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EFFECTS OF PRECESSION AND NUTATION

by
James P. Murphy

SUMMARY

Transformations to account for the precession and nutation in the equator
and equinox of the earth are given in units of degrees with time measured in
Julian days and initial epoch of 2436099.5 J.D., the Julian Date for Space.
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EFFECTS OF PRECESSION AND NUTATION

by
James P. Murphy

INTRODUCTION

The true equator and equinox of the earth are in continuous motion in space.
The motion consists of two parts, general precession and nutation. General
precession carries the mean pole of the equator around the pole of the ecliptic
in about 26,000 years and nutation carries the true pole around the mean pole in
about 18.6 years. Thus the effect of precession is secular and the effect of nuta-
tion is periodic.

Three separate coordinate systems are to be considered. The Z -system is
moving under the influence of precession and nutation; the Z-system is moving
under the influence of nutation; and the W-system is fixed in space. These co-
ordinate systems are now defined.

In the Z-system the Z, axis points toward the instantaneous direction with
respect to the celestial sphere of the mean polar axis, and Z points toward the
instantaneous vernal equinox. At the same time in the Z- sysfem the Z 3 axis
points toward the mean direction of the mean polar axis, and Z points toward
the mean vernal equinox. At some specified epoch in the W-system, the W; axis
points toward the mean direction of the mean polar axis and W; points toward
the mean vernal equinox.

PRECESSION
Let « and » be the angle between the line of intersection of the mean
equator at T, and the mean equator at T with the W, and 22 axes, respectively
(See Figure 1). Let v be the angle between the planes of the two mean equators.
The relationship between the 7 and W coordinate systems then is
Z = Ry~ @) Ry(¥) Ry(-<) W
and | (1)

R, () R, (- v) Ry(w) Z

=
|



Figure 1

where R (o) indicates a rotation matrix with the rotation about the nth axis by
an angle a.

The explicit relationships indicated by Equations (1) are

1 -sink sinw+cosKkcoswcos v - cos x sinw=- sink coswcosv =coswsinv||W
'22 = sin « cos w + cos « sin w cos v cos K €OS w - Sin k sinwcos v - sinwsinv] | W,
'23 cos k sin v - sin « sinv cos v W,

and
. . . . » g™
W, COS v COS w COS K — 8in K Sin w cos v cos k sin w + cOs w sin K cos «x sinv| | Z,
-— . . . . - 3 -
W, = |- cosv coswsink —~cos« Sinw =~ COSV sink sinw* cos wCOS Kk~ Sin Kk sinV Z,
. R ~
W, - sin v cos w = sinv sinw cos v Z,




The values of x, w, and v are
Ko = :23042'.'53 + 13973 (T, - 1.900) + 006 (T, - 1.900)2] (T-T1,)
+ [30123 - 0v27 (T, - 1.900)] (r-r1,)2+ 1800 (T - T,)°

w = £23042'.'53 +139!73 (T, - 1.900) + 006 (T, - 1.900) 2] (T-T,)

+ [100r50 + 0239 (T, - 1.900)] (T-1)% +1832(T-T1)°

v = :20046'.‘85 - 8533 (T, - 1.900) - 037 (T - 1.900)2] (T-T1,)

-+

[— 42'67 - 0137 (T, - 1.900)] (T-1,)%-4180(T-T,)3

where T, and T are measured in thousand tropical years and where T, refers
to the epoch time of the fixed mean equator and T refers to the time of the
moving equator.

NUTATION

Let Au, Av, and Ae be the nutation in right ascension, deglination, and
obliquity, respectively. The relationship between the Z and Z systems is then

z R, (- Ap) R,(Av) R, (- Ae) Z

and (2)

N
I

R,(Ae) R, (= Av) Ry (Ap) Z

The explicit relationships indicated by Equations (2) are then

Z, cosAvcosAu ~cosDpusinbvsinAe-cosAesinBp -—cosAusinDvcosAe tsinbesinbull Z,
Z,|=| cosbvsinbpu -sinAusinAvsinAetcosAecosBu -sinbusinAvcosbe -sinbdecosbull Z,

~
Z, sinAv sinfecos By cos Ae cosAv zZ,



and

El cos AvcosAp cos Avsinbp sinlv Z,
iz =l-cosAusinAvsinAe-cosAesinbdpy -sinAusinlAvsinde+tcoshecosDhp sindecoshy Z,
Z ~cos AusinAvcosBAe+sinAesinAy  -sinAusinlAvcosOe-sinAecosAu cosAecosAv Z

3

The expressions for Au, Av, and Ae may be obtained from expressions for
the nutation in longitude Ay and in obliquity A€ appearing on pages 44 and 45 of
Reference 3.

This relationship is illustrated in Figure 2.

N
Q
MEAN EQUINOX C?
r

TRUE
EQUINO X

MEAN

EQUATOR

Figure 2

Thus,

Ap = Ay cos €
(3)

Av Ay sin €

The "equation of the equinoxes' or nutation in right ascension is the right
ascension of the mean equinox referred to the true equator and equinox and
represents the difference between the mean and true right ascensions for a body
on the equator. I is thus the difference between mean and apparent sidereal
time. g




FORMULAS FOR EPOCH OF THE JULIAN DATE FOR SPACE

If we wish to use the Julian date for space as the initial epoch, the day as the
time unit and the degree as the unit of angular measure, then some formulas of
the previous sections undergo changes in the coefficients. That is, the preces-
sion formulas for x, w, and v are adjusted for the new units. An adjustment
must be made in the coefficients in the series for Ay and Ae as well as the
motion of the arguments of the various terms.

The formulas for precession are then given by

« = (10753067 x 1675 + 209097 x 1073 (&, - t; ;o)
+ 304 x 10722 (¢ - tJ.D.S.)z] (t - to)
+ (62201 x 10714 - 155 5 1072 (¢, - ) )] (€ - t,)?

+1°026 x 10710 (t - t )3

w = [1?753067 x 1078 + 2°9097 x 10713 (t_ - tJ.D.s.)

+3%4 % 10722 (¢ = t; 5.5 ) 2} (t-t,)
(4)
+ [2?2805 x 10713 + 223 x 1072 (¢ - tJ_D.S-)] (t - t,)?

+1°044 x 10719 (¢ -t )3

v = [1.524289 x 1075 - 127777 x 10713 (¢ - t; 5 )
- 201 x 1073 (¢ =t ;) 2] (t-t)
+ [- 82889 x 10714 - 2°1 x 1072! (t_ - tJ.D.S_)] (t -t,2)

- 29383 x 1071° (t -t )3

where ty p.s, = 2436099.5 J.D. and where (to = tJ_D_s,) and (t - to) are
measured in Julian days.

In the series for nutation in longitude and obliquity terms of the order of a
hundredth of a second of arc or larger are kept. This amounts to about one
quarter of the terms listed in Reference 3 for these series. Thus



Ay

(- 4.78965 x 1073 - 1.323 x 1071%¢) sin O
+ (5.800 + 1075 + 1, x 10713¢) sin 20
+ (- 3.5361 x 107* - 1. x 10712¢) sin 2 (F - D + Q)
+ (3.497 x 1075 - 2.4 x 10"12¢) sin ¢'
+ (- 1.38 x 1075 + 9, x 10713¢) sin (¢' + 2F - 2D + 2Q)
+ (~5.94 x 1076 + 4, x 10713¢) sin (&' - 2F + 2D - 2Q)
+ (3.44 x 1076 + 8. x 10714t ) sin (2F - 2D + Q)
+ (- 5.659 x 1075 - 1. x 10713t ) sin 2 (F + Q)
+ (1.88 x 1075 + 8. x 1071 ¢) sin ¢ |
+' (- 9.50 x 1076 - 3. x 10713¢) sin (2F + Q)
-7.25 x 1078 sin (g'+ 2F + 2Q)
- 4.14 x 1075 sin ('~ 2D)
-3.17 x 1078 sin (¢'- 2F - 2Q2)
+1.7 x 1075 sin 2D
+1.6 x 107% sin (¢'+ Q)
+ 1.6 x107% sin (' - Q)

+1.4 x 107 sin (¢' - 2F - 2D - 2Q)




Ne = (2.5585 x 1073 + 6.9 x 10'12t) cos {)
+ (- 2.51 x 1075 + 3. x 1073 ¢) cos 20
+ (1.533 x 107* = 2.2 x 10712¢t) cos 2 (F - D + Q)
+ (5.99 x 1076 - 4.4 x 10713¢) cos (¢' + 2F ~ 2D + 2Q)

+ (- 2.58x 1076 + 2. x 10713¢) cos (¢ - 2F + 2D - 2Q)

1.8 x 1075 cos (2F - 2D + Q)

+ (2.46 x 1075 - 3.9 x 10713¢) cos 2 (F + Q)

-+

5.08 x 107% cos (2F + Q)
+ (3.14 x 1076 - 8. x 107!* ) cos (£ + 2F + 20Q)

- 1.4 x 107% cos (£~ 2F - 2Q)

where

290°615049 + 13°0649927374d + 6909 x 10712d? + 2995 x 107193

~
l

0' = 254°436609 + 0°9856002621d - 0.116 x 107'2d? - 0268 x 107 1°d3
F = 239°342609 + 1392293503475d - 2°407 x 107!'2d% - 0207 x 1071933 (5)
D = 285°634588 + 12°1007491461d - 12074 x 107'2d? + 0239 x 1071943
Q0 = 222.941764 - 020529538565d + 1°560 x 10712d% + 0746 x 1071°d3

and where d is measured in Julian Ephemeris Days since the Epoch Date of the
Julian Day for Space, 2436099.5 J.D.



REFERENCES

.1. Veis, George, "Geodetic Uses of Artificial Satellites' Smithsonian Contribu-
tions to Astrophysics Volume 3, Number 9.

2. Danjon, Andre, Astronomie Générale, Paris: J. and R. Sennae, 1959.

3. Explanatory Supplement to the Astronomical Ephemeris and the American
Ephemeris and Nautical Almanac, Her Majesty's Stationery Office, London,
1961.

4, Kaula, W. M., Celestial Geodesy, NASA TN-D-1155.




Z-system

'i—system
W-system

Ky @y, V

APPENDIX A

LIST OF SYMBOLS
coordinate system moving under the influence of precession
and nutation
coordinate system moving under the influence of nutation
coordinate system fixed in space
precession angles given by Equations (4)
nutation in right ascension
nutation in declination
nutation in obliquity
nutation in longitude
true equinox
mean equinox
epoch time of fixed mean equator in tropical centuries
epoch time of moving equator in tropical centuries
T, expressed in Julian days
T expressed in Julian days
Julian Date for Space = 2436099.5 J.D.
rotation about the ith axis by an angle o

angular variables defined in Equations (5)




