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FOREWORD

The research described in this report, '"Signal Design
for Space Communicaiion Channels, " by Charles L. Weber, was
conducted under the joint spensorship of the Space Science Center
at the University of California, L.os Angeles, under NASA Con-
tract Numbe @and the University of Southern California
by them:ervices Blecironics Program (U, S, Army, U. 5. Navy,
end U.S. Air Force)-under Grant Number AF-AFOSR-496-65, and

- i8 part of a continuing program.
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I, INTRODUCTION

The fundamental purpose of communication and telemetry systems |
is the transmission of reliable information or data through an unreliable
channel. In space communications a major constraint is the limitation of

{ransmitter powei' available on the spacecraff. Or equlvalently, for a
given transmitier size, and hence power, we are interested in maximizing
the possible range that the spacecraft can attain while still maintaining
telemetry transmission to the earth within a specified error raté. Also,
the waveforms of the transmitted signals are limited by the complexity of
the coding and transmitiing equipment, but more significantly by their
allowed bandwidth. The bandwidth normally must be small enough so that
transmission over adjacent channels is not affected by the operation in the

given channel,

As early as 1949, Shannon[1. 1] haé shown that it should be pos-
gible to exchange bandwidth for power, so that by increasing bandwidth
one should, at least in principle, be able to make up for the lack of trans-
mitter po.*wer. This caﬁ; be made slighily more precise by introducing
channel capacity, as derived by Shannon {1, 1] for a given bandwidth B,

namely

C=Blogé[1+§.~_—] (1. 1)

where P is the signal power and N is the noise power. When the com-
munication is that of tranémission and reception of electromagnetic 'sig-
nals, whether microwave or optical, between a satellite or a deep space
vehicle and the earth, the channel disturbances can be represented by
additive white Gaussa.an noise. This is because the principle source of
disturbances in space commumcatmns is Galactlc no:.se, whlc:h has a very
wide bandwidth and near constant spectral density, thus representable as

white noise. The advent of the maser has reduced internal thermal noise

-1
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in the microwave region to where it is negligible in comparison to Galactic
noise. Similarly in optical systems, using lasers for instance, the limit~
ing noise due to the "zero-point field" is again white Gaussian. The noise |

spectral density in either case is given by

hy hy
5t Tkt - (1.2)
e -1 :

oy} =

where 'I'S is the source temperature, v the carrier frequency, h Plank's
- constant, and k Bolizman's constant. Thus, with the advent of gpace com~
munications, we have "real-life’ channels which can be statistically de-

scribed by additive Gaussian noise.
Hence, if the noise spectral density is ®, then the noise power is
N = (®) (2B) - (1.3)

and
C_=Blo '1+—£—] (1. 4)
B~ T 98y 508 j
which is a maximum when B increases without bour;d. The maximum value is

I ' |
C, = 5% log2 e. | (1. 5)
By Shannon' s coding theorems, for a given informétion rate H, we can trans-

it at rate H with zero error if -
H <C. | (1.6)

Hence, if bandwidth is no limitation, we should be able to attain transmission

with no error if |
iy

20

or.the power required need not be greater than

H< log, € | | | | (1.7)

2H®
. lc;g2 ?

(1.8
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However, there are two major drawbacks in this theory. For one
thing, the coding theorems do not tell us how to attain zero error {rans-
mission. Secondly, even if we were fortunate enough fo find the optimum
code, we know that it would require transmission signals of infinite time
duration to attain zero error. In a practical system, however, the time
duration T of the signal waveforms is fixed and finite, Moreover, regard-
less of which concept of bandwidth we use, infinite bandwidih is never allowed

in a practical system.

The approach we take here is to design optimal signals when they .
are constrained to a specified average power P and a finite time duration T.
We shall state precisely what we mean by finite bandwidth and how this af~
fects optifnal Signal design, We shall adopt the design criterion of probability
~ of error because of its inherent physical significance based on the law of large
numbers, The optimization can then be viewed either as minimizing fhe aver-
age power for a given probability of error or as minimizing the probability of
errér for a given allowable signal power. The resulis will be the same, We
employ the latter oﬁ’timization here, This places the optimal signal design

problem in the framework of detection theory, differing from most previous

approaches in ’ﬁhat they placed the problem in the context of informatiqn theory .

or error-correcting codes. Although the information-theoretic notions are
not necessary in what follows, we shall often find them useful, if only to indi-

cate what the connections are.

REFERENCES:

1,1 C.E. Shannon, The Mathematical Thebry of Co'rrimlinicaticm_,
University of Illinois Press, 1949, o
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APPENDIX A

SUMMARY OF CONDITIONAL GAUSSIAN
PROBABILITY DENSITY FUNCTIONS

Liet x be an n-dimensional Gaussian variate with mean u.

Let y be an m-dimensional Gaussian variate with mean v.

()

which has Gaussian probability density function

G (Z;(i); V)

Let

where

where
V11 is the covariance matrix of x,
sz is the covariance matrix of 5’:
and V12 = Vgl is the correlation matriﬁ: between x and y.
Then the conditional density of x given y, is |
2x/y) = GxBiC) | o
where |
B = u-l-Vlezz (y ~v)
and
C=Vyy - V1“\"-22‘721

If y isa smgular density, it 1s sufficient to consider the largest

number of components of y Whose densfcy is non-..,mgularb neglectmg the
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APPENDIX B k
.
SUMMARY OF TETRA~-CHORIC SERIES ”‘3
{(See Reference 4.7 for a more complete development 1
of the following Theorems. } 1
K
Theorem B. 1. The Bivariate Gaussian Distribution K
-4
Let F be a bivariate Gaussian distribution with Zero means, unit
variances, and correlation coefficient p. 4
Define :'f:
(oo &0 ~i
ds= g g dF i
h k i
Then
00 r
- £
d= ), o7 ()7 (k)
r=o0
where
q r~-1
= (w — |
2 .
1 -ix .
@ R & 2 &
(x) N2 7 s : : -

and the convergence is uniform for |p| = 1.

This is called the tetra-choric series for the bivariate Gaussian

distrib ution.

‘Theorem B.2. For the M-dimensional case:

G(x; 0; @) d|x|

o 3

it
T8
g:m;«j 8
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where, -
n, = n. =q '
i= L v B
i#j 17
Note:
1) {nij}. and {qj} depend on the value of r.
2) The r = 0 term is
cD
M
I i G(x) dx
i=1
i
33 If we wish to expand
f 5 G(x: 0; ) d| x|
-00 =00

instead of d, the summatlon Z remains unchanged, but the r=0 term

becomes _ r=1
3 | hl
i § G{x) dx 1] o (h.)
i=1 % i=1 !
B-2
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iI. PROBLEM STATEMENT FOR COHERENT CHANNELS

2.1 Description in the Time Domain

~ We now describe thé kind of communication link with which we will

be concerned. A basic block diagrani of the system is shown in Figure 2. 1.

The infofmatién or data usually comes fr'dm several analog sources
whiéh are sampled, digitized, and arranged in the form of sequences of
binary digits, although in general, the digitized symbols could be elements
from a K—aéy alphabet. The encoder maps sequences of digits of length n
one -to-one onto a set of M time varying waveforms each of T seconds duré,-‘-
tion. This is known as block encodihg. This resulting sequence of time
varying signals is then used to modulate a high frequehcy carrier (AM, FM,
PM, etc., or combinations of these). Since each member of each sequence
can be any 'elemerit of the alphabet, we necessariiy, have M= (K)n , or M= Zr1 -
in the binaryv case., Thus, the primary source may be taken as discrete
having a nominal rate of H bits per second. If the source is ‘bin_ary, as is
usually the case, then the maximum possible rate is of course the number of
bits per second, and this is what is normally taken as H, sinée the system
must certainly be prepared to handle this rate. Because it is normally im-

possible to specify quanti_tative'ly the precise pro.babilistic structure of the

source, the maximum value of H is assumed, namely

L
Thus in one T second interval, the total number of possible signals is

M=2HT

It is clear that M and T are moré basgic to us than H. For our purpk_:ases,- ‘
we could equivalently say that the M transmittable waveforms are eqtii “likely
and that each succesggive waveform is independent of all previous ones, ne-

glecting the form of the 'dat:a source and the encoder.

II-1
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The fransmiiied signal for a particular T second inierval is assumed

io be of the form

vV 8. (1)
3

when V is an amplitude scale facior, Sj {t) isone of M equi —likely signals
of the form
Sj (t) = Aj () cos (wc t+ 7 (Q)
0 <t{=T, j=1,...,M; (2.1)

A& {i) and (63 () are narrow band signals with respect to the radian carrier

3 .
freguency w o and the Aj (1) are normalized, i.e.,

i T 2
,-i,-g A2 () gt = i=1,....M | (2.2)
b J

so that f is the average power level of the iransmitied waveform. Note that
2

 a completely equivalent way to write the transmitied Sigials would be to intro-

duce complex waveforms, as in Reference 2.1,

The received signal for a particular T period will be denoted by
yt) =Vsj(t) + N(t) 0<t<T, (2.3)

where N(i) ig white Gaussian noise with two-sided spectral density D,
The receiver is agsumed to have the following characteristics:

(1). It knows the form (except for the amplitude V) of all the
transmitted signals, i.e.; knows.the form of each Sj {t),
j=1,..., M. | o

(2} It is synchronized in time (i.e., knows the time interval
[O, T] during which the signal will arrive), and is phase
coherent (i.e., knows the carrier phas.e"- angI'E)'. The' re-~
cent development of synchronous codes and phase 1ocked

loops makes these two assumptions phySié‘e;ily attainable.

II-2

ara M ke _‘




{3) Its sole purpose is to decide at time T which one of the M
. gignals Sj (t) has been transmitted, based only on the wave-
form received during the interval [O, T].

For a fixed M -ary signaling alphabet {Sj ()}, and using maximum

probability of detection as the optimization criterion, it is readily shown

that the optimuwm receiver is the one which formsg the following scalar pr'od'—-._

ucts {see Figure 2, 2):

1}

- T X | .
B, = Ly(t) * 8, (t)] So y{t) 8, (t) dt (2. 4)

i‘:l’clc’M

and decides that the jth signal has been transmitted if
| %
E, = max (El, By, .. EM) | ‘ (2. 5)

The notation used in Equation (2. 4) for the scalar product (or cor-

relation of time functions) will be used throughout.

For every set of M signals of the form specified by Equation (2. 1),
there exists an optimum receiver and a corresponding probability of detec-

tion. In this large class of sets of M signals, all restricted to an energy

2 .
of T ;f in T seconds, we wish to find that subclass which has the largest

probability of detection. We also want to determine whether this optimum

class of sets is independent of the average power level YE . The following

| . | 2
section will indicate that determining this subclass can be reduced to find-

ing certain ¢lasses of D~dimensional vectors on the D-dimensional unit

sphere satisfying certain optimization requirements.

"Note that the decision r.ule will not be altered if all the Ei' s are multiplied
by a common positive scale factor.

-3
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| | | RECEIVER |
INFORMATION |_o i pryooDER|—> TRANSMITTER j—— CHANNEL l——>  AND
SOURCE . VS y{t} { pECoDER
N{1)
FIGURE 2.1
| g |-
NUNSENSIS " B 4 --y———'-i- f}f(ﬂSﬂﬂ bl g7 8-
0
8, (1)
y(11SE1) ] oT E, .- |DECISION
@—! X 2 fy(ﬂSg(ﬂdf —2-¢o—>
o DEVICE, | OUTPUT
CHOOSES |  INDICATES
y (1) Salt) i MAXIMUM
MAXIMUM E
E; i
Ej :
- e s —_— R -
y(1)S (1) LT L~
e X i fy(ﬂsmmdf _Eu g g
()
8, (1) SAMPLED AT THE END
OF EACH T SECOND INTERVAL
FIGURE 2. 2
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2.2 Reduction to Finite Dimensional Euclidean Space

Uging (2. 2), the average received signal power ig given by

1 ? vZ2 0% 9
nod §, o] e § soe
2 T 2
Ve 2 _ v -
* 5 S; Aj (t) cos ‘(mct + Zéj (t}) & = 5 {2.8)

sgsuming that the carrier frequency ig high enough. to neglect the second in-
tegral. Integrals of this form will be emitted througheut, end ig justified on
account of the narrow-banded asgumption of A {t) and ¢ 3 {t}, The signal
energy received during the mterval 1G, T is

v |
5 - (2.7)

| From (2 3) and (2.4), the i*! correlator output Ei’ sgsuming the ]th
signal heg been transmitied, is given by

T
m =

[ +]

Fnergy = TP =

[vsjm + 908 ] 5, ()
T
=V .S;,Aj Ft) Ai {t) com (wct + (t)) cop (mct + ‘éj (t}) dt

+ S:N {t) Ai {t) cos (wct + éi {t}) d

i=1,...,M. (2.8)

Expanding and applying the narrew-banded assumption, B, can be written as
T v
E, ‘= 5 [ -é-ﬁj {t) cos éj {'ﬁ] [Ai(t) cos ¢i€ti gt

o

-

L
ey

Rk [0 g0
+{ [’Té* A6 otn ¢, 63 | | A; (0 sin g, t0) | @t

(4]

o

s Y =3

T
+S; N{t) cos wct .&i {¢} cog éi {ty | dt

L. b =

o . ]
- :g' | Nitd sinew £ 1| A, ) sing (1) | d
o L LI P70

i=1,...,M  (2.%

e ok a ll
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;

By letting Ej (t) be the two dimensional time vector

_ 531 (f_) | Aj {t) cos gbj (t)
Sj(t) = | =
| sz(’c) Aj (t) sin qu (t)
0stsT, j=1,...,M | (2.10)

and specifying N (t) and 5 (1) by

_ n, (t) N{t) cos w‘ %
N(t) = = © |
| n, (t) “N (t) sin Wt . (2.11)
~and
yq () | |
vl | = 3E®+Tw®  (2.12)
2

the Ei and corresponding probability of detection can be computed by consider -

ing the following eAquivalent system:

Let

gj (t) be transmitted signal vector,
N (t) be the additive noise vector,

and v (1) the received 'signal vector,

The optimum receiver in this case performs the following operations:
B, = [y(t) + 5 (t) ] = [3’1 (- 3, ® ]

| __+[ ¥y () siz('t)] i=1,...,M (2.13)

II-6
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which agrees with (2.9). Thus an observer at the receiver output would
not be able to distinguish between the two sysltems, since the set of Ei’ 5

is identical for each.

- Furthermore it is noticed that the carrier frequency has been
eliminated from the signal set in the second model. Because there exists
a one-to-one correspondence between the signal sets of the two models, an

optimum set for one model corresponds to an optimuni set for the other,
Bince the signal set in the second model does not involve the carrier fre-
quency, it has beeéq eliminated from the optimization, provided it is suf-

ficiently large to make the narrow -banded agsumptions.

A further reductidn is possible to finite ~dimensional vectors, since

the signal set is finite, That is, we can write

D
o _ i - -
Sj(t) = kz=lsk dk#), j=1,...,M _(2. 14)
where
0, (t) k=1,...,D (2. 15)
k wkz(t) .

is an orthogonal set of basis functions such that

[0 0y | <[ w0 vy 0] +[ 0 - w0 | (2. 16)

=T 6k£

and where

i

- =
8. = i [Si(t) . :pk(t)] (2, 17)

The dimensionality D -of the signal set is at most M, and is a measure of the

bandwidth of the signal set, This will be discussed in detail in the next section,

II-7
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2

and where A{i) is thai part of the noise which is orthogonsl to the basig

mnc’aonsrb() i,...,D, i.e.,

2

E [A(t_)'- 0, (t)] 0

L ...,0, (2.22;

&t
fi
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Since A(t) is orthogonal to each x['}j (t}, A(t) does noi affect the value
of any of the correlator ouitputs Ei’ i=1,...,,M. Therefore, for our op-

timization purposes, A(t) can be eliminated from consideration, and if we
define |

D
N (&) = ), ¢ ¥, (1) (2. 23)
i=1 :
we can allow the received signal ¥(t) to be
F) = 5 (1) +N_(1) (2. 24)
27j o'’ '

ﬁo(t) can be characterized by the D~dimensional noise vector

1

N
I

(2. 25)
)

Substituting each of these expansions into (2. 13), we can express Ei-as

D

- : D . -
_ V i - . i - \
E; = | hz= ; 55T gk) 2% (t)) ( £2=_ls IR/ (t)}

=T (jiré;; *E) 5 i=1,...,M (2. 26)
where the asterisk means "the transpose of", Also |

E(Z) =0,
and

»

B(Z 24 = 35~ | . (2. 27)

where I is the DxD identity matrix.,
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transroiiled signzl is the D-dimensicnal vedior 5 S the channe] adds the
-
- - - 3 & - - - L]
noise vecior Z, and the recelived signal is the veotor

‘The opiimum receiver forms the scalar products indicated by {2. 28)

and again decides §j was {ransmitied i{

By =meax E, (2.5

The decision rule and therefore the probability of detection will not
be affecied if the Ei are all multiplied by a scale factor. This allows us to

iilultiply the received vector by the factor 2T . and to neglect the T in
. ] C ..
(2.26). Then we can define a normalized received vector

= VT 3z .= ‘
V=—"o 8§, +%Z | (2. 28)
o y2¢ J © -

o

where

2T =
£ 7
)

C.

Z
o)

Here 20 is a D-dimensional Gaussian noise vector with zero mean and covar-

‘iance matrix equal to the DxD identity matrix.

Let 3 s
_WT |

A _x/_‘-_z_cp_c_. | (2. 2_9')
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Then

vo =Asj +zo {2, 30}

?(. is the signal energy to noise spectral density ratio, which we Wlll hence-
forth call the signal-to-noise ratio {SNR).

Thig last formulation of the E ' s cannot be distinguished (except for
a scale factor} from the basic model formulailon by an obgerver stationed

at the receiver output. Using (2.30) and (2. 5), the probability of detection

‘PD 18 given by

M _ ok %}
| PD =,Z Pr (Sj) Pr [(Vo 8,)= max ( 51)// ’Sj was transmltted]

o

or egquivalently

M
—_ 1 ° am ~ LI
PD =W jZ’l Pr [Ej = mi.x Ei / Sj was transmlt’ced] (2.31)

The problem of determ:cmng the set of {S } which maximizes PD for

various M and D and of determmmg the dependence or 1ndependence of these

~optimal sets on SNR is known as the sphere-packing problem of Communica -

“tion Theory.” The soluiion of this problem {also known as the s:i.gnai selection

problem) is our primary goal.

In this section we have shown that the signal desa.gn problem can be
reduced to that of finding M unit vectors on a D-dlmensmnal unit sphere

which maximize a given functional, namely probability of detectlon. |

We conclude the section by indicating tha’c once the optimum set of
{S } has been determined, the corresponding set of {A, )} and {$,(t)} can

- easﬂy be determined. Using the optimum set of {S }

Aj(’c) cos qﬁj(t) D | aj(t)
- 37 -
B ‘izztlsi by ) =
Aj(t)' sin qu {¥ | bj (t)

JI-11
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where
2
a{t) = Z sy ¥, (1)
i=1 )
and
bj (%) =i§181' Uy (1)
Tﬁen
2. 2.
A (t) = [a () +b, (&
i / : (t) i (t)
and
. | . 1 b.(t) ,
¢, (t) = principal value of tan ~ -
i | aj (t)

2.3 Bandwidth Considerations

 In ChapterIV, we will show that the probability of detection can be

_ written as g function of only SNR and the set of inner products {}, } of the
signal vectors., That is, the only characteristic’ of the basis functlons used -

in determiriing' the probability of detection is that they are orthogonal. The

actual waves_hapes_ do not enter in. This means that if a second communica-

tion system is conside:cfed, which has a different transmittable signal set

{Si' ), i=1,.. . , M} which can be expressed in terms of a different orthogonal

basis, say {Pi (), i =1, Iy D}, but with the same linear combinations as those

in the original system, i.e.,

8! (t) = Z s r (0, i=1,...,M (2.32)
where |
"I':r'i(t)"- fj(t)] -
1I-12
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ond with M, D, V, T, ®_, and the set of {s } the same in both systems,
then the probablll’sy cf detectlon for both systems is equal. Or, more
genex-ally speaking, the probability of detection is a function ofl A, M, D,
and the set of signal vector inner -prdducté‘ {Rij}, aﬁd depends rio‘t at all on’

‘which orthogonal basis is used to form the signal waveforms,

Therefore, the D basis functions can be deéi_gned or chosen accord-
" ing to some other criterion, and can be done so independenily of the'signal.
selection problem. The criterion normally used is to choose the basis
functions to conform to some specified bandwidth restrictions. The only
parameter which affects both the selection of optimal signal vectors and the
selection of the orthogonal basis functions is the tdtal number of basis

functions, D.
A reglistic way to arrive at a value for D is the following:

For a given time interval [O,T] outside of which the waveforms must
be identically zero, how many or“thogonal waveforms can I design which have
a given percent energy within a specified bandwidth [~B,B], realizing,' as

will be shown later, that the maximum value D need be is M~-17

If D has already been determined because of its effect on probability
of error, which will also be discussed in detail, then the criterion for de-

termining basis functions could be rephrased in either of the following ways:

1.  For given T and D, what is the minimum bandwidth, B, re-
quired for D orthogonal functions which vanigh in time outside
(O, T] and have a given percent energy within the bandmdth
{-B, Bl? '

2. For giVexi T and D, what is the largest percent of total energy
that D orthogonal functions can have within the given bandwidth

[-B, Bl, when the functions vanish in time outside [O, T]?

The problem of determining these optimal Waveforms when the criterion
is any of the above 15 dlscussed by Slepian and Pollak 2, and Lan;_ien and

Pollak, 2 S
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The main point is that, exc;-.ept for the -dimensipnality D, the selection -

of signal vectors-to minimize probability of error is ‘digjoint from the prob-

- lem of choosing waveforms that conform to certain bandwidth restrictions.

For a given T and gi\?éﬁ.percent enéfgy restriction, the bandwidih
required for D orthogonal waveforms that sai:isfy the energy requirement
will increage as D increases. For this reagon D is said t¢ be a measure of

the required bandwidth of the signal waveforms.
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III, SIGNAL DESIGN WHEN THE DIMENSIONALITY OF THE
SIGNAL SET IS RESTRICTED TO TWO

U T !ix.A._. FUS. s *

| We now study the optimal signal design problem for the case when the
dimensionality of the signal set is restricted to two. The signal set con-
sisting of equal spacing of the M vectors around the unit circle is provento :
be the optimum and this optimal choice is shown to be independent of signal - ]
to-noise ratio. The question is then raised as to whether it is possible to 3
have two suboptimal signal sets, say {gl, i= 1 ., M} and {§ Li=1,..., M},
such that the probablllty of detection for {S } namely P, ()L {S }) , is larger
than that for {S } for some SNR while the reverse is true for other SNR. A

o

subclass of the two dimensional signal sets is shown not to possess this prop-
erty, However, by example, it is shown that there are signal sets such that

the preferernce of one to the other does indeed depend on the signal ~to-noise

ratio.

When the signal waveforms are resiricted to two dimensions, they can

be expressed in the time domain as

Aj(t) cos <bj(t)

S.(t) = = g) W, (t) +s) v (t)
Aj(t) sin ¢j(t) 1A 272

j=1,...,M (3.1)

One choice of bagis functions are those which are non-time varying,

namely

g ) =| | and ¢,(1) = ,0=t=sT (3.2)
Any choice of baeis functions is possible of course, buf in the two dimensional
case these are the most logical. With this choice éj(t) is then non-time vary-
., . . _ o
ing. Hence, Sj‘(t) S j'(t) is non-time varying, which indicates Aj(-t) and therefore

gbj(t) are constants for each j. Since




' _1"5 A%() at = 1, =L, M
ST -

,aﬁd since Aj(j:) = Aj’ we-get -A;j‘ =1, j=1,...,M. Therefore,

o cos qb.j. 8] |
S.(t) = < | - o
. sing, /) s j=1,...,M. - (3.9)

The '§J are unlt vectors on the two-dimensional unit circle, as they should be

{o conform to the development in the prewous chap’cer The corresponding

transmﬁtable 31gna1 set is

Véos(w' t’+q5.).' 0t =T, Cy=1,...,M

.and Wlf.h ’chis ch01ce of ba51s functlons, the phase angle qﬁ corresponds to the

angle that the 51gna1 vector S:‘l makes with the posltwe yl axis, where

Yl _ . _ :
Y = =AS,+N - {3.4)
ig the normallzed received vector {see Figure 3.1). So, when D is restricted
. 1o two, the only allowed varla’clon between the different transmittable s:Lgﬂals

is the reference phase angle,

T UNIT GIRCLE

Relating the Phase Angle in the Transmittable Signal to the - |
~ Corresponding Signal Vector in Two Dimensions .

FIGURE 3. 1
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3.1 Optimal Signal Selection in Two Dimensions

For a fixed set of {é}} on the two-dimensional unit circle, and em-
ploying the optimum receiver for this particular signal set (namely, choosing
that signal which corresponds to the maxiraum correlator output), from (2.31)

the probability of detection is given by

| M |
Py (l; {§1}) = —1\%- .ZlPr[ (¥'5,) = max (Y- §j)/§i was transmitted] |
1= J

- When PD is written in this manner there is no restriction on dimensionality.

However, in two dimensions we can express PD in the following way:

Theorem 3.1, For the received vector Y, given by (3.4), where N has a

Gaugsian probability density function with covariance matrix

1 0
0 1
the probability of detection can be written

2
r

g.
1 M i/2 Arcosad
W L e @
i=1 0

DO

2/ 00 -
% 1L -A"'2
| PD(A;{Si}) = e Sor dr e

(3. 5)

where the angle Qi is the angle between signal vectors éi and §i +1 (number -
ing the signals consecutively around the unit circle and defining QM as the
angle between_SM and Sl).

Hence, we clearly have
M
g, =27 and 9,20, i
i i

1

1,...,M. (3.6)

i=1

Proof: Since the additive noise is independent of the a priori signal distribu-

tion, we can write
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where pN( ) is the noise p.d.f.

PD can then be expressed as

o)
w)
N

>

-

U

e
v
I

, M S .
S D) Sp(Y’/Si)d,YI (3. 8)
LR |

‘where Ri is the regidn where (Y- Si)a (Y- Sj). J=1,...,M (see [Migure 3. 2).

UNIT CIRCLE

Let

cos @
X=p - (3.9)
sin @ . ;




and define
6
!
A=
.8
Cp a2
Bg =8yt
A, Wl +?5"- (3. 10)
i = iT 2 '
j=1
Also
i El
s cos[ 6. ]
_ 1 Lizy
Si = = (3.11)
3 ri-1
S sin{- - 8 ]
2 I
Substitution yields
% 2
(iE) = L .
Py ( h,{Si}) o v S' dr re
(¢ —demw ) e () )
(3,12)
which can be further reduced to
2
2_ o0 - _1_]':’
(R {8})-——-—-e_l/2 S' dr re 2 I(Ar)
‘0
Where
C M ila . :
=), [ e M8 a (3. 13)

'QED
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Hence the probability of detection depends only on the BNR, 2, and
the set of angles {Hi} between the adjacent signal vectors.. This indicates
that PD is independent of rotations of the signal vectors about the origin,
which is equivalent to saying that PD Flepends only on signsl vector inner
products and is independent of orthogonal transformations made on them.
We prove this fact for all dimensions in the next chapter. PD is also in-
dependent of the order in which the signals are placed on the unit circle, .80
long as the angle between §i and the signal vector adjacent o it in‘the counter -
| clockwise direction remains Qi. This characterigtic is true only when D=2,

gince for D> 2, the concept of numbering the signals requires more criteria

- - for ordering.

Theorem 3. 2. Intwo dimensions, the optimal signal set (optimal in the sense
of maximizing the probability of detection) consists of the M signal vectors
equally spaced around the unit circle, and moreover, this is the optimum for
all gignal to-noise ratio.

Proof: It is sufficient to prove that I(xr) is maximized at every Ar>0 by
choosing Gi = 21\7175" i=1,. ,M, (i.e., equal spacing). This is accomplished
by showing that any other choice of {Bi} will be less than this.

Let IO(JLI‘) ‘correspond to the choice

91"—‘—1\2[-, i=1,...,M. ' | (3.1.4)
- Let
#(R) =S e oS 4, (3. 15)
o

#(8) is a convex downward function of B, for 0 < 8 Sirand any k. This is true

because

2
?__E‘_%l?i)_ = (-k sin ) e
8j

k cos B

I1I-6
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is either always =0 or always =0 depending on the given value of k.

In

our case k = Ar is always 20. Because of the convexity of f(g) (see Fig-

ure 3. 3),
F(B)
0 7 >B
FIGURE 3.3 |
. =S |
M M
F(Y% B )20 %F(8) LR
i=1 - i=1
whére
)
v. =1, .20,1i=1,...,M
{1 i i
and
Bi E[O: 7r]<: i - 1: :M
Let
6
. e ¥
Y T MY and Bi =3
then
)
By =
i=1 4
Substituting ]
T M 91
MF m—)a.ZF = (3.17)
i=1
Thus . /M
1 Ar cos a
o0 =gz § e o =
i=l Yo
: 6.
M i/2
-3 Ar cos a
M7 L S -~ da =I(ar) (3.18)
i=1 0 -
QED - |
" o " et ————— P — P -
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The probability of detection for this optimal signal get ig

: | 2 T
-A°f2 % 2 M
A 1. ~Lp
P, ("5{95.”'171" )=PD (W==e S‘ dr re” 2 S AT OBy
max , ' o . o
{3.19)
which can he rewritten as
(=] 00 .
By, (0= zg Gly) dy S © Gx) dx (3. 20)
. max " %o
[y ‘cat-I‘% - 1:,
where
G (%) = 1 --e-%'xz
, Var
. The minimum probability of error PE (A)=1- PI) (M) is
plotted in Figure 3. 4. min max

Note that the optimum receiver and optimal signal get were found
under the assumntion of an equi-likely a priori signal distribution. However,
the probability of detection of the resulting optimum. sysi:em i8 independent of
the a priori digtribution, which is an excellent property since the a priori dis-~
tribution is not really known in advance in practical situations. This does not
mean, _how-éver; that this system is optiriiﬁm for a known non-~equi-likely a
priori distribution,

3,2  Communication Efficiency and Channel Capacity for Two Dimensgional
-Slgnal Sets '

Communieatlon Bificiency is defined as

| B" - Average Received Signal Power (3 '2 15 |
[¢J ] [Informatmn Rate of Source in bits/ sec. ] .
In the basic model we have agsumed tha.i: successi‘m mesgages are

statistically independent, and that they are equally likely, Hence,

H = information rate of the source
= ].og2 M(bita /mesgage)

‘ _=—1—”108‘z M(bits/second), . - (3,23)

T |
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s Wheam

From (2. 6}
S
av 2
Thereiore .
: ' . 2
- TV
B = ; (3.23)
. 2 cIJc log2 M
and from (2, 29)
A2=Y-—5=Blog21v.t=BTI-I_ . (3.24)
PD can then be .expressed in terms of 8 and M as
max |
(=0} cO : .
By = 25 G(y) dy S‘ G(x) dx (3. 25)
. T max (o} .

—L?;** “,B 10g2 M]

[tan =V
The information rate at the output of an additive Gaussian contmuous

channel ig (Reference 3.1)

00 P_(f)+P ()
o1 : N 8
R=3 S. 1°g2-[ P (D ] di

o;.e 1 Ps(f) |
gz + =) B (f) df . | (3. 26)

where Ps(f) and PN(f) are the signal and noige spectral densities, respectively.

If the channel is band-limited to W cps on either side of the carrier, and the-

noise hag flat spectral density, the total noise power is N = AW CI)C, and

W P (£)
R=2S 1og[_1,+ g ]de
B @

. Yo . | c

where .

prif) =P {f+f)

. mp-10
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Channel capacity is the maximum attainable value of B, under a
given power restriction on the signal. If Pav is the maximum allowable

gignal power, R is maximized by a Gaﬁss‘ian signal that also hag a flat
spectral density, say S. Thus |

P__=4WS
av

and

P
Cyy = 2W log, [1 + ﬁ%&] | (3.27)
c

Since CW is a monotonically increasing function in W, if there is no

bandwidth restriction, we can allow W—, and

P
= eV .
C_= 5 (I)C log2 e > CW for all W. (3.28)

By Shannon' s Theorem, it is possible to transmit H bits /'sec. with zero

error if and only if H < C. Suppose H ig fixed at some value m =%—log21VF_.

Hence

M = 2T = gHT | (3. 29)
A method of obtaining arbitrarily small probability of error is to allow T to
become sufficiently large. In the limit ag T, for fixed H, M »c, Like-
wise A-»c0. f3, however, remains constant. For a given coding scheme the

probability of error is a function only of gand M.

When there is no restriction on bandwidth, Shanhoh‘ s Theorem states

P_+»1 asM-ow ifH<C
D ©0

P -0 asM-oew ifH>C _ (3. 30)
D ST o0 o o
-For H < Cm, W"E get
| Powr .. ' ' : |
H < 3 @C 1og2 e | , ‘ (3.31)
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or
Blog,e>2 | | (3. 321
Thus as M~eo, |

P_ -1 for qugz e>2

PDfO for B Iozgh e< 2 - : | _(és;.. 25 ..

S0, for a given H and given channel, the minimum average gighal power

- required for zero error is given by

av L]
omin

Consu:ler now the applz.cat:.on of these results to the case when D=2,

I (3 25) for large M

Y o NBies i~ IM RISV -
- Al\!BlogZM - .'\/Blogzlw 190

©otkan w—

M

as M- for every y>0. Thus

lim PD' = 0 for every B. - | (3...35)
M- max :

Strictly speaking, the true bandwidth of M-phase modulation systems

is undefinable because the process is non-stationary. (We are speaking

here of a stochaétic process.  Inthe prévious chapter i:he definition of haund-

mdth was for deterministic waveforms and employed the percent energy
concept,) If a substitute bandwidth is defined as the rai:m of number of de~ |

grees of freedom, D, to T, the message length, then

. \ o
Cy = 2W log, | 1+ | e

2W &
c

1i-12

P =2 @ Hlog_ 2 | | (3.34)




where now W = —% For D fixed at 2, ag T—>c, M—w and

limC_. =0
T—co W ' (3'37)

Since H is fixed at a value greater than zero, H > C_ =0, and since
lim P =0
T—o0 Dmax

from (3. 36), Shannon' s Theorem has been substantiated, T increasing and D

fixed is an example of a band decreasing code. Regular simplex and orthogonal

codes (to be discussed later) are examples of band increasging codes.

Even though signal design for finite time, T, is our primary purpose,
it is significant to show that the optimal results do satisfy Shannon' s limit

theorems for large T.

3.3 Partial Ordering of the Clags of Two Dimensional Signal Sets

In the previous chapter, the queetion of whether or not the optimal sig-
nal choice is dependent on the signal-to-noise ratio, A, was raised and was
said to be a significant part of the optimal signal design problem. In section
3.1, we prove that in the two-dimensional case, at any rate, the optimal signal
set is indeed independent of signal -to-noise ratio, The question still remains,
however, as to whether it is possible to have two suboptimal signal sets, say
{S ., i=1,..., M} and {- i =1, .» M} such that the probability of detection for
{S } namely Py (?L I8, }) , is larger than that for {S } for some A while the

reversge is true for other A.

The problem invplved here can be phrased in terms of a partial order-
ing of the cluss of signal sets (or equivalently a partial ordering of the class
of non.—negative definite M x M matricies of given rank). We induce a partial

ordering by sa.ylng

{8, ;- is preferred to {S . if and only if

py (2 B > % ( A {§;}) forall x>0, (3. 38)

II1-13
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: 3
Asg in section 3.1, let us represent a set of M signals in two-" o
dimensions, by the angles between adjacent pbints on the unit circle; Q
i

thus a set of M gignals can be specifiéd by the column vector

91 :

9 = 1

Iy :

where
M o

), 6, =2 3

i=1 “

The induced partial ordering is definitely non-empty because the
optimal choice, namely equal spacing, is better than any other choice for

all A, However, we can say more. Consider the following

Definition:

One set of M signals (8') is said to be more equally spaced

than another set of M signale (9) if they can be related by

) ey .
.

9') = (P) (9) - (3. 39)
where the M x M mairix P is such that a

M 3

M
_Z pij =Z, pi,]' =]1foralli,j=1,..., M
i=1 j=1 :
and '

pij Z0foralli,j=1,...,M,

- Then we can prove the following

Theorem: 3.3

Suppos_e (9') is more equally spaced than (), Then,
« (01 o= . Yy Y =
P (a, 0 )) =P (% (e)) for all A= 0,

Proof

As always, assume all signals equi-likely,

Ii-14
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Since

(8') = (P) (6)

M
:Z.pl

k
Then, because of the convexity in 8 of g g~ oS @ de,

M
I (Ar; (0! )) =.~°§ S‘ "" oS & 4

M .
" Z P;; 65/2 6./2
=1 Ar cOS o J Ar cos o
=Z S e daz ) ) pi.S e de
i=1 i I%
0./2
M ~7j
) S‘ oS gy (2r, (9)) ~(3.40)
=1 %o :

Since this inequality holds for allAr =20

P (20 )) 2P (h;('e)) for all A = 0 -

3.4 Example Demonsirating Dependence of Some Suboptimal Signal
Sets on SNR

. Hence the subclass of signal sets which can be related as in the above

- definition is totally crdered. However, not all sets of signals can be so

related. If one signal set has a higher probability of detection for some 2,
it is not necessarily true that it has a higher PD for all A, The following
example demonstrates both of these facts. -

Theorem: 3.4

Let (8') = (91' =-_,15;9; =5 0, =5’£.

T 3 | 97

d = = e b - — 2 e

and (6) = (6, =330, T 9=7F)
III-15
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{Since Gl is less than @ 1° 8., and 93, and gince 8 3 is greater than

21‘
§4s 8y, and §g, (6") and (§) cannot be related by a matrix P having the

characteristics indicated above).

Then

PD (h;(9)>> PD (h.;(@' )) for small A
and

Py (A;(B))< P, (JL;(Q')) for large .
Proof:

For small A,

Differentiating (3. 13) with respect to A and getting A = 0 yields

= | in — + si §—7£+sin9~7—£
“3r | %18 TP TE 16

2. 09976] .
L

op, (% (e*))l
oA I A=0

R o3 [2. 01367] .
Therefore, in the neighborhcod of A = 0

Py (% @) > pp (men) .
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For large A, o
we must show that for A sufficiently large ‘}
A =r (%@ ) - Pp (% (0) ﬁ
-1 :
= ....:!'... -;"2/2 © r dr 2 r -i
57 © e j
0
ar 67 107 A s
1 6 1
S "S T"S e}\.rcosada’.>>0 B
T car o Yor
16 1 6 ) i
. 97 107 |
The integral from 18 to = =g VT t.a is always positive.
Hence:
o N
| 1 229 - %rz _é' AT
A > =— e S. rdre <S. cosa&
w
. 0 T il._.
16 16 y |
forallAz0,
2T f
— : 2T .
S‘l Arcosa ., ¥ T
do e D @ :
16
T
16
forallAr 20
and
67"
16 e
S’ do T COS @ o 27 AT COS 77
* ~ 18
_4_2 .
1 .
| ' for all Ar =0
it is sufficient to show that
5 Ar cos 16 Ar cos 8

AR} > ( )(ETS') --?LZ/ZS' rdr e

is greatér t-han zero for ?L'safficien’cly 1arge.
- III-17
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Since:

S s T e e T

2

| eo -%r” rar
? Srdre -

5 _ | -

| | : . a2/2 |
} | . =1+anN27 e [1-erf(a):',

'Where -,
‘ w % & '
dt
erfc {a) =5 g—mf-w—-
A m | | L] o P

it is sufficient to show )

3.2 coss2 2T

9 16

A(Q) > (%) (-i-lé-) 'a“?L /2 1+A (cos-——-— Nor e 2
2 2 4T

AT cog” =—

' 186
[1 - erf (?L cos —= 16 :l—'z 1+7L(cos —-——) Nar e 2 [1 exrf (?Lcos 16 :H >0

- or eQuivalently that

2 2 27
A~ cos 16

1+h(cos~——-)‘\/2ﬂ"e | 2 .[1-erf(hcos?g ]

2 2 4w
Acos-i—é-

-2<{1+2 cos--—) N2T e 2 [1-erf (hcos%%)] >0

which implies

2 2 27
A~ cos 16

N N 2 21y,
(cos wl-g) e : [1 -~ erf (PL CO8 —= 16 ]

247
16




- 2
-1 x2 .
....Z-me ? L < erf x < g for all x> 0
N2m x .8 zNar
(Reference 3. 5) to make the substitutions
-1 22 cog? '12"%
2w e |
erf (J’L cos—ﬁ;-)'( T —
Mdcos —— N 2T
16
and
- % A% cos? %
erf (h cos ar )> s - : - L
16 Nam A cos -%g- 23 cos® 27

16

A(X) can then be Shown greater than zero for X sufficiently large if we can

show
2 297 [ | .
A, cos 7w -1 Az cosz%g
( 2T 2 e
cos Tg) e , 1 - o
- . - 27 XA cos 16
22 cog? &7 - 122 247 "]
_ 18 - 5 A" cos 16
-2 cosﬂ)e 2 1-S 1 o1 s L
| 16 . v an X cos 2L )3 cqs3 an Avar
] 16 18/ | -
which implies
22 cog? 2T IR Gl T
(cbs?— e 16> 2ic —4-?- 16-}- -% 1 :
16) REEANCA TV A /783 24an
: A CcOo8 =z
16
But the last inequality holds whenever
<2 2 ar ' 2 247w
AT Ccos8 AT cos =
Y AR T 4w 16 |
(cos-ﬁ- e : > 2 cos-i-é- e +landAaA>1,
‘which holds whenevex_'
- 97 A _coszi'?-'jg A cqsz% -
(cosfZ)e P >ae and X > 1
' Since this last inequality is valid for all




:

j

‘_faritls-.ﬁn(c:o.e;ﬁ’-E U | | B &

22> 1071 =22 > i

co 227 os 2T ° ‘3

S 16 COoSs 16 1 | | o q

we can conclude | | z

i . ' . . R . ,!
. ' (O > : 4
P, (%:00)) <Py (i(01) for all 2> 2 :

: g

. Probabilities of error vs. signal-to-noise ratio are presented in i

Figure 3.5 for (8) and (9 '). The results show, for example, that ff

%-é_

PE (A = 10; (0) )m 1072

pp (=10 0)m 0™
Py (=20 0) ) m 1'.0""4_
: PE (}L : <2'0; (9')) N 10,-14

indicating that (9') at A = 10 is as good as (6) at A = 20.
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- of detection is mammlzed by the matched filter, which forms

~ termine the optimal signal set's dépendence or indepéndenée of signal -to-

 of the class of admissible signal sets iadmzlss:l.ble in the sense that they

4 1
{
IV. GENERAL THEORY | !
. ,ig
Liet us begin by again giving a precise statement of the signal design !
problem, stated in the way that we will henceforth congider it. n

Let Y besa 'D ~dimensional vector random variable (real valued) of

the form:

Y=}sz+z N (4. 1)

where Z is a Gaussian random vector with zero mean and whoge covariance
matrix is the D-by-D identity matrix, where S is one of M equally likely

signal vectors, each SJ being a known unit vecior inEB_ (D dlmensz.onal

D
Huclidean Space) with D=M, and where A > 0 is the signal -to -noise ratio,

After observing Y we are asked to optimally determine (optimum in the sense
of maximizing the probability of detection) which S has been transmitted.

J .
For a fixed signal set {S > §=1,...,M}, it is well known that the probability

u, -"-"(Y',S.), i=1,...,M -
i i
and decides Sj was transmitted if

E. = max Ei'
i

The corresponding pro’ ability of detection is
By (h;{Sj}) =ﬁj§Pr(Ej=main /Y=>\sj+z) (4.2

The optimal signal design problem is to find that set of vector_s.{sj}

which makes this probability a maximum for various M and D, and to de-

noise ratio.

In this chapter we shall discuss some of the sa.gmfzcant propertles

Iv-1
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. satisfy all of the d.esignated restrictions), and find certain subclasses of |

signal sets which contain the optimal sets. This will give certain charac-
teristics which the optimal sets must poséess and simulténeoﬁsly reduce
the size of the class which contains the optimal sets. Then in later chap-
ters we will show that certain signal sets are optimum under different
dimensionality restrictions, and indicate precis.ely in what sense they are

optimum.

It will be convenient to denote the set of signal vector inner products,

{?Lij}, by the symmetric M-by-M matrix

o = N | (Q. 3)

LEMMA 4.1 ¢ is non-negative definite.

Proof

Define 5=(8.,85

1 2"-""’S

IVI)’ a row of column vectors

which is-D-by -M.

: ]
Then o =8 8 and is M-by-M.,
For any column vector a

_a*a: g = a"c S"‘Sa = (5 :SL):‘= (Sa)=z0

since the last quantity is a sum of squares. Hence o is non-negative definite.

QED

Note that the rank of the matrix o is egual to the allowed degrees of

freedom of the signal set. Thus o is M-by-M and has rank D,

Also, PD (?L;{Sj}_)is a non~decreasing function in A with

Iv-2.




P (0,,' {Sj}) =1\17£ for any set of {Sj} and

i By (u {8J) =1 if the 5, are all different.

A~ o0
From (4. 2), we can write

Pr(E. =maxE./Y = A8, +z)
3o j

1 - |: 1 . | '
- ——7 eXp -5 (Y-?LS) ' (Y")-S-)]d[Y
S (271‘)5/2 | ) . ! I |

&
(4. 4)
where
- Aj'is the region where (Y-Sj) 2 (Y-8,) for i = j.
The infegrand in (4. 4) is
Lo e '_.;.2'_1.
" ® (Y?LSJ.) (Yasj)ze R 7 (¥ fy)+>L(Ysjl (4. B)
Substituting these into (4. 2), we obtain
. 2 M ! -1 (YY) +’A(Y*S)
1L =EX 1 2 T
By (ufs}) == Pt —E— ¥ 55‘ a |y
D ( J) M (2ﬂ,)D(z f1 9, |
1 12 g(YY)HLmax(YS) P el | 6 ‘
"M ¢ -(Z)Dlzg g J o

where ED is the entire D-dimensional space. This can be expressed as

2 .

1 .
_ 1 "3 A max (¥ S.)(
PD(?L,{Sj}) = e B o P | (4.7)

where Y is now a D-variate Gaussian with zZero mean and covariance matrix

equal to the D-by -ZD 1dent1ty matrlx When m‘cerpreted in thls way, Y is
1ndependent of S'_J We shall adopt the notatmn

-3
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i}
j
for a Gaussian variate, ¥, with mean m, and covariance matrix C. ;
- Now let :
5, =(V-8), j=1,....M | | (4.9) 1
and | j
£y 4
§ = , (4. 10) ’
"M ]
Then g=8"Y, g
sk s
E(g) = B(S Y) =8 E(Y) = (0),
and
3 o} ] b
cov(E) =B(EE) =FB(S YY S) =S S =0
. Substituting:
1 3 () max (v.8)
- X ‘ 2
B (Mf8)) =g e E{e j 3}
L2 | | .
_ 1 ~z A, Amax E | _ oy ]
=i © E {e § } = P (X @) (4.11) o

where § has p.d.f. which is G(§;0; o).

Hence, P}j is a function only of Aand the matrix of signal vector inner

products, o, and is therefore invariant to any orthogonal transformation on

~the signal vectors. Thus it is sufficient to specify a signal set by its set of 5
inner products. |

Also, if we define

WAe) =B {e>L m?x Ei] | (4. 12) |

then 2

. 1 5

Ly =Ll mEA : )



and the optimization problem .has been reduced to finding that o matrix

which maximizes ¢&(A; @) in (4, 12) for various A.

We now define the class of admissible @, I", as those M~by-M
symmetric non-negative definite matricies' with one! g along the main diag-~

onal and all off diagonal elements =1 in magnitude.

The remainder of this chapter is spent in finding certain subclasges

of I' which contain the opiimum e.

4,1 Convex Body Congiderations; Sniall Signal ~to -Noise Ratio

The maximization of P(};0) in the neighborhood of A =0 can be put

in the context of Convex Body Theory. (For the necegsary theory of convex -

bodies, see References 4.4 and 4.5.) To do this, let

I—IS(Y) = max (Y*8,) ' (4. 14)
i i

I-IS(Y) is the support function of the polytope formed by the set of vectors
{S‘i}' The polytope in this case is the set

M M
YIY=)8:)=Lvyz0,i=1...,M
i=1 © 7 i=1

which is the convex hull generated by the {S.}.

Substituting into {4. 6)
1 -2 | D) T e ‘- | (4. 15)
2 ; ] .
PD(R,Q) -ﬁe ‘S\---S'exp {l HS (Y) "“—*"2—-—] a|Yl B
By noting that for any function #( )

) 0 alx - (P { oo
0 : _

D

D .
where r-z = Z y'?fl-, S_:ZD.is the surface of the D~-dimensional unit sphere, and
i=1 -

dQ2 ig the surface element on

D’ we can write ¢(X; @) as

IV=5

IO P Q._‘.“ et o .
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R UUSUOUUI S =

. . : 00 L
olx; ) = w——)-ﬁ%é— 5 r’D-l dre S' e - dse , {4. 16}
7 o -

where Y is now of unit magnitude,

Since ¢(0;@) = 1 for every o, if there is a choice of @ which maxi- .
mizes ¢{};a) for small X (or if there is a choice of @ which maximizes
o{A; @) independent'of A) it necess‘é.i:'ily must maxirhize the derivative of

¢(%; @) with respect to A at the origin. Thﬁs from (4.16)

d(N;0) | * D 42 L D'El) - ‘
’ whgfe
B'=S' Hg (;y) as, | | (4.18)

SZD_

B is'the mean width of the convex bodj, which .is equal to
B (4. 19)
D .

and where W ig the surface area of the D -dimensional unit sphere.

ie., Wy S

or

z(ﬁr)
r (-—)
' 1"( ) in (4. 17) and (4. 19) is the gamma function,

Thus for a given D and M, a necessary condition for the optimum o
is that it maximize.the rn'e.an Wldth This.' forinulation is independent of_ co-
~ordinate rotations., As defined here, the mean Width is an average radial
distance, averaged uniformly over the D-dimensional unit sphere. It is not

-an average diameter, as the name might imply.
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Using the theory of convex bodies, it can be proven that when
D=M-1, the polytope which maximizes the mean width is the regular gim-

plex, which consists of M vectors having an inner product siructure given by

1\ | 1
N M-1
ap = -1 N | (4. 20)
M-1 N
M
i.e., hij = i/[l-l for all i # j. From further geometrical considerations it
can be shown that n iz the only polytope which maximizes the mean width.

Therefore for small A (sma.ll in the senge that a first order apprdximation is

sufficient), and D=M-1, the regular simplex is the optimum signal set. The
maximum mean width for M points and D<M-1 will be less than that of the
regular simplgx. In the next section, we ‘show that the mear width is not in-
creaged by allowing D to equal M. Thus, if D is left unspecified, the di-

mensionality in which the largest mean width is atiained is D=M~-1, and the

corresponding signal set is the regular simplex.

EXAMPLE:

To agree with the two dimengional resulis of the previous chapter,

we must be able to show the following:

THEOREM 4.1, The mean width for D=2 and M = any integer is maximigzed

by equally spacing the M points on the unit circle.

Proof: First we show that in two dimensions the

Mean Width = B

e ) ~
o = a (Perlmeter). (4. 21)

Given any M points on the unit circle with éorresponding angles {91} as indi-

| 'c:'ated in Figure 4.1, then the

M 8.
Perimeter =P = Z p, Where p, = 2 sin —
&t 1 2

Iv-7

R S PR

e e




UNIT CIRCLE

Pm
FIGURE 4.1
Hence
' M Oi ;
P=ZZs1n—2— (4.22)
1=1
f32 can be written
. 1 2T .
B, - -2—”3"0 L(¢) dg (4. 23)

where, for any angle ¢, L () is the radial distance at that angle, from the
origin to the point where lines drawn perpendicular to the radial line first

intersect the perimeter of the polygon. This is illustrated in Figure 4. 2.

Now, from Figures 4.1 and 4.2

L 1 L
B2 = o= (Perimeter)

for any arbitrary spacing of M points.
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FIGURE 4. 2

Now we maximize the perimeter. The function

sin($) 056 = 2n

is convex downward. Because Jof its convexity, we can write

where

and

Let

therefore

M M
sin( Zgi xi) 2 Z (sin Xi) a,

i=1 i=1
M .
Za. = 1; @ 2 0;
. i i
i=1

X, € [0,n]

8

. =L
i 2

X €f0, m] for all i,

- Lwe L a _ﬂ i

et o e e s

ORI/~ S

JNE P S el s Ak
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.Li.\;ﬁ'ﬁ'-‘b_ P P T, ol .

-

‘E
:

and o
: Mo :
Z Q, = 1 4
i=1 j
Substituting:
' M 0.\ M %)
i 7 ( ‘ﬂ') 1 . ( i)
sin — — | =gsin {5 )z) — sin| =
(iZ&M 2) M/ M 2 i
_Bince M 1 0. j
E L T
Zh M 2 M
Thus - ]
. o~ M 8
ZMsin(ﬁ)z E 2 sin| = |= P
. . 2
’ i=1 .
This proves that the perimeter is reduced if the #'s are chosen
different from Qi = -?%- s 1=1,..., M.

QED

In this section we have shown that finding optimal ¢ fo small A
is equivalent to maximizing the mean width. It is worth notiﬁg that the

optimigation can be phrased in the reverse order, namely, for a given M

and D maxiimizing the mean width is equivalent to maximizing PD (A; @) for
small . This is particularly significant because the geometric problem of

maximizing the mean width for arbitrary M and D is in general still open.

It should be emphasized that if it were known that i:hé optimum o
were ind'epe’.ﬁdent of signal-to-noise ratio for all M and D, then the .probiem
would be reduced to maximizing the mean width for various M and D, and
the. optimal signal'desig.n probiem would be strictly 2 geometric one. How- |
ever, to date the opizlmum o has been shown to be independent of ?tonly for

the case when D=2, Also, the counter example in the previous chapter,

Iv-10°




indicating that the preference of suboptimal signal sets can indeed dépend
on A, puis all the more emphasis on being able to demonstrate the optimal
sets' dependence or lack of dependence on A. However, all of the local
optimal results that e:scisi: at present are independent of A, The later chap—

ters will discuss these results in detail,

We now find other characteristics which the optimal o must possess,

thereby further reducing the size of the class containing the optimal sets.

4.2 Linearljr Dependent vs. 'Linearly Independent Signal Sets

THEOREM 4.2. For each set of lineaply independent vectors {Si’ i=1,...,M},
there exists a set of linearly dependent vectors {S'i,, i=1,..., M} with a

greater probability of detection at all signal-to-noise ratio.

Remark: This is not to say that all dependent sets are preferred over all
independent sets. This theorem does say, however, that all optimal sig-

nal sets lie in fhe class of linearly dependent vectors. Or, it is sufficient to
prove that PD for the optimum e, namely PD (M; &) is greater than PD {(A;0) for

a corresponding to linearly dependent veciors.

Proof:

Since the dimensionality of the linearly independent signal set is M,
there exists an M~1 flat through the tips of the {Si}’ defined by the M equa-

tions (see Figure 4. 3);

M~ DIMENSIONAL
| FLAT

- FIGURE 4.3
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((Si-peN)-eN)--O, i=1,...,M

where e N is the unit normal to the M ~1 flat and p is the projected distance

from O to the flat, which is the distance QO" in Figure 4. 3. These defining

equations can be rewritten

(Si-eN)=p, i=1,...,M.

. where p=0. (If p=0, this implies (E‘Ji Cen) = 0, which implies each Si is

orthogonal to e, implying that the {Si} occupy only M-1 dimensions and

are therefore linearly dependent.)

Let Ri be such that

Si--Ri-i-'peN;
then

Hsll V(5" 5 =1=‘/(1=.',_1~Ri)+,:,2
and

”RH \/1-9 <1
Now let

R, o
S! = i=1,...,M.
i

[1-,2

The S'i are M unit vectors in the M -1 flat, hence they are linearly dependent.

As in (4.9), let | -
(x %)

2
1-p

(R.-R.)
P —
2

1-p

-(Y S')-—

then

| E(%"i S'j
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and

| (Y.R.) ‘
£i=(Y-si)=,/1-pz —\[-___2_1- +p (Y- o)
1-p

- .
=1 - t .

\f .p &Y ply eN)

Therefore -

(A ) = E{eh m?X Ei} =B {exp [_?L maitx (Jl - pz' E'i+-p(YaeN)):l} ‘

AplY -ey;) 2
.=E{ep N e?t.l p mai.xg'i}

Liet

u=(Y. eN)

The vector Y is a Gaussian variate, hence u is a Gaussian random variable
with |
(u) =0

wle
e

2 S % _
E(u") -_-E(eNYY eN) =e..e. =1

Z
Z

and

3k
eN Y 5

Blu E'i) =B

Thus u is independent of the & ti.'

Since
2 2,
E{ehp“} =elp /2
then
_ 2 2 _ 2 .
gb(_l;_os) =_e?tp [2 - ehl p ‘maiX Ei)
and 2 | 1-§(1-92)11"p2 ma};“. g'
PD (}’L;cg) =-M-e ' Ele oy i
o . IV-13
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Define
. 2 <
1 A7f2 . Amax EL\
. ' - -
PD(}(.,O!) i € E(e i 1)
where
i\ ,
. \\ I_ .
o' = N K
AL, AN
ji N
AN . y
M
with
A, =B - 81)
i 1 J

is the inner 'prodﬁct matrix of the dependent vectors.

Therefore,
-PI') (>L 1- pz; o) =Py(xa) | (4, 25)
Sinc:.e‘ /1 - _p-zl. <1 and PD is a monqtonigally increa.éing function in A, we have
| | II'?I')(.}L; a') > Pb(l; q) for all A. : - | (4. 26)
_ QE_I_)_

Stated another way, (4.24) indicates that the SNR required to attain a
given error rate by the linearly dependent signal set is not as great as that
required for the linearly independent signal set. We now use this result to
get a precise compérison between certain signal sets as demonstrated in the

following two imporitant examples.

HExample 1, Orthogonal Signal Set vs. the Regular Simplex.

The orthogonal signal set is characteri__zed by an inner pz;od_uct
matrix equal to the M-by —lVI idéntity matrix, which we shallfdenote' by a'o,'
and that for the regular simplex, o is given by (4.20). The orthogonal
signal set is a linearly independent signal set. We assume the-vectors of
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this set align themselves with the coordinate axes in EIVI' If they do not,
we can uge an orthogonal transformation to align them. Th_is.does not

alter ‘PD, since PD is invariant to orthogonal transformations on the gig-
nal set. |

To :f:‘ind p for @, we foilow the same procedure as in the previous
proof, i.e.,

(Si-eN) =p, i=1,...,,M,

Defiﬁe
P
5’ =
\ P
Then
* . .
| S ey =P
where as before S = (Sl, cee SM).
Now
kL 2 E o E ok ~
pPp=Mp" =(Sey) (Bey)=ey ey=1
and
2 _1
P M :
As before |
- - . 2
(Si S]) = 6ij"{Ri ! RJ} +p .
Thus
1 -pz i Q=]
(R, ‘R,) =
t J -pz A if i#ij
_IV-15__

. " 4 —d -

PSR N

. ._,.s...u_,fﬂ“..._-;-;m.__-.._.;;..._




= e
;

— ERFTNIP R B

and :
(. |
1 £ i=
(1,81 = £ |
R R N S RV
2 “f-1 o

'\ 1-p

which corresponds to the regular simplex signal strucﬁui'e,. where

\\ -1
o = \ M~1
R -1 \
M-1

By substitution, we have

| o Py (e ;ép (7“/@";&_:1_ ; “R)
or (rescaling_'kti. e.,'-:i ‘/El\_a’i - R) |

[N oe o - | ¥
p (}L M1 %) = Fp (Meg) | (.20

Note that,féxf small M, the improvement of over a is greater

(04
R
than for large M. As M-, oziﬂ-* @, and the signal sets become identichl.

In the orthogonal signal set, the Ei are all independent Gaussian
random variablés with mean zero and unit variance. Hence P (}; a) can

be written directly as

2
2, - . 2 - L g
A% /2 ' A7/2 M a0 AE, 2 >
Bk e om{AmEl.L Y (T tie g

» ) pexpl i | | | o o M1
LSRR A S g ar L., dE - .G(x-h)dx[d:cx)]
Sl ' S . (Nt L M Soo _

(4, 28)

s ok




where

X
p{x) = S. G{y) dy < (4.29)

and

G (x) = ,\,-2-3; e % ¥ | (4. 30)

By using (4, 27), we also have a direct way of evaluating ,PD'().; aR), namely

P(?L,a)-Sw (x-a/—_)dx[(x)]M% (4.31)

Uging (3. 24), this can be expressed in terms of Communication Effibiency,
B, and M as

M-1

=cO

w | [FMiog, M \p M-I | |
PD.(ﬁ;QR)::SG(x- 2 )[qb(}:)} dx (4.32)

Plots of PD(A;QR) vs. Afor various Mare given in Figure 5. 2in the nextchapter.

Example 2. Ag a slight generalization of the previous example, we take

.(si . sj) =y for alli‘;é i

which is the equi-correlated sighal set. Denote itg inner product matrix by

1‘\
o = \ (4. 33)
it TN &
1
-1
Note that = v because
#{ M :
22; 8] - 321 8] =M+ M?M-«l}y.

Also oz characterizes linearly mdependent signul sets for all v such that

-1
1>7>M T
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Lemma 4. 2: The distance p from the origin to the M-~1 flat generated by

M vector tips which are linearly independent is

92 = .1\11? () . | | (4. 34)

Y Y C.a)
i=1 jZ:L 4

&

where D{a) is thé determinant of @ and Cij {a) is the cofactor of the ijth

element of a.

:

ats
0

(S*eN )*=_e§s =5 ={1,1,...,00p

Sinee S is an M-by-M matrix in this case with D(S) = 0, we can write

L i R |
ey =0 8
from which
1>:=
eN - 87 5
Then
s ot 1 lb 2 1 1* e
eNeN=1=p 5 78 g=p (1,1,...,1)8 78 (1, , 1)
But
8131 -(S"‘S)l=cg1
Hence
2 _ 1 _ 1 _ __ Dla)
P " M M M

{=15=1

. QED
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In our exampile:

D(a) * (1-p™Mt [ 1 +(M-1)7] (4. 35)
¢, =t (1-pM "2 % ] (4. 37)

from which

07 = e L+ (1) ]

Again using the same procedure as in the previous example

for all i#j, (4. 38)
1-p (1- )(1-7) M-1

‘which again agrees with the regular simplex, Substituting and using

'(i—pz) = (1\—&1-%) (1~-v), yields -

B (e} = M-1}{1-7) ;
PD(?L, &7) = PD (?L/ Y Q'R) (4. 39)

or equivalently, using Example 1

PDQ;O"@) =Py (2.«] 1-y; o.’o) | | (4. 40)

4.3  Gradient of the Probability of Detection

We now determine the gradient of PD(}\.;Q) , which is a fundamental

- guantity in the analysis. The gradient will be uged to determine necessary

conditions which gignal sets must satisfy to be a local optimum, A general
result obtained in this section will further reduce the size of the class of

gignal sets which contain the optimal sets,

Iv-19
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From (4,13)

1 ) il
y_1 -zh A max &,
PD(A’.O") " Wi e "bE{e ; 1}

Let

X = max *g".i

‘ i
-and . _

Py (x;a) be the probability density function of x.
Then -
1 "Eh Ax -
B (ua) = e S:we " By (i) dx (4.41)

Define

< ' . .
d{x;a) =Sﬂ Pyt (y;a) dy = Pr ![ max Ei=y5x:| S 5 G (*g’ o) d g

1‘ .
| : M ~fold

Substituting

o(X; a)“MP (?Lav)e S AX __21_ ’:(}e{;a)]dx

= Sb R a%{-l}l)(x;a) - {¢(x) }M} dx + MSA ™* [qb(x) :IM ;'1.G(.x) dx

(4. 43)

The second integral is not a function of ¢. Integrating the first integral by

parts gives

(A @) = R [(I) (x;0) - {p(x) }M] -h5 R [(I)(x;a_e) - 8= }M ] dx
A [T - . M.-]_ S : : : .
+ M‘S‘ G(x) [ $(x) ] dx g | _ (4, 44)
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ix

. M. -
As x>0, O (i) ~ [ ¢ (is:)] -0 as e . Thus the first term in {4, 44)
vanishes, |

Now take the derivative of ¢ (A ) with respect to 3.1 9

Thus

qu(?t, AS' ?LX a@(x,a*) dx

== X _meh'x -5%-—[53{5‘ G(é;.ﬂ;a) d"é’l ]dx
=-A.S' [S 5' { G(s, o,a)}dlsl]

Denote the Characteristic Function of G{£;0se) by C(t;e), where t is

{4. 45)

a M-by-1 column vector, Then

1 LS
_ "'-é- t ot :
Cltia) = e - (4. 48)

and _ .
G (& o;a) =3“1 [C(t;a}]

‘where 23“ 1{ } indicates the M-dimension_al inverse Fourier Transform.

Thus
--t ot
G(&10; ) = S g g e =3 d [t . (4. 47)
271')
Using this
ét*at |
BG(E,o,a) 5‘ g it 1t £ e a il
(w/—z—n)M ‘
-~t ot
d|t]
S o R
=-§% G (&;0; )
(98,

o rye21

PR
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or, using slightly' different notation

9 G{&;o5a) _ 9 G(gl-’ ve EM: o)

_ - (4. 48)
allz 8‘§1 asg
Substituting: ,
- 2
5 }L;a)_ h ooZ.X X 0 G(E’l,...,‘é’ :0:) 1
BdNia) 5 | M gy B d |g|
oA 0&. 9§, .
12 =00 =50 1 7°2
- M-fold
= —RS‘ e dx [5 S‘ G{X X,§3, LI !Emi OJQ’) ds 'dEM]
- M-2 fold. | |
~2fo (4. 49)
The integral is 2 0 for all A. Therefore
B0l <g porana >o. e (4. 50)
oA
S 12
Similarly |
. }
-ﬁ——-—%a(;‘?“’) =0 forall A> o0, andalli# j. o (4.51)
o

Hence, decreasing Aij increases ¢(A;a), and we have proven the following.

Theorem 4. 3:

AL S, foralli#j - | (4. 52)
ij ij , | | .

then,
Py (% @)= P (Ne) for all X>0. -  {4.53)

This proves that when determining the optimum @, we should make

the {}L } as small as possible, which corresponds to placmg the set of sig-

nal vectors as far apart from one another as possmle within the restric- |

tions 1*nposed by the covariance matrlx Thls is what one mtultlvely would

I T = SN L . T
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| | ’z

expect. This gives a partial ordering of the class of admissible signal !

~ sets, which clearly is not a eomplete ordering.. Hence, this result re- | :%

duces the class of sets which contain the optimal sets, but does not tell -
precisely which sets are optimum. There is also no dimensionality re-

strictiqn in this result.
In particular, if

@, = max ..}
o imi

then, denoting the corresponding inner product matrix by ap s i.e.,

‘we have

PD(}\.;Q') > PD {x; ap }for all A, and hence, minimizing Py

‘ 0 ‘
which corresponds to maximizing the minimum distance within the
admisgible class, . prbvides a lowgar bound in this class and is independent
of A.

'_r'—"-v—‘-uw-r—v-—-"

4.4 - Signal Sets Whose Convex Hull Does Not Include the Origin

Definition: ‘The Convex Hull of a set of M vectors {S;} is the set

:- . ) M M )
i=1 i=1
? We must first prove the following theorem, which will be needed in what follows,

Theorem 4. 4,

Let x = max Ei, Where ‘g",i = (Y- Si)’ i=1, . .. , M, and
e | |

is a Gaussian variate with zero mean and covariance maitrix equal

to . Let Ppr(xia) be_ the probability density function of x.
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Then

pM (x;0) = 0 for x <l0 : (4. 55)

if and only if 7 contains the origin.

Proof:

O¢w implies there exists a set of {ai} such that

M M

), a8, =0,820 ) a =1
0] 1 1 1 ‘n 1

i=1 . =1

First suppose p,. (x;a) = 0 for all x < 0.
M

Con'sider. the

minimum

M M |
Lasl| Le=t a0
i=1 i=1
over all poSsibIe sets of {ai}‘ - That is, consider the poini closest to the
origin of the closed convex hull generated by the {Si}' Let
M

Z a5,

i=1

§ = min

Suppose 6 > 0. We have then satisfied all the hypotheses of the following

Lemma from Convex Body Theory (illustrated in Figure 4. 4).

Lemma 4.3; Let S equal a closed convex set in ED, with 0 'é S. Then

there exists a vector peE_ such that

D

(p.x) > 0 for all x€8S.

Applying this, call the vector which satisfies the Lemma Vo and

adjust its magnitude so that

oo 4
Jvov, = Hv |l =5

IV-24




Example of a Signal Structire Whose Convex Hull
Does Not Include the Origin

FIGURE 4.4
Then by the Lémma
(v - si)_> 0, i=1,..., M.
Now take

A= {Y \ YeE_; % = max (Y'3,)< 0}
D : i B 1
‘A is not empty because -V €A, Because of the strict mequah’ny in the
above L.emma, (-V ) is in the mtemor of A and it thus has non-zero prob-

ability, w which is a contradlctlon Therefore, 6 must be zero.

C'onvers.ely, assu-me § = _0,_ which implies that there exists a‘iZ 0

M
with ), a = 1, such that
L

i=1
) M
.2-%51,5-‘?'

" not all of the (Y. Si} can have the same

This 1mp11es that for every Ye ED

81gn because |

Ea(YS) ..ZaS = 0.
=L

sats ok e .J

e B o ok
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exists an M~2 flat through the tips of M~-1 of the {Si}, say Sl’ cee s D

Hence at leasi one of the (Y- Si) must be positive, that is

x = max (Y. Si) =20 forall¥,
i .

Thérefore

pM (x;0) = 0 for all x <0, . |
QED

Note that this proof is true for any M and any D. We ngw prove

the main theorem of this section.

Theorem 4. 5.

If {he convex hull generated by a set of {Si’ i=1,..., M} does not
include the origin, there exisis a signal set whose convex hull does iucltide
the drigih with a higher probability of detection for all signal-to-noise

ratios.

PI'.Oof :

Let @ correspond to a set of M linearly depend__ent vectors {Si}_.
From Theorem 4. 2, we know that all optimal signal sets are contained in
the class Whicﬁ are linearly dependent, and we can thus restrict our atten-
tion to this class. Assume the convex hull generated by the {Si}'does not

contain the origin.

"Assume the M vectors span E Then, since the convex hull

. M-1"
generated by the {Si} does not contain the origin, from the Lemma therel

*TM-1’

which separates the origin from the remaining vector SM-, as illustrated

for 3 signals in 2-space in Figure 4.5. Let the flat have equation
(Y. eN) =p

where p> 0 is the distance from the brigin to the flat, and e is the unit

normal fo the flat. Then

P
£
taa B e e e B

P VIR PO T P . S
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(Sped=p i=1,...,M-1,

o
.._.:h..u_A_Qm._--..._.I":.._-lL..._._.._ B JUR -

and

(SM- eN) > p.

Now define a new set of feciors {Sl'} such that | 3
L - .
Sir = Sy~ Zeyleyy Sof
and

Bl=8, i=1,...,M-L (4. 56).

o

The S'i are generaied by choosing the S*‘1 the same as the Si for those Si
whose tips generate the M-2 flat, and forming 8! from S__ by choosing the

: M M
component of SM perpendicular to the flat, and {aking its negative, and

leaving the components of S_, in the flat unchanged, as illustrated in

M
Figure 4. 6.

FIGURE 4. 5 | A FIGURE 4. 6

o - IV-27 N .




fer i,

We have
{8-8)y=1, i=1,..., M
i~i
Also |
1. 3 = - - -
{Si SM) Si [SM ..,eN (eN SN)] |
= S 5
(8,8, - 2(5;" e} (e S,
Since
(S}.: eN) =p>0
and
(eN- SM) >p>0
then
2
1 = t.@t - . -
}LiM (Si SM)<hiM 2 p <hiM’ i=1,...,M-1,
Since

AL, =2, foralli= ji, j<M,
ij ij .

we can conclude, using Theorem 4.3, ihat

- )= 0
PD {x; a")= PDQ,&) for all A > 0.

If the dlmenss.onahty of the {S } is D<M-1, and the convex hull gen-
eraited by the {S .} does not include the origin, there exists a D-1 {flat through
the f.lps of D of the {Si}’ say (Sl, s SD) such that

(e S, = p i=1,...,D

N

and

(e S)>p i=DH,....M

where again p is the distance from the origin to the flat and en is the unit

‘normal to the flat.
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Define {s'i} such that

and

! — - /) . . -. = . s .
Si Si‘ ?eN(eN Si) i=D+1, s M
Again we can conclude

. t .
PD (Aot 2 PD (M) for all A > 0,

If the convex hull generated by the {8 ’1} does not contain the origin, repeat

the procedure. Successive repetitions of the procedure will result in a

'signal set whose convex hull contains the origin. A maximum of D-1 itera-

tions will be needed for the hull of the resultant signal set to contain the

origin., Since the above inequality is true for each iteration, the proof is
compl_ete.
QRED

We insert at this point the following Lemma concerning the be-
havior of the components of the gradient vector, which will be used ex-

tensively in later chapters. It contains an important property which the |

gradient of the optimal set must possess.

Define

X | (4. 57)

Lemma 4. 4: For those ¢ whose corresponding convex hull contains the

origin

rﬁij (M) = 0 | (4. 58)

if and only if

| _ 17-29‘”'
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PSS 1) ‘b_j’

Remark: With the fact that g—%%\-}fi@-)- =0 for any }‘Lij and this Lemma, we

1j
can concl :e that as a function of ?Lij, the behavior vof PD(}L;a») is.as shown

...-l—...-L’ P NP e R .

in Figure 4,7, where the derivative with respect to ?Lij is zero only at

A, = -1,
1]

PEPOL VRN Uy S SN

s

R (hsal

J I S———
}
i
>

!

PD (L) vs. }Lij

FIGURE 4.7

Pro‘of: It.is sufficient to show

(;;12 (M) = 0 if and only if )le = ~1, From (4. 57) and (4. 49)

¢12 (Ase0) © X | . B

— = Sme dx ‘&EEG (=, x,'§3,...,'§'M; O:a) d'g°3.,.d§'M (4. 50)7
M-2 fold

From Théorem 4, 2, Wé know that the Gaussian density function in (4. 60) is

concentrated in an r-flat where r = M-~-1. Also from Theorem 4. 4,

Py (xa) = 0. for x < 0, from which we can conclude that the r-flat cannot be

loeated in .t-he negative orthant, where the *g"i are all less than zero. From

which it is immediate that the r-flat-also cannot be in the positive orthant

where the &’i are all greater than zero. Thus, the r-flat must be located

as in Figure 4. 8, where it necessarily intersects the origin since the

means of all the Ei are zero.
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NEGATIVE - —— :
/’ R HANT t— FLAT WHERE

/// // ' _ / - Gésﬁgég'r:m"rsaa

Position of r~Flat Containing G(&;0;a)
FIGURE 4. 8

From Theorems 4.4 and 4.5, for optimal seis the integral over

negative x in {4. 60) vanishes,. and can be written

. d;lz(?t,a) ©0 Ay X
=5 =S; e dx ywS G(x, =, 53, .. .,SM; 0;a) d§3- .. d§

; M (4.61)
b W
| M-2fold
Assume first that Aig T = -1, This implies that El = —82 ‘with ?rob—

ability 1. But in the integratlon over x in (4.61} we are iﬁtegrating only
over points where %’ = E = x. Hence (see Figure 4. 8), at every x > 0 the

Gaussian dens:Lty is 1dent1c:ally zero, and we can conclude
¢, 5(Ne) = |
- Conversely, assume ¢12(PL;Q)_= 0

Further assume ?Ll 9 > -1, from which we want to arrive at a con-
tradiction. To do this, write the Gaussian density in (4. 61) as a conditional

density in the following way
GE, =% &y =%, Eg..u8ppi05a) =

_Gv(gs_’ BRRAI VYA TR P ) G, =x &5 =% (4.62)
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where we call 2
‘ X

"1+ hlz

G, =x, “x)" CX)"—-———---——- | (4, 63)
51 12 oy 7

" and the conditional Gaussian density has mean

A + A
= (& g fe, <% £, =x) - 13 " %23 Mt o
3, LI I M 1 K] 2 1*-1 . 3 LI I ) > 1 +k -
12 12
(4. 84)
and covariance matrix equal to
13‘34 31 13 "23\ L Ao\ M My
AN | N .
J\.34 N K . : : ‘ 71.12 1 }L23 ?LZM
\\ 2
N N 1245
\ M-1,M
\
X - AVY X
3 -
\ Mo Mo, M N 1M 2M (4. 65)

(For reference, a summary of conditional Gaussian densities is given in

Appendix A),

Substituting:

¢ o0
12 (A e) =S' e?u:

i GIZ(X) Flz(x) dx (4. 66)

G

: X
F12(X)=S._m§ G(Es""’gm/g =% Sg T )de

where

(4 67)

When A, ,> -1, G {X) has positive measure for all x. Also I* (x]é 0 for

12

all x. Therefore, 1f we can show that there exists some x for Wh__ich Fizéx}._-

has positive measure, then we could conclude that
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contradicting the original assumption.

To do this, let

.
N _.sin.-..n_lna.._r-_..._.":....rh_ [PUROU. J

A o / - ] :l /h1.+ Aos ‘ !
g‘] - gJ - Ej El = X, 82 =X bt EJ \ 1+h12 Xy J'_S" JM y
]
(4.68) 1
Then ‘
g¥ X |
g G( g ) dE ak (4. 69V
12(:;,:) wj Egoevnnpp) dEg ... dEL | 4. 69 ;
where the Ej'rs have zero mean and covariance matrix given by (4.65), and J
YWD | |
: - 1372, ' '
@, =1 -2 5.3 M
j 1+7L12

If the p. d. £, 3(@3, ces QM) is nonsingular, then Flz(x) has positive
measure for all x, and the proof is complete. We know that this is not true,
however, because Flz(x-)'would then have positive measure for negative x,
hence implying pM(x;o:) > 0 for x <0, which is a contradiction. Therefore,

the density is singular, and, as before, it is concentrated in an r-flat through
the origin, where r < M~2. Similarly the r-flat cannot be in the negative or

positive orthant. Thus it is again in a position as indicated in Figure 4.8 for

the {Sj}.

In this case, to show that F (x) has positive measutre for scme x,
we must show that the direction ‘caken by the line segment (cr Ky on e sl X)),

M

as x varies over (0, «) is such that the negative orthant conss.stmg of all
A
§i<ai x, i=3,..., M, intersects the r-flat for some x. We claim that this

is'always the case, based on the following reasoning:

Suppose there is no x, as x varies over (0, 00), such that the nega-
tive orthant below (oegx, N Mx) intersects the 1=~ flat contam:.ng the

singular Gaussian distribution. This _mtuah_pn_ ig illustrated in Figure 4.9.
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N
i.mfz SEGMENT GENERATED BY & .
O3%y.--, 0y X) AS % VARIES OVER . [r-FLAT WHERE 8{ )
0,+00) | {IS COMENTIATED E ey

LINE SEGMENT GENERATED BY

7 : .
— ¢ (@gX &, %) AS % VARIES OVER
70 . o™
. : . A

//// ‘ ; _ \j

— NEGATIVE ORTHANT | '
BELOW ({a3X,...,0,%) | ' \

FIGURE 4. 9

In this case, if we then consider fhe integral over negative x (the dotted

line in Figure 4.9) it is immediate that the negative orthant below points
on this line intersects the r-flat, which implies pM(X;cz)> 0 for x<0, con- -
tradicting the assumption that the convex hull of the corresponding signal

set contains the origin. -

Therefore, we can conclude that FlZ(X) necessarily has positive
measure for x> 0 and 19 (X)) > 0 contradicting the original assumption.
Thus q&lz(h;af) ‘= 0 implies ?le = -

QED

JV-34

v u-ﬂ

JI S '.t;n_. — el M _cERE .o

PR SR

PIVEE VT S




R SR T T L T T T TR S B B L G b e S 1 2R T L T I LS T R L T e AR e g el BTSN LI e

4.5 The Admissible a-Space

It has already been shown that the admisgible o~space, I", consists
of those M-by-M symmetric non-negative definite matricies with 1's along

the mein diagonal and all off-diagonal elements such that hijl = 1.
We now mention some of the pertinent properties of the a~space.

First note that T" is bounded, for if we define the magnitude of a

® |
matrix in the usual way, by |tr [0 o] |, where tr means "the trace of", then

2 .
| % 2
HCL'H =|tr[a~ a-]|-<-~M . | (4. 70)
T is also convex, for if @, and @, are in T, then
o’ =By +(1-flay, - 0=ps1 (a7
is of the form
O
1 A,
\\ 13
N
IR |
Ji , .
and is non-negative definite, since for any M-by-1 vecior t
¥ o * % | ~
t a’t=ft e t+(1-p)t aytz 0 (4. 72)
Hence o
o €1,

It can similarly be shown that the class of positive definite o is
also convex. Therefore, the interior of I" consists of o« which are positive
definite, for which D{(a) > 0 and the boundary_cbnsists of those adinissible
o for which D(e) = 0. —There_fore we know that.all the oi:timal o lie on the

boundary of T.

It can also be shown that T" is closed. Further, its surface is

smooth since D(e) = 0 is a polynomial in the set.of {)i.ij}.‘

Lemma 4. B:

. . ) = '_ Y- . - T . e o ._= ) .
1) i};)l,:,i 0 if and only lfig;l'hij 0, j=1,..., M. (4. 73)
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M M

2) LA =0, =1,..., M, if and only if ), ), X, = (4: 74)
i=1 M i=1j=1 g
Proof:
M ' M M
Assume Z Si = 0. Then Z, Si . Sj = Z h'ij =0,j=1,..., M,
i=1 i=1 i=1
and hence
M M
) ), 2 =0
i=1j=1 Y
Conversely
M M M M M
Z Z_J Z 50087 28] | LS
i=l j= i=1 j=1 .\i=1 i=1
M | . %
If Z Si = A where A is not the zero vector, then A A > 0 and

ks
™E "

Aij > 0, contradicting the original assumption.

j=1 i=1 |
RED
Therefore the class of signals for which
M
) 8. =0 (4. 75)
o1 1

is identical fo the class for which

M M

Y, Zaij=o.

j=li=1

Note also that this class is a convex set, and that o for which
Z ) .
j=li=1 ™

M-1)

is'a hyperplane in the M( 5 Euclidean space containing I,
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If Z Rij =0, j=1,..., M, then the column vector (1,....,1)} is an

eigenvectior with corresponding eigenvalue equal to zero, because

i 1
(a') =0l ] - L - (4. 76)

Since D{w) is the product of the eigenvalues of @, we know that all
admissible signal sets for which ' |

L L A =0 | (4T
i=1j=1 Y | ~

all lie on the surface of I', because they have an eigenvalue equal to zero.

Note that this hyperplane defined by (4. 76) contains non-admissible as well

as admissible @. The regular simplex signal structure, o and the optimal

signal set when D=2, namely equal spacing, both lie in this hyperplane. Fig-

ure 4, 10 is an illustration of the o -space.

The following relationship will be used extensively in the next two

chapiers.

Lemma 4.6

For any symmetric matrix

8 D(a) _ S .
% =2 Cij {4.78)
LY |
where C i;]‘ is the cofactor including sign of Aij'

Proof:

. BExpanding D {@) in terms of the jth column yields

D) "k_;l’kj Cig

Then . | |
LTINS

9., ij Ak.] OA,.

e B Y

" - X797 e o

IR S

S .

i P e e e

P v

PRV . S




Now
aC, . - M | .
k] .9 2 kJ - oK
oA, . oA, .. li ji
ij . i} 1=1
“where C'Il? is the cofactor of the cofactor, i.e., the determinant resulting
th

after the k' and 'lth row and the ith and jth column have been removed

from a. Substituting

8 D(a)
aalJ ) C + >\]4:,] 1
' k#l \

Using the fact that Cj 1'1 = C 11, which resulis from ¢ being symmetrice, the

sqmmatlon becomes Cij QED

With this Lemma and noting that for the regular simplex the cij
are independent of i and j, it can be concluded that the tangent plane to the

surface defined by D(¢a) = 0 at «

R is given by

TANGENT MM }
PLANE DEFINED BY 22 N;; =0 ) 7
] '

D{a) =
/(BOUNDARY oF

REGULAR ———mg " ADMISSIBLE a)

SIMPLEX, ag

M(M-1)
2

THE DIMENSIONAL o«o-SPACE

FIGURE 4.10
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4.6 Series Expansions and Asymptiotic Approximations

In this section we use Hermite polynomial expansions for the prob-
ability of detection for large M and large A. A summary of these expan-~ m

‘sions, known as tetra-choric series, is given in Appendix B.. For further

details on tetra-choric series, see Reference 4.7. The asymptotic ex-

-pansion that is of most interest to us can be stated in the fqilowing:

Theorem 4.6: For large A and fixed M, the probability of detection can be

asymptotically approximated by

P (M) = 1-—228 ‘ L (4.79) ?
D M i=j Yor 'y A '
where
-2 i
Vi Ty T ¥, (4. 80)
A A ij
Proof: From (4. 41), we have
P {a) =I\l/I l S. (X,ce) dx
For ‘p,M (x;) we can write
PM (KaCl’) - 1 ('é’ = X) [Ej < *g"i_for all j#i/‘g"i = };:l
=Z G(x) p[§,<xfor allj#i/%’. =.X:I " {4.81)
i=1 J * .

N’ow

'p[»-’é. < x for all j#i /gi‘ = x:|

S‘. 5 pM 1 (El: vesy 1 1:§1+1: g/MEigﬁ)dgi.'.dsi"ldgi-}-i”'dgm ‘

M- 1 fold
(4. 82)

— - — .20 . S, .




Let
El
- i-1 -
Elz £ e E(Eilgl - X)
i+l
Ear
and
Rl = [5151/51 = x :'
Then

Pri-1 (5.1’ SEFL FETIL PR ,&'M/gi = x) =G (£ m; R,)

and
X. .
p(Ej < x for all 3#1/‘.§'i = x) = S.oog G(’é‘i; m,; Ri) d]‘g"il
g -
M-1{fold
Now let

(4. 83)

(4. 84)

p; is the ith column of o with lii = 1 removed. Thus Py is a (M-1)-by-1

column vector. Also--defin_eai as o with the i_.th row and 1

column re-

moved. a; is the unconditional covarianc~ matrix of Si. . Then from the

conditional Gaussian distribution

IV-40
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= ( pi) X
and
%
1

Ri-a' "plp

if we define the jkth element of Ri as r,o then
ik

v, o= - A A, I kel

ljk jk i) ik
- Now define '
L
§i=81-mié§1‘pix

Then

P (“g"J < x for all 3#1/ x)

(1-2, ) :341 Moy

-00 el -0 )

»

1= h+1 i) (1 )' ) A
G ,o,a)dlel

‘—"a?i

If we now substitute

A
E, o |
m = 32,j=1,...,i—1,_i+1,...,M,
122
ij

-

in the abpvé- expressio‘n, where Ej = 'g"j ")..i x then

E(nj) =0

and | '
E[ ] _ Ak - hi'hik
T’j My, . | |

IV-41

sk 2

(4.85)

(4. 86)

(4. 87)

(4.88)

(4. 89)

(4. 90)

- (4.91)

C e eZ w.
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P (‘é’j < x for all J#J./‘g’i =X ) = @i [Xfyﬂ, ey X,

S T -1 | R
. Ra)ie * 5 eb{ e Ca dx Z Z [tetra chor:.c semes]

R TR £ S L S TT M T AR SRR Bea Ty Mo B T T e AR T L s e ek S e R < L L

- Therefore

i, i-1? % 1,1+1" ’ ”X'}EM]

(4,92)

where &, [ [is an M-1 cumulative Gaussian distribution with zero means,

unit variances, and covariances given by

ij }le

' L kAL (4, 93) |

and where

=2
o — ]
i L, N . (4. 94)

Substituting into (4. 81), we have
) 0 | M ' . o .
Fp Mia) =5 SQDG(X‘” ax iZ:;l ! [7"‘ HARERR 5 B AL T X5 LA LAY ]
(4. 85)
Note that X appears only in G(x-2). Expanding <I’ [ 1 ina tetra-choric .

semes (summarized in Appendix B) ylelds

) [X“’ir----”“’i, i-1° %M 400 F M ] I ey

J¢1
+ Z [tetra-choric series] ‘_ | | | | (4‘;9‘5)_‘
Substituting
- 1 MM -
D M U 2 (735%)
1=1 j=1
B ] 3
where | o I

i=1ljrsl

e o AVe4

(4.98)

cteea B e X

k] Chemaed . Tam s sF o




S0 SRR AL i iR e e e ek ] R T S b S S LA, T S W R i B e e et € e I R ¢ i e 18 T DR e o L it SRS £ 1 RTINS -\ etk s a1

-l
The above integral is bounded; thereiore R{X;e) is of the order of e zh

for large A.

Rewrite the first integral in (4. 97} as

1- © M M |
M SooG(X) dx _-;_Z.:;l ']Izlqb ( le [x+?l.]) (4. 99)
j#i

and approximate ¢ (t) by

1.2
....é.t

e |
""-.'ﬁ J—_Zw for large t. (4, 100)

Substituting, for large X we then have the approximation

2
1 o0 M " e"' ’%‘ [:'Yi} (X-!-l)}
P (L) & = S G(x) dx 1- — (4. 101)
D Mdw izljgl | 7.. (2+1) V27 -
AP - 1ij _
j=i

For large A, we can approximate the product expansion by the first two

terms, namely

2 2 SL a2 2
-3 Y i (zx+ 2 M 2 'Yij_(X‘l‘M‘
T e U T (4.102)
=1 'yij(x-i-?t.) v2r j=1 '}fij(}zw“l)vzvr
j=i - j#i |
which, when substituted into (4. 101) gives
2, .2
| -3 Z % {(+2A)
P (MNo) 81 - = Sl Glx) dx = : _ (4,103}
ZJ_:;sJE L 00 J(X-i-?t) vorw
which, for large A, can be finally approximated by
1 2.2
- -3 V.. A
P (e} N1 -a % I\Z/I S 1
o) R — . 104
D M .5 Vig e - “ )_
QED
IV-43
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Using (4. 92) in the previous proof for PD(?asar}, we can obtain a | i
. ’ . Z{
recursion formula for the probability density corresponding to the regular '}
simplex. In this case | 1
| | '*}
A, = | | (4. 105) p
ij M-1 S IR }‘
from which &
b, = forall j=k - {4.1086)

ik M-2 | ’
which corresponds to the regular simplex in M-2 dimensions. . -3
Also | . o :

| W .
| 'yij i (4, 107)
for the regular simplex., o
Substituting A . ‘/—M‘ )
| : M-z . :
(bi ('Ylix, .. X'Yi"l, i’ X’Yi'l“l, P ,XTMi) -'-'-S::;; S pM“l(y;aR) d Iy! i
an g
M-1fold i
(4. 108) S
Since 1
. ' i
e = . X : : . :
Pytiag) = MG (x) ® (v, vy 0% e mny )| (4. 109) |
| o !
R B
we obtain the recursion formula -
* -2 o
PM(x;ozR) = MG (x) S._OOS PM__1 (y;aR} d| y] - (4. 110y j
M~1 fold

By repeated use of this relationship, PD(A;'QR) can be expressed in i:'erms of
successive integrations of G(x). This then can be used for numerical evalua- J |
tion of PD(PL,QRL g
R -
IV-44- .
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i
‘ :
| ;
For any o, we now determine an upper bound on the magnitude of ]
'
on.. !
ij i
!
Lemma 4,7: j
Detine : _ :
8P (Asa) ' L
vPij(h;a') S y— (4,111}
ij ;
| 1
Then :
R . ‘
Le 2 A (1+Ri.) \ \
P, (Na)| = —5 & —— (4.112)
J M” 2N rJl-Aij
Proof:
It is sufficient to prove {4. 112) for 7‘"12' From (4.57)
- "% h-z . | .
Plz(i\.,a:) =—e d;lz(?t,m (4. 113).
_ M
and from (4.66)
b, (Na) °0 ' | |
12 7 xx
W - S; e Glz(x) F12(X) dst | {4.114)
i
where G, ,(x) is given by (4. 63) and F, ,(x) by (4. 69).
For q}'lz(fi’ua}, let | ’l:
X =09 ‘ {4.115) !
where | N
, ,/1 +2 | o
[Tz | *‘
Uy g 33 {4. ;1_6)_ -




Then {4, 114) becomes

).2 (1+h12}
M 2N7 n]l-alz' € Ryp) (4,117)
where
o)
Rlz(,}t) = 5(; G{y-A ulz)' Flz(yum) dy (4. 118)7

Since F 1 2( }is a cumulative density function, it is clear thai

<
0= 312 (A) =1,
Therefore 2
A (14
~ L1
< A o 2 1 o 4
M2 ANT NT-2,

2 12)

(4.119)

‘Plz(lsa_)

2
QED

As was shown in the special case when D = 2, we now prove the follow-

ing, also a special case of Shannon's coding theorems, but again by a more

direct derivation.

Theorem 4, 7:

For the orthogonal signal structure, as A~ and M~ so that the

}LZ

togM
11fBlog‘2e> 2

lim - B (Ba ) = (4. 120)

A e0 D 0 0 if B log, e < 2

V= o0

Communication Efficiency 8 = (frnm (3. 24)) remains fixed:

Proof: From (4.28) |
o L M-1
Py (e ) = SWG(X) [q‘;_(x+}t_):, dx

L ek

. IR

s W e i i

chamn Bkl T o L -

.
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- Now

[d’(x'!“?‘-}:l o exp “(M"l) a

l:d:(x)] . = exp{(M-l.) In [cb(x)]]

Jn [gb(x)] =ﬂn[1 -(1 - t;b(X)' ]

and

But . 2
1 "z X

L~ $(x) : = en & for large x.

Thus ;1 2
— ...2_.. X
. ) - _— e

,ﬂn[ 1~ (1'- qS(x)):' & 4n il C TN
éince

fn(l-a)® -a for small a,
we have

-1 ~ % (x+0)? 4 "% 22
En[cb(x-l-h)]m — e - Ny ——— e
(x+)) N27 ' AN
for large A.
Hence, for large A
M-1 1 32
T ' ~(M-1) . =% A
(x + ) A exp (———e
L @ p PP
1
| (T - g B log, M
& exp. (M-1) e 4

N2r N log, M
By noting that

logzIVI = log2 _eﬂn‘M
we have o

M-1 - -3 B_l'ogz“ efn M

R NZx N log, efn M|

o " 7 B logg e
exXp : —
N2 'x.(log’2 elaM

. : e

C@ozn

C e




ey Y N R I 75N ?
s, ag Rew, 3f & o ~TZ% o> 1, isn (& 1E8
L]
axf ¥ £ Blog, e<l, B R=se ) =0
2
An emersion of (s resnlt is whs follo
Cerollary., For cach M leg
v = IRER A,
M .. I
3=
Ther a8 A~+ aund Mo
B (a1
mm‘ )

L
-

for S such thai

Hm 5{1 - ?M‘] > 2 log,e
il '
Proof: Let
1\ |
a_y = \\ Tnr
M\
. M

Then from Theorem 4.3

Py PHAE B (ﬁ;aym)

and from {4, 40)
PD (M%'M) = PD()L N1 - TM; Qc;)

-or equivalently
B e} = By (ANT = Yot a_)
Now let

= WT=

L IV-48

1) =1, and B ==y S=4

{4, 122)

{4, 123)

{4, 123)

{4, 125)

(4, 128)

(4, 137)




and

i2

logzm

B = (4. 128)

Then from above-
lim P (h,a' ) =1

Aroo

M-~ c0

B log, e > 2
from which we get

lim Py (Aa) = 1 ' | | (4. 129)
A->o0 ’

M~»c0

if

lim BN1 - J. 2 S (4.130)
M 08y €

QED
(4. 125) provides an upper bound for the probability ot error for

any o which can be evaluated numerically.

Again it should be emphasized that these asymptotic results agree
with Shannon's limit theorems, but they do not provide us with optimal sig-

nal sets.
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4,1

4,2

4.8

4.4

4.6

4.7
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V. OPTIMALITY WHEN DIMENSIONALITY IS NOT
SPECIFIED; REGULAR SIMPLEX CODING

We now consider the problem of optimal signal design when there

is no restriction on the number of degrees of freedom, D. As shown in

the previous chapter, the class of ¢ for which D {@) = 0 contains all of the

opitimal o. Also, we concluded that the maximum value D need be is M-1.
Therefore, even in this case of no bandwidth restriction, only a finiie

bandwidth is required for the optimal signal set. 'This again does not

vioiate Shannon's channel capacity theorem since M and T can vary there,.

' but are fixed and finite here.

5.1  Necessary (First Order) Considerations for Optimality

If we fix h then, since P (L) is a continuous function in @, and
since I' is closed and bounded, 11; follows that the optimal @ i8 actually

attained at some point &o inT'. However, @, May depend on A. .

Since By (\a) is analyiic, which results from the fact that it is ex~

pandable in a tetra-choric series, it is, of course, differentiable. Therefore,

the directional derivative in T sp'é.ce, directed away from aro'toware%s any
other admissible @ must be nonpositive. Since I" is convex the adjeining

line segment from 2 to @ will also be in I

Now, for any other admissible choice, say ¢!, expand PD(}\J&")

about Fy (A,‘a' )-in the Taylor series expangion

o (h«!ﬁ' ) o
Py ia”) -.P (’hw“’ Z Z ( 1.1) ¥ 1>§J Z;'}Z]:\; (h"ijmhij)
: 3P (el |
_ o D ()
. At ">L> ... {5.1}
( kL™ kL) BNy By

IZ @, ig truly the optimal choice, then the firast order term in (5.1}

must be nonpositive for any ' in the neighborhood of L

Theorem 5.1. For the régulér simplex signal structure, the first

ﬂ’Rn

order variation in (5. 1) ig nonpositive for any admissible ¢ ai all signal~-

to=-noise ratios.

W e okl
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8 PD(?LsceR)
Proof: At w is independent of i and j and is sirictly negative.

R’ B?Lij
Thus it is sufficient to show

"R
};}Zj} (hgj.-aij > 0 - (5. 2)

For this we have only {o note that

als
b

M M
Y, st ) s M+2Z‘,Z>u>o (5. 3)
i=1 j=1 J i>j 4
or equivalently
ZZ’L{-E‘%’ (5. 4)
i>j Y
However, for an
Z Z AR -%“— (5. 5)
i>j '
which validates (5. 2) and proves the theorem. QED

Note, however, that equality exisis in (5. 2) for any o' such that

=

Z S; = 0. Also, from Lemma 4.5 there is strict inequality in (5. 2) for all
i=1 '
M ,
{S'l} such that Z S'i # 0, and this class of sets is off the fangent plane
=]
defined by

(5. 6)

i ME‘

Therefore, Theorem 5.1 proves that ¢, is a local maximum in every ad-

R
missible direction in I' except those in the tangent plane given by (5.8). In

these directions Theorem 5.1 shows that 'a’R is a local e_xtremum.' To

prove that @y is also a local maximum in these directions, the second order

variation in the Taylor series expansion must be examined, which we do in

Section 5. 4.
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Certain properties which a, must possess are now derived. Con-
sider an o' on the surface of I', but not on the tangent plane defined by

(5. 6), and consider points on the adjoining line segment

a=(1~9)a0+9 a', 0s=1. (5.7)

The eigenvector corresponding 1:0 zero eigenvalue for ¢' is not
(1,. 1) as it is for @, since o' is not in the tangent plane defined by-
(5. 6). This statement requlrei that o be in this tangent plane and there-
fore has eigenvector (1,..., 1)’ corresponding to zero eigenvalue which we
assume for the preéent. Therefore, for 0<8< 1, ¢ is in the interior of 1,
for which D(a) > 0, and from Theorem 4. 2, o can be projected onto the
boundary of I" at a point o and improve the probability of detection {as shown
in Figure 5.1). Now look at PD (La) as "&"’avo. That is, we are examining |
the probability of detection along a specific path in the neighborhood of @
which is entirely on the surface of I'. The characteristic that a, must pos-

sess which results from this analysis can be stated in the following.

Theorem 5.2: As '5.;"'&0

Py (Ma) < P e ) (5.8)

for @ sufficiently small, and any &' if

P.(Mo)=kC, foralli#j (5. 9)
ij o} ij
where
OB (M )
. ___D 0 .

and C;J is the cofactor (including sign) of Aiij in -

-Proof:

For 0 < g <1 we have ¢ in the interior of I'. Define 'cij as the co-~
factor of ?Lij ine. For a fixed §, project o onto the boundary of T" as in

Theorem 4. 2, which results in

P




Q1
1]
I

1-p2 1--p2

where (1) is the M-by~-M mairix of all 1's, and from Lemma 4.2

where

a_.nd

2 D
P =

D = D{a)

M M
c=) ).C

i=1j=1 1

Then w can be expressed in terms of D and C as

or

Cl-(l"e)a'o +9a":l ~ D(1)

&= C-D
~ C }i-.. - D
p N . R

ij C-D

a
TANGENT PLANE

DEFINED BY

M M
2. 2 A.=0
RLINES! 1]

BOUNDARY OF T

FIGURE 5.1

(5,11)

(5.12)

(5.13)

(5. 14)

(5. 14a)

S Ve

-

e i e il

WSORY) JAPPEPUTIE WL i

e ez




The directional derivative at @ along this perscribed path is

9 P () )
D
= ) =2 ) Py, ] (5. 15)
16=0 1> 0=
Now
9%,
3 - - )1 o) 8D
0o |, (13 >3) C (1 ?LJ.J) 68 (5. 16)
g=0 0
and b - tan be determined by writing
26
g =0
' 2Dle) 924
D=Dl)+q) )} 5| 5 (5.17)
>3 % 6=0 6<0
From Lemma 4.8
8D(w) _ o
——---—ali. = Zcij = ZCij (5,18}
1 [g=0 0=0
Also
aA..
1] - ' - o
4= (a i Aij) 5. 19)
from which
-g-gl -ZZZ(A'-A)C (5. 20)
. 16=0 i>j
Substituting {5. 18) and (5. 20) into (5. 15) we have
9P (Na)
D
59 ZZ( )PlJ(""*)z EZ("
6=0
1> i>j
%Y - Xy Pk1 (e | (5.21)

k>l

C

- R VA -

Aa. bk oo el csedbac
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For @ to be a maximum independent of o', (5.21) must vanish, which

occurs only when
. = o » ;é -
Pij(hoa'o) k cij for alli # j (5. 9}
QED
This result can be formulated in another way by use of the Lagrange

variational technique. Since we have seen that D(o:o) = 0, we form the

Lagfangian functional

L{Ase) = PD (Ma) + v Dia) ‘ . (5.22)

where v is the Lagrangian multiplier. Differentiating with respect to hij

and equating to zero ét a, yields
Pij(h;azo) =k Cij (5. 9)

és the necessary property'ao must possess to be a local extremum: The

regular simplex satisfies (5. 9) since the Cij are all equal for all i # j,
“R

as xlso are all the Pij ()L;cx:R).

Since Cij > 0 and Pij(PL,'a»R) < 0 we require k < 0 for ¢, to satisfy
o ‘ ‘
R

(5. 9). Note that Theorem 5.2 required that we choose a' off of the tangent

R

plane defined by
D L A= 0
i=1j=1 M

Thus, this theorem provides a property which @ must possess, but still
does not answer the question of how PD(R;a’) behaves in the fangent plane in

the neighborhood of an.

5.2 Uniqueness of the Regular Simplex Satisfying Necessary Conditions

for all SNR

In this section we will show that in all of T', o, is the only signal

R
structure that satisfies the above first order conditions at all signal-to-noise
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ratios. With this fact, then, if an is not the global opt:.im'um at all signal-
to-noise ratios, then the global optimum, whatever it may be, must neces-
sarily depend in some way on SNR. Or phrased in another way, we can say
that with this fact, then the only remaining fact necessary to conclude that
op is the global maximum at all .SNR is that the global optimum itself be in~
dependent of SNR. To date, however, this question of the global optimum

being independent of SNR is still open.

Before stating and proving this uniqueness theorem, however, it is

necessary to first derive several properties that @ must possess.

To begin, again fix A, and let @ correspond to one of the local
extrema that is independent of A (any one if there are several). The

relationship in (6. 9) must hold for each of these, or equivalently

Q
L)

(bij (M azoi = K CiJ i#j {5.23)

where qbij (X;a) is defined by (4. 57) and is non-negative for all i # j and
any a.

Since the directional derivative of PD(}L;QO) along any admissible

path directed away from a, must be nonpositive, we have
Yy, A ., Qe )20 (5. 24)
>3 ij ij" Tij o

Substituting (5. 23) into (5. 24) gives

K ), ). (3, - A€ =2 0 (5. 25)
i> ]

Putling in particular

Aij =0, i#]j | {5. 26}

-which corresponds to the line segmeni from @, toward the orthogonal sig-

nal set, we get

# 9 ~0 _" . ; ' 97
K;(ZJ: hij L..ij =0 (5. 2 )
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With this we have :
| | | ;
Lemma 5. 1. K>0 - (5. 28} ‘;
Proof: We know that D(ceo) = 0. Hence «'
M M ;
M Die ) = Z‘, C.. + ), Z j
i=1 iz j A
' o is non-hegative definite, which implies 5
Sz 0 i=1,...,M
ii
: 3
from which we get
é
L > A ;50
1# ] '
‘Therefore, from (5. 27)
K=z 0

If K=0, however, then (‘bioj = 0 for all i # j, which from Lemma 4. 4 implies
153, = -1 for all i = j. This is imapossible for M>2. But since the M = 2 |

result is already well known we consider only M>2 and conclude that K>0.
QED .

With this Lemma and realizing that qbij z 0 for all i # j we have that

[+]

Cij 2 0 foralli # j. , (5. 29)

Actually we can write

Lemma 5. 2: For any local extremum in U

c:i"j >0 foralli = j (5. 30)

Proof: BSuppose sz = 0. Then from (5.23) and Lemma 4. 4,),;2 = -1,
Hence ‘qf,'l and Ez are linearly dependent and any covariance matrix involving
& 1 and & 9 will have its corresponding determinant equal to zero. Therefore

. .
Ccc = 0 i = 3 . e M-
11 3 " 2
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Now, since o:o is non-negative definite, the mairix of cofactors {Cl }also,

is non-negative definite, which implies
o o o\ 2
c; ¢ - (c;) =0
il i ij

Herice

and i=2, i=3,...,M

‘which implies

o o ]

Dla)=C  +Ciptp=0
But since we assumed C12 = 0, we have C11 = 0, Slmllarlly sz = 0,
Therefore

¢’ =0 foralli, j

1

and hence

qbij =0 foralli, j
which implies

A, = -1 for all i, j

-1
which is impossible (again for M>2). . QED

Actually, we can say more about these cofactors.

Lemma 5. 3:

c’ cl = (c) (5.31)

Proof: Since D(cvo) =0

Z h-- c- =0 j;k=1,i--,M.
. ij ik
i=1

ot B e e el
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For j#k, the above is zero for any matrix. For j = k, it is zero because

D(cgo) = 0. Now, if we define C as the mairix of cofactors{cgj},fhen

(2 )(C) = (0) T

where (0) is the matrix of all zeros. Now @, can have rank as high as M-1

and for o = Q’R the rank is M-1. Thus the rank of C is at most 1, im-

plying all 2-by-2 minors of ¢’ are zero.

Therefore
c® C° = (cf‘.)2
ii T jj ij

Another significant property of a  can be stated in the following.

QED

- Lemma 5.4: For s the flat in which the probability density is concen-

 trated is given by

) /
C’.E. =0
i=l 11 1

Proof: Ii is immediate that

M =]
B :.Z;l\/cii §1)70
f M ’ 0 2 M M [ .o K ‘ o
E :.Lz___l'\/cii AN JCu I Ny

Also

i=1j=1

Applying Lemma 5.3, and using the fact that D(ao) = 0, we conclude that

M
12'1 JCu 5

is zero. Hence it is zero with probability one. o QED

the variance of

We now state and prove the main result of this section.
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Theorem 5.3: The regular simplex signal structure is the only signal

set which is a local extremum in the class of all admissible signal sets,

I", at all signal-to-noise ratios.

Proof: For any of the local extremum, from (5. 9) we have

['bij (?L;ao)= K Cij = S{; e Gij(x) F‘ij(x) dx (5.32)
where Fij(x) is given by (4.67) and Gij (x) by‘ (4. 63). Using this we obtain
that ' |

- | .
A_X o " ] -
K 5(; e [Cij le(x) Fkl(x) - Ckl Gij (=) Fij(x)] dx =0

(5. 33)

From Lemma 5.3, K> 0, hence the integral must vanish. The integral is
over (0, «) instead of (-x, «) as a result of Theorems 4.4 and 4.5, Be-
cause of the uniqueness and analytic properties of the Laplace transform,

~ equality can be attained in (5. 33) if and only if

L+ ]

Cij le(x). Flatx =Cy

1 Gij(x) Fij(x) for all x. (5. 34)

Note that we are able to associate the integral in (5. 32) with the Laplace
transform and conclude that (5. 34) must be satisfied only if the assumption
is made that Gij (x) and Fij (x) are independent of X or equivalently that @, is

independent of A.

It is immediate that o

5 satisfies‘ (5. 34) since.
5l 7 Cwl
%R *r
G‘i‘j(x) a’.' = le(x)-
R “r
and

Fi;i(X)i Fkl(XL o ferallw o (5.35)

R R |
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To prove that op is the only signal structure which satisfies

(5. 34) for all x, suppose a, #o_ also satisfies (5. 34) and let

R
X = max A, (5. 36)
12 e ij
. = o o . . .
Since a_Fap, A12> )'kl for some k and 1. This implies that for Flz(x) as
expressed in (4.69)
ozj>0 i=3,..., M
and therefore
lim F z(x) =1, (5. 37)
'X—hoo 1 )
Now if
lim. Fkl(x) =a>0, : {(5.38)
X —*c0

by using the tetra-choric series it can be shown that for large x, Fkl(x) is

of the form

‘ 2
a - x_d e—'bX {5.39)

where d> 0 and b> 0. Using the same approximation for F z(x) for large x,

and substituting into (5. 34) we require .
g 0 r 7 [ T 7

2 Q 2 o
-x /1+h12 9 -x /1+Akl \ -
co | e i ﬂie-bx ~ C° e 1= ~-d -b x
k1 J[ vl B 12 [“““:jf B R
27 1—C¥ ) 2w 1~(
‘ (5. 40)

which fortlarge x is of the form

2 o o
-X /14—312 -x2/1+?tk1
1 2
and it is immediate that equality can be attained only if
}le = Akl (5. 42) |

V=12

et il B s e
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If on the other hand

lim Fkl(x) =0 (5. 43)

X+ c0
then
2
[ -bx‘]
Fkl(x) = 0 [x e ,

and no value for hkl will give equality for large x in (5. 34). - Hence all

the )L;j must be equal. " QED

To this point we have that the regular simplex is a local extremum at

- every signal-to-noise ratio, and is the only such signal structure in I'. But

there remaixs the major problem of showing whether it is the global or abso-
lute maximum, and moreover, that the global optimum is independent of
signal-to-noise ratio. So far we have that if there exists a global maximum

independent of A, it necessarily must be the regular simplex.

5.3 Global Optimality of the Regular Simplex for Large SNR

We now prove the following.

Theorem 5. 4: In the class of all admissible signal sets, I', the regular sim-

plex signal structure is the global optimum for large signal-to-noise ratio.

Proof: By substituting (4. 117) into (4, 113}, we obtain for any «
—_— : 2 |
AT(IHA )

2
M a%/2 L 1 | 4 5. 45
TTx® PrgMa) =507 Vi-hy, © Ry (6. 45)

where R12 (M) is defined by (4.118). Consider now a sequence {hn} such
that - |

and define

R ¢ B : :
“n N{hij}' (5. 46)

- V-13




as the global optimum at An. At each n let us renumber so that

A.?z = max k?. {5. 47)
4 oy i
Then from (5. 37)
Flz(x) -'-.1 as x -» o

for each n, and consequently
Rzz(") -1 as ?Ln - 0 {5. 48)
‘But for the optimal choice, we already require that .
P 3
9 5 (A 039)

= = . ,n R |
% 0 -;>Zj; (Aij >Lij) Pij(hn’a'n)"‘so (5. 49)

Q=

for any other admissible a' where

=(1-9)an-+9a'

Substituting (5. 45) into (5. 49), we require that a, satisfy

I].

o)
1>3J——

| for any admissible {Mij} and every n. For n @ﬁfficientiy large, however,

le (?Ln) = Q0 (5. 50)

[+]

A.. = constant i#]
1]

[

is the only signal structure which satisfies (5. 50) for all admissible a'.

For if an' = ap, then by dividing through by

2 R
>L12‘

and letting n become large, (5.50) reduces to
3L -z 0 | - (5.5D)

 which we already know to be the case.
S V-14
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If, however, we assume that the global maximum is something
other than ap, and again divide through by
h }L
e n
and allow n to become suificiently 1arge, (5. 50) now reduces to

gy Gy, a 6.52)
/1 hij :

. where the surh is now only over those (i, j} for which

n _’ n _ S0
?i.i. = max A, hlZ'

1+
This inequality will not be satisfied for arbitrary admissible o' unless the

R satisfies (5. 50) -
for large A. QED

sum is over all i# j» from which we conclude that only e

A different proof of this same theorem has recently been given by

Ziv {see Reference 5. 2).

5, 4 Sufficient {Second Order) Conditions for Optimality

. As indicated in Section 5. 1, a study of first order variations was
not enough to conclude that the regular simplex is a local maximum in all
admissible directions of I'. These first order variations about the regular

simplex are identically zero when the direction is in the tangent plane de~ .

fined by

. ,
2 b i (5. 9)

i=1j=1

Hence, the poss:Lblllty exists that the regular simplex ig a saddle point. In

order to conclude that « mdeed is a local maximum in these dlrec’c:!.ons also,

“r

it is necessary 0o examine the second order variations in the neighborhood of

the regular simplex. These are obtained by congidering the following:

V-15
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Let o' be any other admissible choice such that

“a"-aR||<6 (5. 53)

;L'l(e) I(l 6) :L'! i EJLUI' (5. 54)

Then the Taylor series expansion in § ahout an for the cummulative density

function, ® (x;a"), is

O k
2 e
- O (xat) =<I)(x;aR)+ ay ()0 +a, {x)%— +k2=38‘k () k! (5. 55)
where | ( ) .
' odt x50 ) :
N S R
a, (x) 213>§ T, (vij X3 ) | (5. 56)
and
oy o 3 T _ LR . JR
ag x) = X %;1 245kl (}'ij hij) ("Eﬂ Xe) (5. 57)

where for convenience we adopt the notation

82®(x;aR)

a,, , = {5. 58)
ijkl alij ah’kl

In order to proceed further, ai must be partially computed, which we

o jkl .
carry out in the following three lemmas. The method used in this cornputa-

tion consists in first considering

1\\
N e ‘ .- '
o = AN _ (5. 59)

p p N |
M
and then taking limits as
-1 o

o > | (5.60)

SR - SR "




e

Lemma 5.5. Fori#j#k#1, define

ro= aijkl =8 yoayr {5.81})
Then
S. S. Gix, x, x,x,‘\;“s,... W 0; ) d§ dSM=G4(H)F4(X)
M 4 folid (5. 62)
where , .
2 . .
Gé(x) = (-2%) (2‘4'1) exp {-2 (-%%}i—) }:2} ' (5. 63)
/ M~ (M-4)
and |

Fé(x) = Pr {;&i = X,\/(MI.\F:SW(-I\?@) s5i=5,..., IVI} (5. 64}

whnere the (’bi are Gaussian with zero means, unit variances, and

, i# g (5. 65)

~1
M-35

Proof: On account of the symmetry of o

it is immediaie that for any

R
i#jeEk=1

%kl - *1234°

By the same technique used in Section 4. 3, it can be shown that

o @(Xaﬂ' )

S S‘ G X,XX,X,EE,...,E ,O,a:) dE
Méfold

=Q (E:l:“{" §2=x,§3=x,54=}§)5£;5 G (‘55, cevs S-M/§1=x,'g"2=x,§3=x__,‘§4= ) dEg... Ay

& (S 1’ & 2-,' £ 3¢ g 4) is a nonsingular den'Sity' and can therefore be written down

explicitly, If this is done, then, after taking limits

V-17
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oy (tm € o £w) = () BB o (1),

Hence

X .
Fé;(X) = S"“'o'oy G (gss LA L | EM/§l=X’ 82=XJ §3=X1 E4=X) dgs' . d
which can be written

F, () = Ege(s By m, 04) ag,. .. dE,
NI~ Fold -

where

and the elements of C 4 are

M(M-5)
{M-1) (M-~4)

along the diagonal

and

- -M
(M-1) (M-4)

off the diagonal.

Finally, éxpress E 4(::) in terms of normalized ramdom variables by setting

4dx
o, = “i * \arq |
i - M{M-~-5) ° i=285,...,M,
(M-~-4} (M-1)
The 'l‘bi pave zero mean, unit variance, and c_ovaiviances equal to to (_Mels_)’
from which: |
F(X)=P1"{(D.5X - - ;1=5,...,M} |
U (M%’_(M_E.”f S QED

. .18 - o

i
)
|
:
-
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Lemma 5.6. For j=k, j#1, define

Then

Q= By - 8

1213°

M-1

a= 0,0 F 0 - (§55) = G40 Pyt

where

Gt - (-2—-)

and

FSCX}=PP{¢iSXJ(

where the "bi are Gaussian with zero mean, unit variance, and

i (r/zi wj) =

(M-3)

/(Ml} o {2 (@ )}

M(M-1)

-1

M~-4

M-3) (M-4) ;1=4,...,M}

1%

Proof. Again, on account of the symmetry in ozp and an

ekl

%1213

forj =k # 1.

Using the same technique as above

o @("{:a’ )
= lim. S‘

8&1 371

- =

M-J.Old

a‘é a*s" a&'

G (‘g"; O;azé) ‘a[‘s!

M
C,.§.

X 3
- - lim SS’ 0
1 Yo 8%’1 8%’2883

P N-1 M-3fold

PM-1 M-3fold

D

1+2 _ : . .
oy oy i=4

V-19
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(5. 66)

(5.67)

(5. 68)

(5. 69)

(5.70)
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2 -
.
B. B o - - ——
where
s C.. S
|  e=i o 4 , iZ 2,
= | C [1+(M-2)p]
N Lt
and |
S 2. D _(1-p)[1+(M-1)p]
| ' : Lo -1 C [1+(M~2)p]
Following the same procedure as inthe previous lemma, it can be shown that
\S' Sl (XX;X 54,-.-;E JO:Q'/ E E "G(X)F(X)
9 m[1 |
Substituting
g=-1lim ¢( (112 gx G,{x) F_(x)
2 3 3
-r_.:_.]L. 61
M-1
_ZJZ_} S' S‘ €. G(X X,XE ‘é’ O;cyp) d§'4...d§'M (5.71)
17" M3 fold
Now define
X ) .
= S:oog Ej G (X,x,x,§4,.--,EM; 0; ap) d§4...dsm, j=4,...,M,
M-8 fold (5. 72)
Here also, aq does nof depend on j on account of the symmetry of_‘a'p.u Next
¢ we note that |

V-20
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X
G4(}d F4(x) = S:OOS‘ G (x,x,x,x, 85, - ,EM; O;G:R) d§’5. . .d‘g"M
2
M-4fold

- ng 5% G (xm 8y 8y Oiag ) a8 ... d8,,

-y
M-3 fold _ _
>
X. = C &, '
L1 3EX -4 "4 ( ' o
- - lim S'“J - s i [N UL PR Oa ) aE,...dEy,
PR~ L1 - |
L 34 3ex {1+ {(M-3) €]
=~ lim 5 G3(x) Fs(x) + 5 2,
it g o
P -1 1 1
from which 9 ‘
o, G (x)F, {x)+3ex G_(x) F_({x)
a, =-lm 12 _ ¢4 3 3 (5. 73)
3 1 {1+ (M-4) €l
P N1
Substituting into (5. 71}
(M~3) 142 3 2(AM~3')
q=lm ey G ) -¢ 5 - ——= = 0 XGglx) Fylx)
*-ib.:.l Ul [1 +(M-4)€]Ul
M-1 ' '
- M~1 : 4
=Q,{x) P, &) - —= Jx G, (x} F,(x) ,
4 4 M~3 3 3 QED
Lemma 5,7. Fori=k, andj =1, define
P =80k 212120 (5.74)
Then
2
_(M-1\" 2 o M-1
PE\yma/) ¥ G0 Folad = [C(X) 2}3‘2_(}:)] [M(M—z) ] Gpx)
-2 (M-—z) X Gglx) Falx) +Gylx) Fulx) -~ 6.75)

R . . e - . ~' L ‘];.-'91

. PP S

et Bl e e

PR Ty

I PP




B ST

3
where j;
1 [ i
_ 0300 =55 [ = |- (5) ] 810 sj
Fz(x) = Pr {l,[}i =xf; i= 3,.. .., M} | (5. 77) |
and | R
@)-Xﬁg 2 g 10; C, ) d d
X = - o W i KWS’ 2 lbe" H 3 w-;; wM
M-2fold i=8,...,M  (5.78)
where . ‘ E ' ‘ k
g. [ _MM-1) 4
[ (M-2) (M-3) “
and
(5. 80)

Proof. In the same manner as in the previous lemmas, it can be éhown that

Gylx) F,(x) = lim_1 S‘“iy G (x,x, §3,...,§ﬁ; O;a-p) d‘g"s...d'él-w

(5. 81)
Now 2
. 8 d (x;aR)'
- 2
2 12
o < 4" '
{(l+e)x + € S.}
37 € . ey
lim S‘ S‘ - "‘é‘ G (X, X, Es, ‘e .‘,E M; 0; ap)dgs. . .'d EM
1 %1

= lim G (x) ‘-.XS‘ [(1+E)X+€3Egi] - ; G (53""’-51\&/'5’:3"52:’{)

J Z
— ;1__ -0 g 14
= 1 | 1

. By By (5.82)
V=22, SRR T




-~ Note that
G (53""’51\4/&1:"’ Ez“‘) - G(Es’f“’slvf My? Cz)

- Where

and the elements of C 5 are

2
1_'2L

1+p

and

Let

2 pX
1+p

2 pX%
1+p

along the diagonal

off the diagonal: -

. y-23
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This can be reduced to

vX
M- 1) Gylo) Fye) +lim G, (x)\g 5
~1 ~-00.
PN M-2 fold |
' 2 G (A I '0' dl\ A
|i2 E] !:Z J “__6_2_ 3""’ng’ ,CZ)ES...dEM
(1+p)a cr1 =3 oy
{5. 83)
| Now define
VX
s=6,00 ({8 a8, 8p0c,) o, d
& % Hg\E i 37 c Sy Y vy 37 S
. ~-CD
ci=23,..., M. | (5. 84)
In the same manner as in the previous lemmas, _'s\t can be evaluated by
noting that |
G(x)F(x) G()F(X)
0“ , .
. 1
_ [1+(M-3)¢] 55’ ( . 0 . .
> g, Gnx ... 800 ap) A8y A8y (5. 85)
Ul \;c:,.o_/ .
M~-2 fold
and
x '
5«5 e (x, X, B v s Byl Oy ) dEg...d H
i &'3,... v 0% Gy g Mm:.

Substituting (5. 86) into (5. 85), we obtain that

f
= = [T+ (M-3)e] GB_(X)- FS(X)

w>

V-24
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which when substituted into (5. 83) yields

M-1\2

5 . . M-1
p = (—I\—/I—:ff) X Gz(x) Ez(x) -2 -2/ X G (:s;) F (x)+11m1
| PN

+ (M-2) (M-3) ﬁ] £ a,m Fy®

£
2
9

where

"'c G(X)S"YXS‘ (s G(§3 o 0 C )d%’

and |

| N TX A A ‘ N A A
B = Gz(x) S._RS "g"i Ej G (53,...,€M, 0; Cz)d‘ég. ..dEM

i#j (i,5)z 3
Define

"‘&XS‘ 5,6 (um ity g 0 @) Oy S

which can be shown to be equal to

_ 2 G ) Fy ) + zex.eé(x) F,(x)
2 {1+ (M-3)e]

m .
§
!

Now

Gy F y) = lim S Sag’ 5e, © (o VEge.ros By Oia)) dEg. ..

o M-—l

0’

M-1

= lim [4€ZX - j’e (x) Fy(x )+4EX [1’+(M—3‘)e] 2y

o1 g1 i

V=25

:—»q;;a.lm

P
+‘Z {[254— (M -4)e :’ [1+_2(M—4}e + {(M-é) {M~-3) +1}e j} B}
oy ST __ can -

[-cm-z). ¢

{5.87)

(5. 88)

(5. 89)
(5. 90)
(5. 91)

dSM |

(5. 92)
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where i
X 9 ' “j‘
Cr(x)=5..§giG(x,g,&s,...,EM; OJQ:O) d‘g"s...dg‘M 1%3,...,M (5. 93)
- oD . “
and - | . *
: a
i = \ooo ” . 0
Bi(x) S 5 ‘é’i E’j G (x,x,gs,...,SM, O,QP) d‘g"g...d&'M |
| el :
i=j; (1,12 3. (5. 94) '
By writing C' (x) and B (x) in terms of Gz(x) and substituting i
A _ _ ...2...9_}5 _ é
Elhgl 1+p’l 3f' M
we obtain
. a 4.p021x _ 4p2¥;2 :
t - e
B'(x) = B(x) T+ (M-3)e ] (17p) GS(X) FS(X) + (1+p)2 Gz(x)Fz(x) (5. 95)
and
. 292 4’pd‘?x I
¥ - T ~ - ' B
C* (x) Trp| G2 C& - TrmiseT iy Cal¥ Fgl®
4 2 2 3
P2E G T (x) (5. 96)
(1+p)
~Also
A ) 2 ‘ ' '
Cix) = | 1-—E| G, (x) Cx) | (5.97)
1+p 2 .

| _ A
Substituting (5. 95) and (5. 98) into (5. 92), we obtain for B(x)

A 0'1' { .
B(x) = = : G () F ()
[1 +2 (M-4)e + {(M—4)_ (M-3) + 1} 62].. 4 47
+ __2 27 . [2e+ (M-4)¢ ] [1—33—] Clx) G (X)} 5. 98)
° ' 4 1+p 2 |
71 oy L) ,_Q

Finally, when (5. 98) and (5. 97) are substituted into (5. 87) and we let

0= -1 , we obtain the desired result. R - QED
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With these three relationships the fact that the regular simplex

is a local maximum in the tangent plane defined by (5. 9} can now be proven.

To do this, define

M
b, =), (M. SR
i jor > ij ij

and note that

3@(}{5&’3)

Bx, .
ij

= Gy {x) Fylx), i # j
Then
M
a,(x) = § Gyx) F,(x) iZ:lbi

Now we prove

L.emma 5.8. For any admissible o'

2
9 M M 9
azfx)z Z Z‘, ‘Yi‘] (p- 2q+1")+ 711‘- .Z bi r+ 'Z bl {q*r) _
i>j | i=1 i=1
where
g R =
LI T

Proof. From {(5.57)

2y(x) = ? ZJ g T M1 ik

> >1

which can be rewritten as

v-a7

(5. 99)

(5. 100)

(5. 101)

{5. 102}

(5.103)

A-'hd‘:'m“‘-. e L M R
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ST -

A 1

az(x) = Z Z'yz

Pt )0 L

i»j k>1

Tii "kl ikl

(i, j) #(k, 1)

i>j

k>1

(i, j) = (k, 1)
(i, j)= (L k)

1]
et
.
-2
3]

The coefficient of q is

3 Zl\, l:: 'Yij Ii@)-i“yij) + (bi_

The coefficient of r is

k#i1#1

k1 1]

1|

i

i

- Now restrict ' to lie in the tangent plane given by (5. 9).

Therefore

= | 2 Zﬂ.) p .+ DN Yij Tkl 2kl

W)

' .-VeZS

11
1]
2
i

EARIVDI
> i i

Substituting these into (5. 104) gives the desired result.

DY TR S TPUE P Ry e "

{5. 104) - ]

QED




- which, employing Lemma 4.5, implies

s M. .

)
[y
-
L]

!
Zilaij =0, =

Hence

S0, when o' is in this tangent plane, we have that |

az(x) = [Z E Y. :I {p - 2q+r)- | - {5.105)
| 1>3 | . .

- Now
o | M-1V2 2 2(M—1‘? 1 ' (M-1) .
p-2qtr {[(m - 05| "2 Sy i } 6,

2(WI-1)
(M-2) (M-3)

+ x GS(X) F‘,‘:{?{}‘ _ | | - (5.108)

From (4. 43) we can write

b

 (Aat) v="S1 e?LXd [CI) (x,cv ) ]dx +S' Ax d l_(b(x,a') CI?(x,cv ) ]

0

which, using (4. 44), can be expressed as

d(2a') = plriag) - A 5 ™ [@ (xia") - (o) :, o (5. 107)
's0 that,' employing (5. 55), we have tﬁat
oo .
_v ¢(nat) = d)(?t:a ) - { Z a, (2} = £ } o .{5. 108)

k=

But a (x) vanishes when a' is in the'-tangent plane Hence, in order to verify
that op is a local mammum in-this. tangent plane, we have only to prove the

followmg

B AC



Theorem 5. 5.

b
SA ™ a,(x) dx > 0 o (5.109)
(0}

when o' is in the tangent plane defined by
2 2 N =0
i3 9

Proof. Since in (5. 93)

2
ZZ’Yij>°

1>

the proof reduces to showing that
0

S eb{ p~2q+r)dx > 0 {5.110)
o)

where (p - 2q +r) is given in (5.106). The integral over the last two terms

of (p - 2q + r) is clearly positive. Hence it is sufficient to verify that

- Ao M-1 2 2 '
.S; e |: —M—-_—z)x —ﬁrl Gz(X) FZ(X)dX> 0 | (5.‘111)

" To do this, use the fact that

d

v o (M-I
ax Golx) = -2 (M—Z xGyx)

to integrate
[+0]
5‘ e}lx Gz(x) Fz(x) dx
0 |
by parts, yielding the relationship
oD . | oo
%‘}%’) S' eh_x Xz Gz(X) FZ(X)-dX = %S e)\x Gz(x) Fz(}{) | [1 + xA ]dx
o o

. e
+ %S‘ xeMGZ(X) l: 'di: ]dx

O

| (B.112)
V-30




‘which when substituted into (6. 111), resulis in the inequality

00 o0 dP, (%)
1 2] Ax Ax . 9
- e G,x) F (x)dx + G,z |AF (x)+ :ld >0
[2 M S; 2 2 A S(;xe 2:’”[ ZX dx = ,

(5.113)

Both of these integrals are positive for A> 0, and the coefficient of the first

is positive for M> 3. Since the optimal solution for the M = 3 case has

dlready been found, the proof is complete. - QED

This completes the discﬁssion of second order conditions for the
regular simplex, from which we can conclude that for any ¢ in the tangent
plane and in the neighborhood of op

P (As at) < qS(?L;czR)
@
In summary we have proven the following main results about the

regular simplex signal structure.

{1) In ', the regular simplex is a local maximurh at every
signal-to-noise ratio and is the only signal structure that

is a local maximum at all signal-to-noise ratio.

(2) The regular simplex is the global optimum for sufficiently
small signal-to-noise ratio and for signal-to-noise ratio

sufficiently large.

5.5 Maximizing the Minimum Distance

Because of its relative simplicity, the criterion of maximizing the
minimum distance between the signal vectors has been a common one. In

the class of all admissible éignal sets we have the following:

Lemma 5.9. In the class, T', of all admissible @, the regular simplex is
the only polytope which maximizes the minimum distance between the sig-

nal vectors.

v-381
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Remark: In this case of no dimenéionality restriction and for the ease
when D is restricted to two, the problem of maximizing the minimum
distance has a unique solution. However, this criterion does not in
general have a unique solution. In addition, different signal sets with
the same minimum distance will be shown in the following ehapter to
have different probabilities of detection , thus making it a somewhat
questionable criterion. All of the signal design solutions known '1:0 date,
hbwever, do maximi;'z.e the minimum distance in the subelass of T in

which they are the optimum. -

In prior work méximizing the minimum distance had been the ac~
cepted criterion, so its rélation with probabi‘lity of detection oug‘h;t to be
known. It was most likely the first criterion used in signal désign and
appeared atiractive becauée of its intuitive connection with maximum

likelihood decision rules and the divergence criterion.

Proof:

Maximizing the minimum distance is synonymous to minimizing

max RA,. ‘
ij B (5.114)

The minimum value (5. 114) we can attain is I\_/I.%l since for any o

M
LlNz-g

i>
Thus, we must show Qp is the only polytope which attains this minimum
value. Assume o represents another polytope with
1
max A, = -—
1] ij. M-~1

and reorder the hij so that

A,. =max A,..
12 1] i

v-32




We know that D{a) = 0, since it has already been shown that

T .M
f-.fz."ij> 5
i»j

‘whenever Die) > 0 which implies

max A.. > ————
ist M-1

Therefore, for o
] -t M
LY >Li;j T2

from which

)
A,,=0
i=1 i
or
oo (22)
Mg Feeeet Ay = (M-l
If any
T =
Ali iz 3
. is less than
-1
M-1

then at least one of the others has to be greater than this term, which is

a contradiction.

Then

il SR
MiTEr PE %

Using this and repeating the argument for

L A =0 iz 2
j=1
we see that
-?Lij =gio7 forallis#] QED
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Vi. OPTIMALITY WHEN THE DIMENSIONALITY IS
~ RESTRICTED TO D = M-2

| The resulis derived in the previous chapter indicate that when
dimensionality is unrestricted, the optimal signal set is the regular sim-~

plex which requires M-1 degrees of freedom.

- We now consider the problem of determining optimal signél sets
when the allowed degrees of freedom are restricted to be less than‘M-l.
In particular, we now reduce the allowed degrees of freedom from that
reQui;ed for‘ the regular simplex by one, and look for,optimal signal se;ts
when D = M-2, which corresponds to an equivalent reduction oﬁ the allowed
bandwidth. | o

In this case (i.e., in the clagss of admissible o for which D < M-2),

the signal sets which have inner product matrices of the form

where Ml can assume» the v.alues 2,3,..., M-—Z, and IVI1+M2=—.M, are local

~extrema for all signal-to-noise ratios; that is, they satisfy necessary (first

‘order) conditions to be optimal., This is demonstirated in Section 6. 1.

| Vlfl |

{6.1)
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These local extrema consist of two regular simplices placed
orthogonal to one anotker, with dimensionalities Ml-l and Mz-l, thus
satisfying the resiriction of M signals in M~2 {(or less) dimensions.
These necessary conditions provide M-3 local exirema which must be

clagsified into local maxima, local minima, or saddle points.

However, in Section 8. 2, we show that each of the above exirema sat-
isfie_s sufficient (second order) conditions to be a local maximum in f’z, where
for convenience we define 1"2 as that subclass of I' for which D=M-2, Finally,
it is shown that the largest of the - M-3 local maxima satisfies the condition:

M, - le . i, | (6.2)

For each M, this condition is satisfied by only one of the local maxima,

Thus, for M even, the largest local maximum consists of two regular sim-

plices, each formed from __1%/1_ Signéls; and for M odd, one is formed from

M-1 . M-+1
—— signals and one from 5

2
"1t should not be surprising that optimal signal sets are not equi-

correlated for the cases when the dimensionality restrictions are less than
M-1, since the only signal set which is equi-correlated and does not have

dimensionality D = M is o, for which D = M-1. Hence, these optiimal sets

necessarily cannot be equif-i-correla.ted.

As a special case of interest, these resulis show that for 5 points
in 3 dimensions, the choice which corresponds to placing 4 ﬁoints on the
equator and one on the pole is not optimum, while the choice of 3 points on
the equator and one on each pole is the optimum, even though both have the
same minimum distance, thus settling another heretofore unresolved point

in this theory. In particular, we note that the mean width is larger in the

latter case.

5.1 Necessary (First Order) Conditions

We are looking for admissible o which maximize the probability

of detection subject to the restriction that D = M-2. In this section

Vi-2
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necessary conditions which a local extremum must satisfy are attained,

and those @ in Equation (6. 1) are shown to satisfy these conditions.

‘First, note that from (4. 44) the probability of detection can be

written
2/ M-1
_l 2 oD
PDOL;Q) =e | So e?LX G{x) [qb(x) ] dx
2/ |
-A 2 A% M

- -1% e y ehx &(x, o) - l: ¢ {x) ] dx (6.3)

. O .

- where, as before, we integrate only over the region (o, ) since we already

know that the optimal solutions have convex hulls which contain the crigin.

.Hence minimizing

M

J (Ma) =S. eh'X cIS(x;'a) - [ ¢ {x) :l ) dx (6. 4)

o)
is equivalent to maximizing PD(?L;o:).

Second, note .that the Mz constraint equations

Cij=0 iL,j=1,...,M, | (6. 5)
where as before, Cij is the cofactor {including sign) of hij in @, are suf-
ficient to resirict o to M-2 degrees of freedom. BSince the o space consists
only of syminetric maitrices, the number of condtraint equatioris can be

reduced to

Cjy=0 for izj j=1,...,M (6.8}

with no loss of generality.

Let Az denote the class of all @ whose elements satisfy (6. 6).

Observe that Az includes non-admissible as well as admissible o; that is,

there may be o satisfying (6. 6) that are not non-negative definite.
But

T, =4, Mr | | | - (8.7)

~VI-3
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In addition, if extrema are found in Az, and théy are admissible, i.e., they

then they are also extrema of I",. This is the

are also elements of T/ 5

2?
approach we adopt.

Now, consider some @' in I‘z, i.e,, a'is a point on each of the

surfaces in a-Spﬁce defined by cij =0; iz I j=1,...,M. The vecior
normal to the surface Cij = 0 at o' is given by the (-M%-E;I—)-) x 1 gradient

vector:

/ 5C. .
N

.8&.1 2

ol

eC.. |.
134 !

o’ 8113‘

(6. 8)

o’

-1, M .

and the plane tangent to the surface at @' consists of those vectors i

satisfying :
VC,.| = tl=o . (6. 6)
Gl : _

If @' is to be a local minimum with respect to points in the neighborhood of &'

satisfying Cy; =0, for all (1,]), then

(Vetuan - t) =0 | . (6.10)
- for all 't satisfying (6. 9), or equivalently
(VJ(?L;Q") . ‘t) =0 | | {6.11)
Vi-4
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where

aJ(x a') 8o (M)
Tong, an
| 12

Vitua') = - = L v ah)
| 3 h. h, > ]
8T (uat) ah(Nia’)
OMi-1, M 0 1, M

(6.12)

and where ¢ {Aia) is defined by (4. 12).

For if (6. 11) is not satisfied, there would then exist a curve in Cij = 0 through

e' on which the projection of VJ (Aa') would be negative, thus decreasing

J{Ae). The existence of such a curve is guaranteed since C is a polynonual
M(M+1)
2
tangent planes to which VJ(A;e') must be

in the A,_,; and therefore differentiable. We have, however,
kb
M(M+1)
2

orthogonal, if o' is to be a local minimum of J{A;a) in 1"2. The flat which

is tangent to all the surfaces of o' consists of those vectors t such that

sSux-

faces and corresponding

(vc. .
1

-t)=0 for izj, j=1,....M (6.13)
CH‘

Note that as the dimensionality of the manifold spanned by the set of normal
vectors VC':.LJ. increases, the dimensionality of the flat defined by (86. 13) de-

creases. If of is to be a local minimum with respect to those ¢ which are in
opp MM+1)

5 surfaces, then the relationship

(VT (Y - t) =0 | . . (6. 14)

must hold for all t in the flat defined in (6. 13). Finally, since the flat de-
fined in (6. 13) is orthogonal to the manifold spanned by the normal vectors
Vcij , and their union is the whole w-space, we can conclude (8. 14) will
be satisfied if, __ and only if, VJ (Aia?) can be expressed as a linear combina-
tion of the VCy,, that is, if | |

VI (Na') = Z r)J v, - (6.15)
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IDENTIFICATION AND INDEXING DIAGRAM FOR AN
ARBITRARY o AND FIXED .”[VJ'.1 AND Mz

FIGURE 6. 1

Equation (6. 15) is the necessary condition that must be satisfied by &!

for it to be é. local extremum in Al"z.

Theorem 6. 1.

The 2 given by

M — - ‘,'(T.T‘ ..C.- - » -

{(6.1)
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where M1 = 2,...,M-2,

a.nd.M1 + M2 = M

satisfy the necessary condition in (8. 15) and are therefore local extrema

in Pz.

| Proof:

It is immediate that these @, are admissible and have dimensionality

equal tc M-2.

Henceforth, for M1 and Mz fizxed such that Ml + Mz = M, we will
identify and index the elements of an arbitrary o as indicated in Figure 6. 1.
1? the Bij in Rz, and the "’ij in RS'

Assume components of the gradient and normal vectors are arranged in the

Identify the Rij elements as being in R

following order: First over R,, then Rz, and finally over R,.

Denote the M, x Ml regular simplex by

1
1
AN
\, .__‘..1....1 | ,
Q-R = \ 1 (6. 16)
M \ .
1 -1 \
M1—1 \\
AN
N

1\
\\ -1
N
o, =| N Myl (6. 17)
Ry, \
2 1N
M _~-1 \
2 \
N
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Hence

where M g T M, = M, aid using (4. 49)

Je ) = S'me‘*x S'Xej' SICHUL l&l - [q‘r(x} lM

e
M-fold

B ofonen

-fold

| o X .
. SS G [ 7:0;a,
) =00

- RM |

2

" Because of -~ihe--symmefry in o and o (and inti‘oducing the
| R, R
- M1 Mz

symbols cl", Cys ane 3-3), we catr write

-
- -

; Lo, A

_'_‘aif(i;ao)' a.:r(h,a) [ S.h

2 ) i

XS‘G XX,E:E s €. 505 ag_:..de,
| A ( 3 | Ml' RM1)' 3 . Ml

(Ml 2)~-fold

sap | dln] | | | (6. 20)

forallh, InR. Also,

¢ = | ' — ) S (6_,185_.

dlaf\ - de ™ | ax (6. 19)




S .

aJ(Riafo) 8J(7L;ce ) S- ?Lx

35 ) 8712

f S :; Ml)dlal

M 1~fold

. 5. S‘ G %%, 773, 7’4" . q’l M s 0; QR d"?g. ..an
A, B -fold 2

for all Tij in R35 and

a5 ) 8T(he ) *

, = ° =c =5 em dx
By 914 2

0
y—mJ G x,’é‘z,...,‘s"M;o;qR | dEz...dE
(Sﬁi-ii-foid
. X ) J '
5_005‘ G x,'qzs...,nMZ; Oiap, SUPTEE

. (Mz-l)“fdld

for all BIJ in R2 Therefore; the gradient vector at a, is

VI-9

(6. 21)

(6. 22)
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k™,

of the form

VI o) =

We now look at the form of the{ Vcij }at a:d'.

rows, the i

Also defme Ck'g

th and m’ch

(- 1)11-3 +k+ﬁ+m+n

Define Cl,;.'e to be the détermina‘nt of d after reindving the i

th : th

K and ,0

Irows, theJ . &,

8d Qo o,)

9% 5

oJ (R;ceo)

BA_ .
Ml—l, Ml

aJ (Mo 0)
9B,

(6. 23)

*

aJ (}L;a-o)

8p
MMy

B (Xe )
12

CHIOH

OYpr 4
M,-1, M,

——— . Patetend . otad

i

and

columns, and multlplymg by ( 1)1-'-'].*-}:-‘-)g

Tmn

to be the determinant of & after removmg the 1th,

“th th

and nth columns, and multlplylng by -
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Employing Lemma 4.6, the following relationships for any o can

be readily verified:

9C,; .
8% =Gy 173

and

2C,, M gklﬂ
8_711!]— = Z C',. all indices different.
k{ m=1 1
- m#i
m~=k

We will use the fact that the N x N matrix

has diagonal cofactors

- L N-2
Cy el = [1 o e }(lup)i = e

and off diagonal cofactors

Cij(P) = - p(l-p)N S 1#F

VI-11

(6.24) !
5
¥
s 4

| g

68*251 ?

{6. 26) ‘
|
%

(6. 27)

(6.28) 1
|

(6. 29)

(6. 30)

(6.31)
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Applying {6.24) io {B.31) to & the following relationships can be

readily verified, to which-we assign the symbols bo’ bl" ceeash it

,MLH_M_:“_ e cmmaize DL

O  ifiand j=S M, |
. . li
or i-and } :’“,MI _ ‘ 1
Cii N < cii". . ng = b-o Z 0 . -(&-:.32% }
o N M1 o M2 _‘ ' ‘ 1
t  iS My, and §> M,
where C,,  is the diagonal cofactor of o, , and C.. " the diagonal co- |
Hoap L RM S L |
1 o - 1 My ’j
factor of QRM . : | : ' ) | (
’ . | , - f
ij‘m‘: . Ck.ﬂ =b, ifjjisin Rl a,pd ki in R, | .
| 1 2 |
b de. - ¢ =b, ifi iSJ;nR and k& in R,
ii R ké . 2 2 ! :
M, M ]
0 _ N it jjisin R, or R3:and'-k;5 in R2 e | |
{6.33)
.I‘zf all indices are < Ml or > Ml’ i. e., if all indices are in Ri or all indices
are ian'z. , | . ‘ v L '
e, (M, ) (cmﬂ  =b - 0  ifkd is in R, and ij ié in R
ij ! kk 3 S 1 3 y
_ 1 :
: m/g ‘ - epn Boa e . ~-=~- - ‘
C.. (M.) (e =h, # 0 fklisin R, and ijisin R;
: 1 )
oC,, L . | | ,
I {(Iﬂ " 1 i Khis i B and 6 s tn B
) 7 CkkM ) C o + (Mz-.-i)cmjm i b5 if k£ is in R1 and iy IlSv i R, |
Bt | 2 2 ~or if kfis in R, and ij is in R,
c® V[ +mrenc e
( kkM ) . ijM TR TR m']M 1= bB # 0 1f k:gilf’» in Rs;and--igﬁxs in. -
2 - 11 R, orif kfib i “and ij is in
L a 11 By, orifklisin R2 and ij is in
3 . (6.34)
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In Figure 6.2, enough of the normal vectors are described to form ‘ o
vJ (?L;aro). The R, portion of vd (h;cuo) comes from vC,, where ii is in Rg; and | s%
‘ the RS part of VJ (A;a-o} can come from vcii, for ii in Rl‘ By summing vcij j
'; ' | | |
‘; (ij in Rl) over one row in R,, there results {
: ve,, veC., Ve, ve,; R
Ve iiin R, ii in B, ij in R, ij in R, %
N ) ‘ . - E%
Ccy 0 2b,, b5 0 P
]
| »
-

' 5
L ¢y 0 sz b 5 0 r

g !
b 5 |

R« (IJ } ith

2 row :
0 N

L S 0 0 0 by

c-.-3 2!::1 0 b 5 b 6 :

Ro 9

|
L% o, 0 b | bg B B

NORMAL VECTORS NEEDED TO FORM vI{Na )

FIGURE 6.2

ﬂijl3”- “
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G
(Ml-l) b5
Ml
-7, VC,, = ' {8. 35)
=1 U | ' |
ij in Rl' (Ml-l) b5_
M, bg
Ml b6

By subtracting from this a &calar times VCii(ii in Rz), we have a vector

A

of the form

0 (6. 36)
from which the R,, part of VJ (X; ao) can be writien.

This shows that VJ (h;a'o) can be expreSSed as a linear combination

of the normal vectors at a and therefore proves that these @, do satisfy
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the necessary first order conditions to be local minima of J{(X;a)
in I"z. . RED

To this p_oir;f. we have established that these @, are local extréma

in the class of admissible o for which D= M -2, Next, sufficient (that is,

second order) bonditions must be considered in order to conclude that these

local extrema are indeed local minimum of J{A;a).

6.2 Sufficient (Second Order) Conditions

The results obtained from the second order variations about the
regular simplex are now used to determine second order variations for the

o of the previous section.
Note that o_:o' is in the plane defined by
M M |
b b Ny =0 (6.37)
j_:ij:]_ J .

and further;- that at @ the only admissible directions are in this tangent
plane and in the boundary of I', where by admissible we now mean direc~-
tions or paths which restrict o to I“Z. This is the case since directions

towards the interior of I' from 5 have dimensionality D = M,

Let o' be any other admissible signal set in the neighborhood of a,

for which we write

' Lo 3 ‘

1 2 L
(6. 38)
where Cis Coo and cg are given by (6. 20), (6. 21), and (6. 22), and are
non-negative.
For @, we have that
71}22 _ (_6.'}_':11'9‘)i

R

DAt ) Bt v = -
i ij i
1 By © By
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o . __ 1 _
Z >“z‘.;,i A | | {6.40{.
R .
1
By; =0, {6. 41}
RZ
4
and
. Mz |
2 T T " 7F (6. 42)
R ()
3
For o', using Theorem 5.1, we can say
Z ?L' 1 z t - M : ’ ‘
2% +§Bij+ayij..-—~2— (6. 43)
a2 2 3 :
C M -
L Aij = ——2—-—. (6. 44)
1
and
! Mz a
Z 713 > - — {6. 45)
R
3
If eguality exists in (6. 44) and (6. 45), then
' ! - .
D By = O (6. 46)
RZ _

from which we have that the first order variations in (6. 38) are non-»negative.,

It is immediate that there are cases for which there is sirict in-

equality in (6. 46), Hence, o cannot be a local minimum of probability of

detection in T, and is therefore a local maximum bi‘ possibly a saddle point,

In order to conclude that @, is indeed a 1oca1 maximum in I‘
.@ocal mmlmum of J (?L,o: ) ) we examine the second order variations when

the first order varla’clons vanish.
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It is clear that the first order variations in (8, 28) vanish when there is
equality in (6. 44), (6. 45} and (6. 46), for which we have the fo'llowing.

Theorem 8.2. The second order variations in the neighborhood of a, of

I?DGL;arb) are negative for all signal-fo-noise ratio in all admissible direc~.

tions in 1"2 for which the first order variations vanish and -

! Ml

L ij 2

By
1 ]

2 . ) ;': ]
) M2 . . ‘é
Yiij = "2 | (6. 47) P
RS

Proof: ' - ;

As before, we look at the second order variations of J (Jt;avo) and

prove that they are positive,

Employing Lemma 4.5, using (6. 47), and noting that (6. 47) implies
equality in (6. 43) we have that

!
ZiBij=0 § = e, M !
and
: v $ - ‘ | J -
*?Bij =.0. CiElen My o (6. 48}

We now make the following definitions for

Plxiar ) = S. f ( 0; ey )dl‘é’f gXS‘ G(W;O;QRM )dl-nl— |
Nkl 9 ] :

-fold | ] g M,-fold |
= @ Kop (o Xion - | S (6. 49)
M, M, |

- VI- 17




j

— b — o P " .

[ P 3 -1“_-“

|
!
| 1
Define ;i
320G ) 8 (xia ) |
o } :O.’D ) :CI!O %i
17 2 - 2 |
Py Py |
S |
. X 2 : "é
S S G| E; O;o:R d ISI S'g G n;O;aR dlnl i
85 3%’ I\./]:1 R M2 ]
f d M, -fold =
(6. 50) |
02 ) 5D(xia ) |
Py © 3 ) |
9% 9719 ;
X X 84
= . s Vs T AR Y
£ 0 d| | 53 0 d|m|
00 M -0 oM. a7 M
— 1 — 1772 2
M, -fold M, -fold
(6. 51)
azcb (X;a") azcb (xé o,
9 T aao 1% axo (6.52)
12 M3 | ig 934
8% Basar ) 0% Bxiar ) | -
q2 = - r_ = : _ ' _ _ . (6. 53)

87158713 2 B9 973,

5 CI)(X,a ) 5% (i)

S
e aa 33 o, 8B,
g S. 8: O:O.’
a& g, ( - .RM)
~fold 17
2 .
5. 0= HCD(XJQO)
2 97588,

- vi-i8




0°Oxicr ) 0% riar )
TR 0By 2 T e, 9By
20ema)  0%Blxia )
T 9219 9719 al Yo
-3
and finally
82(1) {x; ceo) 8 2(19 (X;ao)
1T BB 8By, 2 96,06,
With aij Kl R

variation of

J{Ase!) - J(h;qzo) can be written as

3 6+ (o) Gl ) [ ) o e

+Z AR A a., _ |
| Rg( k1 -kl)il 13\1{1 -Sl+Sz+S3_+2.[‘34+S5+86}

whers
o= [0 | [3 O i)
s, - 'g(ﬁ;;‘ -8,) 'gz(ﬁgd—sg;l ]
s+ [3 ()] [3 (i)
or 13 0| | )
o7 |5 05 )] | B lamad)
oo~ [7.65)] [ 3 i)

defined as in (5. 58) with @ replaced by . then the second order

®ijkt

%ijkl

%4j k1 |

%13 k1

ikl

ikl

Y

g

o ™

(6. 5863

(6.57)

(6.58),

(6. 59)




Now

Ry

S = U [Z 7 ’E;;):' [% {'*’1:;1"71:1 )} - | (8.86)

and applying (6. 40), (6.42) and (8. 47) it is immediate thai 'SS =

For S 4 we have

M, :
3_4- =1§1( ij '1;]) -_Sl 121I (311“311) (BJl 1) P 1;1121(8121-5;1) "
ke ~
E=j o
e

which when applying (6 48) is seen to vanish, Slmllarly S is shown to

vamsh

: By applying the resulis of the prevmus chapter a.nd using the hy-v

Po’cheses of this theorem we’ have that | o
% (7‘1;' i }‘ij) py m2qy +ry) | - {6.68)

From (5. 1086)

" ® ax /-1y,
= - ) . _ : : . -
5;9 Sl dx = (h' 7L goe @(x O.'RM ) (
- | 2l \{
(b, -1) (M, -1)
M, (0, -2) Folx) + 4 I, (M, -2) Clx) 5@ (xl
Z(M ~1) _ o o | .
(M =2) (M ) XG?,(X) Fgle)| dx | ~ (6.69)

which we must'show is positive.' - The integration over the last two terms -

is clearly positive, so it is sufficient to verify that
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-

” A Ml“1 2 2
Se blxia X = . {x)F.(x)dx >0
R M.-2 M 2 2
o} ]ﬁ\/]f2 1 1
As in Theorem 5. 5, integrate
- .
g R G.(x) F_(x) dx
R 2 2
o) M

2

by parts, which when substituted into (6. 70) results in

) : M., -1
Ax . {1 2 2
5 e 0] X6 w3 ¥ W Gz(x) Fz(x) dx
o) M 1 1
: 2
11 2\ " '
= |5 S e 6] Xion Gz(x) Fz(}i) dx
1/ 0 M
2/
[+0]
'+lS. MG() rx &) x; F-()+ 5 ‘F()
2 © 2 R 2! T Py |%%p 2%
0 M2 2 MZ
d Fz(x)
+ P XSQ'R C TTdm dx
MZ

which is seen to be positive for M1 > 3.

Similarly, the integral over SS is shown to be positive.

Finally, by again making use of (6. 48), we have that
_ : ' ] 2 _
82=ZZ(Bij“Bij (v—wl-wz+u)
RZ

Now

(6. 70}

‘(6.71)

(6. 72)

U S




; - G0 2 M2 2 1
M_-2 fold é
2 :
G B G F ' i
= X0 X > X0 1
2 Ry 2 By 2 Ro 9 Rop

1 1 1 _ 1 {6.73)

5 X g
5 S. "—“‘g £; 0;::.:R dl‘g"l 5‘5‘ 5 G|m; O;O:R d|17|.
1 /

(6.74)

'F-o].lowing the same technique used in partially evaluating q in Lemma 5. 6,

introduce

o . 1 ’ o =
Py \ and oy | \

as IVI ~by~-M, and M -by M matricies respectively. Then perform ihe

1
necessary algebralc mampulatlons and finally take limiis as Py

' er-l

. In this way, v can be shown to be (after taking limits)

-1
M, -1

and'p, >
2 :
-
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-x |G, Ixa, F-x;a. G, [xa . I3
2'( RM1> : RM1) 1( RMz 1( RMz)

+ 3, X F, [Xo G, | X F,lxo _
2( RMz) .2( RM2) 1( RM1) 1( RMI)

+ G, X - F_ (%o G. | %o F_ o |xa
2( R.Ml) 2( RMl 2( RMz 2( RM2)

(6. 75)

w, and W, can be similarly evaluated and shown to be (again after taking

limits}
w, = -x G, | xiev . Ixa G, | %o F., (%o
1 2( R 2 ( R ) 1( R 1 ( R
M, M, M, M,
+ G (Xid ) F (X5a ) G (X;a ) I (X;a )
2 R -T2 R 2 R -2 R
M, My M, \ M
and
w_ = -x O_ | X F. | %o G, |xa F, x50
2 2( RM2) 2 ( RMz 1 ( RM1 1 ( RM1

After substitution, it is immediate that

VoW Wy +u=x G1 o F1 Xiapn G1 Xiep E‘l Xiop |
| M/ My Maf My)

and finally that

o _ - o
g e;\‘x Vo-W, =W +u]dx>0

/'/4

o VI”_'2.3::

(6. 76)

R
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Hence, J (}L;aro) is a local minimum in 1"2 or equivalently,

PD(RSQO) is a local maximum in T, - | ' - QED
bromigy:

6.3 ~ Choosing the Largest of Several Local Maxima

‘Beveral signal sets have been shown to be local maxima in thé class
of admissible ¢ for which D = M-2, i.e., I“z. For large signal-to-noise
ratio at any rate the largest of these can be found.

Theorem 6.3: Of all the local maxima {i.e., all the & in the previous

sections), at large signal-to-noise ratio the one which has the largest

probability of detection is the one which satisfies the condition
- =< )
M, - M,| =1 . B (6.77)

‘Remark: Thus, for 'M even, the largest local maximum consists of two

regular simplicies placed orthogonal to each other, each formed from M/2

signal veectors; and for M odd, one is formed from
M+1

5
(6.77). Hence, the solution is unique.

5 gsignals and one from

For each M there is only one of the local maxima which satisfies

It should also be noted that in all of the optimization performed to
date, the assumption of an equi-likely a priori distribution has been made.
In the case of the regular simplex, however, the resultant probability of
detection turned oﬁt to be independent of the a priori distribution. That is,.
even though the optimization was carried out far- an equ‘i~1ike1y a priori
distribution, the probability of detection for the regular simplex does not
depend on the a priori distribution. This is also the case for the optimal |
signal sets obtained in this chapter if M is even. When M is odd, however,
there is a dépendeﬁce of the probability of detection on the a priori distri-

bution, a dependence which decreases as M increases.

The independence.of a priori distribution property occurs when the .

signal structure is uniform, that is, the array of signals when looking from

- a given signal vector is identical for all signals, This is clearly the case
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for the regular simplex. For iwo regular simplicies placed orthogonal

to one another, a signal chosen from one of them is automatically uniform

JUPRUTR: VR,

with respect to the other signal vectors in that simplex. However, it will
not be uniform with reépect to the signal vectors of the other regular sim-
plex unless both simplicies have the same number of signals, which occurs,

of course, when M is even. Equivalently stated, the region in which a

Med e Lam s A oa s SR e

gignal is decided upon when the received vector falls into it has the samé

shape for all signals.

When the uniformity property is present, thén

M ,
PD = i};,lP (Si was trapsmltted}

' P(S; was decided upon /Si was transmitted)

|

P{Si was decided upon / Si was transmitted) -

M

. z (Si wasg transﬁlitted) ;
i=1

= P(Si was decided upon / Si was transmitted),

and is independent of i.

Proof: From Thedrem 4.6, for any ¢, and for I‘arge A ‘ | I

5 2 | 3
1 1 TR ” | 4 79 o
PD(A,Q)Nl'_mZZWe i ( } ;
i> ] 1] .
where : i
1 - hij o
Yij Ty TR, (4. 80)

1]

Applying this result to the o in this chapter, we obtain

S g
RS . -
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. . -
P {xe) 1~ (M.-M.)e |
D" "o N27 2MX My (M= X
i
- - Y - T - M-M S
(M, -1NM, (M, -2) 152 M, +(1VI M, -1)N(M M, )(M-M, 2)6X 1,2 1 _ 
* 2 e Rl e 2 AR
E
(6.78) g
~ )
5
where 1\/I2 has been replaced by M - Ml' Assuming for the present that Ml
can vary continuously, it can be shown that when 1\/]21 = M/2 1
9P (Na ) . i
D 0" _ 4
1 :
and '
BZPD(?L;Q'O)
5 <0 (6. 80)
oM : i M
17 2

Also, since PD(?L;Q), as approximated in (4.79), is strictly convex down as a-
function of the vector ‘_1
Y12

(6. 81)

-2
1

YM-1, M

we have that the solution is unique and hence that M, should be chosen as

1

that integer which is closest to M/2., This is equivalent to saying that Ml

and Mz should satisfy

QEL)
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6.4 The Example of 5 Signal Vectors in 3 Dimensions

As an application of the results of this chapter, we shall consider-

- the case of 5 poinis in 3 di’meh_sions. Figure 6.3 is a pictorial diagram of

the two systems t{o be compared; System B with 3~points on the equator
and one on each pole is a special case of o, when M=5, M, =3, and M2=2;-
and is therefore a local maximum of PD(h;a). 2

Consider a small arbitréry perturbation of System A, and approxi-

mate it by
8d(Na,) a’i‘;.(e)
J h;a(@)‘ & J(e, )+ . 1] 9 (6. 82}
¢ A J QA 08 |
- i”] i] g =0

for s'mall 8, where

. (@) =8, ©)'s | - B

TR @15, ) _ (6. 83)

8,
St l

. 55
SSQ s 52
_ 54

SYSTEM A = a, SYSTEM B = ag

2 SYSTEMS OF 5 SIGNALS IN 3-DIMENSIONS
 FIGURE 6.3

yI-27

e n_j

e




Sl = {0, 0, 1}
8, = (0, 1, 0
8g = {0,-1, 0
B, = (1, 0, 0}
S, = (-1, 0, 0), (6. 84)

[ : .
The coordinates of Si (9 ) can be expressed in terms of trigonometric

functions from Figure 6.4 at § = 1, and are as follows:

n

H
Sl (g) (sin @ € sin ] ¥, sin 6 €, cos 0 ”’1’ cos g el)

i

oy _ _
Sz {9) (cos 9;2 gin @ r,bz,' cos 9‘62, cos 8 wz-, sin 9&:2)

. . ] .
83 (0) = (—cosBeSSm 9 ;03, -0039@3, cos 0§ ws, sin @ 63)

’ ° - »
54(9) (cos @ €, €OS 9 1,04, -'(308964,'511‘19 z,b4, sin 964}

(~cos § €; o8 0, cos 0 €, sin b ¢, sin g 65) (8. 85)

!
S5(6) 5

where the € i and the (bi are arbitrary perturbation angles as indicated in

Figure 6. 4.

By constructing the perturbation in this manner, the resiriction

of D= 3 is automatically satisfied,

Now, ' .

[ u] b4 .
) . AX
J(A; a'A) = S.o dx e SﬁG(El‘)’d‘é‘l )

5
dg, dg, -{@(x)}
2

o . / . . |
o y ‘Y G kEZ,ES;O;aRZ d-E‘.a.d‘g“3 SS] G 54,.‘65;0;.&3
- 00 =00
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SYSTEM A - PERTURBED

FIGURE 6. 4
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8J(R;a'A } _ BJ(?L;QA} ) BJ(?LEGJA) ) aJ(xsaA) i

———— = = =3
3, oA, 5 %, BX
8J(k;a'A) 3 ‘aJ.(l;avA-) _ SJ(MQA} ] BJ\Q(.;C{!A) .
2, , 9y g, R
and
8T (Ne, ) _ aJ(h;aA) o
94gq B2 45
Substituting
J(A;a ©))~ Iay)
5 a?fl. @)
L " 3p
j=2 g =0
83,,0) By 5(0) oAy, (@) BX,.(0)
+b g (— %5 LY. 50
6 =0 6 =0 6=0 6 =0

which can be shown to be

- J (}L;a(e)) NJ(A;QA) -1@:;*(&52 + e + e, + 55) 8.

3 4

Since the €, are arbitrary, they can be chosen to either increase
or decrea.se J _(_).;o:(e ).) in the neighborhood of 8 =0, _Therefore, not only:
is System A (consisting of 4 points on the equator and one on a pole) not
a local maximum, but élso not even an extremum. Figure 6.5 is a plot of
the probability of error for these two sysiems, indicafing the preferénce.

of System B to System A at all signal-to-noise ratio.




ot d

 Purther, it should be poiﬁted out that the minimum distance .

between the different vectors is the same for both of these systems,

~ thus _proving that the relaiionship B'Efwée;n maximizing the probability

of detectjon and maximizing the minimum distance which e}_:isfs when

there is no dimensionality restriction does not exist when there are

restrictions on the dimensionality more severe than D < M-1,
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