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SUMMARY 

The Pontryagin Maximum Pr inc ip le  i s  used t o  formulate t h e  prob- 

l e m  of  f ind ing  optimum atmospheric vehicu lar  re -en t ry  t r a j e c t o r i e s .  

The o p t i n i z a t i o n  problem i s  t ha t  of  minimizing an i n t e g r a l  which i s  

a funct ion o f  t he  s t a t e  and control  va r i ab le s .  The v e h i c l e ' s  motion 

i s  assumed t o  be influenced only by a g r a v i t a t i o n a l  fo rce  and an 

aerodynamic fo rce .  

t i o n s  a r e  developed simultaneously f o r  t h r e e  sets of  Euler angles .  

Computational procedures are suggested s o  t h a t  numerical t r a j e c t o r i e s  

may be generated.  

The problem i s  formulated and t h e  necessary equa- 
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I. INTRODUCTION 

This paper is an extension of previous work done by Grady Harmon 

and W. A. Shaw, presented in NASA TM X-53024, March 14, 1964. 

The objectives of this paper are (1) to present a method for 

treating optimum re-entry problems in a simplified manner and (2) to 

generalize the computational scheme outlined in the aforementioned 

paper. The computational scheme given allows for the optimization of 

any functional subject to the specified constraints. 

vehicle configuration and aerodynamic coefficients are incorporated in 

the computational scheme in tabular form. 

Atmospheric data, 

Thus, different vehicles 

and/or atmospheres may be considered by changing the appropriate'tables. 

The governing equations are developed for three different gimbal sets. 

A computational scheme is outlined for each case. 

No numerical results are available at present, but development of 

the computer deck is underway at the Electronics Research Center. 

This work is sponsored, in part, by a grant, NGR-01-003-008, from 

the Electronics Research Center. 



11. STATEMENT OF THE PROBLEM 

The problem is that of finding the optimum control process, ay(t), 

that will transfer a vehicle from an initial state, at time to, in an 

atmosphere to a terminal state, at time tl, in the same atmosphere 

so that the value of the functional ' 

- 
t *  r l  

is a minimum. 

process is the optimum trajectory. 

The trajectory associated with this optimum control 

The rotational motion of the vehicle is treated in a simplified 

The equations governing the vehicle's rotational motion are manner. 

considered as a steady-state problem with only one component of the 

angular velocity vector present for any given gimbal set. 

is used to measure the Euler angles, gr, 

A gimbal set 

, and @ The equations of p: P' 
motion are developed simultaneously for three different gimbal sets. 

The problem is formulated as a Pontryagin initial value problem,. . 

The The relative velocity equations appear as glgebraic constraints. 

yaw angle of attack, CX (t), is the control variable. 

Additional assumptions are made as follows: 

1. 

P 
Y 

The motion of the vehicle is influenced by an aerodynamic 

force that acts through the vehicle's center of pressure. 

2 .  The attracting body is a rotating sphere with homogeneous mass. .. 

r .  

. .. 
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3 .  The v e h i c l e ' s  cen t ro id  of mass and cent ro id  of  volume a r e  

not coincident .  

The v e h i c l e ' s  cen ter  of mass i s  i n v a r i a n t  with respec t  t o  

t h e  vehic le .  

4. 

5. The c e n t e r  of pressure of t h e  v e h i c l e  i s  i n v a r i a n t  with 

respec t  t o  t h e  vehic le .  

A system of roll control  j e t s  is  a v a i l a b l e  on t h e  v e h i c l e  

t h a t  produce a pure r o l l  couple as required by t h e  optimum 

cont ro l  process.  

6. 

. .  
I .  I 
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111. COORDINATE SYSTEMS 

Three rectangular coordinate systems will be used in this paper. 

They are: 

1. 

2 .  

3 .  The aerodynamic coordinate system. 

The plumbline space fixed coordinate system, 

The vehicle fixed missile coordinate system, 

A. Plumbline System 

The plumbline system, Figure 1, has its origin at the earth's 

center with the Y-axis parallel to the gravity gradient at the launch 

point. The X-axis is parallel to the earth fixed launch azimuth and 

the Z-axis is chosen to form a right-handed system. 

B. Missile System 

The missile system, Figure 1, is located with its origin at the 

center of mass of the vehicle and its ym axis parallel to the longitudinal 

axis of the vehicle. 

handed system which is parallel to the plumbline system at the launch 

point. 

The xm and zm axes are chosen to form a right- 

A s  the vehicle moves along its trajectory, the missile system under- 

goes a displacement with respect to the plumbline system, 

placement is given by three Euler angles as measured by a gimbal set. 

This dis- 

The Euler angles uniquely specify the orientation of the vehicle at any 

time. Any particular orientation of the vehicle may be described by 

4 ,  



YM 

. .  
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d i f f e r e n t  s e t s  of  Euler angles  depending s o l e i y  on t h e  sequence i n  which 

t h e  aagles  a r e  measured. 

sequence be followed i n  measuring t h e  Euler  angles .  

angles  a r e  r e f e r r e d  t o  as t h e  yaw angle ,  P, 

t h e  p i t c h  angle ,  P, 

X a x i s .  

p i t c h  angle  is  measured with r e spec t  t o  a Z axis .  

p o s i t i v e  counterclockwise when viewed from t h e  p o s i t i v e  end of t h e  axis 

about which t h e  r o t a t i o n  i s  taken. 

of  gimbals on t h e  veh ic l e .  

a s p e c i f i c  sequence such as p i t c h ,  yaw, and r o l l .  

equat ions t h a t  involve t h e  angles yaw, r o l l ,  o r  p i t c h  a r e  developed 

simultaneously f o r  t h r e e  d i f f e r e n t  s e t s  of  Euler  angles .  

obtained from t h r e e  gimbal s e t s .  

Therefore,  it i s  mandatory t h a t  a s p e c i f i c  

The t h r e e  Euler 

t h e  r o l l ’ a n g l e ,  pr, and Y’ 
The yaw angle  is  measured with r e spec t  t o  an 

P’ 
The r o l l  angle  i s  measured with r e spec t  t o  a Y ax i s ,  and t h e  

An angle  i s  considered 

The angles  a r e  measured by a s e t  

A gimbal s e t  measures t h e  Euler  angles  i n  

In  t h i s  paper,  

The angles  a r e  

They w i l l  be r e f e r r e d  t o  as fol lows:  

1. A gimbal s e t  which measures i n  t h e  order  of p i t c h ,  yaw, 

r o l l .  

A gimbal s e t  which measures i n  t h e  order  of  p i t c h ,  r o l l ,  

yaw. 

A gimbal set which measures i n  t h e  order  of r o l l ,  yaw, 

p i t c h .  

\ 

2. 

, 3 .  

The Euler angles are shown in Figures 2, 3 ,  and 4. 

A p o s i t i o n  vec to r  i n  t h e  m i s s i l e  coord ina te  system may be  w r i t t e n  
I 

i n  terms o f  a p o s i t i o n  v e c t o r  i n  t h e  plumbline coordinate  system. 
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The equations of t ransformation a r e  given by t h e  orthogonal r o t a t i o n  

matr ices  

[-@,I 

c $1 

- 
CR 

0 

-SR - 

CP 

-SP 

0 
L 

The p a r t i c u l a r  combination o f  the 

0 

CY 

-SY 
I 

0 

1 

0 

SP 

CP 

0 

SR 

0 

CR 

# 

or 
% 

- 
m X 

above r o t a t i o n  matr ices  t h a t  r e l a t e  

a vec to r  i n  t h e  two coordinate  systems is dependent on t h e  gimbal s e t  

used. The r e l a t i o n s h i p  fo r  gimbal s e t  1 i s  - 



Fig .  2 .  Euierian angies for gimbai seE i , -  - 
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where 

CRCP+SPSRSY CRSP-SRSYCP Sr:] 

= [ -CYSP CY CP 

-SRCP+CRSYSP -SPSR-CRCPSY CRCY 

is the combined product of the rotation matrices in equation (la). 

!','hen P, 

in the same direction, refer to Figure 2 .  

to as gimbal lock. 

= 30' giiiibal s e t  1 is oriented so that p), and @ Y P are measured 

This condition is referred 

The relationship for gimbal set (2) is 

or 

where 

is the combined product of the rotation matrices in equation (2a). 

Gimbal set 2 is locked when gr = 90'. 

Figure 3,  P, 

At this orientation, refer to ' 

and QIP are measured in the same direction. Y 



10 ' 

L 

QY 

X m  

Fig.  3. Euierian angies f o r  gimbai sec 2 
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The relationship for gimbal set (3) is 

or 

where 

-SRCY -SY CYCR 

is the combined product of the rotation matrices in equation (3a). 

Gimbal set 3 is locked when (d = 90'. 

to Figure 4, $3 

At this orientation, refer Y 
and pr are measured in the same direction. P 

The transformation matrices (IC), (2c), and (3c) will be referred 

to as 

Equations (lb), (2b), and (3b) are restated as 



12 J 

Y 

0 '  
-. r i g .  4. Euier ian  angles for gimbal s e t  3 

\ 
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C. Aerodynamic Coordinate System 

The aerodynamic coordinate system is located as shown in Figure 5 

with its origin at the center of pressure of the vehicle. The Ya axis 

lies in rhe plane containing the vehicle longitudinal axis of symmetry 

and the relative velocity vector. 

is defined as the velocity of the air with respect to the vehicle as 

- 
'i'iis relative velocity vector, V , R 

measured from the inertial reference. The X and Za axes are chosen a 
to form a right-handed system. 

jectory, there will be a relative displacement between the missile 

As the vehicle moves along its tra- 

fixed coordinate system and the aerodynamic coordinate system. 

direction of  the Ya axis is defined by the following rotations as shown 

The 

iil Figure 5 :  

1. Rotate the vehicle fixed reference frame about the Ym 

axis so that the X 

the plane formed by the vehicle's longitudinal axis of 

symmetry ar,d the relative velocity vector. 

axis lies in a plane parallel to m 

The angle 

Y' 
traversed is referred to as the yaw angle of attack, a 

Rotate about the new Z axis by the true angle of attack, a*. 2 .  

This specifies the orientation of the aerodynamic coordinate 

system. 
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-. 
Lig. 5. Aerodynanic and: missiie coordinate systems 3 

X m  
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A pos i t i on  vec tor  i n  the aerodynamic coordinate system may be 

ic i ; ten  i n  :erns of  z pos i t i on  vec to r  i n  the  missile f ixed  coordinate  

s y s t e m .  Tne orthogorial transformation matrices a re  

O l  1 

[-a*] = j Sa" Ca* 

L o  0 

l o  [a,] = 

Y 

1 0 

A p o s i t i v e  veczor in t h e  a e r o d p m i c  coordinate system is expressed 

i n  t e r m  o f  a pos i t i on  vec to r  i n  t h e  missile f ixed  re ference  as 

where 

-Sa* -Ca*Say 

Ca" -Sa*Say 1 [A,] = 
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i s  T?,? coxbiixd product o f  t h e  r o t z t i o n  matrices i n  equation ( s a ) .  

9,s zerodyrxinlc coordinate system transformation matr iF (5c) i s  inde- 

pendent ol" :he s e q u e x e  used i n  measuring t h e  angles yaw, r o l l ,  and 

p i t c h .  

I 



I V .  NECHANICS 

A.  Forces 

Two forces  are assuned t o  a c t  on the  vehic le  as it moves along 

ixs t r a j e c t o r y .  I t  was assmed t h a t  the  a t t r a c t i n g  body i s  a homo- 

s,cars g s v i t a t i o n a l  

w r i t t e n  i n  terms of the  plunbline coordinates as  

force  IS 

c ine v e h i c l e ' s  notion is  a l s o  i n f l u e x e d  by an aerodynamic force .  The 

$orce l i e s  in t he  p i a e  f o x e d  by the  vehic le  longi tudina l  ax i s  o f  

symAetry  and The r e l a t i v e  v e l o c i t y  vec tor  and passes through the  cen- 

;er o f  pressare o f  t?.~ vehic le ,  as sho-~n i n  Figure 6 .  

The componerits of  t h e  aerodynamic force  a r e  defined by the  

ecpa'iioi-is 

F = A q Cx (a * )  X 

and 

F, = A q C, ( a * )  

17 
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Xm 

7. 2 i g .  6 .  iieroCyn;nic f o r c e  components FX and 3,  



i Y  

7 -  1s t3.e pro jcc t ed  cross-seciion a r e a  o f  t h e  veh ic l e  and ab 

<)T-.zx~c prcssure.  C, 2nd C, ~ T G  experimentally deterained 

A'.. L.rUL. c c  arc i c p e n l e n t  on t h o  vehicle's shape and t h e  angle of 

is  t h e  

f a c t o r s  

a t t a c k .  

1: is  ass^,'-,^ u ~ A r ~ d  t h a t  C, and C, are  known. The aerodynanic f o r c e  is  

expressed ir: t h e  aerodynamic system as 

%e aerodynamic f o r c e  i s  expressed i n  terms o f  t h e  missile f i x e d  

r a fe rence  as 

(Sate:  Xie sy;n'jol [ A I T  i s  used t o  denote t h e  t ranspose o f  matr ix  A.) 

- 
cc,xa-cion (sa) can be wr i t t en  i n  conponent form as 

- '"7 0 

ca*cuy Sa*Cay 

-Sa* C a* 

-ca*suy -sa*say - 

Phen s:r:.?:ified, equation (9ST becones 
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arid c i  is  expressed i n  term o f  t he  components o f  t h e  aerodynamic 

force  thz-ough t h e  equa+-' LlOnS 

J 

. ( l l c )  

The sagni tude o f  t h e  aerodyaamic force  i s  r e l a t e d  t o  t h e  r e l a t i v e  

v e l o c i t y  through the  dynamic pressure by t h e  equation 

q ' =  1 / 2  P VR2 
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,t . . .  15 2ss””1: 

5sdy ( 6 ) .  ;-J.e;?ce, a t  all t i n e s  the re  i s  an a i r  mass movement with 

r e s ? z c r  :a -:hc 2 l m b l i n e  coordinate system. 

z;ly abr,~:xl a i r  ~ovemen;. 

1cir.d zay be w r i t t e n  as 

u . r . ~ c r  thf i t  t he  atmosphere normally moves with t h e  a t t r a c t i n g  

- 
W is  a v e c t o r  t h a t  r ep resen t s  

A n  equa;ion expressing t h e  v e l o c i t y  of  t h e  

I$’+ I.Ac... 3n equation (13) i s  s u b s t i t u t e d  i n t o  equation (14), t h e  r e s u l t  

I S  

Tke r e l z t i v e  v e l o c i t y  equation i s  

o r ,  ir, cozqonent f o r n ,  

i z  i 
L J  

+ 

w 
X 

W 
Y 

l i Z  

J (15a) 

. (15b) 

v Ahe r e l a t i v e  v e l o c i t y  . .  n ~ y  be expressed i n  terms of t h e  aerodynamic, 

m i s s i l e ,  o r  p luzbl ine  coordinaze system v a r i a b l e s .  The r e l a t ive  v e l o c i t y  



2 2  

v~3c;or i s  wr i t te l :  i n  t h e  s i s s i l e  coordinate  system as 

- 
" r m  

i s  t h e  r 2 l a t i v e  v a l o c i t y  vec tor  i n  t h e  m i s s i l e  system and 

is ::?e r e i a t i v e  v e l o c i t y  vec tor  i n  ;he aerodynamic system. 

equz io? .  (16) r e p r e s m t s  t h r e e  poss ib l e  equations depending on i .) 

(Note t h a t  

-7 ;.?e r e s u l t a z t  fo rce  a c t i n g  on t h e  v e h i c l e  w r i t t e n  i n  t h e  plumbline 

coordinstes  i s  
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3 .  Couples and Moaents - 
m. 
A . . b  , - i ?  xa:iox o f  t h a  veh ic l e  is iriflucnccd by a momcnt and a couple. 

1: i s  assa;;:xi t;?ct t k e  c e n t e r  o f  p ressure  and t h e  c e n t e r  of  mass are  

hvczic;.: wi:h r z spec t  t o  t h e  vehicle .  Thus, t h e  c e n t c r  o f  p ressure  

i s  loc:zcd by a coxstant pos i t i on  vec to r ,  x i n  t h e  n i ss i le  f ixed  

- r ~ i t r ~ i r ~ ~ .  , C?_ 1- - 3 

- 
CP , 

The aerodynamic r romnt  is  given by t h e  vec tor  product of  

L b..c 7- i)osi?iox vec to r ,  x , and. the aerodynamic fo rce ,  F . The aero- - - 
CP am 

iynan ic  noment i s  w r i t t e n  i n  the missile f ixed  r e fe rence  as 

J 

! x  I y SaSa i F 
i C? Y 
i I 

.4 system of  roll j e t s  is used t o  produce a pure r o l l  con t ro l  couple 

&'fiOi;t tF .AL 3 1' a x i s .  

fix& coordinate  system s o  t h a t  

The j e t s  2re located with r e spec t  t o  t h e  missile r, 

- 
F 
rl 

located a t  'i = r I-.] 



0 
2 4 

- 
located 2 t  -Zr 

y i e l d  a r o l l  couple 

i 

\i:ich xay Se expressed as 

. (19b) 

The r c su izan t  xnosent zboui t h  cer.ter o f  mass of  t h e  vehic le  i n  t h e  

z i s s l l e  fixe2 coordiriate sysrerr, is  t h e  sum of  t h e  roll couple and 

7.r- l,..en equat ims  (185) and (193) 2re su3st i tuted i n t o  equation (20) t h e  

r e sil I t 1s - .  

I I 1 -F x ca 
2 cp 

I 
i F-y SaCa 

Q C P  Y l  
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c 

C .  E c p t i o n s  of  Motion - 
I t  i s  poss ib l e  LO I n 2 e r p r e t  t h e  s o t i o n  o f  a r i g i d  body as ;he sun 

of  two independent e f fec ts - - t i i e  motion o f  t he  c e n t e r  o f  mass o f  t h e  

v z h l c i z  r i i th  res?ect t o  2x1 i n e r t i z ?  coordinate  system and t h e  r o t a t i o n a l  

rr.o:ion o f  t k e  v e h i c l e  about i t s  cen te r  o f  mass. The motion o f  a r i g i d  

bocy i ~ ,  g m e r z l  requires s i x  inckpecdent  coordinates  t o  s p e c i f y  i t s  

orientation at any time. The s i x  independent coordinates  used i n  t h i s  

proSlen: a x  tFLe &I,- ,,&,ee pl7mbline coor l ic i i tes  and t h r e e  Euler ian angles .  

The z r a n s l a t i o n a l  eqilations o f  motion a r e  w r i t t e n  f o r  t h e  cen te r  

o f  mzss i n  t h e  i c e r t i a i  reference as 

= m i i  
FR 

o r  

.. - x 
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y>Ae - - , , - - 3  L: . r~L second o r k r  d i f f e r e n t i a l  ecpat ions,  (22c), nay be reduced 

to s i x  firs: ozdar  d i f f e r e n t i a l  equations by a change o f  v a r i a b l e s .  

LIs t  

V 

.c L:;~w, :;*.e zLove t rznsfornzt ion i s  u s e d ,  

equa:ior,s 02 notior., (22c), reaxe i o  

- 
X 

t h e  second o rde r  d i f f e r e n t i a l  

For  convenience, t h e  following d e f i n i t i o n s  are made: 

(23) 
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where 

and 

where 

and 

where 

- 
- ( S a C a y )  (CRCP+SRSYSP) + CaCYSP + (SaSaY) (-SRCP+CRSYSP) 

- ( S C C C C C ~ )  (CRSP-SRSYCP) - CaCYCP - (SaSaY) (SPSR+CRCPSY) 1 
-(Sacciy) (SRCY) - C a S Y  + (CRCYSaSay) - 

- - 
- ( S n C a  ) (CRCP) + Cn (CYSP+SYSRCP] + SnSn (SYSP-CYSRCP) 

- ( S a C a y )  (CRSP) - Ca (CYCP-SYSRSP) - (SaSay) (SYCP+CYSRSP) 

- - ( S a C a Y )  (SR) - C a  (SYCR) + (SaSay) (CRCY) 

Y Y 

- 

and 
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w h ere 

(27c) 1 ( S a C a Y )  (CPCR-SPSRSY) + C a  (SPCR+CPSRSY) - SaSay (CYSR) 

- ( S a C a y )  (SPCY) - ca (CPCY) - SaScry (SY) 

( S a C a y )  (CPSR+SPSYCR) - C a  (-SPSR+CPSYCR) + (SaSay) (CYCR) 

When these  d e f i n i t i o n s  a r e  used i n  equation (24), it may be wr i t t en  as 

* -  - 
u = g X + F a N i  

I t  i s  convenient t o  write the r o t a t i o n a l  equations o f  motion i n  

t h e  Lagrangian form. When t h e  Eulerian angles (p i t ch ,  r o l l ,  yaw) are 

general ized coordinates ,  t h e  r o t a t i o n a l  equations of  motion take  t h e  

form 

T i s  the  r o t a t i o n a l  k i n e t i c  energy of  the  vehic le  and M is  t h e  % 
moment assoc ia ted  with t h e  (2. ro t a t ion .  

o f f s e t  cen te r  o f  mass, a l l  components o f  t h e  i n e r t i a  matr ix  are assumed 

Based on t h e  assumption of  an 
3 

t o  be non-zero. The i n e r t i a  matrix i s  
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m 

- \u”’ . I L A ~  --- > w ,s thc mguizir v e l o c i t y  o f  thc v e h i c l e  i n  t h e  missile f ixed  

.. caorb:mt3 SYSLLCX. 

r p  l 37 zx2ressions ( 3 0 )  L T . ~  (31) a r e  suSstituted i n t o  equation (29)  , 

-3. ~ =-,, 7 -  . 
c..S i t h ~ . - r .  iS 

- -- 
,I:C z-iplix v e i o c i r y  vec tor ,  w , i s  obtained 5 o m  a coordinate 

. .  
-h i.AL 9 .-.- , . . ~ ~ : l e  f i x e d  refererice. Ti:? t rms fo rma t ion  i s  dependent on t h e  

. 1  ;;r.-.~al s i t  used. Tho transformation matr ix  i s  developed f o r  ginbal  s e t  1. 

(Giz.3~1 scc 1 nezsuyes ?he Ecler arig1es i n  t h e  orde r  p i t c h ,  yaw, r o l l . )  
_ .  

A. ccorc.:x,’ie triinsfor?.atiGn is  not  r equ i r ed  f o r  s i n c e  it i s  neasured r 
h7;;;-i - 3  - ~ s + c t  -.- 3 t o  rhe xissile coordinzte sys t ex .  The angular  v e l o c i t y  
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T o ?  
. I  T [-@,I 

I i o  
1 

T T 
+ [-@,I [@,I 

e 
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1 I- 
; c2 0 S K Y  
1 

- - 1 0  -1 SY 
! 
I 

TA ] ' w  
1 

0 CRCY i -sR 

J 

.A s i x i l ~ r  2rgmeil :  i s  used t o  develop transformation matr ices  :or gimbal 

sz:s 2 s;.c 3 :  

.- 
I 

: 1  
f 

I C? 

L 

1 
0 SR i 

f 
-CY CRSY 1 

SY CRCY] 

-C?CY -sTcY 0 O 1 
-i 

(34c) 



3 2  

, 

i = 1, 2, 3 

I t  s h o u l i  b e  n o t e d  *L!:L*L t h e  t r a x f o r m a z i o n  matrices [A ] are  w i o”-’“ * -..a;ci-.z-. 

2y LS? 02 -,he e x p e s s < o n s  obtai~ed above, the rotational 

02 ? c o x  

T 

‘ (351 

not 

eqcalions 

9 ( 3 7 4  



33 

I 3 

P 'i 

i = 1 , 2 , 3  

.. 
and i . (37d) 

.. 
Defixizlons f o r  and a r e  introduced t h a t  conform t o  t h e  s impli-  

f i c a t i o z s  r e f e r r e d  

be used throughout 

.. - 
@1 

t o  i n  t h e  problem statement .  

t h e  r e r a i n d e r  of t h e  paper ,  

These d e f i n i t i o n s  w i l l  

For gimbal set 1: 

f o r  gin3al s e t  2:  

- O l  

0 

0 

J 

J 



34 

ar.d f o r  gimbal s e t  3: 

I t  is  noted t h a t  each of the  matr ices  i n  the  matr ix  product of 

equation (37a) is  non-singular.  Thus, t h e  product is non-singular,  ’ 

and t h e  r o t a t i o n a l  equat ions of motion, (361, can be reduced t o  the  

following form f o r  each gimbal s e t .  

MTIll = [Au] ;I{[& [Au]:} [PI [Awl + 

Three r o t a t i o n a l  equations of  motion a r e  obtained f o r  each gimbal 

sez  from equat ion (38).  

unknowns. 

The three  equat ions may be solved f o r  t h r e e  

Because a p a r t i c u l a r  computational procedure is  an t i c ipa t ed ,  

t h e  equat ions f o r  each gimbal s e t  a r e  solved f o r  t h e  r o l l  fo rce ,  F,, 

t h e  angle ,  a, and the angular  v e l o c i t y  component t h a t  appears. 
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Gimbal. S e t  1 - 

The three rotational equations o f  motion are: 

The first and third of equations (39) are solved f o r  

The second of  equations (39) is'solved f o r  

' FaSU (xc Sa + zC C C ~  ) 

and the third is solved f o r  

8 (434 



' 36 

Gimbal Set 2 

The rotational equations of motion are: 

- 2  Py I,, = -F 2 SaCa - F X &Say + 2ErZr 
a c p  Y '  a CP 

- 2  = - F X  CCC + F Y  Sa& 
-@y I x y  a CP a C P  Y 

' The first of equations (40) is  solved for ' 

-2 
. (42b) C P  a = arctan 

Y Sa 
CP Y 

The th ird . .  of equations (40) i s  solved for . 

and thesecond is solved for 

2 1  + F & [ Z  + X k j  
y xz a cp y cp y 

r 

F =  
22 r . (44b) 
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Gimbal Set 3 

The three rotational 

* 2  
-@p I,, 

0 

equations 

F Y  

of motion are: 

Sa Sa + F Z Ca, 

- F X SaSay + 2FrZr 

a CP 

a CP 

F Y %Cay a CP 

The third of equations (41) is solved for 

a = arctan xcp 
Y Ca 
cp y.7 

The first of equations' (41) i s  solved for 

F (Y ~ a ~ a  + z Car) 
a cp Y cp 

'I 
YZ 

P 

and the second is solved for 

L FaS (Z Ca + Xc Sa ) - @ Ixz 
CP Y F =  

. (41) 

(42c) 

, # ( 4 3 4  

. (44c) 
A 



. .  

V. THE RELATIVE VELOCITY CONSTRAINTS 
I 

The fact that the relative velocity vector may be written in terms 

of the three coordinate systems constitutes an algebraic constraint 

given by 

v = [Ad] vR = [A,] T -  , Vr 
i rm 

where vrm is the relative velocity vector expressed in the missile 
coordinate system. Vector equation (16) yields three equations for 

each gimbal set. 

Hence, they may not be solved for three unknowns. 

the three equations are solved for two angular displacements. 

uniqueness of these angular displacements is discussed in Appendix B. 

The three equations of each set are not independent. 

For each gimbal set, 

The 

Gimbal Set 1 

The constraint equations are: 

(CRCP+SRSYSP) V, + (CRSP-SRSYCP) V- + SRSW-- = V 
Kx KY KL TInX 

(-CYSP) vRx 9 CYCP v + SWRZ 
RY = v  (45) 

rmZ 
(-SRCP+CRSYSP) V - (SRSP+CRCPSY) V + CRCW = V ‘ R x  RY RZ 

38 
. .  
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The first and third of  equations (45) are solved for 

J V  + V V2 - 52 + V2 
Rx RY RX RY CP = 

where 

J - C R V  - SR V 
nnX rmz 

SP 
0 = arctan - 
P CP 

. (46c) 

As shown in  Appendix B, equations (46) may be solved for a unique value 

of (d only if 
P 

The second se t  of equations (45) is  solved for 
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and 

where 

K p CP VRy - S P  VRx , 

S Y  = arctan - pY CY . (47c) 

As shown in Appendix B, equations (47) may be solved for a unique value 

of p1 only if 
Y 

. 

Gimbal Set 2 

The constraint equations are: 
1 ,  

V U C R C P  + VRYCRSP + VRZSR = v  m 

(48) -VRxCPSRSY - V CYSP + .  VRy(CYCP-SYSRSP) + VRZSYCR = V 
Rx 

V u  (SYSP-CYSRCP) - VRy (SYCP+CYSRSP) + VRZCRCY Vmz 

\ 
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The second and third of equations (48) are combined t o  give 

VRX SP - vRx CP = - v CY + v SY rmz 

which is  solved f o r  

1 Vix - F2 + VRY 2 
'RX + 'RY 

0 ( 4 9 4  SP = 

and: .. 

where 

F -V CY + V SY rmY rmz 

SP = arctan - 
@P CP 

D 

. (49c) 

* 
A s  shown i n  Appendix B ,  equations (49) may be solved f o r  a unique value 

o f  0 only if 
P 

J 
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The first of equations (48) is solved for 

+ G2 2 
S R  = 'RZ 'rmx - G I V i z  - V l T l X  

and 

where , 

G = VRx C P  + VRY SP 

S R  Pr = ' arctan - 
CR 

0 (504 

0 

As shown in Appendix B, equations (50) may be solved for a unique value 

of @ only if 
r 

Gimbal Set 3 

The constraint equations are: 

VRx (CPCR-SPSRSY) 

-VRx (SPCR+CPSRSY) 

- V u C Y S R  

VRYSPCY 

VRYCPCY 

vRY sy 

+ VRZ(CPSR+SPSYCR) = Vmx 

+ VRz (-SPSR+CPSYCR) = v,Y (51) 
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, 

The first and second of equations (51) are solved for 

and 

where 

v RX A + VRZ - A2 + Vix 
CR = 

rmY A = CPV,, - SP v 

SR pl = arctan - 
r CR 

, .  

. (52c) 

As shown in Appendix B, equations (52) may be solved for a unique value 

of 91, only if L 

The third of equations (51) is solved for 
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and 

where 

VRXSR 
B z V C R -  

RZ 

SY 9 = a r c t a n  - 
Y CY 

. (53c) 

A s  shown i n  Appendix B J  equations (53) may be solved f o r  a unique value 

of  P, only i f  Y 

- H  6 Q, s ll. Y . 

t 



VI. FORMULATION OF THE OPTIMIZATION PROBLEM 

The optimization problem is that of finding the optimum control 

process, a (t), that will transfer a vehicle from an initial state 

to a terminal state in an atmosphere in a manner so that the 
Y 

functional 

J 

is a minimum. Since ’the Pontryagin formulation is to be used, it is 

necessary to write the Pontryagin H function for each gimbal set ( 5 ) .  

Gimbal Set 1 

The Pontryagin H function is 

. I 

which may be expressed as 

45 ’ 
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where 

‘i 
. .. 

The A ( t )  are auxiliary variables used in a manner analogous to Lagrangian 

multipliers in the classical calculus of variations. 
- 

Gimbal Set 2 

The Pontryagin H function is 

which may be expressed as 

where 
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The expressions for the  a u x i l i a r y  v a r i a b l e s  are obtained from 

the H funct ions as  follows: 

Gimbal Set i 



Gimbal S e t  3 

The Pontryagin H function is 

- - - 
+ A J , (57a) 

A 2  3% 24 
Hg = Av X + ' U t  

which may be expressed as 

where 

and 

= ' * [  18 

A 
19 

A =  VI 
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Gimbal S e t  2 

The expressions for the auxiliary variables are: ' 

a p  
+ 
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Ginbal Set 3 

The expressions for t he  a u x i l i a r y  va r i ab le s  are: 

V -L YZ 
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Equations (61a)' (61b) and (61c) imply t h a t  h h , and X a r e  

The constant  i n  each case i s  taken equal t o  plus one. 
8' 16 24 

cons tan t .  This 

. . .  i i ~ s ~ ~ e s  t t a a  2 miiiimizatioii of the I-l f.,iii~tioii IS a lso  a mliiirilizatioii 

o f  t h e  payoff func t ion .  

' . I ,  ', ; . ,  - . _  . I . -  

* .  .. ' , 
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The necessary condi t ion fo r  a c r i t i c a l  value of J i s  

where 

The i n e q u a l i t y  

a2xi 
- 1 :  0 

n u s t  a l s o  be s a t i s f i e d  t o  insure  a minimum of the  payoff funct ion.  

(Note: Tine c r i te r ia  expressed i n  (62) and (63) are v a l i d  only i f  t h e  

E f u n c t i s n  is d i f f e r e n i i c b l e  a t  each poin t  on the  t r a j ec to ry . )  

d i f f e r e n t i a t i o n  of t he  H functions as ind ica ted  i n  (62) and ( 6 3 )  pro- 

P a r t i a l  
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. -  
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?I;?e a lgebra i c  and d i f f e r e n t i a l  cons t r a in t  equations (28), (42), 

(43), (44) ,  (46c),  (47c), (49c), ( ~ O C ) ,  (52c),  and (53c),  and t h e  

c h a r a c t e r i s t i c  equations (58), (59), (60),  (61),  and (64) form a 

coxplete s e t  of  equations fo r  t he  problem. To in su re  t h a t  t h e  payoff 

funct ion has been minimized, t he  inequa l i ty  (65) must a l s o  be s a t i s f i e d .  
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VII. COXWTATIONAL PROCEDURE 

The problcx formulated i s  of  a general  na ture  and t h e  equations 

involved a re  q u i t e  complex. 

fo rn  solGtion can be fourid. 

search o f  t h i s  zype so lu t ion .  A conputat ional  scheme i s  suggested 

i n  order  t h a t  t r a j e c t o r i e s  may be generated on a d i g i t a l  computer. 

F o r  convenience i n  t h e  discussion of  t h e  computational scheme, t h e  

? r l x i T l e  equations are wr i t ten  i n  func t iona l  no ta t ion .  

I t  i s  h ighly  improbable t h a t  a closed 

T;?e;-cfore, no time has Seen spent i n  

Giabal Set  1 

The important equations expressed i n  func t iona l  no ta t ion  are: 

cc 

@r 

@P 

@Y 

.. - x 

r F 

H1 

.. 

55 
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- 
i 

x 

Gimbal S z t  2 

? 3 e  iqortaxx equations expressed in functional notation are: 

a 

@Y 

r P, 

% 
- x 

Fr 

HZ 

'i 

aH2 - 
aa Y 

i3 

( 7 3 4  
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G5a5nl S e t  3 

The importsnt equazions expressed i n  func t iona l  n o t a t i o n  are: 

.. 

A complete s e t  of equations has  been developed f o r  each gimbal set .  

T'nerefore, t h r e e  indeTendent, b u t  similar, computational procedures are 



w r i t t e n .  

i n i t i a l  da t a :  

A l l  t h r e e  computational procedures r e q u i r e  t h e  following 

Azrr,os$eric t a b l e s  f o r  p as  a func t ion  of  p o s i t i o n  

Atxosp>.eric t sb l e s  f o r  V as a funct ion of  p o s i t i o n  

Aeyodynmic t a b l e s  for Cx(c(*) and Cz(u*) as a func t ion  of a* 

Values f o r :  

A 

G 

m 

0 
R 

X 
CP 

Z r 

- - 
Pluzbl ine p o s i t i o n ,  X o J  and v e l o c i t y ,  Xo,  vec to r s  a t  t h e  i n i t i a l  

p o i z t  oil t h e  optimum t r a j e c t o r y  
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Computational p r o c a k r e  f o r  Gimbal Set 1 

i n i t i a l  values  f o r  t h e  a u x i l i a r y  v a r i a b l e s ,  A i ,  and t h e  r o l l  angle,  

p,,. a r e  zecpired.  

i n i t i a l  d a t a  a r e  referred 20 as: 

I t  i s  assuzed t h a t  t h e s e  values  a r e  known. m e s e  

- x 
IO J 

x 
11 0 

0 
' r  

Preload Comautzt ion i 

J 

Use t h e  i n i t i a l  d a t a  given t o  compute t h e  following q u a n t i t i e s  

i n  t h e  o rde r  i nd ica t ed .  

1. Choose aV = -186' 

2 .  
/ 

Choose t h e  p o s i t i v e  s ign  i n  equat ion (67a) and compute: 

a.  a f r o n  (66a); i t e r a t e  ( l l c )  f o r  a* 

b. @_from (67s) 
A 

c .  0, fron (6Sa) 
P 



d.  

e .  

f. 

g *  

p f rom 
Y 

.. 
I 

X from 

3, f r o s  
A 

3 .  Choose a = 
Y 

4 .  Repeat szaps 

(692 )  

(70a) 

(72a) 

( 7 4 4  

a +  
Y 

5 O  and repea t  s t e p  2 .  Continue u n t i l  = +180°. 
Y 

1 th-ough 3 using t h e  negat ive s i g n  i n  equation (67a). 

The r e s u l t s  of  Trsload Conputation I should be t abu la t ed  a s  follows: 

A p l o t  of H,vs 0: 

Zhat e x i s t .  

f o r  t h e  i:erztior, of ecpat ioa (74a).  

should y i e l d  ir isight a s  t o  t h e  xrr5er o f  so lu t ions  
* Y  

I;: ad l i t io r? ,  t h i s  ?lot should y i e l d  a s t a r t i n g  value of a 
Y 
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5 .  Cse t h e  ?osi:ivc s i g n  i n  cquation (67a) and t h e  rcsults of 

? re l03d  Coxputation i t o  i t c r a t e  equation (74a) f o r  cc . 
Y 

6 .  Use the Q comyted i n  s t e p  5 t o  compute 
Y 

7 .  If the  ineq:ality 

a a2 
Y 

0 

i s  s a t i s z i e l ,  a x i n i m x  e x i s t s .  Proceed t o  s t e p  12. Use 

t h e  p o s i t i v e  s i g n  i n  equation (67a) i n  all renaining cal-  

c u l a y i o x .  

t o  s t q  8.  

If t h e  i n e q u a l i t y  i s  no t  s a t i s f i e d ,  proceed 

8 .  Use t h e  negative s ign  i n  q a a t i o n  (67a) and t h e  r e s u l t s  from 

Preload Comptat ion i t o  i t e r a t e  equation (74a) f o r  Q . 
Y 

9 .  Use t h e  ci found i n  s t e p  S t o  compute 
Y 

aa2 
Y 
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1 0 .  Check t o  asscre t h a t  

11. Procced to s t q  1 2 .  

i n  211 remaining c a l c u l a t i o n s .  

LJse The negat ive s i g n  i n  equation (67a) 

1 2 .  Use :?.e in iz i ia l  da t a  ar;d the  c o r r e c t  s i g n  (2s  determined i n  

?reload C o z p t a t i o n  11) i n  equation (67a) t o  i t e r a t e  (74a) 

for u 

Use t h e  ci 
Y' 

13. conptec!  i n  s t e ?  1 2  and t h e  i n i t i a l  d a t a  t o  compute: Y 

a. u equation (66a) ; i t e r a t e  (11~) f o r  a* 

b.  @, fro2 equation (67a) 

c .  froa e c p t l o n  (6Sa) 
P 

d. @ f r o a  ec:;atio;l .(69a) 
Y 

f .  F f r o 3  eqcatioil (712) r 



6 3  
- 

i. A frcn equa;ion (732) I i  

14. Use a m a e r i c a l  i n t e g r 2 t i o c  technique t o  i n t e g r a t e  

- - 
Ai fo-i AI J 

A f o r  7 
I1 I1 J 

X for A 
7 7 

15. Use t h e  in t eg ra t ed  vzlues  from s t e p  1 4  for t h e  new i f i i t ia l  

values  i n  t n e  "X i 1" l i n e  conputat ion.  

i n i z i a l  va lues  for t h e  a u x i l i a r y  v a r i a b l e s  and t h e  yaw angle  2re  

requi red .  it i s  assuxed thaz these values  a r e  known. These i n i t i a l  

data r e  r e f e x e d  t o  as: 

- A IIIo 

7 - 
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A 
15 

0 

A = 1 ,  
1 6  

0 

a 

!kc t h e  i n i t i a l  d a t a  given t o  conpute The following q u a n t i t i e s  

i n  she orde r  i nd ica t ed .  

1. Choose CI = -180" 

2 .  Choose t h e  p o s i t i v e  s ign  i n  equation (67b) and coapute: 
Y 

a .  Troz (665); iceerate ( i i c )  f o r  a* 

3. gy f rom (673) 

c .  Pr from (68s )  

f rom (693) % d .  

- 
e .  X f rox (70'0) 

f. I-! f rom ( i b j  
2 

g. $H, 

Y 
- f ron (743) 
aa 
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4. Rescat s t e p  1 "Lh-rcugh 3 but  use t h e  negat ive s i g n  i n  equation 

(67b) .  

r". in3 rcsu::s of  P r z l o z d  Cmputa t ion  I should be t abu la t ed  as fo l lows :  

W 
Y 

- 

A p l o t  of h2 vs a 

t h a t  exlst. 

value  f o ~  cc 

should y i e l d  insight as t o  t h e  nucber o f  s o l u t i o n s  
Y 

Ir, add i r ion ,  t h i s  p l o t  should a i d  i n  s e l e c t i n g  an i n i t i a l  

to be used i n  t k  i t e r a t i o n  of  equation (74b). 
Y 

-I  5. me  -2.3 F o s i t i v e  s ign  i n  equation (67b) and t h e  results 

o f  Prelozd C ~ a p t r : i ~ z  I t o  i t e T r z e  equation (74'0) f o r  01 . 
TJse t h e  v21ue of 0: 

Y 
6 .  f o u z i  i x  s;e~ 5 t o  cor;,?cte 

Y 
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7. If t h e  i n e q u a l i t y  

a2H2 
- >  0 
aa2 
Y 

. i s  s a t i s f i e d  a minimum e x i s t s .  Proceed t o  s t e p  1 2 .  Use t h e  

p o s i t i v e  s i g n  i n  equation (67b) i n  a l l  remaining c a l c u l a t i o n s .  

If t h e  i n e q u a l i t y  is not s a t i s f i e d ,  proceed t o  s t e p  8. 

Use t h e  negat ive s i g n  in  equat ion (67b) and the  r e s u l t s  from 8. 

e 

Preload Computation I t o  i t e r a t e  equation (74b) f o r  OL . 
Use t h e  value of a found i n  s t e p  8 t o  compute 

Y 
9. 

Y 

Y 
I 

10. Check t o  a s s u r e  t h a t  

a2H2 - ’  0 .  

a d  
Y 

11. Proceed t o  s t e p  12. Use t h e  nega t ive  s i g n  i n  equation (67b) 

i n  a l l  remaining ca lcu la t ions .  

l t N t l  l i n e  computation 

12. Use t h e  i n i t i a l  d a t a  and Xhe c o r r e c t  s i g n  (as determined i n  

Preload Computation 11) i n  equat ion (6%) t o  i t e r a t e  equafion 

(74b). f o r  ay. 
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i3. Use -2,e v a i ~ ~  of a cocpi’ied i n  s t c p  1 2  2nd t h e  i n i t i a l  d a t a  Y 

a. 0: 5 ~ x 1  ec,uzzion (66b) ; i t e r a t e  ( 1 1 ~ )  f o r  a* 

b .  iY f ron e c p t i o n  (675) 

c .  pi, from equatioi; ( 6 8 3 )  
* 

.. - 
e .  X fro3 equation (7Gb) 

f r o s  ec,ua’cior. (715) 2 7  *. r r 

g. !i f~os e c p t l o n  (723) 
2 

- 
fron equation (733) 1. A I I I  

- 
i. A fron equa’iion (733) IV 

j .  A f-ron equrtio2 (753) 
1 5  

14. Tjse a nuze r i cz l  i n t e g r a t i o c  t e c h i q m  t o  i n t e g r a t e  

- .. - x for Y for x , 

@ for Y Y D 

I - A :or A IV I V  D 



the r,ew 

A A 
0 

A 
2 3  

0 

0 

(3 
r 
0 
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Use  he ini-LlcLl dcra given t o  computc t h e  following quan t i z i e s  

i;l t h e  orier i:;diczted. 

i. Choose a = -;Sa" 

2.' 
Y 

Choose t h e  2ositive s ign  ir: e q u a t i o n  (67c) and c o n p t e :  

2. 

s. 

C .  

d .  

e .  

f. 

g *  

f r o a  (66c);  i t e r a t e  (:IC) f o r  a* 

f r o 3  (57c) 

~ Y G X  (6Sc) 

f r o 2  (69c) 

f r o 3  (70c) 

f ron (72c) 

fron (74c) - 
as 

Y 

3 .  Choose a = a + 5" and r epea t  s t e p  2 .  Continue u n t i l  
Y Y 

a = -5 150°. 

~ C ~ C A :  S ~ S ~ S  1 thrcz$ Z3bct  u s e  t3e xegat ive s i g a  i n  equation 

(67c).  

Y 
4. 
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 he r e s u l t s  02 Prelozd CoayLtation I should be t abula ted  as follows: 

EqR.  - ( 6 7 ~ )  
I 

OY I H3 a "Y 

A p l o t  o f  'Y3 vs u 

t h a t  e x i s t .  

value f o r  a 

s h m l d  give i n s i g h t  as t o  t h e  nunber o f  so lu t ions  
Y 

I n  adclition, :his p l o t  should a i d  i n  s e l e c t i n g  an i n i t i a l  

t o  be used i n  t h e  i t e r a t i o n  o f  equation (74c).  
Y 

Preload ComutaTion I1 

5 .  Use t h e  p o s i t i v e  s ign  i n  equazion (67c) and t h e  

Preload Computation I t o  i t e r a t e  equat ion (74c) 

6 .  Use t h e  value of CY, four,d i n  s t e p  5 t o  conpute Y 

7. If t h e  inequa l i ty  

22s 

a ~2 

3 - > o  
Y 

r e s u l t s  

for a . 
Y 

O f  



7 1  

i s  s a t i s f i e d ,  a minil;?.c;m ex is t s .  

pos i t i ve  s i g n  i n  equation (67c) i n  a l l  remaining ca l cu la t ions .  

If the  inequa l i ty  is  not s a t i s f i e d  proceed t o  s t e p  8 .  

Use the  negat ive s i g n  i n  equation (67c) and t h e  r e s u l t s  from 

Proceed t o  s t e p  1 2 .  Use t h e  

8. 

' 0  

Preioad Coniptatlon I t o  i t e r a t e  equation (74c) f o r  a 

L'se t h e  va iue  of 0: 

Y '  
9. found i n  s t e p  8 t o  compute 

Y 

10. Check t o  assure  t h a t  

a 2H3 
- ' O ,  
aa2 

Y 

11. Proceed t o  s t e p  1 2 .  Use t h e  negat ive s i g n  i n  equation (74c) 

i n  a l l  remaining ca l cu la t ions .  

1 1  N II l i n e  conpuzatioa 

12. Use t h e  i n i t i a l  da ta  and t h e  co-rrect s i g n  (as  determined i n  

Preload Computation 11) i n  equat ion (67c) t o  i t e r a t e  equat ion 

(74c) f o r  ccY. 

Use t h e  value of a 

t o  compute: 

13.  computed i n  s t e p  1 2  and t h e  i n i t i a l  d a t a  
Y 

a.  u f r o n  equation (66c); i t e r a t e  ( l l c )  f o r  a* 

b. $3 - fron eqiiation (67c) 
P 
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froin equation (68c) 
r c. P 

d.  By from equation (69c) 

.. - 
e .  X from equation (70c) 

from equation (71c) r f .  F 

g. H from equation (72c) 
3 

- 
h.  hV from equation (73c) 

- 
i. X from equation (73c) 

V I  

j .  X from equation (73c) 
23 

14. Use a numerical i n t e g r a t i o n  technique t o  i n t e g r a t e  

.. - 
x f o r  T f o r  Ji; , 

fOi. 
23 23 

15. Use t h e  i n t e g r a t e d  values computed i n  s t e p  14 f o r  t he  new 

i n i t i a l  values i n  the "N + 1" l i n e  computation. 



VIII. DISCUSSION 

The problem s tudied  has appl ica t ion  t o  cases involving the  f l i g h t  of 

any "unpowered" v e h i c l e  through any atmosphere--sub j e c t  t o  t he  a s s m p t i o n s  

given i n  the  problem statement .  

t o  t he  e a r t h ' s  sur face  must pass through the e a r t h ' s  atnosphere. 

paper provides a method f o r  determining an optimum t r a j e c t o r y  f o r  the  

t r a n s f e r  of t he  vehic le  through the  atmosphere. 

be minimized over t he  atmospheric t r a j e c t o r y  i s  a funct ion of t he  s t a t e  

and cont ro l  v a r i a b l e s .  

q u a n t i t i e s  such as the  accumulative aerodynamic drag o r  t he  aerodynamic 

hea t ing .  

For example, any space vehic le  r e t u r n i n g  

This 

The pay-off funct ion t o  

For example, it may be d e s i r a b l e  t o  minimize 

I n  order  t o  so lve  the  r o t a t i o n a l  equations of motion f o r  t h ree  

uilknowns, it was necessary t o  introduce p a r t i c u l a r  d e f i n i t i o n s  f o r  the  

angular acce lera t ion ,  @, and the anguiar v e l o c i t y ,  p, of  the  vehic le .  

The d e f i n i t i o n s  e s s e n t i a l l y  e l iminate  a l l  angular acce lera t ion  and two 

.. 

of the th ree  components of the angular v e l o c i t y  f o r  any given gimbal s e t .  

Thus, response of  equipment and/or crew on the  vehic le  t o  a p a r t i c u l a r  

s e t s .  

In  t h e  numerical generation of a t r a j e c t o r y ,  it is  poss ib le  t h a t  

an Euler  angle w i l l  be computed t h a t  produces gimbal lock. A t r a j e c t o r y  

t h a t  produces gimbal lock is  not  admissible s ince  gimbals w i l l  not  func- 

t i o n  when i n  the  ginbal  lock o r i e n t a t i o n .  

lock a r i s e ,  a new s e t  of i n i t i a l  values  for t he  a u x i l i a r y  v a r i a b l e s  may 

Should the  s i t u a t i o n  of g h b a l  

73 
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be s e l e c t e d  and a new t r a j e c t o r y  generated.  A p a r t i c u l a r  s e t  or” 

a u x i l i a r y  v a r i a b l e s  will y i e l d  an optimum t r a j e c t o r y  f o r  each gimbal 

set .  The t r a j e c t o r y  generated w i l l  not  be the  same f o r  each gimbal se t  

even though the  sane i n i t i a l  values of the  a u x i l i a r y  v a r i a 3 l e s  are 

chosen. No attempt has been made i n  t h i s  paper t o  determine t h e  i n i t i a l  

values o f  t he  a u x i l i a r y  var iab les  f o r  any of  t h e  gimbal s e t s .  
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APPENDIX A 

I 

Experimentally Determined Values of C and C for 2 Typical 
x-  z -  

Space V e h i c l e  

* Degrees 

t o  
2 5  
2 10 
& 15 
2 20 
t 25 
2 30 
t 35 
2 40 
t 45 

. t 50  
2 55 
2 60  
t 6 5  
2 70  
2 7 5  
t 80 
t 85 
t 90 
2 95 
t 100 
2 105  
t 110 
2 115 
2 120 
2 125 
t 130 
k 134 
f 140 
t 145 
t 150 
2 155 
t 160 
t 165 
2 170 
?: 175 
?: 180 

2 0  
t ,014 
2 ,028  
t .040 
t , 052  
t .063 
t .074 

t .096 
t .118 
t .146 
t .182 
f .224 

t .318 
t .372 
t .426 
f .496 
f ,546 
? .59G 
P .628 
4 .690 
t .728 
t .75s  
f .772 
t .776 
2 ,772  
dp ,756  
t .730 
t .686 
t .628 
t .554 

2 .366 

2 .130 
2 0  

t ,084 

t ,268 

t .46a 

2 .24a 

cx 

+ 1.828 
+ 1.812 
+ 1.772 
+ 1.710 
+ 1.626 
+ 1.520 

+ 1.246 
+ 1.092 
+ ,932 
f .768 
+ .588 
+ .416 
+ .256 
+ .112 - .020 
- .134 
- ,236 
- ,322 
- .394 - ,444 - .486 
- .516 - .542 - .566 - ,582 
- ,586 - .584 

- .560 
- .544 
- .524 - .510 - .495 - .490 - .484 - ,480 

+ 1.388 

c71 
. J I V  - 
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APPENDIX B 

Uniqueness o f  Solut ion f o r  t h e  Euler  Angles - --- 
The r e l a t i v e  v e l o c i t y  cons t r a in t  equations are solved f o r  two 

. Euler  angles i n  each gimbal s e t .  The i d e n t i t y  

s in2  P, + . cos2  P, = 1 

is  used. 

with t h e  r a d i c a l  t h a t  appears.  

gimbal s e t  by consider ing t h e  way i n  which t h e  coordinate  systems 

are def ined.  

Thus, t h e  ques t ion  a r i s e s  as t o  which s ign  should be used 

This quest ion is  answered for each 

L 

Gimbal Se t  1 

A first a lgebra i c  s o l u t i o n  of equations (45) for gP and gY y i e l d s  

and 

77 
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where 

rmz J = C R V m x  - SR V . 

and 

where 

K = CP VRY - SP VRx 

The i d e n t i t y  

SP2 + CP2 = 1 

i s  s a t i s f i e d  only if opposite s igns  appear with t h e  r a d i c a l  i n  (Bl) and 

(B2) . Let gr = ci = 0. Then equations (Bl) and (B2) reduce t o  

2 vRX 
SP = 

and 

t VRY 
CP = 



I 
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Consider t h e  p o s i t i v e  p i t c h  angle, pl 

NOW r e s t r i c t  0 -I? S g, S x . 
shown i n  Appendix Figure 1. 

P' 

P' 

'RY 

"RX 

. .  
Y 

-n 
Coordinate System Showing A P o s i t i v e  P i tch  Angle 

Appendix Figure 1 

Thus, t he  c o r r e c t  s igns  for t h e  s i n e  and cosine a r e  

and 

- v  
SP = RX 

7/";;, + v2 
RY 

+ 'RY .CP = 



The i d e n t i t y  

80 

SY2 + CY2 + 1 

is s a t i s f i e d  only i f  opposte signs appear with t he  r ad ica l  i n  (B3) and 

(B4).  Let a = 90 2nd (3 = 0 .  Then equations (B3) and (B4) reduce 

t o  
Y P 

- + 'RY 
SY = 

and 

- -t- 'RZ 
CY = 

RZ RY 

Cons'ider t he  pos i t ive  yaw angle, , shown i n  Appendix Figure 2 .  Now 

0 r e s t r i c t  @ -17. d gy i II. 
@Y 

Y' 

> Y  
"RY 1 

Coordinate System Showing A Posi t ive Yaw Angle 4 
iiypendix F igu re  2 
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Thus, t h e  c o r r e c t  s i g n s  f o r  the  s i n e  and cos ine  a r e  

-V, KY SY = 

and 

+V 
RZ 

CY = 

GirnSal S e t  2 

A first a lgebra i c  s o l u t i o n  of equat ions (48) f o r  @ and Pr y i e l d s  P 

S? 

and 

where 

F = CY + vmz SY 

. (B12) 



82 

and 

CR 

where 

G = VRX CP + VRY SP 

The i d e n t i z y  

SP2 + CP2 = 1 

i s  s a t i s f i e d  o n l y ' i f  t h e  saine s ign  appears with t h e  r a d i c a l  i n  (B13) 

and (Bl4). Let cc = 0 and $$ = 90'. Then equations (B13) and 

(B14) red-xe  t o  
c 

4- Vn.7 - *XI 
S P  = 

and 

t VRX 
CP = r . (318) 
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Consider :he p o s i t i v e  p i t c h  angle ,  (3,’ shown i n  Appendix Figure 3 .  

Now r e s t r i c t  (3 -r[ S (3, 6 II. P’ , 

X 

x 

Coordinate System Showing A P o s i t i v e  P i t ch  Angle 

A2pendix Figure 3 

Thus, t h e  p o s i t i v e  s i g n  i s  chosen f o r  both  t h e  s i n e  and cosine. 

SP = r 

+ VSY 
CP = . (B20) 



S4 

The i den2 i ty  

SR2 + CR2 = 1 

i s  s a t i s 2 i e d  only i f  o22osiee s i g n s  appear with t h e  r a d i c a l  i n  (315) and 

(B16). Let ci = @, = 0. P.cn equat ions (B15) and (B16) reduce to 

t VRZ 
CR = 

Corisider t h e  p o s i t i v e  r o l l  angle,  pl,, 

res t r ic t  g r J  -I1 2 pir 5 n.  

. (B22) 

vix 

shown 'in Appendix Figure 4. Now 

"RZ 

n 

X 

Z 
c 

-n  

Coordinate System SCowlng A P o s i t i v e  R o l l  Angle 

ApPendix Figure 4 
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Xius, t h c  c o r r e c t  s i g n s  f o r  t he  sixe and cosine are  

- V2z 
SR = q- 

and 

* v2x 
CR = q- . (B24) 

Gir.bal S e t  3 

A first a l g e b r a i c  s o l u t i o n  o f  equat ions (51) f o r  and Qi, y i e l d s  Y 

where 

where 

A = C? v,, - SP vmy 



aad 

where 

The i d e n t i t y  

Sg2 + CR2 = 1 

i s  s a t i s l i e d  only i f  oppos i t e  s i g n s  appear with t h e  r a d i c a l  i n  (B25) and 

(B26). Let a = = 0 .  m e n  equat ions  (B25) and (B26) reduce t o  9, 

2nd 

S o t e ,  eqi 

i d e n t i t y  

, ( 3 2 9 )  

. ( B 3 0 )  

a t i ons  (829) and (330) EATS t h e  same 2s (B21) and ( B 2 2 ) .  The 

sx2 + C9.2 = 1 '  



i s  s a t i s f i e d  i n  t h e  s a x  way i n  each case .  Hence, t h e  s i g n s  f o r  t h e  

s ine  srd cos ina  are chosen t h e  same as i n  ecpa t ions  (B23) and (B24) .  

Tne i d e z t i z y  

I s  s z t i s f i e d  only if t h e  sane sign appears wi th  t h e  r a d i c a l  i n  (327)  and 

(528).  Let cc = Qr = 0 .  Then equat ions  (B27) and (B2S) reduce t o  

I VRZ 
SY = , (251) 

shown i n  Appendix F igure  5. Now @Y J 

Consider  zhe p o s i t i v e  yaw azgle ,  

r e s t r i c t  gYD -II = gY 6 II. < 

-c 
Z 

. 
\ 

%Z 

Y 

Coordi-nate Sys:cx Showing A P o s i t i v e  Yaw Angle 

A??~;;dix 2igLi-e J ' 



X i u ,  the positive sign is chosen f o r  bot:? t h e  s i n e  and cosine. 

+ y7.z 
SY = I 

r 

a;: c i  

CY = 1 . (B34) 


