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Abstract:

In the present work, the solution of a system of n~th order
ordinary differential equations which is solved for y(n)=

= fQ(x,y,y',...,y n-1 ) is obtained by means of the Lie series
as introduced by Groebner, For this purpose, the concept of =
"Lie serjes" is defined initially and some important properties

are quoted. In the third part, the system of equations is solved.



In the following, an n-th order system of differential
equations is solved by means of Lie series, These series prove to
be very appropriate to this purpose since they permit the solution
to be written down immediately in an explicit manner, General

statements can be made on the convergence of these series (B).

A) Definition of Lie Series:

We shall introduce a linear differential operator in the following

)
D: = E:: FQ(ZO,Z1’..',Zn).5;— (1)

Q

way:

The FQ are assumed to be holomorphic functions of the complex variables

zo,...,zq. If this operator is applied to another holomorphic function

f(Zo,...,Zn), we have

g(Zo,...,Zn) = Df(ZO,-..,Zn)

which is again holomorphic. The same holds, of course, if D is applied

n times (in the same domain of holomorphy).

With the help of this operator, we may formally set up an infinite

k
t k
E w7 D f(zo,z1,...,zn) (2)

which will be written symbolically as

series

eth(z) = (exp tD) £(z) (2a)

in the following. The series defined in this way have some properties
which enable them to become valuable tools in several fields of

mathematics. h



B) Properties of Lie Series:

1) Absolute Convergence:

It is shown in Ref. 1, p. 7, theorem 2, that, if G is a finite
closed domain of the z space in which f(zo,...,zn) and D are holo-
morphic, a number T>0 can be found such that the Lie series (2)

converge absolutely and uniformly in the whole of G. The function

tD
g(t;zo,ooo,zn)= = € f(zo,ouo,zn)

is, therefore, holomorphic in t,zo,...,zn.

2) Differentiation:

By virtue of this convergence property we have

© .k o .k '
3 3 £ ok £ k1
st eltiz) =33) Frove(z) = ) g7 oD E(z) (3)
o)

since the series (2) may be differentiated term by term with respect
to t.

Furthermore, we have

k k
o) ) t k t 9 k
SRR - EORDEE B ElO (4)

since the series on the right-hand converges uniformly (Proof:
Ref. 1, p. 7).

3) Commutation theorem:

The proof of this theorem is here briefly sketched, on account of
its significance.

It is easily shown that

D(Z:: aq'fq(zo""’zn)) = 2;: aq.qu(zo,...,zn) (5)




(with 8 being constants) and, generally,

Dk(t BgTo(Zgreserz;)) = iot aQ.Dqu(zo,...,zn) " (6)

for any natural number n.

Furthermore, the validity of

D¥(£,(2).£,(2)) = i () (0%, (2)). (D%, (2)) | (7)

follows from the usual rules of differentiation, where again z is
written instead of Zoy Zqy seey 2o
With this we have (see theorem 5 in Ref. 1):

etD(Ef: aq.fq(z)) Eﬁ: aq.ethQ(z) (8)

[¢]

(. (2)1,(2)) = (e (2)).(e"1,(2)). (9)

In particular, it follows from (8) and (9) for a polynomial:

D « B o, _}: $D  \a , tD_ \B . D o
e ( 8 BgeTqe ee oBy) = aQ.(e z,) .(e 21) e ees o(e Tz_)

or, briefly: (10)

tDz )

tD tD
e P(ZO,Z1,...,Zr) = P(e Zo,o-o,e r

As is whown in the general commutation theorem for Lie series, this

equation holds for any functional relationship.

The functions

tD
ZQ(t;ZO’Z1’...,Zn): = & z (11)

that are holomorphic in t and Zyeeey2 aTe introduced., From it follows:

ZQ(t=O;ZO,..o,Zn) = ZQ. (12)



e have then (theorem 6 in Ref, 1):

If for a holomorphic function F(z) the power series exparsion valid
at the point Zoy Zqs eesy Z, CONVErges also in Zo’ Z1, ce ey Zn
(which will certainly be the case for sufficiently small ‘Zq- zQ‘,

i.e., for sufficiently small t ), we have:

t tD t
e DF(zo,...,zn) = F(e Z yeense Dzn) = F(Zo,...,Zn). (13)

ra 5

hi: follows for polynomials from (10). Let Fn(z) be the portion of the
power series for F(z) up to the degree n. We then have because of the

presupposed holomorphy:

1lim Fn(z) = F(z) lim Fn(Z) = F(2)
lim 5—2—— F_(z) - 9%11 (14)
Q Q

lim DF _(z) = D"F(z)
for n -» o0.Because of (10) we have:

K
F (2) = i{‘-{-,— -Dan(z). (*5)

Since a majerant exists for F(z) the right-hand series converge uni-

formly with respect to n, i.e., we have:
i’:tk ke X k
lim i w7 D n(z) = Eo Tr v lim D Fn(z) (16)
and with (14) to (16):

F(Z) = lim F_(2) = lim }ii—l,{- ~Dan(z) = ig— « lim Dk'Fn(z) =

[o}

- i i—l,i D¥F(z) = ¢"PR(z2)

for n — oo




C) Construction of the Solutions:

Let be given a system of differential equations:

y(n)= fq(x,y,y',...,y(n-1)) (@=1y4¢.e,r) (17)

Q
with holomorphic functions fQ. Ys¥'y..s is here symbolic for Yg? y&
with ¢ = 1,...,7. (17) can be represented by an equivalent system of
first-order differential equations:

. , _ ,(o=1) _
2t = X Zq,6° = ¥g (6=1y.04,n) (18)

ZQ,6= ZQ,6+1 for 0=1,...,4n-1

(19)
z! = fq(x,z

Q,n Qd)

This system (19) is now solved by the Lie series which is formed by

the operator

) ad o)
v gt T[Tt 5t e } (20)

0

‘vithd:: 1,...,1’1—1 andQ-"— 1,-..,1‘:

k
) tD t k
at (e zo)=2 7 D (Dz) =1

[ }]

[o3] [=3)
(22

k
tD i t k tD
(e zQ’o,) = T D (D2 d) =72, g (o=1,...,n-1) (21)

k
3, D i& t5 k D
T (e zQ’n) = ¥ D(Dz_ ) = e fQ(z)

(follows from (3)). With

2 = e g3 =2+t 2 Tt = e 2 (22)
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(21) can be rewritten in the form (because of (13)):

o)
v: Zo(t,z) = 1 ,
ey (t32) = 2 (t32)
8t To,0 "’ Q,0+1
Gl
Py n(t,z) = fq(Z).
or:s
3
3T Zo(t;z) = 1
an
ts = 1 Z Y/ ;
e 2 (852) - 1(2,52, )

or, in terms of the original variables:

- . 4(o=1) .
ZO =X =z + t, Zq,d =y .
n
o _ 8. S (n-1)
3t = 3% N yQ(x,z) =T (x,y,y seceyy ).
n
(21) is therefore identical with the original system (17), since , ==
n
may also be written as g—;, if the are understood to be parameterg¥
dx

Consequently, the solution of (17) reads:

(x—zo)°Dz
Q1

x(t) = 2.+ t, yq(t) = etDzQ’1 or yQ(x) = e (23)

where (see (12)) the z are the initial values of yéc~1) for t = O:

Q,0
70 (120) = TV (ez,) = 2, (24)

Using (23) and (24) the problem of solving (17) with the initial

conditions de_1 (0) = 24,0 has been accomplished.
b4
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