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ABSTRACT
2 * 727

This report summarizes, in tutorial form, the mathematical theory
of algebraic methods and the techniques developed from January, 1965,
through December, 1965, for the application of algebraic methods to
the analysis and design of dynamic systems.

Manipulation of the characteristic polynomial after use of Mitrovic's
transformation of variable leads to simultaneous equations which permit
mapping s-plane contours on a coefficient plane or parameter plane.
Analysis and design may be accomplished with these graphs.

Another technique for synthesis involves analytic treatment of
the simultaneous equations rather than graph plotting. Both techniques
have the advantage of being two parameter methods, with capability of

extension to three or more parameters under suitable circumstances.
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Chapter 1

HISTORICAL BACKGROUND

1.1 1Introduction.

The purpose of this chapter is to establish the position of the al-
gebraic theory at the time this research was undertaken. To do so the
origins of the basic problems are indicated, and the amount of progress
made in solving these problems. The capabilities of other methods are
roughly assessed, and the advantages to be gained as a result of this

research are indicated.

1.2 Origins of the Problems.

After several applications of feedback control systems, such as
centrifugal governors for the regulation of windmills and water wheels,
and Watt's flyball governor for the steam engine, M’axwell1 was the first
to postulate theoretically the problems of these systems in mathematical
terms. Among these problems, the foremost one is stability of a control
system which was treated by Maxwell using linear differential equations
as the mathematical model of the control system. Maxwell interpreted
the stability of control systems as conditions which should be satisfied
by the coefficients of the corresponding characteristic equation so that
all the roots have negative real parts. Numerous stability criteria have
been developed following Maxwell's concept of stability to check the men-
tioned conditions being satisfied.

Stability criteria do not constitute a complete satisfactory theory
for design of control systems. In a wide variety of control problems,
the designer is interested not only in the stability of the system but
also in the essential features of the system response. The problem of
control systems is to choose system parameters and structures which will
yield a satisfactory system behavior over time. To solve such control
problems, it is necessary to know not only that all the roots of the
characteristic equation have negative real parts, but also their numeri-

cal values. This results in an algebraic concept of control system



design in which the relations between the coefficients of the character- .
istic equation, which is an algebraic equation, and the root locations

are essential.

1.3 Early Russian Studies: Vishnegradsky.

The idea of investigating the system response in the algebraic do-
main was first introduced by Vishnegradskyz. The algebraic method of
Vishnegradsky designates that the two middle coefficients of the third
degree characteristic equation be considered variables. In the plane
of the variable coefficients, a diagram is plotted which enables the de-
termination of these coefficients with respect to both the stability and
the nature of the steady-state and transient system responses. The dia-
gram divides the plane of the variable coefficients into four parts which
correspond to different locations of three characteristic equation roots.
One of the parts corresponds to an oscillatory response (two dominant
complex conjugate roots and the third real), and the two others to dif-
ferent types of periodic responses (one dominant real root and the other
two complex conjugate roots, and all three roots real). The fourth part
of the coefficient plane represents the unstable region for which at
least one of the roots has a positive real part. Therefore the
Vishnegradsky diagram permits the designer to choose the parameters of
the system, which appear in the coefficients of the third degree char-
acteristic equation, so that a root configuration is obtained with re-
sults in a desired system response. From the work of Vishnegradsky,
however, it was not possible to see how the approach could be extended

to higher degree characteristic equations.

1.4 Modern Russian Methods: Neimark.

An extension of Vishnegradsky's algebraic concept was presented by
Neimark3 in his D-partition method for the stability analysis of control
systems. By utilizing Neimark's procedure, the designer may assume two-
system parameters, which appear linearily in coefficients of the n-th
degree characteristic equation, to be variables. Then the mapping of
the imaginary axis of the complex variable plane onto the plane of the

variable parameters permits the designer to determine the number of the
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left-half-plane roots of the characteristic equation in various areas of
the parameter plane. If the mapping procedure is applied to a straight
line parallel to the imaginary axis of the complex variable plane, the
method may be extended to investigations of the degree of stability;
however, the plotting of the corresponding diagram becomes a time-con-
suming task. Attempts to apply the D-partition method to the design of
control systems in terms of the transient response generates real diffi-
culties since in applying the method the designer is unable to obtain in-
formation about, or control over, the root locations of the characteristic

equation.

1.5 An American Approach: Evan's Root Locus Method.

About the same time that Neimark proposed his D-partition method,
Evans4 presented his root locus techniques for the synthesis of control
systems in the algebraic domain. The root locus method readily provides
information about all the roots of the characteristic equation and per-
mits a simple numerical evaluation of these roots for different values
of the gain constant. The procedure admits control over both the time-
domain and the frequency-domain characteristics, and it is convenient to
consider the influence of the system structure on these characteristics.
However, the root locus method has two significant limitations: First,
it is basically a one-parameter method; and second, it makes the synthesis
of multiloop systems inconvenient. An important drawback of the root
locus techniques is that there is no explicit analytical expression of
the root locus, and accurate plotting of the locus requires a consider-
able amount of labor. 1In addition, if a system parameter other than
gain is considered as variable, the added difficulty of plotting root
loci may discourage the use of root locus techniques in any but simple

problems.

1.6 Mitrovic's Method and Extensions.

The algebraic problem of control systems has been solved by Mitrovic5
for the n-th degree characteristic equation. The method proposed by
Mitrovic designates the two last coefficients of the characteristic equa-

tion as variables. By plotting the characteristic curves in the plane
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of the variable coefficients, the method enables the adjustments of these
coefficients so that all the roots of the characteristic equation are

set at some desired location. The curves are readily plotted since the
explicit analytical expression is available. After the curves are plotted,
the variable coefficients can be adjusted without any calculations. All
analytical and graphical operations are performed in the real domain.
Since the method places in evidence all roots of the characteristic equa-
tion, it can be used to design both transient and frequency responses.
The limitations of the method arise due to the fact that only the last
two coefficients can be considered variable. The method has been ex-
tended later by Elliot, Thaler, and Heseltine6 to several specific pairs
of coefficients. Siljak7 generalized the method so that arbitrary pairs
of coefficients of the characteristic equation can be considered vari-
able. The generalized method achieves the same degree of simplicity as
does the method in its primary form. However, the method still remains
with a limitation that the adjustable parameters may appear in no more
than two coefficients of the characteristic equation, which reduces the
flexibility of the method.

A correlation between adjustable parameters and all the character-
istic equation roots has been obtained in the Siljak8 parameter plane
method. In the plane of two parameters, which can appear nonlinearily
in any and all of the coefficients of the characteristic equation, cer-
tain diagrams are obtained. From the diagram, all roots are determined
simultaneously in a straightforward manner. The method is particularly
suitable for analysis and synthesis of multiloop control systems with
more than one adjustable system parameters. Both steady-state and tran-
sient responses can be simultaneously considered in the parameter plane.
By using the describing function technique, the parameter plane method
is readily applied to the stability analysis of nonlinear control sys-
tems. The sensitivity, transient response, asymmetrical oscillations
and other related problems of nonlinear control can be advantageously

solved by the parameter plane method.

1.7 Some Miscellaneous Methods.




Besides the algebraic methods listed, which were conceptually based
upon the work of Vishnegradsky, several specific techniques have been
developed. By prescribing numerical values of two or more roots, the
Popov-Sokolov method9 reduces the degree of the characteristic equation.
The best case is considered to be that in which a pair of complex roots
of the characteristic equation is closest to the imaginary axis. Then
the system parameters remaining in the reduced equation are determined
so that the system has a desired transient response. The method re-
quires individual approach to each system structure, taking into account
the physical reélizability of the requirements placed on the transient
response. This generates difficulties in the application of the method
and makes it convenient only for specific systems. A similar philo-
sophy is proposed in the Guillemin method10 for synthesis of control
systems., In this method, the adjustable part of the system is essen-
tially chosen to cancel out all the poles and zeros of the transfer
function representing the fixed part of the system, and re-insert a
satisfactory set of characteristic root locations. In Guillemin's method
the concept of cancellation compensation and inherent problems of physi-
cal realizability of the system components make the method impractical
in a majority of control system designs. Similar objections may be made

to the method presented recently in ref. 11.

1.8 Present Status.

More complete analyses are available with the coefficient plane -
parameter plane methods than with any of the other algebraic methods.
These methods also provide satisfactory synthesis techniques when two or
three adjustable parameters are availab.e There are limitations to the
capabilities of these methods, of course, but avenues for extension and
for new developments are clearly available. The purpose of this research

is to explore some of these avenues.
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Chapter 2

FUNDAMENTAL LINEAR THEORY

2.1 Introduction. Statement of Problem.

Mathematical studies concerned with the dynamics of linear systems
must eventually face the problem of evaluating the roots* of a polynomial.
Frequently the mathematical description of the system is given by a
single linear differential equation which may be transformed to provide
a polynomial expression commonly called the ''characteristic equation".
The roots of this characteristic equation are usually needed for analy-
sis and/or synthesis purposes. In other cases the mathematical descrip-
tion may be a set of simultaneous first order equations, so matrix re-
Presentation is used and the characteristic equation may not be formu-
lated explicitly. However the eigenvalues are required for further
analysis or synthesis, and the eigenvalue problem is precisely that ot
finding the roots of the characteristic polynomial. Thus a rapid and

reasonably accurate method is needed for factoring polynomials.

Many root findings methods are available, including digital com-
puter programs. However, beyond the basic function of providing root
values, few of these methods are of much help in anaiysis or synthesis.
The reason for this is that engineering analysis and synthesis is con-
cerned not only with root values, but with the relationships between
these root values and the values of various parameters of the dynamical
system. Ultimately the analyst is concerned not only with the dynamic
pertormance of a given system, but also with the change in dynamic per-
tormance which may occur with unintentiovnal parameter variations, or

which may be maae to occur with deliberate changes in parameter values.

Since the basic root finding methoas sucn as digital programs, synthetic
aivision, etc., ao not relate roots to parameters, analysis with such

methods requires iteration, a laborious, time consuming, and usually

*
The term "roots" is used rather than ''zeros" to reserve the latter term
for cases where a ratio of polynomials (transfer function) is treated.

7



unsatisfactory procedure.

Alternate methods that relate dynamic performance to parameters are
very desirable. An obvious technique is simulation (analog or digital)
which is very useful, but limited in its ability to predict performance
for conditions not actually tested, and also limited when the desired
result is an optimum (or near optimum) set of parameter values. Graphi-
cal frequency response methods are very useful, and avoid the root find-
ing problem by depending on the correlations between frequency domain
and time domain. They can be very useful, particularly when applied by
persons having considerable experience, but are limited in the number
and kind of parameter variations that can be considered intelligently.
In general the frequency response methods may be considered a 'one para-
meter'" method, in that it is difficult to study the effect of variations
in more than one parameter at a time. Perhaps the best method in gen-
eral use is the '"root locus' method, which provides curves showing not
only the root locations on the s-plane, but the way in which all roots
move as functions of one chosen parameter. If desired iteration may be
used to obtain a family of root loci for which a second parameter is the
family parameter. Thus the root locus method is basically a one para-
meter method that can be extended to studies of two parameters with con-
siderable additional labor. All of these methods; simulation, frequency
response, root locus are excellent for certain classes of problems, but
are inadequate for more complex classes of problems. What is needed is
a method or methods that is capable of considering problems which in-

volve more than one variable parameter.

The algebraic methods to be developed here possess (to some degree)
the capabilities that are needed. They are inherently two parameter
methods which can be extended to treat three (or more) variabie para-
meters for many types of problems. They provide the desired dynamic in-
formation in terms of root values, i.e., the methods basically find the
roots of the characteristic polynomial and make available information
about the values of each root as a function of the adjustable (or vari-

able) parameters.




. 2.2 Mitrovic's Approach to the Root-Finding Problem.

From complex variable theory (Cauchy's Principle of Argument) it
is well known that the conformal mapping of a closed contour on the s-
plane through a mapping function produces a contour on the polar plane,
and the encirclements of the origin of the polar plane by the mapped
curve can be interpreted in terms of the singularities (zeros and/or
poles) of the mapping function that are enclosed by the s-plane contour.

This is the basis of the Nyquist criterion. This has also been the

basis for other methods which have attempted to evaluate roots by various

manipulations. This is also the basis for Mitrovic's approach to the

problem.

The basic steps in applying the principle of argument to the root
finding problem are:

a) Choose a contour (or contours) on the s-plane.

b) Choose a mapping function.

¢) Choose a transformation of variable such that the mapping

function can be resolved to two (or more) equations such as
2 Reals = 0; Z Imaginaries = O.

d) Interpret these equations to determine stability, root values,

etc.

For (a) Mitrovic chose radial (constant [’ ) lines on the s-plane,
closing with an infinite radius circular arc around the left half plane.
For (b) he chose the characteristic equation as a mapping function.
Other people had previously attacked this problem from exactly the same
starting point, and the success of Mitrovic's approach is due to the

fact that for (¢) he chose the simple transformation of variable
s=¥§w¥jw¢1-§2

The reason why this transformation works well is not at all apparent,

but the results obtained are quite remarkable, as will be seen.

The details of equation derivations, manipulations, basic curve

plotting, and evaluation of roots are given in the remainder of this
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chapter. Techniques for applying the algebraic methods to analysis and

design to linear systems are given in chapters 3 and 4.

2.3 Derivation of Basic Relationships. The Coefficient Plane and the

Parameter Plane.

Let a characteristic polynomial be

_ n n-1 2 -
F(s) = as + a .8 + ..., a,s + a,s + a 0 (2.1)
In summation notation this is
n
Y k _
F(s) = Z‘ as = 0 (2.2)
k=0

This polynomial is to be used as a mapping function, and the s-plane con-
tour to be mapped consists of any radial line from the origin and its
conjugate, with closure being an infinite circular arc directed counter-
clockwise from the upper radial line. Any point, s, on the radial lines

may be designated by

s = -CLwFjwy 1 - c_z (2.3)
=W (}C FyJS1- C2j>

where { 1is the cosine of the angle between the radial line and
the real axis
w 1is the distance along the radial line from origin to
the point being considered.
Substituting (2.3) in (2.2)

n n

Z’ as" - Z 8 0" (-t + 3 J1- 2 )k (2.4)

k=0 k=0

n et e
- Y st [rco+s/1-Euen]-o
k=0




« where Tk(-() is the real part of the expanded r-function and

/I-Cszk(’C) is the imaginary part of the expanded -function.

, k
Now T, (-0 = (-1)° T, (©)
k+1

U (-0 = DU
and by inspection

T () = 1

T, =L

U_() =0

U@ =1

Further manipulation indicates that Tk(C) and Uk(C) are Chebishev

functions, and may be computed from the recurrence relations

(2.5)

\
o

k+1 = ZC U (C) + U 1(;) =

Requiring that reals and imaginaries become zero independently,

(2.4) may be rewritten as two equations

}: akwk T () = 0
k=0

(2.6)

a o U (-T) =0

N~ 8

0

To eliminate Tk(-C) from (2.6) and obtain equations in one Chebishev
function only, it is noted that

T =CuU (C) Ut () (2.6a)

then(2.6) may be rewritten

11



n
Y (0¥ au [rn @] -) ket
0 k=0

U () =0

T [~

2.7)

n
' k k _
2}(-1) aw Uk(:) =0
k=0
but the first part of this equation is redundant so the conditions may

be simplified to
n

2,('1)k akwk U1 (0 =0

k=0 (2.8)

n
‘ k k Y P
Z(-n a e U (@) =0
k=0

Equations (2.8) are two equations in one unknown if the coefficients
of the characteristic polynomial have all been defined numerically; i.e.,
if the coefficients are known then all a, are known, and if the mapping
contour has been chosen then ¢ 1is known, Uk(() and Uk_l(C) are known
numbers, and ® is then the variable parameter. 1In general it is in-
tended to let @ vary from -® to +® in order to map the chosen con-
tour, thus it is possible to choose two other quantities as unknown
parameters and solve (2.8) simultaneously for these two parameters.

Initially Mitrovic chose the coefficients ao and a, as parameters,
and developed techniques based only on these coefficients as variables.
Later Elliott, Heseltine and Thaler used the coefficient pairs a, and
a, and a, and a, as variables for specific feedback compensation problems.
Finally Siljak generalized the derivation showing that solution for any
two coefficients can be obtained. In addition Siljak postulated that if
any two parameters, o and B, appeared in any number of the coefficients,
a = bgy + ckB + dk) then (2.8) can
also be solved for the parameters & and 8. Derivations are as

but always appeared linearly (i.e.,

follows.

Choose any two coefficients ap and aq as variables, such that




- n 2 p>q 2 0, and for convenience indicate that these coefficients

are variables by using upper case letters, Ap Aq' Then (2.8) may be

rewritten
n
_1\P & P 109 A o - {Z ¥ e oF
17 A" U @)+ (1T AT U (@) (-1)" a v U _, (@)
k=0
k#p,q
(2.9a)
n
1P A oP -1)% o8 = +Z ¥ a of
(-1) pr UP(C)"* (-1) A(l Uq(C) (-1) a, Uk(C)
k=0
k#p,q
(2.9b)
Solving simultaneously:
n
, U U - 04U
A = E; (_l)k-p wk-p a q-1k q k-1
P k |00 -U U
=0 qgp-l “q- P |
' k=p,q (2.10)
n U .U -UU N
A = 2: (_l)k-q wk-p a “p-1'k p k-1
q k |0y _,-U _JU
k=0 | P Pt
k#p,q
It can be shown that
U u -U U =1
qQ p-1 "q-17p P-q
Then
a U .
A = -12 -1)¥P P, (—5’—‘1>
P k U .
k=0 Pd
k#p,q (2.10a)

n

Ay < Z (-1 W7 A (;k—:2>
k=0 p-d

k#p,q

13
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For those problems involving parameters which occur in several co-
efficients of the polynomial a general derivation is also available.
Assume that the parameters of interest are & and B, and that they

occur linearly in the coefficients, i.e.,

a, = bﬁx + ckB + dk (2.11)

where b S and dk can be any number, including zero. Then the

polynomials of (2.8) can be rewritten

n n
a ) (D¥pefu @ +8 ) (DX ety @+
k=0 k=0
k
+ ) DX au U@ =0
n=0
(2-12)

n B n
a ) Df bt @) (DF e u @+
k=0 k=0

n
\’ k k k
+) (-DF 4o 40 U @) =0
k=0
Equations (2.12) may be shortened to

0B, (L, ®) + BC (L, W) + D (¥, w) =0
(2.13)

0B, (L, W) + BC,(T, W) + D, (L, ®) = O

where B, C, D are the summations indicated in (2.12). Solving (2.13)

simultaneously,
B e Sl
B1C2 - Bzcl
- (2.14)
5 - 82D1 DZB1
BiCy - ByGy

L




Using (2.10) or (2.14) the mapping of the chosen s-plane contour is
readily accomplished. When (2.10) is used Ap and Aq become the or-
dinate and abscissa of a rectangular coordinate plot which may be called
the "coefficient Plane" since Ap and Aq are coefficients of the char-
acteristic equation. In like manner if (2.14) is used o and B become
the ordinate and abscissa, and the plot may be called the "Parameter
Plane" since « and B are parameters which appear in the character-
istic equation.

It is clear that the Parameter plane is the most general of these,
and reduces to the coefficient plane when & and B appear in two co-
efficients only, with o in one coefficient and B in the other. If
no more than two coefficients contain &. and B, but either & or B
appears in both coefficients, then either the coefficient plane or the
Parameter plane may be used. Finally if the coefficient plane is used
for coefficients A0 and Al’ then the coefficient plane is also the
Mitrovic plane. Note that for any problem suitable for these methods the
parameter plane can be used. As will be seen later, however, many in-
terpretations are more easily made on the coefficient plane, so that it

may often be preferred when working on a suitable problem.

2.4 1Illustrations

Consider the polynomial
2 3 4 5
F(s) = 100,000 + 30,000s + 4960s° + 4965 + 30s" + s> = 0 (2.15)

and assume that it is desired to map the imaginary axis (L = 0) of the
s-plane onto the Ao - A1 coefficient plane. The choice of the Ao - A1
Plane is arbitrary here, since all coefficients are stated numerically.
In most engineering applications the coefficients chosen are those which
can be altered by adjustment of parts of the system (for which the poly-
nomial is the characteristic equation). This may be done directly by
substitution in (2.10) but for the purposes of this illustration the
starting point shall be (2.4). For a fifth order equation (with ¢ de-
signated symbolically) (2.4) expands to:

15
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Y et ma, ta@er+ V- gD v el e 222 v g
k=

rag’ [3¢-4+31-Pervah)

(2.16)

+a,0" 1-sc?+s+3h-Fwr-s )

.
+ ast‘E-s r+ 20 2 -6 +3/1 - e2(1- 12:2 + 16C4)J

From (2.16) the functions Tk(-C) and Uk(-C) are

T (-0) =1 u,(-g) =0

T,(-0) = -t v, (-0 = 1

T,(-0) = -1+ 22" 0,(-0) = -2 ¢

T, =3L- 40 U,(-0) = -1+ 4

T, =1-8r0+8L v, O =42-8¢"

T, (-L) = -5 ¢ + 20 -1 U D =-1-12 2% 116
and by inspection, if the sign of [ is reversed

T, =1 u_@) =0

T, @) = ¢ 0, =1

T,({) = -1+2 ¢? u, () =2¢

T, = 3L +4 0 U@ = -1+ 4 ¢

T, @ =1-8¢ +8r U@ = 4T +8T

Ty =5¢-202 +16¢° vy =1-12¢%+16¢"

T, () = (-1 T(-) v (©) = D gD

From the above (2.5) can be verified by inspection; for example

16




a

T (@) =28 T, () - T,(0) =221 -8 g2 +8 ) - (-3 ¢+ 42

2r - 16 c3 + 16 55 +38 -4 c3

5¢-2007+ 16
Equation (2.6a) can also be verified:

) =L U @) - U@ =T - 1288 + 16 8%y - (-ar+8 L)

sz-12f+6 var -8

=5p -2 41683

It is thus seen that the Uk(C) functions are really quite simple
functions of (. They are Chebishev functions as previously stated, and
the recurrence relationships of (2.5) are easily implemented in a digital
computer. A table of Uk(C) values for various 0 < ¢ < 1 is given in an
Appendix. Note that for simple problems to be worked longhand, such a
table of values is needed; for more complex problems requiring the digi-

tal computer, the recurrence relationship is used.

For the specific polynomial of (2.15) the Ao and A1 equations

are determined from (2.10a) noting that p = 1 and q = 0. Expanding the

summation
U U U
crea () (20 e ()4, ()
1 1 1
CINE ; 2 ] )
U \+3202 wa3u3+w a4U 0) aU
(2.17)
U U U
= o2 /J> 3. F 2N, A (J>_5 fi)
A =W B g /Y g /*tY 8,7 e BN
1 1 1 1
2
e . 2 ] )
Ul\azul wa3U2+w aaﬂ (.D aUa

Substituting numerical values for the U(”) functions, for ¢ =
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(. 3 :> o a 4
\f w a3 - W aS + w a3 -0 as

) (2.18)
2 W - 2 )___ 2 - 4
A, ST \8 "% g, woa,-w a,

Al =

=g

a from (2.15)

Substituting the numerical values of a,, a a,, ag

3’

A, = 496 w2 - o
(2.19)

A = 4960 w? - 30 o

The map of the imaginary axis of the s-plane through the mapping function

of (2.15) onto the Ao - A, coefficient plane is obtained by substituting

values of w in (2.19). ; portion of this contour is shown on fig. 2.1.
The contour divides the plane into two areas, one of which must be the
"enclosed" area in a mapping sense, and criteria must be developed to
determine which area is the enclosed one. Derivation of these criteria
is deferred to a later section. A point M(30,000; 100,000) has been
added to the figure since these are the numerical values of A1 and Ao
specified by (2.15). This is the critical point, (i.e., it corresponds
to the origin of the polar plane for a conformal map) and is used with
the [ = 0 curve to check stability, i.e., if the M-point were on the
curve two imaginary roots are guaranteed, and the position of the M-point
relative to the ¢ = 0 curve is interpretable in terms of the existence
of roots with positive or negative real parts. For purposes of analysis,
if curves for various values of [ are drawn the M-point location per-
mits numerical evaluation of all roots to an accuracy limited only by
time and labor. For purposes of synthesis of a physical system, if the
chosen coefficients (in this case Ao and Al) are' physically adjustable
the M-point can be moved as desired, and at any location of the M-point
the relationship between root locations and coefficients is determined
by the plot. This permits ready estimation of the limits of dynamic
performance of a given system and enables adjustment to desired per-
formance within those limits. These statements are developed rigorously

in Chapter 3 of this treatment, which also contains many sophisticated
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Fig. 2.1 Map of the Polynomial
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techniques based on these fundamental concepts.

The polynomial of (2.15) can also be analyzed on the parameter plane
if some simple and rather arbitrary assumptions are made. All that is
necessary is to insert parameters « and B in several coefficients.

For the purposes of this illustration the following is chosen:

F(s) = 100,000 + (30,000 + 50 B)s + (4960 + 6 o + 11 B)s2

£ (496 + a)s> + 30s° + 8 =0 (2.20)

In practice the a and B would correspond to adjustable parameters in
a physical system. It should also be noted that when o =8 = 0 equa-
tion (2.20) reduces to (2.15).

Equation (2.20) is used with (2.12) to obtain

a[6wzul-w3021+8[-50wuo+11w201]+
[100,000 U_, - 30,000 ® U_ + 4960 w? U, - 496 o’ U, +
+30 0ty - W “4] =0 (2.21)
a[ewzuz-w3u3}+3[-50wul+11w202]+
r 2 3

LlO0,000 Uo - 30,000 w Uy, + 4960 w U2 - 496 0w U, +

1 3

4 5 1
+30w U - W U |

From (2.21) the following functions are defined:

By =6 o? v, - w U,
¢, = -50 wU_+ 11 o’ u
D, = 100,000 U_ - 30,000 ® U_ + 4960 w? U, - 496 WU, +
+ 30 wa U3 - wsua
By =6 o? U - w Uy
c, = =50 w U, + 11 w? u,




3
9 " 496 w U3 +

4 5
+ 30w U4 - W US

D, = 100,000 U_ - 30,000 ® U, + 4960 w’ U

These functions may be substituted in (2.14) to obtain expressions for
o and P. Evaluation then permits plotting a curve of & wvs g-
For £ =0

2
B1 =6 W
C1 = 11 w2
2 4
D, = -100,000 + 4960 W’ - 30 o
3
32—+w
02 = -50w
D, = -30,000 ® + 496 W - W

Then from (2.14)

_ 11 6®(-30,000 ® + 496 &> - &) - (-50 w)(-100,000 w 4960 w’-30w")

(43
(6 w2)(-50 W) - @)(11 &)
_ 330,000 &> + 5456 w> - 11w’ - 5 yx 10° w + 248,000 w>- 1500 w’
=300 w® - 11 @
_ -5 x 10% w - 82,000 0 + 3956 ¢ - 11 W’
= : - (2.22a)
=300 0® - 11 w
6 - w>(-100,000 + 4960 & - 30 w*)-(6 w2)(-30,000 w + 496 w> - &)
-300 0% - 11 &
_ -100,000 w> + 4960 w> - 30 w’ + 100,000 w> - 2976 W’ + 6 w’
=300 w® - 11 o
3 5 7
_ 80,000 w + 1984 & - 24 2225

2300 w2 - 11 @

The parameter plane expressions of (2.22) are obviously much more

21



complex than the corresponding coefficient plane expressions of (2.18). This
is a natural consequence of the fact that the o - B parameter problem is

a much more complex relationship. When a problem can be approached using
either coefficient plane or parameter plane, the curve plotting part of the
problem is usually less labor on the coefficient plane. However, the major-
ity of complex problems require use of the parameter plane, and use of a

digital computer to prepare the curves is desirable.

The parameter plane plot for (2.22) is given on fig. 2.2. To analyze
the polynomial of (2.20), the M-point must be placed at the origin of the
parameter plane (¥ = R = 0). Stability is analyzed from the location of
the M-point relative to the Y = 0 curve. If more ! curves are added all
roots can be evaluated and the functional relationship between the roots

and the o, B parameters is established.

It is apparent that the manipulations and calculatiomns required for
the parameter plane are more laborious than those required for the co-
efficient plane. However, the parameter plane permits analysis and synthesis
situations which are too complex for the coefficient plane. Computation of
the curves by computer seems the only practical procedure, and also seems
justified because of the complex type of problem that can be handled.

2.5 Some Comments.

From the preceding developments, it is seen that the algebraic methods
under discussion establish relationships between the roots of a polynomial
and various variable parameters appearing in the coefficients of the poly-
nomial. The methods are not concerned with the origin of the polynomials,
and so may be used for the analysis and design of any physical system whose
dynamics can be described (or approximated) by a linear polynomial. This
treatment is primarily concerned with the dynamics of feedback control
systems so the terminology and illustrations are chosen largely from this
area. In like manner many of the specific techniques have been derived
specifically for cases involving feedback loops and probably cannot be used
for non-feedback types of problems. Other techniques are much more general

as 1s pointed out where convenient.
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Stable Region

Fig. 2.2 Parameter Plane Plot
of Eqn. 1.22 for £ = 0
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Although the coefficient plane is a special case of the parameter
plane, it is much easier to use wherever it is applicable, and it is use-
ful in a large number of practical cases. This is one reason why the co-
efficient plane is treated in detail in Chapter 3 and the parameter plane
is developed in similar detail in Chapter 4. As will be seen, many pro-
blems which can be treated by either method (for example, stability ana-
lysis) require quite different techniques for the parameter plane as com-
pared with the coefficient plane. These differences frequently require
separate and lengthy derivations before satisfactory techniques are ob-

tained.

The coefficient plane is treated first because it is readily appli-
cable to a number of relatively familiar problems, is easily extended to
treat substantially more difficult problems, and can be applied using
slide rule or desk-calculator manipulations if these seems desirable. The
techniques developed also serve as an introduction to the developments
needed for the parameter plane, building a background of familiarity which
it is hoped will be valuable. The parameter plane method is applicable
to problems which are substantially more complex than those solvable on
the coefficient plane, but considerably more labor is required to com-
pute the curves. This makes use of a digital computer almost mandatory
for all except the simplest problems (of course a computer is advantageous
with coefficient plane problems also). If a computer is to be used many

additional techniques become practical as is shown.
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Chapter 3

THE COEFFICIENT PLANE

3.1 1Introduction.

Mitrovic's original work defines a plane on which the coordinates
are the coefficients of the zero and first power terms in the character-
istic equation. Later work by Siljak generalized the theory so that any
two coefficients may be used. This chapter treats the theory and appli-
cation of such coefficient planes. While the coefficient plane may be
considered just a special case of the parameter plane (developed in Chap-
ter 4) it originated before the parameter plane, its development has been
refined to a greater extent, and various convenient techniques for its
application have been discovered. These features, in addition to the
fact that it is more convenient than the parameter plane for some pro-

blems, justify devoting a separate chapter to its development.

3.2 Stability Analysis

A linear system is stable if all roots of the characteristic equa-
tidn have negative real parts. Thus, to determine stability on the co-
efficient plane, the ¢ = 0 contour must be used because it is a map of
the imaginary axis of the s-plane (and closing infinite semicircle)
through the characterigtic equation as a mapping function. The singu-
larities (zeros) of the mapping function are precisely the roots of the
characteristic equation; the mapping contour closes around the left half
of the s-plane; therefore all roots of the mapping function must be en-
closed if the system under consideration is to be stable. On the coef-
ficient plane the ¢ = 0 contour defines an enclosed area as W |{is
varied from zero through positive values then along the infinite semi-
circle and finally from -» back to zero. To determine stability from the
plot one must be able to recognize whether an "enclosed area' exists and
precisely where it is. Then, for the system to have all roots in the

left half at the s-plane the M-point must be in this enclosed area.

The procedure for deriving the necessary criteria is quite simple
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3

and is the same procedure for any pair of coefficients. However, the
derivation has to be performed for each set of coefficients used as
coordinates. Here the derivation is performed only once, for the

Ao vs A1 plane, but results for additional cases are tabulated.

Any polynomial F(s) can be arranged in the form

F(s) = f(s) + aisi + ajsj (3.1)

where F(s) is not zero except for those values of s which are roots of
the polynomial. The same polynomial can be expressed with variable co-
efficients, i.e.,

Fi(s) = £(s) + Aisi + Ajs'j (3.2)

and Fl(s) is now zero for any value of s providing numerical values
for Ai and Aj satisfy the relationships developed in Chapter 1. Sub-
tracting (3.2) from (3.1)

- . - i ] 3

F(s) - Fl(s) (ai Ai) s + (aj Aj) 8 (3.3)

but Fl(s) £ 0 for all s |{if Ai and Aj are properly chosen, so (3.3)
reduces to

F(s) = (a, - A, )s" + (a, - A,) & (3.4)

i i j j
n
For stability studies { =0 and s =w/ 2 , which can be extended

n
=+
to any radial line in the left half plane by noting s = w/ 2 9 where

{ = sin 0. Substituting in (3.4)

o A n 7
F(wf>= (ai - Ai) wi/ 1[5 + GJ + (aj - Aj) w! / j[i * 9]

i- g
(a, - A u' e + (o Aj)wj e (3.5)
where e, and ej are unit vectors in the directions =+ i 6 and
n
ji + j8. Then (3.5) can be used to obtain the map of any radial s-plane

contour through the characteristic equation onto a polar plane, and can
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a

be used to correlate this map with the coefficient plane curve because

(3.5) is expressed in terms of the coefficients Ai’ A, .
]

Consider the specific case of the Mitrovic plane. for which the
coefficients are Ao and A., and consider the stability case for which

1’
8 = 0. Then (3.5) becomes

=)

° (3.5a)

F(w)>= (a1 - Al) w/ 2 + (mo - Ao) /0

Using (3.5a) the stability conditions are derived as follows:

a) It is assumed that all roots of F(s) are in the left half of
the s-plane and the necessary graphical relationships are to be
determined.

b) The polar map of the s-plane contour is sketched using the as-
sumption of (a).

c¢) The coefficient plane curve is sketched using the polar map of
(b) and (3.5a) to determine the conditions that must exist.

d) The rules for stability determination are obtained from (c).

To sketch the polar map of the s-plane contour (with characteristic
equation, F(s), as mapping function) start at @ =0 and let ® in-
crease to + «, noting that for F(s) of Nth order the polar plot
starts at F(s) = a 192_ ; the angle of F(s) increases in a positive
(counterclockwise) sense approaching ¢ = EEE as W~ + o, the magni-
tude of F(s) approaches infinity as ® =* =, Then, as the mapping point
traverses the infinite semicircle from w =+ ® to w = - o the angle
of F(s) increases by N W. Finally, as, w varies from - ® to zero,
the angle of F(s) increases by N T/2. Thus the total angle swept by
the vector F(s) 1is 2N W, as shown on fig. 3.la. The map of fig. 3.la
is sketched by inspection, since both the magnitude and phase of F(s)

vary monotonically with ®, and only the order of the equation, N, is

needed as long as all zeros are in the left half of the s-plane.

The curve of fig. 3.la may also be mapped onto the A1 vs Ao coef-
ficient plane using (3.5a) but it is easier to plot the A1 vs Ao curve

from the equations
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a) Polar Map of the [ = 0 contour (and closing circular arc)
through F(s) as a mapping function
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b) A1 vs Ao Coefficient Plane Curve

Fig. 3.1 Mapping Relationships for Stability Interpretation



n

C k-1 k-1
Ay 1 Z (-1) 0" 8, U
k=2

n (3.6)
_ V¥ k k
Ao = 2, (-1) akUk
k=2
and interpret the results. Such an Ao vs A1 curve is sketched on fig.

3.1b. If a critical point, M(a ao) is chosen, then (3.5a)may be re-

lated to this point by a simple ;raphical interpretation as shown on fig.
3.1b: at point P(wl), the vector PM has components a, - Al(wl) and
a - Ao(wl) which are the coefficients of (3.5a) in magnitude and in
sign. 1If desired the values of these coefficients could be measured on
the A1 vs Ao plane (for any W ) and substituted into (3.5a) to evaluate
F(s) at that value of w. However, only the angle of F(s) is of in-
terest in determining stability, and the angular orientation of the F(s)

vector can be interpreted from the A1 vs A° curve.

Assume that the M-point on fig. 3.1b is located within the stable
area. Note that at Po(w = () Ao =0, A1 = 0, and substituting in (3.5a)

)
F(s) a_ /0" ; then at gl' a_ - A 0, and a, - A, is positive so
F(s) = + w| a, - A1| /7 ;atPy: a -A <« 0,a -A is negative and

)

F(s) = -la_-a_ | £0° +la -a | /m;atpya -a =0, buta; - A
is negative and /F(s) = 3 /2. Thus the angle of F(s) is seen to increase
monotonically as @ increases, which is & necessary condition for all
roots of F(s) to be in the left half plane. To assure stability the
A.:)vsA1

s-plane contour is mapped, and the number of encirclements of the M-point

curve should (theoretically) be continued until the entire

must then be equal to N, the order of F(s), to guarantee all roots in
the left half plane. In practice only 0 < w < + « is required, for which
the encirclements of the M-point should be N/4.

Since the coefficient plane is a rectangular coordinate system, and

any two coefficients may be used as ordinate and abscissa, ambiguity may




arise if the stability test is described in the terms of "clockwise'" or
"counter clockwise" encirclements of the M-point. It is better to define
a rule in terms of the sequence in which the curve must intersect hori-
zontal and vertical lines through the M-point. On fig. 3.1b the hori-
zontal line is the Ao = ao line, and the vertical line is the A1 = a,
line. For this case the stability rule may be phrased: as ®w increases
from zero to + ®, the lines must be intersected in the sequence

Ao "Al -."o ”Al, and the number of intersections required to guarantee
stability is N-1 where N 1is the order of F(s). For other combina-
tions of coefficients the { = 0 contour does not necessarily start at
the origin for w = 0, and the enclosure rule must be derived for each
case. The results can always be expressed in terms of a sequence in
which the curve intersects the horizontal and vertical line through the
M-point (as ®w varies from zero to +®); and this sequence may be de-
fined by simply specifying the line which must be cut first. The stabi-
lity rules for the most common coefficient planes are summarized in

Table I.

TABLE X

STABILITY CRITERIA ON THE COEFFICIENT PLANE.
RULE FOR SEQUENCE OF ENCIRCLING M-POINT WITH { = 0 CURVE.

'(' Coefficient Line to be Least Number of

Plane Cut First Intersections

A - A A =2a N-1

% © 1 o o -

A - A = g N+1
o 2 o o

A - A A =a N-1

% © 3 o o

A - A A =a N+1
o 4 o o

*Al - A2 A2 = a2 N-1

A1 - A3 A3 = a3 N+1

Al - Aa A4 = a4 N-1

*AZ - A3 A2 = a2 N-1

A2 - A4 A4 = a4 N+1

A3 - A4 A4 =a, N-1

*
For these cases the { = 0 curve is not defined. To check
the stability the curve must be plotted for  slightly
greater than zero. The rule as stated here is for r = 0+,
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The principle of argument can be applied to the mapping of any
closed contour in the s-plane. If a contour ¢ < 0 (with closing in-
finite semicircle) is mapped through the characteristic equation an
"enclosed area' may (or may not) exist, but if it does exist, and if
the M-point is inside this enclosed area, then all of the roots of equa-

tion have ! greater than the value mapped.

Encirclement rules for ¢ > 0 can also be formulated just as the
stability rules were derived and some results are given in Table II.
Note that the rules stated in Table II apply for any [ > 0, and con-
stitute a test for the existence of a set of coefficient values that

will provide all roots with [ greater than a desired value.
TABLE II

RULES FOR EXISTENCE OF AN "ENCLOSED"
AREA WHEN ¢ > 0.

Coefficient Line to be Least Number of
Plane Cut First Intersection Points
A - A A = a N
o 1 o o
A - A A =a N
o 3 o o
A1 - Az A1 = a, N+1
A2 - A3 A3 = a, N+1
A3 - A4 A3 =a, N+1
Al-A4 A1=a1 N+1
A -A A = a N+1
o 2 o o
A -A A =a N+ 1
o 4 o o
A1 - A3 A3 = a3 N+1
Ay - A, Ay T 2y N+1
Illustration:

Consider the third order polynomial

s3 + 32 4+ 0.6 +0.2 =0

Fig. 3.2 shows the A - A, plot for ¢ = 0.5, with M-point located.
From the rules in Tables I and II, it is seen that the [ = O curve
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2} *  .M(0.6,0.2)

Fig. 3.2 Coefficient Plane for

83 + 52 + 0.6s + 0.2 =0
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encloses the M-point but the [ = 0.5 curve does not. Therefore this
polynomial has all its roots in the left half of the s-plane, but some

of these roots have [ < 0.5.

Consider the polynomial

s5 + 7s4 + 18s3 + 4052 + 30s +6 =0

The ¢ = 0 contour on the A, - A2 plane is shown on fig. 3.3,

1
with M-point located. Application of the rule from Table II shows that
the M-point is inside an "enclosed" area, so all roots of the polynomial

are in the left half of the s-plane.

3.3 Sketching Techniques

The calculation and plotting of coefficient plane curves is a simple
task because the equations are not complicated and only real numbers are
needed. The time and labor required can be appreciable, however, and
increases with the order of the characteristic equation. Any of these

curves can be sketched using ordinary curve sketching techniques.

In particular the ¢ = 0 curves can be sketched quite easily for
equations up to seventh order, thus providing a rapid stability check.
For other values of [, and for higher order equations, the sketching
techniques may be used but some labor is required. (When a family of

curves is required use of a digital computer is desirable).

The procedures used in sketching are:

a) Evaluate Ax and Ay at w =0 and at w =e . This gives
the location of the two '"ends" of the curve.

b) Evaluate dAx/dw = (0 and dAy/dw = 0 to find the values of
® at which maxima and minima occur. (Note that this procedure
requires evaluation of the zeros of polynomials, and this is
the main reason why the sketching techniques are practical only
for low order polynomials).

c) Substitute the values of w found in (b) into the equations
for Ax and Ay to find the coordinates of the maxima and

minima.
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w=0

804

(81, 64)

40 M(30, 40)

0 g3 4 A &

30 60 90 120

Fig. 3.3 Map of 35 + 75& + 1853 + 4032 +30s +6 =0

on the A1 vs A2 Coefficient Plane
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d) Plot the points located in (c), and sketch the curve on the
Ax - Ay plane starting at ® = 0 and progressing through the
plotted points in order of increasing ®, noting that each
plotted point is either a maximum or a minimum.

e) 1If convenient find values of ® for which Ax =0 and Ay =0,

with corresponding values Ay and Ax'

Illustration:

Consider the equation

s4 + 333 + 452 +5s +2=0

If the A2 - A3 plane is to be used the equations for A2 and A3

with = 0 are

2 2
A, =—5 + W
2 w2
5
A, ==
3 wZ
from which, at w = 0; A2 = A3 = o
at w = o, A2=Q’A3=0
Maximizing, A3, has no maximum, but A2 has a maximum at

Ry
4
a —
w=<—9\ = 4./2 =1.18
al&/

for which A2 = 2,92

A3 = 3.83

The sketch of the A2 vs A3 plane is shown on fig. 3.4,

As a convenience in the maximizing procedure it may be noted that

the derivatives of the coefficient equations with respect to ® can be

obtained from (2 10a) and are:
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(3.8, 2.8)

w0

Fig. 3.4 Sketch of the £ = 0 curve
on the A2 vs A3 plane for

54 + 3s3 + &sz +S5Ss +2=90
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dA U
_P . 2, (_l)k-p+1 (k-p) wk-p-l a k-q

dw kU

k=0 P-q

k7p,q

(3.7)

Ay S k-q k-qg-1 _ Uk-p
) (DG w T

k=0 P'q

k#p,q

Also, the sketching of the ¢ = 0 curve for a stability check, or to
estimate plotting scales is sufficiently useful to warrant tabulation
of some of the formulae for maxima, minima, etc., these results are
listed in Table III.

3.4 Root Evaluation

From the nature of the mapping process it is clear that when the
contour on the coefficient plane passes through the critical point (M-
point), the original mapping contour on the s-plane passes through a
point which is a root of the characteristic equation. The value of (
chosen for the mapping contour is then the ¢ for the root. The value
of w (the mapping parameter for the contour) associated with the point
on the contour which coincides with the M-point is the radial distance
from the origin of the s-plane to the root. Thus a complex root is
determined when the M-point lies on a constant -{ curve in the coef-
ficient plane. The value of this root (and its complex conjugate) in

rectangular coordinates is

R (3.8)

If there are several pairs of complex roots then the coefficient plane
curves required to define these roots all pass through the M-point. For
example, if the complex root pairs have different values of [, then
the pertinent constant -I curves all intersect at the M-point; 1if the
complex root pairs have the same ¢ but different values of w, then
the constant - curve must pass through the M-point twice. These

characteristics are illustrated in fig. 3.5a, b, ¢c. The procedure for
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Mitrovic Plot for s3 + 332 + 285 + 26 =0
Location of M-Point indicates that two roots are complex
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evaluating complex roots is to select values of {, plot the constant
={ curves, mark the M-point. If the M-point falls on one or more of
the curves then ! and ® for the roots are determined; usually the
M-point lies between constant -{ curves, then interpolation is used
to find values for { and ® (constant W curves can be computed if

needed).

Note that the above procedures are just a graphical technique for
the simultaneous solutions of (2.9), i.e., if the M-point is given, then
values of Ap and Aq are known and the complex roots are defined by
those values of £ and w which satisfy both of (2.9) simultaneously.
Analytic solution of this problem is not easy, so the graphical pro-
cedure of Mitrovic is used. Note that the converse problem is very
easily solved, i.e., given a desired ! and ® for the complex roots

it is very easy to solve (2.9) for Ap and Aq.

When real roots are to be evaluated it is easiest to return to the
characteristic equation which is (2.2). This may be rewritten as
n
Apsp +Aqu + 2 a s =0 (3.9)

Kk
k=0
k#p,q

for s = -0 (a real number) this is the equation of a straight line on
the Ap - Aq coefficient plane for chosen values of 0. 1If any of these
lines passes through the M-point, then the coordinates of the M-point
satisfy the equation and value of O associated with that straight line

defines a real root. Again interpolation is often convenient.

It can be shown that these straight lines are all tangent to the
{ = 1.0 contour, that they are tangent to the € = 1.0 contour at a
point where the mapping parameter (w) is numerically equal to the value
of O used to determine the straight line, and that the slope of the
tangent itself is numerically equal to the negative of the value of O©.
By considering limits, it is seen that location of the M-point on the
£ = 1.0 curve defines a repeated real root. Thus two graphical pro-

cedures are available: a number of straight lines may be calculated for
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chosen O and interpolation used to evaluate real roots, or the ¢ = 1.0.
curve can be computed, and straight lines drawn so as to pass through the
M-point and be tangent to the [ = 1.0 curve. Each line so constructed

defines a real root.

3.5 Universal Curves on the Coefficient Plane

Coefficient plane curves can be used to evaluate all roots of any
order polynomial. For high order polynomials a number of constant ([
curves may be computed and drawn. Unless some preliminary estimate of
the root values is available the set of -values and the range of W
values used must be quite large. In the general case there is no way
to avoid this, but for second and third order equations a simple trans-
formation of variable permits calculation and plotting of a Universal
set of curves which may be used for any problems, thus eliminating curve
plotting. For a fourth order equation a single universal curve family
is not convenient, but fourth order equations can be represented by a
set of curve sheets obtained as sections of a three dimensional parameter
space; these can be chosen such that a few such curve sheets include

virtually all cases of engineering interest.

For the second order case the defining equation is

s2 +As+A =0 (3.10)
1 o

from which the Mitrovic equations are

Ao =27 w a,

(3.11)

2
Ao =W a2

These equations are plotted to give a universal chart for a second order
equation as presented in fig. 3.6. Note that any second order equation

can be scaled within the limits of this coordinate system, for example,

if the quadratic to be factored is

82 + 14 X 1088 + 1018 = Q

let s = 109S. Then the equation becomes

101852 + 1.4 x 1085 + 108 = 0= 52 + 1.45 + 1

Ly
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Fig. 3.6 Universal Second Order Curves

on the Mitrovic Plane
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which is easily factored using the chart. .

For third order systems the polynomial can always be put in the
form

3 2 i
s +a,s + a,s + a = 0 (3.12)

This form is not suitable for universal Mitrovic curves because there
are three coefficients that may change in value. Using a simple trans-

formation of variable

s = Pa2

This equation becomes

a
P+ P>+ ——%P+—53’=0 (3.13)
22 22

which now has only two variable coefficients, so a set of Ao vs A1
curve can be computed and are then universal, i.e. they factor amny

cubic.

A set of third order universal curves is given in fig. 3.7. Use

of a slightly different transformation
s = Pa
o

provides a third order equation of the form

p3+;3p2+—%p+1-0 (3.14)
[ ao

Again only two coefficients are variable, so universal curves for a

third order equation can be plotted on the A2 vs Al plane.

For a fourth order polynomial the use of trans formations to re-
arrange the coefficients (so that ounly two are variable) is possible
but not particularly useful. The usual algebraic form for the quartie

is

4 3 2
s + a,8 + a,8 + a,s + a = 0 (3.15)

*

The curves, as given, are plotted only for values of [ in the left half
of the s-plane, and therefore do not evaluate roots with positive real
parts.
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then the transformation s = Pa reduces this equation to

3
a a a
e e2ptslpe2=0 (3.16)
az 33 al‘
3 3 3

In this equation three coefficients may be variables. Using the simpli-
fied form
4 3 2

P +P +AP +AP+A = 0
2 1 o

this equation defines a family of surfaces in the three dimensional co-

efficient space for Ao, Al’ Az. 1f A. 1is chosen then a family of

curves can be drawn on the A1 vs Ao ilane corresponding to a section
taken perpendicular to the A2 axis at the chosen value of Az. Re-~
petition of this provides a set of curve families which can be used in
place of a three dimensional coefficient space though some interpolation

is required.

It is not practical to calculate curve families to include all
possible fourth order cases, but it has been shown that for 0« A2 <1
virtually all cases of roots in the left half plane are included, ex-
cept perhaps the cases of two pairs of lightly damped complex roots.
Thus a set of curves on the Ao vs A1 plane for values of A2 less than

unity can be of practical value.

3.6 Elementary Analysis

Many manipulations of an analysis type can be carried out with the
{information and techniques developed in the preceding pages. A number
of these are listed here with brief explanations and will be used as

needed in following sections.

a) Stability Analysis

After formulating the characteristic equation the U =0 curve
may be sketched, or calculated, and the M-point located on the
coefficient plane. This immediately indicates the stability
condition. If either or both coefficients are completely ad-
justable, the M-point may be moved to any desired location om
the plane and the required coefficient values read off. If

the coefficients are variable within limits, these limits may
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b)

c)

d)

be marked on the coefficient plane; then by inspection it is
determined whether any permissible values of the coefficients
can stabilize the system.

Root values, transient performance, dominance

By plotting curves for many values of !, the location of the
M-point in a stable region permits evaluation of all roots of
the characteristic equation if desired. Accurate evaluation
of transient performance then requires a separate computation
such as use of the inverse Laplace Transformation. As is well
known, however, the salient features of the transient response
can usually be estimated from the root values, particularly if
it is clear that specific roots are dominant. Since all real
roots can be evaluated with reasonable accuracy using the
M-point and the ¢ = 1.0 curve, and the location of the M-point
on the curve family clearly defines the { and ®w (radial
distance from origin) of the complex root pair closest to the
origin of the s-plane, a reasonably accurate estimate of domi-
nance is available. For a feedback system the existence of
zeros of the system transfer function should be checked, and
the possible effect of such zeros on the residues at the roots.

Limits of available dynamic performance

For all cases in which the coefficients used as coordinates are
adjustable, the limits of such adjustments define an area on the
plane within which the M-point may be located at any desired
point. Since all roots of the characteristic equation can be
evaluated at any location of the M-point, the range of possible
root combinations obtainable with the given adjustments is
readily defined, usually by inspection.

Some limitations placed by specifications

In the analysis of systems using the coefficient plane, the
permissible locations of the M-point may be restricted by per-
formance specifications. Such specifications may forbid lo-
cation of the M-point in a specified area, or may require lo-

cation of the M-point on a specific line, etc. As long as
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specifications can be interpreted in terms of the geometry of
the coefficient plane, then the effects of these limitations on
stability and transient performance can be analyzed. For ex-
ample, a feedback control system may require that the forward
gain available under static (standstill) conditions must exceed
a certain number, and in addition there must be a pair of domi-
nant complex roots with [ 20.5. 1If analyzed on the Ao vs A1
plane these specifications simply require that the M-point be
located at a value of Ao greater than that defined by the mini-
mum gain, and within the area enclosed by the [ = 0.5 curve. The
analysis indicates, first, whether such an area exists, second,

if the area does exist it indicates the range of root values
available and from these the dominance conditions are evaluated.
In like manner the specifications may define a required value

of an error coefficient, a required value of {, or of W, or

of [w, all of which are expressible as lines on the coefficient
plane on which the M-point must be located if the specified
limitations are to be satisfied.

e) Frequency response and available bandwidth

Since location of the M-point defines all root values, then

root values may be used to write the system function in factored
form, from which the frequency response is readily plotted using
Bode Diagram techniques. If one wishes to avoid this labor and
is satisfied with approximate evaluations, inspection of the
root values establishes dominance, and if the dominant roots

are a complex conjugate pair, then the resonant frequency,
height of resonance peak, and bandwidth can be estimated using
standard second order correlations. When adjustment of the
coefficients is permissible, then the largest value of ® with-
in the range of available adjustments provides an estimate of

the maximum available bandwidth.

3.7 Elementary Syntheses. Cascade Compensation

Synthesis using the coefficient plane is the process of selecting

values for the adjustable coefficients which guarantee acceptable roots
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+ for the characteristic polynomial, and also satisfy all other specifi-
cations of the problem. This can require considerable trial and error
1f the problem is complex, and it should be recognized that in many cases
an acceptable solution may not exist for the problem as initially stated.
In broader sense, then, synthesis (of a control system) is the process
of choosing a structure (the components selected and the method of inter-
connection) which can provide an acceptable solution, and adjusting the

variable parameters in this structure to obtain the desired solution.

The selection of the structure and its adjustable parameters is an
engineering task outside the scope of algebraic methods. 1In fact, the
algebraic methods themselves are not particularly helpful in guiding
the choice of structure, changes in structure or additions to a struc-
ture (compensators). This is not a serious handicap, since there ex-
ists an extensive background of theory and experience to aid in the
choice of structure and compensators. Once the choice has been made,

synthesis using the coefficient plane may be undertaken.

For simple systems procedures including choice of compensator
(structural change) can be developed using the universal curves. For
higher order systems similar procedures are applicable but the coeffi~
cient plane curves must be computed as needed. Consider a second order
servo as indicated by the block diagram of fig. 3.8. Such systems have
only one convenient adjustment, the gain. Typical specifications es-
tablish a minimum value for Kv to assure accuracy. Assume Kv 2 64,
then for the given system the roots are complex and very lightly damped,
and no permissible value of Kv can provide a well damped system. A

cagcade compensator with transfer function

s + z
e = s + p (3.17)

can be used. Then the forward transfer function of the compensated

system becomes
Kva(s + z)

¢ s(s *1)(s + p)
Two procedures are available in applying the coefficient plane:

GG (3.18)
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Fig. 3.8 A Second Order Servo
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Fig. 3.9 A System with Derivative Feedback
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Fig. 3.10 Derivative Feedback Compensator

with Pole in Transfer Function
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a) Use cancellation compensation; let z = 1, then
K o
v

GGc = s(s + p)

and the characteristic equation is

52 + ps + KJ! =0
two coefficients are adjustable, and the second order curves
may be used.
b) A numerical value may be chosen for p. Then the characteristic
equation becomes

s3 + (1 + p)s2 + (p + Kva)s + KJ&Z =0

Again two coefficients are adjustable, and the third order uni-
versal curves may be used. Note that the selection of p is
arbitrary, and for a specific choice of p a satisfactory solu-
tion may not exist so that trial and error repitition of the

calculations is required.

If the uncompensated system is third order, then the same techniques
apply. Cancellation compensation with one or two sections of compensator
may be used thus confining graphical studies to the third order curves.

If cancellation is not used then introduction of one section of compen-
sator raises the order of the system to fourth order for which the pre-
pared universal curves may be used, or introduction of two sections of
compensator changes the system equation to fifth order, for which a
coefficient plane curve family must be calculated. In the general case
the change in structure due to addition of a compensator raises the order
of the characteristic equation and requires use of a new coefficient plane

for the changed system.

3.8 Feedback Compensation. Use of Derivative Signals

For many systems the most convenient structural change is the
feeding back of some measured signals around part (or all) of the for-
ward transmission path. Such feedback may be direct, or may process

the signal through an intermediate component. In the general case the
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order of the characteristic equation is changed, but several coeffi-

cients may become adjustable.

A most convenient form of feedback is the feedback of pure deri-
vative signals. There are many sensors available which provide an accu-
rate measurement of velocities and accelerations over a wide range of
values, and the time-lags (poles) associated with such devices are
negligible for some problems or can be measured and incorporated in the
computations for other problems. A typical case offeedback compensation
with derivative signals is shown in fig. 3.9, where the transfer func-
tions are stated quantitatively for illustration purposes. The char-

acteristic equation of the uncompensated system is

s* + 31082 + 23,0008% + 2 x 10°s + 100 = 0 (3.19)
The compensated system has a characteristic equation
s + 31083 + (23,000 + B)sZ + (2 X 10° + A)s + 10'0 = 0
(3.20)

and the coefficient plane for A, vs Az permits ready evaluation of

1
suitable values for the feedback gains A and B.

For cases where the feedback compensator is not a pure derivative
device the coefficient plane technique may be used if the adjustable
parameters appear in no more than two coefficients. Consider the sys-

tem of fig. 3.10. The uncompensated characteristic equation 1is

6 + 382 +2+10 = 0 (3.21)

and the other compensated characteristic equation is

s4 + (3 + p)s3 + (2 + 3p)s2 + (2p + 10B)s + 10 = 0 (3.22)

The existence of the energy storage capability indicated by p has
raised the order of the polynomial, and the value p appears in three
coefficients. If the numerical value of p 1is known or can be esti-
mated, then the only adjustable parameter is the gain B, and the
problem of adjusting the value of B 1is readily handled on either

the Ao vs A1 plane or the Al vs A2 plane. In addition the problem
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+ can be made a two parameter problem by using the Ao vs A, plane and

permitting the forward gain to be adjustable. However, i: p 1is one of
the adjustable parameters, then this problem in general, cannot be sol-
ved on the coefficient plane except by trial and error, or by using a
three parameter space (discussed later). The best approach to such pro-

blems is the parameter plane.

For more complex feedback compensation schemes, the utility of the
coefficient plane is determined by the number of variable coefficients
in the characteristic equation. If adjustable parameters appear in no
more than two coefficients, then the coefficient plane technique is
directly applicable. If adjustable parameters appear in three coeffi-
cients, then the coefficient plane may still be used, but the concepts

must be broadened to consider a three dimensional coefficient space.

3.9 Three Parameter Studies

Consider the case of a system with nth order characteristic equa-

tion and three adjustable coefficients:

sn + a sn-1+...A sx + A sy + A sz +...a sz +a,s+a =0
n-1 X y 2 2 1 °

(3.23)
where the adjustable coefficients Ax, Ay, Az can be any three coeffi-
cients and need not be consecutive. If a numerical value is chosen for
Ax’ then the A vs Az coefficient plane curves are calculable. Assume
that a single value of ¢ (f = O for example) is chosen and Ax is
allowed to vary from - o < Ax < + ®», Then the coefficient plane curves
for Ay vs Az define a three dimensional surface for { = 0 in the
Ax, Ay, Az coefficient space. This is illustrated for a fourth order
equation in fig. 3.11. The volume enclosed by this surface defines all
values of Ax’ Ay’ Az for which it is guaranteed that the value of [
for all roots is greater than the value of [ used to map the surface.
While the illustration of fig. 3.11 is for a fourth order equation with
{ = 0, the philosophy applies for any value of { and for any order

equation.

Since three dimensional devices of the type indicated are no*
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Fig. 3.11 The Three Dimensional { = 0 Surface
for a Fourth Order Equation
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. convenient for engineering calculations, one practical alternative is

to plot sets of Ay vs Az curves for selected values of Ax, thus
providing two dimensional representation with the ability to interpolate.
Assuming that a family of curve sets is available for a given problem
the procedure in using the curves would be a trial and error technique:
select a curve sheet, select M-point location, read off all root values,
evaluate suitability of this solution and progress to either another
M-point on the chosen sheet or to another curve sheet. This process
normally converges rapidly if an acceptable solution exists in the range
of values for the third coefficient (parameter). This is frequently
possible using a "constant {" plane. The "constant {" plane is simply

a family of curves on the Ay vs AZ plane such that each curve is calcu-
lated for the same value of ! but for different Ax' Thus the entire
three dimensional surface for a given ! is presented on a two dimen-
sional plot. The advantage of this in a synthesis procedure may be seen
from the following comments: specifications for a system are usually
interpretable in terms of a desirable ! for a pair of dominant roots;
(this value of { would be chosen for the constant { plane) additional
specifications usually indicate a desirable range for the value of w
for the root, and the physical nature of the system establishes upper
and/or lower bounds for the coefficients Ax, Ay’ Az. Thus a desirable
value for [ 1is known, and a permissible area on the constant [ plane
is defined by the bounds on the coefficients. By inspection of the {
plane it is determined whether roots with acceptable ® can be obtained
by placing the M-point in the permissible area. If so, then the problem
is solved providing the roots thus located are dominant. Dominance can-
not be checked on the constant [ plane. To evaluate all other roots
(thus checking dominance) the Ay vs Az plane curves are computed for
that value of Ax determined by selection of a suitable M-point on the

constant [ plane.

Note that the computation of a single constant [ plane permits
evaluation of a single value of Ax (or 2 limited range for Ax) in
which more detailed calculations presumably will be profitable, thus
minimizing labor. While digital computer computation is desirable if
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available, the constant [ plane has certain mathematical characteristics
which permit rapid long hand computation if necessary. These character-

istics are shown from the following relationships.

On the A vs Az plane, the Mitrovic curves for any order equation

are defined by:

b U
A = Z DEY WY 4 a U““) (3.24)
y gz

k=0
k#y,z

n
' U
_ yer ez, (JEex)
Az z (-1) W a 7
k=0 y-z
k#y,z

If { 1is restricted to a chosen value, Cl and all of the coeffi-

cients are constants except some coefficient a then (3.24) becomes

1’

i

sa(I)JLy iy(iz) Z (l)ky kkaUk-z>
k=0 y-z

kY21 (3.25)

bRt ()
k=0 y-e
k#y,z,1i
Then for any chosen value of w, say w = wx, the summation terms are

simply constants and (3.25 may be rewritten

Ay(wx) = ’1Cy + Cz
(3.26)

= +
Az(wx) aiDy Dz
which are the parametric equations of a straight line on the Ay vs Az
plane. The slope and intercepts of this straight line are easily cal-

culated if needed, but the important point is that on the constant [
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plane the locus of any selected frequency is a straight line. Thus if
two curves are calculated on the Ay vs Az plane (for ([ = (1 and two.
selected values of Ax) straight lines may be drawn through points of

the same frequency and may be used to construct additional curves for
other values of Ay - The same result may be obtained with ome calculated
curve and the calculated slope of the constant @ 1line. This is illus-
trated on fig. 3.12a, b.

3.10 Analytic Techniques

Equation (3.24) gives the generalized form of the Mitrovic equa-
tions. 1If it is desired that a system described by a linear equation
have a root at a designated location in the s-plane, then the values of
{ and ® associated with this root may be substituted in the right hand
side of (3.24) thus determining the numerical values which the coeffi-
cients Ay and Az must obtain to provide a root at the desired lo-
cation. For any physical system the coefficients Ay and Az are set
to the desired values by adjusting some physical parameters in the sys-
tem. Thus there must exist a functional relationship between Ay’ Az
and the system parameters which can be expressed by equations, thus pro-
viding a second set of equations for the values of Ay’ Az. For any
specific problem both sets of equations must provide the same values
for Ay and Az; then Ay and Az can be eliminated between these equa-
tions, providing explicit relationships for the values of the physical
parameters that must be adjusted. Thus, if it is required that a root
be located at a specific value of s, the adjustment of Ay and Az may
be done analytically and no curves need be calculated; values of ad-
justable parameters used to set Ay and Az are found as a part of this
computation. Note that this calculation does not guarantee either
stability of the system or dominance of the chosen root, and computa-
tion of the coefficient plane curves may well be the best way to check

such features.

When the structure of a system is changed by insertion of a compen-
sating device the order of the characteristic equation may be changed,

and adjustable physical parameters may alter more than two coefficients.
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Fig. 3.12a Loci of Constant w on the Constant ! Plane
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Fig. 3.12b Constant ®w Loci on the L = 0 plane
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In many cases analytic techniques may still be used to assure that a
root will exist at a designated location. The manipulations involved
are best shown by illustrative example; consider the block diagrams of
fig. 3.13. For these systems the characteristic equations are as
follows:

a) D(s) +K=0

b) sD(s) + pD(s) + Kls + Kl = 0

c) sD(s) + pD(s) + K(1 + Kt)s +K=0

For the uncompensated single loop system D(s) is a polynomial in
s, and the only adjustable parameter is K. An apparent choice for the
coefficient plane is the use of Ao vs A1 coordinates. (3.24) may be
used with the polynomial D(s) to establish the specific Mitrovic equa-
tions for Ao and Al’ and from the'characteristic equation itself it is
seen that (for an assumed type 1 transfer function)

Ao = K

Al = al

where al is the numerical value of the coefficient of the s1 term in

(3.27)

D(s). If a desired root location is selected and the [ and w values
inserted in (3.24), numerical values are obtained for Ao and Al. These
are substituted in (3.27) and if the value of A1 computed with (3.24)
happens to be exactly a;, then K can be adjusted to the required
value for Ao. Usually adjustment to a specified root value is not pos-

sible with only one adjustable parameter.

For case (b), cascade compensation, the characteristic equation

is the sum of two polynomials plus two additional terms:
sD(s) + pD(s) + Ks + Kz = 0

where sD(s) and pD(s) are the polynomials. Normal procedures (such as
adding these polynomials term for term) are not profitable. Note that
the equations are linear, therefore the Mitrovic equation for the sum
sD(s) + pd(s) is exactly the sum of the Mitrovic equations for sD(s)
and for pd(s). Then, choosing the Ao vs A1 coefficient plane and
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b) Single Loop, Cascade Compensated

c) Feedback Compensated

Fig. 3.13 Typical Cases for Analytic Design
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using (3.24)

c ]
Ao = A° @€, w) + pAo &, w)
(3.28)

c t
AS = Ay (L, W) +pA) (T, W)

i 1
where Ao (¢, w) and Al (¢, w) are the Mitrovic equations for sD(s).
Ao (¢, w) and A1 (Z, w) are Mitrovic equations for D(s).

Az and Ai are the Mitrovic equations for the compensated system.

From the characteristic equation

AS = Kz
o
(3.29)

c
A1 a1p+l( |
where it is assumed that the transfer function is Type 1, and a, is the

coefficient of the s1 term in D(s).

Selecting a desired root location (Cl, wl) and inserting in (3.28)

glves

c '

A=A (), w)+p @, w,)

c ' (3.30)
Al. = A]. (Cl’ wl) + PAI (C]_, wl)

where the designated function of Cl and w, have been evaluated nu-

merically and are real numbers. Then (3.30) may be written

A =X + pY

[
° (3.31)

C
L=V

Solving simultaneously with (3.29)

A

X + pY = Kz
(3.32)

V+pWw= alp + K

which provides two simultaneous linear equation in three variable
(K, p, z) thus assuring an infinite number of valid solutions. 1In the

usual case of control system design another constraint is added, which
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may be:
a) for static accuracy K 2 some selected number.
b) for tracking accuracy (Type 1 system) Kv 2 some number

For a system with zeros in the forward transfer function

a kz
K =— s ————0 (3.33)
v a; ap + K

which provides a third equation thus reducing the number of possible
solutions to one. (Note: engineering design practice permits tolerances
on both Kv and the root-location, but this is difficult to include in the
algebraic equations. In practice a number of solutions would be accept-
able)

For case c(feedback compensation) the Mitrovic equations remain ex-
actly the same as (3.28). From the coefficients of the characteristic

equation however

AS =k
o
c (3.34)
A1 = K(1 + Kt)
Combining (3.34) with (3.31)
X+ pY =K
(3.35)
V+pW=K(1+Kt)

again providing two equations in three variables (p, K, Kt)' Another

constraint can be added as needed.

When the compensation problem requires several sections of filter
for solution or more complex feedback compensators, then the number of
adjustable parameters far exceeds the number of simultaneous relation-
ships and it is difficult to find enough meaningful constraints to de-
fine a unique yet useful solution. Several special techniques are
available, as will be shown. To define the problem more clearly, con-

sider a unity feedback system with forward transfer function

(3.36)

If two sections of cascade compensation are needed the transfer function
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becomes
Ka(s + za)(s + zb)

D(s)(s + pa)(s + pb)

Gc(s) = (3.37)

from which the characteristic equation is

2 . 2
8 D(s) (pa + pb)sD(s) + papr(B) + K‘s + Ka(za + zb)s + Kazazb 0

(3.38)
Mitrovic's equations on the A vs A1 plane take the form
c 1" 1
(3.39)

n 1 2
Af, =A (L, w) + (p, +p )AL, W)+ p,pA (L, w) + K @ =0

and the coefficient relationships give
AS = K(z +12z)

c

Ao Khzazb
Equations (3.39) and (3.40) combine to provide two simultaneous equa-
tions in parameters Pys Py 2, and z, - Some simplification is possible
by choosing the pole to zero ratios and expressing the z's in terms of
p's. However the equations always retain product terms of the form

papb which makes solution of the equations impractical.

Some techniques which are useful in solving the cascade compensa-
tion problem are as follows: (similar techniques can be developed for
feedback compensation problems).

a) The single section design technique is applied twice.

One section is designed to accomplish part of the compensation;
this requires selection of an intermediate root point (same
value of ’ and w) and an intermediate gain value. The re-
sult of this step is to provide numerical values for two para-
meters such as P, and z - Then in (3.39) and (3.40) there
remain only three unknown parameters, i.e., a second appli-
cation of the single section design technique is easily accomp-
lished.




b) Compensator sections are required to be identical.

With this restriction, for a two section compensator

- ke (s +Apﬁ!)2
D(s)(s + p)>

G

c (3.41)

and the characteristic equation is

szD(s) + 2psD(s) + p?D(s) + K a232 + 2K aps + sz =0 (3.42)

where o = p/z.
The Mitrovic equations for s = {1 + jwl become:

c " ! 20 2
A=A, @) + 2pA, (T, @) +PUATE,, @) + K alU, (e,
(3.43)
AS = A (L, w)+2pA (L., w)+paa®(C,, w) +Kale
o o1’ 1 o'”1* 1 o1’ 1 1
and the coefficient relationships give
Ai = alp2 + 2K ap
’ (3.44)
c ., 2
Ao = Kp

In (3.43) and (3.44) the unknown parameters are K, %, p, so
that the introduction of one constraint (such as a value for
the error coefficient) provides three simultaneous relation-
ships. Since the algebraic equations represent conic sec-
tions, their solution involves finding the zeros of a quartic.
In like manner the compensation can be accomplished with three
identical sections, but the algebraic solution involves find-
ing the zeros of a sixth order polynomial.

c¢) Find an equivalent multi-section compensator from an unaccept-

able single section design.

When a single section compensator is not capable of meeting

specifications, application of the design procedure produces
numerical values for z and p, but the values obtained re-
present an unrealizable (or perhaps just undesirable) filter.

However, these numerical values can be used to assist in the
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design of a two (or multi-) section compensator. When the .
objective of compensation is to locate a root at a designated
point s = 81> then the compensator used must introduce a
specific gain and phase at s = 8- Thus the transfer function
of a single section compensator and that of a two section (or
multi section) compensator must evaluate to the same magnitude

and angle at s = §,°

alotz(s + Pl/al)(s + pz/az) _ o (s + po/ao)
(s + py)(s +py) s +p,

(3.45)
Expanding (3.45) and discarding a factor of 81

2 r ]
s] @ am) + 8y | (B +py) @ + o (1-a@) - P& - P

+ [P1Pz“o * PePy * Py T Py T B - p1921 =0
(3.46)
Equation (3.46) is a second order polynomial in four parameters,
oy s @y, Pys Py (assuming o and p, are known numerically
from an application of the single section design technique).
These can be reduced to two parameters by an arbitrary de-
finition, i.e., choose numerical values for al and az, or
alternately choose identical sections so o, = a, = o and
Py =P, = p. The Mitrovic equations may be written for this
second order polynomial to obtain two values for Ao and AI:
Ay €)= G, - eg®y) 2 5,0

(3.47)

2
Ay Tyw) = (o) - ay) W)

and the coefficient relationships define
Ay €15 9)) = PP * P(Ry + By = Py = Py)) 7 PyPy
(3.48)
Ay (g @) = (P ¥ Py &g + (1 = @) = Py - Py




Thus, combining (3.47) and (3.48)

2@, - @ @)T,8) = (P * py) @y +p (1 - @) - pa, - Py

2 (3.49)
Wy, = @@,) =app, * P (py + Py - P - P;) - Py,
and equations (3.49) may be solved simultaneously for the two
chosen parameters.

CAUTION: The analytic methods just discussed merely guarantee to locate

a root as specified. The procedures used to obtain these results have

eliminated the ability to readily evaluate other roots, thus the re-

sulting compensated system could be unstable, or some root other than

the specified root may be dominant. Additional procedures which guarantee

stability and dominance can be developed, but are not presented here.

3.11 Frequency Response Evaluation

In general the closed loop transfer function of a linear system

may be expressed by

]

c N(s) N(s)

a+=(s) = = (3.50)
eR F(s) sn + a sn.1 + ... a

s +a
n-1 o

1

Which becomes the closed loop frequency transfer function if s is re-

placed by jw:

6 | N(jw) | N (w)
| R F(Jw) + JI F(jw) | tan W

Rearranging the terms in the polynomial F(jw):

F(jw) = a + az(jw)2 + a4(jw)4 + ... jw a, + a3(jw)2+ as(jw)s... ]

Inspection of (3.53) shows that these groups of terms are precisely (3.53)

Mitrovic polynomials, so that the characteristic polynomial F(jw) can be

expressed using Mitrovics equations in a number of forms such as
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F(jw) =|a_ - A + ju(a, - A)| tan -1 w(a, - 4y)
° bt Ta_-A_
[o] (o]

. y) ) - -1 -w(a, - A))
| -w (2, - A,) + jw(a, - A)) | tan™" “72%1 7 %y (3.54)

2
-w (a2 - Al)

3
= | -z»z(a2 - A,) - jw3(a3 - A3)| tan”l "W (85 - Aj)

2
- (a2 - Az)
Thus the closed loop frequency response can be studied on any coeffi-

cient plane by proper interpretation of the equationms.

If the A vs A
o

1 plane is used

ec( ) | N(Jw) | /N(w)
- jw =
9R

| @y - 8 + J0ta - A | ean™ 2 7 Ay -39
A 80 ° Ao
The denominator of (3.55) may be evaluated on the Ao vs Al plane. As
shown on fig. 3.14, a - Ao is the difference in ordinate between the
M-point and the point on the [ = 0 curve, while a, - A1 is the
difference in abscissa between the M-point and the point on the { =0
curve. The procedure required is to evaluate a, - A1 at selected W,
multiply by ® to get w(a1 - Al), and lay off this distance hori-
zontally from a vertical line through the M-point, using the same scale

as for the A1 axis. Repeating this procedure provides the w(a1 - Al)
curve as shown on fig. 3.14. The magnitude of the denominator of (3.55)

at any frequency w = w5, is simply the radius of a circle (with center

at the M-point) which intersects the u)(a1 - Al) curve at W = wl' The
angle of the denominator may be measured from the plot with a protractor,
and is the angle 91 on fig. 3.15. For systems with no zeros, this graphi-
cal computation is all that is needed to evaluate the frequency response.
When there are zeros, then the magnitude and angle of the numerator,

N(j®) must be evaluated. For N(jW) a first or second order polynomial

the calculations are easy. For third or higher order, if in factored

form, the Bode diagram is recommended; if not in factored form ,

T0
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Fig. 3.14‘ Calculation of the u)(a1 - Al) curve
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Al)plot

90 270

Fig. 3.15 Calculation of the Phase of

the Frequency Response
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+ another coefficient plane curve may be drawn for N(jw) and used to evalu-

ate its magnitude and phase variation with frequency.

The height of the resonance peak and the resonant frequency (for
systems with no zeros) are determined by the circle of smallest radius
for the w(a1 - Al) curve of the denominator, i.e., the radius of this
circle determines the height of the resonance peak and the w at the point
of tangency is the resonant frequency. When the closed loop transfer
function has zeros the resonance peak does not necessarily occur at the
frequency for which the denominator has minimum magnitude, but in many
cases this gives a reasonable approximation. Thus, when the coefficient
plane is used to design for desired root locations, the frequency re-
spongse of this system may be checked quite readily for selected locations
of the M-point.

Occasionally the frequency response of the open loop system is of
interest. If the closed loop studies have been performed on the Ao vs
A1 Plane then the open loop frequency response can be computed from the
closed loop coefficient plane. Note that the open loop transfer function
is

N (s)

G(s) = 3:_(?) | (3.56)
and is simply a ratio of two polynomials, as was (3.50) for the closed
loop function. Thus all of the techniques used for the closed loop
function are applicable. However, if No(s) is either é constant or a
first order polynomial, then the Mitrovic equations for Do(s) are the
same as the Mitrovic equations for the closed loop characteristic equa-
tion, but the location of the M-point is different. The curve for
w(a1 - Al) is not changed but the circle construction is carried out from
a different center. This permits calculation of the open loop frequency

response from the closed loop A° vs A, plots.

1
From the viewpoint of analysis, if one wishes to know the bandwidth

of a system it is readily obtained by inspection of the frequency re-

sponse curve. Thus the procedures given in section 3.11 are adequate

for analysis. From a synthesis viewpoint there are often separate (and
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not necessarily compatible) specifications on dynamic response and on
bandwidth. Then the designer must adjust parameter values to achieve
acceptable root locations, hoping that the bandwidth achieved is within

specifications.

It is readily shown that loci of constant bandwidth can be super-
imposed on the coefficient plane. Then the designer may locate an area
on the coefficient plane within which the bandwidth specifications are
satisfied. If the M-point may be located within this region, i.e., if
a suitable root combination can be achieved by locating the M-point with-
in this region, then an acceptable bandwidth is guaranteed. This is
shown as follows: by definition the bandwidth of a system is that fre-
quency for which

6

c 1

- (Jw)| === 3.57

eR b 72 ( )
Using the Mitrovic equation form and defining the bandwidth frequency to
be w= wb:

| 8o, | L
A )+ o | IR 3-58)

|2g = Ao(wy) + 38, |2y - Aj(%) I
from which

|a° - A (W) + o [al - Al(wb)_” =2 | N(jwb)| (3.59)

Specific interpretation of (3.59) depends on the nature of N(jw). When
the closed loop transfer function has no zeros, so N(jw) = a then

(3.59) manipulates to
2

2 3 2 2
{ao + Ao(wb)] - w [al - Al(wb)_jl = Ao(wb) (3.60)
Choosing a numerical value for the bandwidth w , Ao(wb) and Al(wb)
become a real numbers and (3.60) is then the equation of a hyperbola on
the A vs A1 plane for any order characteristic equation. When the
desired bandwidth has been specified the hyperbola can be drawn on the
Ao vs A1 plane for the chosen W ; then the designer can choose for

b
the M-point any location on this constant bandwidth curve, and the

Th
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desired bandwidth is guaranteed.

When the numerator polynomial has one zero, N(s) = bls + a,a
similar manipulation can be made. Note that, for a normal feedback con-
figuration, the cofficient a, of the characteristic equation is not in-
dependent of b1, but is usually related such that a, = b1 + dl’ where
d1 is the coefficient of the first power of s in the denominator of
the open loop transfer function. Using this definition the numerator
polynomial becomes N(s) = (a1 - dl)s + a_, and the bandwidth equation

manipulates to:
2 2 }12
[ao + Ao (wb)] + wb [al + {Al(wb) - 2d1 ] = F(w, , dl)

where (3.61)

2
2 2 |
F(wb, dl) = Q [Ao (wb) + mb) {Al(wn) - di} | (3.62)

When F(w_, dl) > 0, (3.61) represents an ellipse, and for each value of

d1 a family of ellipses is defined by a set of values for W -

For higher order numerator polynomials the same procedures apply,
and the constant bandwidth curves can be computed as needed. Note also
that the constant bandwidth relationships are not restricted to the
Ao vs Al plane but can be applied to any coefficient plane.
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Chapter 4

THE PARAMETER PLANE

4.1 Introduction, Generalized Derivation of the Algebraic Relationships

As indicated in Chapter 2, the adjustable, or variable, parameters
in a system appear in the coefficients of the characteristic equation.
For some problems these parameters appear in only two, or perhaps three,
coefficients so that the generalized Mitrovic method (coefficient plane)
may be used for analysis and synthesis. In some such problems the para-
meters may appear in all of the coefficients, so that an additional al-
gebraic manipulation is required to interpret the coefficient values in
terms of the specific parameters. This is inconvenient; a solution
giving the parameter values directly is often desired. In addition,
there are maﬁy problems for which the adjustable parameters appear in
more than three coefficients, in which cases the coefficient plane is
of little value. For this reason Siljak has developed the "parameter
plane" method in which two parameters, & and B, may appear in any or
all coefficients of the characteristic equation, and solutions may be
obtained using the same basic transformation proposed by Mitrovic, with

additional manipulations as required by the specific situation.

A derivation of the basic parameter plane equations has been given
in Chapter 1. A more detailed derivation is given here in order to ex-

tend and generalize the parameter plane concept.

Consider the characteristic equation

n

F(s) = ) ast=0 4.1)

k=0

in which any coefficient may be a function of the two parameters a and
*

B. Parameter plane (o vs B plane) solutions may be obtained for alge-

braic forms. as follows

*
By definition & is the abscissa and B 1is the ordinate, and the rules
for stability analysis are formulated on the basis of this definition.
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=@ teB+d

bkg + ckB + hﬁas + dk

[
]

(4.2)

[
L]

2 2
L b Hbo b te B dc Bt d

n-1 n-1
+ ... hk(n-lfx

b, a" +b
n

K K B+ ...

k(n-1)%

n-1 n
-1 Tk T %

In the following derivation each of these is treated separately for con-

venience.

If s 1is expressed by

s = o= w1e? = wig + 3 1L

(4.3)
= w(cos @ + j sin B) = weje
where 0 = cos.1 {, then ¥ can be written
k6
oK = of eI = o¥ (cos kB + § sin KB) (4.4)
from which the Chebyshev functions are obvious and are
Tk(C) = cos kB = cos (k cos-l Z) (4.5)
-1
- - 8in (k8) _ sin (k cos L)
U (9 iy -1 (4.6)
sin (cos ~ C)
Thus —_—
* e [r 00 + 342 500
4.7)

c o [k n, @ +AT oM @]

Inserting in (4.1) and requiring that reals and imaginaries go to zero
independently provides the two equations

2 W C-DS T @) = 0

0 (4.8)

=
~1s% Mo

o D T @ =0
k=0
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but

and upon substitution in (4.8) the following equations are obtained:

n ——
Z;('l)k a W T @) =0

k=0 (4.10)

n
) D a " T @) =0
k=0

Thus the characteristic equation is expressed in terms of two
simultaneous equations using the Chebyshev function. In these equations
the coefficients are functions of & and B, soc it is always possible
to rearrange the equations as sums of parameter-times-polynomial terms,
the specific format depending on the coefficient-parameter relationships
as in (4.2).

CASE 1 = b a + ckB +d

L, K

For this case (4.10) rearrange in the form

B, (L, w) + B C (L, w) + D (L, w) = O

(4.11)
0B, (L, w) + B C, (L, w) + DZ(C, w) =0
where
n n
By = 2.('1)k bkwk U1 O By = Ej('l)k bkwk U, )
k=0 k=0
n n
c, = Z -n* ckwk [A¢9) c, = Z -n* ckwk U (L) (4.12)
k=0 k=0
n n
D, = E:(-1)k dkwk T, D, = 2‘(-1)k dkwkfﬁkct)
k=0 k=0

Using Cramer's rule solutions for @ and B are



CIDZ - C2D BZDI - D,B

1 2°1 .
o= T o I (4.13)
B,C, - By% B,Cy ~ ByGy
Note: ﬁk(C) may be calculated from the recurrence formula

where U (L) =0, U@ =1

A given constant [ contour is easily mapped onto the « - B plane,
since all ﬁk(() values need be calculated but once, then (4.13) ex-

presses & and B as functions of @ only.

CASE II =b o + cka + hkaB + dk

8k T Pk
For this case (4.11) becomes

oB (€, ©) + BC, (L, ) + OBH (L, ©) + D (L, W) = 0

(4.15)
aB, (T, w) + BC,(C, W) + OBH,(L, W) + Dy(L, w) = 0

where the definitions of (4.12) apply, and in addition

n
B o= ) D ne T @
k=0
(4.16)
n

\' k k —
Hy = ) (D b o T @)
k=0
Equations (4.15) can be solved for « and B providing their Jacobian
J #0. Eliminating B from (4.15), the solutions for a are

- e t‘Jez - 4ac (4.17)

1,2 2a

o

and substitution of these values in the equation provides the corres-
ponding values for B.

S i WY *Dp B o*D
1,2 " HE, ,* ¢ By , * G

(4.18)




-

which are the solutions for & and B if a # 0. Note that

a= B2H1 - Blﬂ2 c = CIDZ - Cle

b = C2H1 - C1H2 d = BIDZ - BZDI

e = BZCI - BICZ + HlD2 - HZDI

f= CZBl - Bzcl + H1D2 - HZDI

1]

If a=0 but b#0 the solution for @ and B may be obtained by
eliminating &« from (4.15) obtaining
2
o -f+ Jf° - 4pa
BI,Z 2b (4.19)

and substitution of these values in the equations gives

o =iz (4.10)
1,2 " Hp, , ¥ 35,

When both a = 0 and b = 0 Case II reduces to Case I and the solutions
are given by (4.13).

a2 +b

CASE 11X a, = bk2

2
o+ hoB +cp+c B +d

kl kl k

In this case the characteristic equation (4.11) becomes:

2
+ aBHl + Bcll +B8°Cc,, +D (]

2
@ B,, +aB 217D

11
(4.21)

2

2 -
@'B,, +o:1312 +ozBH2 + Bc12 + g 022 + D2 =0

These equations may be first considered as quadratics in @, and a more

convenient notation is

2
a-321 + aEl + I1 =0

2 (4.22)

o BZZ + QEZ + I2 =0

where E. =B
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2
y = BCjy +BCy +Dy

2
I, =fc, +PCy +D

2 2

Two more equations are formed by multiplying (4.22) by &, thus

3 2
0821‘*'&21‘0'&11 o

3 2
&«B,, +aE, + ol 0

2 2

(4.23)

Equations (4.22) and (4.23) can be written in the vector matrix form

from which it is necessary that

0 321 El 1
0 322 E2 I
321 E1 I1 0
322 E2 I2 0

— —

0 321 El I
0 322 E2 1
By El I1 0
322 EZ 12 0

=0

(4.24)

(4.25)

The determinant of (4.25) may be expanded to obtain a fourth order poly-

nomial in B, C, w,

from which four numerical values of B may be

obtained for each { and @w (only real solutions for P are physically

meaningful). Each such value of B 1is then inserted in (4.21) to ob-

tain corresponding values for .

CASE 1V

n n-1
% " Pk Pkt

"'hk(n-l)s +"'ck(n-1)

1

B ' 4+ B =4

k

Substituting in (4.11) and collecting to form a polynomial in & with

coefficients that are functions of B:
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nt

n-
annl ta IB(n-

(4.26)

a8 . + a2
n2

Bia-1y2 + -+ 9By,

where the B's are functions of B, [, w.

Additional equations are formulated by multiplying (4.26) by, o,

a2, a3 . until the resulting matrix array is square:
- fr—a—n —_— —_ —
o o .. B Bm-1)1 -+ Byp By :
n+l
B2 Bin-1)2 Bio By
n
Bl Bn-1)1 By O o
n-1 = 0
B2 Ba-1)2 B2 O o
o
1
(4.27)

-Evaluating the determinant provides a polynomial in B, the real zeros

of which are the desired values.

a- B
lished for Case I using either longhand or computer methods, though the

Calculation and plotting of the curves is readily accomp-

For Case II a
Cases III and

labor involved in longhand computation is appreciable.
digital computer program is available (and necessary).
IV will require computer solution, but programs are not yet available.
Note that in the equations for Case I, (4.13) and for Case II, (4.17,
4.18, 4.19, 4.20) o and B are functions of both ¢ and w. Thus
families of constant ! curves (w is then a parameter) and constant

W curves ({ is a parameter) are readily available. In addition to

|
constant { and constant ® curves it is necessary (for reasons shown
later) that points on the real axis be mapped, and in particular the

origin must be mapped. To do this note that (4.1) may be rewritten as
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n n
F(s) = Z aksk = Z (bo + ¢, B + dk)sk =0 (4.28)
k=0 k=0

and for s =0 (a real number) this can be written
ozBl(o) + Bcl(o) + Dl(c) =0 (4.29)

where Bl(o), Cch) and DIGJ) are constants for any chosen value of O.
Thus (4.29) is the equation of a straight line on the & - £ plane, and
in particular the origin of the s-plane maps as a straight line. This

is true, of course, only for Case I coefficients.

For Case 1I equations

n
F(s) = ) (b + e +hob+d)s =0 (4:30)
k=0
and for s =0
aBl(o) + Scl(o) + aEHl(o) + Dl(o) =0 (4.31)

which is the equation of a curve on the o - f plane. In like manner

for Case III or Case IV equations a curve 'is obtained for any s = 0.

Occasionally it is convenient to have curves of constant real part
of a complex root, i.e., maps of lines parallel to the imaginary axis
of the s-plane. Equations of such curves may be derived starting with
4.7).

o = o [DF 1 @ + 1 /1-8 D* g @) %.7)
and redefining such that
o =p + ju)JG-Cz Q, (4.32)

where
p = (- o T @)

k-

8k




2
Pk+1 + 2 Cka + w Pk*l 0

2

Qe F2800Q +0Q ;=0
- 2

Py = "TuQy - 0Q

P = 1; Pl = -CU); Q

o =0; Q1=1

(o]

Proceeding as was done for the constant { curves results in

n n
2' a, Qk-l = 0; 2, akgk =0 (4.33)
k=0 k=0

From these equations (for Case I)

_ 4Dy - CpDy B,0, - ByD,
® =3¢, -B.C B =3¢ -B.C (4.34)
162 - ByCy 12 - BGy
where n n
) )
By = ) 5Q; B, b Qy
k=0 k=0
n n
¢y =) 1Qk-1 €= ) & (4.35)
k=0 k=0
n
n
D, = Z 9 Qy-1 D, . 2‘ 49
k=0 k=0

Similarly equations can be obtained for the other Cases if needed.

The equations thus derived permit calculation of the parameter plane
curves for two parameters o and B appearing in the coefficients of a
polynomial in almost any combination. For virtually all cases of even
slight complexity, computer calculation of the & - B curves is re-

quired because of the amount of labor involved.

4.2 stability Analysis

Since the purpose of a stability analysis is to determine whether
the polynomial has any zeros in the right half of the s-plane, the
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obvious procedure is to use (4.12) to map the imaginary axis of the s-plane
onto the @ - B plane. Thus the parameter { 1is set to zero in apply-
ing (4.13). After mapping has been accomplished for - ® <w < + =,
stability is determined by interpretation of the curve on the o - B plane.
This is not always a simple task, and the following discussion points out
the basic theory, the required techniques and certain special conditions
which may be encountered. (Note, since (4.13) for { = 0 are precisely
Neimark's equations for the D-partitionm, the bulk of the discussion follows

Neimark's development.)

Before undertaking the analysis of stability on the Parameter Plane,
it should be noted that the coefficient plane (which is a special case
of the Parameter Plane) is not subject to the difficulties encountered
with the Parameter Plane. As previously shown, the M-point on the coef-
ficient plane must be in the first quadrant, and stability can be inter-
preted from the way in which the curve encircles the M-point. Neither of

these features is applicable to the more general case of the « - B plane.

Consider any polynomial for which some of the coefficients are func-
tions of two parameters « and B. In theory both @ and B may have un-
limited variation, i.e., - ®» <@ + ®», For any specific pair of values
(01, Bl), all coefficients of the polynomial are defined numerically, and
thus all zeros (roots) are also defined. For some polynomials no pair of
a, B values can force all roots into the left half plane. For other poly-
nomials only a small set of «, B values provides all roots in the left
half plane, and for still other cases a large set of o, B values provides
all left half roots. If @ and (or) B are varied continuously over some
range of values, then some (or all) coefficients of the polynomial vary
continuously, and the root values also vary continuously, i.e., on the
s-plane all roots move so that the set of points associated with each
root forms a continuous curve. These curves may cross the axis of imagi-
naries on the s-plane, indicating that roots are moving from left half
plane to right half plane, or vice versa. Since £ =0 curve on the
a =B plane is a map of the imaginary axis of the s-plane, an auxiliary

curve on the @ - B plane (showing the variation in @ and B) must cross
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the [ = 0 curve whenever the root curves on the s-plane cross the axis
of imaginaries. Furthermore, these crossings indicate (with proper in-
terpretation) whether one real root or two complex roots cross the axis,
and in which direction. Note that the crossing of roots from one half
of the plane to the other is the only feature which is obvious on the

& - B plane. Other important features may be deduced as follows: if
an area on the « - B plane is bounded by the ¢ = 0 curve, then for
all points in this area the polynomial has the same number of roots in
the left half plane, and points in any adjacent areas define a dif-
ferent number of roots in the left half plane. Thus by determining rules
for interpreting the direction of crossing the curve in terms of the
direction in which roots cross the s-plane imaginary axis, the number of
left half plane roots associated with each stability area on the a - B
plane can be found, providing that the number of left half plane roots

can be evaluated for any one area.

The rule developed by Neimark to interpret the direction in which
the roots cross the imaginary axis is quite simple: for polynomials
in which & and B appear linarly in the coefficients (Case 1), if the
oa-§ curve*(for { = 0) is traversed in the direction of increasing w
(from w = - o to w =+ @), the left hand edge of the curve is marked
(shaded) for all values of w for which the determinant (see (4.11).

BLC® € (t®)
A=
B0 GG

is positive (greater than zero), and the curve is marked (shaded)on the
right hand edge for all values for ® for which the determinant is
negative ( A < 0). When A= 0, this condition is called "singular"
and in general it means that the two generating equations are not in-
dependent for the value of ® which gives A =.0. For such values of
W a straight line is obtained from one of (4.11). Also, if the coef-
ficient of the highest power term in this polynomial is a function of

*
& is the abscissa variable and £ the ordinate variable.
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o and B, a straight line is obtained at w = «, For such straight lines.
the marking must be such that near the point of intersection with the
curve, the shaded sides of straight line and curve are directed towards
each other. If A becomes zero for w # ® or ® # 0, but does not change

sign, then the line defined at that value of W should not be shaded.

For Cases II, III and IV, the shading rules are the same except that
the criterion to be used is not the determinant, &, but the Jacobian

J (%’-B-—c ) To prove this, construct a cartesian three dimensional vector
?

space on the parameter plane such that there is a position vector:

P A A A

T@ B, z)=ai+Bj+zk (4.36)
and the position vector at every point on the parameter plane itself is

= A A

I (@ B)=ai+B] (4.37)

Since the parameter plane curves are plotted from parametric equations of

the form

o=, w) (4.38)

B =B, w)
these equations permit writing the position vector as
= A A
T, w)=a w)i+BE v)) (4.39)

and the o - B curve for a constant value of { = Co is traced by the

vector
- A A
T (@, »)=al,, 9)1+BE&, o) (4.40)

at a given point on this curve, i.e., for wn = wo’ the motion of that

point resulting from an incremental increase in ( is
Eré
IC,, )
3¢

The direction of the vector of (4.41) defines the direction of M-point

E?(co +AaL, W) = ar (4.41)

motion. Since M-point moving in a direction to increase { causes roots
to enter the area enclosed by the, constant -{, that side of the « -8

curve toward which the vector ® (Co' wo) points is the side to be

g
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shaded. A graphical interpretation based on the above is adequate, but

at times inconvenient. For a mathematical formulation note also that

the tangent to the constant C curve on the & - B plane at the point

aI"(C,m)
(;o w ) is given by ————5—————~ where this vector is in the direction of

increasing w . If the counter -clockwise rotation of the vector
T T
oL (€,» M, @)

———15—————— into the vector ———52————— s more than 180° , the latter
vector points to the right of the constant Co curve and that side should
be shaded; if the rotation is less than 180° the latter vector points to
the left of the comstant Co curve and the left side should be shaded.
This criterion is exactly the definition of the cross product of two
vectors lying in a cartesién plane:

—_— —=
AL, o) (L, v) A
awn X Bc = AK (4.42)

If A 1is negative shade the right hand side of the & - B plane curve
(when facing in the direction of increasing wn), if it is positive,
shade the left hand side.

It is easily shown the A 1is the Jacobian:

—_—
a1'(?:0, w,) Ba(c ) A OB(C,, @
30 aw 1+ T 3
— (4.43)
ar(co’ wo) - aa(coy u)O) /; + aB(Co, w ) j
oL Bwn or
du, ) 3B, )
3&n bwn
——pr
AME,, v) A, w) P
and awn X ac = k
da(C , w)) 3B, »)
14 oL

where the determinant is well known to be the Jacobian.

While the equations for ¢ and B in terms of [ and w are



always known in order to compute the o - B

convenient form for evaluation of the Jacobian of (4.44).

However,

curves, they are not in

e

Siljak has indicated that the Jacobian can be evaluated as follows; let:

R&om (£, w) + BC,(L, ®) + OBH (L, W) +D (€, v)

1 €am,(C, w) + BC,(L, W) +oBH,E W) + D, )

Then
gg
NGy
af ./
o1
3o

3R
38

d1
38

Some simple illustrations of the shading are as follows:

A. Let the characteristic equation be

5

Then, for £ = 0:

c, = -1

(4.45)

(4.46)

F(s) = 0 = s° + 30s* + 496s> + 4960s2 + (3 X 10* + a)s
+10° + B
32 = -
c, = 0

5

€Dy - €0y

a = A

; Ble - DZBI

A

L = Blcz - Bzcl

4 4

D. = -10° + 4960w> - 300* D, = -3 X 10%0 + 496w

2

= -3 x 10% + 49607 - o*

- -10° + 496002 - 300°

- -

Fig. 4.1 gives the & - B parameter plane plot. Since

negative, the shading is on the right hand side.

B. Let the characteristic equation be:

F(s) = 0 = g°

+ 30s

4

+ (30,000 + S0B)s + 100,000

-ws

L is

+ (496 + a)s> + (4960 + 6o + 4B)s> +
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Then for { = 0

2 3
B1 6w 32 w
_ 2
C1 = 1llw C2 -50w
2 4 3 5
C1 = -100,000 + 4960w - 30w D2 = -30,000w + 496w - W
From which
o= -5 X 106w - 82,000w3 + 39560)5 - llw7
230002 - 110°
3 5 7
B = 80,0006 + 1984w” - 27w
-3000° - 110°
3 5
A BIC2 - BZCI -300w”~ - 11w

The parameter plane curve is shown on fig. 4.2.

C. Let the characteristic equation be

F(s) = 0 =aBs> + (ef + 1 - B)s

+
—t

Then, for { = 0

31 =0 B2 = (
c1 = 0 02 = W
2
H1 = W Hz = -@
D1 = -1 D2 = -y
f = -w -w3 b= w3 d =0
2
+
p =5t a =——
w 1 +w

af + w3e = _li + w + w3
w

C
"

The parameter plane plot, with shading, is shown on fig. 4.3.

The construction of the a - B curve for ¢ = 0 1is just the first

step in stability analysis. The second step is to determine whether any
area in the &« - B plane provides values of o« and B for which all
roots of the polynomial are in the left half of the s-plane. There is

no direct way to do this in general. The normal procedure is to choose
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Fig. 4.2 Parameter Plane Plot for
F(s) = 0 = s5 + (496 + a)s3 + (4960 + (4960 + 6 + lle)s2

+ (30,000 + 50B)s + 100,000
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a specific «, B pair, thus defining all coeffidients of the polynomial
numerically. The polynomial may then be factored, or the number of left
half plane roots determined, and the shading on the curves utilized to
define the number of left half plane roots associated with each area.

A number of procedures are available, and are discussed in the following
paragraphs.

When the parameter plane curves are computed with a digital computer
a subroutine may be included which factors the polynomial for ome pair
of o, B values. Usually @ =B = 0 4is a convenient choice since the
origin of the coordinate system is usually included on any graphical dis-
play. The factors thus obtained specify the number of roots of the poly-
nomial that are in the left half s-plane for o = B = 0, thus providing
an association with the area on the & - B plane which includes the
origin. The number of left half s-plane roots obtained for o - B pairs

in other areas may then be determined from the shading.

A second method of determining the number of left half s-plane roots
associated with an area on the &« - B plane is to choose a point in an
area of interest, insert the numerical values of & and B in the poly-

nomial, and apply the Routh criterion.

A third method is to apply the Mikhailov criterion; i.e., choose
o and B, insert in the polynomial, then map the imaginary axis of the
s-plane onto a polar plane through the polynomial used as a mapping func-
tion, and interpret the number of left half s-plane roots from the num-

ber of times the polar curve encircles the origin of the polar plane.

A fourth method is to evaluate all roots numerically from the para-
meter plane plot. This requires that & - B curves be obtained for a
number of values of [, and that a number of constant O curves be
added. 1If a sufficient number of curves are available the M-point

location defines all of the roots numerically.

A fifth method - and possibly the best method for engineering prob-
lems when digital computer factoring is not used, is to choose an o - B

pair and then sketch the Mitrovic curve for { = 0. Since choice of
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o and B provides all numerical coefficients for the polynomial, one
may choose any two coefficients as variables (their known numerical
values then define the M-point) and the coefficient plane curves may be
obtained. The Mitrovic Ao vs Al plane is probably the easiest to use
and only a sketch of the ! = 0 curve is needed. The location of the
M-point on this sketch determines immediately whether all roots are in
the left half s-plane or not. If all roots are not in the left half
s-plane for a specific choice of « and B, it may be possible to use
shading techniques on the Mitrovic plane to determine the exact number
of left half plane roots. In engineering problems, however, the use-
fulness of the o« - B plane lies in the possibility of selecting an

o - B pair which guarantees an acceptable set of roots; a normal re-
quirement being that all roots must be in the left half of the s-plane.
Therefore the & - B plane is of interest only when it contains at
least one area in which the values of o - B provide a stable system
(all roots in the left half s-plane). The shading on the & - B plane
curve for I = 0 permits visual determination of the areas which corres-
pond to the maximum number of left half s-plane roots. Such areas are
completely bounded by lines that are shaded on the inner side, so that
any adjacent area contains a smaller number of left half plane roots.

By choosing a point in such an area, reading off o and B, and sketch-
ing the Mitrovic curve, it is immediately determined whether the selected
area corresponds to all left half s-plane roots; furthermore, if the
selected area does not satisfy this requirement then the system is in-
herently unstable, i.e., there are no values of aa and B which will

provide all left half s-plane roots.

4.3 Root Evaluation

Root evaluation on the parameter plane is accomplished as already
explained for the Mitrovic plane. The procedure is:
a) Plot constant [ curves for an adequate range of values of
{ and wo.
b) Plot constant O curves for an adequate range of O values.
c¢) Select desired values of o and P and locate the M-point thus
defined.




d) At the M-point read the values of ¢ and ®w for all { curves
passing through this point, interpolating if necessary. These
are the complex roots.

e) At the M-point read the values of O for all O curves passing
through this point, interpolating if necessary. These are the
real roots. ,

The number of roots evaluated in steps (d) and (e) should correspond
exactly to the order of the polynomial. When it appears thét the curves
determine too few roots, either an inadequate number of curves has been
plotted, or some of the constant { curves have not been evaluated for

large enough values of w.

4.4 Elementary Analysis and Synthesis Techniques

The parameter plane is a convenient and useful tool for the analysis
and synthesis of dynamic systems. The elementary techniques for using
this tool require that the system characteristic equation be obtained and
parameter plane curves must be plotted based on this characteristic equa-
tion. Analysis then consists of determining the roots of this character-.
istic equation for specified values of the parameters o and B. Syn-
thesis consists of choosing values of @ and B which provide a set of
roots such that dynamic performance specifications are satisfied. Most
problems require additional studies which are partly analysis and partly
synthesis, such as the expression of other specifications as auxiliary
curves on the « and B plane. These techniques are best explained by

illustrative examples, which follow:

Illustration No. 1

A feedback control system is stabilized with tachometer feedback
as shown in fig. 4.4a.
a) Construct the parameter plane curves; add curves of constant
error coefficient Kv.
b) Analyze the effect of various K and Kt combinations in terms
of available: Kv, dominance of the complex roots, and damping
ratio obtainable.

The characteristic equation is
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s~ + 332 + (2 + KKé)s +K=0
Let KKt = and K =8, then the equation becomes

s+3sz+(2+a)s+3,=0
From which
B, =0

c, = -1
D, = 30% - w3u2(c)
B, = -0

0

(2]
N
L}

D, = =20 + 3m2U2(C) - w3U3(C)

>3
L

-

a = -2 + 3w02(2;) -wZU3(C)

2 3
B 3w-wU2

The parameter plane plot is shown on fig. 4.4b.

To add curves of constant error coefficient note that

K____ 8
2+Kk, 2+a

K & Lim s(G(s) =
v s~ 0

from which B = GKV + 2Kv. For constant Kv this is a straight line on
the o - B plane with slope Kv and B intercept of 2Kv. Fig. 4.5
shows some constant Kv lines on the o - B plane. It is seen that in
this case the Kv = 3 1line coincides with the { = 0 1line. Thus no
values of the available adjustments can achieve a K, 2 3 without pro-
ducing an unstable system. If good damping is desired (T =~ 0.5) l(v must
be less than 1.0, and ® must be less than 3.0, unless a real root is
permitted to be dominant. For example, if the M-point is located near
the origin, as at w = 2; £ = 0.3, then the real part of the complex roots
is -fw = -.6, while the real root appears to be a & = 1.9, so the com-
plex roots are dominant, Kv is about 1.2, but the system is poorly

damped because ¢ = 0.3 and is slow because [w = .6, If the M-point
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is located at ¢ = 0.3; w = 4, then -f®w = -1.2 while the real root is
at 0 = -0.5, so the real root is dominant. The system is slow because

the real root is small, and l(.v is appreciably less than 1.0.

The values of K and Kt are easily determined since &« and 8

are read from the plot at the M-point, and

a =K

- : -B-2
B=2+Rk; k ="

Many instrument servos use tachometer feedback for damping but are
operated only as static positioning systems. For such systems the mini-
mum permissible K is set by nonlinear threshold conditions, and there
is usually a "speed of response' specification which may be related to
the system bandwidth, or to the settling time. For the system under con-
sideration assume that the minimum acceptable K is 10. This restriction
could be represented on the parameter plane of fig. 4.4 by a vertical line
at o = 10 (not shown on fig. 4.4). The M-point must be chosen to the
right of this line. By inspection one sees that for large a and small
B the real root is dominant but the system is slow because the real
root is small. Conversely, if o 1is large but B 1is also large (chosen
§0 system remains stable) the complex roots are dominant but their real
part is small so the system has a long settling time. It is usually easy
to see whether any choice of & - B can meet specifications, and when
this is not possible a change in the structure of the system is clearly
indicated. ‘

Illustration No. 2

An unstable servo is to be compensated using both velocity and
acceleration feedback as shown in fig. 4.6a. The characteristic equation
is

83 + (3 + 10ka)s2 + (2 + IOkt)s + 10

]
(=]

Let ka = o and kt E B

B1 = +10w2
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D, = -10 + 3” - Wu,(@)

1
B, =0
C2 = -10w
2 3
D2 <20 + 3w UZ -w U3
A =B.C, - B.C, = -1000°
172 271
B, D, - B,D
21" P12 _ a2
B = A 2 + .3w02 .1w U3
c.,D, - C.D
12" “21_ .1 _
o ———A—-—-—+2 .3+.1wU2

W
The parameter plane curves for { = 0 and £ = 0.5 are shown on fig.
4.6b with some real root lines. Note that the entire plot is for a
static gain of K = 10, so static gain (or threshold gain) cannot be used

as a constraint. However, if the velocity coefficient is of interest,

10
K =7+ 108
from which
1
B -.2+K
v

Some constant I(.v lines are shown on fig. 4.6b. It is seen that the
system can be stabilized and almost any desired damping can be obtained.
If a large I(.v is desired B must be small; good damping is obtainable
with large a, but only at the sacrifice of bandwidth.

Illustration No. 3

A single loop servo is to be stabilized with cascade compensation
as shown in fig. 4.7a. 1In general the transfer function of the compen-
sator must be chosen on the basis of previous analysis of the problem,
and the parameter plane method is not necessarily helpful in making this
choﬁce. In normal design one or more sections of R-C filter would be
used, with basic transfer function

s + 2z
=3 T2
c s +p
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« For the system of fig. 4.7a, if one filter section is used

/'s +z 10
s + p-/ \s8(s+ 1)(s + 2) ~

and the characteristic equation becomes:

s + 3+ p)s> + (24 3p)s? + (2p + 10)s + 10z = 0

let p=a; z =8

_ 2 3
B, = 3w - w'y,
C1 = -10
- 2 3 4
D1 = 42w - 3w U2 +w U3
2 3
32=-2w+3wuz-wu3
C2 =0
_ 2 3 4
D2—-10w+2wu2 3wu3+w04
L =B.C,o - B,C, =0+ (2w + 3w2U - wBU Y(+ 10)
' 172 271 2 3
c,.D, - C,D +10 - 2wy +3w2U-w3U
o = 172 21 _ 2 3 4
A w2
-2 + 3WU2 W U3
g .20 " PPy

, 4 3
wZ [;; + 80.)!]2 + w (SU 7U )R w (3U2 3 1204)+w (uzua~u32]

10 L -2 + 3wU, - wzu3
for £ =0 .- 10 - 3u)2
-2 + w2
B = <?6 - Sw - uﬁ')
10 -2 + w2

The £ = 0 curve is plotted on fig. 4.7b to check stability and to choose

a region of interest for additional calculations. From the hatching on
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fig. 4.7b it is seen that the region corresponding to the values of «

and B which will provide a maximum number of roots in the left half s-
plane is in the first quadrant and is marked "M-roots". The actual num-
ber of the left half plane roots is not known, and should be checked be-
fore proceeding. Since the characteristic equation is of fourth order M
should be 4, otherwise the proposed compensator cannot stabilize the sys-
tem. For this particular problem several easy tests are available, how-
ever we shall illustrate the use of the Mitrovic plane for this purpose.
First choose an M-point in the region to be tested, (i.e., a = 10; g =35),
and substitute in the characteristic equation obtaining:

sl4 + 13s3 + 3232 + 30s + 50 =0

The Mitrovic equation (3.6) are

3

2
A1 -1(-32(»112 + 13w u3 -w Ua)

2 3 4
Ao 32w U1 - 13w v, +w U,

and for = 0 these become

2
A1 + 13w

A = 32w2 - w4
)

This is eafify sketched, since A1 is always positive, Ao =0 at w=20
and ® =,/32 = 5.66 for which A,
& (320 - o) = 0 = 64w - 40> for which ® =4, A, = 208, A_ = 256.

After additional points are calculated and the Mitrovic curve is sketched

= 416. Also AO has a maximum at

on fig. 4.7c, and the location of the M-point indicatesthat all roots are
in the left half plane. Therefore on the parameter plane of fig. 4.7b
the value of M is 4, and the "M-root" area represents values of o and

B that will provide a stable system.

The o - B curves in the region of interest are shown on fig. 4.7d.
Inspection of these results indicates that use of the compensator in the
fashion indicated must produce a very slow responding system. To provide

a faster response provision must be made to increase the forward gain
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thus counter-balancing the attenuation of the filter. Since this pro-
vision was not made formulating the problem from fig. 4.7a (i.e., the
gain was kept constant at K = 10), the parameter plane curves of fig.

4.7d do not provide a satisfactory solution.

Illustration No. 4

If the gain in fig. 4.7a is made adjustable, the characteristic

equation of the cascade compensated system becomes

s* + (3 4p)s>+ @ + 3p)s + (K + 2p)s + K, =0

in which there are three parameters, K, p, z. Three parameter problems
can, in general, be solved by choosing a set of values for one parameter,
and computing the « - B plane curves (often only one value of ¢ is
needed) for each value of the chosen parameter until an acceptable solu-
tion is obtained. Thus, if a set of values is chosen for K, the curves
fo fig. 4.7d would be one of the family of parameter palmes. Other ob-
vious alternatives are to choose a set of values for z, then « £'p and
g ¢ K; or choose a set of values for p and use the Mitrovic plane

QAI =K + 2p; Ao = Kz). Such three parameter studies are effective, and
the only objectionable features is the time required for computation of

the curves.

Another alternative is to add a restriction that defines the desired
gain in mathematical terms. The usual restriction is that the error coef-
ficient should not be reduced; i.e., the gain of the uncompensated sys-
tem is set to obtain the desired error coefficient, and when a compensator
is cascaded the effect of this compensator on the error coefficient is
eliminated by altering the gain. For the system of fig. 4.7a, this is
accomplished be requiring the compensator transfer function to be

=Pstz

Gc zs +p
With this transfer function for the compensator, the characteristic equa-

tion of the system becomes

'+ ms’ @+t ¢ (24 2p)s + (A%); - 0

which rearranges to

s4 + (3 + p)s3 + (2 + 3p)s2 + p(lg + 2)s + 10p = 0
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Defining p = &; lg + 2 = B, this becomes

s4 + 3+ a)s3 + (2 + 3&)82 +afs + 100 = 0

which expresses the problem in terms of two parameters & and B with a

produce aB in one coefficient.
An alternate formulation is to define
zZe
P Y
Substitution of this definition in the characteristic equation gives
sa + (3 + p)s3 + (2 + 3p)s2 + (lg + 2p)s + 10p = 0

Choosing p = & and lg = B, this becomes

e+ 3+a)sd + (2+ 3)sl + (B + 2a)s + 10 = 0

thus expressing the same problem with differént definitions of the para-
meter o and B, but obtaining coefficients which are linear in o and B.

Still another forumulation is to define p = &, (122 + 2p) = B,

then the characteristic equation becomes
b+ (3+a)ed + 2+ %)s’ +Bs + 1000 =0
Again the coefficients are linear in « and B.

The curves for the af product case are readily computed. Using
equationg (4.12) and (4.16)

B1 = -10 + 3w2 - w3u2

c, =0

D, = 202 - 3w302 + w’_‘u3
Hy = 0

B, = 3%y, - wu,

c, = 0

D, = 2%y, - 3wy, + w"ua
o =

-1)] o, = -0
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from which
: - "€ i\/ez - 4ac
2a

1,2
where a=B,H, -B.H, = -10w + 3w3 - wéu
271 172 2
c = CIDZ - CZDl =0
e =B, -B.C,+HD -HD =+20° - 3%y + oSy
271 172 12 271 2 3
2w3 - 3w4u + wSU
[ = 0, :_gg. 3 _e. - 2 3
1,2 24 a -10w + 3w3 - w402
2 3 4
} -2w +3<»U2 - wu3
-10 + 302 - ‘”3"2
S s W R S WY
L2 He ,+C TR ,*C,
-20U2+ 30wu3- 1ow204+ w3(7u - 7U )+ w (3u2 3+ 3U )+w (= U U +U3)
= 3
=2w + 3w U2 - w U3
for =0
-2w2 + w4
o= ———
-10 + 3w
B = -30 + 7w2 + w4
-2 + wz

The curves for the stability limit are given on fig. 4.8. Due to
the definitions used this entire parameter plane gives values of o and
B which keep K at the predetermined value. The areas indicated in
the first quadrant guarantee all roots to be in the left half s- plane,
and the compensator can be chosen as a lead device or a lag device as
desired. It can be shown the 0 < £ £1 4is obtainable in the lag area,
but in the lead area £f<.5

Illustration No. §

Complex problems of compensation can often be reduced to a form
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suitable for the parameter plane by use of the third parameter technique.
Consider the block diagram of fig. 4.9 which shows a compensation scheme
combining cascade and feedback compensators. In practice it is fre-
quently true that neither a simple cascade filter nor a simple velocity
feedback loop is adequate by itself, and it is desired to try both in
combination. The usual design procedure is to design one of the compen-
sators to some arbitrarily chosen "best" performance in the presence of
the arbitrary initial design. Considerable iteration may be needed be-
fore a suitable combination is obtained, and in the process of designing

interpolation or extrapolation of results is usually not an obvious step.

The characteristic equation for the system of fig. 4.9 is:

s4 + (3 + p)s3 + (2 + 3p + Kkt)sz,+ (2p + Kktp + K E)s + kp=0

in which there are four variables, p, z, K, kt' Since the parameter
plane method allows only two variables, two of the four must be eliminated.

One procedure which leads to satisfactory results is:

a) Restrict the cascade compensator to be a lead filter, and de-
fine y = % = 0.1, where the numerical value is based on common
engineering practice.

b) Choose K as a "third parameter", and select .a sequence of
numerical values for K. A

The above procedure reduces the number of parameters to two; let p o

and Kt = B, and the characteristic equation becomes:

s* (3 +a)s>+ (2 + 3 + KB)s2+ (20 + KaP + 10K)s + Ry = O

A family of parameter plane curves is prepared for each value of K
until a satisfactory solution is obtained. (Note that interpolation be-
tween K values is not difficult).

4.5 Analytic Techniques

Thus far in the development of the parameter plane method a family
of curves has been obtained on the « - f plane; analysis and'synthesis
have proceeded by visual inspection of this curve family, resulting in
the choice of an M-point which provided the values of & and B to be
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used. For many synthesis problems (and some analysis problems) the
curve family is not required and purely analytic techniques can be used.

The theory and methodology are developed in the following paragraphs.

Equation (4.12), for example, provide solutions for & and B as
functions of { and w, which may be written

a=A(, w); B =B, w) (4.47)

In normal usage these equations generate the curve family, and choice of
the M-point selects values of & and B. Certain values of {and w
(the roots of the characteristic equation) provide these values of «
and B 1if any of these root values is substituted in A(L, w) and

B(C, w). Therefore, if a specific point of the s-plane

g = -clwl + jw «/1-[2
1

is chosen as a desired location for a root, the values Cl and W, may
be substituted in (4.47) obtaining
@) = A, ®); B = B(E,, ©) (4.48)

and the required values of «, and Bl are thus determined without

drawing any curves.

By this procedure roots at the selected location are guaranteed;
but all other roots are also determined, though with locations unknown.
Thus the choice of the root location may provide a system with desirable
dynamics, but it may possibly provide an unstable system or one in which
the chosen roots are not dominant, or a system with unsuitable steady
state performance. With experience and familiarity with the problem,
the engineer can frequently choose the desired root location so asg to
obtain an acceptable result; but verification of stability and dominance
is usually necessary. The advantages of the technique are a tremendous
reduction in computational labor and, as will be shown, the ability to

introduce additional parameters into the study.

The formulation of the &, B equations (4.48) involves all of the
coefficients of the characteristic equation. Steady state accuracy re-

quirements, however, involve only a few of these coefficients and
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constraints on the permissible values of & and B may be established
from the steady state accuracy requirements. For feedback control sys-
tems steady state accuracy is usually determined by the coefficients

a_, 3y, ay; but for other types of dynamic systems additional coefficients
may be involved. Each problem requires special interpretation, but in
general a second set of equations relating a and B are obtained from
specifications other than a chosen dominant root location. To illustrate
this a number of specific cases are recorded here. Consider first the
servo of fig. 4.4a which is compensated by tachometer feedback. The

characteristic equation is

s3+352+ (2+KKt)s+K=0
from which Kk 'Qa = -2 + 3wUz(C) -w203(C)

k &8 =37 -,
The error coefficient for this system is

K = fg = K = B

v 8.1 2 + Kkt 2 +&
from which

B - 2Kv
«=—x
v

From the first pair of equations choice of a pair of dominant com-
plex roots at s = -Clwl + jo, 1 - Ci defines both & and B numeri-
cally, and the second equation relating & and B to KV can be used
to evaluate the Kv that is obtained, but cannot be used as a constraint.
Conversely, if a desired value of Kv is chosen the required relation-
ship between @& and B is established, but the root point canmnot be
chosen arbitrarily and there is no simple way to evaluate { and W
algebraically - recourse to the & - B plane is necessary. The reason
for this is that the system has only two adjustable parameters (K and
kt) both of which are constrained when two roots (a complex pair) are
specified. To provide the ability to satisfy an additional constraint
(such as a l(.V specification) a third adjustable parameter is necessary.

1f, in the system of fig. 4.4a, it is possible to make one of the poles
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adjustable so that

K
s(s + 1)(s + p)

G(s) =
this pole provides the third parameter and both the root constraint and
the Kv constraint may be imposed. The characteristic equation becomes

s3+(1+p)2+(p+Kkt)s+K=0

Letht=oz and K =8B

@ = -p + (1+ p)u, @) - -uPu, ()

B = (1+p - oy

2
K =.a_°=.__K—- aaE_._E_K_‘_’
v a; p + Kkt Kv

Substitution of a selected root in the first pair of equations, and of
a numerical value for Kv in the last equation provides simultaneous
relationships for &« and B in terms of P and these are readily

solved for «, B and p.

An alternate way of introducing a third parameter into the problem
is to insert acceleration feedback as in fig. 4.10a, for which the char-
acteristic equation is

s3 + (3 + ka)sz + (2 + kt)s +K=20

Let « = ka; g = kt’ then

K-3w2 + w3U2 -KIJ2 + 2w - w3(U§ - U3)
o= 3 B = m
w
and also Kv = 7 +o from which
o = 2

X _
K
v
These equations can be solved for o and B when a pair of complex

roots are specified and the error coefficient, Kv, is also specified.

A similar situation arises when a single section cascade compensator
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is used so that

Geq GcG s +p s(s+ 1)(s + 2)

where 2z, p and K are adjustable. The characteristic equation is
4 3 2
s + (3+p)s” +(2+3p)s + (K+ 2p)s + Kz = 0

Defining p=0a and z =8

2 3

a.

2
-2 + 3wU2 -w U3

®-- 43? + (6 - Ky, + &t (SUy - 705)
5 6, . _ 2
- t W (3U3 304) + W (UzU4 03)
2
K(-2 + 3w, - W U3)

The error coefficient relationship is

- KB
Kv K + 20

from which
o - KB _K
2K 2
v
and these equations may be solved for K, «® and B when a pair of com-

plex roots are specified and Kv is chosen.

In like manner, if the compensator consists of two identical cas-

caded sections then

2
.( 8t z K
Ceq (s*—p/ s(s + 1)(s + 2)

and the characteristic equation becomes
35 + (2p + 3)34 + (p2 + 6p + 2)33 + (3p3 + 4p + K)s2

+ (2p2 + 2Kz)s + k22 =0

Let p=a and z = B, then equation (4.21) and following apply. An
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Kz2 _ KBZ
Kv = 2 2
2p plod
2
2 KB
from which o° = 2Kv

Again solution for @, B and K can be obtained for specific {, w and

K .
v

Systems with more than three parameters may also be treated if an
additional restraint is readily available. Consider the system of fig.4.9

which uses both cascade and feedback compensation, and for which the char-

acteristic equation is:

s4 + (3 + p)s3 + (2 3p+ Kkt)s2 + (2p + Kkt +p +-§2)s +Kp =0

let kt =a and % =B
then
K(uu-Uz)+(2+3p)w2(u2-uu)+
pr-1"1 o 1 0 2
+ (3 + p)w3 (Wu, - v.u,) + uﬁ (u,u, - v wuy,)
o = o3 172 173 o4
2 2
Kw (UoUZ - Ul)
K (U2 - U . U)+KwU U-U0U)+ w2(2 + p)(U U, - Uz)
piro - U.qUp) + Kw(U_U,- U Uy P)(UY, - T,

3 4 2 5
+ (3 + p)w (UIUZ - UoU3) + w3+ p)(Uan - UZ) +w (U2U3- U1U4)

2 2
Kpw (UOU2 - Ul)

and the error coefficient specification gives

K = K = K
v 2K + Kkt 2 + Ky
1 2
f == . £
rom which o Kv X
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An additional constraint is needed to supply a fourth relationship. Since *
the choice of a pair of complex roots normally assumes that they will be
dominant, a logical choice for another constraint is that of a location
for one real root which is sufficiently large to be compatible with the

dominance assumption.

Let
s=-0’1

and substitute in the characteristic equation:
+O'l{+(3+p)(-Oi)+(2+3p+Kd)0‘§

+ (2p + Kpx + KpB)( - 0,) +Kp = 0
from which

2 4 3 2
a(l«rl - Kpol) - BKpO’l +ol - 3+ p)O‘l + (2 + 3p)0‘1 - 2p<71 +Kp =0

Choosing numerical values for the complex root location, for K.v
and 01 then provides four equations that can be solved for o, B, p
and K, though the solution is not necessarily easy because the equations

are not linear.
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Appendix A

THE D-PARTITION METHOD

Consider any polynomial of the form

and restrict the value of n to be some chosen finite integer n = N.

Then a space of N-dimensions can be defined as a rectangular coordinate

a, a8y, 8,, ... a -1 ay is
a coordinate axis. Each point in this coefficient space defines a com-

space in which each of the coefficients

plete set of a-coefficients, and therefore a complete set of roots for
the specific polynomial. In general, these roots tmay be located anywhere
on the s-plane, but there must exist in the coefficient space a set of
points for which all roots are in the left half of the s-plane. The
boundary of this set of points is then the stability boundary, and it may
be said that this boundary PARTITIONS the coefficient space into a stable
region and an unstable region. Obviously, the above statements are valid

for any value of the order n, and thus apply to any order polynomial.

The stability boundary, by the nature of its definition, is a bound-
ary such that any point on this boundary guarantees that the polynomial in
duestion has roots on the imaginary axis of the s-plane; either complex
roots or a single real root at the origin. The converse is not true, how-
ever; i.e., if it is possible to find a point in coefficient space such
that the polynomial has roots on the imaginary axis, this does not guaran-
tee that the point is on the stability boundary, since other roots may
be in the right half of the s-plane. The basic technique of the D-parti-
tion method is to find a curve such that each point on the curve guaran-
tees roots on the imaginary axis of the s-plane. Then an additional check
is required to determine whether any sections of this curve are on the
stability boundary.

In concept, the curve determined could be a multidimensional space
curve, or a hypersurface; in practice the curve must be two-dimensional

to be useful and thus the D-partition calculations are normally restricted
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to two parameters. These parameters may be one or two coefficients of
the polynomial, or they may be other quantities such as gains, time con-
stants, etc., that enter one or many coefficients. Examples of the types

of parameters that are readily handled are

s3 + a232 +Xs +Y =0

s3+(aX+b)sz+(cY+d)s+ex+f=O

s+ (aX+bY +e)sl+ (K +eY + £)s +gK+hY + 4 =0

where it is seen that the parameters X and Y appear linearly in the co-
efficients. As will be shown, such combinations are easily treated be-
cause an algebraic solution of the equations for these parameters if
readily accomplished. It is also possible to apply D-partion methods

to polynomials with more complex combinations of two parameters such as

s3 + (aX + bY + XY + d)s2 + (eX + f)s + g¥ + WXy + 1 = 0

In fact, the coefficients can be the general quadratic form. However,
the calculations involved are sufficiently complex that they require the

use of a digital computer.

The D-partition method is applied by mapping the imaginary axis of
the s-plane through thg characteristic polynomial onto a parameter plane.
This {s done by making the substitution s = jo 1in the polynomial, re-
quiring that the real and imaginary part of the polynomial go to zero
independently, and thus obtaining two independent equations for the
parameters in terms of ®. Thus, as the frequency is varied from
=® < W < +o, for each value of w a pair of values are determined for
the parameters; and if the parameters are adjusted to these values, it
1s guaranteed that the polynomial will have roots on the imaginary axis
of the s-plane. The curve determined in this fashion is a Partition
curve and it encloses an area on the X-Y (or parameter) plane. If the
parameters are set to values corresponding to a point in the enclosed
area, it is guaranteed that the polynomial has at least some roots in
the left half of the s-plane. 1In particular, the roots associated with
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the calculated Partition curve are in the left half plane, but it is not
guaranteed that all roots are in the left half plane; that is, the Parti-
tion curve is not necessarily the stibility boundary, as will be shown,

and the additional checks are needed.

As simple illustrations, consider

s3 + as2 +Xs+Y=0

let s = juw
2 2
ju(-0° + X) +(Y - aw’) =0

from which

2 2

X‘(”,Y‘&w

are the parametric solutions and define the Partition curve as a straight
line on the X vs Y plane. This obviously is the Mitrovic curve for

£ = 0 and need not be pursued here.

Next consider

s3 + (a + bp)s2 + (¢ + pd)s +te +pf =0

*
let s = jw; or equivalently , rearrange the polynomial so that

s3 + as2 +¢cs + e+ p(bs2 +ds + £) = 0

from which
3 2

s +as +cs t e
bs2 + ds + £

p--

Now let s:jw
p = -jw3-aw2+ju)+e
-bw2 + dajw + £

It is convenient to define p to be complex; i.e., let p = u *+ jv, in
order to obtain a curve on a two-dimensional u-v plane. The right hand
side is then resolved into real and imaginary parts and solutions for u
and v obtained. The curve on the u-v plane then encloses an area,

but for practical physical systems a parameter such as p must be real

*
This form corresponds to the Russian appraoch, but is not necessary.
Direct substitution of jw is adequate.
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(and usually positive) so that only points on the u axis are meaningful,

For an equation such as

s3 + (aX + by + c)s2 + (dX +teY + f)s + gX +hYy +{ =0

one can substitute s = jw and solve for X and Y using Cramer's rule.

Note that the equation becomes

-jw3 - w? (aX + bY +c) + ju(dX + eY + £) + gX + hYy + i = 0
from which
~0? + (K +ex + £) =0, -wlaX + bY + ¢) + gX + hy + £ = 0
Rearranging,
2 2 2 2
dX + ey + f - 0" =0, (g -aw )X+ (th-bw)y+4i-co“ =0

which is of the form
AX+BY+C=0,DX+EY+F=O

and by Cramer's Rule,

x =CE-FB  _FA - CD
AE - DB’ AE - DB
Thus
2 2 2
x=(f-wj1-b2w)-(1-c<;)e
d(h - bw') - (g - aw )e
gy = - co’)d - (f - wz)(g - aw’)

d(h - bw?) - (g - aw?)

Illugstrations No. 1

Consider the polynomial
32 +ps +10=0

where p is the adjustable parameter and is defined to be complex;

P =u+ jv. Letting s = jw and substituting

-0+ (u+ jv)ju+ 10 =0
from which +uw =0
-wz + 10 - vw=0

No plot is required since u = 0, and the obvious interpretation is that
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the equation can have imaginary roots only when p = 0.

I1lustration No. 2

For the polynomial

2ps2 +(2+p)s+2=0
note that

p(232 +s8)+28+2=0

p = 2(s + 1)
292 + s

Let p=u+ jv and let s = jw

2jw + 2 _-2-j(w+2‘£)

-2w2 + jw w2 + AwA

u+ jv=

from which

-wz

u=—g7
w2 + AQﬁ

-0 - 2w3

v e —J7
w2 + Awa

A plot of these equations is shown on the u-v plane of fig. A.1. The
hatching on the curve follows the rule of Neimark; i.e., as one follows
the curve in the direction of increasing w, the hatching is on the left
hand side. The u-v plane is partitioned into two areas in this case,
and the two roots can move from the left half s-plane to the right half
if the values of p(u,v) 1is altered so that the parameter point crosses
the partition curve from the hatched side to the unhatched side. 1In
this case, there are only two roots so the regions can be marked '"stable"
and "unstable'. Also, this is a one-parameter case 80 that p must be
a real number for physical realizability; then only points on the real
axis of fig. A.l have physical meaning.

Consider next the polynomial

&3+ 78% + 1850 + stz +Bs + 6

where two parameters are B, and B,. By manipulation, it follows that
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Fig. A.1 D - partition for 2ps2 +(2+p)s+2=0
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B, = 18w2 - Wﬁ, B, = 5 + 7w2
1 2 u)2

The D-partition curve is shown-on fig. A.2 with hatching included,
and the number of roots in the left half s-plane indicated for each area.
In general, the evaluation of the number of roots within one area must be
determined by some other method (such as the Routh test); then evaluation

for the remaining areas is done with Neimark's hatching rules.

The D-partition curves are precisely the same as the Parameter Plane
curve for [ = 0. However, the derivation of the D-partition curves
follow a purely algebraic manipulation and results in rather cumbersgome
expressions. In deriving the Parameter Plane relationships, siljak re-
cognized the possibility of using Chebishev functions, which gréatly re-
duces the computational labor. It is suggested that application of the
D-partition method would be greatly facilitated by introducing the Chevi-
shev function. Other advantages of the Parameter Plane approach will be
pointed out as the occasion arises.

Note: The Chebishev functions are introduced as follows:

o= to+ /Lo
= w(cos 8 + j sin 8)
j0

Ewe
where ® 1is the radial distance from the origin of the s-plane to the

designated point.
£ = cos (T -0)
§ = angle of radial line from origin to point.

It follows that

ko gk K8

= wk (cos k8 + j sin k8)
but the Chebishev functions are

Tk(C) = cos (k cos-l C)
-1
in(k
Uk(C) - 8in cos-1 )
sin(cos )
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from which

o = o 1 (-0 + WEEREY

K K k+1/ ) '
- [en* @+ 30 - P n )

Inserting this result in a polynomial and requiring that the real part
and the imaginary part go to zero independently, there results

n
\’ k k
) e ey @ =0
k=0
n

) e -D* U @ =0
k=0

If the coefficients are linear functions of two parameters

= b o + ckB + 4

e P K

the polynomials become

oB, (Z,0) + BC (L,0) + D (L) = 0
Q'BZ(C)O") + BCZ(C’w) + Dz(Csw) =0
where
< k. k 3 Kk
B, = >_. (-1)" b Uy _4» By = ZH)“ b @ Uy
k=0 k-0
& kK kK X Kk k
c1 - 2 (-1) ckw Uk-l’ C2 = Z (-1) ckw Uk
k=0 k=0

r r
' k k ‘ k k
D1 2, (-1) dkw Uk-l’ D2 Z‘(-l) dkw Uk
k=0 k-0

The solutions for @ and P are of the form

_ P - 6% g 2201 " 102
ByC - BGy B1C, - ByG

o

130




These results can be written by inspection once the Chebishev function
relationships are seen, programming in a computer is simplified, and
even longhand calculations are made less laborious. Note that the D-

partition curve is obtained when the Chebishev functions are evaluated
for ¢ = 0.
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“The aeronautical and space activities of the United States shall be
conducted so as 10 contribute . . . to the expansion of buman knowl-
edge of phenomena in the atmosphere and space. The Administration
shall provide for the widess practicable and appropriate dissemination
of information concerning its activities and the results thereof.”

—NATIONAL AERONAUTICS AND SPACE ACT OF 1958
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CONTRACTOR REPORTS: Technical information generated in connection
with a NASA contract or grant and released under NASA auspices.

TECHNICAL TRANSLATIONS: Information published in a foreign
language considered to merit NASA distribution in English.

SPECIAL PUBLICATIONS: Information derived from or of value to NASA
activities. Publications include conference proceedings, monographs, data
compilations, handbooks, sourcebooks, and special bibliographies.

TECHNOLOGY UTILIZATION PUBLICATIONS: Information on tech-
nology used by NASA that may be of particular interest in commercial and other
nonaerospace applications. Publications include Tech Briefs; Technology
Utilization Reports and Notes; and Technology Surveys.

Details on the availability of these publications may be obtained from:

SCIENTIFIC AND TECHNICAL INFORMATION DIVISION
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
Washington, D.C. 20546



