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INTRODUCTION

The existence and stability of equilibrium orienta-
~tions of an aspherical body in a nonuniform gravitational field
is a classical problem% Various generalizations of it also
have direct applications to modern astronautical problems. This
paper considers one of these; the problem of a single rigid
body containing a symmetric, constant speed, fixed axis rotor ~--
i.e. a gyrostat. We consider the existence and determination of
gravitational equilibria for three basic cases for gyrostats on
circular orbits in an inverse square field. Space does not per-
mit discussion of stability problems or of computational algo-
Both

rithms for the numerical solution of the most general case,

of these questions will be elaborated elsewhere.
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DYNAMICAL BASIS and EQUILIBRIUM CONDITIONS

Let5 I = [Iup ] be the inertia matrix of the whole body,
including rotors, w = [w*] be the 3x1 matrix of body components
.Of inertial angular velocity, 5 = [eo(kp W ] ( 60((“) the
"Epsilon symbols" of tensor analysis), h = [h, ] be the 3x1 matrix
of body components of internal angular momentum from the rotors,
be the (circular) orbital angular velocity of the gyrostat.

The orthonormal body frame is {?—(o(} , and {?_x’f is a
second orthonormal frame such that _§_3 is the geocentric vertical,
3_2_ is normal to the orbit plane, 3_. is "forward". These are

related by the direction cosine matrix @ = [®°<(3] as

X, = @“P ?_(3 (1)

A

Introduce 3x1 matrices 3) :.(E&g:] , matrices of components of

~vs
g)\ resclved in body axes. Define SA = [5(,()/€> @n] .

As a starting point we use the Euler rotational equations

in matrix form (see methodology of [2] or [3]):
IO + o (Tw +h) = 302 $1E, | (2)

With the rationale of [1], we argue that a necessary and sufficient
condition for equilibrium is that a):cooﬁz_ (constant), i.e. that

22) 33 satisfy

e %4

(T2, + h/w.) = 38,18, 3)

Greek subscripts have range 1,2,3 and the summation convention
is used.



As in [1], note that the EA form a basis for our (physical)

vector space, so every 3xl matrix representing a vector in it 1is

a linear combination of the 23 .

Put

T, = A%, + £ o+ “3§3 (4a)
IS, = b& « M 8. + bgd, (4b)
T8, = o8 + &% » 23 (e
b/, = J; 84 (44)

Note that h wusually is the known quantity in Eq.ld, the J, being
unknown except as determined along with §d « It is helpful to
approach the problem by thinking of them as known, however. Equa-
tions 4 in 3 imply c1=0, bj=-J), b3=-J3-3cp. Next, $x18,= g‘(; L.
imply aé:bl, az= Cjps b3=02. This leaves

(I-2E) 9, + g4,

]|

O

(5a)

J &+ (T-xB)E, 4 1J,%. =0
455+ (I-»E)%=0 O
' (5¢)

s where E is the 3x3 unit matrix, as the equilibrium conditions.

Note that Jo does not appear, as might be anticipated on physical

grounds.

Recognize that '; §d=| ( & not summed) and %T* gP:o (d*fa)

because of the orthonormality of Sg.k} . Then the following ‘

theorems are obvious, in view of the eigenvector character of a

principal axis as regards the inertia matrix:



TH. 1 The condition that % coincide with a
principal axis of inertia implies and is implied

by Jl: 0.

TH. 2 The condition that 2, coincide with a
principal axis of inertia implies and is implied
by J3= 0.
TH. 3 The condition that 22 be a principal axis

—

implies and is implied by J;= J3= 0.

~BASIC CASES

The case Jj= Jpo= J3= O is the classical libration prob-
lem, which we do not consider further. The case Jl= J3= 0, J2=0
is well defined by TH. 3 and Egs.5: all principal axes coincide
with ?_7\
ing the internal angular momentum necessarily coincident with )

as in the classical problem, the principal axis carry-

the normal to the orbit plane. It can be shown by listing ex-
clusive and exhaustive physical situations that the only other

cases that need be considered are Jj= 0, J3% 03 J)*0, J3= Oj

J1J3 + O, Even though the J, are not "known" parameters, no

other physical equilibrium possibilities exist.

THE CASE J3= 0, J; % O

The case with J}=0, J3%0 can be argued by analogy. By

TH.2, §,

component. For definiteness, call it axis 53. In this case

is aligned with a principal axis along which h has no



Yy = I in Eq.5c, and Eqs.52;b take the scalar form

3
(Io\")‘)%\og + Jliao( =0 (6a)
J, %\OK + (IOL"/“)%M = 0 (6b)
(not summed on &« ). Eliminating §2q necessary and sufficient

equilibrium conditions are ‘
— 2 —
ULOURB(TOC/Q ~J%18. =0 (7)

(not summed). Now ‘%w =0 because 233=l, and neither &

nor gm‘ are zero, for otherwise g, is a principal axis contrary
to TH.2. Thus for & =1,2 the bracketed quantity in Eq.7 must

vanish,.

Suppose D = I;~ Io% O. Then

A= 5 (Li+ 1 £V D - 49,2 ) (82)

A= b @ s D - 40,7) (8b)
Evidently6:
TH. 4 If 1L-T,1< 213 , no real equilibrium

exists for which h is in the plane of the local
horizontal (i.e. the % €, ©plane). Here Iy, I
are principal moments in the principal plane contain-

ing h.

. This has an immediate analogue for the case where J;=0, J3#O,
again calling X3 the axis with no h-component:

TH.5 If \I,-L,\<2135% A4l , no real equilibrium
exists for which h is in the plane normal to the
orbit (i.e. the §,%, plane).



Refer to Fig. 1 for the definition of angles 6,(,0

and put H=lhl/w, = Y Judy « The angle ¢ and magnitude H
are considered known, and J, , © are to be determined from Eqs.kd,
6a (with « =1, say): i.e. from Jj= H cos(6+¥) and

%_[:D ';\lm]cose + J, sin 6=o0. Define W =0 -~ w/2
and

w =-D/2H = (I,-I)) /2H '69)

By labeling axes so I2 71, we also can assure K >O . Then it is
straightforward to show that ¢ (hence 8 ) is to be determined

from _ )

sin (qu(p) = K sin 2y (10)
This establishes the qualitative relationship between Soa.nd \P shown
in Fig., 2. If O=Kk<y (0<I,-I, <H) there is exactly
one equilibrium orientation for each (f -value. For 1/2 <k =
there are two equilibria for each (P in small ranges near ¢=0
and (= -W  (dark line segments in Fig.2.) An illustrative pair
of such equilibria is shown in Fig. 3. The case D = O is approached
uniformly as K approaches zero, and one finds that the correspond-

ing physical equilibrium is the one found previously with Jj=J; =0

THE GENERAL CASE
Assume J, %0, J3¥% O . The analogs of Egs.6 are
(L.-N) § 0+ J, %o - 0 (11a)

Iy G (L) Raw + 45 §op = 0 (11b)

(x not summed). Necessary and sufficient conditions for nontrivial
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ROTOR ANGULAR MOMENTUM IN THE PLANE OF THE
LOCAL HORIZONTAL

FIGURE 1



K=1/2

/2< K<

Ny

SOLUTION POSSIBILITIES FOR EQUATION 13
FIGURE 2



ILLUSTRATIVE EQUILIBRIA FOR k= 0.8, 132/B1 =25/16, ¢ = 10°

FIGURE 3



10.

solutions are the vanishing of the three determinants of coef-

ficients:
T A Jy 0
\.)' Io['"}" “‘iJB = 0O

It is convenient to suppose that bod& axes are labeled such that

I Ip> I3,

Define parameters
WK, = (1|"I\3)/'2'& 7 ’ 5\: Ji/H

K, = (L,- 15 )/2H . gs =y A4H (13)

and for brevity use x = ( A-13)/H, y = 91'13)/“ s 3= (»-T3)/H.

With some manipulation it can be shown that Egs. 12 for &« =1,2,3

can be written as

yoo= 2 (2Re-E) (2K %) /l3x) (14a)
331'-'- 5 (1K|”53 (;Ucl—é) /(7"5) : (14b)
y = (7% + 3373 (14c)

If the jl,j3 were given, these would determine the eigenvalue-
like quantities x,y,z, whence §1 could be determined from Egs.ll.
In fact the jjsj¢ are not known, so'a certain set of equations
must be solved simultaneously. Specifically, Eqs. lla and llc
imply

[N AVACSCLID RN PR PR TSN 5155 /% (150)

%3, = 833:.\ /(é—-.ﬂ“n\ ) %37_2 3'3?;;/(5-1&1) ; ‘?,33-.3'3?23 /é (15b)



11.

Using Eq.15b, for example, together with the conditions %&4?3d =),
%3«%2& =0 . ?,M%QOL: | » one gets three algebraic equations

linear in the ( éa*)g whose solutions are

(%a‘>z = (3w -%) (""K“é)/“ Ky (K= KQ) (16a)

(%.2)" = @ -¥)(3Ka=3) /4 (k1K) (16b)

(§23>1 = X3 /4% ! ‘ (16¢)
Finally, if 7 = h'/khdu is a known matrix of direction

cosines of h, Eqg.4d gives
70& = é\im +5*8"‘°‘ + "ré:s 23@ (17)

The fourteen equations Eqs. l4a, b, 15a,b, 16a,b,c, and
17 reléte the fourteen unknowns x, z, j& ’ ixp « They can, in
principal, be solved numerically for the equilibrium conditions
given only the three components 7x and the parameters w,, Ky .
A discussion of solution algorithms is impossible within the limita-
tions on this paper and will be given elsewhere. However, it is
possible to examine some of the qualitative solution possibilities
here.

First, note in Eqs.l% that the need for j,”and j2? to be
positive means that x and z-values must lie only in the regions

(m&<x<aw\)2K1<é<o ) and (0 <X <2aK, “aky<3z<dK; ).



Next, observe that Egs. lha, b can be written as a sixth order
algebraic equation P(z; iy, 1<, )3.,33) = 0 by eliminating x. If
this equation is solved simultaneously with aP/aéz o one finds
z-values which separate regions in the parameter space into regions
within which different numbers of real solutions exist. (The fact
that j 1is absent from aP/aé/ enables some of the results to be
gotten analytically.) Some additional parameter groupings are de-
fined, in terms of which convenient symmetfy properties exist:

i.es k = K, /lé.l ) E =(2K,1-K3t)/|}\| 5 é'a = (éu/}‘s)z

Leaving aside the details of this investigation, wiich utilizes
digital computer solutions, the results shown in Fig.lt are obtained.
Parameter regions are seen to exist within which exist 0, 2, L or 6
real pairs of eigenvalue-like quantities x,z. Further study of

these equilibria and their stability is planned.

CONCLUDING REMARKS

Two classes of problems fall within the scope of this
work. In "design problems" a desired orientation (i.e. the scalars
‘50(9 = @@o\ . ) and matrix I are specified. Then from Egs. 52, ¢
follow \- 8,18, , 7%= ?;I%s whence J, , J, are determined
from the same equations. Théreafter, Eq.4d determines h except as
regards component J, which is entirely arbitrary. In "analysis
problems™ one is given W ,K, and h, and must determine the equilib-
ria. This problem now has been solved completely for the case where
h is parallel or perpendicular to a principal axis. In other cases,

a set of simultaneous equations has been given from which

equilibrium orientations can be determined.
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