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ABSTRACT

The stability of motion of a satellite orbiting the earth 1s being
investigated. The mathematical model coneists of a rigid body with two
flexible antennas., A simplified model uses twe viscously damped
oscillators to simulate the antennas., The mction is deacribed by ten
generalized coordinates of which three are used for the motion of the
center of the rigid body, taree for the angulsr rotations of the body
and four for the displacements of the oscillators.

Almost every investigator working on this problem considers the
satellite as rigid and assumes that there is no interaction between the
orbital motion and the rotationsl stability of the body. This is
implied in the assumption that the center of mass moves in a given
orbit; this assumption is referred to as orbitsl constraints., Where
the body contains mcving parts, such as the oscillators, the center of
mass shifts with respect to the rigid body. In this case it may be
more convenient to work with the center of the rigid body.

For a body moving in a circular orbit it ie convenient to introduce
a frame of reference orbiting with the body. This investigation is
concerned with the possibility that the m¢tion in which the body
undergoes no rotation with respect to the oroiting frame of reference
is stable., To this end the direct method of Lispounov is used for the
case in which the center of the rigid body is constralned to move in a
circulsr orbit as well as for the unconsirained case. The conclusion
is that the orbital constraints assuuption just defined is not valid.
It is epproximately valid if the mass of the oscillators is small
relative L0 the mass of the rigid body., Stability criteria have been
derived for three equilibrium configuraticns which are intimately related
to the gravityegradlent stabilization case for tne rigid body.
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The analysis of the mathematical model uzsing flexible rods to
simulate the antennas is more complicated but does not reveal additional
information. This work will be reported later.

The case in which the satellite dnes undsrgo rotational motion
vith respect to the orbiting frame of reference is presently being

investigated. \(?)\&" ,
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i+ Introduction

The puxrpose of this study is tc examine the stability of motion of a
rigid body with elastically connected moving parts which undergoes rotetional
motion with respect to en inertial system, wirlle the ceanter of the rigid
bedy orbits around the earth. The mathematicel model consiste of a rigid
body with principal mass moments of inertia A, B, and C about the principal
sxes X, ¥, and z. Along the z axis there are two viscously Aamped oacilla;ors

attached.
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Flgure 1

The body represerts a man-node satellite where the oscillators are meant
to slmulate f{lexible entennas. Under certain circumstances, the more exact
analysis obtained by regarding the antennas as flexible rods yields results
which do not differ appreciably from the results cobteined from the analysis
using the oscillators.

Due to functional reguirements it is desirable that such a satellite
maintain a certain attitude with respect to an inertial sysitem or with respect
to a moving system of reference, One such reference system, called orbital
system of axes, 1s that foir which the three coordinate sxes are aligned
with the tangent to the orbilt, the radial direction, and the normsal to
the orbit plene. This, of course, essumes that the orbit is circular.,




It 1s possible to use an active contrecl system to maintein the savelllte
orientation. We shall be interested, however, ir stabiltization by passive
means. | '

¥hen one is interested in & sateliite that has one axie pointing
towards the earth at all times it is possible, in certain circumstances,
to use the differentiai-gravity torque as a passive m.ans of stabili-
zation. This method is uown as gravity-gradient stebilizstion. It is
based on the fact that, for & noa~spiuning body, the gravitational torques
tend to align the axis of minimum moment of inertla of the hody with the
radial direction from the center of force (which is assumed to coincide
with the center of mass of the earth) to the centoer of mass of the
satellite. Aaother passive method of stabilization is known &s snin-
stabilizatiocn. This method 1s based on the fact that a spinning body
tends to maintain the directicn of the spin axis €ixed in an inertial
spece i no disturbing torquee sc2 present. In this case the differesntial-

gravity torque can be used to lxpart a ateady precegsion to the body.

A considerable smount of work has been done In the area of catellitce
stabilization by passive means. The research propossl dated September 1h,
196k cortains a survey of the related work. Sines that date gz nusber of
papers in the same genersl ares have been published, Of these we ghall
single out the papers by K. H. Wadleigh, A. J. Gelloway, end P. N,
Mathur*, and P, W, Likins™™. The firss peper discusses the pes3ibility of
passively damping the uutation which might result from any disturbing
moments in a spin-gtabilized space vehicle. The device ~cnsista of a
simple dsmped oscillator. The space vehicle that is considered is nct,
however, an orbiting satellite and cousequently does not include considera-
tion of gravity torques. The second paper, although 4t Joes cunsider the
gravitational torques, regerds *he sa%ellite &3 a rigid bedy. This puper,
ir essence, obtains the same resuits as those ontained hy R. ¥ringle

*"Spinning Vehicle Nutation Daaper," Journal of Spacecraft, Vol. 1,
No. 6, pp. 588-5¢2, Nov.-Dec., 196k,

*v5tability of a Symmetrical Setellite in Altitudes Fixed in an
Orbiting Reference Frame," Journel of Astronauticel 3cieaces, Vol. XII,
No. 1, pp. 18-2k, Spring 1965.
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Jr* by using & slightly differzat epproach. The interesting part about
the peper by Likins is that it uses the same approach as envisioned by
the author of this report. The problen that is presently being investi-
gated, hovever, is considersbly more comprzhensive due t» the fact that
the body has elastic components and possesses darping characteristics.
In this respect, the present mathematical model is more realistic.

The problem under investigation is formulated by means of methods
of analyticsl mechanics. The variational spproach leads to Legrange's
enuations of motion. As generalized coordinates for the siuplified model
which uses oscillators to simulate the flexible antennas, we have three
cocrdinates defining the position of the origin of the x y z system
in space, three angular coordinates describing the orientation of the
principal axes (x, v, and z) and four lineer displacements, two for each
oscillator, dascribing the positions of the cscillatores with respect
to the sxes x, y, and 2. This gives a totul of ten generalized coordi-
nates. The formulaticn leads to ten ccupled equations of motion which
are highly nonlinear.

Since we are interested in the stability of motion, the method of
solution that has been employed consists of determining some possible
stable conflguration from the equations of motion end checking the
stability of moticm in the neighborhood of this motion. This can be
done by mesns of an infinitesimal analysis which consists of linearizing
the equations sbout a possitle siable configuration, known as & dynamic
equilibrium or plain equilidrium position, and using a perturbation
method. This method, howcver, can meke a positive statement only about
the instability of a svstem and not the stability. Another method of
aspproach is the Lispounyv second, or direct, method vwhich can meke a
statement about the quulity of equilibrium without solving the equations
of motion. The main difficuliy in using this method lies in devising a
Liapounov fuaction which is te be used for ¢ 2s3ting purposes.

Among all possidie equilibrium configury’ :ons the cases which can
be interpreted &s the gravity-gzradient stabilizel case is of particular
interest at this point. 1In almost every previous work on the s bject,

*"3ounds 'of the Librations of a Symmetric Satellite,” AIAA Journal,
VOlc 2’ NO. 5, ppo %8-912, Mw 1%“0




it has been assumed that the bedy is rigid and that orbitel constraints are
imposed such that the center of mass of the body moves in a circular orbit,
Rc = const., at a constant angular velocity QQ. This sssumption allovs a
reduction of the number of generalized coordinates by three. When the body
contains moving parts, such as the oucillators, the center of wass shifts
with reaspect to the xyz system and it mey be more convenient to apply the
orbitel constraint on the origin O of the xyz system. Analysis was
performed with and without the use of orbitsal constraints and stability
criteria vere derived for each cage. A major conclusion of the present study
is that while the orbital consirsints Just defined are vaild for a rigid
satellite (for which there is no distinction betweer the origin O and the
center of mass) it is not valid for ¢ satellite contalning elastic parts.
The assumption is reasonable if the mass of the ¢scillators is small relative
to the total mass of the system. Although this conclusion was reached for
& special dynamic equilibrium position and using a mathematical wodel of &
certain configuration, it is felt that the conclusion may be valid under much
broader circumstances. Certainly it points cut a proLlem area which should
not be overlooked in future investigaetions.

The gravity-gradient stabilization implles that the body possesses
en angular veloclity fb with respect to an inertisl space, the angular
velocity being equal to the orbital angular velocity. Thus the angular
velocity between the body and the orbitsl system of axer ig zero at an
equilibrium point. The differential equations describing this wotion
are autonomous, and solutions by means of the Liapounov method hsve
been accomplished. 1In the case of spin etsbilization in a gravitational
field, the angular velocity of the body is differeat ithan (b, and the
differential equations descriving the wotion contain periodic coefficients,
In this case, a mathematical analysis may present insurmountable problems,
Nevertheless an attempt will X made in this direction.

The next stage cf the invegtigation coneiste of the identification
of other dynamic eyuilibrium configurations and devaloping stability
criteria. To this end, infinitesimal and Liapourncv-type soiutions will
be attempted, Any progrees made by using the latter approach will be a
contribution toward advancing the current state of the ert,




A natural extensioa of the present investigation should consider
elliptical rather than eirculsr orbits. For the ~ase of librating,
nouspinning communications satellites one may include the effect of sclav
rediation pressure, Either of tuese probleme appearsworthy of a future
research projact,

Another problem of interest would de the case in which the sateliite
contains internal moving parts such that the mass moments of inertia
change according to a predetermined paitern. This problem, too, covld
be the subject of a future research iuvestigation.




2. Coordinste Systems and Coordinate Transformations

As mentioned in the introduction, the wotion of the satellite is
described by ten genersligzed coordinates. It will prove comvenient to
describe the orientatiom of the tody i two different sets of coordi-
nates. In the iavestigation of the stabllity sbout equiliidrium positiucs
we thall maka use, at different times, of both systems of coardiaates.
Since the directions of displacenents of the oscillabors ia kmown with
respect to 8 set of body axex x, ¥, %, we shell be concerned first with
the determination of the orientation of the x, y, 2 axes in space. To
this end let us ccnsider Figure 2 and designate an inertial ccordinate
system by X, ¥, Z. '

The projection on the reference plane XY of +tue radial lire, R o?
from the center cf force, CF, to ibe center of the boldy, 0, mske: an angle
$ with the reference axis X.

ae
L

F.gure 2
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The angle between thie projectiom and the radiue vector f%c is denoted
b7 8. The triad &, b, ¢ is such that & and ¢ are ir a8 plane ncrmel to
the referecce plane XY with a in the direction ﬁc and ¢ normal to ﬁc,
vhereas b is normal to hoth & and c. The orientation of the body will
be measured withk respect to this triead in two ways, as shown in Figures
3(e) ana 3(b).

c €2f2

Cyi
o

{a) {X}

Figure 3

From Figure 3(e}, we see that the coordinete transformation relating
the coordinates a, t, : end x, ¥y, z car be written in the matrix form

[ . 5 7

,‘ l} [l'xa “xb lxc !: % & }

$ Y ‘)"’ ‘ lya l}’b ly: ; % b {
\ L - i

{z ! {.*za lz‘b ch_} { ¢ J
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™ 7 0
cea oY - sel 362 5P 8, &P -86, °p - 28, aSl 89 \ a
= | -c6, 89 - 80. 86, cg e8, op 88, 8¢ - cb, 86, 9 { b (2.1)
! 592 cal sel <:92 cal ] { c)

vhere J&a 13 the direction cosine betwwen the x axis and the a axis,
etCo, and

c92 = co8 92, 891 = gin 91, ete,
The angular velocity components of the body may be written
p - - -~ for Ml
Q = Q[( c6 26, + 88 ceg) c@ - (c8 cq,, + 59 582) 33, 89,

-Gcels:p-q’ﬁacelw-elctp‘

Q, = §[(c0 66, - 56 c8,) 53 - (o0 cO, + 5@ 60,) 20, o] (2.2)
-6 cel cp + 62 cal 2 o+ t&l 89
Qz s @ (&9662-#3@892) 091-8591+é2 sel+cp
In a similar way we obtain from Figure 3(b)
(x\ rctccp-sthamp s¥ cp + ¢ cB 30 995@7 :;’Ia,\
| |
‘ v \a -c¥ 89 - 8§ cf oy 3% 8¢ + ¢¥ €8 cg 88 cop ( P (2.3)
\
i
" | 8t 80 -c§ 89 ch .9%1"3*

eni the corresponding anguiar velocity componente

qufé(see?ccpi-c@seswna& 8¢y cd acp)-(:)fet-::p

+o¥ ¢ scp)+€fse S.p+é ce




ans'(-aectsq:w-c@secq;»-see#cecq;)+é(5ys¢z (2.4)
-c'ceev)-e-;sectp-éscp

O, =% (c©co+udoaysd)tBck 66 +¢co+g
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3. Energy Expressions end Rayleigh's Dissipation Functiom

In order to use Lagrange's formilatica of the diffurential equations
of motion we need the kinetic and potentisl energies ¢of the vody as well

a8 Rayleigh's dissipation function. The dissipation Iunction is s
quadretic fNunction of velocities whick was iptroduced by Lowd Rayleigh
to account for damping forces in the Lagrenge equationg. Wigure & ghows
the mathematical model of the body.,

Figure

Denioting the veloecity vector of an element of the rigis body of
masg dM by V, end denoting the velocity vertors of the two masses by

v, and "5'2 , we can write the kinetic energy of the entire body in the
form

T g% ‘!‘” (; . .V-) aM + é‘m (;l . thl)"' %m (;2 . ;2) (3.1)

b




vhere the velocity vectors are given by the expressions
VvV m Hc +Oxe

vy =R, +1; +xry (3.2)

where

R, =R, 1'+R, b cos ' + R, © k! (3.3)

is the absolute velocity of the center cof mass in terms of components
along the sbe axes (see Figure 2), and

T, = vl +w§+ ek (3.4)

are the positions of th2 element of mass, dM, snd the two masses, m,
relative to the aystem xyz. In addition, O denotes the angular velooity
vector of the body with respect %o an inertial space and

N + 'wl J

B
<
T

(3.5)

To el © V2 i ¥ J
are the velocities of the two masses relative to the bodry axes xyz.
Introducing Eqs. (3.2) through (4.5) into Eq. (3.1) we obtain

*
This assumes that CF 1s at rest, which is only an epproximation.




® ‘r« n '9 ’ L
T = 420 + M}(RZ + B cos” © 87 + R @)

o 2 r2. 2 2 +2
+ g(are + B’QJ *Cfi)i-%m Wy vy W+,
2 2,02 2y Ry R, 2,2 2
+ ai + v, ) + Q§ (;l + vy ) C)z,..\v:L MR PR N }
- xa(vl - ",g) +2ﬂya(vl -7 ) 20 \vl 1 - Vit Yo¥, - Y, 2)

-mxﬂy(vw * V¥, )«z.aQC(w - 2)-23{7(‘(?- uv‘,)}

&

. ) . Q.n n L] L4 . . . \~‘
m(Rc lxa. + Rc cos Oﬁ.iﬂ + R, 8 lxc)!\:".‘z. + Vo ﬁz(wl + ¥ |

. ) . . ° vp ° . ‘\'
+ m(\R l., + 3 cos @& ly‘b + I\c & l‘yc}("’l vy 02\\'1 + V:;_,)J

“ ’ » ’ f
+o(k_ I + A, cos 83 1, * R, 8 13011“0}_.(@ 4w, ) - o?(v + v,J)J

2 %8
{3.5)
w¥here
A" = A+ 2ma” '
(3.7)
' 2
B =B +2ua

The potential energy comsists of two perts, gravitational snd elastiz
potential energy. We shall firet eveluate the potential energy due Lo
gravity. For an inverse squere central force field the potential ensrgy
is given xy

-l F @ ﬁ';: m - & w4 comst (3.3)

where K = GMe is the strength of the {ield which 1s equsel to the product
of the universal granitational constent, G, and the mass of {he earth, Me’
Of course, this assumes that the zarth's density is & "uncticn only of the
distence from the center of the sarth.




13

The reciprocal of the abusolute velue of the raiius vector K can be
witten in the fom

l-[(’ﬁc-&-?) . (ﬁc+?)}'§

2 -
SR REGREPE e =N Yol 3.9)

c c

Similar expressions can be written for R,

1 ana Réa upon noting that
R, = R + “1 and R, = 'ﬁc * '1'-2 where ;1 and ;2 sre given by Bas. {3.4).
This allows us to obtain

- --I-(- -I-(-nlr A 3 “ ' ”‘
A 5 (om + M) + " L(vl +Vol 1+ (al * My J‘ya..l
c

K
+ = (A' + &' +c)--—- C+B -A)l
rknc hnc ((

' ' 2 1 ' 2
+(C + A 'B)lya + (A" +8 wc)lzaj

R ) lﬁﬁ[(v + v, )lxi

-¢~(wl + v, )1 +aa(v1-v2) La L +2e.(wl-wa) lyalze.

+ 2 v, 4 vewa) La lya.! + const. {3.10)

Assuming thet the springs sxe lipear and that the spring constents
in the directions x and y is ejuel to K we obtain the elastic potential

energy

. 2 2 2. 2
Im-ék (vl *v v +w2) (3.11)
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Rayleigh's dissipaticm functim*, which cen be interpreted an ore
half the rate at which the system dissipates energy, has the form

Dade (vle + vaa + v12 + ‘;'22) (3.12)

*
See Goldstein, H., Clessical Mechenice, Add.son Wealey Press, Inc.,
1959, pp. 20-22.
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L, ‘The Differentiel Gravity Toryue

Although the equetions of motion could be derived directly from the
kinetic and potential energies end the dissipstiocn function by means of
the Lagrangisn formuletion, it will prove comvenient to write s special
form of Lagrange's equations, nemely in terma of "quasi-coordinates."
This subject will he Giscussed in detail in the next ssction. PFor the
noment it suffices to say that we must know the x, ¥, snd z components
cf torque about the centexr of mess in order f0 use the special form of
the Legrenge equation. The force vector acting cn the differential 2le-
ment of mass A M is ‘

= K = . \
AF w- = RAM (8.1)
R

The torque vector sbout the center of the boldy; due to the differential
of force & F, 18 '

m-:;j aM(r x K ) (b.2)

in view of the fact that R = R, +Teod ¥ x T = 0. But, as in the preceding
section, we have

2F, «F  F ¥, 3/2

-3 i =Y . Yy | =3/2 -3 7 + +
EFv m L(ﬁc +7) (ﬁc + r)_] '/ = RC Ll : F-E - 5—]
‘e c
- - — - - — . 22
R L3RR DR [B® P3R4

-7 (4.3)

Introducing Eq. {i.3) inte (4.2) and lutegrating over the entire dbody,
i “—
and noting that Jr%;Jr @M = O according to the definition of the center of

mags of the rigid body, we obtaln
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N .i—§ I} G=B)E, - ) an - =5
c <

3Kn R 1) + (r, 5
+ R [G:l =R IR, - 7))+ (o s BIE, ¢ r-‘l}] T

¢

Performing the above integrstioms we obtain the componests

Kn "
eroqz Mol 5‘3{‘""“1}@
c
2 2
+m[(w1 +w2)1y +(vll+vw2) 1olsa

x [(;l xB)+ Fx )]

(bou)

- a(vl - va) 1.1 o+ a('wl - wz)(lz:i - lyi )]} + ooe (k.5)

X8 ya
-Km _3__5 ' .
Ny L2 (vl-i-vg) 1.+ RB{(A - C) LA
c

-m{.-(v +v2):’. 1 a(w.‘ W) 1

X8 " z8 X8 ya'

- (\ "Va 2) lya za

[ Y -n-!‘- i- g ol 7 m).-!: ' !
R, - L(v. +v2)l -(ulcwailmjv {(B -~ A')1_ 3
(o4 C

Note that terms in R;h snd smaller have been naglected in Eqs. (L.5)

to (4.7).

» 2 } 1
+ a.(vl - va)glx& ) "“'fh,.G')




¢, Legrange's Equsticns of Motion

We shal). dispense with the dztailas of the derivation of the Legrangs's
equations of motion, as they are fourd in any text on classical mechanizs.®
The differential equations for the genarallized coordinates Rc’ ¢, and @
desceribr the motion of the center of the origir of the xy: syster aad
the generalized coordinates Vys Yoo Vys end Wy desezribe she motiom of the
two oscillntors relative to the xyz system. These equatioms have the foxn

2C DR I
B GED -3 - 3 o
&G H e

a_ r ‘> o L + 3 D < 0
3 wz

vhere L 1s tke Legrangisa which has the expression

Lal- VG - V?L

in vhich the kin2tic energy, T, is given by Eq. (3.6}, the gravitatiocnal
potentiel energy, Vg» ¥ Ea. (3.10), snd the elastlic potentiel erergy,

¥se- Goldsteln, Herbert, Ciassicel Mechenica, Addicch-Wesiey Publishing
CO., Rea'iing, MB.BB., 1959’ p:. 22. .
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Ver» bY Bq. (3.11). Rayleigh'e dissipasion functior, D, 18 given by &
(3.12).

One cculd write another thres differential equiaticns by naing tha
Lagrange formulation and the genersli:zu coordinatas ¢, 6, and ¢ {or
0, 8,, and @) vhich describe the rotatioual motiou of the body with
respect to the tried a b ¢ (see Sa2ctica 2). It will prove more coavenian®,
hovever, to use a set of engular moticas abomt the crihogooed body sxes
X, ¥, and £. Buch coordinstes sr¢ tcalled quasi-coordinatse® sad the

correspondirg equsicions of motiom cen e writden in fom

a 3 AT

= .0 SR e N,

at (anx 220, ¥3a x

. (T o 0 g..m.... AT = N {5.3}
dtkany) S R (5.3)
1 /AT 3T 3.1

x (3 =) - Yy i " N

vhere Qx’ %, and Qz are the sngwlar veliocity compopents about {he x, ‘y,
and z axes as given by Eqs. (2.4) aud L Ny, end N, are the torque
components which are given by Egs. (4.5), (&.6), srd {k.7;.

_The first of Bgs. (5.1) lesdz to the eguatiom of motion for R,

(2m + M)[Rc - Rc(ia cou © + ée) ...‘S...,, -}
R -
o

[ - .
+m{l v, +v -0 (w +v)..+1yaL_ wl+w2+«.zz(v1+v2;-;

Lol 0, (e +w) - fy vy + v,) ]}

L] L4

{ * ¢ LI
. f +v. - - _ ) B }
royl |V o Qz(vil- wa) Gz(wl +v)

.0

'00 . . . . : -‘
+ 1y~a LR nz(vl TV + Oz(vl + 12)_;

- -~ ——

*See Whittaker, E.T.; A Treatise on the Analytical Dyammics of
Particles and Rigid Bodies, Cambridge Jniversity Press, 1J06L, . Ui.
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2’1 J

[ S

(5.4)

vhere termg of negative powars of Rc larger tben three have been neglected

as small end {*) {mplies diffsrentiation with rizpect to time.

' Y, a simiiar way we obtain
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vhere in Eqs. (5.5) and {5.6)
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The final three equations of moilon, teken from Xgs. (5.3}, are the

following
%(ggg) -ny-g-—g; +0 %‘% “ N (5.13)

Ll
in vhich -g—-»- -—f—-, and g-%; are given by the expressicna eppearing

after Bq. (5.6) and the torque ~ompcnents N s NY" and N ere given b
Egs. (4.5) through (4.7).




6. Discussion of the Metnods of Solution

It 13 easy to see that the equa%icns of motion, Eqs. (5.4) through
(5.13), are coupled and highly nonlinear. The present state of the ext
does not permit a closed form solution of the equations. A& purely
nunerical soluticn, by necessity; is of restricted value since one must |
essign numerical velues to various system parameters such as the mass
moments of inertia, spring stirfness, damping coefficient, mass of the
oscillators, etc. A closed forr solution may be possible under restricting
assumptioms.

The case of spin stabiiization in which the effect of the gravity
torque is ignored as smell in relaticn to the effect of high spirc was
solved under a different project*. Cthexr restrictions were that the body
be symmetric about the epin axis, B = A, and thal the angular veloeliy
component about the spin axis i3 much larger then the components about
the transverse axes, (1 2 > Qx end Oz > > Qy A closed form solution
of the iineerized equations led to stability criterie {or rather inatsbil-
ity criterie). Specifically it was first comcluded that the spin velocity
is constant, Qz = QS = constant, and furthermore, if 4he mass moments of
inertia are such that C > A + 2 maa, the motion is vnsteble regardiess
of the value of the spin velocity, Os. On the other hend if C <A + 2 ma?
the stebility is determined by the msgaitude of the ratio Q / ), whers
9 = = Jk/m is the natural frecuency of one oscillator. Curvea of
Q / §, versus C/A were Plotted for various values of 2 ma /A e:d reqicas
of instability were identified. A numerical solution of the nonlinesr
equations corroborated the above conclusions. A peper summarizing the
above vork 1s being prepared and will bde submitted for publication in
a national journal..

The route followed in the present work is entirely different. No
restrictive assumptious are being made and the problem of stability of
motion is ceansidered in ite entirety, No explicit closed form solution
for the motion in terms of the generaliz:d coordinates is sought.

In contrast, however, we are interest2d in deriving criteris for the
stability of motion. The method coneists of ideniifying verious

*uittitude Stability of a Spinning Body of Revolution ia a Circuler
Orbit," NSF, GP-3087. Principal Investigator: Leonard Meirovitch
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equilibriun configurations ir the neighborhoed of which stable motiom

way takz place, and testing the stability of this mction. These positions
are stationary pointe in e 2 n-dlmensional space defired by the n generalixed
coordinates and n generalized veloclties, and will be referred to ss
dynamic equilibrium positions. Ta order to test atebility st s dynamic
equilibrivm position we must devise a fanetiom and prove that the functioa
is positive definite and has & miniaum at the equilibrium positica. Such

a function is krown us a Liapounov ‘uwaction and the proczdure is celled
Lispounov's second method {also known as direct method). The ebove is

only & bvrief description cf the meth:l and det:ilr will be discussed

later.




a9

T. Determination of Dymamic Equilibrium Pousitione

The Lagrenge formulstion of the squatione of motion of a dynamical,
n degree-of-freedcm system consists of a set of n second order differential
equations in terms of the generslized coordinates g, (L=1,2... 0)
Theae equailiuns can be repiaced by 2 n first order diffexential equations
by introducing, in addition to the n generalized coordinates, another
set of n generalized momenta p, (1 =2,2...,n), The reeulting |
2 n differential equations are called Familton's canonical equetions.
An alternste epproach for the forwmulation of the dynamical problem is to
regard the n generalized velocliies as the additicnel zei of generalized

coordinates.

The 2 n coordinatee can be thouvght of es defining a a'n-dimensional‘
space called a phase space. The points for which the time derivatives

of the 2 n coordinstes are zero are celled stationaxy or equilibrium
points. Physicsally this means thet st such peinte, the velovcities end

the acceleratime are zero. The stadbility of meticn depends upom wnat
happens to the system 1f displaced slightly from such en equilibrium
position. The motion is considered steble if these displacements remain
in this neighborhood and dc not tend to incresge with time. Matheo
matically, the stabllity is establisghed if the system can be characterized
by & suitable scalar function which 15 positive definite in a certain
domein end hes a relative minimum in the equiiivrium position.

An equilibriunm poiat that occurs a¢ a peint other than the origin
may be translated to the origin by meens of & simple; lineer trans-
fornation. A function meeting these requirements is known &s 4 Liapovaov
Tunction. In the next section we shall enlarge on this d=2finition of the
Livpounov function. In this section we will be ccicerned with the
determination of the equilibrium points.

An inspectioa of the equatioas of motiom, Egs. (G.4) through
5.13), recveals that equilibrium positims exist wben the genersilzed
displacements and velocities agsume the values
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ﬁc =0 Rc = oSt
? = no = const. ¢ = arvitrary”
8 =0 @ =0
61 -0 6, =1 /2 (3 =0, 1,2, .0 .)
| 62 = 0 b, = § %/2 (JmG, 1, 2, « o) (7.1)
¢ =0 ¢ =kaf2 (k =0, 1,28 ...}
'\‘rlno vln0
.2-0 vzno
;1 =0 ' ¥, = 0
\.r2=0 v2=0

Although mathematically 61} 62, and ¢ can assume values which axre
any integer multiples of x/2, comsideration of the physical system shovs
that Egs. (T.1) represent only three distinct equilibrium configurations.
These configurations dencted El’ Ea, and BS are shown in Figure 5.

2 Z 2z
, _

93 9 fig » mia 6, = ¢

| Pz 0 $ =0 $ o= 0
i | Figure 5

There may be equilibrium positiors other than the ones glven by
Eqs. (7-1). This possibility hes not been fully cxolored yet. The

B o -

*examining Eq. (5.4)we conclude that the ¢ may ve arbitrary becense
¢ is an ignorable or cyclic coordinate which provides Lmmediately an
integral of the motior. This subject will Te diecussei further in a
subsequent section.
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pregent report discusses the ecuilibrium positiors shown in Pigure 5.

Ve note, however, thet the sngwier velocities 6, and ¢ are colinear
in the equilibrium position E3. The analysis of this case would involve
indeterminate expressime, as will be shown later. To avoid this 4iffi-
cwlty we shall use the rotaiional coordinates ¥, G, end 9 in ansalyzing
this case. On the other hand the cocrdinates ¢, 8, and ¢ would leed
to the same problem in the analysis of canfiguretion El' FPor the case
E2 either set of angular coordinates can be used. We shall use the
coordinates 61, 92, and ¢ for the caszes El and Ee and the coordinstes
¥, 8, end ¢ for case E3.

Noting that & = O = const, where O is the orbital velocity, and
that the body, in the equilibrium configuratica, does not heve sny angular
velocity about the axes x, y, and z, we conclude thet cases El’ Ee,
and E3 correspond to tae gravity-gracdient stavilizetion case in whicha
the body has an angular velocity Qo with regpect Lo an inertial space
but no aagular velocity with respect to an orbiting frame of —eference,
The case in which the body, in the ecuilibrium configuration, does
have sn angular velocity wi}:h reaspect to the crbiting frame of reference
ia presently under investigaticn and will not be discussed here.
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8. The Cese of Zero ytion Felative to the Ozditing Frame of Reference,

Liapoumov Stability Analvels

The three dynamical equilibrium coufifurstiims of the oreceding sectimn
cen all be identified as ceses oF zero motion weletive to the ordbiting
reference system x, y, and z. "e& shail examice the ctebility in thessz
configurations in a Liepcunov szuse. The direct, cr recond wethod of
Liapounov allows one to make a statement as to the stability of the
perturved motion in the neighbornool of an eguilibrium position without
heving to solve for the explicit forn of the perturbed motion. This
method is very useful when the solution of the differenticl couctions 1s
rict possible and a stability statemeat suffices. This is often the cage
in dynamical problems described by nonlineer differential 2quacions.
Fellowing 1s & brief Geseripiion of the method.

We shall be concerned with the sclutiom of a set of autonomous
differential equationa*°

J'ci(t) = £y (xl, Xps o v o xm), (1 =1, 2, « « » 20} {8.1)

in the neighborhood of the origin.™

The Liapounov theorem ¢f si2bility states that: Irf there exisin a
differeniie»” - function V. (xl, Xy o o o xzm) keown as e Lispounov Tunction,
that saliefies the ccuditions

1) VL(xl’ Tpp o o e xan) 20 {6.2)

in a definaeble region surrcunding the origin where the sgual sign
applies only at the origin (i.e. V. 1s pcaitive definite in the

L
neighborhood of the crigin with a relative minimun et the origin)
cav, By 2 37 \
2) a-—t—-a -a_?(-; xi rs‘/; -g—:e-i- 11(}:1, :(2, e o x,’zn; < 0
1=l {1l (8.3)
d VL
where ~5r~ 1is teken along an Integral curve xi(z},

(i=l,2,..¢.2n)

*me functions fi do not contaln the time t explicitly.

**ps rentioned previously, = simple transformatinn of coordinates can
translate the origin of the sysiem to any point in the phese spsce.
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then the equilibrium point x, « 0O 4 =3, 2, . « - 21) 15 statle. The
equilibrius will Le w-m_»i..»ticu'.y atable 1T 33_‘% = 0 at all points in the
neighborhoed of the equilivriua and the equsl sign applles only at the origin.

The mein provlem in & Lispounov shalysis is to devise the Liapounoy
function. In order to cbtain 2 ~lue we shall make a small digressiom into
the area of claszical mechenics.

The motion of an n-dagres-of-frendom system cen be descxribed by n
generalized coordinates g, (1 «1,2, ... n). When the Legrangicn
L does not depend explicitly on cne of these coordinates, say Qs then
one can imrediately obinin ome Integral of the differential aquations
vhich, ir effect, reducee the nunrber of degress of freedom by one. The
integral in this case 19 the genvralized momentum o ___1}

o

\ ’ QB

t

e

The coordinate 9 is celled ignorinle snd the procedure for reducing the
degree of freedom of the system s cailed the Routh process for the
ignoration of coordinates” .

Let us consider o dynamizal systen for which the lLagrangien is a
funation of m generalized displacemences and n generalized velocities,
wita m < n. In other words th2z system possesses £ = n ~ m ignorable
(elso called cyclic) coordinates Gy {i am+tl, . . . n}), This requires
the assumption that the dissipation functicn D, wiich 1s 8 quedratic
fun:tion of the geaerelized velocitiea, does not depcnd on the generalized
velocities assocliated with the izroral.le coordinates. We shall assune
that this is the case so that i{he system can he described by ithe Lagraage’s

eqguations
a_ 'BL__‘\ 3L a D . R
dt (ﬂi/; %\ qa + ?\..-(“.- - 0 H (1 2wy (35 e » =, ...4’,J
(8.5)
d D LN '
E’f(aq""'/“o y {smmel, .., 2) (8.5)

The n-m cquationa for the ’¢roralle coordirates, (Eqa. (8 5}, con
be integrated lmmedistely to ohieln

2 e — -

See Whittaker, E. T., Treatisc on the Analytical Dynamics of Particles
and Rigid Dodles, Domer Putrlicaticns, New York, 19w, Do 54e
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gy w Xow camely, {8 = atl, . . «; =

as, (8 = m+l, @2, . . ., n), are integral invarisnce of the sysvem,
the velues of which are detervin:2 by the Lultial condiilans,.

The tiwe rate of eheanges ¢f the Iagrangisn can be wriiten s

n ' -
e ] s + - i 4
= y d : ¢ % 3L Y% sy
gﬁé =% i ﬂ,il-&- w-»-iin L \“, 9..,-,, ,,_,_r}:"'._ - ._a ‘1%-'*‘-‘-— .é:.?m... 3 .:...r‘.‘:
dt L G 4 dt i, @ 41 T ';Lﬁ 5 o
1 - 1 gmin+ ),
iml el o
: (8.7}
aud 1 the Lagrecglon is not an eplicit functior or time, (;—“ w O,
Introducing Fqe. (8.4} and (8.5) imto Rg. i3.7) w sovain
o n m
a f 3L ;. vy R R
& ...Z 3L L e % I’J . Z 5T Qe (8.8)
- “
1wl B=mtl 4wl

The expceession In parenthesls 13 cefired ag the HamdlitenZan Huaction
K.
Next, deflae the Routhian of the gystem by

n

o . s

. ?‘ .r)“ ”

R=) ¥, -7 (2.9}
Semdl

and use Fce. (8.6) to eliminnte the genaralized velocities asrocinted
with the igncrable coordinstes q_, (g =w+l, . . ., v}, from Ly, (4.9 6o
that the Hunctional depenliace of the Rwthiop can be writieon o the foarm

N s ) f'\ + 9
R=R (qi; qi; \Is, .ea,‘)i’
vhere the latter form of the Routhlen containe oaly the m nor-ignorabl.

coordinates and the n-m copstents A The Tegreng: equetions of nob.-wn

can be shown 0 assume the forn

*In most texts on clescicel ruzhenics » the Routhien Is A«/!ned as
the negative of the ome given by %3, (8.9\).
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& (3R N, 3R , 3D _ N
-d't\ d / ﬁi+aéi-g’(igl’2"'.’n; (8-1—1)

and there are only @ equations imatead of n. Of ¢course, the resaom for the
reduced number of equetions lies in the fact that we already have the nen
integrals, @y, in our poasessian. Correspmdingly, the Hamiltomian assumes
the form

" ‘3R ;

) H(qi, Qqs aa) a R - >, S-E 9 (8.12)

1l b

go that
n m
., $ . 2
SV AR g =) 4 <o (3.23)
‘(c"c q“l . i=1 .

The above discuscion of clessical wechanics leads us to investigate
the Hamiltonian, Eq. {8.12) as & possible Lizpounov functiom. Bg. (8.13)
shows ua that the Eulerian derlvelive of the Hamiitonisn is negative ¢r zero
over all configurstioc spnce, sctisfring the seccnd regusremnent of the
Liapounov stability theorem, Bg. (8.3). I{ 1t cea he shown thet the
Hamiltonian 18 poeitive definite in the nelgtbortosd of an equilibrium
toint and has a relative ninimum at the eguilibrium point; thus satisfying
the first requirement of the Liepounov stebiliity theorem, Eg. (8.2), then
the motion will be stable in the neipbbortiond of the equilibrium point,

Next let ue define 2 Hessler matrix in the form of thes partitioned

matrix ~ 5! *
i
dg, 9n. ! 4§, dq.
‘76 E « _%-f&i--ﬁ--(}:} ( ?
2 ' 2 s L3 =1, 7, . ’,"“1)
Sl e 834
L.5q'i oq.j ! J oo

at equilivrium
voint E

The clerents of the Hessi{sn matrix are equal to twice the coeffizients cf
the quedratic terums in a Taylor zeries expansion of the ﬂami;. sonlan about
the equilibrium ¥. It can be shcwn ~hat, for small 9y end o:,-__i in the
neighborhecod of the cquilidriwn I, the Hamditoniar funcition will be pos’olve
definite if the Hessian natrix i3 positive definite. It can also bde shomm
that the existance of an eguilibrium point at E guarantees an extremun

of the Hamiltonian function at E. (More specifically, the first order
partial derivatives of the Hamilitonian with respect tc the generalized
¢isplacements and generalized velocities are zerc for an autonomoug system
at an equilibriur pesition.) Further, the extremum at E must be a relative

o L e PR =




minimum when the Hamiltaian ig »ogitive definite 1a the neighborhood of
E.

Due tc the Tact that the Hegsian matrdx o evalnated at en =quilbriua
point, efter some slightly eleborate aanipulalim:, it can be shown
that the matrix can be written in the simpleyr forn

x5 o
2E. ..-%i-.i,a---, (8.:5)

i i ow B

0! :gla

at B
where

B .2 )

s gty |
“ at B , (1, 3 =2,2, . ..n) {8.16)

n

The matr*x ie positive defiaite 17 bolh 1’ e:.u,I rre wogitive dellinite
Butjxi i8 the matrix of the aneffihieafs of the Xinedtic encrgs mxpres-
sior and hence, bty definltion, pesivive definite. It romaing <o show
that&?ég is positive aeofinite.

According to Sylvecteris critericn, & wmatvix o poeitive definite

if 81l of the princtipal deterwirents of the walrix ere positived,

Hence the matxbta%} is positive dofisite iF

12 L—T—i > 0 { 2
o~ | w——e i, = e o ® ~ )
! Q'i I qj{ LA, J de g s ,4.,',)' J'r\
at E (e =1,2, ..., 1) e
Bquations {8.17) represent suificient conditions Per the stebiilty of
the motien in the peilghborhood of the cowilibriws rosiisme [ guesZion,

¥See Malkin; I.G., Theory o Stsoillty of Mb.io‘ atra:al&zio& frem
Rugsian). AEC-tr-3352, Office of Tecanical Services, Tenarzaent of
Commerce, Washington 25, D.C., 1952 (?ussian orig.ral), p. 15.
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A large number of authors® essume, in their work on the subjlect,
that the center of mass of the system moves in a circulsr orbit at s
conctent angulexr velocity QO and that there is no interaction dbetweepn
the orbital motiocn and the rotaticnal moticn ol the body about the center
of mass. When the body contains moving parts, such &8 the osciliators,
the center of m3ss ghifta constantly relative to the x y 2 system. In
this case it 1s more couvenient to uze as orbital constraints the
sssuwmptions that the origin of the x y z system movee in a circular orbit
with the sngular velocity Qo. If thet is dose we conciude that there is
interaction betwcen the orbital motion end the retaticnel motion of tue
bocy about the origin of the x y » system. To shuw this the problem
is solved In two ways: first by usirg ihe orbitsl ccnetralrts and sscond
by relaxing these comstraints. Furthzrmore, the stdbility.criteria are
not entirc.y the came for both cases. They become spproximately the sanme
if the mass of the oscillators 1z smell rélative to the total mass of
the syutem. '

*See Likins, Pringle, etc.




9. Stability Criteris for the Svatem with Orbital Constrairnts

We shall first discuss the case in which the origin of the x, v, 2
systen is constrained to move in a clirculaxr crdit*. "‘Mathemstically,

this can be expressed by the foliowing ccastraint sguatioms
R, = const. , 2w
§ -Qomeonat., 3 a0

& =0 =comst. , 2 o Q

Witk these sssumpticns the Lagrangisn reduces to

e PR R . ¢
L =4 (A {‘&2 + B! {‘4},2 + 3 Qze) * &m {vl':‘ v e

2
Q (wl2 + -w,,a) + Qv 45 0 T ey

2 y 'l 27 2 Vi

4

-2a 9«(';'1 - .2> 2R, a(vl + vg)- 2 Q:f({rlv} . ¥

- 20 Qy(vlwl + *1232) - 2 QJ Q, a.(wl Y

. ‘ { » 2] ?
-20 0 a{vl- 2)I+m{}0}3¢ .k[ + v, - Q (v

L e F
i 7]
W, o+, AV R ) Ll e e, bW
¥t Rl ) [Ty ] Rl

2. 2 PARY Qe 2 2

s
‘)

*Nets that for a rigié body the origin of the v, y, z axen 2oincides

with the center of mass of the btody.

+

=
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o T Lagu 2.2, 02, 2y
*2(vpny Vo) Lo lyaj FR(r” 4 vy 4w 4 w") + comst. .
(5.2)
and from Bgs. (2.2) we cotain the angular welocity coeponents in terms
of the angular coordinates 8., 8,, &nd ¢ in the form
waﬂo(- 86, o - cf, seleq;)+92 eelas.-eleq:
o, = Q, (sg &P - cf, &0, co) + 8, c8, cp + 8, sp {5.3)
Q = OO c92 cGl + 92 89, + 9
and in a similar way for the §, £, @ coordinetes we obtain-
Q, = (0, + ¥) 86 s + 6 ¢
(9.h)

ﬂy-((‘zo+¢)secnp-es:p
(&a(oo-vi}cea-q:,

Por the constrained case thexe are no ignorable coordinates so that,
from £qs.(8.9) and {8.2), the Ha-iltonian dbecomes

n
T oL *
- ) 5 & 4 - L
1e1

which can be written explicitly for the 91, 32, ¢ system in the form

3L 5 3L & 3L + AL s+ AL
H e B, + T~ 8, + 3= + Ty g
08 1Ay 2 e AW 1 TEWM
3L L -
YRY; Ve T et (9.6)

} *he constant includes constant terms from the rotential as well as
the kinetic energy, as a result of the coanstreaints.
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Ve note that, as a result of canstraints ia .ie system, “he lIamiitonien

is not equal to the swi of the potential end winesic cuergy as might e

&

expected (see Eq. 10.3). It should be rememberes that thie ccnstrained

system does not exist in reelity and hus been employed only &s a methe-

matical convenience,
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In & similar wey va ottain the Hamiltonisn for the coordinates ¢, 6,
and 9 is the form

IR T S - 1 T AL
KnT+V-—O°{sGacp%—5;-.96 ‘.q;---any*ces-?{z-

+ch {vl T vg - ﬂz(al > “2)} be +ch L“l + ".2

. I
. H 4 - {7 (" Y
+ g vy + va)] L, +0R, [nx(,l + w,) “y("l +v,) ) 1zb} (5.9}

Again we coaclude that the Hamiltenlan is not eqral to the sum of
tie kinetic and potential 2nergles. 'his is alwuys the case vhen the
kiretic erncrzyr expression conteins teerms whlch are lioear 1n the generalized
velocities.

Letting Qs G o - 21 Y be =qusl to 82, Vir Voo 61,.. Vs Vo, and
9 respectively, we obtain from the gecond of Egqs {8.16)

b{c-A') -4 ma -kowa O 0 0 c
b ma m(x>-3) 0 o) 0 0 0
bma O mx==3 0 o 0 o
3(,; 1. 902 0 ) ¢ (c-n') Qm ms, 0 {9.10)
0] 9 o -T2 mr2 ¢ 0
0 o c ms ¢ ar 0
| o 9 G 2 0 0 3(574,')

vhere r = wn/ﬂo

Applyring Sylvester's critecilon we conclude thst ftie equilibrium )?,1
is asymrtonicelly evable If the “ollowing inequalities are satisfied

4

) L{C - A') “ 0

(b) briC - A')(x" - i~ 15 noe 0
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(e) (c-3) we - @A” > 0
- ” 57 ,
(£) L(c « B Yt - f m:aaz!mrgyao
(g) 38 ~4"1>0
Not all of Eqs. (9.i2) are sndependent. It can be shown thai they
can be reduced tc the following conditione
c>2' »a'
2o -a)+8 mas.
(c-a") (9.12)
~12 N 2 ma? .
{C-3")
It cen be noted that as the mass of the osclilstor: rmduces te zero
the last two of Egs. (9.12) become measingiess. Ux. the other hend,
however, the first of Egs. (9.12) reduces to
C>B>A (9.13

vhich luplies that stability ie obtained if x 1s the axis of minlaum
moment of inertiaz, Exmmining the position El in Pigure 5 we coaclude
that in this cese the exis of mastimum woment of irertis is normel to the
orbital plane vhereas the axis of minimus momernt of inertie Is alipmed
witli the radiel direction of the center of force, which is nreclsel, the
stavility condition for the gravity-grzdient slebllicallon of a ripid
body.

In a similer way, by meintairing the same order of e ganeralizeod
coordinabes in the Hessien matrix, we obtain for tie E, equiloriur
position
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x232. ag | © 0 o 3(8'-C) 3ma ~3ma O (9.14)
0 0 o 3 ma ar® 0 0
0 0 0 -3ma 0 — )
0 0 ) 0 0 0 (a'-3")
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which leads to the conditions
' '
A'>3' >
2
2.6 ma
T > e o1
AR (9.15)
J5,2)8&1&.2- {a' - ¢)
(A" - c)
The rigid body counterpart of the first of Eqs. (9.15) is the case in
whieh x is the axis of maximum mowment of inertis and z is the sxis of
winimu: moment of inertis. Noting that Qx for this case is equal to
-0, ve conclude that tals agein leeds to tue gravity-gredient stebilizae
tion cesge.
Finally, for the 33 equilibrium position, we use as generalized
coordinates ¥, Vi Vas 9, V15 Vo, and ¢, ia that order and obtaln
ro, M
i 3(¢-A") -3 ma  3ma o} v] 0 0
3ma m(x2=3) 0 0 0 0 0
3 ma 0 m(reuS) 0 0 0 0
E
A, 3| o 0 ° 3'-c)  ema ma o 1(9.i6)
o 0 c -ma Pl 0 0
0 0 o ma 0 241 0
0 0 0 0 0 0 b(n'-A)
L »
i— sestheentutedaney
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for which the stability conditiunsy are

B >C>A
2 3((: -A') +6m&.2_ rq 1
T2 E TR 947

The rigid body cese can eazily be shown to conform to the previous coaclusions.




10. The Uncomstrained Systen

In contrast with the constreined case, in ths unconstrained case we
make no esgumptions regarding the motion c¢f the originm of thee x, ¥, ¢
axes. The Hamiltomian for the el, 62, ¢ coordirates is

3 3L 3 L 3L 2 3L = oL -

H= R + & i & + & 6, + = 3, + '

AR SRS A S ¥ A e r i
oL = 3L o AL - alL o
IEEARE X AR E AR - (10-1)

. . L -
-oﬂ-vl-v«——r-w et i S +-§~:r-‘h‘ « L {10'2)

Introducing Egs. {3.6), (2.10), (3.11}, and (5.2) intc Bg. (10.1)
(or Eq. 10.2) and using Baa. (2.2) (or Bga. {2.4)) it can be shown that

HaT~+V (10.3)

as =xpected.

Examining tre lagranglan we notice that it is indaependent of 3., It
also must be noticed that & is not contained in the dizsipatica function
D s> that & 1s an ignorable coord:inst: and the <erivations of Secotion 8

apply here. hence Egs. (8.6) leets to

3L m o, = const. {10’).&")

which caa be solved for §. Upon introducing the value of 3 s thus
obtainad, into the Lagrangian «w: reduce the dagree of freedom by cne.
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The »rocedure of the prezodéing “wo sections esn b2 applied to the
unconstraiaed case., For the equilibiium comfigurations El and ¥, we

Lo

use the gereralized cooxrdinates in tre order Rc : 8, 92, Va s Ve Gl’

vy v, » and 9 anc for coufpuraiom E3 the coordineies R= s Vi
\LY 8, ¢, o, Vi) and Vo to derive the Hemsian natrices l‘ogl,.

X2, ana 2 F3, These matrices rave the form
. e
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& g w73 M.
vhere r %/Qo and M dm + M
Applying Sylvester's criterica to Eq. (10.5) we cbimin for the
position El the stabiilty conditions
c>8 > A'

2. . m (16.8)
r>3+ 1@.-—-—-———2m W

(..-A)[(r '3)'2m+x' > 4 na®

{c-A")(2 - 3) > 8 ra”

Similarly the stsbility ccuditims for the cquilibrium configurstion
3‘2 are

T > Sy (10.9)

(nfoey Nee? & ]

(a'-c) {r‘? +1)>8 .

and for the equilibrium configuration. .83

] . '
B »>C>A

10 m

r >3+2m+M




47

(C-A')[(ra-B)-%if-n ] > 3 mat

x|

N

€-a")(2-3) > 6m (io.lo)

(B'-C)[(r2+1)-2mm+M ] > mas

(' - ¢) (r2 +1) > 2 med

The satisfactioa of the conditions of Eqs. (10.8), (0.9}, or (10.10)
ensures that the mcotion is asymptotically steble in the neighberhood of the
equilibrium configurations El, Ea, or E3, respectively.

Comparing the inequalities, Egqs. (9.12) and {10.8), we see that
Eqs. {10.8) contain all of the criteria specified in Fgs. (9.12) snd,
furthermore, “hey contein two additional conditions. Therefore; it must
be concluded that the constrained and unceonstralned caseus yield differeat
criteria for the stability of mction ‘n the neighborhocod of the equili-
brium coafiguration E;. Waen the ratio sy
notice that the two additional conditioms, the second end third of
Egs. (10.8), are approximately duplicated by the fourth of Hgs. (10.8)..
Hence we conclude that, If the mass of the oscillstors is small relstive

is smeli, Loaever, we

to the total mass of the system, the assumptions of the constrained eystem
cen be regarded as approximately valld for the purpose of deriving stebility
eriteria for the motion of the wcoeonsurained system about the equilibrium
position El' Similar comclusicns can be drawn in connection with the validity
of the constrained model in the enalycis of stability of moticn about the
equilibrium positionse 32 and EB'

Although the abtove conclusicns ae to the validity of the orbital con-
straints assumptions were based cn & e¢pecific mathematical model, there ere
reasons to believe that the conclusions are valid méer broeder conditions.
At any rate, this investigaetior certainly points cut & probiem ares which
should not be overlooked when the orbital ownatraints sssumptions are used

in deriving stability criteria.




11, Summary and Conclisions

The stability of motion c¢f a satellite that orbits the ezrth is under
investigation. The mathematicel model consiste of a rigid body with princi-
pal moments of inertia A, B; ¢ about a set of uxes x, y, and = which are
fixed with respect to ithe rigid body, and two viscously damped osciliators
each cocasisting of a mass =nm, & spring k, end a dashpet ¢ as shom in
Figure 1., The origin of the x, v, z axes woves in 8 circular orbit while
the body undergoes rotaticanal motion with respect to an inertisl space, The
wmotion of the system can be reprasented by ten generslized cocrdinates,
three for the motion of the origin of the x y z axes, three for tae rotaticnal
motion ¢f these axes relative t0 an iaertlal apace, and four for the motion
of the two cacillators.

In addition to the ipertial axes and the x y 2 axes which are fisxed
with respect to the rigid body, a set of axes orbiting with the body is used.
The stability of motion ip the nalghtorhood of positicrnas for which the oody
axes arc eligned with the orbiting fiame of referepce has bezern investigatad
and statility criteria have besr derived by mcaus of Ldapounov's second,
or direct, method.

Aimost all of the investigetors working on this problex assumed no
interaction between the crbitel motion and the stability of the rotational
motion, These assunptions are raferrel to as orbital constraints, JIn
addition, the above investigetors wers concerned with rigid boudiza, The
present icvestigation deals witk riglil bodiaegz con'.olaing elestlic paris and
orbital constraints, 1if any, &re applied to the origin of the x y z systen.
Due to the elastic motion this origin may he slightly different then She
center of mess of the system., Auslyses for boetn caeses; with and withouds
crbital cornstraints, were performed, These anelyses revesl that while the
orbital constraints assumptions wre valid Jor a rigid body they are not
valid for .« body with elastic parts. These ssgwavtions are, however,
approximately valid 1f the mase of th2 elastic part of the satellite is
relatively small relative t¢ the totel mess of the sateliite. The reason
for the use of orbital ecnstrainis is, of coursse, that they simplify Lre

anelysie,




b

Stability criterin have veecn derived for three equilibrium configurations.
Theae criteria are shovn to raduze to the sravitynmdienjh stabilizaetion case
if the wases of the oscillators reduces to zare,

The next stage of the lnvastigation dzalas with the sxamination ¢f
stability of motion when the body has reotationsl motion relative to the
orbiting frame of reference. Succesaful treatment of this case will
require the davelopment of new technigues for establisiment of stability
in systems that are charscterized by differentisl equations with pericdic
coefficients,

A discussion of edditional problems of satellite atebility which sre
related to the present work and appesr worthy of fulvure resgearch program:s
is included in the introductiion.
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