed that the product of the input signal pair is composed of the true

ensemble correlation function and added noise as shown in Equation (73),

C'/(h)éz(ﬁ—m)z ¢/2 (77,‘777)"‘77(77,7'») (73)

then the output of the correlator becomes

8

o0

%, (n,m) = Z Z h(ﬂ)j[ﬁ')¢/z-(h—ﬁ,ﬂ’+7ﬂ)

A8=0 a&=0 (‘74)

00 oo

£ Y Y he)Lia)y(m-s, @t m)
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. . The objective is to force, by means of judicious selection of the filter-
- ing oéeration's L (n) and A (») , the first term of the output of the correlator.
in expression (74) to follow as closely as possible the true correlation function,
¢:z(77' ») . In addition it is desired to reduce the second term in Equation
(74) which represents the effect of the noise that is unrelated to the true ensemble

correlation.

'Performance Measure. - As an aid to selecting the filtering

operations in an optimum manner, a performance index is developed which
assesses the various errors involved in detecting the underlying ensemble
correlation function. Minimization of this index will then yield the specification
of the optimum filtering operations £ (») and A ().
Consider a representative correlation test function to be given by
n7 ; m=20

B, (7,m) = ; m =0
0 ; m<o

An error measure of the distortion along the ¢ axis may then be expressed

as
€2 (1) = B2 Crm)=) ) ALy (s )]
B=0 &=0
- | "Tl;Z:o ;0/7 (5)4 (2)(n-5)T | o
i} o o
= | nr - a) wsd(n-a)T | -
where

A Zo:ﬂ £
a=o
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Consider now the distortion along < axis and select a representative

correlation test function to be given by

MT -7 o= m=m

¢/z (77; 77’) =

otherwise

then an error measure of the distortion along the 7 axis may be expressed

as
oo M-m 2
ez (M-m) = [MT"”T',,Z_O ; h(ﬂ)l@)(Mr—(mm)T)]

In order to simplify the above expression, the following variable substitution

is made

M-m =
n 2

e, (») = [7—:7’-32 l(ﬁ)(h-a’)7] ’ (76)
A=0

o= nNs=mM

where 00
8 = Z h ()

8=0

To obtain a measure of the noise contribution in the output of the
correlator, select the test input signal pair to be members of uncorrelated
stationary Gaussian processes with zero means. The following measure
will be considered as representative of the noise distortion with the above

signal pair applied.

3 [(?}z - ¢/2)2]

As shown in Appendix E, the above expression reduces to the following

f i h2rR) LE ()
A=0 =0
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‘The complete performance index may now be formulated by combining
the error measures developed above which are representative of the ¢ axis

distortion, 7 axis distortion, and noise distortion,
o : LM Cad oo
- - 2 y . 2 z2,. k 2,
8= a; Z e, (7)+ 2, Zcr (")+Z h (”)Z £7(m)
. - h=o - n=0 n=0 M=o -

The 2 coefficients in the aBove expressigﬁ are positive weights which
dictate the rélé._tive importance of the individual error indices. In order to
make the splution of the problem manageable, the upper limit in the second
term is allo&ed to be infinite, With this change the performance index |

becomes

6 =Zti el (w)+27§ er (w)+Z () ). L5 6m)  (17)

From the form of 6 and & , it is apparent that 6 = & for all L (n) and
A(») . This fact by itself does not allow the change of limits; however,

it does add to the reasonableness of such an approach.

The minimization of § in Equation (77) will specify the optimum
filters /(») and J} (%) to be used in the correlation function detector of
Figure 12. Before extremizing this performance index, however, it will be
helpful to examine some of its properties. When Equations (75), (76), and
(77) are combined it becomes clear that the extremum of (77) is independent
of the final values of the step response of the /(») and j (‘») filters providing
that the product of these final values is unity. For simplicity and a desire to
distribute the gains equally, these gains are selected to be unity. This

selection dictates the following conditions:
A=B =/
Since the specification of the optimum filters AL (») and 4(») is based
upon the minimization of § rather than ¢ , a technique for improving

these filters has been considered. If the form of the filters which are specified

by the minimization of § are placed into ¢ , and this index minimized
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with respect to the parameter values, a lower value of the index 6 could be
. obtained. If this approach is taken, however, the filter parameters will be a

function of M , as one would intuitively feel they should be.

Optimum Detector Filters. - Consider now the problem of minimizing
" the index presented by (77). Due to the symmetry of this index with respect

to L(»n) and 4(») it can be concluded that the form of the filters will be
identical, If it is assumed that 4 (%)= 4, (37) the optimal filter, then
variations are to be considered only over the .£(#) filtering operation. The

index, for the purpose of extremizing with respect to variations over Z(»)

may then be considered to take on the following form:

00

6,‘1 = Z [2‘2‘ c; (77)+(27;0h: (71),[,2(77)} (78)

7n=0

Minimization of the index given in (78) as shown in Appendix F

yields the following form for the optimum f{ilters

2
A,Zzz +A£1Z

L0(2>:zz+ bj/z”’lo (79)
where
Alf = 6_2/ +Zba
Ao T 1 ba
-byy
540 15, (80)
by = e cr4qt -2¢,f -2
2
2 _ Ya A,
?Z - T TH
S 2
H = Z hy (7)
n=0
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From the conditions of (80) it is seen that the solution is cons1derab1y
more complex than 1ts continuous analog. Furthermore, the filter pa.rameters

cannot be decoupled analyt1ca11y as they have been in the continuous case.

From the conditions given in (80) the following functional relationships

p =1 (772)’ bh1 :f(L )

An expression for 4 and /[ in terms of its filter parameters can be found

may be established:

(81)

in Reference 10. When the conditions in (80) are applied to this expression,

the resultant general form can be achieved

G _. b+ 2 3Vz -+ 413 vz ]
Ty | bt2(1+VE)  b+2(1-vZ)

- (82)

where in (82) the G becomes [/ or 4 depending upon whether by, oOF
bh1 is used in its right hand member. Thus, the problem of completely
specifying the filters /(%) and 4 (%) in terms of the weights A, and A,
selected reduces to one of decoupling Equations (81) and (82) by computer
techniques. Although this can readily be achieved the filter specifications
will be made in accordance with their frequency characteristics as will be

described later.

Other Performance Measures, - In addition to the discrete forms of

the indices presented in Appendix I of Reference 1, two other promising
performance indices are considered. The first of these is formulated by
con51der1ng the test function along the 7 axis to be given by an exponent1a1

such as

az=0
-amT
P (n,m)=e o 20 (83)
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With this choice of test function, no difficulty would occur with the upper limit
since all sums would have an infinite upper limit. Another approach may be
the formulation of an index which incorporates a test function of the following -

form :
$(n,m) =@, (nT) ¢y (mr), m=z20
(84)
With the use of (84), both the +# and 72 axes distortions are considered
simultaneously. In general, the selection of the form of the index and the
weights within the index should be predicated upon the best knowledge of the

correlation function which is to be detected.

The form of the optimum filters, when an exponential rather than a
triangular test function is used in the tau axis error measure, is now con-
sidered. One of the primary advantages of this new approach is that no

approximation is required for the explicit solution of the filtering operations.

Using an exponential test function, the 7 axis error measure is

given by
o oo 2\
2
20 = [t Cum)-} ) hls)L(2)8, (rm8, )] @5)
= =0
where ~amT >
0, (n,m) = € 1 mE0
o y M <O (86)
Placing (86) into (85) the error measure reduces to
T = 2
2 -2am -aal
e, (m) = e [/—B Z:_e(a:) e J (87)

a&z=0

Selecting the same + axis and noise error measures as described earlier,

the total performance index is expressed as

[-2]

nzo - as (88)
+ ( ;whz('m}) £ 2(71)}
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where

A

Ne M

L(7)

8

A

=0

b (89)

The conditions on A and B are similar to those previously described;
hence, the following selection is made

Considering variations from the optimal filtering operations independently
the performance index to be minimized may be written as

6, = i_ {Rz,cz,[ (n) + le(h)} _(:90)

Performing the indicated summation over the first term of (90) the index can
be reduced to

where

-2aT

“ (92) }
/-e o
Since it is also required that the step response be unity, this

additional constraint must be included into the performance index. This
condition may be expressed as

L(n)-1 =0

s

n=o0

(93)

To consider variations in ¢ (») , but at the same time maintain the relation-

ship given by (93), the foliowing two-parameter family is introduced

L(n)=L,(n)+€,0,(n)+ €, 7,(») (94)
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and the boundary conditions are given by
£, (o) Arbitrary

(95)
lo (oo) = 0 N

After substituting (94) into (91) and adding the constraint (93), the
index is minimized. As is shown in Appendix G, the minimization specifies
the optimum filter to be of the form

Lo(z) = (1- &%) —Z, (96)

z- e-a.T

Since the t axis error measure was left unchanged, the form of the A (»)

filtering operation is unchanged and is given by (79), (80).

Equations (79) and (80) along with (96) completely specify the
correlation detector, The selection of the constants « and A/ can be made

directly or indirectly through the specification of ’?t » Aq since a

one-to-one mapping exists between these two pairs of constants. As an aid

in the selection of g and b the filter frequency characteristics as a

/ 14
function of these parameters are investigated.

Filter Frequency Characteristics. - Consider first the 7 axis

filter which is given by

_ a.,Z
L(z) = 557 (97)
where
-aT
a,=/1-e€
(98)
b = - 27T

To obtain the frequency characteristics of this discrete filter, the following

substitution is made

Z=e - (99)
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When (99) is placed into (97), the following expression for the frequency =

. characteristics is obtained

i

L(w) = —fa,n.li___séi’_w_t
( ) '\/(1—e-a'r)z+ 26%7(1-cos &T) 1~ “Teos IT (100)r

Recalling that the domain of interest is weé (o, ﬂ//T) , the magnitude of

the above frequency characteristics is seen to be monotonically decreasing

in this domain, Consider the bandwidth to extend from zero to the point at

which the magnitude of the gain is down by _y—,_2/=— . An expression for e o7

as a function of the bandwidth &, is now obtained.
At the half-power point, the square of the magnitude of the gain is

given by

(/—e—a+)2 ! .. e
z o - (101)

(/- év-a_7) 2 Ze‘ar(/—castdaT)‘ z

T

Upon solving (101) explicitly for _e_a » the final desired expression is

achieved.

-aT

e = 2 - cos CJOT - 1/(2" cas aJaT)z— 7 .. . (102) .

To obtain an analytical expression for the ¢ axislfilte.r charac.teri_‘s_ti;;._._s
H (.“)-) in terms of 5, , @ simplifying bilinear transformation is ai.)plied f_:o _ |
the filter H(z) . This approximation yields an accurate description of the
frequency characteristics in the lower frequency portion of the domain of
interest ('p, TL/T ). In general this will provide a sufficient description_
for the ¢ axis filter A (z) . The bilinear transformation to be applied is

[TER

given by
!+

- » S = J (103)

e

When (103) is placed into the expression for H(z) which is given by (79) and

the relationships between the coefficients in H(Zz) are utilized, the following
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expressions are achieved.

(s +1)E 1)

- ' H(S):

5 \2 25, (104)
(@) % s+ '
- where
2 2+b 2
S, = F Z—b: Py 52 = -7_—
(105)
= E —-—_’_ 2 V2
o 2 V_TE - Tz
/+(TD)
and

= -2 +¥Y2 T
e /2 T2,

With the use of standard Bode charts, the bandwidth of (104) is determined to

b =2(—/+& :

be éaJD . Expression (102) along with the last equation of (105) characterize

the detector filtering operations.

Correlation Detector Program. - The primary objective, for the

development of a digital nonstationary correlation detector program, was to
test the theory by obtaining experimental results. Secondary goals were to
ascertain the nature of engineering problems which may arise in the application
of the theoretical studies. With these objectives in mind the discrete data
program was written in FORTRAN IV language. It is estimated that the
pfocessor computation time can be further reduced, with the use of machine

language programming, by a factor of 2/3 to 1/2.

Table 4 summarizes the program computation times. Figures 13, 14,
and 15 are provided to give an overall perspective of the nature of the program,
The storage requirements dictated the need for two programs which have h;een
designated the detector and plotter and are illustrated in Figures 13 and 14,

respectively,
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ASSIGN 4 TO NEXT

Y

SET C'S
TO ZERO

Y

DO 4 LL = 0, MPMI
M = MPTS - LL

READ IN PARAMETERS

y

SET CONSTANTS

\

READ In XI

!

REMOVE BIAS

|

- Y

MT = LL + MD

WRITE (3), C

PUT TIME SLICE
ON TAPE |

\

GO TO NEXT (3, 4)

i

CONTINUE

\

sToP

Figure 13 FLOW DIAGRAM - NONSTATIONARY CORRELAT!ION DETECTOR
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READ IN PARAMETERS
M=0

{

DO 2 1 =0, Mi

Y

READ (3) ¢

!

CALL CORPLT (M, ¢)

ASSIGN 2 TO NEXT
M = MPPM

M=M- MD

/

READ (1) AND
PLOT TIME SLICES

Y

sSTOP

Figure I4 FLOW DIAGRAM - NONSTATIONARY CORRELATION PLOTTER
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Figure 15 DISCRETE CORRELATION DETECTOR



Table Y4
NONSTATIONARY CORRELATOR TIMING

FUNCTION TIME-MIRUTES DATA POINTS LAGS

DETECTOR 26 8000 800
PLOTTER L 8000 800
Experimental Results. - The nonstationary autocorrelation functions

which are presented here were obtained by processing two records of NASA's
data from test SA-10-3-11, Each record of one second duration contained
8000 data points. As indicated by the flow charts of the previous section,

the bias was removed from each record. This was done since it is unlikely
that the bias is a true characteristic of the process under investigation, and

was most probably produced by the particular instrumentation used.

The first of these records, which started at minus 1. 81 seconds, was
selected during the build up of the envelope of the random vibration signal.
The second record, starting at 1.00 second, represents a portion of the signal

where the envelope has come to a steady state condition.

The form of the filters used in the test are those given by (79) and (96)

for the ¢ and T axis filtering operations, respectively.

The filter specifications must be chosen in relation to the noise power,
t ! A

index. Since the frequency content of the signal under investigation was known

since in essence, A z and 1 are the original weights in the performance
to extend to approximately 3000 cps, specification of the z axis filtering
operation £(7#) was based upon this value. Specification of 4#/%) should be
based upon the best knowledge of the nonstationarity. Two approaches are
presented which provide guidelines for the selection of the bandwidth of j (7).
The first considers the approximate rise time of the envelope. With this
approach a bandwidth of 6.7 rad/sec is obtained. The second approach uses
a visual estimate of the predominant modulating frequencies and yields a
bandwidth of 62.8 rad/sec. The bandwidth for 4 (%) should be selected to be

within this range and a choice of 12 rad/sec was made.
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In general, greater knowledge concerning the particular process under
investigation would allow a better choice to be made in the specification of the
bandwidths. It should be recalied, however, that the detector filters are
optimal, and any reasonable chdice of the filter bandwidths should produce
useful results.

Figures 16 through 34 illustrate the detected nonstationary auto-
correlation functions for both records. The large relative value of correla-
tion for zero lag portrays the large noise content which has been a charac-

teristic of much of NASA's vibration data.

Nonstationary Power Spectrum. - In the analysis of stationary data

the correlation function is generally developed as an aid in obtaining the power
spectrum. The same condition can be stated regarding nonstationary data
prdcessing; howeve'r, the resulting nonstationary power spectrum must be
properly defined. It has been shown (Reference 11) that definitions based
upon intuitive insight may lead to a power spectrum with apprec1ab1e negatlve
energy. In addition to non-negativity of the power estimates, it would be
des1rab1e to develop a time-varying spectrum wh1ch has useful physical :

s1gn1f1ca.nce

Development of a nonstationary spectrum which is based upon the
above nonsfationary correlation theory will now be considered. In the deri-
vation for the nonstationary correlation functicn % (#1,m) it is recalled that
?”(w,?n) was undefined for <o . Before an attempt can be made at obtaining
the related power spectral density function the specification of ¥(7,») for
7 < 0 must be made. For the case of autocorrelation the following relation-
ship holds @ (%, m)= & (»,-), where ¢5[77, m) is the "true' underlying non-
stationary correlation function for the random process. Thus“for auto-

correlation analysis a logical selection is given by
y(n,om) =% (»-m) ' (106)

As an alternative to the double frequency variable approach as presented in

Reference 9, a technique for developing a time-varying spectrum is presented.
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If the 7 transform, with respect te-'m‘; of fhe detected correlation function

¥ (»,») is obtained, then a meaningful spectrum from a physical viewpoint
will be produced. There are strong indications that with the appropriate
selection of the filter parameters a and b, a nonstationary spectrurri”\'vhich
does not exhibit negative power will be generated. This condition should =~
be expenmenta.lly verified. The variability of the spectrum with t1me ‘thus
obtained will y1e1d 1n51ghts into the vehicles response to exc1tat1on at d1ffere'nt
times. As in the case of stationary data processing additional smoothing of '
the spectral estimates may be required. This additional smoothing may

possibly be incorporated in the tau axis filtering operation.

Conclusmns - By considering the individual sources of error,

dlstort1on along the 15 axis, distortion along the T axis, and noise dis-
tortion, a performance index has been developed which accurately assesses
the errors involved in discrete-data nonstationary correlation detection. The
detéctor filters were then specified by minimizing this performance index.
The minimization was accomplished with the use of 7 transform theory and
the theory of calculus of variations. The filters obtained in this manner are

thus considered optimum.

It was demonstrated that a one-to-one correspondence existed between
the performance index weights and the optimal filter bandwidths. As an aid
to the selection of appropriate weights 4, , A, , for the performance index,

the frequency characteristics of the optimal filters were determined.

A digital program was developed which was used to analyze portions
of NASA's nonstationary vibration data. ‘The experimental results have
indicated the practicality of the discrefe—data nonstationary correlation
theory developed. It has also provided vital information on the computational
times associated with the generation of the nonstationary correlation function.

A means for obtaining the associated time varying spectra was also presented.
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RECOMMENDATIONS

During the course of perfoi'ming the research described herein,
many new and unexplored areas, where further research would be beneficial,
have become apparent. Summarized below are the particular areas where
additional investigations would appear tc be most fruitful for the Computation

Laboratory.

(2) Develop a means for the evaluation of the expansion coefficients
Cj by using marginal densities obtained from actual test
data. This will provide one type of indicator as to how good

the half-polarity (or N-level) correlator is for a given process.

(b) Verify the theories presented on the half-polarity correlation
with added noise. That is, conduct actual tests to see if the
type of noise and the amount of noise to be added are the same

as the theory indicates,

(c) Study the possibility of developing optimal thresholds for an
N-level correlator with the use of actual measured marginal
densities. Compare the accuracy obtained with the use of

optimum thresholds.

(d) Since a visual examination of the spectra produced by the
N-level and full precision correlators (Reference 1) was re-
markably similar, a mathematical performance index should
be developed to ascertain exactly how much additional accuracy

is being obtained from an N-level correlator as N increases.

(e) The combination of the material reported in Reference 1 and
this present document has provided several sophisticated
means, for achieving spectral estimates, that possess a
substantial computational time advantage over more conven-
tional techniques. Although the correlators discussed have

wide application, they should be utilized with the particular
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(g)
(h)
(i)
()

(k)

type of random data for wh1ch they are known to yield good
results. Thus, 1nvest1gat1ons into the possibility of develop-
ing rapid tests to detertnine what proces sor should be utilized

for a given data sequence, should be undertaken.

Test of the opt1mum smoothlng weights with various degrees

| of smooth1ng should be conducted by means of varying the ....

. functmn W,

Development of a nonreal-time theory for correlation analysis

of nonstationa ry signals,

Development of a nonstationary correlation theory utilizing

ensemble averages. -

Development of methods for obtaining nonstatlonary spectra

by transforming nonstationary correlation functions.

Development of methods for improving the efficiency of non-

stationary data processing.

Development of a theory for detecting nonstationary power
spectra, in an optimal manner, without directly computing the

nonstationary correlation function.
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APPENDIX A

EXPANSION COEFFICIENTS OF SIGN X

When a uniform marginal density is placed into the expression

(Equation 9) for the expansion coefficients s the result becomes

Q

-a

The Legendre polynomials 6, (z) are even functions of ¥ when ; is even,
and they are odd functions of %X when ; is odd. When this information is

placed in (A-1) the following is obtained

aQ

! .
i = L) e () ax 7 o0dd
J a |, J (A-2)

Cj' = 0 j even

let g— =8 (A-2) now becomes

/ .
Cj =/ 6; (as)de J odd (A-3)

o

The orthonormality condition which the Legendre polynomials must satisfy

is found from (5) to be given by

[ £ ea@eman = 4 (8-4)

-a

Using the same change of variable as above (A-4) may be written as

1

f 2_/ 6; (2s)6; (0.8) dp = I (A-5)
-1
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From Equation 7.4112, 1 of Reference 5 the following relation is obtained

£

1 -
f ;’ Vaiv 1 P (%) »\/_zj__-r_f %-(x) dx = J,

. (A-6)
where the 7 (%) are also Legendre polynomials, but with a different
standardization than the set 6, (%) .

From (A-5) and (A-6) it is seen that
~9J-(a./3) = Y2;+1 Pi (8) (A-T7)

The expression for the coefficients given by (A-3) may now be expressed as

/
¢, = VNao+1 /@_(z)o’z,a“ao’c/

4

(A-8)

With the expression for Cg- in its present form and the relation R (x)=1,

Equation 7.113, 1 of Reference 5 can be used to evaluate the coefficients
Co as

rz)ri+g) , .y o+ \
. Vas+1 /_,(é+%)/_,(/) (/91

, 0" odd (A-9)

Ln o(o+1)
where in (A-9) J = /-7

To simplify the above expression, let g =2n+7 , (A-9) then becomes

- )z(~+9 Yan+s® Vo rff+N +E/)
= (-/ =
2 N+t 2 (2N+1)(2N+2) T (N+1)

(A-10)
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Finally, with the use of Equation 8. 339, 2 of Reference 5 (A~-10) reduces to

c /)N ven+s (an-1) 1]

2N+ 1 ( 2N+f (N-l-/)_/

where

86
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APPENDIX B . et

CORRELATOR STATISTICS

Expected Value of R} (m). - N, are samples from uncorrelated

zero mean noise

m

N—
E [R,('m)] = N—/""” E [g;’ (;_t’,/t+771t)s£gn(y,k+m+77k+m)]

f
°r m # 0
J N-m
£ [R/(W)] T Nem %:/ % Thvom
where .
'Fk'fm E [S[gh(yk-f-?n ‘/[+m)]
for o m=0
o S ZN' ;&
E|R (m)]| = — X, £ + = Z’ 9
[ 1 _J N gl A N oy %
where
gk: E [ﬁk- S/gn(yk+ le)]
The expected value for all m is then given by
R N-m . . . Lo N .. . . ..
. ' !/ d- .
{ /(771)] P 2;’ ¥g oo * 1 1:Z=/ 9, o (B-1)
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Variance of Rj(m).

VAR [R,(m)] = E [RIZ(‘M)] - % [R,(m)]

£ leieml= gl £ [(2 Cpon) son (v )]

= (.FL)Z E [Az+ 2AE+82]
-m

where grm

»
1]
N

Xk Sign (‘yfc+m+”'k+*m)

o 777: St'gn(yk+m+ ”‘k-rm)

£ [sz(m)] (—N—_;;)z [E [A%] + 2 E [AB] + E [BZJ]

n
N

1

2 N-m 2 N-m
E[A ] = E[Z::, A’ﬁ + de XJ- 7(1: SL'gn(,yk+m+ nkn-n)
IEk X SL'gn [‘?’11-777 + 77_1'-1-771)]
N-m N-m
E [Az] = Z 7(-: + % fem e m
k=1 iy k
K

N-m N-m
£ [A BJ = £ [(jﬂ /X:f stgn (y7'+7-n +”j’+m)) (%:-lvk Sﬂ'gn (y7t+~m+ )17( +m ))J
Consider first the case for m = 0.

The main diagonal terms in the above product are zero, since n has
zero mean. The off diagonal terms are f'._ 9‘k . For the case m # 0 the
main diagonal terms are still zero. All off diagonal terms are also zero
except along the diagonal where 4§ + m = 4, since it is along this diagonal
that there is correlation between the products. The individual terms are

given by

i [XJ' signr (yd'wn T ":i+rn) My Sten (y7c+m+ n'k’f'm)]
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where. ; Y R ' , D A
S+ m=% R SR
From the above relation these terms can be expressed aé z’j £

J+2m 91’+m
Combining the expressions for either case of m yields '

' ' N-2m .
E [.AB] = Bom Z 'FJ' T4 (" om) Z 9J+Tn 'F:l+2m
J#‘k ’

7C+7n)) ]

For m = 0, the main diagonal terms are g ?and the off diagonal terms

E [32] = E[(A-Z—:/ ‘n_l,c Sigh (y_k+,m

are 9. g - Wher m # 0 the main diagonal terms are 0~ 2 and the off
diagonal terms are zero. Combining these results, the above expression
reducés to o ' -
: . e ’ N-m
e [62] = tn-m)rte &, T g9
: J Y%k
_ Ik
FE S

The. mean square value of the Ry (m) correlator may now be expressed as

N
/ z
e=lsiom] = 7 | R A S
: izk N-z2m
t 2dy,, d j' 'Fj' 91‘ + 2//-0,‘0»1)_2: Z:I' 9J+'m .F:l'+2m
J

I, % =1
J#K N-m
+(N m)o®+

- L)
i*k

From (B-1) the square of the mean may be expressed as
N-m N-m

2 / 2 .2 . 'N~'-.'.
£ [f?f('rn)] = (N-m)? [%::/ e Tarm * ;fz,'k Xf_ }’7‘; ﬁ/*_?’ 7C1:.+'rn
1tk

" /N N
+ 285m Z 9, Z Ty fy,
'k-/

+-cfom<'- 'g)
k=t
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Upon combining the mean square value, and the square of the mean, the

variance becomes

N-m .
_ 5 ! 2 2
VAR [R: (7”)]_ T (N-m) T (h-m)? g_, Y% [’_’thn]
(,_Jom) g
(N-m )% 5= Xt Veem Tozm _ - (B-2)
zJom ;> Oﬁom bl 2
T (N-m)Z2 %’:, Xk .Ff\’ gfr T (N-m)? 1;:191:

Expected Value of Rz(m).

N-m
/ .
e[r. ()] = s € [kZ (Xg+ Ug) sign (Ypeypn * 771c+7n)]
=/
where u and » represent uncorrelated independent zero mean noise. The
derivation for the expected value follows identically as that for the Rj(m)
correlator, with Uy, replacing the appropriate 77_,( . The expected value

is given by

N-m
/
E|R,(m)]| = —— x, f
[ 2 ] N-—-m ;=, 1( ‘k-f-m (B_3)
Variance of Rp(m). - The derivation of the variance of the Ry (m)

correlator also follows exactly that for the Rj(m) correlator. When the
appropriate 7, is replaced by u«, the following result is obtained
N-m
' Lot
(N=-m) (N-m)2 3oy

VAR [R, (m)] = o [1-f,, ] (B-4)

Expected Value and Variance of the R3(m) Correlator. - These

statistics are obtained directly from the Ry(m) correlator statistics by setting

W = 0. This results in

7
N

/ -
Efry, (m)]= 7555 X 7, . (B-5)
N-m
var [Ry6m)] = (N—/?n)z Y oa, [ -2, (B-6)
k=1
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APPENDIX C

EVALUATION OF _-Fk AND 91: FOR GAUSSIAN NOISE

-F,k = £ [Sdgn(yk+ 7711:)]
/ oo . -._/_27—2
=zf—no~/ sign (Y, T ) EETE oy
2 — o0
-(/ﬁ r »n?
CLE A
o
Yo 2
_ 2 = -4 _ .yf(_
VA N e \G-1)
9, = £ [ 7, sdgn[yk+ 'n_k):l

7 (C-2)
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APPENDIX D

EVALUATION OF ffr AND gk FOR UNIFORM NOISE

The noise density for n is uniformly distributed between (—1/30‘, 1’36')
Before the calculation of -Fk and gk is made it will be convenient to

define the following auxiliary functions,

{ /,-.}’<-}/§a~

0, otherwise

g, (v)

(D-1)

0, otherwise

{/, |yl £ 43 o

&
~

S
N

{ /I, =Yy >+=3 o

o, otherwrsse

T« = E [Tz Sighn (‘yﬁ; + 773)]

V3 o
/ , (D-2)
2730 sz.gnfy’f+77)d;7
-V3 05

= d‘,(y-;c)"__‘/a:_{o—.: \y7C o,‘Z(‘yk)_—JS’(‘y_k)

9, = F [n_k sign /‘yﬁ + wk)J (D-3)
, 13 0
= 2750 /:ﬁ(rn sign (gk n) d,

OAZ (yk)_ '),_5'—'0_

= R nod n

Y3 6
Y4

30-2_"}/#2

= Tam s % (yk)
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APPENDIX E

DETECTOR VARIANCE

It is"desired to obtain an"expreSSion for the variance"of the detector
output in terms of the f1lter1ng opera.tlons l(n) and h(n) when the input = -
s1gnal pa1r are members of uncorrelated stat1onary Gaus sian processes

with zero means.

e ] -0

E [(¢ ¢)] £
e e

The true correlation @ is zero since the processes are uucorrelated.
The squared output of the correlation detector expressed as a function of the

noise test signals N, and N, is given by

¥ mom) = 3 S % S h(8)h(b)L(a)L(a) x (E-2)

A=0 &X=0 =0 azo
N, (n-g) N, (n-b) N, (n-B~&-m) N, (n-b-a-m)

Taking the expected value of the above yields

elr?] =5 S 5 Y hle)n(e)L(2)2(a)x

AB=0 &=0 b=0 a=0 - (E-—3)

E [N,(n—,e)N,(-n-A)Nz (n-pg-a-m)N, [h-b—a—m)J

Using a property of jointly distributed random variables, (see References

7, 8) the expectation in the above equation may be replaced by

E [N/ (7-3) N, (77-/:)] E [Nz (r-4--m) N, (w—b—a-m)]
(E-4)

+ E [N,('ﬂ—,e)Nz (m—ﬂ—a-m):’ E [N, (‘h—b)Nz(‘n—b—a.-m)]
+ E [N’ ('n—,e) N, [m—b.-a-m)] E [/V, (7-5b) N, (77-/3-2'-)”):!
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Since the signals N, and N, are uncorrelated, only the first term in the
above expression contributes to the expression for the expected value of the
squared output which is now given as

el =3 35 5 neen(s)ae) 2(2)8(s-5)d (5 51 m-2) (v.5)

A=0 &=0 b=0 a=0
The Kronecker delta d takes on its usual definition and is injected into the

above expression for E [Z,b’J when one applies the stationarity property
introduced earlier. Summing over 4 yields

elps] = 3 5 5 Wteorswsce)siae) (E-6)

A=0 a=o a=o

Summing over @ now yields the final expression sought.

E [(#-¢)°] =

N8

0 [

2 R(a)£%(x) (E-7)
ac=
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APPENDIX F

DERIVATION OF THE OPTIMUM FILTERS

The optimum filters are specified by minimizing the form given by .

(78) which is r_epeated here as

é‘j = 3 {AT e;(n)+H_lz(w)} (F-1)
n=0
where 00
H= 2  hy (»)
n=o

The optimum weighting sequence ./, (%) is that sequence which renders (F-1)

a minimum, From (76), e,[(w) may be expressed as

7
€, (n) = n7 - Z:_a L () ('n-ér)T (F-2)

where the D,C., gains of / and 4 , A, B have been set to unity. With the

following designations

2 _ M
x° = 7,
. (F-3)
r(m) = NT
the index of (F-1) may be expressed as
Pa) g z
8, =2, {(,r(-n)—,e [77)*3«[71)) r %2 LTn) } (F-4)
n=o
Applying variational techniques Z(%)is expressed as
Ln) = L, (—»)_+E7?(7;) (F-5)

A
where Z (») is an extremizing sequence with respect to 6y and € a constant.

The arbitrary variation 77(7;) must possess the following boundary conditions

95



7 (o) arbitrary (F-6)
n(e2) = 0

The first condition of (F-6) is a departure from the continuous theory. In the
continuous case, the initial value of the step response of .Za (t) had to be zero
in order to provide a finite performance measure. For the discrete case,
this restriction can be relaxed. The second boundary condition of (F-6)
follows since [/, (o0) is specified at this point /, (o) must be zero for conver-

gence of é‘j . When (F-5) is placed into (F-4) the following is obtained

é_‘z(E) = A, go {()‘(‘n)-.@o('n)* 7(m)-€ 7((-;1)* 9«(71))2
+‘/r2[,lo (71)+67‘((77))2.}

With the use of 7? transform theory, the right hand member of the above
equation may be expressed as

8 () == 525 {[R(Z)—LO(Z)R(Z)—G H(Z)R(Z)J x

L fa2n

(/" )-1,z)rE") - HE) R(zT)] (F-8)

dz

+ 42 [Lo (z)+€ H (z)} [z_o (z")+eH(z")]}‘z—

For the condition of an extremum to exist, the following must be satisfied
d 6, €)

= =0

€=0 (F-9)

When the partial derivative of é‘j (e) is taken and evaluated at =0 the

following results are obtained
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SZS{[R(z}-L (z)/?(z)]( H(‘.”)R/z })

+ [R(z ’)—L (z )R(z")] (H(Z)R(z))

e [L (z)H(z Y+ L, (z’/H(z)]} >
With the following change of ~inéeg'r'a;rtio'n variable z = 1]

(F-10) which contain H (z) as a factor, the 'above reduces to

—Ff SZS{[L [2)—/] /?(Z) R(z‘/)+'/c Lo (z)}H(z-) %Z =0 (F-11)

Since H’(z) has poles inside the unit c1rc1e (only stable variations are consid-
ered)H (z~ /) must have poles outside the unit circle. Due to the arbitrary

nature of H(z) it must be concluded that

{[/_a(z)—/] rR(z)R(z™') +¢:2 Lo=(z)} = = X(2) (F-12)

where X (z) is a function having poles only outside the unit circle. Equation

(F-12) can be rearranged into the following form , S

Lo(z) [#7+r(z) REET)] - R(2) R(27)= 2 X(2) (F-13)
Consider now the limit as z approaches zero, __(}.7:‘-13) r_educes t_o
ool =0 19
since +#4#o0 and ;r(z) caﬁ ha'vé no pélés w-it—hin t1-1e‘unit.c'i‘rcle. Let
[#%+ rez) /?(z")] = Y(z) y(z") S (F-19)

where y (z)has poles and zeros only 1ns1de the un1t c1rc1e. Plac1ng (F 15)
into (F-13) and applying spectral factonza.tlon, the follow1ng ‘expression for
L (z) is obtained o '
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. -7

(F-16)
where in (F-16) the symbol [ . ]+designates the expansion of the quantity
inside the bracket into partial fractions and removing all the terms which

have poles outside the unit circle. The coastant K is yet to be determined.

An explicit expression for the 7? transform of the optimum impulse

response becomes

K A R(2) R(z77)
Ly (2) = Yo Ve [ Y(z ) ] (F-17)
An expression will now be obtained for y/z).
2 T z
v = {k NN LIFEAIL (F-18)_

Since there are poles on the unit circle, ¢« an infinitesimal positive

constant is introduced to evaluate (F-18) as follows:

Y@ = { # ) ) T }+

(z-1+€)*(z77-1+€)?

Loz I = (z¢0)? _ (F-19)

av

(z-1) (21 /)2-:» (2c)” } "

YE) = {k (z - /+€)z(z—-ll +€)z

From an inspection of the term within the braces on the right hand

membezr of (F-19) Y(Z)may be expressed as

Y(Z):{‘}cz (Z?'—ZRC ¥y Z..,.,,;,;,Z)(z-z_zﬁc r22+l?2]2}
. (Z—/+£)2(z—f_,+e)z
17| |+, | +(F-20)

_ 2_ . 2 -2 2Reor -1 1
_{‘k (Z-1+5)" (z 2R, v, z+ |7 1((——————)-2_,_”6 2(Z -_IrZIz._z z +|r2|2)} i

98

™ .y 3o



If the validity of the following two relat10nsh1ps are shown, then the

evaluation of Y(z) will be complete.

2 / ~ )
. (a) ’7;, :_ I-r2|z FR LN
Rg =N
®) Re+, = ,j’,”:
2

Condition (a) can be shown to be true by equatlng the consta.nt terms in (F 19)
and (F-20). Cond1t10n (b), which 1mp11es that the angles to the roots (upper '
or lower H.P.) are 1dent1cal can be shown to be vahd by 1nsert1ng the roots
into (F- 19) and using the relation g1ven by (a) w1th the knowledge that the roots

consist of two pairs of complex conjugate zeros. Thus Y(z) becomes '

'i!'

(z-D* (2?2 +b,Zz+b,) (F-21)
where
b, = - 2R, 7
b, = lr‘,[z
and the optimum filter becomes
T2
/ (z-1+¢)?
RATATeE Ze 4Rl (Ze, 2 sy
#lr 1 (z%+b, z+b,) (z-1)? %I (z +b, 2 '+ b,
: +
K[z—f)z
+ 2
Kirgl (2% + b, 2+ b, ) (F-22)

At this point the form of the optimum filter can be seen to be

2
2a,Z+a,z
2
yd +b1 z + b,

L, (z) = (F-23)

Rather than solving for @, and 2, by expanding the term in brackets in (F-22)
a more convenient technique presents itself. By recognizing from the form

of the performance index that the ramp response of (F-23) must go to a ramp,

the following relationships can be obtained:
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o 2 = 1- bo

a = b1+2bo
By equating the coefficient of Z in expressions (F'-19) and (F-20), another
useful relationship may be obtained which is given by

- by

bo = 4 + by

Finally, the specification is completed by obtaining a relationship between
b, and ¢ this can be achieved by factoring the quartic in (F-19) and selecting
the roots which lie within the unit circle to be 7 and ‘V/*. When this is done,

the following relationship is achieved:

7

b :1/2 Ve*+ 4¢c2 -2¢c% -2

7
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, . APPENDIX G

DERIVATION OF THE TAU AXIS FILTER

Combining Equations (91) and (94) and addlng the constralnt of (93),

the performance index takes on the following form

. - 9_[(5{7 2) = C(I—Z (_Zo(x)'f'f/ 7/(“')4'62 7{2(“) QfT)
+rE (fo@ e () €y my @) (G-1)

+ 2(2’ (2, (ot)+e, %, (a)+€, M, («)} 1)
Where in (G-1) X is an undetermined Lagrangian multiplier, For the
condition of an extremum, the following relation must be satisfied

doy

36J = 0 (G-2)

’ 6,'—' EZ:O
Performing the derivative indicated in (G-2) the following equations are

. obtained:

,g,, {zc("" (car)"’)e_a” + 2H L, () *2} 7, @)=0 (g3

where L (eﬂ') is the 7 transform of Z, (»n) evaluated at e?’ . Since both 7,

and 7%, are arbitrary, (G-3) reduces to the single equation

~aaT

Ly () = —foz-zofear)je - ;Xﬁ (G-4)

Applying the final value condition on the step response of £_(n)to (G-4) the
Lagrangian multiplier 7 is found to be zero. The following explicit solution

for L, (e 27) is obtained by taking the 7 transform of (G-4)

T Az
2 — -
Lo (= - za.T 2 (G-5)
Substituting (G- 5) into (G-4) and taking the transform yields
(l——c za.T) =
L z) = Az -
o (2 = e T e (G-6)
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Since the final value of the step response of (G-6) must be unity, the following

functional relationship between g and AT must be satisfied:

Ap (-€) _ ar
-2aT,2 =7 (G-7)
) + A,

H(1-e

The condition of (G-7) is somewhat unexpectéd, since it states that both a
and Ay cannot be selected independently. It can be shown, however, by a
comparison of ¢, (4,) and 6, (£,+€ %) that a minimum in the calculus of
variations sense does exist when condition (G-7) is satisfied. The optimum
m axis filter is thus given by

—aT
(1-e %)z

Lo (Z) = T z.ae-ar (G-8)
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