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L. Fepresentation of Time-Variant ’hzunels

Tn this cevort, a theory for -ziresentation of randomly time-varient
cnenpels 1g oatlined and apalied o wh~ develogment of a tappad delay iine
cobed o slpabiipg such chanrels . The simulation method 1s due to St-e:inl
11l omesh o tae noftation of this ripert coincides with that of reference 1.

Pt owilll Ce ss3gaed that the cuhar»e. under conuideration zan be represented

in

2 “ime-variadt lipear systam.

- . b o o bt 2 .
e will r2are¢ent the transmi tt:d siamal x (8 €=

2. 2
"e{lt t)aéﬁﬂs. t’

% t)

bt

(11}

vhire x{%) 15 the complex eavelope of 2(1). It will “e ac.umed thub x (¢}

"

s 8 bandlimite. signel with spection xieting only ir the range

NIV

The chanc2l, "eirg a lineer tlmeeverisnt system, is described by ifs

t1 se.variant imjilse reepcnse his,t), which can be written as

1:1£f (]

4, b = Refgit,tle? (1-2)

ti,%: 45 leYined =8 the response cf the chamizl at Siwe € to an impulsc

cpoiied to the channel v sacczds esrlise (i.e,., at time t-1). B(t,t}, the

onplax enveiope of {1, ¢!, will bt: called the equivalent low-pass impuise

rezponse «f the chznnel.

{

T2 e sigwl x (¢t 13 appiied Lo the input of the channel, then

ppe ¢ ¢
the respiase of the channel will ke v'{4;, where y'(t) is glven by:

. @
vty = n(tet,t) x‘(~)ax (1=3)

-




Now y'(#) can be wriiten in cemplex erveiope form

£f ( ¢ ; + ,
y(t) = Re*i\y&t)e'“a“fo } 1-k}
1t can be shown that when the bancwidth Eis smell with respect to the
frequency £ , yit) is given by
(34 : -
it = f Blt-1,t) x(7) ar 1-5)
-
If we consider the sgectra cf x t) and y(%}, given by
N T -2 . . ,
Xg =1 x(tie *"""” ét f1-6)
u-@
and
Pt ¥ - - " i
vz = | yit)e PR g (1-T)
% =00
end iefine the chanael low-pess iransfer fuaction as
) o
H'2,t) = f Blw,tle™ T ar ' 1-8)
Y e
then we have
® FJ2aL
yt =[x 8o, P g 11-9)
ha

Note that E(?,t is the amplitude of the eguivaient low-pass channel's
iesponse at tige t to a sinvsoldel excitation at frequency f. This can be

Jenft

shown by noting that if x{«} in {1-5) is e , thszn yit) becomes

yi6 = H(2,t)edo T

It w11l Le assumed that B{t,% is & semple function fram a complex,
zero-mean stationary Gausslan raondom process. Therefore, the statistics of
e, t) ave completely described hy its asocorrelation function with respect
o esch of 1te two varisbles, The correilation function corresponding o

£ 7,6) 18 given by




1-3

RB('r,t,u,Bj = p(r,t) pH{t + u, t +8) (1-10)

We will essume that the charmel to be modeled obeys probability laws
vhich are independent of the variable t {i.e., p(%,t) 58 wide-serse sta-
tionary in tie variable t). That is, only the time difference and not the
sctu2l time of evaluntion is periinent in the evaluation of P'B' Taus we
can write |

RB( T,t,u,&) &= Rﬁ( 1,""’.

We can define a correletion Punction for H(f,t) in e menner similar to

{1-10).

R(2,,0,8} = H(Z,t)E* ¢ + Q, t + 8) (1-11)

RB can be relatz2d to RH as 'ollows:

. - Sy

RH‘)“:&) Blw,tig* T+ ki, ¢+ B)

]

i exet, . [ seng. (7 + )
e [ mte,0)e% e [ (e, 5)e I NT Y W) ge
-

s B L 00 e
- 22, ER(2, 5 + 5) IEFHED))m IR gp g

@ A0 l

‘}e,jz:t‘r(fafl)e-.j‘auflu ar af

'_&
= (L,t,f. =£,5
-QRB ))l b

We rote what since RB is independent ~I t, then RB must also be

independent of %. Tars we have

’ 'S r 2 4= b3 [ [ty -\ -
Rg(Tys8) = I o Ryln, g en,gen Ty E] oty ar,

Let us now assune that the etatistical. properties of the channel being
considered are such that RH depends only on the frequency difference between
the twc frequency variablee of icterest and not the actual velues of the

{requercy variables {i.e., E{f,t) is wide-sense stationary in the variable f).




is means thet P;H(f,fl-f,S) is only a function of f£.-f and not of £

1
expiiclitly.
s
Therefcre RB can be written
4 R (sl = | I ) (2, -5,6)am3enT( L) ~F) ~52xE 10 40 g0 (1-13)
: gl = | BylEyefeels 1 )
Ietting 0 = £,~2, 40 = -df
R (T,p,5) = Jp "t R (0,516 I8 W IBE b yoy50
Bw 2V o J_Q n" 3 &t .l
r® Ljent (“’ j2r0T
= | e JeMF gp (Q,61e”“™" a0
J_m 1¢ Ryth,
s
Ral'c,u-.-é) = &(pype(7,6) (114}
® sonidt
where o1,58) SI RB(QQS)e"’“ ao {1=15)
P . . ]

Poyslically we mey envision thils resull as {adicating that the channel
scatveraxr o> path which introduces delay T in the transmitted signal has an
g3soniated trensumission gain whick is uncorrelated with that of any diff-

erent delayuz




II. Tapped Delay Line Simulation of Time-Variant Channels

In thlis section a btasis for tapped delay line simulation of the

equivalent low-yass channel is developed. We recall that x'(t), the

transmltted signal, wac-defined to be a bardlimited signal whose frequency

componenta exist only in the range (fo -

B A
2 Tt

This means that x(t)

{see Eq. (1-1)) is also a bandlimited signel existing in the range

b ¥
(= Z» +3). Taus we can write
‘ 2 sin n B(% - %} J
t) = ) (2 ‘ (2-1)
Y 7 B(t = 5}
Therefore
(-]
yit) = [ B(t-7,t) x(x) dr
Y ®
@ o sin x B( T )
sj B(t-1,t) Zx:(% az
-0 1,' - ...)
m-&
@ m
® sin n B(T - -)
yit)= ) x(B) ] alter,t) ar
o -® n B(t - —)
latting
W= [ = 3, dz = du
@®
‘ m ® n sin B u_
yit) = ) x(B)[" gt 0) SBEIRL 4,
M= =
(-
vit) =% ) x(De(t-Be (2-2)
m-ﬂ:

where




a @ w
\ ) gin n Bu ¢ 4o 8in w B(z-u). ‘o
B(z:t: » _[-m B(z u,t) =~ a au = I..co pru.ty = z-uT—‘lu (2-3)

Now note that B is the convoluilon of a gi;z__rg function and B(7,t}.

The:refore 8 18 a bandlimited function and we can use the sampling

representation for it

o sin x B( k)
2 o 2=
Blz,t) =) B( Et) ——D (2-4)
Ther2fore
(<]
i Ej my g a
y(t) B x( B ¢ B (t b B )t)
M=~
w® [+ ] k
- sin 1 B{(% -~ 2 - &)
-3 0 (5 ) 8 Fu e
M=% k== n B(t - -B = “—3}
2 > sin x B(% - & ~ 2
Lo FEC I — R
sg ) B( X t) Y X (= : 4
B ‘/_ B, i B xB(‘b--E-E)
k=~ == B B
[+ -]
¢ 1 -
wt) =3 ) ol Ko x(t - E) (2-5)
k=~

How since we desire to associate B(T,t) with a physical dispursive
charnel, we expect that B(t,t) should be zero for some value of T greater
thar v, say. Therefore 8( T,t) should also be essentiaslly time-limited
in that there should be some quantity 'I'm such that the energy
[ I80t,¢)1%ar

| should be negligible compared to the energy
el >
m

~. 2
i y *
J' levr, 0| 4% Therefore, the following approximstion is valid

te]l <
. m

*
Ar actual channel, being physically realizsble, will have scme average
delay T auca that B(7,t) will be nonzero in the range ( Tl Ty * Ty

TC > Tm' Since the value of '1'° has no effect on the shape of the received
< 2 enlence.




BT ]
() md ) T OBBe x(t - By (2-6)
N AV B L ] ; B) ¢ B \
Me==| mma
vhere ] 1s the largest integer in w.
Now if we define bm(t) & p( %‘,t) and let A = % we can use the following

block dilegram for a representation of the camputing of y(t) from x(t)

S Delay Line
A t) ——e—p L |- ,
R li_—*-[B'l‘m]...-A o A v.... BLIA
2 : , X
—)é b_l(t) gt‘ﬂ%}{ & . & _¢§'Q
|
é,_....,- ». -.:é__yﬁ__..‘ . NI

Figure 1

Taile diagrem forms the basis for the tapped dalay line simulation of the
time-veriant chanael.

Ae vas stated previously, the statistical nature of p(T,t) is cam-
pletely spoelfiizd by its correlatlon functiso. Now In order to accurately
simalate the chapnel with a tapped delsy line model, it is necessary taat
the bm( t)'s pcssess the statistics which will produce the proper statisticsl
characterization of 8(t,t). The statisticol properties of the bm(t)'s will
10w be determ'ned from the statistics or B{1,t).

We first note that the bm(t'_}m are linear functionals defined on
B T,t). Thus, they are stationary Gaussicn random processes. It there-
i'ore suffices to compute their correlation functions to complete their
statistical description. Recall that the gain functicn for the mth tap at

time t was found to Ye (see Eq. (2-6)).




- P2 sin x B(mA )
{ = = ) - -4
bmxt) B(ma, t) 'l_o Blu,t] w(nb - a) du

Let us now define the correlation functlion essociated with these tap gains

as follows

. , * T w
Poa(®) = by(t) b (% + 8} = p(md,t) £ (nd,t + 8)

® sin n B{mA - u) ® % in xB(nd-z)
. - 1 \B -2
J._m B(u,®) timld - u) o J__f (z,w8) n(nA-~z) =

- i J. i B(n, t}e(z, trp) EX8 7B(mA-u)sin xB(nA-z)
o i B )

t(mh-v jn{nA=-z 4% du
il sin n3(mh-u)sin nB(nA-z)
N - ) Z

2 ® 1n (B{mA-cjsin nP(nA-z)
- —uYai e gy Bl TB(mA-ujsin wB{nA-z ,
I-m J_@ 8( z=u)pi'w,d} S ATy ) dz du

. gl - ) t‘ -
pmw) - ]‘ o(u,5) 8in :EB‘mA u)sin ?BLnA
-® st (mA=u){ nA-u)

W du (2=7)

Now for values of m and n which ar=2 not near to eachk other, the product. of

sin x
the i

functions is small aad tae value of p m(&}‘ thould be small. For
values of w 2nd n which are near %o each otier {say Il = nl = 1 or 2), the

orthogonality of' the Bii X functions will ciuse the value of p mn(B) to be

small provided p('r,A) is reasonably constsnt over a range of width 54 to 104
near T = mA or nA. We can expect that p{7,8) will Le rcasonably comstant
over regions of width 54 to 10A 17 the total multipeth delay spread of the
channel is much larger than 4. This approximation is not as valid for taus
near the ends of the delay line as Zor taps near the center; however, *“he

screngths of the tap galn functions et the taps near the ends will normzlly




\Un

te much smaller than for taps nea.’ the middle. This demonstrates that
for many cases of interest, a tapued delay line model can be developed
using the assumption that the fading at each tap is uncorrelated with the
fading st any other tap.

If a more exact representation is desired, or the assumption of indepen-
dent fading at each tap is not valid, then the correlations p llm(6) must be
computed by equation {2-7) above. Then, if the assumption that p(t,8) is
se;arabl'q‘ is made (1.e., p(7,3) = r{7)-q{8)}, a streightforward method of
creating fap gein functions with the proper correlations fram a set of
independent Geissian randan processes can he found. The assumption that
pi 7,8) is separable can be shown o be eguivalent to the assumption that
the velocity distribution of the scattirers is identical for each group of
scatterers contribtuting a given dzlay 1.2 1% also appears that the present
siate o theoratical and experimeatal knowledge concerning existing scatter-
multipath ckannele is not sufficiently well developed to provide a more
detailed incication cf the precise form of the channel correlation function.

With the assumption that p'7,5) is separable, we f£ind

p(1,8) = x{7)-q(3) (2-8)
and
p{7,0) = r{7)-q(0}

Wichout loss of generality, we can let g(0) = 1. Therefore, r{T) must

b2 positive for all 7. Now £rom equation {2-7) we find that the correla-

tilons for the “ap multipliers are of the form

p(v,8)du

J‘ ® sin #3(mA-u)sin nB(nA-u)

5)
pmn( ° -® uz(mb-u) {nA=u)

o(3) j ® gin xB(mA-u)sin 7B(nA-u) r(u) au
-»  x°(mb-u)(nb-u)




) 6
o™=

= ab) T, (2-9)

where
© i * sin nB(mA-u)sin aB(nd-u.)
N 7“(mA-u) {nA-u)

r{u) du (2-10)

This means that all the tap multiplier auto- and cross-correlaticn
functions have the seme runctioral dependence cn é. Therefore, the tep
multiplier functions have identical forms for their auto- and cross-power
spectral derslty functions. Thus, the set of tap multiplier functione cen
e gencrated ?rom a set of ZTB'I.‘EI + . indenendent Ceussian randam processes
shose spectral densities are «li identical to those of the bﬁ( t)'s by ‘cmm-
ing suitabie linear combirations of these processes. The appropriate
linear cambination can ve determined in the following menner. Let the in-
jependent processes to be cambined be ai(t), i= -l‘m'mj, axay =La0sXsens

...rBTm]'. Since the ai(t) are independently generated, we will have
L ® _ . -
am( t) a n\ma) =8 o ald] {2=11)

& _ 1 men
o - 0 mfa

Here we have assumed that agn( t) = 1 for convenience. As stated above,
the bmft‘:‘v’s are obtsined from 2 linear combination of the am( t)'s. Trus

e hava
TBT,]

bm( t) = z & &l (2-12)
k=-TBT, ]

vhere the c, 's will be camplex ~onstants. The correlation of the bm( t)'s can

now be written as

- . -
,»5 Gk Gy % Y 8y (#+)
k]

0yn'8) = B () b (5] =




< *
-2 s ®ny Oxy US)

oanl®) = a®) ) ep o | (2-13)
k

Now fran equation (2-9) we know that
Pntd) = T, al8)
(

Ve & > '
ro =) ey G Tor all m,n (2-1h)
k

#
Rou let us define the following mstrices :

=T
8=t rxnn-'l
.
sl cu:n:|
# , .
- (CT) (conjugate trarspose) {2-15)

Then egaation ' 2-14) becomes
R=cC | (2-'16)
Now fran {2-10) 1% can be seen that since rit) is rescl, the r, , are also.

Furthermore, it can be seen that A Hence, R is a symmetric matrix
1 LY

and is thercfore Hexpitian. Therefore, (2-13! will always have a solution,
but the solution 2 is pot unique. Of the infinity of solutions C, we can

identify one which is a real matrix (implying the <¢,, will be only gain

iJ
factors and wiil not require phase shifts’. Since R is real, there exists

a matrix O which diagonalizes R. That is

o'RO = A '(él'i'/)

*
~.%2 that these definitions do not conform to the common definitions ot‘
mwatrices in tiat the subscripte m and n range over negative as well a:s -

rogitive values ( e.g. the upper lefi-haud corner elemernt of R will hgve
vhe sutseripte - (BTn’] 5 FB‘J.‘m]) Obviocusly, this fact does not effert

‘wny of the matiix op:srations inwolved.

/




Were A is a diagonel matrix whos: elements xiare the eigenvalues of R.

0 can be chown to be the matrix whose columns are the eigenvector:z of
R. Now, since R is a covariance mitrix, it is positive semidefinite, end
therefore all its eigenvalues are positive and real. Thus, one solutice
for C is' given by

c=o0A" 0% (2-18)

where l\% is the diagonal nhtrix wanose entrizs are \5\:— . Thus, the welgating
coefficiznte required to produce the tap multiplier functions from a set of

independent Gaussian randam processes can be found either amalytically or by

numerical methods.




IIZ. Statisticel Properties of Tapped Delay Line ﬂstem

Ia the previous section we have discussed the statistical properties
required of a tupped delay line sy.séem vhich is to model a given time-
variant channel. It is now of int2rest to determine how closely such a tapped
je’ay line system can approximate the given time-varient system. As a
hasis for a study of this question. we will now investigate several statis-
tical properties of a general tapped delay line system. This analysis will
be used in Section V to provide an indication of how effective the tapped
delay line method is for simulation of a certain idealized tropospheric
scatter conmunication channel.

It s of laterest to compute the time-Praguency correlation function
for the tapped delay line system. This ccrrelation function 15 defined as

68(7:=)ty°} &= ErB(T:t)B*(T + Tyh o+ 5)} (3‘1)

Now for the tepped delay line, 3(7%,t) is given by

M
Blx,6) = § b () 8(t-na) (3-2)
D=-M

where we have let TBTm] = M
Thus .
3(7,% 6,81 = Hp(x,6)8 (7 + 7, £+ 3)]

M M
=f ) 5 (08 toms) ) b7 (tw) B (er-k) |
n=-M k=M
M M .
=Y Y Ho(t) uy (00) | 8(r - na) 8 (v + ¥ - ki)
n==M k=-M

(3-3)




no,
Tiow B[bn( t) by, (t + 8)] was sanm in Secuion I1 to be equal to

Eb,(t) by (t+0)]= 08) ry

"hus
M M
& (7,7,4,8) = ¢'d) ;) S. 2. 8(T - nd) 37T + F - kA) [ 3-4)
Bt L A Tak : \ 3%,
n=-M k=-M

Note that the product 3(T - nA) &(T + # -~ ¥A, is a product of delsa
fuactions which is z2rc everywhere on the 7,F) plene except a% (T,F) =
= nh, KA - =, or (1,F) = {pA, {k-n)A). Thus it is equivalent to the
aroduct &(t-nt) 8(f - (k-nja).

Thus

M M
S , » ;
55(1,7".1;,8) = q(8) 2 2 Tk 3(t - rA) 8 (F ~ (k-n)a;

/

n=-M k=M

7e note that @9 is independent o %, so we cen write

M M
8,(7€,5) = a(8) ) ) m, 6(% - m)) B(F - (keml) (3-5)
n=-M k=-M
The fregnency correlation function for the tapped delay line system
can nov be found. Recall from Ej (1-8) of Section I that the time variant,

transfer fun:tion associated with a system is given by

-i2xf7

a(e,t) = [ a(,8) &% ar (3-6)

-Q
Aow the frequoncy correlation fuaction associated with the tapped delay

Jine is defined as
; r L S
8(2,0,t.8) = BER(S,8) B (240, t+ &) | (3-7)

Substituting (3-6) into (3-7), we bhave (compere with Eq. (1-12})




©

I} 4 ® o (1 § *
8.(2,0,4,8) = E_ J_a B(t,t)e 327, av, | B (rz_.wa)e”a"(m)’z drn]

- ’
La

" ‘[ : I : E[B('r,t)s%( 1'2,t+6)]e'32“f11 edz"(fm)fz ar,av,

- e 58 o d2T0T J2x(f + Q)%
J_., J‘m 06(1’1,1'2 1 t,8) e 1l e 2 d'rld'r?

{3=3)

Tbus ’H and QB are a “wo-dimensioral Fourier trensforo pair.

Substituting (34} ince (3-8), we find
© o M z{
v[_m J_ a(8) 3_ [ T B - nb) 8(1, - KA)
n=-M k=M

o uenfT. e;’th(f + erz ey dr,

8.(£,0,t,8)

M M
o ey ' b . -J2nfT .
= {8} 2 Z T | {’a(,'r:L nh e 1 dml
0= =)

8(t, - BA}GJZr(f + Q)7

=0

2 dra

M ¥

() Y T gy wEmr gemals +0)
=M k=~
M
<

M
= 129A( e
}‘ " o~ o2nA(n k)P eazmﬁ

§.(2,8,8) = o8] ) (3-9)

n=-M k=-M
Note that @H can be consider~d a two-~-dimensionsl Fourier series in £
end Q.
In conneciion with the measu-zment of the frequency correlation functions
1% 1s of intercst to compute anotizr statistical quantiiy. To understend the
neced for this quantity, let us cousider the erxperimental methad which would

be vred 10 ¢etrrmine the freaquency correletior function for a channel. Tae

method is stown in Figure 2.




BanJ Pose ; - Low-Pass
_Filter J Filter
cos(w+) - —' cos(wt) A
Channe! S( )Jtl iy
Band-Ftass _ Low- Pass
1 Filter Filter
cos(wyt)
Figure =

In this experimental system, two sinusoidal signels are transmitted through
the channel and the responses to these excitations are seyrarated at *the
channel output. The amrlitudes of the two channel responses are then crose-
¢ related to preoduce an estimate of t12 chennel's frequercy correlation

f ction for fregquency ueyaretion @, ~ . To perform this experiment with
& ow-zass equivalani chennel model, t1e excitation functions must be

¢ 1% and o2, he response 4o such an excitation will be (see Eq. (1-5)).

S \Jwi{t = %}

=] e e a
=03
Jor,t . ® 10,7
- J Ble.t ¢ * @&x
.}
o 'jwit N
= Qikﬁ,, e (3‘]-0«'
W 're
. = -Jﬂ)“,'t J: "
Ai(t) = j alt,%, e = atv = F "i/2n,t) (3-11°
==

Jo, t
i: the amplitude of the channel's resjonse Lo the excitation e > . The

gi ve experiment e detemine the fraouvency correlation function of the




channel will yield the quantity E[Re{Al(t)} Re{Az(t)}]. For the tapped

5 (
éelay line system, E{ Re{Al(t)}Eei‘Az(t)}] can be computed as follows. We
note that

Re{Ai(t)} = Re{ a('r t)e iy d'r}
Re{ J ef‘t,t) + 3 B(‘t,t)_‘ r<:os o, % - J sin o ‘t]d't}

viere ;l{*r,t) - Re{a(r,'h)} end g(m‘,t) = Im{B(r,t)}

Re{Ai( tj’}

Re { [ B(7,t) cos W T + 5(1‘,“&) sin w, 7 + JB("‘ t) cos w7

-JE(-r,t) sin wi'r]d'r}

» @ L] o
| [3(1,1;) coe @, T + B(17,t) sin @ 'tJu'r (3-12)

- -

e note that or the tapped delay line system

M
(t t) = E bni"_'t‘} (1 - nA)
D=-M
Chus
B(1,t) =) b (t) 5(7 - nh) (313
o=-M
B(r,8) = Y % (%} 8t - na) (3-13b)
n=«M
. - dl : _ /
where b (t) = Re{bn(t)} end Bn(t» = Im{bn%t)}

de now nave

~ o M
ae{Ai(,t)} = j,w E_ z ) (t) 8(% - nA} cos w7 + Zb (t)3(t - nt)sin o :\d'r
n'r.-M N=-M




M .

L ; Y
= [nn(t) cos n.winA) + bn(t) sin (minAﬂ
n=-M

Thus

M
E[Re{Ali\t)} Re{nz( t)}] = E{.( }:

. a oo
‘: 5 ':'bk( %) cos(mzkA) + bk( t)ain(mzkA)])]

=M

Now the tapped delay line syetem is constructed such that

x

bt} bit)] = Hb (6} n(t)] - 2% all n,k
E[;nf_,t) Ek(t)] e E[;n(t} ;k(t)] =0 all n,k

Thus

M M
EiEe{Al('h}} Re{Aait}}] = E Z (Eub () bk(t)] cos(mlnA)

n=-M k=-H

cos{axakl“} + Er‘;n(t) ;k(t)] sin{mlnA)sin-ia%kA) + 0+ O)

M M
r
= E -Tt:—k Ecos((culr + uxzk‘ L)+ cos(\m n - cnzk)A ]
n:=-N k=M
+ rnk r (,, . 7 k)A)]
-~ jcos(layn - wk)d) cos{(ayn + ay

M KX
ErRe{A (t)lRe <A (t)](] = 1/2 '2 5 T coss_:(a.\ln - a;ak)A}
p=-M k=M

[3-14)

(3-15)




In Section V, Eqs. (3-9) and (3-15) are eveluated for a specific time-
varisnt chennel, and Eq. (3-15) i compared with experimental results from

a tapped de’ay line model.




4-1

IV. Distortion Parameters in Time-Variant Channels
3

The work of Sunde™ has shown the importance of the instantaneous
values of the linear delay distortion and linear amplitude distortion in
t.ne-variant channels. It appears that thece types of distortion may be
the most important effects which such channels impose on ~cammunication
signals. Lineer delay distortion a4 linear amplitvde distortion can be
defined in terms of H(f£,t), the time-variant transfer function of a chsunel.
H(£,t) can be written in polar form as follows

H(E,t) = H(S,t) + JH(E,t) = R(g,t)eH (Fst)
vhere  H(f,t) = Re [H(f,t)]

H(£,t) = Im [H(£,t)}

pY
R(£,t) = THE(2,t) + Ho(r,t)12

(4-1)
§(£,t) = tan™ T re(e,t)/r(e,t)]
Tte linear amplitude distortion, ¢, assnciatzd witk H(£,t) at frequency £,

1z defined to be the first f-derivative of R(f,t) evaluated at faf _, 1.2

o = -_ R(f, v) (h-a)
f=f
o
Tre linear deley éistortion, d, ausociated with H(f,t) is defined as th:
negative of the first f-derivative of the group or envelope delay function

assoclated with '(f,t} at fo, i.e.

a =2 v(f,t) (4-3)

sz

The results of Riceu end extensions of than3 provide first-order
statistics of the linear delay anc amplitude distortion parameters if (as
hes beer assumed in this work) the channel transfer function is assume? %o
be a complex grussian process. We sssume that the correlation function of
the time-variant tranafer function is given by




b-2

Ry0,8) = B(£,t) B¥(f +q, t +8) = w(n)q(3)
and also

RB(nu:b) = 8() r(r) a{3)
where r(t) 18 given by (see 3. (1-15))

r(r) = ]'Q vin) e q

-
It is also assvmed that r(t) is an even function of 7.
It known that under the above conditions o, the linear amplitude distor-
tion of the ckennel, is a normal random variable with density function

b 2
-5 (of,)
: | 2 (o4
p(a) =m_—c; e . (‘0-’4)
. =
where Oy = [-E' (ba-bifbo)]z (b=-"a)
and where
@
b = r r(‘t) Tndt n= 0,1,2,00'.- (h-hb)
n '

Furthermore, tl=2 distribution function associated with the linear delay

distorticn, 3, can be expressed a: follows

ol > kb /o =1 2Ke . dx
h!‘”?- 2/’ * 231 4 g(x)] alx)

@ -1
2 ta

where g(x) = (bo bh/b“z', -1+4 xz) (1+ xz)

We will now derive tke equations necessary to compute the linear
erplicude and delay distortions aisociated with a tapped delay line system.
We first consider linear amplitude distortion. Prom Eqs. (3-1) and (4-2)

we hsve




=2 R(£,t) = Hz(l,t) + &f:b)]z
- -} [ﬁz(f,t) + ﬁz(f,t)]-i E’.ﬁ (f,t)(sa-f ﬁ(r,t))

+ 2H(2,t) (—;—’-f i(r,t))]

_(e,8) (a H(E,t)) + a(f,t)( : H(z,t))
(f’t) + (f:t)]

{4-6)

Similarly, using Eqs. (4-1) and (4-3) we have for the linear delay distortiocn

32 32 S A
G = §(£,t) = —- tan [B(f,t)/ﬂ(f,t)]
3 3£°

5 1 (j S n(f,t)-) (e,t) - (Sa_f_ ﬁ(f,t));;(f,t)
at rL+ Ez(f,t)/nz(f,t)‘] ?(f,tf ‘

a ( §(f.t)) B(f,) - \M, ﬁ(f,t)) B2, t)
| :?(f,t) + ?(f,t)

n,i

r

-[{(Z5 emfcess + (.a,_f':;(f,t)\@? i) - (25 g(f,mz(f,t)

a

€3 €29 € ri(f,t))}ri?(f,t\ + B (£,1)] - {ZH(f,t)(a-t-ﬂgt,.,) )

+ zigf,t)(g_rx(f,t))}-{\—a; n(r,t)_;n(f,t) - (a"’f a(f,t))n(r,t)}]

3 [22(e,8) + B (£,4)]°
Finally, ve bavs
- . 32 = - Are e g
a [{( B(f,t) Ja(e,t) - (;—;2- 1(e,6) B0 1 (2,8) + B (2,0)]

= {ZH(f:t)(S-f H(f,t)) + 2§(f,t)(§-? ﬁ(f,t))}
(2 e 0)ECee) - (& REEEED}] £ TR0 + B(60° (4-7a)
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d= [{(a x(‘,t))n(r,t) - (—— n(r,t))i(f,t)}[?(f,t) + ?(r,t)]

- (2 8(e,0) (% n(r,t)) [n (£,¢) - K (£,¢)]

+ H(2,t) H(Z,t) [(% H(f,t))z- (—:—f R(t,t))z]}] i [E“’(r,t) + Ha(r,t)]z
(4-70)

It is now unecessary to determine the quantities a(f,t) 5 i(f,t),
aii H(f,t), etc. in terms of the values of the tap gain functions b (t).

Recall that for the tapped delay line

M
B(r,8) =) b, (t) 8z - m)
n=-M

and that H(f,t) is given by

-J2ufy

H(f,t) = I'a B(t,t) e dr

Thus, for the tapped line

o B
Het) =[ ) b (t) 3(x - m) e
- n=-M

-Jenfr v

M
=$ b (t) [ 8(r - m) e J2nLT gy
n=-M -

H(g,6) =) b (t) &I2 (4-8)
n=-M




Now recall thet we have written bn(t) as

where

b () = b () + 3o, (¢)

;n(t) = Be {bn(t)} and gn(t) - qbn(t)}

80 ve can rewrite (4-8) as

anc

M
H{f,t) ai [;n(t) + j;n(t)] [coa (2nfrA) - J ain (211‘!1&)]
n=-M

M
=Z [;n(t) cor (2«fmA) + bn(t) sin (foM):!

n=-M

+ {;n(t) cos (2vfm) - ;D(t) sin (zmm)]

M
B(£,6) =) [b,(6) cos (2afm) + 5, (8) sin (2afm)]  (4-90)

n=-M

M
i(f,t) =z [gn(t) coe (2xfmp) - ;n(t) gin (Zx.fm)] (4-9b)

n=-M

From these we obtain

M

aﬁf B(g,%) = zu\_? u[- b (t) sin (2nfms) + b_(t) cos (wam)]
n=-M

_ v ) (4-10z)

Sa'f H(f,t) = - 21“2‘;-14 n'ben(t) sin (2xfra) + b_(t) cos (fom)]

(4--10t)
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N
2 . . -
i-z- H(f,t) = - (2%)22 nTbn(t) cos (2xfma) + bn(t) sin (thm)]
na-M
M (ll-lla)
2 - - .
;a? H(E,t) = - (2%)2? ) nTbn(t) cos (2nfma) - b (t) sin (21ﬁt)]
n=-
(4-11b)

Substitution of Eqs. (4-9) through (4-11) into Eqs. (4-6) and
(4-7) yields the values of linear amplitude and delay distortion at any
frequency f in terms of the values of the tap delay line gain functiona
at time t. Considerable simplification occurs if these distortion factors

are evaluated for £ = 0. In this case we find

M
H(z2,8) =)  b,(t)
n=-M
() H‘ a
H(f.t) =) by (t) (4-128)
n=-M
~ M ~
H(f?t) 'E bn(t) (‘..12b)~,‘.4.
n=-M
c M —~
'31; q(£,t) = 2167_: nb (t) (4-13a)
n=-M
-~ M .
SEHEY =-20) b, (0) (4-13b)

n=-M

{
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M
25 A(£,t) = - (@a)?) oy (&) (4-2ka)
1,2 n=-M
M
H(f,t) = - (zm)ay nb o (t) (4-1kp)
af?‘ R

In Section V, the resulis of an experiment are presented where Eqs.
(4-12) through (4-14%) were used with Eq. (4-7) to compute the linear delay
distortion associated with a randomly time-variant channel similated with a
digital computer. The distribution function for this quantity is then

compared with a plot of the theoretical distribution function for o

as given in equation (4-5).
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V. Application to Simmlation of a Tropospheric Scatter Commmunication
Channel

In this section, a theoretical model. for a tropospheric scatter
communication channel is used together with the theory presented in
Section II to construct an experimental troposcatter channel simmlation
for the digital computer. Some 2oxperimental results obtained from this
similator are also presented.

S\mde3 has derived an idealized model for a tropospheric scatter
channel for which he has deduced that the regponse to a transmitted
sinusoid iz a Gaussian random process.. For this model, the correlation
function Rﬂ(o »0) can be shown to be

sir 2n QT

R00) = 2R T (— sy mx) (5-1)

Thus, we £ind from equations (1-15) and (2-8)

p(2,0) = x(x) = | R.(,0)e732% 0%
-0
@ gin 2« QT -J2n Q)
gj- 2R T aax J Tnax
Ve O Max 2w QT
Ro, I‘ <1< T
x(t) = O, ﬂlseuhere (5-2)

Experimentel evidence has alsc baen found3 indicating that

2.2
a(s) = ¢ 7 8/2 (5-3)
Thus for this channel, we heve
el fn,
e /“ Thax < < Tnex
plr,8) = {0 elsewh#re (>-4)
and
R B(u)e o’s/2 <T<CT
RB(T’“’G) = 10° elle'.mere, m nax (5-5)
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Therefore, ir the tapped delay line model for this channel; we find

® gin x B(% - u) 8in n B(-g-- u)

- (u) a
w T re T e
Tnex sin « B(% - u) sin « B(-% - u)
= R -r — dn
°hp . B-wE-w
nax (m - x) (n - x)
in « - x) 8l -
e s e e B
mazc

Note that for given m and n, Y is a function only of the "time-
bandwidth" product BT, x except for the unimportent multiplicative
congtant.

In this section, results are reported concerning tapped delay
line simulation of a tropospheric scatter channel pcssessing the
correlation function of Eq. (5~%). From eguations (5-5) and (5-6)
it can be seen that four parameters are required to specify the tapped
‘delay line mcdel. These axre B, o, Tma:
In the system to be descrited, B was choser to be .50 Hertz. Thus,

and R
¢ o’

the spacing between taps on the deley line was 2 sec. o Wa3 chosgm o
that the time correiation function width (distance between et points’
would be at least 10 time samples {20 seconds). Therefore, o #&8 ohcien
to be .25 gec. . R, was choser to be 2 in order to make the constant
mltiplier ir (5-6) equal to unity. The value of Thax W8 chosen in
order to insure that the absolute value of the linear delay distortion
perameter assoclated with the ctannel would exceed 6/x secz/rad. 4o%,

of the time. The relationship tetween 'I; and the probability




-3

aistribution function of the linear delay distortion parameter, d, is
2ound in equation (4-5). However, equation (4-5) is given in terms of
'he moments b, and ':;2 which must be ielated to 'xm

Figure 7 of Reference 3 contain: a graph of equetion (4-5) which
ndicates that |d| exceeds the quantity kirg/bo 40% of the time 1if k
s approximately equal to 2. “hua, to have |d| exceed 6/x secz/rad.

0% of the time, we must have

Al

LS

Fow b, and b are defined in equation (4~4b) while r(t) is given

2
by equation (5-2). Combining these equations we find that
b = Zme

3
mex

o’
W._!JN

2

‘ms,

o
o

L o TBX
b, 3

herefore, from (5-7) we must heve

2 .8

3max =%

szax'%az'eés

Thax = 1.692 sec.

The first step ir specifying the form of the tapped delay line is
he computing of the tap gain function correlations, the r nn" of
ge (5-6). For this system Eq. (5-6) was evaluated using mmerical
ntegration techniquesz on a digital computer. Because of the discrete
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nature of digital computations, the desired value of Tmax was rounded
off to 1.70 sece Thus, the parameter BTmax was 0.85. Equation (5-6)
was evaluated for values of m and n varying from -8 to +3 (i.e., the
matrix R 18 a 17 x 17 matrix). Appendix A gives the results of this
~omputation.

The next step required for setting up the tapped delay line systen

was to determine the weighting ccefficients, the ¢ by solution of

138
Equation (2-16€) for the matrix C. As discussed in Section II, this
requires the determination cf A; a diagona_l matrix of eigenvelues of

E, and 0, the matrix of eigenvectors of R. For the system to be
discussed, it was felt that a delay line of 11 taps would be sufficient
eince the entries in R become quite small at a distance of five

elements from the center of the matrix. Thus, the O and A metrices

were computed for the center 11 x 11 section of the original 17 x 17 R
matrix. Appendi- ‘3 lists the eigenvalues, the O matrix, and the resuifing
C matrix corresponding to the center 11 x 11 section of the R matrix o?
Appendix A.

In order to complete the derign of the tgpped delay line simulation
system, a linear filter must be found which will impart the proper
autocorrelaticn function to ecach of the indepercdent random process
to be passed through the weighting coefficiente. Thig filter is need<i
since the digital corputer produces uncorrelated randcm numbers for
sarples of random processes. These uncorrelated samples must be passed
thiough a linear filtering operation to produce sequences with the

proper sample-to-sample correlation. In the present case, we desire




5

to hiave the following autoccrrelation function
2.2
q(a) - e" od / 2
or equivalently, we seck the following spectral density

sw) = e o2’

How it is known that a linear filter which will produce a random
process with spectral density S(n) at its output when white noise is
applied to its irput possesses a transfer function H{nw) vhich satisfies

|B@)|* = 8w)
Thus we car use a linear filter having tranafer fmction

Teking the inverse Fourier transform of H(v), we find that the required
irpulse response is

h(t) =8¢
e

(\1
N

In the exarple under discussion, o has een chosen to be .25 sec'l

h(t) becomes

» 80

.2 2 2
- o205 - L0625t7 .5 -.0625% - 0625t
k(%) k‘ e iife ¢ = J42e

With the C matrix and h(t) specified, it is possible to generste
“he 11 required tap gain functioas from 11 independent white gaussian
random processes. Figure 3 1s a block diagram which indicates the

method for doling this. The block diagrar of Figure 3 was used as the

’
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tesis of a digital corputer program to gererate swuples of the tap

gain functions for a delay-line simumleticn of the tropcepheric scatter

channel.
White Process Linear
Generators Filters
1 .§ - .
‘n-‘--'“% T Ak ey -
h(t) ; b, (t)
;‘g
, ] Weighting &

Surming Filter

[
-
-
-

F
h(t) === —  h__(t

l "-ll:z: e

Figure 3

It should be noted that the R matrix compused Srom Equation (5-6)
allows the expression for QH(f,n,O) and I Fe{ .fgl(t}]Re{A,‘z('f;)}] given in
equations (3-9) and (3-15) to be evalvatad. ‘his evaluation hag been
equations (3-9) and (3-15) to be evaluated. 7This Lns been done for both
equations with the help of & digital computer. The values for the 11 x 11
center section of the R matrix given in Apperiix /i were substituted into
equations (3-9) and (3-15) for these evalustions. Plots of the resulte

are shown in Figures 4 through 6.




In Figure 4, the frequency correlation function for the mathematical
channel model is plotted together with Qa(f, 0, 0) (Eovation (3-9)) for
£ =0, 0.05, and 0.10 Hertz. These curves show the effect of approxi-
mating the physical bandlimi*ed channel with a delesy line containing only
a finite number of taps. The mathematical model wes specified to have a
frequency correlation function RH{f, 0, 0) which is independent of the
frequency of evaluation, f, end dependent only on the fraquency separation
Q. For the tapped delay line, however, we i‘ind thet for £ = 0.5 and 0.10
Hertz, the frequency correlation function shifis ard loses the sin x/x
shape. Thus, for center frequencies not clcse to zero, the ll-tap delay
line does not exhibit & frequency correlaticn function whiczh 1s close to
thet of the mathematical model. Figures 5 and 6 show the icsired theoreti-
cal frequency correlation function {sin x/x form} “ogether with the theoreti-
cal prediction of a physical measurement of this Tuncticn, B\'Re{Al(t)}
Re{Azgt}}], obtained from equation (3-15). In Figure 5 the center frequency,
say w., is zero, while in Figure 6, ®, = 0.10 Hertz. 3oth figures are

i S

ploited as a function of 0 = (ml - w,}/2n, the frequency separation.

2
In Figure 5, the theoretical plot of Eft {a {t)} R [A,(t)}] is identizal

to the plot of §H(O) for £ = C in Figure 4. Thus we 3ee that for m =0,

the measured correlatior function is a gocl approximation to the desired

sin x/x curve. In Figure 6, the theoretical plot has seversl intevesting

aspects. First, for values of 0, greater tharn +.12 Hertz, the theoretical

curve is markedly different from the desired correlation function. However,

for negative valucs of (O, the thecreticel curve 1s seen to bz a good approxi-

mation to the desired function. The resson for this behavior is that a messure-

nent taken for ) = .1 and {1 near to .15 Hertz implies that one of the sinusoids

being passed through the charnel has a frequercy nsar .25 Hertz, which is the
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Fig.re 4 - Frequency corrclation function Ry() = H{¥, TV (F5M1,%)
X ~-desired sin(x)/x function,e--tapped delay line freguency
correlation function for center frequencies of 0,0.05 and

00,10 Hertz 95Lg. 3=9).
AE[Re{i1(t)}Re {A2(t)}]

O P st e = =

- & \ .
Q!tl;_ﬁ_ - \ RS s e __: o
2 \ :
.0 :
T R ~
'\__
: ’ : i ; \
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Figure 5 - E[Re{A1(t)} Re{.{z(t);’:‘ as a funetion of N L2 for weo
X --desired sin(x)/x function. s theoretical function for
tapped dulay line (Eq. 3=15).A- expevimential results from
tapped delay line sinulitor.
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on fcr linear delay distortion

paraneter of tropospheric scatter channelj x - theoretical
distributivn functicn,~ = experimental distribution
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VI. Conclusions

It is concluded that the melhods presensed in this report can be
used for designing acceptatle tapped deley l:in: pod2ls of randomly
tim-variant channels. Further it has been sihcun that digital. computer
simulation of the tapped delay line mod2l is practical. ir this report
an exsmple is presented for which several experimertally weasured
quantities associated with the system gave good agreemert: with those
of the desired mathematical model. It is also seer thst the tapped
delay line similetor can give pocr results if signmsls with frequencies
very close to the theoretical limits of the sirulator ere used. It
appears that a digital line-varisnt chaznel siradator ci vhe type de-
soribed in this memorandum can be useful for testing of modulation and

éemodulation schemes for use with time- raxliait chavaele.
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Appendix A

The following are the entries for the R matrix computed from

squation (5~6) for BT, . = .85 and BRj = 1le

Ca2lumn Number

-8 <7
-8 0.00.569 =0.0C17$7
> «0,00.797 0,002058
=6 0.002.103 -0.0024(8
-3 -0,002535 0.0029(3
iy 0.023194 «0.0036%9
-3 -0.004330 0.0C49¢€3
-2 0.006811 =0.007813
-1 -0.03.9131 €.022020
0 -0.001556 0.002035
1 0.017646 =0.020076
2 ~C.006576 0.037507
3 0.004232 0004835
/A =0.0032.39 0.,003528
5 0.002500 -Q.072858
6 -0.002079 0.052377
’t 0.001780 ~0.0C2035
& -0.001556 0,0C1780

-6
0.002103
-0,002408
0.002818
-0,003398
0.004285
~0,005815
0.009165
=0,025942
=0.,002776
0.023288
=0,008746
0.005639
-0,004188
0.003337
-0.002775
0.002377
~-0,002079

-5
~C,002535
0.002903
-0.003398
0.004099
=0,005171
0.007023
=0,011087
0.031578
0.004011
-0,027736
0.010481
~-0,006769
0.,005031
~-0,004011
0.003337
-0,002858
0.002500

~
0.0)3194
-0.013659
0,0)4285
=0,235171
0.026527
~-0.0)8875
0,0L4045
=0,0,0380
-0,016306
0.034318
=0,02.3089
0.008475
-0,006306
0,075031
=0,004188
0,073588
-0,093139




ber

Row

- Al

-3
=0,004330
0.CUL963
-0.005815
0.007023
~0.008875
0.01.2092
~0.019214
0.056133
0,011366
~0,045116
0.017482
~0,011366
0.008475
~0,006769
0.005639
-0,0C4835
0.004232

Column Nunber

-2
0,006811
~0,007813
0.009155
-0,211087
0.014045
=-0,019214
0.030793
=0.093051
=0,026657
0.066559
~-0,026657
0,0174862
=0,013089
0.010481
~0,008746
C.007507
=0,006576

~1
=0,01913%
0,022020
=0,025¢42
0.03157¢8
=0.0403E0
0.05613%
=0.093051
0.328203
0.146364
<0,146346
0.,065559
=0,045116
0.0343%8
-0,027736
0.023288
=0.020076
0,01756,6

¢
=-0¢C'01556

0.002035
~0.002776
0.004011
-0.006306
0.011366
+0.,026657
O.1:6364

0.900085 .

C.146364
=C 026657
0.011366
«0,006306
0.004011
=-0,002776
0.002035
-0.001556

A-2

1
0.017646

-0.220076
0.)23288
-0.227736
0.234318
-0,91,5116
0.066559
-0, 146364
0.:1L5364
0,124303
-0.09%3051
0.055133
=0.,04)380
€.03.578
-0.025942
0.022020

-0 (19131



ber

How

N = O

® ~N oo W\ = W

=0.006576
0,007507
«0,008746
0.,010481
=0,013089
0.017482
-0.02665%
0.066559
=0.025657
-0.093051
0.030793
-0,019214
0.014045
=0,011087
0.009165
~0,007€813
0.006811

Column Numbe:*

R )

C.004232
~0,004834
0,005636
-0.026769
0.,008475
~0,011366
C.017482
~C. 045116
C.011366
C¢.C56133
=0.019214
€.012092
~0,008875
0.007023
-0,005815
0.004963

-0.004330

b

~0.00313¢
C.003588
«,V0L13E
0.004031
«0,00E306
0.0084%5
-0.013¢19
0.,0343.:8
=0,005376
=0,0403% 30
0,01 ,045
-0,008875
0.006527
=-0,005171
Q.004235
~0,0036:9
0.0G3194

v

0.002500
-0,002858
€.003337
~0,004011
0.005031
«0,006749
0.02.0481
=0,927735
0.004011
0.031578
~0,011087
0.007023
-0,005171
0.004099
-0,003398
0.002903

=0,002535

"
A="
-

<0, 02079
0,102377
=0, (2776
0.{03337
-0.7(4138
0.1C5639
-0.003746
0.023288
-0.C02776
-0.025942
0.C09165
~-0.005825
0.004L2385
=0,C0%398
0.¢023.8
-0.032408

0.092103




soer

Row N

==

Swmm=— o=

(VS I Y

ro

1y
v

0,C0178C
=0.0020%5
C.002377
-0,0028%58
0.,003588
«0,00483;
9,00750%
~0,020076

0.002035
0,02202¢
-Q,007813

0,00496%
=0.003659%
0.002903
=0,002408
0.00205¢8
=0,001797

Sodumn Numhe -

39

<0.001546
0.GI1780
«0.,002079
0.022500
~0.,003139
0.004232
-J.,006576
2.0176L6
-2,001556

=J.004330
0.C0319%4
«0,002535
0.002203
-0,001797
0,001569




In this appendix, the eigenvelues anc tie matrix of elgsanva:
ar: zgiven for the center 11 x 1l section ¢ “h: I matrix given ..t
Aprendix A, The C matrix which cstisfies rquat.on (2-16) is als:
giren, The relationship between the eigenralur3, matrix of eigen-

ve:tors and C is piver by egquation (2-18).

The eigenvalues ¢f R arna:

s

95794 ¢
570240
.12900%
617526 » 1072
.24515% x 103
.23850L x 10=5
434760 x 10=7
.122817 x 10-7
.126857 x 10-8

~.992990 x 10-8

«,101912 x 10-7

Siicoe the R matrix is a covariance matrix. it & ponsitive definic..

Thirefore it s'iould not po3lsees negative sigzenralues. It appears

thit the two negative eigenvalues shown z2becve are dus to round-of -

er ors in the digitel computaticn,
The matrix of eigenvectors of R, the C matrix,ic given on paze:
Bo! end B-3, Tha C mateix corresfoxiing to the center I1 xx 11 section of the

of the K mairix giver in Appendix A is shown on pages B4 and B-5,
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Jrter

Row

4

3]

.032117
-, 183278
-0 964451
. 183277

-032118
-,013641

007558
~ , 004804

=.219490
-139391
- 102872
-0B169¢

~,012412
009633
LO35865
087593

-,675052

.087598
~.035865
~~019633
112412

T

L5KTOS
260562
SANTUU
- 20054,
--454L805
-325809
-.249268
-201.108

-101332
= 157992
Sl

rd -~
- ,UlBLJ

- 103386
< LT

- +03380

~,613131
-279403
--157996
-101335

~.3158L8
0328488
203429
= LELDT
- 01899

» LO00

- 243873
-5 329051
-315496
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