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Marly p rope l l an t  s to rage  and handling problems encountered by 
the  Saturn V/S-IVB, and o the r  f u t u r e  veh ic l e s  can be solved only 
by o r b i t i n g  experiments.  Because of the complexi t ies  and c o s t  
of such an ope ra t ion ,  i t  i s  necessary t o  des ign  the  experiments 
c a r e f u l l y .  This  p r o j e c t  was planned t o  c l a r i f y  c e r t a i n  a s p e c t s  of 
f l u i d  mechanics p e r t a i n i n g  t o  low-gravity condi t ions  and thus  sup- 
p o r t  t h e  experimental  design e f f o r t .  

The r e s u l t s  of an i n v e s t i g a t i o n  of l i q u i d  s e t t l i n g  and i n t e r -  
f a c e  dynamics, one of the  f o u r  a r e a s  of i n v e s t i g a t i o n  included i n  
the  o v e r a l l  program, a r e  presented  i n  t h i s  volume. The o t h e r  a reas  
of i n v e s t i g a t i o n ,  which a r e  r epor t ed  i n  Volume 11, were concerned 
wi th  nuc lea te  b o i l i n g ,  l i q u i d  vent ing ,  and the  genera l  behavior  
of bubbles under l o w  g r a v i t y ,  

Liquid S e t t l i n g  and I n t e r f a c e  Dynamics - The dynamic response 
of a l i q u i d  s u r f a c e  t o  sudden changes i n  a x i a l  o r  o f f a x i s  acce l -  
e r a t i o n  was inves t iga t ed  both  a n a l y t i c a l l y  and experimental ly .  
The a n a l y s i s  was based on p o t e n t i a l  flow equat ions ,  l i n e a r i z e d  
about a plane. A s o l u t i o n  was obtained i n  the  form of a Four ie r -  
Bessel s e r i e s ,  and was evaluated f o r  a number of  cases  of  acce le ra -  
t i o n  r eve r sa l .  Various combinations of h igh  and low i n i t i a l  and 
f i n a l  a c c e l e r a t i o n s  were p lo t t ed .  The experiments ,  performed i n  
a 75 - f t  drop tower, cons is ted  of a c c e l e r a t i n g  tes t  specimens down- 
ward, r e l a t i v e  t o  f r e e  f a l l ,  f o r  2 . 1  sec.  Experiments were per- 

formed a t  s e t t l i n g  Bond numbers (paR*/a) from 0 t o  1730, wi th  
nea r ly  f l a t  i n i t i a l  su r f aces  i n  every case ,  

Good q u a l i t a t i v e  agreement was obtained between the  r e s u l t s  
of  the  a n a l y t i c a l  and experimental  por t ions  of  t h e  program. The 
a n a l y s i s  of t h e  i n i t i a l  i n t e r f a c e  dynamics complements t he  ex- 
periments by providing an understanding of  t h e  reasons why t h e  
experimental ly  observed s e t t l i n g  flows develop a s  they do, and 
the  experiments i n  t u r n  complement the a n a l y s i s  by providing 
an  understanding o f  t he  d e t a i l e d  c h a r a c t e r i s t i c s  of  t h e  flow t h a t  
r e s u l t  from t h e  i n i t i a l  su r f ace  deformations.  

The experimental  r e s u l t s  provide a v a l i d  r ep resen ta t ion  of 
what would occur  i n  an a c t u a l  space veh ic l e  tank f o r  t h e  same 
i n i t i a l  condi t ions  and boundary condi t ions .  Both the  a n a l y s i s  
and t h e  experiments show thae  primary a spec t s  o f  the  s e t t l i n g  
flow are  sca led  by Bond number. The a n a l y s i s  f u r t h e r  shows t h a t  
t hese  same flow c h a r a c t e r i s t i c s  should be e s s e n t i a l l y  independent 
o f  con tac t  angle .  

ix 



Both the  a n a l y s i s  and the  experiments a l s o  showed t h a t  t h e  
axisymmetric case  i s  i n  some*ways s ingu la r .  Very s l i g h t l y  o f f -  
a x i s  a c c e l e r a t i o n s  can r e s u l t  i n  almost a l l  o f  t h e  l i qu id  moving 
up one s i d e  of t h e  conta iner ,  

Engineering ques t ions  r e l a t i n g  t o  flow v e l o c i t i e s  and the  t o t a l  
amount of time requi red  f o r  l i q u i d  t o  move from one end of  a tank 
to  the  o the r  and come t o  r e s t  aga in  s t i l l  cannot be answered. 
Drop-tower experiments hav not  been ab le  t o  adequately i n v e s t i -  
g a t e  these  long-durat ion e f f e c t s .  The ana lys i s  does not r e a l l y  
even cons ider  flow c h a r a c t e r i s t i c s ,  much l e s s  t h e  f l u i d  behavior 
once the  flow has reached the  end of  t he  tank, and a l s o  does not  
take  account of t h e  e f f e c t s  of v i s c o s i t y  and con tac t  angle  v a r i a -  
t i o n s ,  both of which a r e  important i n  cons ider ing  flow v e l o c i t i e s .  
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I. L I Q U I D  SETTLING AND INTERFACE DYNAMICS 

A. INTRODUCTION 

Space v e h i c l e s  t y p i c a l l y  perform missions t h a t  involve  a 
number of reversals i n  t h e  d i r e c t i o n  of t h e  v e h i c l e ' s  accelera- 
t i o n .  A t  i n j e c t i o n  i n t o  o r b i t ,  f o r  example, a h igh  a c c e l e r a t i o n  
i s  rep laced  by a small d e c e l e r a t i o n  (from t h e  th in  atmosphere 
t h a t  e x i s t s  even a t  o r b i t a l  a l t i t u d e s )  as t h e  main engines  s h u t  
o f f .  During o r b i t ,  small u l l a g i n g  motors might be f i r e d ,  rep lac-  
i n g  t h e  d e c e l e r a t i o n  wi th  a s m a l l  a c c e l e r a t i o n  t o  move l i q u i d  
p rope l l an t s  t o  the  rear po r t ions  of t h e i r  tanks before  ven t ing  
t h e  tanks o r  r e s t a r t i n g  the  main engine. 

If l i q u i d  i n  a veh ic l e  i s  a t  r e s t  before  one of t hese  changes 
i n  a c c e l e r a t i o n ,  i t s  f r e e  su r face  shape i s  determined by the  ac- 
c e l e r a t i o n  of the  veh ic l e ,  t he  tank dimensions,  su r f ace  tens ion ,  
and the d e n s i t i e s  of the l i q u i d  and gases .  Following a change i n  
veh ic l e  a c c e l e r a t i o n ,  t h i s  s u r f a c e  i s  no longer  i n  equi l ibr ium.  
It the re fo re  moves i n  response t o  the new a c c e l e r a t i o n ,  assuming 
a complex wave shape somewhat i n  the f a sh ion  of a membrane t h a t  
has been plucked. I f  a l l  the  waves a r e  s t a b l e ,  the l i q u i d  sur face  
o s c i l l a t e s  about a new equi l ibr ium p o s i t i o n .  I f  any wave i s  un- 
s t a b l e ,  however, flow resul ts  a s  the l i q u i d  and gas seek a new 
equi l ibr ium o r i e n t  a t  ion. 

An understanding of t h e  f l u i d  response t o  these  and other 
similar changes i n  a c c e l e r a t i o n  can perhaps b e s t  be approached 
by cons ider ing  t h e  t o t a l  problem as fou r  chronologica l  segments. 
The f i r s t  segment of the  problem concerns t h e  i n i t i a l  configura-  
t i o n  of t he  l i q u i d .  The second segment i s  t h e  dynamic behavior 
of t h e  1iquidJvapor  i n t e r f a c e  immediately fol lowing a p p l i c a t i o n  
of a new a c c e l e r a t i o n .  The t h i r d  segment i s  concerned wi th  the  
n a t u r e  of t h e  r e s u l t i n g  l i q u i d  flow from one end of t h e  tank  t o  
t h e  o ther .  The four th  segment, about which l i t t l e  can  be  s a i d  
a t  present ,  inc ludes  the  tu rbu len t  sp l a sh ing  of the  l i q u i d  once 
i t  reaches t h e  end of t h e  tank  and the  subsequent approach t o  
quiescence.  



Techniques necessary  f o r  desc r ib ing  the s u r f a c e  of a quiescent  
l i q u i d  are a v a i l a b l e .  The Young-Laplace equat ion:  

which relates t h e  p re s su re  d i f f e r e n c e  ac ross  a l i q u i d  f r e e  s u r -  
f ace ,  a t  any po in t ,  t o  t h e  s u r f a c e  tens ion ,  cr, and the  r a d i i  of 
c u r v a t u r e  a t  t h a t  po in t ,  R 

arguments by Young i n  1804 and der ived  mathematical ly  by Laplace 
s h o r t l y  t h e r e a f t e r .  
as func t ions  of p o s i t i o n ,  a non l inea r  p a r t i a l  d i f f e r e n t i a l  equa- 
t i o n  desc r ib ing  any s t a t i c  i n t e r f a c e  between two f l u i d s  under the  
j o i n t  i n f luence  of g r a v i t y  (or an  a c c e l e r a t i o n  f i e l d )  and s u r f a c e  
t e n s i o n  is  obtained.  

and R2, was deduced from phys ica l  1 

I f  t he  h y d r o s t a t i c  pressures  are expressed 

Although no gene ra l  s o l u t i o n  t o  t h e  r e s u l t i n g  equat ion  has  
ever been found, Adams developed a numerical method of s o l u t i o n  
f o r  the case of a x i a l  symmetry around 1855, and Bashforth app l i ed  
h i s  method t o  t h e  c a l c u l a t i o n  of s u r f a c e  shapes f o r  a l a r g e  num- 
b e r  of cases dur ing  the years 1855 through 1857 (Ref 1). Exten- 
s i o n s  of the  Bashforth and Adams work have been made by Fordham 
(Ref 2) ,  who i n t e r p o l a t e d  more d e t a i l  i n t o  t h e  t a b l e s ,  S ta icopolus  
(Ref 3) and S a t t e r l e e  and Chin (Ref 4 ) ,  who used d i g i t a l  computers 
t o  s o l v e  the  axisymmetric equat ion,  and Jurney  (Ref 5 ) ,  who adapted 
the Bashforth and Adams t a b l e s  t o  ob ta in  axisymmetric i n t e r f a c e  
shapes f o r  known amounts of l i q u i d  contained i n  axisymmetric ves- 
sels of var ious  shapes.  

A s i g n i f i c a n t  r e c e n t  con t r ibu t ion  has been made by Larkin 
(Ref 6 and 7) ,  who extended Adams' method t o  t h e  more gene ra l  
case of nonsymmetric i n t e r f a c e s  and a c c e l e r a t i o n s  a r b i t r a r y  i n  
bo th  d i r e c t i o n  and magnitude, and used the  d i g i t a l  computer t o  
c a l c u l a t e  s u r f a c e  shapes f o r  a number of cases. Larkin has  a l s o  
found good agreement between his  d a t a  and experimental  r e s u l t s  
t h a t  have not  y e t  been published. 

I n  Sec t ion  B, a l i n e a r  approximation t o  t h e  i n i t i a l  i n t e r -  
f a c e  shape w i l l  be  used because of t h e  d i f f i c u l t y  of i nco rpora t -  
i n g  more exact expressions i n t o  the otherwise l i n e a r i z e d  a n a l y s i s .  

2 



When the  a c c e l e r a t i o n  changes t o  a new va lue ,  the  su r face ,  
s ince  i t  no longer  i s  i n  equi l ibr ium,  begins  t o  move. 
lem can be t r e a t e d  a s  one of cons tan t  v e h i c l e  a c c e l e r a t i o n  wi th  
a s t a t i c ,  nonequilibrium i n i t i a l  condi t ion .  A s  the  su r face  r e -  
l axes  from t h i s  i n i t i a l  cond i t ion ,  i t  assumes a complex wave 
shape, j u s t  a s  a membrane assumes a complex wave shape a f t e r  it 
i s  d is tended  and then r e l eased .  (The s u r f a c e  i s ,  i n  f a c t ,  much 
l i k e  a membrane, i n  t h a t  i t  i s  cha rac t e r i zed  by a su r face  ten- 
s i o n  t h a t  resembles the  t ens ion  i n  a membrane s t r e t c h e d  uniformly 
i n  a l l  d i r e c t i o n s . )  
uns tab le .  I f  they  a r e  a l l  s t a b l e ,  the  s u r f a c e  w i l l  o s c i l l a t e  
about a new p o s i t i o n  of equi l ibr ium,  whereas i f  any wave i s  un- 
s t a b l e ,  t he  l i q u i d  w i l l  flow u n t i l  it has changed p l aces  with 
t h e  gas.  

The prob- 

The su r face  waves might be e i t h e r  s t a b l e  o r  

A good understanding of waves on f l a t  l i q u i d  s u r f a c e s  w a s  ob- 
t a i n e d  i n  t h e  middle of t h e  n ine t een th  century ,  p r i m a r i l y  as a 
r e s u l t  of t h e  e f f o r t s  of Airy,  Stokes,  and Thomson (Ref 8, 9, 
and 10). The s t a b i l i t y  of f l a t  su r f aces  w i t h  f ixed  boundaries 
was i n v e s t i g a t e d  by Maxwell (Ref 11) i n  1878. Only i n  t h e  las t  
few years ,  however, has  t h e  dynamics of curved l i q u i d  su r faces  
been s tud ied .  

A v a r i a t i o n a l  approach presented by Concus (Ref 12) allowed 
t h e  l i m i t s  of s t a b i l i t y  of a curved, two-dimensional c a p i l l a r y  
s u r f a c e  t o  be found. This approach w a s  extended by S a t t e r l e e  
and Reynolds (Ref 13) i n  1964 t o  the  s t u d y  of the  s t a b i l i t y  and 
dynamics of curved axisymmetric su r faces .  
proach allowed t h e  equat ions t o  be l i n e a r i z e d  about a curved, 
axisymmetric equi l ibr ium s u r f a c e ,  r a t h e r  than about t h e  plane 
equ i l ib r ium s u r f a c e  t h a t  had concerned earlier i n v e s t i g a t o r s .  

The v a r i a t i o n a l  ap- 

A few r e c e n t  i n v e s t i g a t i o n s  have app l i ed  these  dynamic con- 
s i d e r a t i o n s  t o  t h e  problem of t h e  response of l i q u i d  su r faces  t o  
changing a c c e l e r a t i o n s .  Moore and Perko (Ref 14) and Concus, 
Crane, and Perko (Ref 15) used v a r i a t i o n a l  methods t o  i n v e s t i g a t e  
the sudden a p p l i c a t i o n  of an a c c e l e r a t i o n  t o  an i n i t i a l l y  f r e e -  
f l o a t i n g  con ta ine r .  The approach c o n s i s t e d  of i n i t i a l l y  neg lec t -  
i n g  s u r f a c e  t ens ion  and later a t tempt ing  t o  e n t e r  i t  as a small 
per tu rba t ion ,  o r  smoothing term. Fung (Ref 16) cons idered  the  
inve r se  problem of a suddenly removed a c c e l e r a t i o n  o r  g r a v i t a -  
t i o n a l  f i e l d .  
equat ions l i n e a r i z e d  about  a plane,  and consequent ly  w a s  more 
success fu l  i n  inc luding  s u r f a c e  tens ion  i n  h i s  a n a l y s i s .  

H e  followed the classical approach of so lv ing  

3 



The c lassical  approach w i l l  a l s o  be followed i n  on B t o  
look a t  t h e  more gene ra l  problem of su r face  response t o  any change 
i n  t h e  magnitude o r  d i r e c t i o n  of the a c c e l e r a t i o n  appl ied  t o  a 
c y l i n d r i c a l ,  p a r t i a l l y  f i l l e d  con ta ine r  of l i q u i d .  

It should be noted t h a t  v i scous  e f f e c t s  on l i q u i d  su r face  
o s c i l l a t i o n s  have been considered by Harr ison (Ref 17), Bellman 
and Pennington (Ref 18), Chandrasekhar (Ref 1 9  and 20), Reid 
(Ref 21) ,  and Wil lson (Ref 22).  Considerat ion of viscous e f f e c t s  
complicates  a l i n e a r i z e d  ana lys i s  considerably,  of course,  s i n c e  
the  v iscous  terms a r e  themselves nonl inear .  

3 .  Liquid Flow 

I f  t h e  i n i t i a l  s u r f a c e  i s  uns t ab le  when sub jec t ed  t o  t h e  new 
a c c e l e r a t i o n ,  i t s  pe r tu rba t ions  w i l l  grow and r e s u l t  i n  flow of 
t h e  two f l u i d s  through and around each o the r  u n t i l  they come t o  
equ i l ib r ium a t  new loca t ions  i n  t h e  tank. Seve ra l  experimental  
programs have been concerned wi th  t h e  d e t a i l e d  n a t u r e  of t h e s e  
flows * 

The f i r s t  experimental  i n v e s t i g a t i o n s  of t h e  development of 
s u r f a c e  i n s t a b i l i t i e s  and subsequent f l u i d  flow were made by 
s imply a c c e l e r a t i n g  l i q u i d  con ta ine r s  downward f o r  s h o r t  d i s t ances  
(Ref 23 and 24). S ince  the  advent of drop towers,  however, ex- 
per iments .have been performed i n  t h e s e  f a c i l i t i e s  because of t he  
longer  t es t  du ra t ions  poss ib l e  and t h e  more n e a r l y  cons t an t  ac- 
c e l e r a t i o n s  t h a t  can be obtained.  

Two b a s i c a l l y  d i f f e r e n t  types of l i q u i d  s e t t l i n g  experiments 
have been performed i n  drop towers. I n  one program (Ref 25) ,  the  
t e s t  v e s s e l s  always f e l l  d ree ly  during the f i r s t  second o r  so  of 
drop,  allowing nea r ly  s p h e r i c a l  l i q u i d  su r faces  t o  form, and then 
were acce le ra t ed  downward, r e l a t i v e  t o  f r e e  f a l l ,  f o r  the f i n a l  
second of the  t e s t .  I n  o the r  programs (Ref 6, 26, 27, 28 and 29) ,  
the  experimental  packages were acce le ra t ed  downward f o r  t he  e n t i r e  
drop du ra t ion ,  and thus  the  s e t t l i n g  flows were i n i t i a t e d  from 
n e a r l y  f l a t  l i q u i d  su r faces .  Actua l ly ,  n e i t h e r  l i m i t i n g  case -- 
f l a t  o r  s p h e r i c a l  su r f aces  -- i s  a v a l i d  r ep resen ta t ion  of t h e  
nonuniformly curved c a p i l l a r y  s u r f a c e s  t h a t  would e x i s t  i n  t y p i -  
c a l  p rope l l an t  tanks during low e a r t h  o r b i t a l  missions.  Although 
such su r faces  can be c a l c u l a t e d ,  i t  has  not  been f e a s i b l e  t o  ob- 
t a i n  them i n  the  drop tower pre l iminary  t o  downward a c c e l e r a t i o n .  
Therefore  t h e  a n a l y s i s  i s  a va luab le  means of extending t h e  under- 
s t and ing  gained exper imenta l ly  t o  more r ea l i s t i c  s i t u a t i o n s  t h a t  
cannot  be reproduced i n  a drop tower. 
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Sect ion  C 
Ref 6, 26, 28 
work. The o r  
numbers from 
the range of 
d i t i o n ,  spec i  

descr ibes  the  experimental  programs r epor t ed  i n  
and 29 a s  w e l l  a s  some recen t  ex tens ions  of t h a t  

i g i n a l  program covered the  range of s e t t l i n g  Bond 
0 t o  400; a l a t e r  phase of t he  program inves t iga t ed  
s e t t l i n g  Bond numbers from 400 t o  2000 and, i n  ad- 
. f i c a l l y  examined the  e f f e c t s  of o f f a x i s  acce le ra t ions .  

B. ANALYSIS 

Consider two motionless ,  superposed f l u i d s  conta ined  i n  a 
c losed  r i g h t  c i r c u l a r  c y l i n d e r  (Fig. 1-1). 

Fig. 1-1 System of I n t e r e s t  

I n i t i a l l y  t h e  cy l inde r  i s  a c c e l e r a t i n g  a t  a rate a 

i n c l i n e d  a t  angle  a t o  i t s  a x i s .  A t  t i m e  (t) = 0, t h e  accelera- 

t i o n  changes s tepwise t o  a new magnitude, a ,  and d i r e c t i o n ,  a. 
For s i m p l i c i t y ,  t h e  two a c c e l e r a t i o n s  are taken a t  the same a z i -  
muthal angle .  That i s ,  a, and t h e  c y l i n d e r  a x i s  a l l  l i e  i n  

i n  a d i r e c t i o n  
0 

0 

-2. 

0’ 
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t h e  same plane,  P o t e n t i a l  flow i s  assumed, and t h e  equat ions 
w i l l  b e  l i n e a r i z e d  about  the plane z = 0, A s  a r e s u l t  of t h e  
l i n e a r i z a t i o n ,  t h e  a n a l y s i s  w i l l  be  s t r i c t l y  v a l i d  only  wh i l e  
t h e  s u r f a c e  is approximately f l a t  and h o r i z o n t a l  and, conse- 
quent ly ,  on ly  f o r  cases where y x 90 deg and (u Q 0. The 

0’ 
c o n t a c t  ang le  i s  f u r t h e r  assumed t o  be  cons tan t .  

1. D y n a m i c  Equations 

The v e l o c i t y  p o t e n t i a l s  ~cp (r, 8, z ,  t) and cp (r, 8, z ,  t) 1 2 
must each s a t i s f y  t h e  c o n t i n u i t y  equat ion:  

2 v ( p = o ,  
s u b j e c t  t o  the  boundary condi t ions  : 

= 0, 

2 r=R z=-h r = R  z=h 1 

and t h e  genera l  s u r f a c e  cond i t ion :  

Expanding D / D t  i n  t e r m s  of the space  d e r i v a t i v e s  of cp 
of cp , and l i n e a r i z i n g  about  z = 0, g ives :  

and then 1’ 
2 

V e l o c i t i e s  were taken t o  be s m a l l  q u a n t i t i e s  i n  t h e  l i n e a r i z a -  
t i o n s  because of t h e  quiescent  i n i t i a l  condi t ions  and t h e  restric- 
t i o n  on q .  Equations [41 and [51 are o f t en  r e f e r r e d  t o  as kine-  
matic condi t ions  s i n c e  they  re la te  t h e  s u r f a c e  motion t o  t h e  ve- 
l o c i t y  of t he  f l u i d  a t  t h e  su r face .  
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The most genera l  s o l u t i o n s  of Eq [ 2 ]  c o n s i s t e n t  w i t h  Eq [SI 
and [ 5 J  are: 

w w  
cosh km ,(" & hi) 

9 

cPi = Fi( t )  5 A m,n s i n h  k h .  Jn (km, nr 1 m,n 1 n=O m = l  

B s i n  n 8 + C cos  n 8 
n n 

where 

P lus  s igns  are taken wi th  i = 1; 

Minus s igns  wi th  i = 2; 

f ' (t) are func t ions  of t i m e  t o  be determined. 
m, n 

The a d d i t i v e  func t ions  of t i m e  F . ( t )  could  have been omit ted 
1 

s i n c e  they  have no phys ica l  s ign i f i cance .  They w i l l  n o t  be seen 
aga in  u n t i l  t h e  f i n a l  equat ions ,  where t h e  reason f o r  emphasizing 
t h e  p o s s i b i l i t y  of t h e i r  ex i s t ence  w i l l  be  clear. 

Eigenvalues,  k are def ined  by: m,n' 

1 n 

m,n 
Jn (km,nR) = Jn (km,nR> - Jn+l (km,nR) = 

Using Eq [SI ,  9 can now be expressed as: 

w w  

9 =  m,n m,n n (km,n Bn s i n  n 8 + C cos n 8 (t) + S W ) ,  [ a i  n 
A k J  

n=O m = l  

where 5 i s  t o  be determined. 
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The pressure  d i f f e r e n c e  ac ross  t h e  su r face  i s  given by t h e  
Young-Laplace equat ion,  Eq [l]: 

where 

The l i n e a r i z a t i o n s  imposed above r e s u l t  i n  approximating ( ( r s 8 )  
by un i ty ,  s o  t h a t  t h e  pressure  jump across  t h e  su r face  i s  l i n e a r -  
i z e d  t o  : 

I f  the pressures  are expressed a s  funct ions of pos i t i on  and of 
t he  t i m e  d e r i v a t i v e s  of t he  v e l o c i t y  p o t e n t i a l s ,  using Bernou l l i ’ s  
equat ion,  Eq [9] becomes ( a f t e r  l i n e a r i z i n g  again)  : 

a (7 cos a + r s i n  a cos 6) r 

where x(t)  is the  a r b i t r a r y  func t ion  of t i m e  from Bernou l l i ’ s  
equat ion.  

The i n i t i a l  i n t e r f a c e ,  q E q ( r s 8 , 0 ) ,  can now be obtained by 
0 

w r i t i n g  Eq [ l o ]  f o r  t h e  s t a t i c  equi l ibr ium condi t ions  t h a t  e x i s t  
dur ing  t h e  per iod t < 0: 

= K + (pl - p2) a. r cos 8 s i n  a 
0’ 

where K = x(0) i s  Bernou l l i ’ s  cons t an t .  

a 



This nonhomogeneous p a r t i a l  d i f f e r e n t i a l  equat ion f o r  9 0 (r, e) 
i s  a l i n e a r i z e d  form of t h e  equat ion of c a p i l l a r i t y .  The exact 
equat ion has  been solved numer ica l ly  by Bashforth and Adams (Ref 
1) f o r  t he  axisymmetric case and by Larkin (Ref 6 and 7)  f o r  the  
three-dimensional  case. The l i n e a r i z e d  a n a l y s i s  r e q u i r e s  a 
l i n e a r  express ion  f o r  t h e  i n i t i a l  i n t e r f a c e ,  however. 

The most genera l  s o l u t i o n  of E q  [ll] i s :  

m 

0' 
r cos  6 tan ~1 6. s i n  j 8 + E cos  j 6 j(Bor) - - - I - 

70 j =O J j OB; 

where 

I = the  modified Bessel func t ion  of t he  f i r s t  kind. 

The r e l a t i o n s h i p  between K and the  Four ie r  c o e f f i c i e n t s  6 and E 

i s  determined by the  choice  of coord ina te s ;  i f  7 = 0 a t  r = 0: 
j j 

0 

- -  - - E .  
K 

GPO2 O 

The Four i e r  c o e f f i c i e n t s  can be  determined us ing  the  boundary 
cond i t ion :  

= c t n  y ,  - aQO 

ar I r = R  

g iv ing  f i n a l l y  the  r e s u l t :  

- - + cos  8 tan a . E121 70 0 
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Returning t o  t h e  problem of the  re su r -  
f a c e  t o  a new a c c e l e r a t i o n ,  it n t  
s u r f a c e  equat ion,  Eq [ lo] ,  a l l  ing  f o r  the func t ions  
f 

Eq [SI, and r equ i r ing  the  series r ep resen ta t ions  of cp, and cp, t o  
(t). Taking d / d t  of Eq [ l o ] ,  s u b s t i t u t i n g  f o r  av/dt  from 

m,n 

s a t i s f y  the  r e s u l t i n g  homogeneous 
g ives  : 

where 

I L 

l i n e a r  equat ion t e r m  by term 

f ( t )  = 0, 
m,n 

u + (pl - p2) a k, cos Q: 
3 

2 - - km,n 
W - 
m,n p c tnh  k h + p2 c tnh  km,nh2' 1 m,n 1 

2. The Eigenvalue Problem and S t a b i l i t y  Considerat ions 

Equation [ 1 4 ] ,  which was f i r s t  der ived ( f o r  t he  case  of l a r g e  
h and h2) by Thomson (Ref 10) i n  1871, allows the  s t a b i l i t y  of 

l i q u i d  sur faces  t o  be inves t iga t ed ,  sub jec t  t o  the  s t a t e d  r e s t r i c -  
t i o n s .  Since the  s o l u t i o n s  of Eq [131 a r e :  

z 

i t  i s  seen t h a t  any ind iv idua l  wave i s  s t a b l e  ( o s c i l l a t o r y )  i f  
i t s  w i s  r e a l ,  and uns t ab le  (growing exponent ia l ly  with time) i f  
i t s  w i s  imaginary. 
t h a t  su r f aces  such as the  one shown i n  Figure 1 are always s t a b l e  
i f  p > p and a cos c1 2 0. 

a cos Q: < 0 (or ,  equ iva len t ly ,  p, < p,, a cos 61 > 0) , p e r t u r -  

Thus Eq [ 14 ]  bears  out  t h e  well-known f a c t  

I f ,  on the  o the r  hand 9 P1 > P2 and 1 2  

L L 

ba t ions  with wave numbers k less than 
m1n 

a r e  uns tab le .  S ince  the lowest e igenvalue k i s  inve r se ly  pro- 
m3n 

p o r t i o n a l  t o  the  con ta ine r  rad ius  R (see Eq [ 7 ] ) ,  t he re  i s  a 
c r i t i c a l  value of t he  con ta ine r  r ad ius ,  f o r  any a c c e l e r a t i o n  and 
f l u i d  p rope r t i e s ,  below which a l l  the eigenvalues  k are g r e a t e r  

than the  c r i t i c a l  wave number given by the  s t a b i l i t y  c r i t e r i o n .  
The i n t e r f a c e  i s  consequently s t a b l e  i n  these  cases, even though 
t h e  a c c e l e r a t i o n  might be i n  an adverse d i r e c t i o n .  

m,n 
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This s t a b i l i t y  c r i t e r i o n  can perhaps be  more e a s i l y  v i s u a l i z e d  
i f  i t  i s  remembered t h a t  wavelength is  equal  t o  2r(/k. 
t u rba t ions  of an  i n t e r f a c e  between t w o  f l u i d s  ject  t o  an  adverse  
a c c e l e r a t i o n  are uns tab le  f o r  s u f f i c i e n t l y  g r e a t  waveleng 
as waves whose lengths  are less than t h e  c r i t i c a l  va lue  2r( 

a r e  s t a b i l i z e d  by su r face  t ens ion .  I n  t h e  
bounded s u r f a c e ,  t h e r e f o r e ,  t h e  su r face  i s  s t a b l e  i f  i t s  boundaries 
are s u f f i c i e n t l y  c l o s e  toge the r  t o  p r o h i b i t  t h e  c r e a t i o n  of any 
pe r tu rba t ions  whose wavelengths would be g r e a t e r  than t h e  c r i t i ca l  
va lue  e 

-% 

I n  fo l lowing  s e c t i o n s ,  i t  w i l l  be  seen t h a t  i t  i s  gene ra l ly  
most convenient  t o  express  q u a n t i t i e s  i n  t e r m s  of t h e  dimension- 
less modif ied Bond number: 

With t h i s  Bond number, Eq  [14] can be w r i t t e n  as: 

where BaR i s  nega t ive  f o r  nega t ive  a cos a ,  and k 

only  t h e  d i s c r e t e  va lues  g iven  by Eq  [ 7 ] .  
t o  e x i s t  f o r :  

R can have 
m,n 

I n s t a b i l i t y  i s  seen 

o r ,  a l t e r n a t i v e l y ,  

where i s  t h e  wavelength. 
m,n 

Di rec t ing  our  a t t e n t i o n  now t o  some s p e c i f i c  wave-forms, 
s t a b i l i t y  c r i te r ia  i n  t h e  form of c r i t i ca l  Bond numbers can be 
ca l cu la t ed .  The fundamental mode has a wave number g iven  by 

k R = 1.84 
1 3 1  
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and thus  t h e  fundamental mode is uns t ab le  f o r  Bond numbers less 
than  -3.39. S imi l a r ly ,  t h e  wave numbers of t h e  f i r s t  f i v e  axi- 
symmetric modes, and t h e  corresponding c r i t i ca l  Bond numbers, are: 

1) kl,O = 3.83/R, (BaR)cR = -14.7; 

k2,0 = 7.02/R, (BaR)CR = -49.4; 

k3,0 = 10.17/R, (BaR)CR = -103.5; 

k4,0 = 13.32/R, (BaR)CR = -178; 

k5,0 = 16.47/R2 (BaR)CR = -272. 

2) 

3) 

4) 

5) 

A few a d d i t i o n a l  wave numbers and c r i t i c a l  Bond numbers t h a t  w i l l  
be of i n t e r e s t  i n  la ter  s e c t i o n s  are: 

1) k2,1 = 5.33/R,  (BaR)CR = -28.4; 

k3,1 = 8.54/R, (BaR>CR = -72.9; 2) 

3) k4,1 = 11.71/R2 

= 14.86/R, 4, k5,1 

It  w i l l  be n o t i c e d  t h a t  
s t a b i l i t y  c r i t e r i o n  f o r  any 
number (based on r ad ius )  of 
t he  fundamental mode. This 

(BaR>CR = -221. 

t h e s e  cons ide ra t ions  g ive ,  as t h e  
cy l indr ica l ly-bounded su r face ,  a Bond 
-3.39, t h e  c r i t i ca l  Bond number f o r  
v a l u e  agrees  wi th  t h a t  found by S a t t e r -  

lee and Reynolds (Ref 13) f o r  the case of 90-deg con tac t  ang le ,  
t h e  c o n t a c t  angle  t h a t  t h e  p re sen t  ana lys i s  i s  l i n e a r i z e d  about .  
S a t t e r l e e  and Reynolds found t h a t  t h e  cr i t ical  Bond number i s  a 
func t ion  of con tac t  angle ,  symmetrical about 90 deg. For a con- 
tact  ang le  of 0 o r  180 deg, t hey  found the  c r i t i c a l  Bond number 
t o  be -0.842, a va lue  t h a t  w a s  a l s o  found numerical ly  by Bre ther -  
t o n  (Ref 30) and Gluck and G i l l e  (Ref 311, and experimental ly  by 

, H a t t o r i  (Ref 32)  and Masica e t  a l .  (Ref 33 and 34).  
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I n  a d d i t i o n  t o  the  ques t ion  of t h e  range of Bond numbers f o r  
which a given mode is  uns t ab le ,  an important  ques t ion  concerns 
t h e  ra te  a t  which uns t ab le  modes grow, as a func t ion  of Bond num- 
be r .  S ince  uns t ab le  pe r tu rba t ions  of t h e  i n t e r f a c e  grow l i k e  

- u t  ewt + e (see Eq [15] ,  remembering t h a t  i n  uns t ab le  cases w has 
imaginary va lues ) ,  t h e  magnitude of w i s  t o  some e x t e n t  a measure 
of t he  u l t i m a t e  growth ra te ,  o r  degree of i n s t a b i l i t y ,  of an un- 
s t a b l e  mode. 

The l i m i t a t i o n  on t h i s  type  of cons ide ra t ion  is ,  of course,  
t h a t  uns t ab le  modes do n o t  r e a l l y  grow exponen t i a l ly  w i t h  t i m e  
f o r  high va lues  of t i m e .  The a c t u a l  l i m i t  on t h e  a c c e l e r a t i o n  of 
any po r t ion  of t h e  l i q u i d  s u r f a c e  i s  a cos  a ,  t he  con ta ine r  ac- 
c e l e r a t i o n .  That i s ,  t h e  maximum growth of t h e  l i q u i d  s u r f a c e  
corresponds t o  l i q u i d  be ing  l e f t  behind by t h e  a c c e l e r a t i n g  con- 
t a i n e r .  The apparent  disagreement between t h i s  phys i ca l  cons idera-  
t i o n  and Eq [15] would seem t o  be due t o  t h e  l i n e a r i z a t i o n s  used 
t o  ob ta in  Eq [15], which r e s u l t  i n  r e s t r i c t i n g  i t s  v a l i d i t y  t o  
s m a l l  va lues  of t ,  f o r  which t h e  s u r f a c e  displacement is s m a l l .  

I n  s p i t e  of t h i s  l i m i t a t i o n ,  i t  i s  of some va lue  t o  i n v e s t i -  
g a t e  the  degree of i n s t a b i l i t y .  A s  fol lowing s e c t i o n s  w i l l  show, 
many a spec t s  of t he  v a r i a t i o n s  of s u r f a c e  response w i t h  Bond num- 
b e r  can be b e t t e r  understood by cons ide r ing . the  re la t ive  i n s t a -  
b i l i t i e s  of t h e  var ious  axisyrmnetric modes. Figures  1-2  th ru  1-5 

n 

a g a i n s t  B from Eq [16],  f o r  t h e  f i r s t  10 

The approximation p 

RwL 
aR’ are p l o t s  of 

axisymmetric modes. 

where f l u i d  1 i s  a l i q u i d  and f l u i d  2 i s  a vapor) has been made; 
thus they  are p l o t s  o f :  

a cos a 
<< p1 (good f o r  the case 2 

f o r  s e l e c t e d  values  of t h e  r a t i o  of l i q u i d  depth t o  tank  rad ius .  

S ince  both w and a cos a are negat ive  i n  t h e  case of an uns t ab le  
wave (given p1 > p2), t h e  o rd ina te  has  p o s i t i v e  va lues  i n  each 

f i g u r e ,  whi le  t h e  Bond numbers of i n t e r e s t  a r e  nega t ive .  

2 



It is  seen i n  each of Fig,  1-2 t h r u  1-5 t h a t  f o r  nega t ive  
Bond numbers near  ze ro  none of t h e  axisymmetric modes are un- 
s t a b l e ,  as d iscussed  above. A t  somewhat lower Bond numbers t h e  
f i r s t  mode only i s  uns tab le .  A s  Bond n 
crease, a region is  reached where t h e  f i r s t  two modes are un- 
s t a b l e ,  w i t h  the  f i r s t  more uns t ab le  than the second, A t  s l i g h t l y  
lower Bond number, however, t he  curves  f o r  t h e  f i r s t  two modes 
c r o s s ,  showing t h a t  a t  lower Bond numbers the  second mode i s  
more uns t ab le  than t h e  f i r s t .  S i m i l a r l y ,  t h e  t h i r d  mode becomes 
uns t ab le ,  then more uns t ab le  than t h e  f i r s t  mode, then more un- 
s t a b l e  than the  second mode, and so on f o r  h ighe r  modes, as Bond 
number cont inues t o  decrease.  

This r a t h e r  c rude  cons ide ra t ion  of t he  r e l a t i v e  i n s t a b i l i t i e s ,  
o r  growth rates, of va r ious  axisymmetric modes i n d i c a t e s  t h a t ,  a t  
d i f f e r e n t  s e t t l i n g  Bond numbers, q u a l i t a t i v e l y  d i f f e r e n t  types 
of flow w i l l  r e s u l t ,  depending on t h e  number of uns t ab le  modes and 
t h e i r  r e l a t i v e  growth rates. Indeed, such v a r i a t i o n s  i n  flow be- 
h a v i o r  w e r e  found, bo th  a n a l y t i c a l l y  and experimental ly ,  as d i s -  
cussed i n  later s e c t i o n s .  The reasons f o r  t h e  t r a n s i t i o n s  d i s -  
cussed t h e r e  between d i f f e r e n t  types of flow a t  d i f f e r e n t  Bond 
numbers can t o  some e x t e n t  be understood by cons ider ing  Fig. 1-2 
th ru  1-5, along wi th  Fig.  1-6 and 1-7, which show two d i f f e r e n t  

f i r s t  few eigenvalues  (km,,R). The Fourier-Bessel  c o e f f i c i e n t s  

f o r  each mode, which have not  been included i n  t h e s e  f i g u r e s  o r  
i n  t h e  a n a l y t i c a l  t rea tment  thus f a r ,  w i l l  be  eva lua ted  i n  the  
f o 1 lowing s ec t ion  e 

ways of p l o t t i n g  t h e  Bessel func t ion  J o[(km,oR) (r/W] f o r  t h e  

Before proceeding t o  t h a t  s e c t i o n ,  no te  t h a t  whi le  l i q u i d  
depth (and, by ex tens ion ,  t h e  shape of t he  con ta ine r  bottom) has  
no e f f e c t  on the  l i m i t  of  s t a b i l i t y  of any mode, i t  does have a 
pronounced e f f e c t ,  i n  t h e  case of v e r y  shallow l i q u i d s ,  on t h e  
degree of i n s t a b i l i t y  of t h e  f i r s t  few modes. The f i r s t  few modes 
are less uns t ab le  i n  t h e  case of v e r y  shallow l i q u i d s ,  and thus  
t h e  i n t e r s e c t i o n s  of t h e i r  i n s t a b i l i t y  traces are moved t o  the  
l e f t .  

It should be remembered t h a t  t h e  d iscuss ion  of t h e  last few 
paragraphs has been concerned only  wi th  the  s t a b i l i t y  of axisym- 
metric pe r tu rba t ions  of t h e  i n t e r f a c e ,  r a t h e r  than wi th  the en- 
t ire ques t ion  of i n t e r f a c i a l  s t a b i l i t y .  Not taken i n t o  account  
w a s  t h e  f a c t  t h a t  t he  fundamental mode f o r  t h e  i n t e r f a c e  i s  n o t  
an axisymmetric mode. I n  the reg ion  -3 .39  > B U R  > -14.7, t h e  

fundamental mode i s  uns t ab le  even though a l l  t h e  axisymmetric 
modes are s t a b l e .  The fundamental mode, however, i s  not r e a d i l y  
e x c i t e d  by pure ly  a x i a l  a c c e l e r a t i o n s ,  s o  t h a t  i t  might be ex- 
pec ted  t h a t  i t  would on ly  be observed a f t e r  longer  per iods of t i m e .  
This phenomenon w i l l  b e  discussed a t  g r e a t e r  l eng th  i n  later 
s e c t i o n s  
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Fig. 1-7 Axisymmetric Modes, Cross Section thru Axis 
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Writ ing  E q  [ 8 ]  a t  t = 0 and s u b s t i t u t i n g  t h e  r e s u l t i n g  ex- 
press ion  f o r  5 (r, 8) back i n t o  Eq  [8 ] ,  with  p = - v  from t h e  

i n i t i a l  cond i t ion  of z e r o  v e l o c i t y ,  a l lows q t o  be expressed as: 
m,n m,n 

d k  m,n m,n 
i w  n s i n  n 8 + C cos n 8 q ( r ,  8, t) = 

n=O m = l  m,n 

where d E A p . The Fourier-Bessel  c o e f f i c i e n t s  can be  

eva lua ted  by w r i t i n g  E q  [ l o ]  f o r  t he  changes t h a t  occur  a t  t = 0. 
A s  t he  magnitude of t h e  a c c e l e r a t i o n  changes s tepwise  from a t o  

m,n m,n m,n 

0 
a, and t h e  d i r e c t i o n  from a t o  a,  aq,/at and &p2/at  must a l s o  

0 
change s tepwise  t o  nonzero values .  The d i f f e rences  obey t h e  
equat ion : 

- 
) 70 - (ao s i n  a - a s i n  a )  r cos 8 + a cos a - a cos a 

0 ( 0  0 

S u b s t i t u t i n g  f o r  qo, (pl, and q2 gives  t h e  r e s u l t :  

(ao s i n  a - a s i n  a )  r cos 8 
0 

+ a cos  - a cos a )  c tn  7 
( 0  0 POI1 (@OR) 

21 



X (Bn s i n  n 8 + C n cos n 8 ) Jn(km ,nr > e 

Solv ing  f o r  the  Fourier-Bessel  c o e f f i c i e n t s  by i n t e g r a t i n g  over 
8 from 0 t o  231 and over r from 0 t o  R ( the  o r thogona l i ty  of t h e  
func t ions  J (k n m,n 
s t i t u t i n g  t h e  r e s u l t s  i n t o  Eq [ 17 1, and nondimensionalizing g ives  
the  f i n a l  r e s u l t :  

r) over t h i s  i n t e r v a l  i s  due t o  Eq [71), sub- 

where 

A = the eigenvalues of J ' (A  m,n n man) = 'p 

i w  t - i w  t 
T (t> E e m a n  + e m,n - 2. 
m, n 
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In  the  case of o f f - ax i s  a c c e l e r a t i o n s ,  s o l u t i o n  [191 i 
t a t i v e l y  d i f f e r e n t  f o r  d i f f e r e n t  c o n t a c t  angles .  The axis 
s o l u t i o n  i s  p ropor t iona l  t o  c t n  y ,  and hence does n o t  va ry  qua l i -  
t a t i v e l y  w i t h  con tac t  angle .  The @-dependent terms are independent 
of con tac t  angle ,  however, and t h e r e f o r e  the r e l a t i v e  magnitudes 
of t he  two por t ions  of the o v e r a l l  s o l u t i o n ,  and t h e  n a t u r e  of t h e  
supe rpos i t i on ,  cannot be i n v e s t i g a t e d  i n  genera l .  

I f  the c o n t a c t  angle  were taken t o  be  much d i f f e r e n t  from 90 
deg, t he  axisymmetric po r t ion  of t h e  s o l u t i o n  would overwhelm t h e  
@-dependent terms ( fo r  s m a l l  a ) .  Thus t h e  i n v e s t i g a t i o n  of t h e  
a n a l y t i c a l  r e s u l t s  should be r e s t r i c t e d  t o  con tac t  angles  q u i t e  
near  90 deg. The va lue  of t h e  a n a l y t i c a l  r e s u l t s  ob ta ined  f o r  
t h e s e  c o n t a c t  angles  w i l l  somewhat depend on the  e x t e n t  t o  which 
they  resemble experimental  r e s u l t s  ob ta ined  f o r  o t h e r  con tac t  
angles .  

4.  The Axisymmetric Case 

Because of t h e  i m p o s s i b i l i t y  of i n v e s t i g a t i n g  Eq [19]  i n  
genera l ,  a t t e n t i o n  w i l l  f i r s t  be concent ra ted  on t h e  axisymmetric 
po r t ion  of t h e  s o l u t i o n ,  be fo re  proceeding t o  a cons ide ra t ion  of 
t he  consequences and impl i ca t ions  of t h e  o f f - ax i s  terms. I n  d i s -  
cuss ing  t h e  axisymmetric case, i t  should be remembered that  the  
problem of i n t e r e s t  i s  now r e s t r i c t e d  t o  pu re ly  axial  a c c e l e r a t i o n s ,  
a = a 3 0, and p e r f e c t l y  c y l i n d r i c a l  con ta ine r s .  

0 

The axisymmetric po r t ion  of the  s o l u t i o n ,  Eq [19] ,  w a s  in-  
v e s t i g a t e d  f o r  a l a r g e  number of cases ,  u s ing  a d i g i t a l  computer 
t o  f i n d  t h e  sum of the  f i r s t  20 terms of t h e  series. Good con- 
vergence w a s  obtained by t h e  20th t e r m  f o r  a l l  t he  cases i n v e s t i -  
gated.  
p1 >> p2, assuming a deep l i q u i d ,  h l / R  > 1. In  a l l  of t h e  cases 

inves t iga t ed ,  t h e  i n i t i a l  Bond number, BR , w a s  p o s i t i v e  o r  zero,  

and the s e t t l i n g  Bond number, BR, was negat ive .  

t h e  r e s u l t s  i n  t h i s  s e c t i o n  w i l l  be p red ica t ed  on t h e  l i q u i d  w e t -  
t i n g  the  w a l l  ( e  < 90 deg) ,  al though t h e  r e s u l t s  are e q u a l l y  a p p l i -  
c a b l e  t o  nonwetting l i q u i d s .  It is  i n t e r e s t i n g  t o  n o t i c e  t h a t  
every th ing  i s  turned upside down i f  t h e  l i q u i d  doesn ' t  w e t  the  
w a l l .  For 7 > 90 deg ( c tn  y < 0 ) ,  t h e  dimensionless p l o t s  of Fig.  
1-8 th ru  1-16 a re l a l l  i nve r t ed  re la t ive  t o  p l o t s  of T-J a g a i n s t  r .  
Ins tead  of a l a y e r  of l i q u i d  climbing t h e  w a l l s ,  t h e r e  would be a 
l aye r  of gas  descending a long  the  wal l s .  References t o  r i s i n g  
l i q u i d  domes would i n s t e a d  r e f e r  t o  descending domes of gas ,  and 
s o  f o r t h .  

The computer program w a s  w r i t t e n  f o r  a l iqu id /vapor  system, 

0 
The d iscuss ion  of 
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The most complex and va r i ed  behavior  w a s  found f o r  cases i n  
which t h e  i n i t i a l  Bond number w a s  taken as 1000, This Bond number 
gave a n e a r l y  f l a t  i n i t i a l  su r f ace ,  r e p r e s e n t a t i v e  of l i q u i d  sur -  
f aces  i n  t y p i c a l  experimental  vessels subj.ect t o  normal e a r t h  
g r a v i t y .  Thus t h i s  series of r e s u l t s  could be compared w i t h  t h e  
experiments r epor t ed  i n  the  experimental  s e c t i o n s  fol lowing,  and 
i n  Ref 6 and 26. 

Agreement w a s  g e n e r a l l y  q u i t e  encouraging. A t r a n s i t i o n ,  
w i t h  inc reas ing  magnitude of s e t t l i n g  Bond number, from receding  
domes t o  growing sp ikes  t o  growing domes wi th  complex upper s u r -  
f aces  t o  hollow c y l i n d e r s ,  which w a s  found i n  t h e  experimental  
program, w a s  a l s o  ind ica t ed  by the  curves of Eq [19].  Some of 
t h e  reasons f o r  t h i s  v a r i a t i o n  of behavior w e r e  a l s o  brought ou t  
by t h e  a n a l y t i c a l  r e s u l t s .  

Two examples of curves  t h a t  can be compared w i t h  t h e  exper i -  
mental  r e s u l t s  are shown i n  Fig.  1-8 and 1-9. I n  each of t h e s e  
f i g u r e s ,  t he  development of su r face  waves from an i n i t i a l  curva-  
t u r e  of t h e  su r face  a t  t h e  w a l l  j unc tu re  can c l e a r l y  be seen. 
The l i q u i d  r i g h t  a t  t h e  w a l l  i s  i n i t i a l l y  e l eva ted  a s m a l l  d i s -  
t ance  above the  c e n t r a l  region of t h e  su r face ,  i n  t h e  case of a 
we t t ing  l i q u i d ,  by l i q u i d / s o l i d  adhesion. A s  soon as the  system 
i s  a c c e l e r a t e d  downward, t h i s  e l e v a t e d  l i q u i d  becomes an uns t ab le  
wave, which grows i n  amplitude and propagates toward t h e  c e n t e r -  
l i n e ,  pushing o t h e r  waves i n  f r o n t  of i t .  I n  Fig.  1-8, t h e  waves 
e v e n t u a l l y  form a dome, o r  sp ike ,  r i s i n g  a t  t h e  c e n t e r l i n e  of t h e  
tank,  whi le  a t  t h e  lower Bond number of Fig. 1-9, t he  r e s u l t i n g  
wave form is a hollow cy l inde r  of l i q u i d .  

\ 

Addi t iona l  cases were p l o t t e d ,  w i th  the  same i n i t i a l  su r f ace ,  
i n  which t h e  s e t t l i n g  Bond number magnitude w a s  h ighe r  than  any 
achieved during the  o r i g i n a l  experimental  program. The examples 
shown i n  Fig.  1-10 and 1-11 i n d i c a t e  t h a t ,  a t  s e t t l i n g  Bond num- 
be r s  below -400, s i n g l e  hollow c y l i n d e r s  of l i q u i d  would cont inue  
t o  be observed. The diameter of t h e  hollow c y l i n d e r  r e l a t i v e  t o  
t h e  w a l l  diameter would inc rease  w i t h  decreasing Bond number, 
and t h e  w a l l  th ickness  of the  hollow l i q u i d  c y l i n d e r  would de- 
crease correspondingly.  This behavior  w a s  v e r i f i e d  i n  a later 
s e r i e s  of experiments,  repor ted  i n  Ref 2%. 
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Fig. 1-8 BR = 1000, BR =i -30 
0 

0 0.5 1 ,o 
r /R 
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A series of p l o t s  w e r e  a l s o  made f o r  the case  of s e t t l i n g  
from a z e r o  g r a v i t y  (uniformly curved) i n i t i a l  i n  and 
compared wi th  r e s u l t s  of an  experimental  i n v e s t i g a t i o n  of t h i s  
case repor t ed  by Masica and Salzman (Ref 21).  Some examples of 
t h i s  s e r i e s .  of curves are shown i n  Fig.  1-12 th ru  1-14. The 
curves i n  F ig .  1-12 and 1-13 correspond r a t h e r  w e l l  t o  t he  re- 
ported experimental  r e s u l t s .  Although drop tower experiments a t  
h igher  Bond number magnitudes were n o t  repor ted ,  curves  were p l o t -  
t e d  f o r  s e t t l i n g  Bond numbers t o  -2500. As shown i n  Fig.  1-14, 
Eq (191 i n d i c a t e s  t h a t  a c i r c u l a r  wave could form a t  these  Bond 
numbers and grow t o  form a hollow l i q u i d  cy l inde r  j u s t  i n s i d e  t h e  
l i q u i d  l a y e r  that climbs t h e  w a l l .  This i nd ica t ed  wave might be 
an anomaly r e s u l t i n g  from t h e  l i n e a r i z a t i o n ;  i t  would’be i n t e r e s t -  
i ng  t o  know i f  such a wave can be observed experimental ly .  

A t h i r d  s e r i e s  of p l o t s  was made f o r  t h e  case  of s e t t l i n g  
from a low g r a v i t y  nonuniformly curved i n i t i a l  su r f ace .  Experi- 
mental  i n v e s t i g a t i o n s  of t h i s  case  have n o t  appeared i n  the  l i t e ra -  
t u r e  t o  d a t e ,  and would seem t o  involve apprec iab le  d i f f i c u l t y .  
A s  shown i n  Fig.  1-15 and 1-16, Eq [19]  i n d i c a t e s  that ,  f o r  an 
i n i t i a l  Bond number of 20, some of t he  f ea tu res  of t he  results 
f o r  both s p h e r i c a l  and f l a t  i n i t i a l  su r f aces  a r e  present .  A l -  
though n e i t h e r  t he  complexity nor the  v a r i e t y  observed i n  the  
r e s u l t s  f o r  an i n i t i a l  Bond number of 1000 a r e  found i n  t h i s  ca se ,  
t h e r e  seems t o  be a d i s t i n c t  p o s s i b i l i t y  t h a t  a dome of l i q u i d  
could form i n  the  c e n t e r  of t he  tank, w i th  most of t he  flow oc- 
cu r r ing  nea r  t he  wal l .  

0 0,s 
r/R 

Fig .  1-16 BR 20, BR -1000 
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5. The E f f e c t  of Offaxis  Acce lera t ions  

A d i s t u r b i n g  a s p e c t  of t he  axisymmetric s o l u t i o n  i n v e s t i g a t e d  
i n  t h e  preceding s e c t i o n  i s  the  f a c t  t h a t  the  assumption of axial  
symmetry r e s u l t s  i n  l o s i n g  the  lowest e igenvalues  of t he  fami ly  
of e igenfunct ions  Jn ' (k  

l o c i t y  p o t e n t i a l s ,  c p I  i n  a c y l i n d r i c a l  con ta ine r  must be descr ibed  

as l i n e a r  superpos i t ions  of a l l  t h e  Bessel func t ions  J n( km, n ) 
wi th  t h e  eigenvalues  k 

a t  t h e  cy l inde r  w a l l ,  r = R. The lowest e igenvalue  i s  t h e  f i r s t  
ze ro  of the e igenfunct ion  J 

corresponding l i m i t  of s t a b i l i t y  i s  p.aR2/a = -3 .39,  as shown 
by S a t t e r l e e  and Reynolds (Ref 13) .  I f ,  however, i t  is assumed 
t h a t  a c c e l e r a t i o n s  are always pu re ly  axial ,  so t h e  i n i t i a l  l i q u i d  
conf igu ra t ion  and i t s  subsequent motion are axisymmetric, on ly  
Bessel func t ions  of o r d e r  ze ro  are allowed i n  express ions  f o r  cp, 
and consequent ly  t h e  on ly  remaining eigenvalues  are those given 
by Jo'(km,oR) = 0. R = 3.83 , 

R). ma9n 
I n  the  most gene ra l  case, t h e  ve- 

giveniby t h e  boundary condi t ions  &p/ar = 0 
m,n 

(km, lR) = 0 , o r  kl, 1R = 1.84. The 

Thus t h e  lowest e igenvalue i s  k 
1 , O  

which r e s u l t s  i n  a l i m i t  of s t a b i l i t y  t h a t  can be expressed as 

p aR2/a = 14.67, t h e  va lue  obta ined  by Maxwell (Ref 11) i n  1878. 

Some of t h e  phys ica l  impl ica t ions  of t hese  eigenvalue con- 
s i d e r a t i o n s  can b e s t  be presented i n  t h e  form of a simple gedanken- 
experiment.  Consider a f r e e l y  f a l l i n g  c y l i n d r i c a l  con ta ine r  
p a r t i a l l y  f i l l e d  wi th  l i q u i d .  The l i q u i d  is  s i t u a t e d  i n  one end 
of t h e  con ta ine r ;  i t s  s u r f a c e  i n t e r s e c t s  t he  c y l i n d r i c a l  w a l l  of 
t he  c o n t a i n e r  a t  an a n g l e  near  90 deg and i s  thus  nea r ly  f l a t .  
I f  t h e  c o n t a i n e r  i s  now slowly a c c e l e r a t e d  i n  a d i r e c t i o n  toward 
the  l i q u i d  a t  a ve ry  g radua l ly  inc reas ing  ra te ,  t h e  l i q u i d  w i l l  
e v e n t u a l l y  begin t o  flow t o  the oppos i t e  (lower) end of t he  tank. 
I f  t h e  a c c e l e r a t i o n  i s  pure ly  a x i a l ,  and i f  t h e  s o l i d / l i q u i d /  
vapor system i s  o therwise  p e r f e c t l y  axisymmetric, t he  s u r f a c e  
can be expected t o  remain s t a b l e  u n t i l  an a c c e l e r a t i o n  correspond- 
ing  t o  a Bond number of -14.67 is  reached, a t  which t i m e  and ax i -  
symmetric pe r tu rba t ion  mode descr ibed by Jo ( 3 . 8 3  r / R )  w i l l  begin 

t o  grow without  bound. I f ,  on t h e  o t h e r  hand, t h e r e  i s  any de- 
p a r t u r e  from a x i a l  symmetry, such as a s l i g h t  misalignment of t h e  
a c c e l e r a t i o n  r e l a t i v e  t o  t h e  cy l inde r  axis,  t h e  i n t e r f a c e  w i l l  
remain s t a b l e  only u n t i l  a Bond number of -3 .39 i s  reached, when 
t h e  well-known fundamental mode w i l l  begin t o  grow without  bound, 
r e s u l t i n g  i n  flow up one s i d e  of t h e  con ta ine r .  
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With r e s p e c t  t o  t h e  l i m i t s  of s t a b i l i t y  of a l i q u i d  su r face ,  
t he re fo re ,  t h e  axisymmetric case is  a s i n g u l a r  one. Our i n t e r e s t  
i s  n o t  d i r e c t l y  centered  on l i m i t s  of s t a b i l i t y ,  however, bu t  
r a t h e r  on t h e  more complex problem of s u r f a c e  response t o  s l i g h t l y  
o f f a x i s  a c c e l e r a t i o n s  s u f f i c i e n t l y  l a r g e  t o  cause axisymmetric i n -  
s t a b i l i t i e s .  It i s  n o t  immediately obvious,  i n  t h e  case of t hese  
h igher  a c c e l e r a t i o n s ,  whether axisymmetric behavior i s  s i n g u l a r  
o r  a l i m i t i n g  case, o r  what t h e  n a t u r e  of t h e  t r a n s i t i o n  from 
pure ly  axial  t o  o f f a x i s  a c c e l e r a t i o n  is .  
fundamental mode is  mani fes t  i n  t he  s u r f a c e  response,  as a func- 
t i o n  of t h e  i n i t i a l  i n t e r f a c e  conf igu ra t ion ,  s e t t l i n g  Bond number, 
and a c c e l e r a t i o n  angle ,  i s  a l s o  of i n t e r e s t .  

The degree t o  which t h e  

I n  t h e  experiments descr ibed  i n  a la ter  sec t ion ,  t h e  funda- 
mental mode w a s  commonly observed i n  tests involv ing  those  v e r t i -  
c a l  c y l i n d e r s  t h a t  could  n o t  be  a l igned  wi th  g r e a t  p rec i s ion ,  b u t  
i t  w a s  n o t  d i scerned  when t h e  con ta ine r s  w e r e  low L/D cy l inde r s ,  
w i th  f l a t  ends,  which could  be v e r t i c a l l y  a l igned  wi th  much more 
prec is ion .  When the fundamental mode w a s  observed, i t  gene ra l ly  
began t o  grow much more s lowly  than t h e  axisymmetric pe r tu rba t ions ,  
b u t  even tua l ly  r e s u l t e d  i n  t h e  bulk of t h e  l i q u i d  f lowing up one 
s i d e  of t h e  con ta ine r ,  ac ross  the  top ,  and back down t h e  o the r  
s i d e .  Thus i t s  in f luence  on t h e  long-term na tu re  of t h e  s e t t l i n g  
f low w a s  cons iderable .  

To i n v e s t i g a t e  these  problems i n  more d e t a i l ,  t h e  complete 
s o l u t i o n  given i n  Eq [19]  w a s  p l o t t e d ,  u s ing  the  d i g i t a l  com- 
pu te r ,  f o r  a number of cases. The computer summed t h e  f i r s t  20 
terms of t h e  axisymmetric series and t h e  f i r s t  10 t e r m s  of t h e  8- 
dependent series i n  Eq [19] .  Good convergence was obta ined  i n  
every case inves t iga t ed .  

I n  the examples of F ig .  1 - 1 7  t h ru  1-19, t he  c o n t a c t  angle  w a s  
chosen r a t h e r  a r b i t r a r i l y  t o  be 85 deg. The p l o t s  are  i n t e r s e c -  
t i o n s  of t h e  l i q u i d  s u r f a c e  wi th  t h e  plane 8 = 0, 180 deg. A 
deep l i q u i d / g a s  system ( h l /  R > 1, p1 >> p2) was assumed. The 

curves are a l l  f o r  t he  case B 

(R /a )  ’. = 250, BaR = -60, a t  t i m e  t = 2 
aRO 

I n  F ig .  1 -17 ,  t h e  cy l inde r  i s  i n i t i a l l y  sub jec t  t o  an  upward, 
axial  a c c e l e r a t i o n .  A f t e r  t = 0, it accelerates downward and 
s l i g h t l y  t o  t h e  l e f t .  A s  a r e s u l t ,  t h e  l i q u i d  tends t o  move up 
t h e  r i g h t  s i d e  of t he  c y l i n d e r .  
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Fig, 1-17 Analytical Results, a. = 0 deg 
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I n  F ig .  1-18 and 1-19, t h e  cy l inde r  a c c e l e r a t i o n  cha from 
upward and t o  the r i g h t  t o  downward and t o  the  l e f t .  The t = 0 
su r face  g ives  a v i s u a l  i n d i c a t i o n  of t h e  i n i t i a l  a c c e l e r a t i o n  i n -  
c l inat ions. .  I n  the  case where the f i n a l  l e f tward  component i s  
g r e a t e r  than  the i n i t i a l  r ightward component, the l i q u i d  moves 
up the  r i g h t  s i d e  of t h e  cy l inde r ,  as i n  Fig.  1-1. I n  the  a = 

10 deg, a = 1 deg case ,  however, t h e  oppos i t e  happens. The i n i t i a l  
e l e v a t i o n  (as seen by the new a c c e l e r a t i o n )  of t h e  l e f t  s i d e  of 
t he  s u r f a c e  grows as t h e  cy l inde r  is a c c e l e r a t e d  downward, re- 
s u l t i n g  i n  flow up t h e  l e f t  s i d e  of t he  c y l i n d e r  i n  s p i t e  of t h e  
f a c t  t h a t  i t  i s  a l s o  a c c e l e r a t i n g  t o  t h e  l e f t .  

0 

The two cases where the  i n i t i a l  and f i n a l  a c c e l e r a t i o n  are 
a n t i p a r a l l e l  are more d i f f i c u l t  t o  descr ibe .  The most pronounced 
response i s  found i n  t h e  10-deg case, where the  bulk  of t he  l i q u i d  
seems t o  be moving t o  t h e  l e f t  i n  s p i t e  of t he  f a c t  t h a t  t he  
l i q u i d  is climbing t h e  w a l l  on the  r i g h t  and descending on t h e  
l e f t .  The w a l l  behavior ,  i t  should be pointed o u t ,  i s  e n t i r e l y  
due t o  t h e  con tac t  angle  assumption. S ince  (n/2 - 7) < a ,  t h e  
i n i t i a l  s o l i d / l i q u i d / v a p o r  i n t e r s e c t i o n  i s  above a plane,  perpen- 
d i c u l a r  t o  t h e  a c c e l e r a t i o n  d i r e c t i o n  and passing through t h e  
o r i g i n ,  on t h e  r i g h t  s i d e  and below i t  on the  l e f t .  I f  (n/2 - 7)  
> a ,  as i n  the  1-deg case shown (and most p r a c t i c a l  ca ses  o f  i n -  
t e res t ) ,  t h e  i n i t i a l  i n t e r s e c t i o n  is everywhere above t h e  s a m e  
plane,  and consequent ly  t h e  l i q u i d  climbs the  w a l l  everywhere. 

It should be pointed out  t h a t  i f  e i t h e r  a o r  a is nonzero, 
0 

t he  a n a l y s i s  remains v a l i d  as y -+ 90 deg. In  the  axisymmetric 
po r t ion  of t h e  s o l u t i o n ,  which was d iscussed  i n  t h e  preceding 
s e c t i o n ,  no s u r f a c e  response w a s  i nd ica t ed  i n  the  case of 90-deg 
con tac t  angle ,  s i n c e  i n  t h a t  case t h e  equi l ibr ium s u r f a c e  f o r  any 
axial a c c e l e r a t i o n  i s  a h o r i z o n t a l  plane.  Although the e q u i l i b -  
rium might be uns tab le  a f t e r  an a c c e l e r a t i o n  r e v e r s a l ,  t he  a x i -  
symmetric a n a l y s i s  does n o t  provide t h e  small per tu rba t ions  neces-  
s a r y  be fo re  l a r g e  waves can develop and flow occur. Because such 
pe r tu rba t ions  would always r e s u l t ,  even tua l ly ,  from such ex t rane-  
ous sources  as w a l l  v i b r a t i o n s  o r  convect ion c u r r e n t s ,  t h e  l i n e a r -  
i zed  axisymmetric a n a l y s i s  can be s a i d  t o  be s t r i c t l y  v a l i d  on ly  
f o r  c o n t a c t  angles  near ,  b u t  no t  too nea r ,  90 deg. The la t ter  
p a r t  of t h e  r e s t r i c t i o n  does no t  apply  i n  t h e  case of o f f a x i s  
a c c e l e r a t i o n s ,  however, s i n c e  the  equi l ibr ium s u r f a c e  shape i s  i n  
genera l  d i f f e r e n t  f o r  every  va lue  of f3, the c a p i l l a r y  cons tan t .  
"he only  except ion is  a plane,  which is  t h e  equi l ibr ium su r face  
shape f o r  a l l  values  of f3 i f  y = 90 deg and i f  t h e  s o l i d  boundar- 
ies are everywhere parallel  (at the  s o l i d / l i q u i d / v a p o r  i n t e r s e c t i o n )  
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t o  t h e  d i r e c t i o n  of a c c e l e r a t i o n .  
s u r f a c e  shape f o r  any o t h e r  case (provided, of course ,  t h e  
c o n t a c t  angle ,  y I  i s  uniform around t h e  i n t e r s e c t i o n ) .  r e f  o r e  
the  i n i t i a l  equi l ibr ium s u r f a c e  cannot  remain i n  equi l ibr ium f o l -  
lowing an  a c c e l e r a t i o n  change, r e g a r d l e s s  of c o n t a c t  angle ,  i f  
e i t h e r  a o r  a i s  nonzero,  

A plane i s  n o t  an equi l ibr ium 

0 

C .  EXPERIMENTS 

1. The Or ig ina l  I n v e s t i g a t i o n :  S e t t l i n g  Bond Numbers from 0 t o  
40 0 - 
Experiments were performed i n  Martin-Denver's 75 - f t  drop 

tower, u s ing  cons t an t  f o r c e  spr ings  o r  cables  from cons tan t  t o r -  
que motors,  extended between the  experimental  package and t h e  
o u t e r  capsule ,  t o  accelerate t h e  experimental  package downward 
r e l a t i v e  t o  f r e e  fa l l .*  The method i s  shown i n  F ig .  1-20 and des- 
c r i b e d  i n  more d e t a i l  by Paynter (Ref 35) .  T e s t  v e s s e l s  were 
t r anspa ren t  cy l inde r s  w i th  i n s i d e  diameters of 2.3, 4.7, 7.6, 
9.5, 12,8,  13.2, 15.2, 16.7, and 29.2 c m ,  arranged i n  var ious  com- 
b i n a t i o n s  i n s i d e  t h e  experimental  package. (See Ref 6 f o r  p i c t o r i a l  
information on some of t h e  experimental  equipment and methods.) 
The 12.8- ,  15.2-, and 29.2-cm c y l i n d e r s  were p l e x i g l a s s  because 
of t h e  breakage problem encountered wi th  g l a s s  specimens of t h i s  
s i z e .  The smaller c y l i n d e r s  w e r e  g l a s s ;  the  13.2- and 16.7-cm 
c y l i n d e r s  w e r e  g l a s s  wh i l e  they l a s t e d .  I n i t i a l  a c c e l e r a t i o n s  
ranged from 0.002 t o  0.027 g.  T e s t  l i q u i d s  were carbon tetra- 
c h l o r i d e ,  chloroform, Freon TF (trichlorotrifluoroethane), and 
methanol, wi th  the  bulk  of the  work being done w i t h  Freon TF be- 
cause of i t s  low s p e c i f i c  su r face  t ens ion  (rr/p) w i t h  a i r ,  and i t s  
d e s i r a b l e  handl ing  p rope r t i e s .  Bond numbers, based on specimen 
r ad ius  and i n i t i a l  a c c e l e r a t i o n ,  ranged from s u b c r i t i c a l  t o  390. 
(The nega t ive  terminology, which w a s  used i n  preceding s e c t i o n s  
t o  d i s t i n g u i s h  s e t t l i n g  Bond numbers from i n i t i a l  Bond numbers, 
w i l l  be  dropped i n  desc r ib ing  experimental  work.) 

Data were recorded us ing  a Mi l l i ken  camera ope ra t ing  a t  200 
frames pe r  second. Films used w e r e  Kodak Plus-X and Ektachrome 
MS; the  c o l o r  f i lm  w a s  used f o r  most tests because i t  f a c i l i t a t e d  
v i s u a l  i d e n t i f i c a t i o n  of many a s p e c t s  of t he  complex flow p a t t e r n s .  
Minute amounts of dye were used f o r  t h e  same reason;  i t  w a s  found 
t h a t  i f  j u s t  enough dye w a s  used t o  g ive  a b a r e l y  d i s c e r n i b l e  
amount of c o l o r  i n  t h e  labora tory ,  t h e  p i c tu re s  would show a q u i t e  
s a t i s f a c t o r y  l i q u i d  c o l o r ,  

*U.S. pa t en t  app l i ed  f o r  by Mar t in  Company. 
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Fig. 1-20 Experimental Apparatus 
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Experiment technique ensured t h a t  t he  w i r e  suppor t ing  t h e  ex- 
per imenta l  package w a s  fused immediately a f t e r  release of the o u t e r  
capsu le ,  Otherwise, the l i q u i d  s u r f a c e  would have tended toward 
i t s  usua l  f r e e - f a l l  shape before  t h e  fus ing  of t h e  w i r e ,  and t h e  
type  of flow being s t u d i e d  might n o t  have developed. It w a s  f e l t  
t h a t  meaningful s e t t l i n g  experiments could be performed only  i f  
t he  l i q u i d  were qu ie scen t  a t  the  t i m e  of a p p l i c a t i o n  of t h e  down- 
ward acce le ra t ion .  

During t h i s  p a r t  of t h e  program, 164 success fu l  experiments 
were run a t  Bond numbers ranging from s u b c r i t i c a l  t o  390. S ince  
d e t a i l s  of each of these experiments are t abu la t ed  i n  Ref 6 ,  only  
the  o v e r a l l  r e s u l t s  w i l l  be  reviewed i n  t h i s  r e p o r t .  

I n  t h i s  o r i g i n a l  program, t h e r e  w e r e  s t r o n g  i n d i c a t i o n s  t h a t ,  
because of l i m i t a t i o n s  of t he  experimental  appara tus ,  t h e  a c t u a l  
a c c e l e r a t i o n  of t he  experiment package decreased somewhat w i th  
t i m e  fol lowing capsu le  release. A f t e r  t h i s  cond i t ion  w a s  co r rec t ed  
by c o n s t r u c t i n g  a l a r g e r  ou te r  capsule ,  as d iscussed  i n  t h e  f o l -  
lowing s e c t i o n ,  many of t hese  experiments were repeated.  N o  
n o t i c e a b l e  changes i n  the q u a l i t a t i v e  c h a r a c t e r i s t i c s  of t h e  re- 
s u l t i n g  flows were observed. 

A l l  of t h e  s e t t l i n g  tes t s  performed i n  t h i s  o r i g i n a l  expe r i -  
mental  program are represented  i n  Fig.  1-21, i n  which they  are 
arranged according t o  Bond number a t  t h e  s ta r t  of each test .  The 
h o r i z o n t a l  pos i t i on  of t h e  l i n e  corresponding t o  each Bond number 
i n d i c a t e s  which of t h e  f i v e  flow regimes descr ibed  a t  the  r i g h t  
s i d e  of t h e  page a p p l i e s  t o  t h e  observed phenomena. Each l i n e  
shown i n  Fig.  1-21 r ep resen t s  from one t o  s i x  tests. The number 
of t es t s  made a t  many of t h e  l i s t e d  Bond numbers i s  due i n  p a r t  
t o  an  a t tempt  t o  f i n d  an inf luence ,  i f  any, of l i q u i d  f i l l i n  
level on t h e  s e t t l i n g  phenomena. N o  such inf luence  was found 
I n  several cases, t h e  same Bond number ( t o  two s i g n i f i c a n t  f 
was s t u d i e d  a t  two d i f f e r e n t  a c c e l e r a t i o n  levels,  us ing  test 
c y l i n d e r s  of d i f f e r e n t  s i z e s  o r  d i f f e r e n t  test  l i q u i d s .  A more 
common occurrence w a s  f o r  t he  Bond number s t u d i e d  i n  one test t o  
be w i t h i n  the  range of Bond numbers s tud ied  i n  tests of a d i f -  
f e r e n t  series. 

F igure  1-22 p resen t s  more d e t a i l e d  desc r ip t ions  of t h e  r a t h e r  
wide range of f l u i d  behavior t h a t  w a s  grouped toge the r  as regime 
5 i n  Fig.  1-21. Analyses of only t h e  b e s t  of t h e  drop records  
have been included i n  Fig.  1-22 because of t h e  more d e t a i l e d  flow 
f e a t u r e s  t h a t  d i s t i ngu i shed  the va r ious  subregimes def ined  below 
t h e  graph. 
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Fig.  1 - 2 1  General C l a s s i f i c a t i o n  of  t h e  Observed Flows 

37 



E 

D 

C 

B 

BOND NUMBER 

Legend: 

A The l i q u i d  dome grows i n t o  a t h i n  sp ike  t h a t  eventua l ly  extends 
t o  t h e  top  of t h e  tank,  E f f e c t s  of  Helmholtz i n s t a b i l i t y  are 
seen  i f  t he  sp ike  L/D becomes l a r g e  enough 

B A s m a l l  depress ion  forms i n  the  c e n t e r  of t h e  upper s u r f a c e  of 
t h e  domec Shor t ly  a f t e r  i t s  formation,  t h e  depress ion  t u r n s  i n -  
s i d e  o u t ,  becoming a s m a l l  protuberance on t h e  top  s u r f a c e  of 
t h e  dome. The protuberance grows r a p i d l y  i n  amplitude and diam- 
e te r  r e l a t i v e  t o  t h e  o r i g i n a l  dome u n t i l  t h e  two cannot be d i s -  
t inguished  from each o the r ,  Together they form a column up t h e  
c e n t e r  of t he  c y l i n d e r ,  as i n  A 

C A depress ion  forms i n  the c e n t e r  of  t he  upper su r face  of t h e  dome, 
s imilar  t o  t h e  depress ion  observed i n  B bu t  somewhat l a r g e r ,  The 
depress ion  i s  p r e s e n t  only temporar i ly ,  l eav ing  behind a bubble o r  
c a v i t y  i n s i d e  t h e  dome, No protuberance i s  seen  t o  form fol lowing 
t h e  breakup of  t h e  depress ion  

cha rac t e r i zed  by concen t r i c  waves whose ampl i tudes  become l a r g e  
w i t h  t i m e ,  
ance growing on i t s  upper s u r f a c e  as i n  B 

D I n  i t s  formative s t a g e s ,  t h e  cy l inde r  has a complex upper su r face  

The eventua l  r e s u l t  i s  a broad dome wi th  pro tuber -  

E Same as D, except  t h a t  the  even tua l  r e s u l t  i s  a hollow cy l inde r  

Fig.  1-22 Addi t iona l  Fea tures  o f  t h e  C e n t r a l  Flow Observed i n  C e r t a i n  Regime 
5 Flows 



C l a s s i f y i n g  a broad range of d i f f e r e n t  flows as f i t t i n g  one 
of a number of b r i e f  d e s c r i p t i o n s ,  as i n  Fig.  1-21 and 1-22> i s  
obviously a r t i f i c i a l ,  Nevertheless ,  such  groupings as those 
shown s e e m  t o  be t h e  most concise  and understandable  presenta-  
t i o n  p o s s i b l e  of the  experimental  program r e s u l t s .  
they  a l low some i n t e r e s t i n g  comparisons t o  be made w i t h  the  e igen-  
va lue  cons ide ra t ions  of Paragraph 2 of Sec t ion  B. The discuss ion  
and r e s u l t s  of t h a t  paragraph provide reasons f o r  t he  var ious  
types of phenomena, and the  t r a n s i t i o n s  between t h e  d i f f e r e n t  
phenomena, shown i n  F ig ,  1-21 and 1-22. 

I n  add i t ion ,  

Primary weaknesses i n  these  groupings of experimental ly  ob- 
se rved  phenomena are  a t  t h e  boundaries between t h e  d i f f e r e n t  types 
of flow, as ind ica t ed  i n  Fig.  1-21. I n  genera l ,  t h e r e  are always 
some u n c e r t a i n t i e s  a t  t h e  boundaries s i n c e  they  are, of course,  
n o t  r e a l l y  boundaries a t  a l l .  The a c t u a l  phys ica l  phenomena 
undergo a continuous t r a n s i t i o n  wi th  Bond number, I n  a number 
of regions t h e  l i q u i d  behavior  can, t o  some e x t e n t ,  be descr ibed  
v e r b a l l y ;  between these  reg ions ,  t h e r e  are o the r  reg ions  where t h e  
flow cannot  be descr ibed  s o  simply. These l a t t e r  reg ions  have 
been approximated as boundaries between t h e  regions where the  
flow is  capable  of ve rba l  desc r ip t ion .  

I n  a d d i t i o n  t o  these  unavoidable u n c e r t a i n t i e s ,  however, are 
a few o t h e r s  t h a t  deserve comment. There i s  some u n c e r t a i n t y  a t  
t h e  boundary between regimes 2 and 3 because many of t hese  tes ts  
were made wi th  the  smallest (2.3-cm) test  cy l inde r s  a t  r e l a t i v e l y  
h igh  a c c e l e r a t i o n  l e v e l s .  The l i q u i d  domes were p resen t  i n  t h e s e  
s m a l l  c y l i n d e r s  only f o r  extremely b r i e f  i n t e r v a l s  of time,* i f  
a t  a l l ;  i n  add i t ion ,  photographic r e s o l u t i o n  w a s  n o t  as good as 
i n  the  l a r g e  c y l i n d e r s .  The range of Bond numbers from 13 t o  20 
inc ludes  var ious  types of behavior i n t e r s p e r s e d  wi th  each o t h e r ,  
as can be  seen i n  Fig.  1-21. A t  Bond numbers 13, 15, and 19 ,  
d i f f e r e n t  tes ts  gave d i f f e r e n t  types of behavior.  Spikes  were 
formed i n  some t e s t s ,  whi le  i n  o t h e r s  t h e  dome d id  n o t  grow p a s t  
a c e r t a i n  maximum h e i g h t .  Once a dome a t t a i n e d  a s p i k e  shape, 
t h e  sp ike  continued t o  grow. 

*Time s c a l e  i s  given by t h e  a c c e l e r a t i o n  l e v e l  and phys ica l  
dimensions of t h e  tes t  v e s s e l ,  as shown i n  the  a n a l y s i s  presented 

i n  ea r l i e r  s e c t i o n s ;  t - (R/A)2 f o r  s i m i l a r i t y  of r e s u l t s  a t  any 
given Bond number, so  h ighe r  a c c e l e r a t i o n s  and smaller physical  d i -  
mensions i n  t h e  experimental  model both r e s u l t  i n  t h ings  happening 
f a s t e r ,  

3. 
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Figures  1-23 t h r u  1-25 show some s p e c i f i c  examp 
var ious  types of flow descr ibed  as reg ions  3 t h r u  5 i n  F ig ,  1-21, 
Each i l l u s t r a t i o n  i s  a series of s t i l l  photos reproduced from the 
motion p i c t u r e  record  of a t y p i c a l  drop tes t .  All t h r e e  examples 
were chosen from a series of drops made with Freon TF and a n  i n i -  
t i a l  a c c e l e r a t i o n  of 0.016 t o  0.017 g. 

Figure 1-23 shows a t e s t  specimen conta in ing  two cy l inde r s  w i th  
i n s i d e  diameters of 7.6 and 9.5 c m .  Bond numbers immediately f o l -  
lowing capsule  release are consequent ly  20 and 31. 

A t  0.53 sec  (Fig.  1-23a),  t he  l i q u i d  i s  cl imbing t h e  w a l l s  of 
each tank.  I n  add i t ion ,  su r f ace  i n s t a b i l i t y  i s  manifested i n  t h e  
formation of domes r i s i n g  i n  the  c e n t r a l  po r t ion  of each tank.  
I n  t h e  smaller tank,  t h e  dome is a l r e a d y  moving toward the  r i g h t  
s i d e  of t he  tank. 

A t  1.06 sec (Fig. 1-23b), t he  f i r s t  t h i n  l a y e r  of l i q u i d  flow- 
ing  up t h e  walls has reached the  top  of each tank  and i s  beginning 
t o  flow r a d i a l l y  inward along the  top.  The dome i n  t h e  smaller 
tank has  reached t h e  w a l l  on the  r i g h t  s i d e ,  w i t h  t h e  r e s u l t  t h a t  
the  major p a r t  of t h e  flow i s  being e s t a b l i s h e d  a long  t h a t  w a l l .  
S ince  t h e  dome i n  t h e  smaller tank has moved away from the  c e n t r a l  
reg ion  of t he  i n t e r f a c e ,  t h e  i n t e r f a c e  i s  f r e e  t o  assume a curved 
shape, as i t  might i n  t h e  case  of a bubble o r  i n  a s t a t i c  zero-  
g r a v i t y  s i t u a t i o n ,  I n  t h e  l a r g e r  tank ,  the  s p i k e  i s  growing a l -  
most v e r t i c a l l y .  I n  addi t ion ,  su r f ace  tens ion  i s  beginning t o  
mani fes t  i t s e l f  i n  a pinching-off of t h e  flowing column of l i q u i d  
about 1-112 diameters below the top .  

A t  1.58 sec (F ig .  I -23c) ,  t h e  major flow up t h e  r i g h t  s i d e  
o f  t h e  smaller tank has reached t h e  t o p  of t h e  t ank ,  proceeded 
ac ross  the  top,  and i s  beginning t o  sp l a sh  back down. The column 
of l i q u i d  i n  the  l a r g e r  tank  has almost reached t h e  top  and a t  
the  same t i m e  i t s  base  i s  beginning t o  move t o  t h e  l e f t ,  t ak ing  
a l a r g e  amount of l i q u i d  below w i t h  i t .  The s u r f a c e  tens ion  
has r e s u l t e d  i n  a sphere  of l i q u i d  being almost separa ted  from 
the  remainder of t h e  column. Ripples moving down t h e  w a l l s  r e s u l t  
from t h e  i n i t i a l  t h i n  l a y e r  t h a t  flowed up the  w a l l s ,  h i t  t he  
topJ  rebounded, and i s  now s e t t i n g  up i n t e r f e r e n c e  wi th  the con- 
t i n u i n g  flow up the  w a l l s .  



(b) 1,06 sec 

(c) 1,58 sec (d) 2,11 sec 

g ,  1-23 7,6- and 9,5-cm Cylinders at: 0,016 g ( 



(a> 0,27 sec (b) 0,77 sec 

d) 2,16 sec 

Fig, 1-24 2,3-, 4,7-, 13,2-, and 15,2-cm Cylinders at 0,016 g (Freon TF> 
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A t  2.11 sec (Fig.  I-23d),  t h e  i n t e r f a c  
of t h e  smaller v e s s e l .  Considerable  turbu  
top  of t h e  tank, a long  w i t h  some flow down 
fe rence  r i p p l e s  where t h i s  downward flow meets t h e  upward-moving 
l a y e r  a long  the  w a l l ,  
column formed as t h e  r e s u l t  of Taylor  i n s t a b i l i t y  i s  seen i n  the 
upper l e f t  corner .  The top  of t h e  column has rebounded from t h e  
tank  top.  The bulk  of t h e  l i q u i d  i s  beginning t o  flow up t h e  l e f t  
s i d e  of t h e  tank, fo l lowing  the  Taylor  i n s t a b i l i t y .  

I n  the  l a r g e r  tank, t h e  remainder of t h e  

I n  Fig.  1-24, t h e  test  specimen c o n s i s t s  of fou r  cy l inde r s  
whose i n s i d e  diameters are 2 . 3 ,  4.7, 1 3 . 2 ,  and 15.2 cm. Bond 
numbers immediately fol lowing capsu le  release are consequent ly  
1.8, 7.6, 60, and 80. 

A t  0.27 sec (Fig. I -24a) ,  a dome has formed i n  t h e  4.7-cm 
c y l i n d e r  and i s  a l r e a d y  beginning t o  recede. Flow f e a t u r e s  are 
j u s t  beginning t o  form i n  the  two l a r g e r  cy l inde r s .  

A t  0.77 sec  (Fig.  I-24b),  t h e  dome i n  t h e  4.7-cm c y l i n d e r  has 
receded i n t o  the  downward-flowing l i q u i d  below. Broad domes have 
formed i n  the  two l a r g e r  c y l i n d e r s ;  p a r t i c u l a r  a t t e n t i o n  i s  c a l l e d  
t o  t h e  13.2-cm c y l i n d e r ,  where t h e  dome has a r a t h e r  broad, f l a t  
upper s u r f a c e  on which a small depression can be seen. 

A t  0.98 see, t h e  depression mentioned immediately above has 
turned  i n s i d e  ou t ,  becoming a s m a l l ,  rapidly-growing proturberance 
on t h e  top  s u r f a c e  of t h e  dome. Most of t h e  l i q u i d  flow is now 
moving i n t o  t h i s  proturberance.  

A t  2.16 sec ,  the flow i n  t h e  two l a r g e r  c y l i n d e r s  i s  dominated 
by columns t h a t  have formed f o r  t h e  e n t i r e  l eng th  of each c y l i n d e r .  
Very t u r b u l e n t  l i q u i d ,  mixed wi th  cons iderable  gas ,  i s  c o l l e c t i n g  
a t  t h e  top  of each of t h e s e  c y l i n d e r s .  Liquid has  a l s o  c o l l e c t e d  
a t  the top  of each of t h e  smaller cy l inde r s .  I n  t h e  4.7-cm c y l i n -  
der ,  cons iderable  l i q u i d  t h a t  had c o l l e c t e d  a t  t h e  top  of t h e  
c y l i n d e r  has sp lashed  back down as a s i n g l e  coherent  b a l l ,  seen 
moving down near  t he  c e n t e r  of t h e  cy l inde r .  

F igu re  1-25 shows t h e  l a r g e s t  tes t  c y l i n d e r  used -- 29.2 cm. 
Bond number i s  280. S t i l l  photos probably do n o t  show as con- 
v i n c i n g l y  as t h e  motion p i c t u r e  t h a t  t he  e n t i r e  length  of t h e  
c y l i n d e r  of l i q u i d  becomes hollow by t h e  end of t h e  test. It w a s  
found t h a t  motion p i c t u r e  p ro jec t ion  w a s  extremely h e l p f u l  i n  t h e  
a n a l y s i s  of a l l  of t h e  flows of subregime 5E, whereas flows a t  
lower Bond numbers could  be s t u d i e d  more advantageously frame by 
frame. 
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_I__ 

A la ter  experimental  program w a s  undertaken t o  extend t h e  
range of s e t t l i n g  Bond numbers s t u d i e d  t o  g r e a t e r  magnitudes. 
Experiments were aga in  performed i n  Martin-Denver's 75 - f t  drop 
tower, w i th  t h e  experiment package a c c e l e r a t e d  downward, r e l a t i v e  
t o  f r e e  f a l l ,  by an arrangement similar t o  t h a t  diagramed i n  Fig.  
1-20. I n  the new program, photographic techniques w e r e  modifed 
t o  allow a 44.5-cm-diameter t es t  c y l i n d e r  t o  be used, as shown 
i n  Fig.  1-26. A l a r g e r  o u t e r  capsule  allowed a c c e l e r a t i o n s  as 
h igh  as 0.042 g t o  be a p p l i e d  t o  the  experiment package f o r  t h e  
dura t ion  of t h e  drop. Bond numbers from 460 t o  1730 w e r e  i n v e s t i -  
gated,  u s ing  Freon TF (with a minute amount of dye) as t h e  t es t  
l i q u i d .  Experimental procedure was e s s e n t i a l l y  the  same as t h a t  
d e t a i l e d  i n  t h e  preceding s e c t i o n ,  and d a t a  were aga in  photo- 
graphed a t  200 frames per  second. 

Figures  1-27 and 1-28 show r e p r e s e n t a t i v e  r e s u l t s .  I n  genera l ,  
t h e  r e s u l t s  were i n  good q u a l i t a t i v e  agreement wi th  t h e  t h e o r e t i -  
cal  p red ic t ions  of t he  a n a l y t i c a l  s e c t i o n s  above, i n  s p i t e  of t he  
f a c t  t h a t  c o n t a c t  angle  w a s  n e a r l y  zero ,  r a t h e r  than n e a r l y  90 
deg as t h e  l i n e a r i z a t i o n  r equ i r e s .  S i n g l e ,  hollow l i q u i d  c y l i n -  
d e r s ,  of a l a r g e r  diameter r e l a t i v e  t o  t h e  con ta ine r  diameter than  
was observed a t  lower Bond numbers, formed i n  a l l  of t h e  t e s t s  and 
grew toward t h e  tops of t h e  test  ves se l s .  Growth rates increased  
wi th  inc reas ing  con ta ine r  a c c e l e r a t i o n .  

The preceding subsec t ion  commented on an a c c e l e r a t i o n  decrease  
w i t h  t i m e  fol lowing capsu le  r e l ease .  This decrease  w a s  found t o  
be  due t o  inadequate  c l ea rance  between t h e  experiment package and 
t h e  o u t e r  capsu le  used i n  t h a t  program. A device t o  c a l i b r a t e  t h e  
sp r ings  a t  va r ious  h igh  rates of ex tens ion  w a s  cons t ruc t ed ;  i t  w a s  
found t h a t  t h e  fo rce  d e l i v e r e d  by t h e  sp r ings  i s ,  i n  genera l ,  n e a r l y  
cons t an t .  U s e  of t he  l a r g e r  ou te r  capsu le  i n  t h i s  later program 
r e s u l t e d  i n  uniform and p r e d i c t a b l e  experiment a c c e l e r a t i o n s  (as 
measured by va r ious  means) throughout t h e  drop du ra t ion ,  Seve ra l  
of t h e  earlier experiments w e r e  repea ted  wi th  the new system; 
l i t t l e  change i n  bas i c  l i q u i d  behavior w a s  observed. 
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(a) 1,O sec 

(b) 2,O sec 

Fig. 1-27 BR = -1200 



Fig. 1-28 BR = -1700 (1.5 sec) 
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The r e s u l t s  of t h i s  and the  preceding sub 
t h e  a n a l y s i s ,  t h a t  primary a spec t s  of t h e  s e t t l i n g  flow (not  i n -  
c lud ing  v e l o c i t i e s  o r  rates of wave formation) can be  v a l i d l y  
s c a l e d  us ing  Bond number, a t  least  wi th in  t h e  range covered by 
t h i s  po r t ion  of t he  i n v e s t i g a t i o n .  Liquid l e v e l  i n  t h e  test ves- 
sel  was n o t  found t o  have an e f f e c t  on t h e  i n i t i a l  s e t t l i n g  flow. 
Such secondary flow c h a r a c t e r i s t i c s  as viscous e f f e c t s  are of 
course  n o t  s c a l e d  by t h e  Bond number. However, except  f o r  t h e  
tendency of a l i q u i d  s p i k e  t o  move t o  one s i d e  of t he  tank  as a 
r e s u l t  of misalignment between the  tank a x i s  and t h e  accelera- 
t i o n s ,  t hese  secondary flow fea tu res  are of l imi t ed  importance 
i n  understanding the  b a s i c  na tu re  of t h e  flow. Ve loc i t i e s ,  which 
were n o t  a primary cons ide ra t ion  i n  t h i s  i n v e s t i g a t i o n ,  cannot 
be s c a l e d  (except  perhaps i n  very  s p e c i a l  c i rcumstances)  without  
tak ing  account ,  i n  t h e  scale f a c t o r ,  of viscous e f f e c t s ,  i n  addi -  
t i o n  t o  t h e  o the r  in f luences  considered here. 

It should  be noted t h a t  t he  understanding of l i q u i d  s e t t l i n g  
gained i n  t h e  course  of t h i s  experimental  i n v e s t i g a t i o n  app l i e s  
t o  the  flow only  up t o  t h e  t i m e  when i t  reaches the  a f t  end of 
t h e  tank. A f t e r  l i q u i d  has reached t h e  a f t  end of t h e  tank, i t s  
motion g e n e r a l l y  becomes q u i t e  t u rbu len t ,  with l i q u i d  and gas 
phases becoming r a t h e r  w e l l  mixed. I n t e r f e r e n c e  occurs  between 
t h i s  f l u i d  and the  l i q u i d  t h a t  has n o t  y e t  reached t h e  a f t  end 
of t he  tank. I n  some cases, q u a n t i t i e s  of l i q u i d  are seen t o  
sp l a sh  back t o  the  forward por t ion  of t h e  tank. Even i f  su f -  
f i c i e n t  t i m e  were a v a i l a b l e  t o  s tudy  t h i s  l a te r  phase of set-  
t l i n g  t o  any e x t e n t ,  i t  i s  doubtful  t h a t  any means of s c a l i n g  t h e  
experimental  r e s u l t s  t o  a f u l l - s c a l e  v e h i c l e  tank could  be found. 
The da ta  would probably be of a s t a t i s t i c a l  na tu re  a t  b e s t .  

A s  a p a r t  of t h i s  second por t ion  of the experimental  i n v e s t i -  
ga t ion ,  a series of experiments were a l s o  run i n  which t h e  test 
v e s s e l s  w e r e  evacuated t o  approximately Freon s a t u r a t i o n  condi- 
t i o n s  be fo re  being dropped, and he ld  a t  s a t u r a t i o n  condi t ions  
u n t i l  a c t u a l  capsule  release, using t h e  apparatus  descr ibed  i n  
Volume 11. No d i f f e rences  were observed between the  s e t t l i n g  
of a s a t u r a t e d  l i q u i d  and t h e  s e t t l i n g  of l i q u i d  a t  ambient condi- 
t i o n s ,  which w a s  s tud ied  i n  t h e  main po r t ions  of t h e  experimental  
program. 



3 .  I n v e s t i g a t i o n  of t h e  E f f e c t  of Offaxis  Acce lera t ions  

A t h i r d  experimental  program w a s  undertaken t o  i n v e s t i g a t e  
the  problem of o f f a x i s  a c c e l e r a t i o n s .  A s  i n  t h e  two previous ly  
descr ibed  programs, experiments w e r e  performed i n  Martin-Denver's 
75- f t  drop tower, w i th  t h e  experimental  package a c c e l e r a t e d  down- 
ward, r e l a t i v e  t o  f r e e  f a l l ,  by an arrangement s imi la r  t o  t h a t  
diagramed i n  Fig.  1-20. 
preceding subsec t ion  w a s  used; thus  t h e  a c c e l e r a t i o n s  app l i ed  t o  
the  experiments were found t o  be reasonably cons t an t  throughout 
each test .  Experimental procedure w a s  e s s e n t i a l l y  t h e  same as 
t h a t  d e t a i l e d  i n  t h e  preceding subsec t ions .  

The l a r g e r  ou te r  capsule  mentioned i n  t h e  

T e s t  v e s s e l s  were 15.2-cm i n s i d e  diameter p l ex ig l a s s  c y l i n d e r s .  
Thei r  ends were mi l l ed  a t  1- and 10-deg angles  t o  t h e i r  axes, a l -  
lowing them t o  be pos i t ioned  rather a c c u r a t e l y  a t  those angles .  
The package as a whole w a s  balanced before  each tes t  t o  ensure  
t h a t  t h e  platform beneath t h e  tes t  v e s s e l s  would be  h o r i z o n t a l  
both be fo re  and dur ing  t h e  t es t ,  Consequently, t h e  cases, a = 

a = 1 deg and a. = a = 10 deg, w e r e  i n v e s t i g a t e d  f o r  var ious  se t -  

t l i n g  Bond numbers, 

0 

An e a r l y  conf igu ra t ion  of t h e  experimental  apparatus  is shown 
i n  Fig.  1-29, where t h e  200-frame-per-second motion p i c t u r e  camera 
i s  looking d i r e c t l y  a t  a 10-deg specimen. The camera w a s  later 
turned t o  the  s i d e  t o  look a t  a f ron t - su r face  mi r ro r  and thence  
a t  t h e  specimen so t h a t  a l a r g e r  f i e l d  of view could  be obtained.  
T e s t  l i q u i d  w a s  Freon TF (trichlorotrifluoroethane) i n  a l l  t h e  
experiments.  Contact  angles  w e r e  consequent ly  nea r  zero,  as i n  
t h e  prev ious ly  descr ibed  experiments. 

Photographs en larged  from the  motion p i c t u r e  records of two 
of t h e  experiments are shown i n  Fig.  1-30. Accelera t ion  w a s  
0,015 g i n  each of t hese  drops, g iv ing  a s e t t l i n g  Bond number of 
72. Aside from t h e  angular  behavior ,  development of the  flow as 
a c e n t r a l  sp ike  and a l a y e r  on t h e  w a l l  i s  e s s e n t i a l l y  the  same 
as t h a t  observed a t  t h i s  s e t t l i n g  Bond number i n  t h e  axisymmetric 
i n v e s t i g a t i o n  of t h e  f i r s t  experimental  s e c t i o n  above. 

I n  t h e  1-deg c y l i n d e r ,  the  l i q u i d  moves s t r o n g l y  t o  t h e  r i g h t  
s i d e ,  t ak ing  the  base  of t he  s p i k e  wi th  i t .  The s p i k e  i t s e l f  re- 
mains n e a r l y  v e r t i c a l .  
bu lk  f l u i d  motion is  much less pronounced and i s  t o  the  l e f t  s i d e  
of t h e  ves se l .  

I n  the  10-deg cy l inde r ,  on t h e  o t h e r  hand, 





(a) t = 0.5 sec, a = a = 1 deg 
0 

b) t = 0.5 sec, a. = a = 10 de 

(d) t = 1.0 sec, a = a = 10 deg 
0 (c) t = 1.0 sec, a = a = 1 deg 

0 

Fig. 1-30 Experimental Results 
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(e) t = 1.5 sec ,  Qo = Q = 1 deg (f) t = 1.5 sec, a. = a = 10 deg 

(g) t = 2.0 sec, Q = a  = 1 deg (h) t = 2.0 sec, a. = a  = 10 deg 
0 

,Fig. 1-30 (concl )  



nced wi th  t h  

i n  F ig .  1-30. (There w a s  always some s h i f t ,  and always t o  t h e  
same s i d e . )  The series i n  Fig. 1-30 w a s  s e l e c t e d  as being i n d i -  
c a t i v e  of t h e  behavior  observed i n  most of t h e  experiments, a 
a l s o  i n  a g r e a t  many e a r l i e r  v e r t i c a l  c y l i n d e r  experiments, i n  
which t h e  c y l i n d e r  could  not  be a l i g n e d  very  p r e c i s e  

Seve ra l  experiments were a l s o  performed u s i n g  a v e r t i c a l  c y l i n -  
d e r  of t h e  same o v e r a l l  con f igu ra t ion  as t h e  1- and 10-deg c y l i n -  
de r s .  Completely axisymmetric flow w a s  never observed, a l though 
the s u r f a c e  d id  n o t  g e n e r a l l y  t i p  a g r e a t  d e a l  and t h e  s p i k e  
s t ayed  near  t h e  c e n t e r .  
never  observed i n  t h e  v e r t i c a l  c y l i n d e r .  

Such a s h i f t  as seen i n  F ig .  1-30 w a s  

On t h e  b a s i s  of t h e s e  and t h e  earlier experiments ,  it seems 
t h a t  t h e  Bond number regime observed i n  t h i s  series (cha rac t e r i zed  
by a dome forming i n  t h e  cen te r  and becoming a t h i n  spike)  i s  
p a r t i c u l a r l y  s e n s i t i v e  t o  s l i g h t  dev ia t ions  of t h e  app l i ed  a c c e l e r -  
a t i o n  from an a x i a l  d i r e c t i o n .  While t h e  degree t o  which asym- 
met r i c  f low i s  observed wi th in  a 2-sec experiment du ra t ion  i s  
somewhat v a r i a b l e  f o r  s l i g h t l y  o f f a x i s  a c c e l e r a t i o n s ,  t h e  d i f f i -  
c u l t y  of ob ta in ing  axisymmetric flow exper imenta l ly  i n d i c a t e s  
t h a t  it i s  u n l i k e l y  that such f low could be depended on i n  a n  
a c t u a l  v e h i c l e  i n  t h i s  Bond number regime. 

This a spec t  of t h e  r e s u l t s  i s  of cons ide rab le  engineer ing  
s i g n i f i c a n c e .  Both t h e  ana lys i s  and, p a r t i c u l a r l y ,  t h e  e x p e r i -  
ments demonstrate t h a t  even a ve ry  s l i g h t  misalignment of t h e  
a c c e l e r a t i o n ,  r e l a t i v e  t o  the c o n t a i n e r  a x i s ,  can r e s u l t  i n  l i q -  
u i d  flow up one s i d e  of t h e  c o n t a i n e r ,  r a t h e r  than an axisym- 
metric flow coming toge the r  a t  t h e  top. F igure  1-31, which i s  
s imilar  t o  F ig .  I-30g except t h a t  i t  w a s  made wi th  a 35-mm s t i l l  
camera some t i m e  a f t e r  completion of t h e  rest of t h e  experimental  
program, is included t o  emphasize t h i s  r e s u l t .  Had i t  b.een pos- 
s i b l e  t o  cont inue  t h e  experiment f o r  a few more seconds, i t  seems 
c e r t a i n  t h a t  most of t h e  l i q u i d  would have e v e n t u a l l y  gone up t h e  
r i g h t  s i d e ,  ac ross  t h e  top,  and back down t h e  l e f t  s i d e .  Thus 1 
deg of misalignment r e s u l t s ,  i n  t h i s  case,  i n  es tab l i shment  of 
flow t h a t ,  because of i t s  toge therness ,  does n o t  soon l o s e  i t s  
k i n e t i c  energy i n  c o l l i s i o n s ,  o r  sp l a sh ing ,  i n  a smooth-walled 
v e s s e l ,  and consequent ly  does no t  soon come t o  rest i n  t h e  d e s i r e d  
end of t h e  ves se l .  
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The v a r i a b i l i t y  of t h e  resul ts  obtained w i t h  n e a r l y  v e r t i c a l  
c y l i n d e r s  i n d i c a t e s  t h a t  t he  axisymmetric c a s e  i s  indeed s i n g u l a r .  
The s u r f a c e  response can become s t r o n g l y  asymmetric. The ra te  
a t  which t h e  asymmetries develop is  somewhat unpredic tab le .  For 
a c c e l e r a t i o n s  a t  g r e a t e r  angles  t o  t h e  a x i s ,  t h e  su r face  response 
is  aga in  more p red ic t ab le .  I n  gene ra l ,  i t  i s  r a t h e r  symmetric 
wi th  r e s p e c t  t o  t h e  d i r e c t i o n  of a c c e l e r a t i o n  i n s t e a d  of t h e  a x i s  
of t h e  c y l i n d e r  i n  t h e s e  cases. Only when t h e  two come c l o s e  t o  
co inc id ing  i s  p a r t i c u l a r l y  r a d i c a l  behavior observed. 

D. DISCUSSION AND CONCLUSIONS 

1. Approximations i n  t h e  Analysis 

Weaknesses i n  t h e  a n a l y s i s  r e s u l t  p r imar i ly  from the  l i n e a r i -  
z a t i o n  of t h e  equat ions about a plane.  A s  a r e s u l t  of t h i s  l i n e a r -  
i z a t i o n ,  t h e  a n a l y s i s  i s  s t r o n g e s t  i n  those cases f o r  which exper i -  
ments w e r e  performed -- s e t t l i n g  from an i n i t i a l l y  f l a t  su r f ace .  
The l i n e a r i z a t i o n  i s  much more l i m i t i n g  i n  the  three-dimensional  
case than  i n  the  axisymmetric case, moreover, i n  that i t  p r o h i b i t s  
i n v e s t i g a t i o n  of the importance of t h e  @-dependent terms i n  t h e  
s o l u t i o n  r e l a t i v e  t o  t h e  axisymmetric por t ion .  

I f  t h e  equat ions were l i n e a r i z e d  about  t h e  a c t u a l  i n i t i a l  
l i q u i d  s u r f a c e ,  t h e  v a l i d i t y  of t h e  p red ic t ions  f o r  s e t t l i n g  
from curved su r faces  could  be checked. Although agreement w i t h  
experiments w a s  shown i n  those cases where experiments have been 
performed, t h e  range of experiments performed w i t h  curved i n i t i a l  
i n t e r f a c e s  has been too  l imi t ed  f o r  the agreement t o  be  v e r y  con- 
c l u s  ive . 

The b e s t  a n a l y s i s ,  of course,  would no t  depend on any l i n e a r i -  
z a t i o n s  a t  a l l .  Besides a l lowing s t u d y  of t h e  long-term growth of 
i n s t a b i l i t i e s  i n t o  flow f e a t u r e s ,  such an a n a l y s i s  i s  a l s o  neces- 
s a r y  be fo re  the  behavior  of a s u r f a c e  approaching t h e  bottom of 
a t ank  can be s tud ied ,  s i n c e  l i n e a r i z a t i o n  about  any i n i t i a l  s u r -  
f ace  shape has t h e  e f f e c t  of l e t t i n g  the  c a l c u l a t e d  su r face  pro- 
f i l e s  pass below t h e  con ta ine r  bottom. Another advantage of a 
more exact ana lys i s  i s  t h a t  i t  would probably be a b l e  t o  accep t  
i n i t i a l  s u r f a c e  motion. It might also be poss ib l e  t o  inc lude  
cons ide ra t ions  of v i scous  e f f e c t s ,  t o  some e x t e n t ,  i n  an exact 
a n a l y s i s .  
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The l i n e a r i z e d  a n a l y s i s  does g ive  a s t r o n g  i n d i c a t i o n  t h a t  
more exac t  analyses  would a l s o  f a l l  s h o r t  of being completely 
s a t i s f a c t o r y  due t o  an i n a b i l i t y  t o  adequate ly  take  account of 
con tac t  ang le  dependence on f l u i d  motion. The l i m i t a t i o n s  of 
t h e  l i n e a r i z e d  s o l u t i o n  are manifest  c h i e f l y  i n  t h e  na tu re  of 
t h e  s o l u t i o n ' s  dependence on con tac t  ang le ,  as w a s  a l s o  t r u e  
i n  the  axisymmetric case .  Because e x i s t i n g  l i m i t a t i o n s  t o  our  
understanding of con tac t  angles  a r e  much more fundamental than 
the  l i m i t a t i o n s  of t h e  a n a l y s i s ,  i t  would seem t h a t  such r e f i n e -  
ments of t h e  ana lys i s  as use  of a numerical  approach t o  a l low 
l i n e a r i z a t i o n  about a n  a c t u a l  i n i t i a l  s u r f a c e  w i l l  cont inue  t o  
be l i m i t e d  u n t i l  more knowledge of t h e  dynamic behavior  of con- 
tact angles  i s  obtained.  

2 .  Contac t  Angle 

There are a number of i n t e r e s t i n g  a s p e c t s  of t h e  manner i n  
which t h e  a n a l y t i c a l  s o l u t i o n  depends on con tac t  angle ,  i n  addi-  
t i o n  t o  t h e  l i m i t a t i o n s  mentioned i n  the  preceding subsec t ion .  
It should b e  no t i ced  t h a t  con tac t  angle  l i m i t a t i o n s  are manifest  
p r imar i ly  when the  a n a l y s i s  a t tempts  t o  t ake  account of o f f a x i s  
a c c e l e r a t i o n s .  The axisymmetric po r t ion  of t he  s o l u t i o n  does n o t  
show any q u a l i t a t i v e  v a r i a t i o n  i n  s u r f a c e  behavior wi th  con tac t  
angle ,  a l though the  scale of t he  response a t  any given t i m e  o r ,  
a l t e r n a t i v e l y ,  t he  rate a t  which the  pe r tu rba t ions  grow depends on 
con tac t  angle .  

A f u r t h e r  s t r o n g  i n d i c a t i o n  t h a t  t h e  na tu re  of t h e  s u r f a c e  
response,  i n  t h e  axisymmetric case, does n o t  depend on con tac t  
ang le  i s  t h a t  the  a n a l y t i c a l  r e s u l t s  show good q u a l i t a t i v e  agree-  
ment wi th  experimental  r e s u l t s  obtained wi th  near-zero con tac t  
angles ,  even though such small  con tac t  angles  p l a i n l y  v i o l a t e  
t h e  r e s t r i c t i o n s  imposed by the  l i n e a r i z a t i o n s .  

The reason  f o r  t h i s  l a c k  of dependence on con tac t  ang le  i s  
t h a t  t h e  c o n t a c t  angle  c o n s t i t u t e s  a w a l l  e f f e c t  t h a t  i s  b a s i c a l l y  
j u s t  a d r i v i n g  mechanism f o r  t he  eventua l  su r f ace  response.  The 
l i q u i d  s u r f a c e  r i g h t  a t  the  w a l l  is  e i t h e r  h igher  o r  lower than 
the  s u r f a c e  away from t h e  w a l l ;  consequent ly ,  t he  w a l l  i t s e l f  i s  
t h e  source  of t he  pe r tu rba t ion  t h a t  i n i t i a t e s  the  s u r f a c e  response.  
Thus the  exact na tu re  of t h e  w a l l  e f f e c t  i s  not  of g r e a t  importance 
i n  determining t h e  n a t u r e  of t he  s u r f a c e  response,  except  perhaps 
f o r  t h e  s u r f a c e  response ve ry  near  t h e  w a l l .  
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The w a l l  e f f e c t  might have some i n f l  e on the  rate of flow 
formation, however, as ind ica t ed  by t h e  ndence of t he  axisym- 
met r ic  s o l u t i o n  on con tac t  angle .  I n  p a r t i c u l a r ,  as the  w a l l  e f -  
f e c t  approaches zero ,  t he  t i m e  r equ i r ed  f o r  t he  s u r f a c e  d i sp lace -  
ment t o  reach any given amplitude approaches i n f i n i t y .  I n  t h i s  
case ,  i t  i s  l i k e l y  t h a t  i n  a c t u a l i t y  t h e  su r face  response would 
be dr iven  by such extraneous pe r tu rba t ions  a s  w a l l  v i b r a t i o n s  o r  
r e s i d u a l  f l u i d  motion before  t h e  near ly-zero  w a l l  e f f e c t  would 
have an inf luence .  The eventual  n a t u r e  of t he  flow should s t i l l  
be s i m i l a r  t o  t h a t  studied., even though the  development of t h e  
flow would proceed i n  an undetermined manner from a d i f f e r e n t  
type of source.  
pe r tu rba t ions  providing i t s  source would probably no t  be axisym- 
metric. It should be remembered t h a t  t he  w a l l  e f f e c t  approaches 
ze ro  only  when y + 90 deg, a. +- 0,  and a +- 0 simultaneously,  as d i s -  

cussed i n  the  a n a l y t i c a l  s e c t i o n  t h a t  d e a l t  wi th  o f f a x i s  acce le ra -  
t i o n s  e 

The flow would l i k e l y  be o f f a x i s ,  s i n c e  t h e  

3 .  Conclusions 

Because of t he  a n a l y t i c a l  l i m i t a t i o n s  discussed above, p re sen t  
understanding of t h e  response of contained l i q u i d s  t o  a c c e l e r a t i o n  
r e v e r s a l s  must  s t i l l  be based p r imar i ly  on experimental  r e s u l t s .  
The a n a l y s i s  i s  a va luab le  a i d  t o  understanding t h e  experimental  
r e s u l t s ,  however. I n  add i t ion ,  i t  gives  a b a s i s  f o r  p red ic t ing  
flow behavior i n  cases  t h a t  have no t  been experimental ly  i n v e s t i -  
ga ted ,  e.g. ,  low g r a v i t y  i n i t i a l  condi t ions  and nonwetting l i q u i d s .  
Comparison of theory and experiment i n  cases  where both are a v a i l -  
a b l e  gives  some b a s i s  f o r  ex t r apo la t ion  i n  o the r  cases. 

The p r a c t i c a l  va lue  of t he  a n a l y s i s  i s  l a r g e l y  based on the  
f a c t  t h a t  i t  gives  good q u a l i t a t i v e  agreement wi th  experimental  
r e s u l t s  i n  cases  where experiments have been performed. Quant i -  
t a t i v e  agreement i s  no t  poss ib l e  s i n c e  the  axisyrmnetric por t ion  
of t h e  ana lys i s  gives  displacements and v e l o c i t i e s  propor t iona l  
t o  c t n  y ,  which blow up as y approaches zero.  

The experimental  r e s u l t s  provide a v a l i d  r ep resen ta t ion  of 
what would occur i n  an a c t u a l  space veh ic l e  tank f o r  t he  same 
i n i t i a l  condi t ions and boundary condi t ions .  Both the  a n a l y s i s  
and t h e  experiments show t h a t  primary aspec ts  of t h e  s e t t l i n g  
flow are sca led  by Bond number. The ana lys i s  f u r t h e r  shows t h a t  
t hese  same flow c h a r a c t e r i s t i c s  should be e s s e n t i a l l y  independent 
of con tac t  angle.  
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Both the  a n a l y s i s  and t h e  exp e n t s  a l s o  s h  
axisymmetric c a s e  i s  i n  some ways s i n g u l a r .  Acce lera t ions  t h a t  
a r e  very  s l i g h t l y  o f f a x i s  can r e s u l t  i n  a lmost  a l l  of t h e  l i q u i d  
moving up one s i d e  of t h e  c o n t a i n e r ,  

Engineering ques t ions  r e l a t i n g  t o  flow v e l o c i t i e s  t h e  
t o t a l  amount of t i m e  r equ i r ed  f o r  l i q u i d  t o  move from one end of 
a tank  t o  t h e  o t h e r  and come t o  r e s t  aga in  s t i l l  cannot  be 
answered. Drop tower experiments have n o t  been a b l e  t o  ade- 
qua te ly  i n v e s t i g a t e  t h e s e  long du ra t ion  e f f e c t s .  The a n a l y s i s  
does not  r e a l l y  even cons ide r  flow c h a r a c t e r i s t i c s ,  much less t h e  
f l u i d  behavior  once t h e  flow has reached t h e  end of t h e  tank, and 
a l s o  does n o t  take  i n t o  account  t h e  e f f e c t s  of v i s c o s i t y  and con- 
t a c t  ang le  v a r i a t i o n s ,  bo th  of which are important  i n  cons ider -  
i n g  flow v e l o c i t i e s .  
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11. RECOMMENDATIONS 

Since i t  i s  f e l t  by the  au thors  t h a t  a po in t  of  diminishing 
r e t u r n s  has been reached i n  both drop-tower i n v e s t i g a t i o n s  and 
ana lyses  of  f l u i d  phenomena of  t h e  type descr ibed  i n  t h i s  r e p o r t ,  
i t  i s  recommended t h a t  a t t e n t i o n  i n  t h e  f u t u r e  be turned t o  re- 
sea rch  performed i n  space,  where a whole new realm of  long-dura- 
t i o n  experiments could be performed. 

I n  p a r t i c u l a r ,  manned s c i e n t i f i c  experiments i n  space w i l l  
be an extremely va luab le  means of i n v e s t i g a t i n g  t h e  long-term 
response of l i q u i d s  t o  a c c e l e r a t i o n  changes. The a b i l i t y  t o  
perform manned o r b i t i n g  experiments w i l l  be a tremendous s t e p  
forward i n  t h a t  a s c i e n t i s t - a s t r o n a u t  could,  f o r  i n s t ance ,  con- 
t r o l  t h e  experiments on the  b a s i s  of d i r e c t  observation, make 
photographic and o p t i c a l  adjustments a s  needed, re load  cameras, 
and p l a n  new experiments on the  b a s i s  of t he  outcome of j u s t -  
completed experiments.  

One type  of s tudy  t h a t  might be f r u i t f u l l y  pursued i n  t h e  i m -  
mediate f u t u r e ,  i n  a d d i t i o n  t o  o r b i t i n g  experiments,  i s  t h e  a rea  
of nonl inear  ana lyses  of p rope l l an t  tank hydrodynamics. It seems 
q u i t e  probable t h a t  numerical techniques can be used t o  o b t a i n  a 
more soph i s t i ca t ed  t h e o r e t i c a l  understanding of t h e  response of  
contained l i q u i d s  t o  changing a c c e l e r a t i o n s .  

Another a rea  i n  which s i g n i f i c a n t  advances might be made, with- 
ou t  going t o  o r b i t i n g  experiments,  i s  the s tudy  of  con tac t  angles .  
The a n a l y s i s  of l i q u i d  sur face  dynamics presented i n  t h i s  r e p o r t ,  
a s  w e l l  a s  most o t h e r  such published ana lyses ,  assumed uniform, 
cons t an t  con tac t  angles .  The only  ana lyses  t h a t  a r e  no t  pos tu la ted  
on t h i s  type of c o n t a c t  angle  behavior  make equa l ly  s i m p l e  assump- 
t i o n s ,  Although it i s  known t h a t  con tac t  angles  a r e  somewhat a f -  
f ec t ed  by r e l a t i v e  v e l o c i t i e s  between f l u i d s  and s o l i d  w a l l s ,  t h e  
n a t u r e  of  t h i s  v a r i a t i o n  i s  no t  understood. Thus a major s h o r t -  
coming of  t he  a n a l y s i s  w i l l  probably not be r e c t i f i e d  u n t i l  more 
bas i c  knowledge of  con tac t  angle  i s  obtained.  Although t h e  bas i c  
s c i e n t i f i c  r e sea rch  necessary t o  gain t h a t  knowledge was obviously 
beyond t h e  scope of  t h i s  i n v e s t i g a t i o n ,  i t  does seem t h a t  such 
drop towers a s  t h e  one used f o r  t h e  experimental  po r t ion  have 
now been developed t o  a l e v e l  of  s o p h i s t i c a t i o n  where they  could 
f r u i t f u l l y  be used t o  i n v e s t i g a t e  some bas ic  con tac t  phenomena 
problems a 
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