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FOREWORD

k)

This report was prepared by the Convair Division of General Dynamics for the
George C. Marshall Space Flight Center of the National Aeronautics and Space
Administration. The work was administered under the technical direction of the
Resources Management Office, Aero-Astrodynamics Laboratory, George C. Marshall
Space Flight Center with Mr. Robert S. Ryan acting as Project Manager.

This work was prepared under the direction of Dr. L. L. Fontenot, Program
Manager, and Principal Investigator, and by M. O. Clark, Research Engineer.
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ABSTRACT

Results of an analytical study to determirie the role of the action of the
liquid in attitude stability equations of liquid propellant space vehicles are presented.

The planar perturbation equations of mction for a liquid propellant launch
vehicle have been formulated.

The vehicle motion was treated as a summation of perturbations from a
known reference motion and motion in which vehicle body axes remain coincident
with reference axes. The effects of the liquid in the perturbation equations were
-isolated and identified.

On replacing the liquid motion by a simple mechanical system, the planar
perturbation equations of motion for the vehicle wer: again derived.

The role of the liquid motions and mechanical motions were then compared;
it was shown that the mechanical system did exactly duplicate the action of the
liquid, The analysis was then extended to tanks of arbitrary shape having
rotational symmetry. Again, the mechanical system was shown to duplicate the
action of the liquid. However, the equation expressing the constancy of pressure
at the free surface was found to contain an additional term proportional to the
angular displacement of the body axes with respect to the reference axes. This
anomaly was ascribed tc the fact that in many previous analyses, the equations
were not perturbed but arbitrarily linearized with respect to body rates.
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INTRODUCTION

Recent Saturn I and Atlas/Centaur flight data have disclosed certain liquid
propellant responses which seem to be at variance with predicted theoretical
analyses. Informal technical discussions with MSFC and GD/C personnel indicate
that these anomalies do not result from non-linearities of the propellant motions
and/or the elasticity of the tank walls which are normally neglected in conventional
treatments.

The usual method of obtaining the forces exerted on a launch vebicle by its
oscillating propellants is to compute the liquid reaction forces under the assumptions
that the motion of the propeilant tanks do not depend on the dynamic state of the
vehicle, and then to consider that these reaction forces may be treated as generalized
forces acting on the vehicle in an arbitrary state of motion. Such a procedure has been
questioned by various analysts.

Moreover, a perusal of past efforts discloses a lack of agreement as to the
exact analytic statement of the problem. In many instances, the analysis of the
liquid motion is rather confusing and assumptions used are difficult to justify. To
obtain resulting ordinary linear differential equations with constant coefficients,
products of vehicle body rates, both linear and angular, and liquid motion are
discarded. There are many other inconsistencies too lengthy to enumerate.

In this study we shall re-examine the manner in which the action of the liquid
is represented in the attitude stability equations of liquid propellant space vehicles,
the object being one of uncovering errors which might give rise to apparent
discrepancies between theory and flight data.

To this end, we choose to conduct the investigation ir the following way.

(1) Review briefly, and mostly without proofs, certain fundamental
results from theoretical hydrodynamics necessary to describe
the motion of a heavy liquid enclosed in a rigid vessel which is
itself in motion.



@)

3)

4)

(9)

(6)

Attitude control studics of space vehicles necessitate the

use ol reference systems whose origins remain in coincidence
with the origin of vchicle body axes or tank-fixed axes, and
are thus axes moving with respect to an inertial refercnce.

It is convenient to express all quantities, both absolute and
relative, in terms of the moving coordinates. Therefore, the
pertinent equations, bound:ry conditions, etc., will be written
exclusively in terms of moving coordinates.

An energy formulation of the system (vessel plus liquid) will
be written 1or six degrees of freedom.

These concepts will then be extended to the case of the planar
motion of a liquid propellant vehicle having a singie tank and
engine, For simplicity the tank will be taken to be a prismatic
cylinder. The results will apply trivially to more than one tank
and engine,

The planar equations of motion will be used to obtain the perturbation
equations of motion. To this end, we shall treat the vehicle motion
as a summation of perturbations from a known reference motion

and motion in which vehicle body axes remain coincident with
reference axes. The role of the liquid motions in the perturbation
equations will then be isolated and identified.

The liquid in the propellant tank will be replaced by a simple
mechanical system (system of pendula plus discrete mass and
moment of inertia), and planar perturbation eq'ations for the
entire vehicle will be derived. The effects of the mechanical
system motions in the perturbation equations will be isolated and
identified.

The rcie of the liquid motions and mechanical system moticns
will be compared to see if the mechanical system can duplicate
the action of the liquid.

The analysis will be extended to tanks of arbitrary shape having
rotational symmetry, such as commonly occurs in most
vehicles, The role of the liquid motions and mechanical system
motions will again be compared.



2/ FUNDPAMENTAL RESULTS FROM THEORETICAL HYDRODYNAMICS

2-1



BASIC EQUATIONS FOR MOTION OF A HEAVY LIQUID ENCLOSED IN
A PARTLY FILLED VESSEL WHICH IS ITSELF IN MOTION

Consider the motion of a frictionless liquid enclosed in a partly filled vessel
which is itself in motion, Fig. 1. To describe the motion of the system, take a
cartesian frame of reference fixed relatively to the container, say an origin o and
three axes ox, oy, oz. Reference oxyz is orientated in such a manner that oz is
measured positively along the outward directed normal to the undisturbed free
surface. Thus the free surface, denoted by S(t), coincides with plane xoy (the
plane z = 0) when the container and liquid are at.rest.

Let
z=C(x, y, t) (2.1)

be the equation of S(t) when it is displaced. Denote by Z (t) the wetted surface of
the vessel, and by T (t) the variable volume enclosed by S(t) and Lt). LetZ, T,
and S represent the corresponding values of Z(t), T (t) and S(t) in the undisturbed
position. All surfaces are astumed {o be piece wise smooth.

Suppose that at time t the vessci i5 ecincident with inertial space and that
it is moving relatively to inertial space with motion described by an observer in
inertial space as a velocity u of o and an angular velocity w . Then the position
vector T of a particular liquid particle Pe€ T(t) at time t is the same for an
observer moving with the vessel as it is for an observer in inertial space.

The point P, if rigidly attached to the moving frame of reference oxyz, has
the velocity

V=u+Wxr. (2.2)

Thus, if P is fixed in inertial space instead of in oxyz, it will appear to an observer
in oxyz to move with velocity -V.

Denote by q(P, t), v(P, t) the velocities of the liquid particle at point
P(x, y, z) € T(t) at time t as estimated by observers in inertial space and
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Figure 1. Partially filled vessel in motion.
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oxyz respectively. Then
c'1=\_/+\7,\7=_df., (2.3)
in which the position vector T is referred to the moving referencc oxyz.

Assume the liquid to be homogeneous and incompressible throughout the
motion. Moreover, neglect interfacial tension forces and capillary contact effects
between liquid and boundary. Then, the motion of the liquid in T (t), when
referred to the moving frame of reference oxyz, is completely described by the
following formulae:

Equation of motion

+5)xa=——t‘£+2@x\7+Jfo+d3x(<5xi")+§,=f--lep,PeT(t),

99 _ %3, ((g-¥)vlg -39, 5v)%, a=-91,%xu PeT(ty (2.4
a ot o e T V) at h &9

Equation of continuity
Vg =V =0, PeT(t) (2.5)
Boundary conditions {kinematical)
Qn - Vo = va = 0, Pe Z(t) (2.6)
dn - Va = L cos (n, z), PeS(t)
Boundary conditions (physical)
p-LZ(t), (2.7)
p(x, y, C, t) = const., Pe S(t)
Forces and moments

-Fr=p J‘ﬂ g—(—L dr + p J‘ﬂ (@ x @) dT - pﬂ]‘ far + pﬂ gl . cos(n, z)ds (2.8)
T(t) °° T(Y) T(t) S(t)
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= p”:f %{9 dr +2p [J[ (@ x ¥)dT + p ﬂ:r(c-u x BT + p [[j @ x (® x ©)ldr
T(t) T (t) T (4) T (L

- pﬂf (t-"- a)dtT + p ﬂ v £, cos(n, z)ds,
T (%) (t)

-L, = Pm (f x %?)d'r + 0 [l @ (ro-a(@r)ldr - p [I] ¢ x Dar
T (t) T(t) T(t)

+p ff (* x 9, cos(n, z)ds

S(t)
=p[[] & x-g—‘-')d‘r r2p [l (@ (7%) -v(@F)dr + p ] (@7) (F x &)dr
T (1) ‘ T(t) T(t)
sp Il (@(sp) -#(@8)ldar -p[JJ (£ x (f-a)lar
T (Y T (t)

+ pﬂ (r x v) . cos(n, z)ds
S(t)

in which f is the vector of body forces (such as gravity) per unit mass; p is the
mass density; p is the pressure intensity at point P(x, y, z) (independent of
direction); a is the absolute acceleration of 0 as measured by an observer in
inertial space.

Formula (2.4) is the second law of motion applied to a liquid particle of
infinitesimal volume, and can also be obtained immediately from Euler's
equation on application of the classical expression for rates of chance of a
vector viewed from inertial and moving space.1 Note that the equation of motion
is expressed in either of two forms; one of which is in terms of the absolute
velocity 4, and the other in terms of the relative velocity v.

Formula (2. 5) states that the net flow rate of liquid into any small volume
must be zero. It likewise is expressed in either of two forms.

Formula (2.6) is the kinematic condition which ‘must be satisfied at the
solid boundary Z (t), namely, that the component of velocity normal to the
boundary must be equal to the velocity component of the boundary normal to itself.
Note that the componer:t of relative velocity normal to Z (t) is zero, vn = 0;

1See notes.



the component of the ahbsolute velocity normal to Z (t) is equal to V,, the velocity
of the boundary normal to itself. This follows from the relationship (2. 3).

Formula (2.62) is the kinematic condition which must be satisficd at the free
surface, Lord Kelvin's condition, and is a corollary of (2. 5).2 (- °t )

is the apparent velocity of movement of the free surface S(t) in the direction oz;
i.e., €, is the velocity of movement along the straight line x = zonst., y = cocnst.,
of the point of intersection of the surface z = { with this straight line.

Formula (2.7:) states that for a frictionless liquid in contact with a rigid
boundary, the liquid thrust shall be normal to the boundary.

Formula (2.72) expresses the constancy of pressure at the free surface S(t).

Formula (2.8:), exuicssed in either of two forms, is the computation of the
force resulting from the action of the liquid motion on the vessel surface Z (t). It
is obtained from an integration of formula (2.4) throughout T (t) and application of
the divergence theorem and formulae (2.5, 6, 7).

Formula (2.82) is the computation for the moments about the origin of the
forces exerted by the liquid on the vessel surface Z (t).

There is an important corollary to formula (2.4) concerning the vorticity
of liquid elements. Let the extraneous body forces be conservative,

f=-vQ (2.9)

then, on introducing formula (2.9) into (2.4) and operating with Vx on the resulting
equation of motion, we get

‘3‘; (vxg)+@®x(vxg)=0(vxqgvlg, (2.10)

d (vx9 =2 (vxg)+(g-VvI(vxg),
dt ot

and (2.11)

g_t_(va)+63x(vxi7)+2¢5=2V(5M7)- @x (vx¥)+ [(vx¥)v]v,

2See notes.
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d - o) - -

— (v == (v V)V xv)

dt( X V) at( x ¥) + W) (@x¥),

in which (v x ) is the absolute vorticity of liquid elements and (V x ¥) the relative
vorticity of liquid elements, that is, the vorticity as measured by an observer in
inertial and moving space respectively. (Vx g) and (V x V) arc not independent.
Indeed, operating on (2.3) with Vx we see

vxg =2® + (Vx¥) (2.12)

Consider a liquid particle which has no vorticity (Vv x ) = 0; from (2.10),
it follows that

d(v x g') -0
dt ’

and therefore the particle never acquires vorticity. This implies that if
(vxaqg) =0 (2.13)

At some time t = to, then it is zero for all time, and

(Vx v) = -2& (2.14)
using (2.12).

There is a significant corollary to formula (2.5) concerning the flux of the
liquid. From the divergence theorem

[[vads = [J] voar,

T (t) + S(t) T (t)
which, in light of formulae (2.5, 6), gives

[J ¢.cosn, zyds =0, (2.15)
S(t)

It is known that the most general solution of formula (2. 5) can be expressed
in either of the two forms [ 1]

G=G+q@Q,% =V, Va =0, (2.16)

<
!

Vo+ W%, o=V, Vi = 0.



Vectors fpand Vo are the irrotational components of the absolute and relative
velocity vectors respectively. @ , V1 are the corresponding vortical components.

Substituting (2.16) into formula (2.5), we obtain
Vo=V¢P=0, (2.17)

which states that the irrotational components of the absolute and relative velocity
vectors must satisfy Laplace's equation,

When there is no vorticity
G =0, (2.18)
Vx v =-2@,
formulae (2, 10, 11) are satisfied identically and the absolute velocity is completely
determined to within an arbitrary additive function of time by the velocity

potential ¢ .

Formula (2.182) is satisfied identically if we take

V1, = -Wx T (2.19)
Thus the relative velocity becomes
F=VP-@xT (2.20)

Introducing formulae (2.16,) with g = 0 and (2.20) into (2.4) and integrating
the resulting equation of motion, we get

where
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and D(t), C(t) are instantaneous constants, that is, functions of t only .
Therefore at a given instant the constants have the same valuc throughout the liquid.
Expression (2.21) is the unsteady pressure equation expressed in either of two forms.

Substituting formulae (2.16,) with 4 = 0 and (2.20) into the boundary conditions
(2. 6), we obtain

9% _ Gi + w, [y cos (n,2z) - zcos (n, y)) + % [z cos (n, x) - x cos (n, 2)]

n
+ w, [xcos (n, y) -ycos (n, x)], PeT(t), (2.22)

_g.;::. = {if + Wy [y cos (n, z)- zcos n, y)] + w, [z cos (n, x) - x cos (n, 2)]

+ w, [x cos (n, y) -y cos (n, x)] + £, cos (n, z) , PeS(t) ,

-g_ﬁ- = w, [y cos (n, z) - zcos (n, y)] + w, [z cos (n, x)-xcos (n, z)]
+ w, [xcos (n, y) -ycos (n, x)], PeZ(t),
-:—f- = wy [y cos (n, z) - z cos (n, y)] + w, [z cos (n, x) - x cos (n, z)]
+ w, [xcos (n, y)- ycos (n, x)]+ €, cos (n, z), PeS(t),
where cos (n, Xx), ... denote the cosines of the angles formed by the outward

directed normal to the surface of contact at the point P.
Introduce a new potential ¢ such that
P=Ur - Wy yz - W, xy—wyxz+J:~J§u2 dt + ¢, (2.23)
P = -Wyyz - WyXZ - W, Xy + @,
b=+ GF + [ Fudt.
then it follows from (2.17, 21, 22) that

Ao=0,PeT(), (2.24)

P +'g"?'_ W, yz - @y, Xz - @, xy + 8F + O + 3v3-5(® x FP = C(t), PeT(t),
2. 25)
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g—f = 2 [wyycos(n, z) +w zcos(n, x)+w,xcos (n, y)l, PeT (1) (2.26)
2 [Wyycos (n, z)+wyzcos (n, x)+w,xcos (n, y)]+ ¢, cos (n, z),
Pe S(t) .

Since the pressure must be independent of position at the free surface we require

9¢ - Wy yzZ - Wy Xz - W, Xy + aF + 0+ zV? -5(@x FP=0, PeSq), (z=0),

3t (2.27)

which is the condition (2.72). The forces and moments (2. 8) become

-Fi1, P.r.ﬂ‘ 0 (_Se dT+§pJ‘”‘ Ov® dT - pﬂf fx dT + p ay H dT (2.28)
T(t) © T(t) O T(t) T(t)

p(a? + u?) [[[xar+p(w, w, - @&,) [Jf yar+ p(w, w, - &) [[J zdr

T (t) T(t) T(t)
-Fi, _pjﬂ.a_ (3_9)d7+gpﬂfav dar-p fJ[ £, dr +pa, [[Jar
T(t) © T(t) OY T(t) T(t)
+p (W wy - @) [[[xar-pd + o) [[[yar+ plw, w, - w) [z ar
T(t) T(t) T(t)

-F, —P.U.ra (__‘P) dr+%p [[] oV aV dr - pﬂff ar + pa, JJ] dr
T(t) T(t) oz (%) T(t)

0w w, - o,) I xdr+ plwy, w,- @) [ ydr-p(ef +«?) [[[zar
T(t) T(t) T (t)

-Lxx“P‘m‘[Y—, Z—(M/JdTJf'ﬁpJ‘g(Vav - g‘vz) dr
Ty 07 ot %y T °% %

-pflf (yt.-zt)dr+ pa, [Jydr- pay [[[zdr
T(t) T(t) T(t)

+p(w,w,-d>,)fﬂxyd'r-p (wy w,-cb,)ﬂ:fxzdf
T(t) T(t)
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+plw, w, - W) mqyz ¢t + p(wf - «f) My z dT
T(Y) T()

-p (W w, -&) [[] 22 ar

T(t)

-pﬂr[z (3¢)-x 9 (a_‘P)]d‘lW pif\z -x 2 ) ar
T() Ox Ot 3z T(t) OX 2,

-p[l] (2 tx-x8.) a7 - pa, [ x a7+ pa, [ 2 a1 -plws w, - &) [[] ¢t dr
T(t) T (t) T(t) i

-p(w, w, - w,)fﬂxyd‘r + p(u? - uﬁ)‘m‘xzdr+p(w,‘ wy - wz)“‘fy 7 dT
T(Y) T(t) T (L)

+ oy w, - @) Jf[22ar
T (t)

_ 3 (29). (_‘.P)]dr v v
Pi_fg‘)[x ay( y 52 +§PTI{{; xay Y3, ) dT

o[l (xty -yt darepay [Jf xar-p a [[Jy dr+ p(w, w, - &) [[) x2 a7
T (t) T(t) T (t) T (t)

+p (W - wf)fffxy dr + p (W, w,- w,)fﬂ.x z dT- p (wy wy - ‘-L'z),m]yz
T (t) T(t) T(t)

- P (wy w, - ‘by).jnﬂ‘y z dT
T(t)

Given u, @, certain initial conditions and the geometry of the vessel, we
can in principle find ¢ . With ¢ known, the motion of the liquid and its important
consequences are completely determined. It should be pointed out that without
further knowledge of w and 1, except insofar as they are given functions of time,
we cannot logically discard nonlinearities involving them.

The problem as stated is somewhat academic because in dynamic studies
of aerospace vehicles u and @ are not given functions of time which are

2-11



independent of vehicle motion and orientation with respect to inertial space.
In reality they depend on the body rates of the vehicle and consequently are not
known until the total motion of the system is known.
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SUMMARY OF FUNDAMENTAL RESULTS

The basic equations describing the motion of a liquid enclosed in a partly
filled vessel which is itself in moticn have been derived. Principal assumptions
employed in the derivation were:

(1) frictionless liquid;

(2) homogeneous liquid;

(3) liquid incompressible throughout motion;

(4) interfacial tension forces and capillary contact effects
between liquid and boundaries neglected;

(6) liquid motion irrotational as viewed by an observer
in inertial space.

The pertinent formulae derived are:

(1) Velocities
G=U-wW,Vyz-wVxz-& Yxy + VQ (2.29)
V= -wyVyz-&, Vxz-Ww, Vxy + VO

(2) Equation of motion

§+§9-w, yz-@ Xxz-W, xy+afr+Q+5v2-3(0xtP=C(t) (2.30)
t

(3) Equation of continuity

Ao

]
o

(4) Boundary conditions (kinematical)

—g—‘s = 2[woycos(n, z)+w,zcos (n, x)+w,xcos (n, y)l, PeT (t), (2.31)

2 [we y cos (n, z) + wyz cos (n, x) + w,x cos (n, y)] +&, cos (n, z),Pes(t),

.mCe cos (n, z)ds =0
S(t)
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(5) Constancy of pressure at free surface

-g-ftﬂ-a’u,yz-(b,xz-d:,xy+ii+0+§\f”-§(ﬁxi")°=0, z=_ (2.32)

(6) Forces and moments

P, =pff] 2 (_‘ﬁ)df+£pJJJ 0 dr-p [ fudr+pa, [ff ar (2.33)
T(t) ° T(t) °% T(t) T(t)

-p(w? + w?) ﬂfx dr+ p(w, w, - &,) Jﬂ' yd7+ p(w, w, - W,) m z dT

T(% T(¢) T(t)
-r‘ ..p‘]:[[’a (Q_‘E)o‘r+§ ma"ad‘r pmgd1’+pa,ﬂfdr
T(t) ° ' T(t) oy T(t) T(t)
s p(we wy-@) [[[xar-plw2 + o) [[ydr+plw w-a) [[fzar
T(t) T(Y) . T (t)

-Fi, --p\[:ﬂ‘a (_f) ar+%p [l g"a dr- pm f, dT + pa, [[J ot
T(t)° T(t) % T(t) T(t)

+pw, w, - @ )mxd'np(w w, - @) [[[ ydr-p(u? + w?) [[[zar
T(t) T(t) T (t)

L= Iy & (29). z_<éseadr+nm(v° -z ) ar
T(Y) ‘ T(t) OZ Ay

-pjﬂ(yf,- z f,)dT+ p a, fﬂyd‘n- p ay L‘Izd‘l‘
T (%) T

+ P (wy w,.~ w,)j‘ﬂ‘xyd‘r p(w,w,-w,)mxzd‘r
T(t) N T

+p(w, w, - W) j:[fya dr + p(w? - w?) ﬁfyzd‘f
T(t) T(t)

-p{w w, -a) [[] 2ar
T(t)
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Ly, =p [l (22 (20) -x 2 (2¢)]a 3 )
p;ﬁ) zax Y X 5 (¥ ‘r+ép;]:]({)(zax xaz ‘r“

P (2fi-x1,)dr-pa, [ xdr+ pa, [[] zdr -p(w, w, - &,) [[] »®ar
T T(t) T(t) T(t)

-p(wyw-a) [[[xydr +p(a? - «?) [[xzdr+plw, e, - o) [[[yzdr
CT(Y) T(t) T ()

+plw, w, - &) [Ifz2ar
T(t)

-Lu,=pff] --(—S") ( P)Jar+ } ov?
:, PJ.(Q; x 3 ya + pTI(I:tI; By aJ|()d'r

-pfff(xf, -yf.)d1'+pa,ﬂfxd‘r ] a,ﬂfy dr+ o (w, w, - &) f'[ x2 d7
T(t) T(t) LT T (4

+p - ) [[[ xyar+p(w w-a)[[[xzdr-p(wow-)[fy ar
T(Y) (%) T(%)

- P (wy w, - d-’y)J‘J]‘yZdT
T(t)

Thus, with i, @, certain initial conditions and the gecometry of the vessel
given, @ can presumably be determined. Consequently the motion of the liquid
in T(t) is known. It should be pointed out that the determination of ¢ involves
difficulties of a fundainental nature. A number of algorithmr . pertaining to the
non-linear oscillations of a liquid enclosed in partly filled prismatic cylinders
have been published but all of them are still very clumsy and, most important,
no one has thus far succeeded in proving their convergence. Moreover, the
very question of the existence of periodic solutions of non-linear systems still
remains open.
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STOKES' PROBLEM

Consider the classical problem of the motion of a heavy liquid enclosed in a
completely filled vessel which is itself in motion.

Denote by T the volume of the liquid cavity (the plane S is no longer a free
surface). Let the volume T be set in motion in any manner. Moreover, assume
that this motion is known to us, i.e., the instantaneous translational and angular
velocities of the vessel are known. The velocity potential of the absolute motion
of the liquid must satisfy

Ao=0

The boundary condition is

3¢

> =i f+w (ycos(n, z)-zcos(n, y)]+w, [zcos(n, x)-xcos (n, z)]

+w, [xcos (n, y) -y cos (n, x)], PeZ +8. (2.34)
This condition may be satisfied by writing

® =ux OF+uy, OF +u, OF + wx OF+ W, OF + W, OF |

where ¢¥ , ... are harmonic and satisfy the boundary conditions
d ot 3 3
O%% - cos (n, x), 29 =cos (n, y), 9¢: - cos (n, z), PeZ +8,
on on on
3¢
%(_p, =ycos (n, z)- zcos(n, y), PeZ +8, (2.35)
n
o) 3
5—-‘5" =zcos (n, x)-xcos(n, z), PeZ +8,
3¢
%‘Pz =xcos (n, y)-ycos(n, x), PeZ +8,
n
so that ¢¥ , ... depend solely on the geometry of T and not on its motion. Such is
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the classical problem of Stokes. ¢}, ... are sometimes called Stokes
notentials.

If for 8, &5, oF, & , of, ¢ we substitute x, y, z, -z y + @F,

-XzZ + @, -xy+ 0¥ we get

@=ur-w(yz-¢f)-w (xz-¢-w,(xy-eH, (2. 36)
where ¢§ , ... are harmonic and satisfy conditions
dk
-a—;"‘ =2ycos(n, z), Pe D +S, (2.37)

3*
%‘ﬂv =2zcos (n, x), PeZ +§S,

Ot
S-f;=2xcos(n, y), PeL +8S .

Note that the differentiz]l system
Agd =0, PeT,

dg¥ =2ycos(n, z), PeZ +S
dn

is equivalent to the variational problem for the functional

G¥ =%H.J (V¥R dr - Z‘J‘I(p;* ycc;s (n, z)ds .
T S+%

Similarly,

Gy =%ﬂ]‘ (Vo P ar- 2 [| ¢ z cos (n, x) ds,
T S+2

G =%Hf(v(p;*)2 dr - 2 ﬂ(p?xcos (n, y)ds .
T S+Z

These expressions may be combined into a single formula

GIt (%) =%][[ (ve")2dr-2 [[o* M ds (2.38)
T S+
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where
y cos (n, z) fori=1,

M = ( zcos(n, x) fori=2,

| xcos(n,y) fori=3.
Thus the problem of determining Stokes' potentials is equivalent to finding

the extremum of functional (2.38). The method of Ritz may bec used to solve this
variational problem,
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ENERGY FORMULATION

Consider the motion of the entire system (liquid plus solid). Decnote by T
the total kinetic energy of the system. Thus

T2T1+T5,

T, =5 Jf[ pla%ar =3[ o [V+ 3|2 ar, T, =% [] p [V[° ar*,
T (t) T (t) T

where T, is the kinetic energy of the liquid in T(t) and T, is the kinetic cnergy of
the solid, i.e., vessel proper. T¥ p*represent the volume and mass density of
the vessel proper,respectively. Let il; be the potential energy of the liquid in T (t),

n1=ﬂIdeT
T (t)
f = -vQ

then, the equations of motion for the complete system may be written as

d 3Ty, 7 ,9T _ = w0 T
dt(aﬁ)+wx'6_ﬁ"F°*t+ffjpde Ff e Td (2.39)

U T(t)
d aT) In) aT - oT - % (= - % _ _
— — =Lex f dT . f) dT’
at (aw + x.a....5)+uxal_1 t+£[£P (r xf) +Tf{{;p(rx

4 (T, + 1)) = -JI p(Vn+vn)ds=~ ﬂ p V. s,
dt S(t) + = (t) S(t) + Z(t)

p(x,y, &,t)=0, PeS(),
Vv =0, PeT(t)
0, PeZ (t),

¢, cos (n, z), Pe S(t) ,
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in which jJj ofdr, | " p* T dT* are the resultant of body forces per unit mass
T (t) T -Ic

acting on the liquid in 7(t) and on the solid respectively, and Fexy, Liox are

externally applied forces and moments.,

Formulae (2.39;) and (2.392) are Kirchhoff's equations in vector form
(Lagrange's equations referred to moving coordinates).

Formula (2.393) states that the rate of change of total energy of any portion
of the liquid (assumed incompressible) as it moves about is equal to the rate of
working of the pressures on the boundary. In deriving this expression it was

assumed that 9§ _ 0 . The unsteady pressure equation may be derived from
ot

the formula. Moreover, condition (2.394, is a corollary of (2.393) for the

irrotational motion of a liquid enclosed in a fixed vessel.

Formulae (2.391) and (2.392) can be written as

.d_..(é_:lla) +<I) aT —Fext +J:”P*’d7*+ ‘J:U'pde— ——(aTl) - _X BTL ’

dt. aﬁ au T* T(t) aﬁ
-CL(.S_-. )+ @ x_a_T_.‘5+ﬁx—§-'_L=iem+j‘ﬂ‘p*(fxf)dT*+ﬂfp(1"xf) dr
dt w 0w u T % T (t)
o) 1 - aTl o= aTl
-\ ) - WXxX—= - -—
dt (aw) Y “Xaa

Now, if the liquid had been absent (T: = 0), the right side of these zquations would
have coatained only Fext + ﬂ f f dT* and Lexy + .m p*( tx ) dT *. The action of the

T 3 T%
liquid pressures must therefore be represented by the remaining terms on the right.
Thus the action of the liquid is represented by the force and moment

=4 ( T1)+wx aTx-m'pfd'r
dt o o T(t)

=9 (8Th) s @ x 8T 4 gx O
dt ow w

°’I
=

-WetexDar,
)

T(t

which can be verified from formulae (2.8). To be sure

S -f(a+@x7r+v)pdr,

T(1)

2-20



g—%‘—ﬁ‘j~(f'xﬁ+ix(wx1)+ V) par
T (L)
w x §g‘=‘m‘(éxﬁ+@x(d) XF)+ @& xv)pdr,
0T

& x ir_l:.m’[&x(f'xﬁ)-(éf)(@xf‘) +@0 x(Fxv)lpdr,

g? (g'ﬁ‘) ;{(:[)[u+wxr+wxv+2—z+(vv)v]d1' ["*—(Pd"') 0]

—fff(quw XFP+WxV pd‘r'+ﬂj‘a@.—_)d‘r+j:Jpv3‘,’t cos (n, z) ds ,
T (t) T(t) S(1)

p[-a_t+(\7V)v] =5(§§)+V(PV:V),

%€+V(p\7)=0,

m V(pv: v)dT = LT PV vyds - ﬂ'p v ¢, cos (n, z)ds ,
T (t) S(t)+ E(t) S(t)

d_ (BT

dt d W Iff[vxa+fXﬁ+‘—’x(@'Xf')+f‘X(é xT)+T x (& xv)]pdr

T ()

nnn

+ U [Fx?® at)]d‘r+ﬂ p(F x¥) &, cos (n, z) ds ,
T(1) S(t)

and therefore

e (aTl) xaﬁ =.H.J‘Ld‘r+2ﬂfp(wxv)d1’+_m'p u,xr)d‘r

dt T(t) T(t) T(t)

+Jﬂp [ x (& xf')]d1‘+urﬂlp adr+ _J:jnpv L, cos (n, z) ds
T (t) T(t) S(t)

=-F,+[[Jpfdr,

T(t)
(M) x 2T +5x3T- J:H.p[rxa_.gﬂ‘i)]d7+ 2 [[[ol@F v)-v(&@ )] ar
dt 3w oW ol T ot ()
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T p@s)Ex@dr+ [TpEd)-F (@8)] dr
T (t) T(t)

+”f p(F xa)dr +ﬂp(f' xV)Ct cos (n, z) ds
T(Y) S(t)

= Ly + [[lp(sxDdr

T(t)
as adduced.

If the motion of the liquid is irrotational when measured in inertial space,
then

V=V -WxF
=V - WXT-wW Vyz-wVxz-w,Vxy,
using (2.23) and formulae (2.39) become

ay (o I ar + [If o*ar*}- (u?+ w?) (o [[fx ar+ [J p*x ar¥} (2. 40)
T (t) T# T (t) T

v (wy wo-w) [Ty ar+ [ p*y dr*)+ (w, w, + @) {p[]] z ar+ [[] o* z ar*)
W T Ty T

2wy f[fzar-p [I £, ar- [[Jp*g, dr*+ p [ 2 (—P)d‘T
T () T(t) T 7(t) O% Ot

+"§pﬂ‘rafd7 Fxtx

T(t)
ay {p [I] ar + [J] p* a7} + @, wy + &,) {p [[[x ar+ [[] p*x dr*}
T (t) T* T(t) T*
- (@ + @) {p [[[yar+[[[o*y ar*l+ @y w, - &) {p [[] z ar + [[[ p*z dr*)
T(t) TH* T (t) T
2w p [l xar-p [J £, dr- ﬂ'j'p*f, dr* + p Hf 0 _‘P) dr
T(t) T (t) ‘T(t)
'12; pr i-vz dv = Fext
T(1)°Y
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a, 1o ) dT+ [ p%ar*) v (wy w, - @) (p [ x aT ) p*x a7 ¥
T(t) T # T(L) T't%

+(wy w, +a){p LJ y dT + ‘J(:Up*y dr*) - (uf + wi) {pUJ 7 dT w p* 7 dT¥}

T (1) TH T (1) T¥
-2 pJlyar-p e ar- ot ar* e p I & (39) ar
T (1) T(t) T T(y 0% Ot

2 o[l 2 dar=Fox,

T ()
a,{p [IJ y ar + [[[ o*y ar¥} - a, (o [[] 2 a7 + [[] p*2 ar¥]
T(t) T* T(t) T¥*

+ (e w, - &y){p J:N Xy dT+‘J\ﬂ P¥xy dT*} - (wy wy+ w,) {pﬂjx 7 dT JJJ( p¥x 7 dT¥

T(t) Tt T (1) T
+ (wy wy+ @) (o [[7 7 ar+ [[Jo*y2ard + @2 - f) (o [Ty z ar o [[ p* y 2 ar]
T() ¥ T (t) patt
(w W - w*) {p jﬂlzz dT + HJ‘P* 2dT* + 2 C;Jz pﬂ].x z dT - 2 ‘bx (J'J\‘Jiy’“) dr
T(t) T* T (t) T (1)
ol yta-zt)ar- [[[p*(yt,- 2 £,) ar¥e p [[TIy 2 (29)- 5 & (29) ]ar
T (t) T * T(t) dz ot ay R
dv dv2
tz P J“.r X, - . )dT = Liex X
ol w3 t
-a, {p ﬂ‘f x dT + jﬂ‘ p* x dT*} + a, {p fﬂ z dT + ‘fﬂ'p*z dr¥*}
T (t) T * T (t) T %*
(wxwz-03){Pﬂfxzd‘r+fﬂp*fd7*} (wyw +w,){p jﬂ‘xydTJrj:JJp Xy dr¥ )
T (t) T* T (t)
- G [[f xzars [[orxzar*d+ (w - @) o [[fyzar [0y 2 ar)
T(t) T T (t) ¥

+ (W, w, + wy){pﬂf z° d‘r+‘m‘p*z3 dT + 2 d)xpﬂf XydT-2w, p HJ“ z° dT

T (t) T % T (t) T ()
-pfffate-xt,)dr - [[[ p*(2 £y - x 1, dr*+pﬂ:f[Z— 22) - x 2 (291 gr
T(t) T T (t) X at oz ot
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M ]
H

. " ¢ dva
+ B pt‘d (z.?;_l/-—x ov7) dar - Le:*.,
T ’

a, (o [ xdar+ [J] p*x ar*}- o, (p [ v a7 ¢ JI p*y ar#)
T() T T (1) T

v (we wy + w,) {p [ 1] x@ dr+ fﬁ p*x@dr*) s (W - w?) (p [[Ixydrs ‘J:jJ p¥x y dT ¥}
T (1) T T (L) T#*

b (wy wy - @)l [ xzar+ [ p*x 2z am} - (w, wy - &) oI y? ar+ [[] p* y? dr*)

T (t) T* T () T¥*
cwewca)lp[Jyzdrs [Tpryzdrl-2a,pfff Pare26, 0 [[Jyzar
T(t) T T(t) T(t)
-o [[[(xty,-yt)ar- [ p*(xfy -y f) a7 *+ pm[x——( T) - %— 29) ) ar
T (L) T¥* T (t)
o [ff (x S-V-Z y 5! ) dT = Lext, ,

T(Y)

E4-%‘{-&),‘yz-¢b,xz—d&,xy+§.f'+ﬂ+%V2-%(59Xf‘)2 = C(t), Pe T(Y),

9P W yz-Wxz-W, xy+aTFT+Q+5VP-3@xFP = 0, PeS(t), z=C,
ot y

Ao = 0 PeT(t)
2 [wy y cos (n, z) + W, z cos (n, x) + W, xcos (n, y)] , Pe (),
%—‘ﬁ = { 2 (W, ycos (n, z) +w, zcos (n, x) +w, xcos (n, y)I+ & cos (n, z),
Pe S(t) .

Thus, with the external forces and moments, certain initial conditions and
the geometry of the vessel given, the motion of the system can, in principle,
be determined from (2.40).
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3/ PILANAR EQUATIONS FOR THE MOTION OF A LIQUID PROPELLANT
LAUNCH VEHICLE
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PLANAR EQUATIONS FOR THE MOTION OF
A L.IQUID PROPELLANT LAUNCH VEHICLE

Consider the planar motion of the launch vehicle illustrated in Figure 2. The
vehicle consists of an engine, a main body which is assumed to be rigid and a rigid
tank partly filled with a frictionless liquid. For simplicity, the tank is assumed to
be a prismatic cylinder, Figure 3.

To describe the motion of the system take three cartesian frames of reference
o' x'y’ z’ fixed relatively to the vehicle at a distance 1 below the '"capped' free
surface, o x y z fixed relatively to the container and o. X, y.z. fixed relatively to
the swivelling engine. Reference o X y z is oriented in such a manner that o z is
measured positively along the outward directed normal to the undisturbed free
surface. Thus the free surface, denoted by S(t), coincides with plane x o y (the
plane z = 0) when the vehicle and liquid are at rest.

Let
z=C(x, vy, t)
he the equation of S(t) when it is displaced. Denote by L (t) = Z (t) + Tz (t) tne
wetted surface of the vessel, and by 7T (t) the variable volume enclosed by S(t) and
Z(t). Let X, 7 and S represent the values of Z (t), T(t) and S(t) in the undisturbed

position. In addition let C be the boundary curve of I, (t). All surfacesare
presumed to be piecewise smooth.

Coordinate systems o x y z and 0, X, Y. Ze are related to o' x’ y' 2z’ as follows:

/ ! .

z =z+1 , 2 =-1; - (ze cos B +yesinB) ,
/ / N

y =y , y =ye cOS B- zosin B
7 /

x =x , x' =X,

Svppose that at time t the vehicle is coincident with inertial space and that it
is moving relatively to inertial space with motion described by an observer in
inertial space as a velocity i of ¢ and an angular velocity & . Then the position
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Figure 2. Launch vehicle experiencing planar 1motion.
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UNDISTURBED DISTURBED

Figure 3. Prismatic cylindrical propellant tank.
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- . . ’ . . o
vectur ¥ of a particular point P on the vehicle at time t is the same for an observer
moving with tne vehicle as it is for an observer in inertial space.

The point P, if rigidly attached to the vehicle, has the vciocity

vV = {O,(uy’—z'é),(u,’+y'é)} .

Denote by g (P, t), v (P, t) the velocities of the liquid particle Pe T(t) at time t
as estimated by observers in inertial space and o x y z respectively. Then

qa= {0, (uy’'-(z+1)8, (ug?+y8)+79,
in which q, v are referred to moving reference o xy z.
The velocity of a generi. .nass point on the engine is, referring to Figure 2,
V-fo, [u’+ (é- ﬁ) (zo cos B+ yesinB)+ 14 6] . [uz’—(é - ﬁ.)(ze sin B- y. cos B)]}.

The total kinetic energy of the vehicle is therefore

T = Thain ody * Tengme + Tliquid .
where
T main body = 2 (u@'+ug) ‘mndm +36° ﬂf(y'z +2z'3) dm +6 {uz'ﬂ:f y' dm
T* T')(' T%
-uylj‘jjzldm}’
T*
Tengine = (u?'+u%’)f+”dm +%é2ff,f[y%+ (11 + ZeP] dm (3.1)
] TQ

+6 {u [ ye am+ uy’ Jff (1 + 22) dm 3+ 3 B[ (42 + 22)dm

-Beﬂ'f (y2 + 22) dm -B{(uy’+11 é)cosﬁ-uz'sin B]j‘ﬂ'ze dm

T Te

+ [(uy’+ 1y 6) sin B + u,’ cos B [T yeo dm b+ 08 ({0, +1; 8) (cos B-1)
Te

- u,’ smB]Mz dm + [ (uy +1,0) sin B-u,’ (cos B- 1) ] ”‘J‘ye dm },

Te
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'I‘“qmdrlg‘(u‘?+uz ) [[[pdr+3 @[] (y2+(z+1R 1pdr +% v par

T(t) T(Y) T(t)
+ é{uz'ﬂ‘j‘y p dT - uy’ ﬂT(l +z) pdT + u,’fﬂv,pd‘r
T(t) T(t) T(t)
u; / ‘”‘j‘v, p dT + Gﬂf[y ve- (z +1) vyl pdT .
T(t) T(t)

Assume the liquid to be homogeneous and incompressible throughout the
motion. Neglect interfacial tension forces and capillary contact effects between
liquid and tank walls. Moreover, assume that the liquid is not draining from the
tank. Then, with the absolute velocity of liquid particles irrotational, we have

gt (3T ). oT =Foxty ' +P [e dﬂmgv' dm +j'ﬂ'gy/dm,

¢3uy auz Tt)
d aT . ?—1‘ -
'EE‘ (-é-l-l.z' ) +8 S uy” = Fext, ! prj({:{ gz dT + £I£ gz’ dm +.JIJ g.' dm , (3.2)

g"(—a-I)+u,' 0T _ 02T =Lexe,’ +P JJ) Ly g2/ - (1+2) gy’ ldr
' i A

+fff(y'gz’— Z'gy')+ﬂ‘f[ye cos B- z.sin B) g,/

T % Te

+ (11 + 2z, cos B+ ye sin B) gy’ Jdm

( ﬂI ' sin B- gy’ cos B) z. dm -Iﬂ(gz'cos B+gy, sinB) ye dm

Te

*Qp
g+—:—(-tp—éy(l+z)+ a,y+alz+1)+Q +3 v~ % & [y*+(z +1F1=cC(t), PeT(t)

o) - .
—a—f-e y(l+z)+rayy+a, (z+D)+Q+3v?-35 6%(y°+ (z+1P]=0, PeS(t), z=2C,

v=vo+(0,0, -2y &), PeT(t),

A @ =0, DeT(t)
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2 éy cos (n, z), Pe Iy (t), Ta(t),
S

on 28 ycos (n, z) + L, cos (n, z), PeS(l) ,

in which
g=(0, g, g')

is the vector of body forces per unit mass, and
g=-v8 .

Qﬁ is the generalized force which, in general, is associated with the spring
moment per unit angle of the hinge when locked, with the damping moment of the
hinge, with the engine actuator moment, and with the engine actuator position
required by the autopilot.

Formulae (3.21,2,3) express the dynamic equilibrium of the complete system.
Formula (3.2;) is the Euler-Lagrange equation which describes the motion of the
engine. Formula (3.25) is the unsteady pressure equation which is obtained
from a quadrature of the Euler-Lagrange equation for motion of the liquid subject
to the above assumptions. Formula (3.2g) expresses the constancy of pressure
at the free surface of the liquid. Formula (3.2,) is a corollary of the assumption
of absolute irrotational motion.

Using (3.1, 2), we get

ay ([ dm+ [[J am +p [[f ar}- & ([[y’ dm+fﬂyedm+pJfJ"ydT} (3.3)

T* Te T (t) T * T (t)
—G{ﬂ\fz dm+fﬂ‘(z,+11)dm+pﬂj (z+1)dr}- '”Igy’dm pf‘”gy’dm
T (t) T* T (t)
Iﬂgv dm+pﬂT (-—(p)d7'+”PﬂI :V dr + [6(cos B+ 1) -2 B 8 sin B
T(t) T(t)

+(é2+32)sinﬁ-ﬁcosﬁ]fﬂz,dm+[ésinB+2BécosB—(éz+ﬂ;‘a) cos

Te
-BsinB] ,”:ry, dm+2511 m dm = Fexr s ,
Te Te
az,{J:U‘ dm+fﬂ‘ dm +pj'ﬂd'r}-92 {ﬂ]‘z dm+'”]' (ze +11) dm +pj‘ (1
T To T(t) T(t)
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+6 ([ y am +fﬂye dm +p [[[ydr)- [ g/ dm-p [[fg.ar- ﬂf g: ' dm

T % T(t) T T(t)

-26pfﬂ‘yd1’+p“‘ra a dT+%PHIaV2dT+[GsmB+ 2 B 6 cos B
T(t) () °Z Tty 2%

-(é2+ﬁg) cosB—Ba-ésinB]ﬂ]‘ z, dm +[6(cosB-l)-ZBésinﬁ

Te

+(éa+BQ)sixlﬁ—BcosB]fffy, dm +21; 7 B dm = Feer ,

Te Te

a, {[JJy" dm +ﬂfy., dm +p [[[ydr}-a, {([[[z" dm +Jﬁ(lﬁ Z.)

T T(t) T¥*

+p fﬂ(“z) dT}+6{ﬂ“r(y'2+z'2) dm +ﬂ“r[y§ (11 +20)%] dm

T(t) T Te

+ pﬂf y° + (1 + 2)2]dr}- ﬂj‘(y'gz’- z' g,)dT- pﬂj (y g/- (1 + 2z) g/ld7

T(t) T T(t)

- ﬂ]‘ [(yecos B- z, sin B) g,’+ (11 + zecos B +y, sin B) gy’ ] dm
Te

—2p6fﬂy2d7+pfff[y§__(__@) (z+l)2—(—‘e)]d'r+§ oy
T(t) T(t) d T(t) oz

-(z+1) avz ldr -Bj:ﬂ‘(ye +22) dm + {a,’ (cos B+ 1)~ a,’sin B

Te

+ 13 [Zé(cosB—1)—2Bésinﬁ+ﬁ}2sin3—écosﬁ]}ﬂr ze dm

Te
+{ay/sinB+a,’(cos B-1) +1, [Zésinﬁ +23écosB—BacosB

_é sinB]} fj:r ye dm +23y’ 1y JIJ" dm = Lextx/ ’

Te Te

13HT (y3 +23) dm-éﬁ‘f(ye+ze) dm + [a,’sin B - a,’ cos B-1,0 cos B
T T

+1, 6 sin B[] ze dm - [a,’ sin B +a, cos B+11 B sin B +1, 62 cos B] [ ye dm
Te Te
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- m‘ (g.+ sin B - g,/ cos B) z, dm + fﬂ‘ (g, cos B +g, sinf)y.dm Q‘j ,
Te

Te
DL 20 5y (un)eay yrar(za ek o0 -8 670y (1 A7] - Co, peT,
g—‘f-é y(l+z)ra,/y+a,(1+2)+3 v3+Q-%9.2[y2+(l+z);}]: 0, PeS(t), z - C

<t
i

Ve +(0,0 -2y8), PeT(t) ,

Ao = 0, PeT(t) ,

%9 _

Sn 0, PeZa(t) ,

00 _ 29 _ 499 = -
L =3, = 20y, Pe Tz(t), z=-h ,
%‘5 = (20y+28) cos (n, z), PeS()
é = (0, gy” gz,) ’

g = -vQ,

ay/ = ily'- éuz' , @z’ =ﬁ-z'+é uy’ .

We now make the following si.aplifications and identifications:
(1) The specific body force are independent of position,
g = const;

(2) Origin of reference system o ‘x"y’z’is at center of mass of vehicle when
engine is "locked-out" and liquid "frozen" solid,

[Jy'am+[[Jycam+p [fyar =0,

T¥* T

J\HZ' dm+m'(11 +z,)dm+pﬂj(l+z)d1‘“ = 0 ;
T% Te T

(3) Engine is symmetrical about its line of centers,

ﬂIy,dm=0;



(4) Origin of coordinate system oxyz is such that

mydhﬂdxdﬁfhyd2=hﬂydxdy=0.
T S S

the tank is symmetrical about longitudinal axis of vehicle;
(5) Total moment of inertia of system about axis o'x'is

ab ¢ l'
Iorx’ = To/x! +Io0'x' + 10",

1)

Io'x’ =ﬂ‘f(y'2+ z'?)dm ,

Io':’ =ﬂ:f [y®+ (1+2zPldr ;
T

(6) Total mass of system is

M =Mmb+Me+M1 ’

Mg = [J] dra ,

M, =g:f dm |,
L, =PJ‘HdT,

(7) Moment of inertia of engine about axis o. X, is

To,y, = [ (3 +23) dm ;
Te

(8) First moment of mass of engine about axis o.y. is

So.y, =Ji] zedm ;
Te
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(9) Second moment of mass of liquid about axis oz is

1 -
lo, = pm y" dT
T

(10) Various volume integrals associated with liquid are evaluated as

ofllar =p [Jar+p [f Caxdy,
S

T(t) T
o[l ydr= pmydﬂp 'y Ldx dy
T(t)
pfﬂ(l+z) dr- pfﬂ 1 +z dT+pH(C9/2 +1¢)dx dy ,
T(t)
p [ y? + (1+2)21dr= pﬂILy +(l+za]d1’+Pﬂ[|8 C+18,¢%3] dx dy;
T(t)

(11) Potential f2is
Q= - 8y’ Y'gzl(z+l) .

With these simplifications and definitions, formulae (3.3) may be written as
follows:

Component of force equation along axis o'y’
M (ay’- gv')+9(ay" gy').”‘C dxdy-p 6 ﬂ(l £+ £%/2) dx dy- p Gaﬁy € dx dy
S - S S
+p T+23pP T + cos p+1)-2 sin (3.4)
_‘P)d 3 IBVd [6(cos B+1) -2 B6 sin B
7() ° T(t)°Y

+ (82 + B%)sin B- B cos B]So:ye +21, 0 M, = Foxt, /
Component of force equation along axis o ‘2’

M (a,’-g,/) +pla,’- gz')ﬂtdx dy- péﬂy £ dx dy- p OQJT (1 ¢+ €3%/2) dx dy
S S S

1‘0.”‘ %(—g—?)d‘r+%pﬂf g_\zlfzd'r" [ésin3+23écosﬁ (3.95)
T(t) T(t)
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- (6% +R?) cos B-6 -BsinB 1Sy, +21L, M, 6 = Foxt,’
Moment equation about axis o' x’

(Io’x'- 2 lol;)é+p (az" g2/ ﬂ.y Cdx dy P( /- gy')'ﬂ‘ (l C + Cz/z) dx dy

S
o8 [flE- P e e e/slandy o [[f 1y 3 (38 (e D) & (2))ar
S T(t)
+§Pﬂf[y z)g—;’a]d‘r- lo s, B+ {(ay’ - gy/)(cos B+1) (3.6)

T(t)
- (a /- g,)sin B+ 1, [2 é(cos B-1)-2 B 9sin B + ,3'2 sin B
- B cos B} Soy, +2h (ay’ - gy') Mo = Lext ¢
Engine equation
Io, (B-8)+ [(a, - g,) sin B- (ay’ - g,*) cos B -1, 8 cos B (3.7)
+1, 6sin BI85, = Qg
Constancy c¢i pressure at free surface

%%- 0y (1+0+(ay-g)y+@r-g)(1+L)+E v (3.8)

2 [P+ 0+ 0% =0, z=¢C

Kinematics of liquid

v=vep+(0,0 -20y), PeT(t) (3.9)
Ao = 0, PeT(t)
S¢ _ o, Pe Iy (t)
on
a_‘P:E?:Zéy, P(C(t),zz_h,
on oz
.2_9 = (28y+L,) cos (n, z), PeS(t) .
n

The solution to the Neumann problem (3.9), subject to the restriction

H Ct x d, = 0, may be taken in the form of a series
S

o(x,y,z,t)= )5 (04 (t) cosh ki (z + h) + ¥i(t) sinh ky z)Qy (X, y)+ 0o(t) (3.10)
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This function is harmonic as indicated by (3.4,), and satisfies (3.4;) if the
infinitely many values K} (i =1, 2,...)are the values of k® (eigenvalues) for
which the two-dimensional scalar Helmholtz equation

Ao +k° =0, PeS, (3.11)

has a non-zero solution satisfying

-a—‘P =0, Pe I, (or C) . (3.12)
on
Functions ¢y (i =1, 2, ...) are the correspondin- olutions (eigenfunctions)

of (3.6).

We point out, without procf, several important properties of the system of
functions ¢; and the numbers k3 :

(1) Of the infinite number of numbers ki, all are real and positive;
(2) The set of functions ¢, is orthogonal

0,i #j

(@, @)= [Jon oydxdy - . : (3.13)
S ”‘pl” ’ i:j

and can be normalized;

(3) Any function p(x, y) which has continuous second-order devivatives in
and on the boundary of S and which is orthogonal to a constant:

(k, 1) = [[p(x, y)dxdy = 0 ,

and which satisfies the boundary conditions, may be expressed as a
uniformly convergent series of Eigen functions

u(x, y) =°§1 e @ (%, y); (3.14)

(4) If function g which is continuously twice-differentiable satisfies the
condition (3.7), then the series (3.9) not only converges uniformly to
K, but the series obtained from it by termwise differentiation also
converges in the mean to the corresponding derivative of K ;

(5) In addition to the condition for brthogonality, written above, the
following equations hold:
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0, i #]j
,ﬂ‘ Vo Ve dxdy = . 3.15)
@ lalz, i=5

We are now in a position to expand 2 y 6 and ¢ (x, v, t) as series of the form

26y =20{Z Mm@ e (x, y)+n0()]), (3.16)
1

C(x, y,t)= % Ex(t) @1 (x, y) + Eo(t) .

Such expansions are possible, since for a fixed value of t functions 2 6(y - No)
and € (x, y, t) - €o (t) are developable in series of the form (3.14). The
coefficients of these series depend, in general, ont. Choosing Mo and £, so that
y - No and £ - £, are orthogenal to a conc*ant (unity), we get

moty = @) (3.17)
e ®
no(t) =(l;-\-]-‘)=0, (‘/, 1)=0 ’
and
g = L) ©-19)
] ®
bo(y = (L)

respectively, using the condition for orthogonality (3.13). Here A is the area of
the cross section of the cylinder. Now since

E_E-:O, PGC’
on

the series obtained from (3.162) } termwise differentiation converges in the
mean to the corresponding derivative of L. Note that this implies a 90° contact
angle Ior contact angles other thaa this such an expansion as (3.163) is still
poesnible with, of course, certa... modifications.

For (3. 5) to satisfy the boundary cr dition (3.94) it is necessary that

v =26 (v.oo) (3.19)
ke [[@4)|° coshksh
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To satisfy the boundary condition (3.9 ) it is necessary for

T {ky @ sinhk, (£ +h) -V, VC coshky (€ + h)} o (t)
1

+ %;{k, @i cosh ki £ -V VI sinhky L} 7 (h=+20y+L,

Y1 (t) kg coshky h ¢ +,

I
- 0148

however

=—L A =""1 v v ) ’
d‘)i k% 'bi I(bl ( ‘bl

so that this expression can be written, on application of a known vector identity,
in the form

{cosh k;kg- coshkih o} (3.20
1

zinh ky (€ + h)
ky

%a;(t)V{ V‘P1}+§ Yi(t) v
1 1

.-, - .-5?1,é1(t)<p1-éo(t> .

using (3.18). Multiplying both sides of this equality by ¢, and integrating over S,
we get

- fled® & = %01; oy ) J e v {Smh:{q(ph) Voyldxdy
S J

+ X '}’J(t) ‘U‘pt v{COShkif-COShkih V(Pd}dxdy
1 S 3

but

@, v {sinh ky (L +h) Ve,}=v {¢p sinhk (£ +h) v}
LS k,

_ sinh ik, (E+h)
ky

V(p1V(pJ ’

o, v {cosh ky }Cf—::ashk, h ve,} =g coshkif -coshk,h 0, )
“ !

_coshk; L -coshk, h
ky

V(Pl v(pj ’

3-15



an¢ mo-eover

ﬂV[tp, smhl:(, (g +h)\7<p3} dx dy n sinh k, (£ +h) _a_(_deL=0 |

S f o k, on

HV{% coshk,kC - cosh ky h Yo} dxdy =0,
S J

in accordance with tte divergence theorem and boundary condition (3.12).
Therefore, it follows

é:=§cua,+29ua (3.21)
where
Cyy = . s | Sinhk’.(bh)v% Vo dxdy (3.22)
"‘piu S kJ
@ (y, @) coshk, - coshlk;h
pr= =0 T - f — — Y, V¢ dxdy
" ‘pi” 1 kJ (PJ cosh kJ h p kJ

[

If we integrate both sides of (2.20) over S we obtain the constraint expressing the
constancy of volume. To be sure

sinh k; (£ +h) LA

inh k + h

[[ogSmki@€rh)ony sy =] dL = 0 ,

kl k1 an
S C
H v{coshkg £ - coshky h Ve, } dx dy __:J' cosh ky £ - coshk; h _6_91 dL=0,
S kl C k; on
and

zlzédj“cpx dxdy +£o [| dxdy =A o,

S S
so that
Afy=0
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But the volume is given by

Tt) =[] dxdy j_chdz=hff dxdy +[J € dxdy =To + A £,
S S S

and

T()=0=A &

as adduced. 3

Substituting the expansions for ¢ and £ in expression (3. 8), multiplying the
resulting equation by ¢, and integrating over S, we get, after considerable
manipulation and rearranging indices,

(2, - g M@l & + ii: ay [[ @ @, cosh ky(£+ h) dx dy + (a,’ - g, Ny, @)  (3.23)
S

+ %cfoi oﬁ; o o) ﬂ(pg [Vo, V@, cosh k; (L + h) cosh k) (E+ h! + ky ki @y ¢ sinh kJ(C+ h) -
1
S
o _ V0 ,.
sinh k, (£+ h)]dx dy + {2213 k, ||©,| cosh k; h Jg @ ¢, sinh ky £ dx dy

w o ® 0o (y’ ‘P)
-Zé [fyaoaxdy -6 (y,@)l0+2{3 T Ty kd"(pauzcjosh ky h
1 S 11

[T [V, V1 sinh k, € cosh ki (£ + h)+ ky ki @, @1 cosh ky & sinh k, (£+ h)]dx dy

S
© © (V,‘Pl)
+ % Z L o Kol cosh ki b Tow [V, V¢ cosh ky (C+ h) sinh ki &
S

+ ky ky ¢, ¢ sinh k, (C+h)coshk1C]dxdy—2213aJ k.,ﬂ‘y%% '
S

sinh ky (£+ 1) dx dy} 6 - & 62 {[] o [(1+ P - 3 y?dx dy
S

(yagj) (Y, ‘pl) . .
T Tod %] @1 Poosh k; b cosn ki b éﬂf ©, [VO, V¢, sinh k, € sinh k;

I

S
=08
~M3

+ ky ki @y 01 cash ky £ cosh k), Cldxdy + 8 OZ; y, (p,) ﬂcp; ¢, cosh k,; £ dx dy}=0

H (PJ" 2cosh kJ h S

3See notes.



Likewise, substituting the expansions for ¢ and { in expression (3.8) and
integrating the resulting equation over S, we obtain

A {an+ (2, - g/ N1+ £0))+ E; &1 [] @1 cosh ky (£ + h) dx dy (3.24)
S

+ % i'ol} %m oy j:f [Vex Vo, cosh kg ({+ n)cosh ky (£+ h)+ ky ky ¢ @, sinh k; (£ + h) -
S

(y’ (pl)
ky [|@,][2cosh ky h

sinh k, (£ + h) dxdy+{zz I @y sinhky € dxdy-1A
S

- z (;,w)e,}mz{ézza, k¢||<p(1|y|’2(pi)

cosh ky h J§ LYV, cosh ky (L + h)sinh ky {

. ® ® (y ‘pj)
+ kg kJ ()] ‘pj sinh kj (C+ h) cosh k; c]d'x dy + t ? ? o kj ”(03“ cosh kJ h

.” [(Vou Vo, cosh ky (£+ h)sinh k, £ + kq ky ¢; ¢, sinh ky ({+ h)cosh ky € ]dx dy
S

"2?01R1IIY¢tSinhk1(c+h)dxdy}é‘é{ﬂ‘[(l+C)a-3ya]dxdy
S S

(y’ ‘pi) (y’ (pj)
ki ky[l@s|?ll@yl1® cosh ks h cosh kg h

-47
1

~ 8

[ (ve, v, sinh k; Csinh k, €
S

(Y9 (pi)
1 e cosh kg h

+ ks Ky @1 @, cosh ky € coshk,L1dx dy + 8 jj'qo, cosh k¢ £ dx dy}6° = 0.

Introducing the expansion for ¢ into (3.4, 5, 6) gives

M (ay’-gy')+play’ - g)[[Cdxdy-p 6] (12+£%2)dx dy (3.25)
S S
@ (y, @) _rcoeiky - coshky h o op
g ree v ¢ Jdx dy}- | dx d
P2 Tl coshk1h£f>v ky @1 Jdx dy] pez"gryc Y

- pZ oy H v [8inhk, (L+h) V] dx dy +épﬂf—- dr + [8(cos B+ 1)
ki ) 07

+(6- BF sin B - Bcos B1 Sc,:,,e+ 21,0 M, = Fexty, ,

M (az’ - gz') + p(az"‘ gz')ﬂc dxdy - p é {.]Ty fdx dy (3.26)
S S
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K (y’ ‘pl) L .
-2§ Ky "(01”300811 k, h Iér(Sinh ky £ + sinh k, h)‘Pg dx dy - pda’g(l L+ /2) dx dy

+p2agﬂfcoshk1(C+h‘-l]wxdxdy+§pm‘ dr- (6 - B) sin B
S T(t)

= (é' B.)zcosﬁ ’é2]80:y° + 211 Meéa=Fextz’ ’

and

(oi’ - 2 1o +p [ L1~ y°) €+ €%+ /3 Tdx dy + 2 p B — Y2 @)

3.27
1 k| @]l® cosh ky h ( )

Hy {(1+ C)V[Pis.%l_‘_‘_c. Ve J+ ke (1 - )¢y cosh kg h + 2 (sinh ky €
S

+ sinh ky h) @ }dx dy} 6 +p(a,- g,) [y Cdxdy - pla,’- g [] (1C+ €2/2) dx dy
S S

+P? o4 Hy {(1+ C)V[Sinh :1(C+h)vtp,]+2[cosh ki (C+ h) - 1] }dx dy
S i

+% PJHEY—— -+ z) -g—;'a]d'r- Io’x, B + {(a,/- gy') (coe R+ 1)

- (a,7- g,)sin B+ 1; [2 8 (cos B-1) - 2 B 6 sin B+ﬁ§2 sii; B - ﬁ cos ﬁ}?sq:ye

’

+21 (ay' - gyl) M, = Lextx,

respectively.

Formulae (3.7, 9, 10, 19, 21, 22, 23, 24, 25, 26, 27) together with the
appropriate control system, flight path data and aerodynamic data are sufficient
to describe the motion of the system. The dependent variables occurring in these
expressions are §;, 6, Uy, u, and B. Note that the body rates u,, u, ,6 are not
genaralized coordinates; therefore, to determine the true orientation of the vehicle,
it is necessary to express these rates in terms of three independent coordinates
such as Euler angles. However, stabiiity analyses of closed loop vehicle attitude
control systems treat vehicle rigid body motions as a summation of perturbations
from a reference motion and motions in which vehicle body axes remain coincident
with reference axes. Moreover, the perturbation quantities are presumed to be
infinitesimals so that products of infinitesimals and their derivatives can be
neglected. In this case the perturbation equations, when referred to vehicle fixed
axes, can be integrated to yield the orientation of the perturbed state with respect
to the reference state.
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The perturbation equations of motion are obtained by taking the vectorial
difference between the perturbed equations of motion and refercnce equations
of motion The resulting expressions are cquated to the appropriate perturbed
external forces and control system forces.
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4/ PERTURBATION EQUATIONS FOR THE PLANAR MOTION OF A LIQUID
PROPELLANT LAUNCH VEHICLE
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PERTURBATION EQUATIONS FOR THE PLANAR MOTION OF A
LIQUID PROPELLANT LAUNCH VEHICLE

For siinplicity suppose the vehicle to be moving in the direction of constant
acceleration

(09 09 az’) = (O) 09 ar) ’
under the action of the force field
(0’ 0’ gz') = (07 09 -gr) ’
the only external force being the thrust T directed along the longitudinal axis of the
missile (Fig. 4). The free surface of the liquid forms a plane perpendicular io
a,’, i.e., £ = 0, and the engine is aligned with the longitudinal axis of the vehicle
(B =0). We shall call this the reference state.
A small disturbance from the reference state is effected by letting
¢ = (a,), + 6ay’ = a, sin 6 + ba,’ , (4.1)

a,’” = (ap’), + 6a,’ = a, cos 6 + Sa,’ ,

8y’ = -8 sinf,

g, = -grCcos 0,
in formulae (3.7, 23, 24, 25, 26, 27), and considering 6ay/, 6a,’, 6, 8, C, ....
initially infinitesimal so that when product terms are neglected the resulting
equations become linear. These equations are the perturbed equations of motion.

To obtain the perturbation equations, project the reference state equation of
motion onto the instantaneous position of the body axes and subtract them from the
perturped equations of motion. Thus, we get perturbation force equation along
. /

axis o'y

M ba,’ + P>i3 (y, @) & + 2 (So:ye +1; M,) € - So:yoﬁ = 8Fexs, ! (4.2)
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PERTURBED REFERENCE

Figure 4. Yaw plane perturbation model for vehicle.
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2 . ' / /
Perturbation force cquation along axis o 2z

M 6211' = 6F°x‘z’ [} (4.3)

. ’ . / /
Perturbation moment equation about axis o x

© - IR hkih-1) :

W41k s spneoshkin-1(y, &F y5, ,F 2 coshk -1y,

o lor * 8 P e ke b ol P 1 ki sinh i b it

+pla,+8) 5 (y, @) &+ 2 (8o, + 1 Md) bay’ - (IS, + 1 Soy,) B (4.4)
1

+ 2 (ar + gr)(SOZye + l1 Me) 0 = bLextx' ’

Perturbation engine equation

Io:xe B‘ (IOe + 11 SOZye) é - SOZyo Gay’ = (ar + gr) SO:ye e + (ar + gr)soz,v(5 B':QB ’ (4-5)

eYe
Constancy of pressure at liquid free surface

ololl” & +pllgl® (ar +g) €+ pl2lcoshkih-1) 13y 0)6  (4.6)
ks tanh ki h k¢ sinh kg h

+p(y, @) day’+pla,+g) (y, )8 =0 ,
in which G‘me' , Gsz' , 5me' , QB are perturbation forces and moments,

Also

o = s +9 6 (y,_gpx) (coshksh - 1) ]
7 Kk sinhk¢h kil @!'® cosh ky h sinh k, h

Denote by Y, Z the components of the displacement vector from the origin
of the reference state to that of the perturbed state, measured along the
instantaneous position of the body axes; then, to the same order of smallness,
we have

bays =Y (4.7)
Gaz'=i

With the definitions given previously, we see that the action of the liquid in
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formulae (4.2, 3, 4) is represented by the forces and moment

- 6F}+ =M;§+p_ffy5udxdy (4.8)
S

_6011 =M1i

- 6L =p Gfﬁ (Vo*P dr + pﬂ‘cﬁ*cn dx dy + p (a, + g;) ﬂy { dx dy
T S S

in which
pr= @*-y(1+z) , (4.9)
o* = 2 9 ly, &) coshky h - 1 ¢, cosh ky (z + h) + ¢, sinh k; z} ,

= kyl|@y||2 coshkyh  ~ sinh ks h

o [[[(verRar=p [I] (y?+ 1 +2)2)dr-4p [[[y?dr+p [ (Vo ar,
T T T T

= coshk h-1 (y, @F |
pj;'f(vcp*)z— 8pZ k:)sinhlkth el

g = ?ﬁz 0+ &
and 9%, @ satisfy
Ad* = Ap* = 0, PeT {(4.10)
—:9-% = Yy cos (n, Z)" (l + Z) (61¢]- (.n9 _V), Pe E’ S’
n
%‘E* = 2ycos (i, z), PeL, S.
n

From (2.34) et. seq., we see that ¢¥*, (¥are modified Stokes potentials which
are determined solely from the geometry of the vessel, the free surface being
"capped".

With the introduction of potentiai {, where

AP =0 ,PeT, (4.11)
9_512={0 , Pe T,
on \& , Pe S ,
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formula (4.6) may be written as

p.g_a‘ltbrp'éq>*+py§"(+p(a,+g,7C+P(ar+gr)9y=0’ (4.12)
e cosh kg (z + h)
Ve B L ke P
(y, ‘p)%

2

«
I
18

N

| @l

Thus, it follows from formulae (4.8, 9, 10, 11, 12) that the action of the liquid
can be determined also from a computation of forces and moment (along o'y ‘
o'z’ and about o x’ respectively) resulting from the solution of the linear problem
shown in Fig. 5, Y, Z, 6, { being taken as infinitesimals.

Formula (4. 93) represents the moment of inertia of the "capped' liquid about
the center of rotation, and obviously does not equal the moment of inertia of the
"frozen" liquid about that point. Indeed, if we denote by 1§’ the moment o1 inertia
of the"'capped' liquid about (}', and by ﬁ’ that of the "frozen' liquid about the s.ume
point, then

o, _9 [y ar +-32 § cosh ki h - 1(y, @F ; 19
= .,U y I’ 1 k, sinhky h 4| |

To'=p [ [y?+ (1 +2)%]dr ,
T

a ratio which can be shown to be less than unity. In particular,

I 4p 2 80 © coshkih-1 (y, ¢ F
= = 1- = y dT + = L — ’ (4.14)
Tes T IH T 1 ky sinhkh ]|

=p[J] [y?+ (z +n/2Plar ,
T

at the center of gravity of the liquid (1 = h/2). Moreover,
I =1% + M, (1-h/2F, (4.15)
T/ =T, +M (1-h/2F .

The behavior of (4.13) may be illustrated effectively by considering a
rectangular tank such as shown in Fig. 6. We have, for this example,



Qr+0f

J

4{(\
\{\

s s s s S S s s s L

N A YA YA YA

Figure 5. Linear model for simulating action of liquid in perturbation equations.
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Figure 6. Liquid filled rectangular tank.
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Loy - (1/3) N (64/7%) (a/h)
T {(1/a)2 - (1/a)(h/a) + 1/3 (h/aP+ 1/12})  {(1/a)?- (1/a)(h/a)+ 1/3 (h/a)*+ 1/12]

123 {l/i5 tanh imh/2a} . (4.16)

This ratio is plotted in Fig. 7 as a function of 1/h with a/h as parameter. Note

that for any given a/h the '"capped" moment of inertia of the liquid is less for
rotation about the center of gravity of the liquid (1 = h/2) than for any other position.
Similar results may be obtained for other configurations.

To put formulae (4.8, 12) into symmetrical form, we introduce the
transformation

(y, 0
£1="p1"a a , (4.17)
getting
- 6F;' =M, Oa,’+p 2%’;—%—’2Q: ,
- 6Fi’ =M, 6a,’ ,
- ® 2 hk; h-1 -
-GL}":.L&(.G‘FPZ[ (COS ki )-1]-(,1—(&5)_2;_ ql (4.18)
1 kysinhks h A
rpla, +g) 5 (‘X——‘; TR
1 “ 1”
o (y, ) , o P 2(coshk;h - 1) )2 .
P(ay o F G+ (a,+g) (y ‘Pat Q + P ( ' { 1](‘)] (‘012 5
ki || @]® tanh ks h Il ol k¢ sinh k; h o]
2
vola,+g) 2 o, (y,cp;)z bay’ = 0 .
el @l
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Figure 7.
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L/ h

Ratio of "capped” moment of inertia to "'frozen' moment of inertia for rectangular liquid filled tank.
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MECHANICAL ANALOG FOR REPRESENTING THE ACTION OF
THE LIQUID IN THE PERTURBATION EQUATIONS OF MOTION

We enquire how to duplicate the action of the liquid, represented by
formulae (4.18), with a mechanical system. Accordingly, consider the system of
nvendula attached to the vehicle shown in Fig. 8, where

M,; ~ Mass of ith pendulum,

L,; ~ Distance from center of rotation to hinge point
of ith pendulum,

Ly ~ Length of ith pendulum arm,
Io ~ Rigid moment of inertia,
Mo ~ Rigid mass,

Lo ~ Distance from center of rotation v. point at
which Mg is situated.

The velocity of the mass of the ith pendulum is simpuy
Vi ={0,[(uy’= Las 6)+ (6 + &) Lpy cos q), Luy’ + Ly (8+ay)sinqu 1} , (5.1)
and that of mass My is
Vo = {0, (uy'-Lo8), u,’} . (5.2)

It follows that the kinetic energy of the mechanical system is

N . N
Te = é (uyla"' uz'a) {MO + ;[' Mpi} + b 6° {Io + MOL02+ z Mpi(Lai - Ly )2} (5.3)
1

. N N . . N .
- 08uy’ {MoLo + ? Mps (Lgy - Lpg) J+ & 21: MptLpt8 ac+ @ ? Mops Lps®

N ) .
+ 2 My Lpy gy {u,’ sin q4 + (u,’ - Lqy 8) cos qg}
1



P

Va9
Figure 8. Mechanical analog for simulating liquid action inﬁyaw
plane perturbation equations.
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. N .
+ 8L My Ly {u,’sinq + (uy’- L,y 0) (cos q- 1)} .
1

The equations of motion may be obtained in manner si.nilar to (3.2),

" ( )- = Fox,' - ) g dm - []] g,*dm - g,/ [Mo + L M, , (5.4)
uz Y T#* To

d N

= (——- ) + —— = Fm. ‘- Hf g:'dm - [JT g/ dm - g/ [(Mo+ T My]

d_ (21 3T 3T N e

dt (aé")+ U Buyr T U By T ey {f* Y g - 2'gy!) dm

- ﬁf[(y. cos B - ze sin B) g, + (1) + z, cos B + y,sin B)gy’] dm + Mo Lo gy’
Te

N
- 21: M, {gz' Ly sin q¢ - gy’ (Lol - Ly cos q1)} ’

dt (:IE) = J:U (gz Sinﬂ gylcos ﬂ)ze dm+J“H(gzlcosﬁ+ gy'Sin B)Yedm+QB,
e

d oT oT .

— (=) — =-MulL / COS + g1 8in )’

dt aqt) 3q;s ot Lips (gy qs + 82 qs

where

T = Tap+ Te+ Thpy
T.,, and T, are given in (3.11)and (3.12) .

Repeating the same simplifications and arguments used to obtain the
perturbation equations for the motion of the liquid propellant vehicle, (5.4) gives,
after considerable work,

o . N
(Mg + M) 62,/ + 2(So%_ + L M.)o - Sy, B= 6F ext, / - {{Mo + {, M, ] 6ay’ (5.5)
N .0
+Z MpiLpg Gy
1

N
(Mmb + Me)éaz’ = 6Fextz’ - {[Mo"" % Mpt]daz,} 9
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2 hkyh-1 ,
My Lps (Lpy = Lgy) = o ( (cosh ki ) 1] (y, & F

ki sinh ks h e ® ’

N
10+M0103+‘213Mm (Log - Lpg)° = 1 .

Relations (5.7) contain six unknowns M, L, Ly, Lo, Mo, Io . Onc more equation

is needed to make the system determinate, namely, the first moment of mass about
the center of rotation,

N
MoLg + 21; M, (Lgy = Lp) =M (1 - h/2) . (5.8)

solving (6.7, 8) simultaneously, we get
1
’ (5.9)
ky tanh kg h

(y, ©01)°
H<Pa||a

1 ~ 2(coshk;h-1)
L.1= + 1 - ( : ],

ky tanh ky h " ky sinh k¢ h

o=

Mpg =P ky tanh Kk L

’

Mo =M, - p?i?—gﬁ’—"—p—(ﬁ-’;— ks tanh k; h
1

(y, ©)? - 2 (cosh ky h-1)
L°_M’(l'h/2)+pz le® "k, sinh ky b

]

-1)ks tanh k; h

-p z_____,__.(y o f k, tanh kq h

1%
(y, 0)? 2 (cosh kih-1) .5 .
= I - . - k; tanh Kk, 7
o I&’ Pz (o] 2 [1 ky sinh ky h ] 1 ian b

2 (cosh kih - 1)
k¢ sinh kg h

-{M,(l-h/z)+pz-%“|"—‘,ﬂ [ ~11k tanh k, h}? |

M, -p E (y’ ‘21) ks tanh kg h
ol

in which

2
f_Tor- 4 i+ 8 z Ncoshk;h-1 (y, o) _
=5 pﬂj‘ Y P 1 kq sinh ky h o] ®
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(LA + 1878 + 2 (S¢S + 1, M) 8a,’ - (Lo, + l Soly,) B

[~

v 2(a, - g) (58 + 1 M) 8 - (ar + g)80%, B = 6Lex, = {{Io + MoLs
N onn N i N

+ L Mps (Lgg = Lp)®16 + Z My Lipy (L - Lot) G1 + (a, + g:) Z My Ly ail
1 1 1

MMLME ai + (ar + Gr) MpsLps gy + Mpg Ly (pr - L.t) é + (a,. + gr)Mprpx ¢)
+ IVIping éay, = 0

: B + {a,+ gr) SOZye B - (IOZVQ +1 Soeeye)e - (ar + gr) SO:Ye 6- SO:YQ ba,’ = QB J

Ve

in which the bracketed terms on the right hand members of (5.51,2,3) and (5. 5;)
represent the action of the mechanical system. Explicitly,

il

N N
- 6F5" = [Mo+ T My 03y + & MLy s (5.6)

%

- OF;

N
[MO'*"{/MN]GazI ’
- x! = Io+Mo Lo + Mpt \L“ - Lp; 6 +§Mpin1(Lpi - Ly q
1
N
+ (ar*‘gr)% MNLN a;

MmLpt2 511 + (ar+ gr) Myps Lips g5 + Mypg Lipg (Lpi - Lui; vt (ar + gr) My L, 6
+ Mpini 6ayl = 0 .

The forces, moment and surface wave height terms in formulae (4.18) will
match formulae (5.6) for a finite (or infinite) number of pendula  f the following
associations are made:

N
Mo+Z My =M, ’ (5.7)
1

( 2
MNLM = p Ny ‘Pi)

lal® 7

0(}’, (Pi)a
ki | 1||® tanh k¢ b

Mp‘i Lpi ®=

]



The amplitudes of the wave height are related to the angular displacements
of the pendula by
(y) (pi)

1 = ——— q .
11@1“12

Thus, the action of the liquid represented by formulace (4.18) may be
duplicated with a mechanical system--a system of pendula plus a concentrated
mass and moment of inertia. A similar analogy may be effected with a system of
springs and masses.
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CORRELATION OF ANALYSIS OF VESSEL OF GENERAL SHAPL POSSESSING
ROTATIONAL SYMMETRY WITH EXISTING MSIFC ANALYSIS

Formulae (4.8, 12;) hold for containers of general shape possessing
rotational symmetry about the z-axis, Figure 9, if we approximate the various
volume integrals occurring in the analysis as

[ var=[Fc.yarsffas [Fi.yan
T(t) T S

and if we evaluate direction2) derivatives over the undisturbed surfaces 2, S.
Such simplifications can be justified. Thus, for the action of the liquid contained

in the vessel of Figure 9, we have

- 8F) =M. bay + p [Jy L ds (6.1)
S

- 6FM =M, ba,’ ,

-6Li =p 6 [[ (vo*)2ar+p[[ ¢* oy ds + p(ar + &) [Jy Cds ,
T S S

P—g—%’+ﬁ>é¢""+py6ay'+P(ar+gr)C+P(ar+g,)9y=0 ,

where
AP¥ =0, PeT AY =0, PeT ,
a¢%
F =y cos (n, z)- (1+z)cos(n, y), PeZ, S, A} Yo, Pey,
n on Ct , Pe S .

This system may be brought into a form suitable for comparison with the
analysis of [2 ], if we substitute

z-L forz ,

L+ 1y forl ,

<
|
1\



S
~
0 -y |
v
X “"'/Z

@f\ v

Figure 9. Arbitrary shaped container with rotational symmetry.
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and let

pt=y (z+ Ly) - L2 %,
where the coordinates are now reckoned from the center of gravity of the undisturbed
liquid; L is the distance from the center of gravity of the undisturbed liquid to the
quiescent free surface; L, is the distance from the center of rotation of the vehicle

to the center of gravity of the undisturbed liquid (IFigure 10). These substitutions give

—6F,‘,'=M16ay1+pﬂ'y L.t ds (6.2)
S

- 6Fz’ =M, Gaz’ ,

oLy =18 6+p [[[L(y-LY*"+Lyyllds+p(ar+g) [y tds,
S

P %:_'p'*' P é[L(y - Ld)*)-*- LJ,Y]+ Py 6ay/+p(a,+ gr)C+ pla, + gr) By = 0 ,
in which
ApT=0 , Per (6.3)

3
_g_f o 2(Iy+ Zlacos(n’ Y)  pex, s,

o= p[[f(y?+22)dr-4p [[] #ar+2p L2 [ ¥*2 cos(n, y) ds + M, L5
T T S+Z

We can express the solution for Yand £ as a generalized fourier series of
eigenfunctions ¥y,

C=A1‘3£ub: ; (6.4)
b=T b,

where {; satisfies
Ay, = 0, PeT, (6.9)
oY; _|\0 , PeX,
on E%—f‘:%‘d)i,PGS,



S\W
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AT V

Figure 10. Arbitrary shaped container with coordinate system located at undisturbed
liquid center-of-gravity.
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Jf:l wlei'ov 17(.]
S
Introducing (6.4) into (6.5), applying integral transformations, using boundary
conditions (6.32, 52) and orthogonality condition (6. 53), we get

- 8F) =M, ba,’+ M, 313 1l ® by €, (6. 6)

- 6F;/ = M, ba,-

6Ly =1 8+ M, T | ¥l® {(ar+ g)by & + (L(by-h)-LibJ &),
1
ét*‘ ELI%-&_) K; & + K, [L(by-hy)- L¢b,) 8 + K, (a4 gr) by 8+ Kby ba,’ 0,

where

-—————“""fv = .J;Mﬁ ds , v=[ar, (6.7)
T

by VIeell® = [Jy ids, Kihy VIo|2=2 [ 2z ¥ cos(n, y)ds
S S+L

Formulae (6.6;,2,3) are equivalent to formulae (3.47, 46, 48) of [ 2], except for
terms involving the first moment of mass about the center of rotation of the vehicle.
In our analysis, such terms have keen included in the rigid vehicle dynamics.
Formula (6. 6,) differs from (3.49) of [(2]by the term K, (a, + g.) by 6 . The reason
for this is that the equations for the action of the liquid in [ 2] were not perturbed
but arbitrarily linearized.

On the other hand if we compare (6.6) with (5.6), we get

N
Mo+>13Mp1=Mx , (6.8)

MpsLps = My L [[94]|% by,

2, 2
Mp; Ly = M, —I-‘-I-{-Qi— I ¢‘1Hg ,
1

Mo Lips (Lips = Lgg) = My L by || 94]® [L(bg - hy) - Libs]

N 2
Io + MoLc® + Z Moy (Lot - L) = 7
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and the first moment of mass about the center of rotation yields

N
MoLo*‘? Mpi(Lat 'Lpi)le Ly , (6.9)
where
_&
= . 6.10
qi Lb, ( )

Formulae (6.8, 9, 10) are equivalent in all respecte to formulae (3.83) of [2] .
In other words either analysis yields the same mechanical model even though
they differ by a term in the free surface equation.
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) DISCUSSION AND CONCLUDING REMARKS

The planar equations of motion for a launch vehicle having a single liquid
propellant tank and engine were derived. For simplicity, the tank was taken to t .
a prismatic cylinder. These equations were then used to obtain the perturbation
equations of motion. The vehicle motion was treated as a summation of j;erturbations
from a known reference motion and motion in which vchicle body axes remain
coincident with reference axes. The role of the liquid motions in the perturbation
equations were then identified.

The liquid propellant tank of the launch vehicle was replaced by a simple
mechanical system (system of pendula plus discrete mass and moment of inertia),
and planar perturbation equations of motion were derived. The effects of the
mechanical system motions in the perturbation equations were isolated and
identified.

The role of the liquid motions and mechanical system motions were then
compared; it was shown that the mechanical system did ex. -tly duplicate the action
of the liquid,

The role of the liquid motions in the perturbation equations were extended to
vessels of arbitrary shape having rotational symmetry. These were compared with
the role of the mechanical system motions; again, it was found that the mechanical
system duplicated the action of the liquid, Moreover, the mechanical system was
shown to be equivalent to that of [ 2 ], which is essentially the one used at MSFC.
However, on comparing the equation expressing the constancy of pressure at the
free surface to that of [2 ], it was found to contain an additional term proportional to
the angular displacement of the body axes with respect to the reference axes. This
anomaly was ascribed to the fact that in [2 1 the equations were not perturbed but
arbitrarily iinearized.

Thus, we conclude that arbitrarily linearizing the equations of motion of the
vehicle does not yield the same results obtained by perturbing the vehicle about its
nominal trajectory. Body rates are not generalized coordinates; therefore, it is not
valid to linearize the equations of motion with respect to them.,

\



It should be noted that the perturbation equations of i..otion derived herein
are strictly applicable to a yaw-plane stability analysis. To perturb the equations
of motion from au initial constant pitch rate poses difficulties of a fundamental
nature. However, a preliminary approach to the problem indicates that the
effective specific body forces (a, + g,) are diminished by éepzitch I. In most
applications this effect is meaningless.

In addition it was noted that in some instances, dynamics personnel were
using the "frozen' moment of inertia of the liquid rather than the "capped" moment
of inertia. The difference between these quantities is appreciable wheaever the
center. of rotation of the vehicle is near the center of gravity of the ‘indisturbed

liquid.
In counclusion, if the liquid propellant responses noted in flight data are at
variance with predicted theoretical analyses and, if these anomalics arc mainly due

to the treatment of the liquid, then these errors must stem from:

1. Improperly linearizing the equations of motion, e.g. arbitrarily
linearizing vehicle body rates;

2. Failure to use the proper effective moment of inertia of the liquid.

An actual stability analysis using the perturbation equations should bring
out these points.
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NOTES PERTAINING TO TEXT

\

' - (da) v x q
dt inertial space dt moving space

2 When S(t) is a free surface consisting of material particles moving with velocity
¥.If z - £ = 0 is the equation of the surface, we must have d( z - { )/dt = 0 so that

Ci=-vx i;—v,%-§+v,
y

ox
or
G (va vy va) - (=35, - 32, )
But
('%ﬁ"% , )=9(z2-¢),
and since
v (z-2) = (cos (n, %), cos (n, y), cos (n, 2) ) /cos (n, 2)
we get
Vo =&y cos(n, z) ,
where

Vp = Vg cos (n, X) + vy cos(n, y) + v, cos{n, z)
is the velocity along the normal to S(t) .
Similarly

dn = Vo + &, cos(n, z) .



3 This could also be anticipated from the divergence theorem,

Jj:fv-\'rdr=o=j'j' Va ds=£r . cos (n, z)ds=U Cy dx dy .
T(t) S(t)+XZ(t) S(t) S
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