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Abstract

Linear, segmented electrode MHD generators designed to
utilize non-equilibrium ionization havé not yet produced the
expected performance. . Kerrebrock(l’g) proposed that this
could be due to shorting of the Hall current albng the
electrode wall. A simplified two-layer model of these
important generator non-uniformlties 1is proposed in this
paper. Solutions of the resulting set of algebralic equa-
tions exhibit the same essential behavior as Kerrebrock's
more complete theoretical formulation<2). In particular,
the equations yield the "normal" and the "shorted" modes
found by Kerrebrock and permit the calculation of the stabi-

lity boundary between these modes.
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1. Simplified Model

In order to solve for the steady state behavior of an
MHD generator with segmented electrodes, we willl start with
the following steady flow MHD equations without viscosity

or heat conduction and with steady electric and magnetic

flelds:
Continuity: \v& (ri13 =Q (1)
Momentum: | e(E-V)I = —-VF{P(_B' (2)
Energy: e(u.v)(ﬂ-f Bil)a I-E (3)
Eq. of State: = pRT (4)
Maxwell's Egs: V-g = % (5)
VB =0 (6)
ViE =0 (7)
vxB '-'-’/40‘.- (8)
Current Conservation: V)- =0 (81)
Ohm's Law: 3'--- o

-1
Electron Energy Balance: J.E = S Mme 'VeYlg
T

Saha Eq: N, (Z_-"-mek e) e_ Te (11)




Conductivity: o= W (12)

where an effectlive energy loss parameter, E; : the average
heavy specles mass,"%; and the total electron collision
frequency should be used for a m;xture of gases.

In order to solve this formidable array of equations,
we make the following simplifying assumptions (following
Kerrebrock(1’2)). First, we assume that the interaction
length, L*, is large compared to the electrode spacing, 2L.
For slowly varying duct area, the free-stream fluid velocity
and thermodynamlic properties can then be assumed to be con-
stant over a few electrode spacings. Second, we lgnore
viscous effects in the electrode wall layer. These assump-
tions essentially decouple the fluid mechanics from the
electrical effects. That is, Egs. (5-12) can now be solved
independently of Egs. (1-4), using average fluid propertles.

The plasma approximation, which was already implicit 1in
Egqs. (2) and (8), decouples Eq. (5) from the remaining equa-
tions. Similarly, the assumption of small magnetic Reynolds
number decouples Eq. (8), and for a uniform magnetic fleld
in the z direction, Egq. (6) yields no new information.

These assumptions leave us wilth the task of solving
Egs. (7-12) with appropriate boundary conditions and with some
model of the electrode wall layer. In the simplified model

of this paper, the assumptlon 1s made that we can use average




values of the electron and gas temperatures, designated Tew
and T, to characterize the electrode wall layer (EWL). 1In
addition, average values for all other important variables

in each of the two regions are employed. This approach 1is
not unlike that taken by Rosa(3) to evaluate the effect of
various generalized non-uniformities on MHD generator perfor-
mance.

It should be noted that the above.simplified model
assumes complete uniformity in the B fleld direction. As a
result all effects due to the insulator wall boundary layers
have been ignored.

These assumptions reduce the original two differential
and four algebraic equations to the following set of fourteen

algebralc equations for the two regions defined in Fig. 1:
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Exw = Cg Exowo (11)
wa’ = = Cy Jx-: (15)
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Eyu ~ 4, B = %ﬂ;‘.’ — B jew (20)
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Pew 2 = ) C ATeu (24)
— & M (25)
On M, Yoo
_ eMew (26)

The parameter, CE, is a measure of the way in which

Exw increases above the insulator segment in the EWL. As a

first approximation, simple geometrical arguments lead to:
L
e L-2

Similarly, Cx measures the concentration of the Hall

current in the EWL. Once again simple geometrical arguments
lead to the conclusion that € 4'}$Gk . As a rough first
approximation, h can be taken to be of order L.

The parameter, Cy, is a measure of the way 1n which
Jy concentrates or Increases as the current flows from the

freestream through the electrode wall layer. It 1s related




tol7ﬁv but 1t will very 1likely vary significantly for dif-
ferent operating conditions. It should be noted that the
simplified model of this paper introduces this additional
empirical parameter which 1s not required in Kerrebrock's
model.

The boundary conditions are, in effect, already buillt
into these equations. In particular, the boundary conditions
used by Kerrebrock(z) that Jy = 0 on the 1insulator segments
and jy = constant on the electrode segments are both contained
implicitly in Cy and Cx' This must be the case since the
present model does not explicitly account for the variations
in the x direction due to the electrode and insulator segments.

The equations can be put 1nto a convenient non-dimen-
sional form for the case of a segmented Faraday generator by
introducing the followlng reference current density, refer-

ence electron temperature rise, and reference voltages:

Y

. A = — -
Jret ~0 [“~B+ 2060 1 = % “05(' K) (27)
.2
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vhere Se = the ideal elastic enersy los53 parameter.
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\{((re{-) - J':f P’o (23)
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Vyweet) = Vy (zu+u) (30)

The reference voltage of Eqg. (30) 1s that transverse voltage

drop across the EWL which would exist if the transverse

electric field were completely uniform across the channel.
The final set of non-dimensional equations can be

written as follows:

b -'F""(l— %'\b (31)
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In these equations we have 1Introduced the followlng

additional non-dimensional wvarlables:

NE = (40)

A Tw (1)
G = Teo

A M (L2)
Uve &

In the above equations the Hall parameter ratio and

collision frequency ratio have been approximated by:

Eﬂ”'-:-'—/‘-ﬂzcr (13)
P

Tew



The electrical conductivity approximation used 1is for a

slightly ionized gas where electron-neutral atom collisions

dominate:
O N
Cor G (L)

e
These epproximations assume that i q34~ 1s close to unity

and that coulomb collisions can be neglectcd. In addition,
an approximate form of the Saha Eq. has been used to relate

the electron density to the electron temperature:
Ne = A “[g; l)
-~ =~ e 12“"

a ed;
Ao = AT,

where

Furthermore, the followling sort of averages are impllcit in

this model:

<J1:r> ;:: <va>z - < J3‘°> (16)
e <Jx;> = <J’“">z = <ij"»o> (47)

These are clearly very rough approximatilcns.

As can be seen from the sbove equations, the use of the
actual free-stream Og , Nega and e in defining the
reference conditions leads to very simple non-dimensional
results. However, it should be pointed out that this refer-

ence case does not correspond to an ideal, infinltely-




segmented Faraday generator. For a given set of specified
values for Ma s ﬁ,) K and Sc the 1deal values of O ,
ne_ and 1/& corresponding to an infinitely segmented
generator would all be higher than the Cp , Yem 2nd
used above. However, the free-stream Joule dissipation
would be the same for both the reference conditions and an

ideal infinitely-sezmented generator. That is:

T. _[Te _ 2
(T'; '),.,; (= ),,; = 35 Mafio (K

As a result, 1t can easily be shown that the dlifferences
between our selected reference conditlions and those for an
idezl, infinitely—segmented generator do not affect the
calculated results for 1:. . That-is, the Z:,'s obtained
non-dimensionalizing with either of the above cases are
identical. This makes the interpretation of the electron
temperature results quite straightforward.

This set of nine algebralc equations can be solved for

the complete performance of the generator 1f we specify

Ié. Sp Sw .

£ ) s Pe, V5 6, e, 2, A0er Ox 2n0 <y

In practice, it is more convenilent to specify N and solve for
)

(Ti | ref . If we specify a glven generator geometry,

working fluid and set of operating conditions, we can calcu-

late the first five parameters directly. In addltlon, éao

and Sﬁr can be estimated assuming the major inelastlic loss
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is radiation using the approach taken by Kerrebrock in

Ref. 4. This leads to the following relation for é;o

Seo | + o

——

Se S e DAL (Z2))
where \ \_L
3 (2. X vE\&
_ [t hy, e Ko Zus(zza % ! g, Fivo
\MCC & 3 i c* nog,; “J (49)
J

Assumlng that the ionizable specles is an alkall metal, we
would sum over the two resonance lines (J = 1,2). Then Ny
is the density of alkall atoms in the ground state, 16 is
the average frequency of the doublet for the alkall metals,
X"J and )}U are the natural and pressure broadened
and

line widths, are the degeneracies of the ground

stete and each first excited state, FJ-vo is the oscil-
lator strength for each resonance line, and D 1s the effective
thickness of the free-stream plasma for radiation loss calcu-

lations. We approximate the ratio of the radiation loss from

the EWL to the .radiation loss from the free-stream by:

Qw (—D— N
O d) N (50)

where _/\_ i£¢-‘/o
(%

e

>
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and where d is the effective thickness of the EWL for radla-
tion loss calculations. As a first approximation we can
assume that (12) ~ (i") if the channel width in the B fileld
direction 1s not too much less than the channel height.

This Eq. (50) permits us to evaluéte 5;, and eliminate it

from Eq. (36) yielding:
. 2 I N
~ [Jv Y N*_ &._)(_H,‘ I=A-
tur:(j.—af)? t@(fe— ' R)N (51)

In practice it 1s simpler to specify a seriles of

representative values for P.. in solving Egs. (31) to
(39) and (51). Then Eq. (48) can be used tb substantiate
that the [, 1s consistent with the Teaw ’S 1in the
region of interest. |

It may also be necessary to reflne the above estimate
of Sw— to include the electronic heat conduction loss .to
the walls (see e.g. Lutz, Ref. 5).

Thils leaves CE’ Cx and Cy as semi-empirical parameters
which can be adjusted to glve agreement with experimental
results. We can use the previous geometrical arguments to

obtailn a first approximation for these parameters.
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Tature of Results

nd

This simplified model of Kerrebrock's theory yields
results with the same general features and characteristics
as described in Ref. 2. 1In particular, the two-mode

behavior sketched in Fig. 2 is obtained, the '"normal" mode

" "

corresponding to values of N2>1 and the '"shorted" mode
to values of N<1.

An examination of the equations reveals a great deal
about the general nature of the phenomena involved. For
example, Eq. (31) indicates the possibility of a sign

change for Jxao at a value of N= Ce . It should be

noted that from geometrical arguments 'EE'AJI:ZL near N~1.
This ratio will be of order unity for equal electrode and
insulator segments.

ror N 2 <' , the electrode wall layer (EWL) is
more highly conducting than the free-stream resulting in
large current flows‘above the insulator segments 1n the
upstream direction. In the poorly conducting free stream,
the current tries to flow along the lowest resistance path;
l.e., at the Hall angle, (Fig. 3a).

For N %i’ > | , the situation is probably reversed.
That 1is, since the EWL is now of lower electrical conduct-

ivity, the current near the wall must try to flow at the

Hall angle, (Fig. 3b).
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The two-layer model representations of the x components
of current for these two situations are shown in Figs. 3c
and 3d. It can be seen that this simple interpretation of
the current patterns can explain the x current reversals.

A similar examination of Eq. (39) reveals that V%“r,
the voltage drop across the EWL, also experiences a sign
reversal. The exact value of N where this sign reversal
takes place is a rather complicated function of many para-
meters. However, it is easily seen from Eq. (39) that the
sign 1s negative for N>> 1 and positive for NX<1. This is
physically reasonable since we would expect the voltage drop
in the EWL to decrease as the EWL electrical conductivity
increases (i.e. as N decreases). As a further check, it can
be shown that Eq. (39) predicts that Ey becomes completely
uniform for N~ 1,

The limiting case of a uniform, continuous electrode
generator can be obtained by causing the EWL to vanish. This

requires setting Cyx = —| R C, =+ ) Ce = + I)
!L =0 aud N=G =U-= 1|,
H
Then J: == — Pw

J3ee
Jaw) = ! 2
\ ref ’*'fi*

It should be noted that for this limiting case Cx is no
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longer simply related to ]I{: as 1t is for the segmented
electrode geometry.

For the segmented electrode generator in the shorted
mode, the simplified two-layer model (Eqs. 31 and 32) pre-

[ 4

dicts that J'}“’ will vary approximately as follows (N<< ‘)o

~ I"' E: .

8
JNF shorted (]:— _Cﬁ-h.l-)

. | GG
This 1llustrates that for non-zero CKN/CEG- the seg-

mented generator 1s not as severely shorted as a continuous
electrode generator.

For the segmented electrode generator in the normal
mode, the simplified two-layer model predicts that JXﬂK}"}”
will be much less than unity for N not too much greater than

CxN > p*
unity and [e6 (5,0 . For this case we obtain the

following approximate expressions valid for N near unity:

(zm:l N A C” L I)

Ji= ~ |- N,

j ref /normal

N~ Se N4
,Coo(norml) S‘o (‘ z & H 6‘3)




V"(rc?) oria) CE G H 3

Vr ~)+(115)[|_£s.'9(|-——2‘;%

V7 wref) Morme)

These results are essentially the asymptotic behavior or
the upper 1limit to the performance we can expect in the
normal mode as N—>1. It remains to determine where the
stability boundary comes in to 1imit the performance

attainable in the normal mode.
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3. Stability Boundary

The typical performance behavior of this theory, shown
in Fig. 2, possesses the "normal" mode and "shorted" mode
characteristics discovered by Kerrebrock(z). It is antici-
pated that the generator will operate in the mode of lowest
total dissipation. Thus, the generztocr should make the
transition to the lower curve (i.e. to the shorted mode)
shown by the dashed line as the reference electron tempera-
ture is increased (i.e. as K is decreased for a glven Pﬂ,a
and ﬁh:)’

The "nose" of the shorted mode characteristic can be
seen to define the probable stability boundary. It is
possible to calculate the location of this stability boundary
from Eq. (37) by setting J-T'OA (%-—l)n{ =/’6
This leads to the following stability requirement for

operation in thé normal mode:

(FEi“‘j* T:ié -~ ZZ(L—GD Sw'*-
Pl b )

e

where * represents the conditions at the nose of the shorted

mode curve.

Te
Substituting for T ~) from Eq. (28) we obtain:
© ref

2 Y4 x*
M* ' L 3Se (1-6) _S__ag) (53)
o flo Y6* (1-kD* T.F 5
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Assumin (S‘r/ )* *

g that §L° and 1;‘ do not vary appre-
clably for different values of Fl: and Fg: we can
draw some important conclusions from Eq. (53).

Since the maximum non-equilibrium electron temperature

elevation is at the transition value of I‘- —])* it 1is

2 .2 T Jres
proportional to Pﬁ: fﬁ: . Therefore, it is highly
desirable to operate at supersonic Mach numbers in order
to obtain a high Jo. at a low P., .

Furthermore, it can be seen from Eqg. (53) that the
stability boundary is very sensitive to the wall temperature
through (|-6'/& z) . In fact, this two-layer model pre-
dicts that no electron temperature elevation is possible
unless the wall 1s cooled below the static free stream gas
temperature. This is probably not correct quantitatively,
but does indlcate the importance of a low electrode wall
temperature in suppressing the EWL shorting. (Clearly the
electrode thermionic emission requirements are in conflict
with the cold wall requirement.)

By 1gnoring small terms in certain of the equations,
an approximate solution for the conditions at the nose of
the shorted-mode curve is possible. This leads to the

following results:

!
x o 7 Y Z
¥ T S oe i

LT Ey




/f\( y

where  N¥ ~ )Ll cgrf (55)

Putting this approximation into Eq. (52), we obtain an
Lo *
estimate of the value of —1 . Assuming that

Too ref >
the maximum value of 1@,; occurs at this value of ( _1
we can estimate the maximum value of the free-stream elec—

tron temperature rise in the normal mode.

(Eeg _.,>m N( ) 2(-9)], o (1N (1- i

Gz ‘ f&.ﬂ)

(56)

In this approximatidn it has been assumed that ‘2;° in the
normal mode at the stability boundary is of the order of
(ge /Sd>

While numerical results using Eqs. (54) to (56) are
not expected to be very accurate, the functional dependencies
on the key parameters should be much more nearly correct.
In particular, we can now examine the effect of generator
size, electrode segmentation fineness, electrode wall tempe-
rature and Hall parameter on the maximum attainable electron
temperature rise.

The parameter which is most closely related to the
generator size 1s S,, , 8lnce the radiation loss accounted
for by this parameter 1s proportional to H.m% . All other

things being equal, we see from Eq. (56) that T;oo(nmx)
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should increase rather slowly with generator size. gprther-
more, from Eq. (52) we see that the value of (%-—l)mf is
almost independent of Sao and hence of generator size.
These observations are in qualitative agreement with Kerre-
brock's Fig. 13 in Ref. 2.

The segmentation fineness ratio is measured by (H/L) .
If the EWL thickness, h, 1s assumed to be of order L, and

further if we assume

then from Eq. (55) we can see that the maximum .T;,, tends
to decrease as the segmentation fineness increases. This
same trend was obtained by Kerrebrock(2) up to fairly high
fineness ratios. Therefore, rather coarse segmentation
ratios appear to be best, but the exact value to be used‘
can not be specified from this model.

As the electrode wall temperature 1s decreased, the
maximum attainable electron temperature rise lncreases very
rapidly at first and then more slowly due primarily to the
term (i-égb/(;z . For example, for a decrease in G from

.90 to .45, increases in (1:59 -—l) of over a factor of
T nax

twenty are predicted. This is in agreement with Kerrebrock's

results in Fig. 7(2).

The dependence of the attainable electron temperature rise
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on the free-stream Hall parameter, f%o » 1s somewhat more

complicated:
Ten > l 2
(-—— ~ ~ 2 ||+ Fas
Too max P:)z- l ﬁ»

For the cases where F 1s much less than unity, namely for

fine segmentation where Cx is large, the electron tempera-
-2

ture rise is roughly proportional to P"' . This trend

is, also, 1in agreement with Kerrebrock's Fig. 7(2).
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4. Conclusions

The simplified two-layer model of Kerrebrock's seg-
mented electrode loss theory appears to exhlibit the essen-
tial behavior of the more complete theoretical formulation
of Ref. 2. While the simple model does 1introduce one addi-
tional empirical parameter, 1t results in a set of simple,
algebraic equations which can be easily interpreted and
can be readily solved numerically once the empirical
parameters are specified. In addition, 1t ylelds the

important stability boundary between the normal and shorted

modes.
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The corresponding

X components of current in (c¢) and (d), and the
transverse voltage distributions in (e) and (f)
are those predicted by simplified two-layer model.



