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SUMMARY

The Pontryagin Maximum Principle is used to formulate the prob-
lem of finding optimum atmospheric vehicular re-entry trajectories.
The optimization problem is that of minimizing an integral which is
a function of the state and control variables. The vehicle's motion
is assumed to be influenced only by a gravitational force and an
aerodynamic force. The problem is formulated and the necessary equa-
tions are developed simultaneously for three sets of Euler angles.
Computational procedures are suggested so that numerical trajectories

may be generated.
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I. INTRODUCTION

This paper is an extension of previous work done by Grady Harmog
and W. A. Shaw, presented in NASA TM X-53024, March 14, 1964.

The objectives of this paper are (1) to present a method for
treating optimum re-entry problems in é simplified maﬁner and (2) to
generalize the computaéional scheme outlined in the aforementioned
paper. The computational scheme given allows forAthe optimization of
any functional subject to the specified constraints. Atmospheric data,
vehicle configuration and aerodynamic coefficients are incorporated in
the computational scheme in tabular form. Thus, different vehicles
and/or atmospheres may be considered by changing the appropriate ‘tables.
The governing equations are developed for three different gimbal sets..
A computational scheme is outlined for each case.

No numerical results are available at present, but development of .
the computer deck is underway at the Electronics Research Center.

This work is sponsored, in part, by a grant{ NGR~01-003-008, from

the Electronics Research Center.



II. STATEMENT OF THE PROBLEM

The problem is that of finding the optimum control process, ay(t),
that will transfer a vehicle from an initial state, at time t, in an
atmosphere to a terminal state, at time ty, in the same atmosphere
so that the value of'the functional |

. 5
J = ‘ f(x: x: ¢.) ¢r) ¢y’ ¢P: Aa,ay, Fr) dt

t
0

is a minimum. The trajectory associated with this optimuﬁ control
process is the optimum trajectory.

The rotational motion of the vehicle is treated in a simplified
manner. The equations governing the vehicle's rotational motion are
considered as a steady-state problem with only one component of the
angular velocity vector present for any given gimbal set. A gimbal set
is used to measure the Euler angles, ¢r, ¢y’ and ¢p. The equatiops of
motion are developed simultaneously for three different gimbal sets.

The problem is formulated as a Pontryagin initial value problem,.~
The relative velocity equations appear as algebraic constraints. The
yaw angle of attack, ay(t), is the control variable.

Additional assumptions are made as follows:

/1. The motion of the vehicle is influenced by an aerodynamic

force that acts through the vehicle's center of pressuré.

2. The attracting body is-a rotating sphere with homogeneous mass.

-~
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3
The vehicle's centroid of mass and centroid of volume are
not coincident.
The vehicle's center of mass is invariant with‘reSPect to
the vehicle.
The center of pressure of the vehicle is invariant with

respect to the vehicle.

A system of roll control jets is available on the vehicle

that produce a pure roll couple as required by the optimum

control process.



III. COORDINATE SYSTEMS

Three rectangular coordinate systems will be used in this paper.
‘They are:

1. The p}umbline space fixed coordinate system,

2. The vehicle fixed missile coordinate system,

3. The aerodynamic coordinate system.

A. Plumbline System

The plumbline system, Figure 1, has its origin at the earth's
center with the Y-axis parallel to the gravity gradient at the launch
point. The X-axis is parallel to the earth fixed launch azimuth and

the Z-axis is chosen to form a right-handed system.

B. Missile System

The missile system, Figure 1, is located with its origin at the
center of mass of the vehicle and its y  axis parallel to the longitudinal
axis of the vehicle. The x; and z_ axes are chosen to form a right-
handed system which is parallel to the plumbline system at the launch
point.

As the vehicle moves along its trajectory, the missile system under-

goes a displacement with respect to the plumbline system. This dis-
placement is given by three Euler angles as measured by a gimbal set.
The Euler angles uniquely specify the orientation of the vehicle at any

time. Any particular orientation of the vehicle may be described by

4



PR ] PR O R
gmi_so‘..ue coorainate systems




6

different sets of Euler angles depending solely on the sequence in which
the angles are measured. Therefore, it is mandatory that a specific
sequence be followed in measuring the Euler angles. The three Euler

angles are referred to as the yaw angle, ¢y, the roll‘angle, @., and

T
the pitch angle, ¢P, The yaw angle is measured with respect to an
X axis. The roll angle is measured with respect to a Y axis, and the
pitch angle is measured with respect to a Z axis. An angle is considered
positive counterclockwise when viewed from the positive end of the axis
about which the rotation is taken. The angles are measured by a set '
of gimbals on the vehicle. A gimbal set measures the Euler angles in
a specific sequence such as pitch, yaw, and roll. In this paper,
equations £hat involve the angles yaw, roll, or pitch are developed
simultaneously for three different sets of Euler angles. The angles are
obtained from three gimbal‘sets. They will be referred to as follows:
1. A gimbal set which measures in the order of pitch, yaw,
roll, )
2. A gimbal set which measures in the order of pitch, roll,
yaw. |
3. A gimbal set which measures in the order of roll, yaw,
pitch. | |
The Euler angles are shown in Pigures 2, 3, and 4.

A position vector in the missile coordinate system may be written

in terms of a position vector in the plumbline coordinate system.
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‘ The equations of transformation are given by the orthogonal rotation f
matrices ﬁ
ﬁ
1 0 0
[ Qy] , o= 0 - QY SY ,
0 -SY (¢
e ‘K =
_ CR 0 SR
[-2_] = 0 1 0 , ‘

\
SR 0 CR

cp Sp 0
1) = |-Sp cp 0 .
[ p]
0 0 1

The particular combination of the above rotation matrices that relate
a vector in the two coordinate systems is dependent on the gimbal set

used. The relationship for gimbal set 1 is

[-0,] 8] [9,] X | (1)

¢

or

=l
]

A X (1b)
1



" Fig. 2. Eulerian angles for gimbal set I




where

CRCP+SPSRSY CRSP-SRSYCP  SRCY
[Ag], = -CYSP CYCP SY (1c)
~SRCP+CRSYSP -SPSR-CRCPSY ~ CRCY

is the combined product of the rotation matrices in equation (la).
When ¢y = 90° gimbal set 1 is oriented so that ¢r and ¢p are measured
in the same direction, refer to Figure 2. This condition is referred
to as gimbal lock.

The relationship for gimbal set (2) is

X o= o) [-0:] [Pp] X (2a)
or
X o= [Ag], X (2b)
where
CRCP CRSP SR
[Ad]2 = -CYSP-SYSRCP CYCP-SYSRSP SYCR (2¢)

SYSP-CYSRCP -SYCP-CYSRSP CYCR

is the combined product of the rotation matrices in equation (2a).
Gimbal set 2 is locked when ¢r = 90°. At this orientation, refer to

Figure 3, @, and @, are measured in the same direction.
gl y p
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" Fig. 3. Eulerian angles for gimbal set 2
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The relationship for gimbal set (3) is

X, = Io,] 09 [-,]X (3a)
or
where
CPCR-SPSRSY SPCY CPSR+SPSYCR
[Ad]3 = -SPCR~-CPSRSY CPCY ~-SPSR+CPSYCR (3¢)
-SRCY -SY CYCR

is the combined product of the rotation matrices in equation (3a).
Gimbal set 3 is locked when QY = 90°. At this orientation, refer
to Figure 4, ¢p and @, are measured in the same direction.

The transformation matrices (1lc), (2¢), and (3c) will be referred

to as

Equations (1b), (2b), and (3b) are restated as

o= [Ad];Y- (4)
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‘ Fig. 4. Eulerian angles for gimbal set 3
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C. Aerodynamic Coordinate System

The aerodynamic coordinate system is located as shown in Figure 5
with its origin at the center of pressure of the vehicle. The Y, axis
lies in the plane containing the vehicle longitudinal axis of symmetry

and the relative velocity vector. ‘he relative velocity vector, V. ,
is defined as the velocity of the air with respect to the vehicle as
measured from the inertial reference. The Xa and Za axes are chosen

to form a right-handed system. As the vehicle moves along its tra-
jectory, there will be a relative displacement between the missile
fixed coordinate system and the aerodynamic coordinate system. The
direction of the Y, axis is defined by the following rotations as shown
in Figure 5:

1. Rotate the vehicle fixed reference frame about the Ym.
axis so that the Xm axis lies in a plane parallel to
the plane formed by the vehicle's longitudinal axis of
symmetry and the £elative velocity vector. The angle
traversed is referred to as the yaw angle of attack, &

Y
2. Rotate about the new Z axis by the true angle of attack, a*.

This specifies the orientation of the aerodynamic coordinate
system.

The

21 ~

aerodynamic force in the next section.
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A position vector in the aerodynamic coordinate system may be
written in terms of a position vector in the missile fixed coordinate

system. The orthogonal transformation matrices are

Ca*  =Sa* 0

[-a*] = Sa* Co 0

\ 0 0 1

and

{_Cay 0 -Say,
o = 0 1 0 .
[ ] \

| Soy 0 Cay,

A positive vector in the aerodynamic coordinate system is expressed

in terms of a position vector in the missile fixed reference as

2 [-o*] [ay] X, ., (sa)

X =
oxr
where
* - * - *
Ca Cay Sa Ca Say
a— * -
[Aa] = Sa*Say Ca Sa*Say (5¢)

Say 0 Cay
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t of the rotation matrices in equation (5a).

system transformation matrix (5¢) is inde-

pendent of the sequence used in measuring the angles yaw, roll, and

pitceh.




Iv. MECHANICS

A. Forces
Two forces are assumed to act on the vehicle as it moves along
its trajectory. It was assumed that the attracting body is a homo-

ay < ~ > N ~ ; - 3 + 3 £ s
T LAUS, an Inversce sguare gravitatlonal iorce is

»"
[
-
-
<

ritten in terms of the plumbline coordinates as
n X :
—a e } (6)

The vehicle's motion is aliso influenced by an aerodynamic force. The
Zorce lies in the plane formed by the vehicle longitudinal axis of
~symmetry and the relative velocity vector and passes through the cen-
ter of pressure of the vehicle, as shown in Figure 6.

The components of the aerodynamic force are defined by the

eguations

F, = AgqCy (o) , (72)

F, = AqC(, (a*) . (7b)

17
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A 1s the projected cross-section
dynamic pressure. Cy and C,
re dependent on the
it is assumed that C, and Cy are known.
expressed in the aerodynamic system as
r:FZCa* - FXSazl

-FyCo* - F,Sa*

The aerodynamic

reference as
= T%w
Fan = [A;] Fa

{(Note:

Eguation (Sa) can be writte

;ﬁamfi {_Ca*Cay Sa*Cay Say
%FamY§ - | -Sa¥ Co*
Famz_} -Ca*Sa,  -Sa*Say ca}_,J

When simplified, equation (9b) becomes

r =

| ““;\l SaCoy
i Famy o= Fa -Ca
Fm SaSa

area of the vehicle and g is the
are experimentally determined factors
vehicle's shape and the angle of attack.

The aerodynamic force is

. (8)

force is expressed in texrms of the missile fixed

. (Sa)

The symbol [A]T is used to denote the transpose of matrix A.)

n in component form as

1

~FaSaCa* + FaCaSa¥|

~-FaCaCo* - FzSaSa* .(9b)

. (5¢)
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F, = \/FZ2 + FE,° ,  (10)

and a is expressed in terms of the components of the aerodynamic

force through the equations

o9

Sa = iz , (11a)

|

Ty
2

1)
2

Coa =

13

| , (11b)

o

tan o

F, C,(a®)
SZo= 2z\% . (11¢)
Fy Ty (0%)

[eH%
ele

The magnitude of the aerodynamic force is related to the relative

velocity through the dynamic pressure by the equation

q ‘= 1/2 p Vg® . . 12)



it is assumed that the atmosphere normally moves with the attracting

coay (6). rence, at all times there is an air mass movement with

respect to the plumbline coordinate system. W is a vector that represents
eny abnormal air movement. An equation expressing the velocity of the

wind may be written as

v . X T 13)
vwind “e x X+ W y (13)

e,

Ine relative velocity equation is

Y v v 14
Vyind R . (8

v

When equation (13) is substituted into equation (14), the result

Vu = X + X xuwg - W > (15a)
or, in component form,
—_ - - . - - - —_ _ -
\) X X w W
RX ex X
= Y N x - W . 15b
YRy ¥ Yoy y (15b)
W
Vaz 2 : Yez z
b oy beve — ko e bee wtd bome wd

The relative velocity may be expressed in terms of the aerodynamic,

missile, or plumbline coordinate system variables. The relative velocity
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v = [A1 Vv = @1t v (16)
P! d R a T

TrmX
rm vrmy

Tmz

is the relative velocity vector in the missile system and

<l
n
<3

3

is T

IS

e relative velocity vector in the aerodynamic system. (Note that

[

equation (16) represents three possible equations depending on i.)
The resultant force acting on the vehicle written in the plumbline

coordinates is

T = F + [Ad]z‘ Fam . Cl7)
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B. Couples and Moments

e motion of the vehicle i

74

influenced by a moment and a couple.
It is assumed that the center of pressure and the center of mass are

to the vehicle. Thus, the center of pressure

3t
V3
<
[}
H
pa
©
>
b
—
=
b
ct
5
"
(&)
wi
g
(@]
(@]
ct

is located by a constant position vector, X, in the missile fixed
P
reference. The aerodynamic moment is given by the vector product of
the position vector, E; , and the aerodynamic force, Fam' The aero-
D

dynamic moment is written in the missile fixed reference as

M = x x F , (18a)
an cp am
or
r i -F y...SaSa + Foz_ _Ca N
amx a cp a“cp
§ Mamy ] = -Fa chSaCay - FaxcpSoaSoay . (18b)
2 Iamz , -Fa 'Cpca + Fa}’cpSaCQY
L B L -

A system of roll jets is used to produce a pure roll control couple

about the Y_ axis. The jets are located with respect to the missile

fixed coordinate system so that

M
"1

]

1
o

1

1]
1t
o

located at Z = 0
rl r

o
[

-
[}
—

Lo}
L




PR |
eaald
-7 0
F o= 0 located at -Z_ = 0
T2 ‘ T
0 -Z
T
yield a roll couple
M = 2(Z x F 19a)
T ( r r) o
walch may be expressed as
i 0
M = | 2z ' . 19b
o | 22,5y : (190)
| o
- — '

The resultant noment sgbout the center of mass of the vehicle in the

;J
v
197
',.l
Pt
o
Hh
’_I
”
(%
[eN
(¢}

oordinate system is the sum of the roll couple and

acrocynamic moment

‘Tm an Py (20

When ecuations (18b) and (19b) are substituted into equation (20), the

result is

prCpSuqu + F szCa 0
1
M = ;-F z  SaCua - F x_ SaSu + 12z F s (21a)
fibu! a cp Y a cp y rT
- + F : 0
raxCPCa aprSaCay
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B . .
waich con be recuced to

. (21b)

o
i
I
o
3
13
]
1
N
w
&
(@]
Q
1
rr
"
bad
o
n
o
[%¢]
©

e

14
H
S
24
O
\<

'Faxcpca + FaprSaCay

C. Equations of Motion

It is possible to interpret the motion of a rigid body as the sum

Fy

of two independent effects--the motion of the center of mass of the

N

vehicle with respect to an inertial coordinate system and the rotational

Py

moticn of the vehicle gbout its center of mass. The motion of a rigid

body in general requires six independent coordinates to specify its

ny time. The six independent coordinates used in this

O
o]
’,J
[¢]
¥3
ct
jO
ot
}..l
O
o
jo)
ct
m

problem are the three plumbline coordinates and three Eulerian angles.

anslational equations of motion are written for the center

=
o
cf
N

F,o- n X (22a)
oTr
F o+ [A]lf F_ = mi , (22b)
g d*i an
where
L.."-.
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cituted into cguation (22b), the second order

21 ccuations of wmotion become

3

_an . (22¢)
m

ifferential equations, (22¢), may be reduced

to six first order differential eguations by. a change of variables.

et
u X
u o= v = Y = X . (23)
N Z
b -~ N e
Wnen the above transformation is used, the second order differential

ecuations of motion, (22c), reduce to

~ G MX T F
u o= - -+ [Ad] _en . (24)
x| 3 1 n

g = - T“TS . (29)
R
T ¥ F
(Al & = &N, = F} N, , (26)



where

and

where

and

where

and
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¥ = Fa
a m
N

N1 = P
Q

-(SaCay)(CRCP+SRSYSP) + CaCYSP + (SaSay)(-SRCP+CRSYSP)
—(SaCay)(CRSP—SRSYCP) - CaCYCP - (SaSay)(SPSR+CRCPSY) (27a)

-(SaCay)(SRCY) - CaSY + (CRCYSaSay)

e, ) (CRCP) + Ca (CYSP+SYSRCP) + SaSa,, (SYSP-CYSRCP) |
-(SoCay) (CRSP) - Ca (CYCP-SYSRSP) - (SaSay) (SYCP+CYSRSP) | (27b)

-(SaCay)(SR) - Ca (SYCR) + (SaSay)(CRCY)
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where

~
N —(SaCay)(CPCR-SPSRSY) + Coa (SPCR+CPSRSY) - SaSay (CYSR)
Pl = —(SaCay)(SPCY) - Ca (CPCY) - SaSay (5Y) (27¢)
Q 2 -(SaCay)(CPSR+SPSYCR) - Ca (-SPSR+CPSYCR) + (SaSay)(CYCR)

When these definitions are used in equation (24), it may be written as

u = gY+ F; Ni (28)

It is convenient to write the rotational equations of motion in
the Lagrangian form. When the Eulerian angles (pitch, roll, yaw) are
generalized coordinates, the rotational equations of motion take the

form

d |oT aT .
5| T = M. i=pP.v,T (29)
dt('a;z)j) ;z)J MQ)J )

T is the rotational kinetic energy of the vehicle and M¢ is the

J
moment associated with the Qj rotation. Based on the assumption of an

offset center of mass, all components of the inertia matrix are assumed

to be non-zero. The inertia matrix is

r - -
Ixx Ixy IX;]
= | -1 I -1 30
[ul yx yy vz (30)
. -Iox ‘Izy Izz
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Wl e o, (3D)

wicre w Is the angular velocity of the vehicle in the missile fixed

When expressions (30) and (31) are substituted into equation (29),

A
ST T = M, . e

ine angular velocity vector, w , is obtained from a coordinate

ansformation of the angular velocity components ¢y, @r, and Qp into
the nissile fixed reference. The transformation is dependent on the

gimbal set used. The transformation matrix is developed for gimbal set 1.

(Gimbal sct 1 measures the Euler angles in the order pitch, yaw, roll.)

e
O
O
(@]
]
.
b
v3
I
[¢]
ct

ransformation is not required for . since it is measured

1

With respect to the missile coordinate system. The angular velocity

ct
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Zixed reference by use of the

~

e missilce

is expressed in the missile fixed

P

ponent §

city com

veio

£ two rotation matrices as follows

by use o

ice

[S]

“or

velocity vec

al

(33a)

missile

ent form,

L compon

17

or,

(33b)

0




Which may be expressed as

€]

1

PR - o Loy o3 e 2
&G Tae transiormation matrix

EN
e
—t
]

T

CR

~-SR

31

S

[a,]

SRCY
SY

CRCY

R (33¢)

(34a)

A similar argument is used to develop transformation matrices for gimbal

|
[A,] = |
2
|
I
E
[A,] —g
3

cpP

-SP

SR

CRSY

CRCY

(34b)

(34¢)
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The angular velocity vector, w, is restated for the three gimbal sets as

w = [A] @ i=1,2,3 . (35)

ct

it should be noted that the transformation matrices [Aw} are not

i
orthogonzal.
Sy use of the expressions obtained above, the rotational equations
oT motion become

- i~ ( ! r 7
% <[~ (4]

/
2

-

.
s
4

.
wagere

- T AT 4r, 4
C o=A, _;/x;;f:w_,_‘ ., (37a)
- - £ ¢t - ¢l
- T
- T ’\[}é o - . =
B. = & &Ll CM ,'F%?w‘ . . (37B)
J [ Db LALTHL T



o

M = (A1l M, , (37¢)
5 ?
y Yy
= B, ,» and @, = | 2. . (374)
Bp . Qr
- dl S —
i = 1,2,3 j = p,}’,r

Definitions for @ and $ are introduced that conform to the simpli-

fications referred to in the problem statement. These definitions will

be used throughout

=

for gimbal set 2:

al:

the remainder of the paper. For gimbal set 1:

n
o
»
o}
[o8

h

1}

0 . @
] Yy
= Ad 73 = O s
‘ 0 an ¢2
0 0
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and for gimbal set 3:

0] 0
7) = |0 and E% = |0} .
0
¢p |
It is noted that each of the matrices in the matrix product of
equation (37a) is non-singular. Thus, the product is non-singular, '
and the rotational equations of motion, (36), can be reduced to the

following form for each gimbal set.
M = AT LS T D [ag), +
Tm = Medg ({dt FNerif M Bely

T d 7 - B 38
W B &) B - E NES
Three rotational equations of motion are obtained for each gimbal

set from equation (38). The three equations may be solved for three
unknowns. Because a particular computational procedure is anticipated,
the equations for each gimbal set are solved for the roll force, F.,

the angle, o, and the angular velocity component that appears.
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Gimbal Set 1

The three rotational equations of motion are:

)
-0r Izy = Faycpsasay + FachCa
0 = -FachSaCay - FaxcpSmSmy
. 2I = -F C + F SaC
By xy - “Fa¥cp-® alcp>®y

The first and third of equations (39) are solved for

Izyxcp - Ixych

ycp(IzyCay + I,

& = .arctan
\ ySay)

The second of equations (39) is solved for

FaSa (x' Sa., + z_Ca )

. - cp Ty cpy
T 2z
T
and the third is solved for
. - C
g = :\/ Fa UepSaCay - ¥opC)
T - I
Xy -

<+

2F 2, . (39)
. (42a)

‘, (43a)

. (44a)
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Gimbal Set 2

The rotational equations of motion are:

0 = FY SaSa + FZ Ca -
a cp y a cp

. 2 .
] Ixz -FaZc SaCa, - FachSaSay + 2F.rZr (40)

4 P Yy
y 2
-¢y Ix

~F X . Ca + FY_ SaCa

34 P Y

P

The first of equations (40) is solved for

-z ,
a« = arctan _—__°P ' (42b)

The third-. of equations (40) is solved for

. F(X C - Y SaCu_) .
¢y = ;N/a cp cp y . , (43Db)

Iy

" and thesecond is solved for

| s Z -a VC “Csa‘ ’
P o= X X Py P_Yy (44D)
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Gimbal Set 3

The three rotational equations of motion are:

I = FY SaSa + FZ Cao
© a'cp y ‘acp

= -FaZcpSaCa.y - FachSaSay + 2FrZr,

0 = -FgXgple + Fp¥cSaCay

The third of equations (41) is solved for

@ = arctan

The first of equations (41) is solved for

 [F (T Sa5a + Z @
b e N2y cp
) - I

yz

and the second is solved for

t 2
; FaS-(ZCPCay + chSay) - ¢p I

T ZZr |

XZ

]

.(41)

(42¢)

(43c)

(44¢)



V. THE RELATIVE VELOCITY CONSTRAINTS

;
The fact that the relative velocity vector may be written in terms

of the three coordinate systems constitutes an algebréic constraint

given by

V. = A1 ¥ o=[a1T V 4, (16)

where V;m is the rélative velocity vector expresséd in the missile‘
coordinate system. Vector equation (16) yields three equations for
each gimbal set. The three equations of each set are not independent.
Hence, they may not be solved for three unknowns. For each gimbal set,
the three equations are solved for two angular displacements. The

uniqueness of these angular displacements is discussed in Appendix B.

Gimbal Set 1

The constraint equations are:

(CRCP+SRSYSP) V_ + (CRSP-SRSYCP) V_ + SRSYV._ =V
Rx Ry RZ

(-CYSP) va + CYCP VRy + SYVRz Vrmy

L]

<
~
f =4
o
~

-SRCP+CRS - (SRSP+CRCPSY) V. + CRCYV v
( +CRSYSP) V- (SRSP+ )Ry | 2 .ﬂ -

- 38
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The first and third of equations (45) are solved for

2 2 2
J VRY VRX -\/ v S VRY ‘ )

, SP = 2 2 . , (46a)
‘ (VRx + V Y)
- and
.Jva * V}sz - 9w vlzw '
CP = . 2 ' (46b)
| (RRX * VR '
where

Sp
N ~§ = arctan — . (46¢c)
cp

As shown in Appendix B, equations (46) may be solved for a unique value

of @ only if
L P Y

The second set of equations (45) is solved for

| 2 2 2
vV V. _ - K'\/v -V + K :
™m RZ RZ Tm .
SY = A > 7 L » (47a)
‘ (VRZ + K%
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and
2 2 2
. vrmy K+ VRZ -\/FVRZ - vrmy + K
: 2 2 N ’ .
(VRZ + K%)
where
K = CPVy = SPV,, : ,
- SY , . 47¢
¢y arctan Zg | (47¢)

As shown in Appendix B, equations (47) may be solved for a unique value

- of only if
¢y LY .

y L]
Gimbal Set 2
The constraint equations are:
VoxCRCP  + VRyCRSP  + Vp.SR = Vrmx
-VRXCPSRSY - VRXCYSP + . VRY(CYCP-SYSRSP) + VRZSYCR = Vrmy (48)
Vrx (SYSP-CYSRCP) - VRY (SYCP+CYSRSP) + - VpzCRCY = Vonz
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The second and third of equations (48) are combined to give

VRx SP - VRx CP = - Vrmy CY + mez SY

which is solved for

. 2 2 2
FVpx * Vpy qV/VRx - P Viy

SP = ; > S, (493)
ax * iy
and-
2 2 2
FV + V ‘\/ v - F4 -V
CP = RY RX .RX RY (49b)
} 2 2
(VRX + VRY)
where
F = -V CY + Vrm sY ,
Sp
= arctan 2L . 49¢)
¢P CP _ (

A ]

As shown in Appendii B, equations (49) may be solved for a unique value

of @ only if
P
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The first of equations (48) is solved for

2 2 2
v G'\/v - Vi o+ o6
SR - RZ “rmXx 5 RZZ X , (503)
(Vgz - G
and
o 2 2 2"
GV + V ‘\/v -V + G
SR - TMX RZ . RZ Tmx (50b)
2 2
'(VRZ + G°)
where ,
G= Vo, CP + V.. SP ,
= SR o 0
¢r arctan ol . (50¢)

As shown in Appendix B, equations (50) may be solved for a unique value

of ¢r only if

-H§¢réﬂ .
Gimbal Set 3
The constraint equations are:
Voyx (CPCR-SPSRSY)  + VoySPCY  + VRZ(CPSRfSPSYCR) = ‘Vrmx
~Vrx (SPCR+CPSRSY)  + VRyCPCY + Vpgz (-SPSR+CPSYCR) = Vrmy : (515
-VrxCYSR - VRySY + VRzCYCR = Vonz

R
%
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The first and second of equations (51) are solved for

' 2 2 2
' Vo, A =V '\/ Vo, - A° + Vv
SR = RZ R’ZC Ri RX , (52a)
Ve * VR
and
: 2 2 2
V_.A + V ‘\/ ' - A+ V¥
CR = RX RZ RZ RX (52b)
2 2
Ve + VRY .
where
A = CPV_ - sx>vmy ’
SR
= arctan 28 . 52¢
¢r = (52¢)

As shown in Appendix B, equations (52) may be solved for a unique value

of ¢r only if . ‘

-né(brén

The third of equations (51) is solved for

 — - 3
- B ve, - Ve B“
sY = VRY Vrmz * -\/ RY rmz *

2 2
(VRY_ + B“°)

. (53a)
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and
oY = B Vrmz * VRz‘WV/ Vgg B V12~mz * IBZ (53b)
(VRY + B)
where
B = V(R - VouSR o ,
¢y = arctan %; . . | (53c)

As shown in Appendix B; equations (53) may be solved for a unique value

of ¢y only if



VI. FORMULATION OF THE OPTIMIZATION PROBLEM

The optimization problem is that of finding the optimum control
process, ay(t), that will transfer a vehicle from an initial state
to a terminal state in an atmosphere in a manner so that the

functional

Y

J = f(x, '_x, 5, ¢I" ¢)’, ¢P’ a, G

v Fr) dt

%

is a minimum. . Since ‘the Pontryagin formulation is to be used, it is

necessary to write the Pontryagin H function for each gimbal set (5).

Gimbal Set 1

The Pontryagin H function is
He o= X "X +xp "8 + A0+ AeJ ,  (s5a)

which may be expressed as

F (¥ _ Sa Cay, = x_ Ca) - e
+ A, -\/a cp y cp + Ag £(X, X, ¢1,¢; a , uy, Fr) (55b)
Ixy

45. -
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.-
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where
Al Ay
AI — )\2 » and AII . = >\5 .
)\3 >‘6
- -l A and

The A(t) are auxiliary variables used in a manner analogous to Lagrangian

multipliers in the ¢lassical calculus of variations.

Gimbal Set 2

The Pontryagin H function is

Hy = Xppp *X o+ Ay "0 2 as @+ e, (562)

which may be expressed as

*
= A - X ) . X + F -N—
H2 AIH X + AIV (gX a 2)

F (x. Co ~- y. SaCa,) < -
a- ¢C — =l o
-+—>‘1-5\/ 2 E L +' >\15 f(x: X: ¢2:¢.:0t ’ “y’ FI‘)' . (Séb)
'Ixy
where
o - u =
Ag A2
AIII - )\10 » and )\IV - )\13 .
A A "
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The expressions for the auxiliary variables are obtained from

the H functions as follows:

Gimbal Set 1

~Ar =%
#30z-%) = NOE* T
/
+(2, fj@_? + A | Gep IetCoy = XepCH 9[/5’*)/2}
J[- X 7 Ixy | AX
a5 "
+;{8§;("0: ) (58a)
_x 9
‘r =57
bY X&(/T A7) = —\g8%*
o g g
/
+ A /%PS”C‘“@—XCPC‘@ 0(5%)%
7\ Tyy (8a
nH
7 } O/OC_ (59a)

8o



Gimbal Set 3

The Pontryagin H function is

where
Ny
and
by
VI
9

=<

>=<|-

47

VI

24

(g'f +

F*N
asd

»  f(X, X, 63,?6, @, o

A
2

)

y* Fr

J
L

)

» (57a)

(57b)
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2 H (= ON
_2 :.‘?__':_F‘{A 20
=54 =5 {5 ]
> o4
_A =" 2 0.
S ar

Gimbal Set 2 -

The expressions for the auxiliary variables are: '

_x =2

= FXQ(/(EQA—/Z—)
? T ax *

— A
[RJZ'//2>§:.£
X

+ A+ (Zvﬁ)g):?‘

+ ,1/5 t/XC/DCZY — Yo S& Ly

{ @(f;‘*)"z}
Zyy

X

(60a)

- (61a)

(58b)
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o7 |
A LIGWRYS) - \OFF
= ) -+ F—ﬁ((g\ 77 2 - ('A '/V ‘7
\ar o e = Z>3[;

+ /2/ X Cot — by St Gy {8 (gf)g}

o) —
/ Lyy Ba
24
+ 2, o5, (59b)
7
- N ) |
T Ty ) w»
Y 7
e _ 8/4./3
"A/s AT = & (61b)
Gimbal Set 3
The expressions 'for the auxiliary variables are:
_7 =9%
v eox _ .
—#0(0m M) | ;v A\IEF =

(o R2D o ) | Sy 2 205 %)=
% “ Lyz ox

5% |
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= SH,
~tm <37 w
= (A=) = \AE¥
= Ay + 5 — 2 (o Aé)éz/g
yc.,,,Soejq)y + Zep Cof 9(75)
T
—+ 85 . (59¢)

X _ 3t —/0:_’({7 a%z | (60¢)

- A 5/ O. (61c)

Equations (6la), (61b) and (61c) imply that >\8_, >\16’ and >\21+ are

constant. The constant in each case is taken equal to plus one. This

ol S (PR, wle o Lo ke S men 2 o o o D RS _af o
< i L LILC 11 LUWiiGe4AVil Lo d.LbU a lldiidillédLdVll

- = - e mdes - Fag
Hiillllll L4a L iV &

of the payoff function.
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The necessary condition for a critical value of J is

OH,
—Lr = 0 (62)
90, .
y B
where ‘ B - '
i = 1,2,3 .
The inequality
2
) Hi R
0 (63)
o3

must also be satisfied to insure a minimum of the payoff function.
(Note: The criteria expressed in (62) and (63) are valid only if the
H function is differentisble at each point on the trajectory.) Partial

differentiation of the H functions as indicated in (62) and (63) pro-
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SH, I . /E".)(Q/\—/:‘ -~ 2 lo (%Pﬁ“q»a/ XCPC’o/)
%y 7 ofy *,Z:(y
+ }5,9 F (2, %, 5 b0yt 1. (64a)
ao/.j |

X9

2 _ T 4 2 \/’C'r(‘/C/’S‘;’S“"/7‘ZC/>C"a



Al < Z 7
odyz 4 CQO/; -Z:(y
-'L)é’;g'zﬁ{z )%’ Sg’ 77’};90/7 qfc/a ED > O. (65a)
g
SH _ 7, éfnyazf; y fTY&gDCRV — e, WY,
Qq/yz d 5)0/5/2
¥ P
*2/62—27[(' ¢»¢ oy, ) > O (650)
oY,
J
~Z — 72
S5 7 M y e / (bgpfﬁﬁéﬁ/ 7#4259C2£)
SeZ  EC pu2 T 23542 7
%y 7 4 >4
2 ..
+;{z4§':,;zf(79 % 75’7“;:‘“’»“@3 E)>O. (650

The algebraic and differential constraint equations (28), (42),
(43), (44), (46¢), (47¢), (49¢), (50¢), (52c), and (53¢), and the

characteristic equations (58), (59), (60), (61), and (64) form a

complete set of equations for the problem. To insure that the payoff

function has been minimized, the inequality (65) must also be satisfied.



VII. COMPUTATIONAL PROCEDURE

The problem formulated is of a general nature and the equations
involved are quite complex. It is highly improbable that a closed
form solution can be found. Therefore, no time has been spent in
search of this type solution. A computational scheme is suggested
in order that trajectories may be generated on a digital computer.
For convenience in the discussion of the computational scheme, the

principle equations are written in functional notation.

Gimbal Set 1

The important equations expressed in functional notation are:

o = a(ax) (66a)
¢-r = :_ ¢r CO.JQ’,y; —X—: Y) . (67&)

= X, X ' 68
¢P ¢p (61‘: X: s O ay) . ( a)

- X 69
Qy ¢y(¢p, X, X, a,ay) (69a)
X = XX %7, e, o) (70a)

y

= 71la
Fr F (a,ay) ( )
Hl = Hl( '_, X, @ > Oy ay, }\l) (72&)

55



H
!

.aay

Gimbal Set 2

The important

=]

*rj

a(ay)

:_¢yCa, o )

y)

equations expressed in functional notation are:

(73a)

(742)

(66b)
(67b)
(68b)
(69b)

(70b)

(71b)

(72b)

(73b)

(74b)
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The important equations expressed in functional notation are:

a = a(ay) (66¢c)
) = . g a, o, X, D 67¢
Qp _¢p( y ) , (67¢)
. = 80, w o, %X | (68¢)
o = 8@, 4 a,% N (69¢)
Y y r Yy
X = XX, X, 0, «a, ay) _ (70¢)
F. = FTCQ)Y, a, ocy) (71¢)
Hs = HSCX, X, 90, @, O"y: Al) (72¢)
S A
i kl()\, >‘: @ s O, ay: i) (73C)
o, 3 .
- = H (X: X: ¢ > O, Gy }\)= 0 (740)
o P1e) 3 ' y 1
Yy Yy

A complete set of equations has been developed for each gimbal set.

Therefore, three independent, but similar, computational procedures are
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written. All three computational procedures require the following

initial data:

Hh
O
H

Atrmospheric tables p as a function of position

or W as a function of position

Hy

Atmospheric tables

Hh

Aerodynamic tables for Cx(a*) and Cz(a*) as a function of a*

Values for: : .

A R
O
G X
cp
m : ZI‘
M [u]

Plurmbline position, Xo’ and velocity, Xo, vectors at the initial

point on the optimum trajectory
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. Computational procedure for Gimbal Set 1

Initial values for the auxiliary variables, )‘i’ and the roll angle,
¢r" are recuired. It is assumed that these values are known. These

initial data are referred to as:

A .
g Ay g
x = A x = A ,
A A
3 6y
A R
s
AB = l F ]
® 0
¢r .
(0]

Preload Computation I

Use the initial data given to compute the following quantities

in the order indicated.

1. Choose o, = -18¢°

2. Choose the positive sign in equation (67a) and compute:
a. O from (66a); iterate (1llc) for a¥

b. @ _£from (67a)

T

‘ c. @ from (68a)
D
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g. SHl
from (743a)
aa
y

5. Choose o, = ay + 5° and vepeat step 2. <Continue until ay: +180°.
4. Repeat steps 1 through 3 using the negative sign in equation (67a).

ne results of Preload Computation I should be tabulated as follows:

BHl oH
Eon. + 67a o H Egn. - 67 a H
! (67a) y | oy qn (67a) y | B o
Yy

A plot of H vs a_ should yield insight as to the number of solutions
Fy .

1ot should yield a starting value of ay

ct
)
[
ct
[0]
b
} 1
wi
ct
-4
)
¥
oL
[e W
P
ot
’. +
O
]
ct
|3
PJ
(4]
g
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5. Use the positive sign in cquation (67a) and the results of
Preload Computation I to iterate equation (74a) for o .

6. Use the %y computed in step 5 to compute

SzHl
da2
7. If the ineguality
524,
1 N 0
sa?
b4

}l
%)
1723
I

tisfied, a minimum exists. Proceed to step 12. Use

the positive sign in equation (67a) in all remaining cal-
culations. If the inequality is not satisfied, proceed
to step 8.

8. Use the negative sign in equation (67a) and the results from
Preload Computation I to iterate equation (74a) for ay.

9. Use the ay found in step 8 to compute

2
) H1

2
Y

on



10. Check to assure that
02
s oo .
2
day
Y
11. Procced to step 12. Use the negative sign in eguation (67a)
in all remaining calculations.
UN'' line computation
12. Use the initial data and the correct sign (as determined in
Preload Computation II) in equation (67a) to iterate (74a)
Fag
for a,.
Y
13. Use the ay computed in step 12 and the initial data to compute:
a. o from eguation (66a); iterate (11c) for o¥
b. Qr from eguation (67a)
c. & from ecuation (68a)
P
d. ¢ from equation .(69a)
Y
e. X from ecuation (70a)
f. F_ from equation (71a)
g. H.  from eguation (72a)
S
h. AI from equation (73a)
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‘ i. —)\—TI from equation (73a)
|
j. X7 from eguation (733)

i4. Use a numerical integration technique to integrate

§ for X for X

¢r for ¢ s
AI for AI ,
A__for A

15. Use the integrated values from step 14 for the new initial

values in the "N + 1" line computation.

Computational procedure for Gimbal Set 2

Initial values for the auxiliary variables and the yaw angle are

required. It is assumed that these values are known. These initial

data re referred to as:
- _ - ~ _
A A
g 12
0 0
-X = >\ 5 = )\ :
III, 10 ’ IV, 13 ’
0 0
A )\lLr
11 +
“0 0
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A
15 g
0
A = 1 ,
16
0
¢
y .
[e]

1. Choose a = =-180°

2. Choose the positive sign in equation (67b) and compute:

a, o from (&8b); iterate (1lc) for a¥

c. P from (68b)

d. © from (69b)

P
e. X  from (70Db)
f. H2 from (72b)
g. oH,
= from (74b)
aa
Y

3. Choose o, = o, ¥ 5° and repeat step 2. Continue until @, = +180°.
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4. Repeat steps 1 through 3 but use the negative sign in equation

(67b) . . *

The results of Preload Cemputation I should be tabulated as follows:

r‘
| 3H, B,
Ecn. + (87h) | « Hy | —2 Egn. - (67b) |« H,
4 © ) % i Y < dw
4 ’

e hm e e o e g e L e o g
v

A plotT oI H, vs uy should yield insight as to the number of solutions ‘

that exist. In addition, this plot should aid in selecting an initial

valiue for ay to be used in the iteration of equation (74b).

5. se the positive sign in equation (67b) and the results
of Preload Computation I to iterate ecquation (74b) for ay.

Yy

6. Use the value of ¢ Sound in step 5 to compute
Y
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7. If the inequality
32H
2 5 5
3a?
.is satisfied a minimum exists. Proceed to step 12. Use the
positive sign in equation (67b) in all remaining calculations.
If the inequality is not satisfied, proceed to step 8.
8. Use the negative sign in equation (67b) and the results from
Preload Computation I to iterate equation (74b) for ay.
8. Use the value of ay found in step 8 to compute
" 2
9 H2
302
Y
10. Check to assure that
32H
2 0.
a2
Y
11. Proceed to step 12. Use the negative sign in equation (67b)
in all remaining calculations.
'"N'' line computation
12, Use the initial data and the correct sign (as determined in

Preload Computation II) in equation (67v) to iterate equation

74b .
(74v) for oy

TR N K TITE TR P

N P PRI I P T

SR Rt ST 5 Qe ad it




Pt
(3]

14.

2
e. X from
£. F fronm
T
Forn
g. H2 I2Conm
h. A___ From
IIT
i. A <rom
v
j.ooA fron

17 - :
uSe a nunerical

of ay cormputed in step 12 and the initial &

ccuation

ecuation

67

)

(6&b) ; iterate (1llc) for o*

(675)

(70b)

(71b)

(72b)

(73b)

(73b)

(735)
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}—l
Ut
[
w
[
ot
%
[¢]
}J
[$]
[
[

grated values computed in step 14 for the new

initial values in the '"N + 1" line computation.

N

Initial values for the auxiliary variables and the pitch angle are

recuired., It is assumed that these values are known. These initial

17, 20y

19 22

23

24



Use the initial data given to compute the following cuantities

i
Py

1. Choose a = =180°

<

2. Choose the positive sign in equation (67¢) and compute:

b. @ from (67¢)
c. @ ZIrom (68c)
d. @ from (69¢)
e. '% from (70¢)

£. H  from (72¢)

3
ﬁ"’_I
g. oAS i
g -TOm (74c)

3. Choose o = o, + 5° and repeat step 2. Continue until

Y
4. Repeat steps 1 through 3, but use the negative sign in equation
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The results of Preload Computation I should be tabulated as follows:

Egn. + (67¢) | a H

<
W
o
o
tit
Ke)
v3
t
~
[€))
~
(g}
("
je]
~<
oy
(&
o jo>
Q
~

A plot of HS Vs ay should give insight as to the number of solutions
that exist. In addition, this plot should aid in selecting an initial

value Zor ay to be used in the iteration of equation (74c).

Preload Computation II

5. Use the positive sign in equation (67c¢) and the results of
Preloac Computation I to iterate equation (74c) for ay.

6. Use the value of o found in step 5 to compute

[+3]
-
o

(%3]

Q
o
N

7. If the inequality
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is satisfied, a minimum exists. Proceed to step 12. Use the

‘positive sign in equation (67¢) in all remaining calculations.

If the inequality is not satisfied proceed to step 8.

8. Use the negative sign in equation (67¢) and the results from
Preload Computation I to iterate equation (74c¢) for ay.
9. Use the value of ay found in step 8 to compute
2
3 H3
302 )
y
10. Check to assure that
2
9 H3
> 0 .
da2
Y
11. Proceed to step 12. Use the negative sign in equation (74c)
in all remaining calculations.
"N'' line computation
12. Use the initial data and the correct sign (as determined in
Preload Computation II) in equation (67c) to iterate equation
(74c) for Gy
13.

Use the value of oy computed in step 12 and the initial data

to compute:
a. a from equation (66¢c); iterate (llc) for a*

b. ¢p. from equation (67c¢)
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c. ¢r from equation (68c)
. d. ¢y from equation (69¢)
e. X from equation (70c)
£. Fr from equation (71c)
g H3 from equation (72c)
h. i& from equation (73c)
i, i&I from equation (73c)
j. i23 from equation (73c)

14. Use a numerical integration technique to integrate

X for X for X

é)p for ¢P ’
i& for Xv ,
ijfor Wi ;
Azafor A23

15. Use the integrated values computed in step 14 for the new

initial values in the "N + 1" line computation.



VIII. DISCUSSION

The problem studied has application to cases involving the flight of
any ''unpowered'" vehicle through any atmosphere--subject to the assumptions
given in the problem statement. For example, any space vehicle returning
to the earth's surface must pass through the earth's atmosphere. This
paper provides a method for determining an optimum trajectory for the
transfer of the vehicle through the atmosphere. The pay-off function to
be minimized over the atmospheric trajectory is a function of the state
and control variables. For ekampie, it may be desirable to minimize
quantities sﬁch as the accumulative aerodynamic drag or the aerodynamic
heating.

In order to solve the rotational equations of motion for three
unknowng, it was necessary to introduce particular definitions for the
angular acceleration, %; and the angular velocity, 5; of the vehicle.

The definitions essentially eliminate all angular acceleration and two
of the three components of the angular velocity for any given gimbal set.
Thus, response of equipment and/or crew on the vehicle to a particular
angular velocity may dictate choice of gimbal sets.

In the numerical generation of a trajectory, it is possible that
an Euler angle will be computed that produces gimbal lock. A trajectory
that produces gimbal iock is not admissible since gimbals will not func-
tion when in the gimbal lock orientation. Should the situation of gimbal
lock arise, a new set of initial values for the auxiliary variables may
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be selected and a new trajectory generated. Alparticular set of
auxiliary.variables will Yield an optimum trajectory for each gimbal
set. The trajectory generated will not be the same for each gimbal set
even though the same initial values of the auxiliary variables are
chosen. No attempt has been made in this paper to determine the initial

values of the auxiliary variables for any of the gimbal sets.
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APPENDIX A

Experimentally Determined Values of qx and Cz for a Typical

Space Vehicle

G*Degrees C, : Cx
£+ 0 £+ 0 + 1.828
x5 * 014 + 1.812
+ 10 £ .028 + 1.772
£ 15 * .040 + 1.710
* 20 * .052 + 1.626
£ 25 t .063 + 1.520
x 30 * .074 + 1.388
t 35 t .084 + 1.246
£ 40 t .096 + 1.092
£ 45 £ .118 + .932
£ 50 t .146 + .7638
* 55 £ .182 + .588
* 60 * .224 + .416
* 65 * ,268 + .25%6
70 * .318 - + .112
t 75 * .372 - .020
+ 80 * 426 - .134
t 85 * .486 - .236
£ 90 * .546 - .322
£ 95 * .596 - .39
£ 100 * .628 - 444
£ 105 * .690 - 486
£ 110 * .728 - ©o= .516
£ 115 * .756 - .542
£ 120 x .772 - .566
t 125 t 776 - .582
+ 130 z .772 - .586
* 135 * 756 - .584
* 140 * .730 - 576
* 145 * ,686 - .560
t 150 * .628 - 544
* 155 + 554 - 524
t 160 t ,468 - .510
* 165 t .366 - 4938
* 170 t .248 - 490
t 175 £ .130 - 484
+ 180 + 0 - .480
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APPENDIX B

Uniqueness of Solution for the Euler Angles

The relative velocity constraint equations are solved for two

Euler angles in each gimbal set. The identity
sin? P + _cos? = 1

is used. Thus, the question arises as to which sign should be used
with the radical that appears. This question is answered for each
gimbal set by considering the way in which the coordinate systems

are defined.

Gimbal Set 1

A first algebraic solution of equations (45) for Qp and ¢y yields

2 _ 2 2
- Yy 2 Vi ﬁV/VRx I iy
Sp = P (Bl)

2 2
(Vrx * Vi)

and
2 2 2
I Vex X VRY'WV[ Vex - 9 Vgy
cP = (B2)
2 2
Gy * V&Y
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where
J = CRV - SRV .
rmx Tmz
2 2 2
Vomy VRz = K _\/ VRz = Vipy *+ K
sY = Vg, + K2 , (B3)
and
2 2 2
Vemy K = Vgz \/ V3, - VE, o+ K
Y = - Vg, + K2) (B4)
wheré
K = CP.VRY - SP VRx : .
The identity
SP2 + CP2 = 1

is satisfied only if opposite signs appear with the radical in (B1l) and

(B2). Let @, = a = 0. Then equations (B1) and (B2) reduce to

, (85)

* VRrx
2 2
‘\/VRX * Vry

and

CP = . (B6)
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Consider the positive pitch angle, ¢p’ shown in Appendix Figure 1.

s - < <
Now restrict ¢p’ n =2 ¢p = I

= X
Ii{-I
Coordinate System Showing A Positive Pitch Angle
Appendix Figure 1
Thus, the correct signs for the sine and cosine are
sp " '
¢ » ' B s (37)
°\/V2A + V2
RX RY
and
+ V
P = RY . (B8)

2 2
—\/VRX * YRy
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. The identity

SY2 + CY2 + 1

is satisfied only if opposte signs appear with the radical in (B3) and

(B4). Let ay = 90 and (bp 0. - Then equations (B3) and (B4) reduce

to
+ V
- RY
SY = , (B9)
2 2
_\/VRZ * YRy
and
. + V
g ‘ : CcY = (10)
| _\/VZ v V2
; . ' RZ RY
Consider the positive yaw angle, Q)y, shown in Appendix Figure 2. Now
i - 2 s I
restrict ¢y, ¢}, 0
Mz

Y

Ii-I

3
[}
N
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Thus, the correct signs for the sine and cosine are

SY = , (B11)

and

cYy = . (B12)

Gimbal Set 2

A first algebraic solution of equations (48) for ¢P and ¢r yields

2 2 2
FV._ + V '\/'v - F ey
. _— RX RY RX RY 13
2 2 '
Vrx * VY
and
- 2 2 2
FV, + V /\/ - FF 4+ v
P = RY R§~\ Ri RY (B14)
Vrx ™ Vry
where
F o= -V oY + V sY
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. 2 2 2
SR YRz Vymx * G —»/ VRz - Vimx * G (B15)
= 2 2 , » o
(VRZ + G%)
and
2 2 2
R G Vimy * Vpz ‘WV/VRZ - Vimx *+ G (316)
= 2 2
CVRZ + G°)
whexe
G = VRX CP + VRY SP
The identity
SPZ 4+ (P2 = 1
is satisfied only if the same sign appears with the radical in (B13)
and (B14). Let o = 0 and ¢y = 90°. Then equations (B13) and
(B14) feduce to
* Vry _
SP = , (B17)
2 2
VRx * Vry
and
VRX
CP = (B18)

2 2
VRx * VRy

< |"
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Consider the positive pitch angle, ¢p, shown in Appendix Figure 3.

Now restrict §,, -I £ @, £ .

0
AX

<
pro]
o
K\ Tfi

s e e _-_/>.

<
w3
<

e

. Coordinate System Showing A Positive Pitch Angle

Appendix Figure 3

Thus, the positive sign is chosen for both the sine and cosine.

+ V.

sp o= —X ,  (B19)
2 2
VRx * VRx

and
+ V '
. RY _
CP = . (B20)
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The identity

SR + CRZ = 1

is satisfied only if opposite signs appear with the radical in (B15) and

(B16). Let o = Qp = 0. Then equations (B15) and (B16) reduce to
* VRx
SR = ,  (B21)
2 2
VRz * VRx
and
= Vrz ’ '
CR = ' . (B22)

2 2
\/VRz * VRx

Consider the positive roll angle, @,., shown in Appendix Figure 4. Now

ItA

restrict @, - = ¢r .

-Vrz

Ii-I

Coordinate System Showing A Positive Roll Angle

Appendix Figure 4
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T

hus, the correct signs for the sine and cosine are

- Vrz
SR = »
2 . 2
O/ VRz + VRx
-and
+ Vrx
CR =

GCimbal Set 3

A first algebraic solution of equations (51) for Qy and ¢r yields

Vpz A = Vgrx —\/ Vi; - A%+ Vi
SR = s
where
. 2 2 2
- Vex A = Vgrz ﬂV/ gz - A+ VRx
) (VRx + V&z)
where
A = CP Vppy = SP Vppy

(B23)

(B24)

(825)

(B26)
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y - VRY Vepz * B —X/ V%Y - V%mz + B2 (827)
S = 2 2 > 827
CVRY + B%)
and
_1/' 2 2
BVemz * VRY Y VRY - Vimz + B2 .
Y = 2 ) 2 (B238)
V +
where

The identity
SR? + CR?Z = 1
is satisfied only if opposite signs appear with the radical in (B25) and

(B26). Let a« = @, = 0. Then equations (B25) and (B26) reduce to

Ry .
SR = , (329)

2 2
\/ Vrx * VRrz

and -

* Vrz
CR = ‘ . (B30)

2 2
'\/VRX + VRz

Note, equations (B29) and (B30) are the same as (B21) and (B22). The

icentity

SR2 + (CR2 = 1°
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Hence, the signs for the

is satisfied in the same way in each case.
sine are chosen the same as in equations (B23) and (B24).

sine and c¢o
The identity
sy? + cy? = 1
is satisfied only if the same sign appears with the radical in (B27) and
(B28). Let o = @, = 0. Then equations (B27) and (B28) reduce to
* Vrz
SY = > , (B3
2 . :
\/VRy * VRkz
ana
VRY
. (B32)

Consider the positive yaw
<

Oy

HA

. restrict ¢y, -1

4
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Thus, the positive sign is chosen for both the sine and cosine.

+ Vrz
SY = —/————— , (B33)
2 2
'_\‘/VRZ * VRy
and
| * Ry
cY = . (B34)

[
|
|




