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Abstract

An analysis is made for the unsteady heat-transfer, duc to a time
dependent wall heat flux, from an infinite disk, rotating in still fluid
with large suction. The procedure begins with a consideration of the
thermal response causad by a step change in the local wall heat flux.

It is found that the response time varies inversely with the Prandtl
number, the angular velocity and the second power of the suction psremcter,
Incompressible flow with dissipation is considere?d first. For au

ideal gas with constant Prandtl number whoze viscosity varies linearly
with temperature, the incompressible results may be, if dissipative effect
can be igrored, directly applied provided that all properties in the

solution are replaced bv thair mall alyes,

il
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Nomenclature

a
(o]
c
p
erf x

!

e

=3

w

w

W
Mass transfer parameter, - 73 » dimensionless
(M w)

Specific heat at constant pressure, J/kg 'K

= g%

J

[0}

error function,

'___ﬂ lm

function defined by (&)

1 - erf x
- o

theimal conductivity, J/m sec K
parameter in Laplace transform
static pressure, n/m
Prandtl number, dimensionless

c 2
Wall surface heat flux, J/sec m
function defined in (11} or (15)

radial coordinate for rotating disk, m
1/2

4

W
dimensionless radial coordinate, r(s)
function defined in (11) ecr ({(15)
time, sec,

0.
temperature, K
velocity parallel to rhe surface of a dick w/sec
/

velocity in & direction, m/sec

velocity normal to the surface of a disk, m/sec




z coordinate measuring distance noruwal to a disk, m

n dimensionless ccordinate n = ZG%)llz
9 dimensionless temperature defined by {11} or (15)
L viscosity, kg/m sec
. . . . 2
v kinematic viscosity, m /sec

density, kg/m3

Wt
T dimensionless time, =
T
w angular velocity, rad/sec
® the angular pnsiticn
1) Heaviside unit operator; = 0 for t< 0, and =1 for t > 0

Subscripts
i initial conditions
ss steady state
w condition at wall surface
® free stream condition




1.¢ Introduction

Unsteady heat transfer due to a tiwe prescribed wall temperature or
heat flux has been a subject of interest for many years. Sparrow and
Gregg {i,2] investigated the laminar forced convection heat transfer
from a compressible fluid to a flat plate with uniform, but time dependent,
surface temperature, Cess [3] and Riley [4] examined the same problem
for incompressible flow, Goodman [5] and Adams and Gebnart [6] have
employed the heat balance integral technique to obtain approximate soluticns
for the flat plate problem, Sparrow [7] 'reported an approximate analysis
for the unsteady, two dimensional stagnation point heat transfer. Te
employed the integral technique for which a third degree polynomial was
chosen for the ursteady temperature profile., Subsequently Chao and
Jeng [8] published an analysis for the unsteady heat transfer at a
two-dimensicnal and axisymmetrical front stagnation point due to an
arbitrarily prescribed wall temperature or heat flux. The analysis was
extended by Jeng [9] to a three-dimensional magnetohydrodynamic stagnation
point flow with simultaneous suction or blowing, The heat transfer from
rotating bodies is of technological interest and has attracted the atteation
of several researchers., The steady heat transfer from a rotating disk
was first studied by Millsaps and Pohlhausen [10] and later by Sparrow
and Gregg [11] who also investigated the effect of blowing and suction {12]
Cess and Sparrow [13] were probably the first to analyze the unsteady
heat transfer from a rotating disk. The problem was later re-examined
by Jeng [9] who also included the effects of mass transfer. Two
asymptotic solutions, respectively vaiid for small and large times, are
found and satisfactorily icined to cover s wide range of Prandtl numbers.
When ine suction velocity becumes sufficiently large, a closed-form
solution can bz obtained, The analysis for this case was also made in
{2] but for a step change in wall temperature, In the present report,
we investigate the same unsteady heat transfer problem but with the step
change in wall heat flux. The method of solution adopted in the present
analysis closely parallels to that used in [9] but the analysis becomes
more complicated. We first consider a case of inc moressible flow, A

solution describing the entire time history of the . _n-steady temperature




field has been obtained, TFor an ideal gas with constant Prandtl number
whose viscosity varies linearly with temperatuce, it is shown that the

incompressible result may be directly applicable to compressible case,
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2.0 Governing Equations for Incompressible Flow

Consider an infinite disk rotating in an infinite mass of fluid

about an axis normal to its own plane and at a constant angular velocity W,

Fig. 1 illustrates the cylindiical coordinate

velocity components {u, v, w)

(r, @, z)
appropriate for the problem,

and the correspcnding

From physical

considerations, one sees that the velocity and temperature field would

be independent of ¢, if the thermal condition at the disk surface is

also independent of ¢,

flow with constant properties, the governing equations are (with dissipation

included):
Cortinuity:
du , u , dw
+ 8499 =
S5t x50
Momentum:
du v, du_
Y3 T T Y3z~
dr T dz
ow dw
— + —_— = L
T Y3z
Lnergy:
3, 3T, 3T
3t 3r dz
LY
c

p or - Brz 32°
- N2 2
d°v . d (v 3v
V_gi*ﬁé9+f§
r )2
o dz L ar2 r or 572

2

dz

Under the assumption of steady, incompressible

< 24

~ 2 -
- 1_5_<BT\_+5T7+2% qu™” L u +®v_ ‘
= [r St \F 52/ 2. cp QT Kr/ S5z |

2 ~ 2 y v 2
() + &8y @]

(1

N
LA

(2.

(2.

(3)

b)

c)




The velocity boundary conditions are:

u(r,0) =0 u{r,®) =9
v(r,0) = v(r,®) =0 (4)
w(r,0) = v
In the above, v is the fluid velocity at the wall. Positive values
of W correspond to blowing, and negative values correspond to suction.
For time t < 0, there will! be a steady temperature field in the
fluid due to frictional dissipation., Its precise nature would depend
on conditions prevailing in the disk. As an example, one may comsider
a disk of infinite thermal conductivity with the consequence that its
temperature rise duc to the frictional dissipation is uniform. On the
other hand, the disk may have large resistance to heat flow in the radial
direction. This situation contrasts with that for flow over a flat
plate., With these observation: we cousider two cases of simple init .2l
and boundary conditions for the temperature field as follows:
Case (i) For disks initially at adiabatic wall temperature.
T(r,z,.0) = Ti’l(r’z)
) OT(x. 0, t) :S."l 1(8)
dz _ k
(5.a)

T(r,a,o) = Tm

(%4

)
Q/|n
N

o

o

=0

In the above Ti’l (r,z) represents the initial temperatur. distribution
in the fluid consistent with an adiabatic wall tempe~—ature Taw' Here the
problem is tc examine the transient response of the wail tempersture due

to a step change in wall heat flux,




Case (ii) ©For disks initially of uniiorm wall temperaturz

T(r,z,0) = Ti’z(r,z)

3(r,0,8) _ Jww(o |
T Jz k

o, - q 3] 10

T(T,@,t) = Ty

T (r,0,0) = Tiw = constant

Where qiw(r) is the wall flux due to frictional dissipation.

The initial temperature tield Ti 2
3

Case (i). It is to be notad that for a disk of uniform temperature, the

is clearly different from that in

wall flux 9. is not uniform. Here we are examining the tramsient
response of the wail temperature due to a uniform, step change of the
local wall flux. While qw(r) and qiw(r) both vary with r, their

difference is a constant being indcependent of the radius.

3.0 ‘fethod of Sclution

The solution cf (1), (2), and (3) with the initial and the boundary
conditions (4) and (5) for wmoderate suction is given in [9]. In
this report we consider large values of suctiom., Physical considerations
suggest expressing the veilociiv compomerts u and v as:

u = r L F(M) , v=r &GN

\ . ~1/2
wherein - . (%\a/

n gy

\)4
It follows, then, from the continuity requirement that

1/2
W= vy H(

Upcn introducing the foregoing expressicns for the velocity compenents
into rhe momentum equations and observing that the pressure must necessarily
approach a constant value at infinity, one is led to the conclusion that P

is independent of r and may be expressed as

p T ook v P

(5.b)

(6.a)

(6 b)

(6.c)
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Substituting {6.a, b, and c) into (1) and (2.a, b, and c) yields,

after some rearrangement,

G" = HG' - H'G

H~ = HHN - ;; (H')z <4 2G2
'
and F = - %
with
G(e) =1, H(0) = - &
G(cn) = 0’ H*(m} =

In the foregoing, the prime denotes differentiation with respect

to T a_ is the mass transfer parameter,

above sut of equations for an impervious wall, i.e.
given by Cochran [14]. Stuvart presented an analvtical solution for
large suction. His result will be used later for the integration of the
unsteady energy equation in the present analysis,

Sparrow and Grcgs [11] reported computer results for a_ ranging

from -5 to &,

To transform the energy equation, we furiiisxr let

Numerical solutions of the

~1/2 ,

A Wt

R = Ay ’ TR

r

and obtain

oT oT 6T=13<

STFE cR-FRTR C-H-FFTESR
P wy 2P wWwwv

+_L_ g2 [ 2 4+ zy2l 4

R-Sw

H'(0) =0

0 0, were

[2?2 + (n')z]

%*
A fourth equacion which governs the pressure distribution in the

fluid is not of our concern and is thus omitted,

(7.2)"

*
(7.b)

*
(7.c)

(8)

(9

(10)
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We shall first consider the case for the adiabatic wall temperature
with initial and boundary conditions prescribed by (5.2). For convenience,

we introduce a dimensionless temperature defined by

T-T ;
@® W v 2
172 ~ 7z ®S*T o *imm
q .\.’) ¢ SN
k p k o/

The functions S(M), (M), and £(1,T) respectively, satisfy

n = [ ' = _ r |2 l2
S‘rr.H.S Pr-H -S PIL(G)+(F)}
with $'(0) =0 S(=y =0
Q"-P -H-Q =-4(S+3P - ¥
r r
with Q'(0) =0 s Q(®) =0
~ 2/\
and 8 3 35
FP W H = =22
3T T an 532

with S5m0y =0 L&D = 401y a1y =0

For disks initially at the uniforr wall temperature, Tiw subjected

to a uniform, step change in wall flux, we let

= LY [&2s(m) + Q) | + 57,7
172 Bq Bq AN 1/2L J ’

(& = i@

Here M, = qw(R) - qiw(R) which is a constaat, The functions 8 and
Q, respectively, satisfy (12,a) and (13.a) but with boundary cornditions

altered to

§(0) =0 , S(®) =0
and Q(O) = i% (Tiw - Tm) s Q(m) =0

~

(1

(i2.a)

(12.b)

(13.3a)

(13.b)

(14.b)

{15

(16.a)

(16.b)
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It is easy to show that 06 of Eqn. 15 satisfies %gqn. 14.,a with initial
and houndary conditicans of Eqn. 14.b.
inally, we note that for negligible dissipation the fluid will
initially have a uniform temperature T_, which is also the wall temperature
prior to any thermal disturbance, If we now re-define 9(n,T) according to
e=L'T"’
"

4
k .

it is easy to demonstrate that © again satisfies (14.a) with initial
and boundary conditions (14.0),

Tc integrate (14.a) with (14.,b) for large values of the suction
parameter (say a = 1.5 or greater), we employ the Stuart's solution [15)
for the velocity field in inverse powers of a. In particular, the %
function is given as,

H(§)=-ao+:-]—3<—l£+ e.g -%e-zg\‘

)

+ 1 201+<;1.- 95N 5 (1e y 13Y -8

Tl T\ T T/ zas ©

1 -5 1 -45:] -1
+ = - +
17° -~ 288 ° 0 (a, )

wherein & = aon

Application cf Laplace transform to (14,a) with initial and

boundary conditions (14.,b) yields

with © (0) = - % and 9(®) =0, We now introducz a new variable

an

(

[

9




and ohtain from (18)
5 P Pr2 YA
Y"+<-p+,2—n’-‘,+—u>y=o (20)

with

+ ao:f'(O) =.1, (=) =

In (18) and (20) the prime denotes differentiation with respect T,
Transferming the independent variable from M to & and making use of

(17), for large a, we arrive at,

3¢ ) YE) =0 (21)

wherein

2
p > . P (lL-P) )
=L+L[ 1_ L.g) :r__._r_[ .1_0]
71t Eg o 1, €1 A 1+0(;
ao ao 80 a a

(4

P /f - é\ P (} -
LGOI L r/[mum.
o] o]

The solution of (21) satisfying the boundary condition

a P -
Y(O) + a Y (0) ==1 and Y(m) = 0 may be appropriately represented

i by a2 series of the form

- -c§
Y =K (1+Ae€+A,e'2§+A3e'3§+,,, (22)

./

0




IR ﬁ———v——r—"’—wrw-'

where
= i'
K Ir‘/Pr + + . + N, 7 4 on 4 . \..‘
a,\a" + Co//K} At A, At Lt AT 2A, T 3A, "UJJ
2, + 2
c, < c,(1 Cy)
A, = 1 A
i 1--2C0’ 2 4L+2C)(1+Co)
3 . X
+ + +
. c, €8, (5% 6Cp) + 4C5(1+ 2¢)) (L +Cp) N
3 12 (1F2Cy (1 +Gy) (3 +3Cy » €tc.

The latter are obtained by substituting (22) into (21) and equating
-(c0 D5 -(cyt 2)5
’

coefficients of terms like e . , to zero,
Since €, =0 (— ) C, =0 (— ) but C; =0 c—ig), it is a valid
a0 a0 a, .
2 3
approximation to ignore terms involving Ll . cicq, C3, and C1 .

Accordingly, after subscituting the values of the Aq, K may alsa oe

written as

2a -
K = 0
c c P 3p cP P
3,73 1 2 r 2 (é 1 yab
t({=+—=+E+ 2 + (= + + 2 4 L3 Zr
% TQTT T TT/% €T T T Y5 /%
nl C ~ P T C p ine)
+(2+.2) L E(1+p +-2 (Note denomirnator only continued to this line)
2 A /I +4 4 41 >

(23)
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and thus (22) may be approximated by

< c ¢ 5E
- C ,_c2+c &2+_ -§+__2e-2§\,+%_+__1.e-§+_e-‘;, .
v=e LO 4 /J Z 2 | (26
N 2 A
a, '{\1) (c .Aazl \‘-‘0"A3)
where Ai; A2 and A, are the three roots of the cubic eq ion in the
denominator of (23). These rocts are characterized by the determinant
of this cubic equation. For conveniznce, let
c c B 5C 3p C, P c,pP
3 1, 72 r 1 2 T 1°r 2'r
=2 42+ £+ K =2+ + + + +
hWTITTTE T 17376 7g i TG )
c c P
=_1+_2+.12<+ + -2
L M A S
a=—<3q-p> b=1—<2p - 9qp +27r\)
3 1 27 1 1

H
(#%3

. b :
Then if —— +'§— > 0, cne real and two complex conjugate roots will
&

~

be obtained z: follows;

1/2
2 374 .

_[b b a’ i _r b b 3\
= e | — S = —_—t -
let A [z (a 57 L~ 2 (A _,

we may write,

P

™ 1

=B = A+ B - —

Ay =P TATB -3
A+2 . A-B 1
=R _ = . + v - - —_—
Ay =B, - 1By 3 7 '3 -3
— Pae A+B ¢l'B pl
=B + = - Y g |
Ay =B, t a8y 2 2 3 -3

In the above, El is the real root and 52 iz the real part und the

53 is the imaginary part of the two conjugate rests,

11




2 3
If ‘}-“"' -;—7 < 0 three uuequal real roots will be ottained as follows:
- b 3
let cos P = - 3 _a
27

9,4 L
373 3
2 L3
If o+ -z;- = 0, three real roots will be obtained but at least two
are equal,

In view of the foregoing analysis, we substitute (24) into (19);
revert back to the ™ wvariable, consistently ignere terms of small nrder

of magnitude, take the inverse transform and obtain for

w

2
by
Z

|m

>0 and a#a ‘B

[\
~!
)
—

P 2.~ P -
r T -a,M 1 -2a.mM 3
B(HT)—exp[a—\ao‘\"z3/'T1‘2—4<e0- e 0"7&/’}
%0 %0
i . 1/2 -
% [V 1 -a"' N M . 1/2]
\2 L-aOB, + o172 ail2 J
c11/211 rn 12
e
+ 172 erfc L7173 + (@ 'r). J (continued next page)
-8051 -Q 2T




[ 2, 2 1 T 1/2
exp - a B T+ (80 91 - G)TJ erfc (;:373 - aOBIT )

erfc r' '

2 . N 5
-a0<} By - 1B, j+ 0 Lart

T 1/27
72 @D J

F-n 1/2
a T
2T172 + (@) ]

erfc r~I%73 - ao(S

For

b4 ;- T'l -2a.n g
T)—exp,:-—< ———-:’n--—lj K _.}Ie 0_2/]

1/2

27

2

w

+ &
27

4>|0"

ey

al/Z;

L erfq_

\
<~--~-- Repeat 25.3}}

2 g 2
(82 - 183) -a

~1/2 - =
e

exp ['ao(az - Bn 5" B, i#) T]

2" 153”1/2])} -

2

>0, but @ = a "B," or o' = -aoﬁl we obtain

2

T

-QT : 1/2

T 2 +Ha r
) - &1 + ot/ n+ 20VF> e n erfq —==

1/2 -
1/2 1 - n T
+ (aT) ] + = e erf
2 4_21.1/2

1
]

13

“r

- (G.’T)l

I
_ZTl/‘

+ (07)

/27

_} J

1/2]
J

(25.a)




The quantity in the bracket after

same as that in equation (25.a).

and Yz are defined as:

2Re 1in the equation (25.b) is

In the above the symbols a, Yl

P 2a 2
r O R 1
@ == (‘ + =)
0
P(1-P) -an P.(P_ - 2) -2a.M
p 2 + i (3B, +1) + (B + 1)e 0 b —— (B, + l)e 0
1 2 1 4 4 4 1 2
a, 16a0
Y. (M =
1 B 2 8 2
By - PP 3
- 8 N2 3o 1, PP
L<?2-31)1-33J [(32-153) +‘E(Bz-153) +‘3 +'Z—-Z——-—(B -iB +1)e
Yo (m = - %0 ;
ZBJ.(Bl - BT BT
+Pr Pr 2)(3 -15 1)-2a ull
16a % - {Numerator only continued to this line)
0
b2 a0 . oz 2 2 2 L2 2
for 7=+ 53 0, and for a7 a,” AT @ a ay A % Fay Ay

the dimensiunless temperature O

takés the following form:

P P P -a N -2a. "
: e
SOLT) = exp - 7 8y + g N - rA(e ° 'Tl+e ° ’%\]
2a 2a
0 0
1
Gl AL o 2 (M /2 r_m 1/27
3 L 1/° + 3737 172 ] e erfq_ZTlfz - T
-3 A1 0 < ’ T A5
1 r& (M 2,0 NG - o172 1/2]
200172 YL ; 1/2 Je erf%: 17z * D7
W - --O et 0 uz + 80 A3 27
(continued next page)
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Ty TeaEs Ry

aoe

A2 () ~
373 e 2, 2.0 n 1/2):’}

+ 5 o5 exp \-aOA3T] + 3, A3 T/ erfcg 73 " aO‘AST

a, A, - @ T

03
2 a3 2
also for =—— +55< 0, and O =a,"p which automatically implies
4 27 ’ 041

4 _ 2 2 2 2 . .

a7 a, A and O # a . the temperature function is
0 42 0 5
expressed as:
- P P P - -a.T -2a,.n
' r/ r r 70 1 0 3N

) = -—la. 1IN . - = - =)

M,7) = exp | - 7= \gg + —3 /" zle 4 © /]

2a 2a
0 0
@ & ¢ 1/2
fr- ? 3 7 ot 4n n 1/2]
L —— - — 1l a -
1[4&1/2 " A{all? SV < ® erfq 77 - @1
" aghy) AL - agn ) !

¢ 1/2
! 1 1/2 2 e o}/ 2y
" LT <'2' +00M 4 2°”> + i ~ T Tz )]e

o Lo v apny) Ao+ apn,

1/2+ T 1/2 i \
erf{—-ﬂi + (aT) J’ + ‘H(,‘:D exp(\- X a'r) (equation continued cn
T

ncxt page)

When « = aozlﬁf (But u # aozfﬁz), interchange Ql and QZ and
. . ~ 2, 2
replace A, by Al' Similary rule may be appiied when & = a A3

15
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"oAz 2 N o 1/2
- Q) T-a AT| erfd\ ——% - a. AT
. Az FK ) -8, ] cg,r1/2 ) )

a = ~ P -
0 2 2 7 ,1/2\}
2 exPl_G‘o AT - )T - agAT ] erf”KZTlh "ot
0 4
where P(l-P -a. M P (P_- 2) -2a.MN
LI S r)(1+A)e 0 L= l)e 0
2172 4 1 4 2
4a 16a
& (M) = 0 0
1 (A - Ay) (g - A9)
P(i-P) -a.nm P (P_- 2) -2a.Mn
A22 +'§ A +‘% + — 7 1+ AQ)e 0 + Z (A, + %)e 0
La 16a
& _ 0 0
2 (ay - Ay (g - 4g)
P (1-P) -a;N P_(P_ - 2) .2a.M
A32+%A3+-%+——r—4———r—(1+1\)e 0 +-—r—-——--(A3+—)e 0
430 3 1680
¢ =
3 (= A (g - B
2 3
b 2 2 2 2
for W +-%7 =0, and for « 7 ag A and a # a, A

the function 8 is given as:

{[ X W2 g 1/3
2@1/2 a A2>2 2@1/2 N \+ <1/2 aOO] e erIC\\-;m- ©@r) )

16
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it e —

1/2
a™ n 1/27
[ : l e erf + (aT) |
;_(a1/2 OA')Z z<c11/2 ) 7 1/' a 27172 J
2 2
i-. 1 - aoAqﬂ + ZaO"Az T 8, N XE‘OAZ -l
N NT 27T, T2 2 c‘)z/*“ 5,2 o
3 4 - 89 4, - (25 A, -
2,2 .0\ _n 1/2
exp -aOAZT + (a_g A - 7y erfw - BOAZT
"1’0 n 2‘0A7T 1 1
e""\ = - M/[ ST 2.7 7.1/
Tl Y
a n 2
x3 OAI exn( Alﬂ + (ao Al - a) !/ erfc (—Tr—l‘/z» - aOAlTU (25.e)
e 0 -
b2 33 2 2
for 7 t37 = 0 and Q@ - a A‘.‘— ‘he temperature function is:
P P ~ P , ~a T -Za\,ﬂ ~ 7
e(n’T)‘exp[‘T\ao“ yn-= e P ge T -3
2a0 Zao
Xy aG Xz X3 3 0,1/2 1o
1[? i erfe | —1 - @T)™
N CEE Z&GI/Z "ot t ol e L5172 |
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+[x132/2 , X, - i X31/2 (_21_ Lal/20 50 7)] K 1/2

2(@

- aOA2) 2(@ + aOAQ) 20

2 2
1/21 r ! - aoAzT] + 230 A_z T aoAz ~
erfc + (QT) + - — 2) X . a
1172 J*L 2 2 2, 2 1°0
Py -0 (38" - O
X a - - o
2 oAz : 2 2 N i 1/2
exp k—aoAzT] + (a0 A, - aj T/J ¢rfcg 1/2 - aOAZT )
(a Az - ) T
1/2
, X% [2‘*0‘*2'r 1 X3T ] exp n? m\.}
1 - e—— -
nfz -Qa (OAZ-G) 1/2 X139 47
2 3
b a 2 2 2 2
For4+-5§=0, and CL:aOA2 , QfaOAl
P P - P -a,m -2a -
. r N 1 0’ 3™
3 Ty - - ( X .n.E - = -4 .
(M,7) =exp| - 5= \ag +—g /" 4(8 ; © i/
230 2a
0
. R \‘1/2 N ol/2n
X3 | L-43) exp( -cs v (@ +at n+2as/e .
0 n N
erfc Kzsl/ (aS\ /’J ds
+ "2 "3 | LN i 1/2°.

+ -z exp \ - &7 erfe (———0—m - (QT)
Ly 72 2/\@1/2 - aoAl)J : % Ny 172 J
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+*,(2-— ¢xp(-——-(1"

X, (2 X3 ] n I S 172
_[ +al/ n+2a'r/+ | e erfo \—— + (a7
1/2 e
2 '/? SRR T/ 4
}330A1 e (;a N+ s %A 2 a*\i erfc (—IL- - a TI/%> } 25.g)
2%, o PN Vi S T Bt o172~ PoM (25.8
01 :
s P(-7Pp) -a.n P (P - 2) i -2a M
2 .3 i r . 0 ‘
B tFHTET T U e T S (4 + e
Where X1 0 0 -
N - A
2 . N 3 1 PR A P (1 = ") 1 ‘_aen
% - ZA].‘XZ ) E (A: &1) - .2. aa (Az A] - i, <
0
XA =
Z 2
(A2 - Al)
BB - D) -2a,7 S .1
+ —— (AZ - A) e (Numeraior only continuec to this line)
163O
2 P (lL-P) -a,n P (P - 2) -2a_7
Mo+3A o+ I T a4pne O L che O
4 16a *
« = 0 0
3 2

Eq. (25) represents the dimensionless transient temperature profil: due
to a step change in locai heatr flux. Since we are primarily iaterested
in evaluating the wall temperature variacion, the quantity desired is

the dimensionless temperature at the wall e(O,T) which can bz readily

formed from (25) by letting N = 0. Thus, for disks initially at

adiabati:c wall temperature, :ha wall temperature as a function dimensionless

time is:

19




Y

-

e —————

T (M =1, + [’ + Q] +8(0,) 2.
w ® cp

aind for disks initially at uniform temperature, the same can be written:

1/2 ,q
. VN Aly A sr
T.(M =T, Hg/) —F °@0D | (26.1

The values cf §(G) and Q{0) were obtained from the numerical integration
of (12) and (13) by electronir computer, the Univac 1107. Their valu-
vor Prandtl numbers ranging from 0.001 te 100 and sustion parsmeter
ranging from -1.2 tc -4,0 were obtained,

Inasmuch {25) is valid for the entire time domain, the corresponding
steady state solution at the wall can be obtained by simply lettinyg

T=*®® and M ™ 0. The resuit is

b2 33> 2, 2
7~ +%3>0 and a#aOBI
1/2 -
i
0) | c— . -
LY © OGP Py
QSS(G) = —aﬂ:al—/i—'— + 2 Re /’al/z 2 ) J (27.2
3 "-Sl k\.a-—-BZ +.83
0 0 '
2 3
for + +-§7 >0 and Q= 302312 or
1/2
a = - aOBI
f_al/z ~
O ¥, 00 (= + By o+ 133/L
1 1 0 | b
0 (0) =—| «2 Re (27 b
ss 3y b ql/2 ql/2 N 5 d
—_— SZ/ + 53
0
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82 & . 2,2
for -Z—+:,—7<0 and d?ao‘Al
2.2
a # a, A2
2
@7y A
& (0} £,(0) 2,(0)
988(0) =7 + YL + 172 (27.¢)
" oy - 3k e
b2 &3 2 2
for 2t <0 and Q= a5’ s, (which automatically implies
2. 2 2. 2
a?‘ao 4, C»i‘aoAs)
§,(0) 3,07 ¢, (0)
d {2
O V- R v + 177 (27.4)
) gfn
For the cases Q. a ZA,,Z cr & = a 25 ¢ see footnote Ggc 15
C & ~ 3 =8, A3 3 on pagc i1,
2 3
b a 2, 2 2, 2
for 2o 4 B_ _
Lo~4+27_0 and a#aoAl, a#aOAZ
5 () 30‘/\1(0) 0) (3(9)
; 0) == + + - {(2/.e)
ss 1/2 2 1/2 1/2
a*f e . r - grie .
( ad/ ¢ agh, 39
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We have not worked thc steady state case corresponding to Equation 25.g

In the above equations, the expressicns Y (0). Qn

are obtained by letting 7 = 0 in the equations defining ¥ (7))

? (D and X (M.

For very large suctiocn, i.e,

simplify to:

1
1im 6 (0) = —=—
a —w SS aOPr

0

a

Tne numericai vaives of &_ (0).
55

in Table 1 for the several Prandtl numbers and sucticn parameter shewm.

obtained from the relation

9 (0) = -
88 eq; (C)

in which the values cf 95;(0) are taken from the results reported by
2% for a

and the agreement is progressiveiy better for large vzlues of

Sparrow and Gregg [11]. The maximum discrepancy is about

may also be shown that if one uses the limiting expression (28), tne

error remains within a few per cent when

22
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0

as evaluated from

- For comparison purposes, we hzve inciuded the results for Pr

a, > 2,

and xn(O)

, the foregoing resuits

{27} are listed

(Prime indicates first
derivative with respect to 1)

(27.£)

(28)




.

4

. T

Finally, we note that when dissipative effects are negligible, the

steady wall temperature under the limiting condition of a, — = becomes

lim T T .Y H?
im w,55 = te k w
— a .

The abcve results are

2

<€,

to be expected on physical grounds because,

when the suction is very large, the heat transfer at the wall would be

completely dominated by the convective p ocess, The effect cf fluid

injection (ao <0) is to
aurface with the iniecting
On the other hand, suction

free stream temperztiure is

decrease the heat transfer by blanketing the

fluid of the samc temperature as Tw,

effectively brought to the disk surface.

(29)




4. 0 Numerical Results and Disevsiion

The values of the roots of the cubic equation in the denominator of
K are tabulsted in Table III for various values of the Prandtl number

and the blowing parameter,

The values of S(0) and Q(0) obtained from (12) and (13) =2re
tabulated in Table II for the range of the Prandtl numbar and the blowing
parameter ss shown, It is seen from Table II that the Prandtl number
and the blowing parameter has little effect on the values of §(0), which
has almost 1 constant value of 0.5 1in the range of Pr and positive 24
under concideration. By contrast, Q(C) is a rapidly varying function of
P_ and positive a,. It decieases with increasing Pr as well as a;.

r
The ratio of the dimensionless temperature at thc wall, 8(0,T) / GSS(O),
. . w . .
is shown pleotied against T = t/Pr in Fig, 2 to 7 for the several
Prandtl numbers indicated. If one replots the 6(0,T)/ GSS(O) against

aOZPrzT( = aG2 P;ﬂt) the data can, for all practical purposes, be brought

to liz on a single curve for Prardtl number ranging from 0.1 to 100 and

a, from 1.5 to 4,0, This is illustrated in ¥ig., 8. This result indicates
that for sufficiently large suction the resporse time varies inversely

with the Prandtl number, the angular velocity zud the second power of the
suction parameter. The same conclusion has also been drawn for the case

of a step change in wall tciperature [9]. Due to che linearity of the
energy equation, the previous results can be readily generalized for any

arbitrary wall heat flux using the Duhamel's theorem.
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5.0 A Special Case of Compressible Fiow

For an ideal zas of constant Prandt] mimhar avhihitins o 1iica.
variation of viscosity with temperature, Ostrach and Thornton [16] has
shown that, if dissipative effects can be ignored, the steady heat transfer
solution for the compressible flow over a rotating disk can be obtained
from thz corresponding incompressible solutions. It is natural to examine
if the same could be stated for the unsteady heat transfer processes,

Using the same transformations for both the dependent arnd independent
variables in the governing conservation eqﬁaticns as these given in [16],
except for difference noted belcw, one may show that the answer to the
equation posed above is affirmative. Now the velocity component normal

to the disk is given by

W

Deo , 172 > 7
p_[(Aw V) S HM) 'é_tjofgtdz]

Where the subscript <« refers to the free stream condition and A is

the proportionality constant in the linear viscosity - temperature relationm,

With the transformation stated above, the solution obtained for the
incompressible case, may be directly applied for the compressible case.
Expressions given for the transient wall temperature for the incompressible

case remain valid provided that all properties are replaced by wall values,
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Table 2

Values of S(0)

e

P %0
r 1
1.2 1.5 2.0 2.5 3.0 4.0
0.01 0.4466 0.465 0.4851 0.4939 * *
0.1 0.4509 0.4720 0.4890 0.4952 0.4975 0.4992
0.7 0.4894 0.4342 0.4980 0.4992 9.4995 0.4998
1.00 0.4991 0.4998 0.5002 0.5001 0.5000 0.5000
10.0 C.5441 0.5228 0.5087 0.5038 0.5017 0.5005
100.0 0.5503 0.5258 0.5097 0.5042 * *
*
8 <failed to converg=2
Values of Q(0)
)
1.2 1.5 2.0 2.5 3.0 4.0
0.01 9633 7106 4560 3093 * *
0.1 96.9303 75.1505 48.3896 32 4440 22.9324 | 13.05i5
0.7 2.923 2.1302 1.3088 0.8624 0.6055 0.3431
1.0 1.6548 1.1874 0.7199 0.4718 0.3307 | 0.1872
| 166 0.1159 0.0660 0.0329 0.0200 O.lBGleTl 0.756x10°
’ 0 0.4598x13°  0.1924x10 0.5911xi0~  0.2594x13>  * *

| 100,

]

failed to converge
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