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LIST OF SYMBOLS

Aj (j=1,2) complex constants defined by eq. (27)

2im’ Eim coefficients, see eqs. (65), (67), (70), (72) and (74)

bim elements in eigenvalue determinant

Cj (j=1~4) arbitrary constants

CjR’ 51 real and imaginary parts of Cj’ respectively, see eq. (35)

D = Et3/12(1- vz)

E Young's modulus

F stress function defined by eq. (3)

Fo dimensionless stress function for prebuckling defor-
mation defined by eq. (19)

fn dimensionless stress function for buckling deforma-
tion defined by eq. (47.2)

g function of £ which represents Wn(f_f,) or fn(g)

h finite difference interval of §, see Fig. 2

k parameter defined by eq. (56)

k parameter defined by eq. (79)

L length of cylindrical shell

11, 12 coordinates of the ends of a conical shell, see Fig. 1

Mx’Me’Mxe’Qx’Qe moments and shearing forces, see Fig. 1

N number of points in finite difference calculation

n circumferential wave number

P axial compressive load

Pcl classical compressive buckling load of conical shells,
see eq. (1)

q dimensionless buckling load defined by eq. (21)

r radius of cylindrical shell

s dimensionless coordinate defined by eq. (20)

vii



$p1°542 values of s at x = 11 and 12, respectively, see eq. (23)

s (j=1,2) complex variable defined by eq. (28.2)

t shell thickness

Nx'NG’NxG membrane stresses, see Fig. 1

u,v,w displacement components, see Fig. 1

U VoW dimensionless displacement components of buckling

mode defined by eqs. (47.3), (47.2) and (47.1),
respectively
Upps Uy horizontal (radial) and vertical components of dis-

placement, respectively, see eq. (7) and Fig. 1

W dimensionless prebuckling deformation defined by eq. (18)
x generatrix coordinate, distance from vertex, see Fig, 1
Vi function defined by eq. (63)
a semivertex angle of cone
8,8 parameters for circumferential wave number defined
by egs. (59) and (80), respectively
sx,se,‘)’xe middle surface membrane strain components
0 variable in circumiferential direction defined by eq. (4)
) circumferential coordinate, see Fig. 1
£, € dimensionless coordinates defined by eqs. (55) and
(78), respectively
7 variable defined by eq. (33)
U values of nat x = 11 and 12, respectively
Y,j (j=1,2) functions defined by eq. (28.1)
A parameter for circumferential wave number defined

by eq. (49)

viii



v Poisson's ratio

¢ constant defined by eq. (32)

Suffixes A and B indicate axisymmetrical prebuckling deformation

and buckling mode, respectively.
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THE INFLUENCE OF PREBUCKLING DEFORMATION ON THE
BUCKLING LOAD OF TRUNCATED CONICAL SHELLS

UNDER AXIAL COMPRESSION

by
Shigeo Kobayashi*

ABSTRACT

An analytical investigation is carried out to determine the
effect of prebuckling deformation on the compressive buckling load
of truncated conical shells. The shell is assumed to have clamped
boundary conditions and a finite difference approach is used to obtain
the solution. In order to reduce the number of parameters and to
clarify the essential property of the effect of the cone angle, a semi-
infinite approach is used. It is concluded that the buckling load is
determined by local buckling in the region close to the smaller
radius end. The decrease in the buckling load from the classical
result as a result of prebuckling deformation is somewhat greater
for the conical shell than that for the cylindrical shell. However,

the effect of the cone angle on this decrease is very small.

E?
i Asgsociate Professor at the University of Tokyo-Senior Re-

search Fellow at the California Institute of Technology during the
preparation of this paper.
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I. INTRODUCTION

There have been many reports (Refs. 1-19) that are concerned
with the problem of the buckling of conical shells under uniform axial
compression loading. The so-called classical buckling load was obtained
by Seide (Ref. 1) and is given by

2
P = _ﬂ COSZa (l)
cl >

3(1 - v%)

The buckling mode corresponding to this load is axisymmetric. Singer
has shown (Ref. 2), using a Galerkin method, that the buckling load for
non-axisymmetric modes is only slightly lower than the one calculated by
Seide. In his typical example the value of P/Pcl is 0.9905, As in the
case of cylindrical shells under axial compression, there exists a great

. disagreement between theory and experiment as shown by the experimen-
tal results of Weingarten, Morgan, and Seide (Ref. 3) and Schnell and
Schiffner (Ref. 4).

Recent work on the buckling of cylindrical shells shows that the
buckling load is changed if the analysis includes the effect of prebuckling
deformations. Stein (Ref. 20) calculated the buckling load for the ''shear
free simply supported'' (S-3) boundary conditions including the prebuckling
deformations due to the constraint at the boundaries. The value he ob-
tained, P = 0.42Pc1, was chiefly due to the shear free condition. This
can be concluded by comparing his results with those obtained by Ohira
(Refs. 21,22) who calculated the effect of the boundary conditions alone.
The effect of prebuckling deformation is more pronounced in the case

of ''zero displacement, simply supported'' (S-1) boundary condition.

1



The buckling load is about 0, 84Pc1 in the numerical example calculated
by Fischer (Ref. 23). For the more realistic boundary of !''perfectly
clamped'' (C-1) the buckling load P is in the range from 0. 908Pc1 to

0. 930PC for various shell lengths as shown by Almroth (Ref., 24).

1
The effect of prebuckling deformations on the axial buckling

load of a conical shell having ''perfectly clamped'' boundary conditions

is studied in this report. In order to clarify the effect of cone angle,

a semi-infinite approach is used in the numerical calculations. In

addition, the buckling load of a semi-infinite cylindrical shell is ob-

tained for comparison.



II. DIFFERENTIAL EQUATIONS AND BOUNDARY CONDITIONS

FOR CONICAL SHELLS

The geometry and symbols used in this paper are illustrated in
Fig. 1. If we consider a Donnell type approach, the governing nonlinear
differential equations of deformation of thin conical shells having no

initial imperfection are expressed as

1 182w 1 32 g 1 8"wo™w Zawazw
T AAF = cota o — +[_2(ax'ae) -T2 T2 T2 T3 56 9x00
ox % x 0 26
2 2
1 ,0w 1 ow 0w
+ 4(_8_9) ;_}'{‘——a 2] (2.1)
x
2 2 2 2 2
Danw + cora £ 2F [ (L2242 L)y LE(Lors L2
X ax XOx % p0°/ox” ax“ \** x“2e
(1 8F 1 8%F\( 1 8w 12%w |} 2.2
“2{~Z 90 “x ox00 )\ 2 30~ x0x00/)" -2)
where
2 2
A:5_2+.1_(7;’_+L2_3__Z
ax~ * %* x“ oe
In these equations F is the stress function defined as
N oloE, 1 %F o _dfF 8 18R )
x  x 0x 2 2’ 0~ L 2’ "x0 T o9x xo00’” Tex
x~ 086 ox
and the variable 0 is given by
8=06 sina (4)

(See Fig. 1.)



In addition, the following relations exist between the midsurface strains,

displacements u and v and the stress function F.

2 2 2
du, 1 aw’_1[18F, 1 0°F &
" 5% T Z %) --Et[;—"ax“"—z-—z"’—i] (5.1)
x 006 ox

2 2 2
_ 1 3dv , utwcote 1 ow,  _ 1|8 F 18F, 1 0°F
“e=x80 " x ', 2 B0 -E—t[—‘z"”(;";”-z—)](S-z)
x Ox x"~ 26
_ldu, dv v, 13wdw_2(1+v)[1 8F 19°F 5.3
V%0~ %30 " 9x “x " xPx 86~ Et |, 290 x9xd0 (5.3)

Expressions for the bending and twisting moments and shearing forces in

this theory are as follows:

2 2
M_ = —D[-—a LA v<i2 8w W+la_“’>] (5.4)
x ox x~ 08 X ox
2 2
M, = -DKX—IZ__B ‘2""+}1{.3—W>+va ‘2’] (5.5)
90 x 9%
1 82 1 ow
Moo= Mg, = - “"”D[E 506 ~ 2 —e] (5.6)
M Mg
Qx— 5 +'§ 50 + = (M 'Me) (5.7)
oM 2M
_ x0 1 0,1
Qo= *tx B0 T 7 Mye™Mg,) (5.8)

In the derivation of eqs. (2) the following assumptions have been made:
i} The shell is thin and truncated so that the thickness-
radius of curvature ratio t/x tan® is small.
ii} The circumferential wave number n is large enough
so that the Donnell type approach and the large de-
flection expressions of eqs. (5) are valid. However,
the above equations are also satisfactorily applied

to the axisymmetrical deformation.
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The boundary conditions are chosen so that the shell is perfectly
clamped at x = 11 and x = !2. The axial load P is applied through rigid
blocks as shown in Fig, 1. If the upper block is fixed and the lower block

is allowed to move, the geometrical boundary conditions are expressed as

atx=£1; uH=O, uv=0, v=0, E—O

(6)
atx=0_ : =0 T_Y—o =0 a_w—o
XK=S25 Wy =Y Fg T VEY 5 T

where Upy and uy, are the horizontal and vertical components of the dis-

placement respectively, defined as

u= Upy sina + uV coso

W= u,, Cos® - u,, sin®
H \'"4

In addition there exists one traction boundary condition

2m7sinc

1 oM 0
S‘ N cosa -{Q + = X7 )sina|xde = -P (8)
X x x 06
0

at x = 122. The above differential equation (2) and this traction boundary

E
condition (8) have been confirmed using a variation principle.

* If the condition w = 0 is used instead of Uy = Catx= 12, a different
traction boundary condition is needed. Therefore when considering the

conditions of eq. (6), the geometrical condition w= 0 at x = 12 cannot

be used.



III. PREBUCKLING DEFORMATION

Since we are considering an initially perfect conical shell, the
prebuckling deformation is axisymmetrical. The condition of axisym-
metrical stress distribution indicates that F must be a function of x
alone. Then, taking -5{% = 0 in eqs. (2), the differential equations of

prebuckling deformation are as follows:
S 1d1,.4 {l )
Et x dx |~ dx \x dx “dx

2
1 d dfl d dw cote d°F 1 d (dF dw)_
D;——[ _{; _(x_)}]+T __2_;_<_ _)_0 (9.2)

2
dF cote dw, 1l d4d ,dw,2 _
}] foxax (&) =0 0.1

These equations can be integrated once. The integration constant of eq.
(9.1) is determined from the equation of compatibility of axisymmetrical
deformation and the integration constant of eq. {9.2) is determined from

the traction boundary condition (8). The following equations result.

dw , 1 ,dw

1 _dfl d, dF _
{ }-cotaa}-{-+—2-(gx—)—0

Bt X 3x 1\ x &= X ax!
(10)

dyJl d dw dFF dF dw_ P
DX?&{E '&(X&‘)}“““a;‘az&- ST
27(sina)

The condition of axisymmetrical deformation reduces the boundary con-
ditions to

- - ow
atx=11 and x = £,; uH—O, B = 0 (11)
atx=11; uV=Oorw=0 (12)

and eq. (5.2) shows that the condition Uy = 0 is expressed as

2
d4°F 1 4dF
e L8 = 13
2 vxdx 0 (13)



in terms of the stress function ¥'. The solution for %:— can be found from
eqs. (10) using the boundary conditions (11). The condition (12) is used in
the calculation of w. This condition determines the rigid body displace-
ment. Therefore it does not have any effect on the buckling load,

From linear membrane theory the corresponding governing equa-

d dr d
Ee* ak \x ax )| oot m = 0 (14.1)
cotd g = - ——P—T (14. 2)
2r(sina)

Eq. (14.2) yields a membrane stress

P

N = -« —/————
x fsin2c

1
- = (15)

and eq. (14.1) gives a corresponding deflection

we — £ log == + constant (16)

27Et(cosa) 11

Eq. (16) shows that even if there is no constraint of deformation at the
boundary, there exists a non-constant prebuckling deformation from the
membrane theory in the case of conical shells.

Then, introducing a new stress function

SN

dx

P

a5, P
T dx wsinZa

(17)

and using a symbol w, instead of w to express prebuckling deformation

and using the nondimensional symbols



W= (18)

- 12(1 -VZ)FA

F (19)
° £t

gz X cotd :12(1 -vz) (20)

q= 5— (21)

cl
where PC1 is the classical buckling load shown in eq. (1), the differential

equations (10) are expressed as

dF 2
da {1 4 o dw 1,1 ,dwW,° _
SE;E?&E (s—ds>f'—ds tlagrtazlgg) =0
(22)
cafraf aw)l, %o  aw o aw _ |
ds }s ds ds ds 43 ds ds
and the boundary conditions (11) are given by
1, cotaV12(1-+7) aw a’F, | dF 5o (23.1)
s = t =8 G =0 —Zvege =Y
s ds s e (23, 2)
at .21, and
2 _cotaV12(1- 3 a’r dF (23.3)
2 = dw _ o 1 7o _ 2q
8 = t =892 G T Tz veE T v
ds v (23, 4)
at .!2

As shown in Appendix A, the effect of the underlined nonlinear terms in
eqs. (22) is very small numerically, Therefore, in the numerical com-

putation of the present paper the linearized approximate equations



ar
d {1 4 aw 1
S—-{—s— ——ds (S 0)}- + 2q—§= 0 (24-1)

ds ds s
daF
df1 a, dw o aw _
8 ds {'5 ds (s s )}+ el 2q ds ~ 0 (24.2)

have been used. *
Calculating (24.2) + (24.1) x A, where A is an undetermined arbi-

trary constant, leads to

s = [é% {s 2 (W+AF(‘))}]+§—S[(2q-A)W+FO] = -2 (25)

Then the value of A is selected as

A=t (26)

The roots of eq. (26) are

Al 2=qii Vl-q2 (27)

’

Therefore, by using the symbols

L= W+ AF , sJ.:Ai_ G=1,2) (28)
j

eq. (25) can be written as

2
de,. ag. 2qA;
d r1 d j e i .-
Sj ds. {s. ds, (Sj ds. )} + ds. s, (3=1,2) (29)
J J J J J
The general solutions of eqs. (29) are
2
ae, 2qA°
i_= (1) = (2) - i (=
ds;]. le H2 (2>'sj ) + CjZ I—I2 (2>‘sj ) Sj G=1,2) (30)

% In order to derive Seide's differential equations and boundary conditions
of axisymmetrical buckling, the underlined terms in eqs. (23) and the last
term in eq. (24.1) must be dropped.

9



where -C_jl and Ejz are arbitrary constants and the H's are Hankel func-
by

tions. From the above solutions the following result for Eid%’ and d_so is
obtained.
aw _ 1 [ﬁ?_& S i
ds KZ—AI A1 ds1 Az ds2
= -c,uM ey - uPeyE) - cuPeys;)-c mPeys;) + 24
(31.1)
dFO= 1 _1_d§+_1__d§2
ds AZ—AI Al ) 2 dsz
=C A H(”(zy THC,A H(Z)(zy"‘)+c A H(l)(zy 5,
(2) 4q°
tC A 2)s,) - 2 (31.2)
where Cj (j=1—4) are arbitrary constants.
Considering the case q < 1 the following symbols ¢ and 1 are
introduced.
Al =q+ iVl -qZ = e1¢; A2 = q-i\ll-q2 = e-1¢ (32)
n=2Ys (33)

Separating the Hankel function Hj.),(ZYs1 ) into real and imaginary parts
(3) () ¢ ) (j)
J =gl = J J
HY (2Ys,) = HY (ne ) +i HyI (34.1)

the following relation is obtained.

10



g
nWeya) = 18 (e %= nl) - 1ul) (34.2)

If the complex arbitrary constants are written as

C.=0C,, +iC

. . j=1l~4 35
i = Gir B (G ) (35)
the condition that imaginary parts in eqs. (31) must vanish yields

C3g = C1r* C317 "Cirr C4r = C2r’ Ca1= -Ca (36)

. . AW

Then the real expressions of a5 etc. are as follows

aw (1) (1) (2) (z>] 2q

ds - [CIRHZR “C o tCRHR " Coartlr' ) T S (37.1)

dr

d—so= 2[ (H(l) cos¢- H(l) sing) + ClI(_H(Z{R) sing H(l) cos¢)

2
+ C R(H( )cosd) H( )s1n¢)+C ( H(2)51nq5 H(l)cosd))]-‘lsi (37.2)

(1), (l) (1) (1) (1), .,(1)
— -z[clR{(H R)cosd+(Ho "+H )smqs} +C1I{(H +H, - )sing
_(H(l)+H(l)) cos¢y +C2R{(H(2) (2))c sq5+(H(2)+H(2))s no}

+CZI{(H(Z)+H(2)) né - (H(2)+H(2)) cosdJ}] - %TW-

(37.3)
a°F, 1) (2), . (2
o - z[ R(H(l)+H(l)) c I(H(1)+H( G, p (H 2 p ))
ds
-C (H(2)+H(2))] -% %‘ (37.4)

Substituting egs. (37) into the boundary conditions (23), four simultaneous

equations to determine C.R and C.I are derived. Solving these equations,

the final expression for the prebuckling deformations is obtained

11



In order to determine the order of the value 7n, the following

numerical example is examined.

£ £

a = 30°, Tl= 800, —t-7== 1600, v =0.3 (38)
For this example
Ny = lapeg 13523 mp =gy, = 1914

Therefore, the absolute value of the argument in the Hankel function is
very large and the value of the Hankel function can be satisfactorily

evaluated by the asymptotic expansions

.9
nsin =
(YlR) " - e 2[cos(ncos%-§-¥;-l—7r+-ﬁ—)+ ceee] (39.1)
.9
nsin =
%)— ‘}W_TI e Z[Sin(ncos% - %ﬂ T+ %) + ..l (39.2)

.9
-nsin 5 2
1 - \Z & " 2 fcontneos $ - 2L 1 - ) - YD) sinncos - 2L 4. 3

FyR = 2~ "4 i
- (4\(21_2;)(42\{2_9) cos(neos § - Lfha - Fy 4] (39.3)
N
42 nsing o 2yl ¢
YI ﬂ e [-Sln(nCOSE - - Z)
—E-lézn——l—)cos(ncos% AL 7,-%
" 1-;;:}} P sinineos § - Ht - v L] (39.4)

For example, in the case of q = 0.93, i.e., ¢ = 21.56°,

'(112‘1’11)5111% -10.485 -5
e =e =2.75x10

12



This value is quite small. Therefore, if (.22-.!1)/1: is large and q is not
close to one, such that exp [-(nz-nl)sin %] is small, the prebuckling
deformation in the region close to the upper end is approximately ex-
pressed by taking ClR-= ClI = 0 and using the boundary conditions (23.1)
and (23.2). The prebuckling deformation in the region close to the lower
end is approximately expressed by taking CZR = CZI = 0 and using the
boundary conditions (23.3) and (23.4). Since the value n is large, three
terms of the asymptotic expansion have been used in the present numer-

ical computation.

15



IV. BUCKLING PROBLEM

In our definition, the buckling load is found by determining the
bifurcation points of the symmetric solution. The following expressions

are substituted into eqgs. (2)

w o= WA(x) + WB(x, 0)
b (40)

where (WBFB) is the buckling mode and the corresponding displacements

are

[+
i}

uA(x) + uB(x, 0)
(41)

<
l

= vB(x,G)

Taking into account the equation of prebuckling deformation (9) for Wa
and FA and dropping nonlinear terms of Wp and FB, which are taken as
infinitesimally small quantities, the differential equations of buckling

are obtained.

2 2 2 2
__l_AAF=cot0t BWB+ _deAawB_ldeawB_deA BWB]
Et B sz x2 dxz 862 x dx sz x de ox
2 2 2 2
DAA , cosa e} FB |1 dFA 0 WB+ d Wa 1 3FB 1 ] FB
VB 2 X dx 2 2 \x Ox 2 a2
Ox ox dx x- 090
2 2 2 2
+dFA lawB +-1_8WB+-1_de8FB P l.awB.-o (42)
d.xz x 0Ox x2 ae2 x dx 8x2 rsin20 x axz -
The corresponding boundary conditions
awB
atx=4y5 uyp =0, uyp =0, vg=0, 5= =0 (43)

1k



BHVB 8WB
atx=—¢2; uHB=0’ '—5'6—'_:0, VB=O’ _ax_=0
2rsin0 . 8Mx on
. [Tchosa - (QxB + < —Te——)sina] xd6 = 0 (44)

where the suffix B designates the buckling mode, are derived from eqgs.

(6) and (8). Egs. (5) show that we have the following relations

2
d_ué+.1_ (de)2=_1_ s iFé . vd FA)
dx 2 ‘dx Et 'x dx dx2
N (45)
uA+wAcot0£ 1 (d FA vl dF)
X Et dx2 x dx

for the axisymmetrical prebuckling deformation. Substituting eqs. (40)
and (41) into eqs. (5), taking into account eqs. (45) and dropping the

nonlinear terms of Wgs the following equations result

2 2
dup  dw, awB_ 1 [(1 9Fg .1 ) FB> _Va FB]

ox dx ox Eti\x 09x x2 862 axT
ov u,+w.cot 32F oOF. 82F ]
L vp tptweee® 1 |0 Fp (1% 1 %FR (46)
x 00 x T Et 2 X 0x 2 2
ox 00~ /|
-
1 BuB+BVB—v_B+_1— de 8wB=2(1+V)1 QE_}_'C’ZF
x 00 ox  x @ x dx BLe) Et ;2 8  x 0x00
.

The buckling deformation is expressed in a Fourier series

[00]

_ t
5T s
12(1-v%) n=2

where n is the circumferential wave number and should be an integer.

wn(x) sinn® (47.1)

Eqgs. (42) and (46) suggest that the corresponding series for Fpup and

are
VB

15



3 (o.0]

Fp = _——12(}]2_:1,2);2 fn(x) . sinn® (47.2)
oo

ug = ———— Z u_(x) - sinn® (47.3)
V12(1—V ) n=2
oo

vy = R Z vn(x) - cosn@ (47. 4)

12(1-v2) n=2

The differential equation (42) and the boundary conditions (43) and (44) lead
to the conclusion that there are independent eigenvalues for each n. Sub-
stituting egs. (47) into egs. (42) and changing the variable from x to s,

the equations take on the following form

2
@ .1a 2\a® ,1a 2, _1%8V, 22 d%w
2 "sds 2N\, 2 " sds” 2)n " s 5 T T332 Vn
ds s ds S ds s ds
2
1aw $Vn 1 fw Y
s ds d52 s dsz ds
2 2\ / .2 2 a2 dF \ d%w
d 1 4 A d +1 d A +1 n . 2q 1 o n
stsas " TN 2T sE T2 TS s " sds ) 2
ds s ds s ds ds
Pw (1% 2%
72 \s ds 2 n
ds s
2 2
d Fo 1 dWn 7\.2 1 daw d fn _
~— o \s & " ZT¥%) 5 T=2°° (48)
ds S s ds
where
_ n
A= sind (49)

Substitution of egs. (47) into eqs. (46) yields

16



2
1 dun= Ldin_lzf -vdfn _aw dwn (50.1
cot® ds s ds 2 n 2 ds ds -1)
s ds
1 dzfn dfn 7\2 ‘
cotd (un - A‘vn) =8 dsz -V (ds _-s—fn) " ¥n (50.2)
dv daf
1 n, _ n 1 aw
ot (?\.un - Vn + s -(TS—) = -2 (1+v)A (-F - Efn) - AE Wn (50.3)
Calculating

(50.2) - s x {2 (50.2) - (50.1)}- (50.3) x &

and  (50.2) x X - ${L (50.2) - (50.1)} - (50.3)

expressions for u and v, are obtained.
3

2 a’t daf 2 dw
1-2 _ 2 n 2 2 n 3\ n dw, 2 daw
cotan T TS T3t UVEEARVA) g - i e g (- W, (1R )
(51.1)
2 2 3¢ 2 a’s 2., df 2 B
1-A = .5 _~'n, (A7 -1) n , 227+1 n , A(-3-v+vA")
w'n" "X 3 py 8 2 A ds S fn
co ds ds
dw
n 1l aw dw
s gy (1 - ) F W (1 5) (51.2)

Substitution of eqs. (47) into eqs. (43), where eq. (7) is also used, yields

dw

u =0,v =0, w =0, —==0 (52)

at s = Sp1 and s = Spa’ n n n ds

The traction boundary condition (44) is identically satisfied by substitution
of egs. (47). The boundary conditions, which are the same at both ends,
are the so-called ''clamped C-1'"' conditions. The boundary conditions

u_ = gwand Vo= 0 are expressed indf:rms of fn using eqs. (51), where wo
and _c'l_sE disappear because W= d—sn' = 0 at the boundary. Furthermore

calculations of [(51.2) xA -(51.1)] + ()(.2—1) s yields
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2

a°f daf 2
n _(L_n A ¢)zp
—d__2— s ds  _2°nJ”
s s

(53)

This equation is equal to the condition €gp = 0 derived from uyp = 0 and

vp = 0. Accordingly we arrive at the following expression of the boundary
condition:
-
w_=20
n
dwn
ds 0
dzfn 1 din n2
ats=s£1and S=8,5i ﬂ _E_Z—'V(ETS_-Tfn>=O (54)
s s
d3f 2 2, df 2
n  (1-v+2)°tvA7) "n |, 3A _
- + f =0
3 2 ds 3°n
L ds s s
A new variable £ is now introduced
zi: Ss = ekg (55)
1 21
where
k = ‘/r t = ‘/I‘l—tt ) 1 x tan0 (56)
ang " A
llcota\/lZ(l-vz) 1 12(1-v2)
k= 1 = ._2_ (57)
Ve,

By changing the variable from s to £, the differential equations (48) are

written as

18



ats a3 £ d2£ af_ 5 2
4-4k—§3-+(2;3 +4k)dg +4[3k—§-+({3-4pk)fn
KE . dW, dz“’n dw, . &®w . aw. .2 dw

- { - - -

d4w d3w d2w dw

-4k +(2f3 +4k) +4ﬂk +( -4 k)
ag* ag> a2 gt B,

K a2 £ af ke . 9F, ldzwn aw_
+ (e"7-k —g')( 'k—g')"'(zqe -k dg)\dgf—k dg)

sz aF_

t(—5° -k )(Bw-k n>+( )(pfk L P
dt_E, agEr dg g ﬁ aE

where
B =k

and the boundary conditions (54) at s'= 5, are written as
1

dw

n - 0
i
a’s af

d—gél- -_ (1+V)k Eg-l- Vﬁzfn =0

a’s as ar
n

n 2 2 n 2 _
L e — 3k = + [-ﬁ (24v) +(1+v)k ]E-+3f5 K= 0

at§=0;<

In the previous section %V etc. have been obtained as functions of s.

aw dF,

as follows

19

aE and -Egg etc. in eqs. (59) are expressed in terms of%V?V and ——

(58.1)

(58.2)

(59)

(60.1)

(60.2)

(60.3)

(60.4)

etc.



2 2.y
aw _ 1 k&, dW a“w dW _ ,1 2kE, d°W

= (e 7)) =, -k = (—5e ) — (61)
dE k ds dgz dE k2 d52

The numerical example given by eq. (38) yields k= 0.,01478, In eq. (56)
the term (t/!ltana) is a thickness to radius of curvature ratio, which is

a finite small value., The effect of the cone angle is represented in the

R, T,

factor tan®. Therefore, the value of k i mall.for problems where &

1S

n

is not close to 900.
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V. FINITE DIFFERENCE EXPRESSION

The differential equations (58) are linear but do not have constant
coefficients, Therefore, the solution of this eigenvalue problem has been
obtained by using a finite difference approach. The following finite dif-
ference expressions have been used for the derivatives-at the point j;

(see Fig. 2)

(2

2

de\ -l (g . 20 +g,
<d€2>j h2 (g3+l g_] g_]-l)

= o (g8 )
. 2R gi+1785-1

(62)

3

.d_g. = i_ - -

<d§3>_ 5.3 Ej+2285n * 285 - 5p)
j

J J

4
dJ. = -!'—- - -
<d§4) h4 (g-+2 4‘g.+1 + 6gj 4gj -1 + gj_z)
\ j
where g is a function of £ and h is an interval of equal distance as shown
in Fig. 2.

By using this definition and a unified new symbol Vi

V5T Vayr BT Vo (©3)

finite difference expressions for the differential equations (58.2) and (58.1)

at a point § = gj are written as

9
. = 64
(58.2); z 255, m Y2j-5+m = © (64)
m=1
where a2j,1=1+2kh’ aZj,2=0
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dg, dF
N 2.,2.2 _ 9 3} j o kh, 2
35,3 = {-4-4kh+(-2p T4k")h"-28%034 4, (2q- (a?.gj)(l * )

+ o2KE; (d F) n3
oK

. 2k, 2 3
e G f  aw kh, 2 jdiw. n
*2,4% © (1 ey )j)(1+ 7Bt e (;;z ’j oK

k§ ( d2W Bzh4
a,, ., = ¢ l-(~))(2h )+e (“\-) s
2j,6 ds? i K2
kg dF
2y o= {-4+4kh+(—2ﬁ2+4k2)h2+2l32kh3} te (Zq F—-’)@- 5zh-“lz)
J
2
-e2k§3 (d Fo) 13
42 3k
S

By g med -G )a- Kz 2K (LW, 5
2j,8 ds 7 2 2

ds )jEE

aZj,9=1 - 2kh
9

(65)
(58.1); z *2j+1,m V25154 = 0

(66)
ms

where

2j+1,1 =1 + 2kn

[~y

1

I~
&

£, 2kE, 2
= e J [y AW Khy 2 “%5 2w
“2j+1,2 = e (1 ‘Ts’j) L. AW,

ds” j

22



-4-4kh+(-28%+4k2)h2 -28%Kkn>

%25+1,3 =
g =2 (1 @ )26 Ly 2
jt1, ds ’j dst k2
_ 2. ,,2.2 .4 22 4
25541, 5 = 6-2(-28"+4k " + (8%-4p"k" )
a = _ekgj 1-@EW Ya - _kﬁ)hzq.ezkgj(ﬂ) .}}i
2541, 6 ds’; 2 77, 2K
ds™ j
B 2, .. 2 2 2.3
agie1,7 = ~4T4kht(-28%+4Kk" 0" + 28K
225+1,8 = ©
a2j+1’9=1 - 2kh (67)

The coefficients 2 m for the case of a cylindrical shell are given in
appendix B. In the following work the finite difference equations (64)
and (66) are numbered by the suffix 2j and 2j+1 of a. If the boundary £ = 0

is taken as the point j = 0, finite difference expressions of the boundary

conditions (60) at £ = 0 are written as

[y, =0 (68.1)

4 Y_.9 Y9 (68.2)
B RS A Ty S T
-y 3ty [2—6kh- {-[32(2+v)+(1+v)k2}h2]+y1 [12kht+65%Kn7]

tys, [—2-6kh+{_‘32(2+v)+(1+v)k2}h2]+y5 =0 (68.4)
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Since Yo = 0, equation (64) is used for 2j = 2, and equation {66) is used for
2j+¥1 2 1. In the first, second and third equations, functions at outside
fictitious points, i.e., V.32 Y.o and y_y+ appear. However, the function
at outside points can be expressed by the function at inside points using
the boundary conditions (68.2), (68.3) and (68.4). Consequently the first
three equations are expressed in terms of functions at inside points alone

as follows

First eq.;
9

Z 2y m Y1-5+m - © (69)
m=5

2.2 2.2 2.2
5 + a; 1 % 6Kkh(2+p“h™ M [al’l{z-ékh+(2+v)ﬁ h”-(1+v)k"h }+a1’3]x

21,5 3,
N (4-2vB°h%)
{2+(1+v)kh }
a1 62,6 121,2
sa, . [2+{@+v)pr2tvic®}n?]-a, ,[2-0-v)kn]
a5 1,1 1,3
&,7° %1,
’ ’ [2 + a+v)kn]
21,8" %1,8
21,95 21,97 21,1 (70)
Second eq.; 9
Z a2,m Y2.5+m ~ 0 (71)

m=4
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0

(-4+2vp%h2)
2+ (1+v)kh

2,4 %2,4* 23,5
29,8~ 22,8’ 22,9
Third eq.;
9
Z a3,m Y3_54+m ~
m=3
23,37 23,3 "33 1
23,47 23 4
23,57 33 5 " 831
23,6~ 23,6° 23,7

Now let us consider a semi-infinite conical shell.

2-(1+v)kh
x ——————————

2+ (1+v)kh

2,6° 22,7722 7
(72)
(73)
3,97 23,9 (74)

The equations

(69), (71), (73) and (64) and (66) for j = 2 construct an infinite number of

linear equations for infinite number of Vi (k = 1).

In order for these

equations to have a nontrivial solution the determinant of the coefficients

of Vi must vanish, i.e.,

Det=| a;5 27, 314
294 %25 29¢
233 234 2353
240 243 244
Bs1 253 253
\\

NBGe1 P62

0 \\ a
A
~

218

27

236

345

254
263

a2

0
AN
#39 N
\\
248 249°~
\\
257 @58 Zgo
~
~N
266 %67 268 69N
~N
agg 27 277 27g FI9_

(75)



Equation (75) determines the eigenvalues of the problem. The value of
this determinant can be calculated as follows. First, the values of q
and [32 are assumed. This determines the numerical value of all ele-
ments. Next the determinant is converted to a lower triangular deter-

minant by the following operations.

. x a, — new value of element (i,m)=0 form=6,7,8,9
i,m a; ¢ i,m

241, 4

a, - — new value of element (i+l,m) for m = 5,6,7,8
itl, m ai 5

a,
* i,m+l

2i+2,3

a. - — new value of element (i+2,m) for m = 4,5,6,7
it2,m a; g

x ai,m+2

2i+3,2

243, m ~ "=, 3,4,5,6
i, 5

x a — new value of element (i+3,m) for m

i,m+3

2i+4,1

ai+4,m - a. 213»4‘,5
i, 5

xa — new value of element (i+4,m) for m

i,mt4

In this operation a, means a, for i=1,2,3. As the values of the ele-
1, m i,m
ments (1, m), where m=6,7,8,9, have become zero, we can apply the

above calculations to the new elements for i = 2. Carrying out such cal-

culations successively, we finally arrive at

Det=| 2 g 0 = 1 b, (77)
~ .
Pog Pas N =t
~
b33 Pay b35‘\\
~N
byo baz bPay Pas N
~N
~N
\b\51 bss Psz Pss Pss N
~ ~
~De1 Pe2 Pe3 Pea Pes ™\
~
~ ~N
0 “boi Pra Paz Pag P75
~




where the bij's are the final values of the elements.

Since the above calculation does not change the vaiue of the deter-
minant, the correct value is given by infinite products of the diagonal
elements. If the buckling does not occur over the whole region, the
diagonal term biS sufficiently far from the boundary will converge to
two values alternately, (i.e., b501 .5 = Bf, b502’ 5 = Bw, b503’ g5 = Bf,

b and so on). Therefore, it can be decided if the value of

504,5 ~ Bw
the determinant is positive or negative by the products of a suitable
finite number of diagonal terms.

By calculating the value of Det for various values of q with a con-
stant value (32, the eigenvalue q can be found. Subsequently by changing

the value [32, the smallest value of the eigenvalue q is obtained. This

smallest value is the buckling load Aep*
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Vi. RESULTS

The above calculations have been carried out using an IBM 7094
at the California Institute of Technology. In the present paper the mini-
mum value of q over a range of 62 has been obtained regarding [32 as a
continuous variable., The results ey and ﬁfnin for several values of the
parameter k are shown in Table 1, In the case of local buckling in the
region close to the smaller radius end of semi-infinite conical shells,
the differential equations and the boundary conditions for the prebuckling
deformation and the buckling deformation show that k is the only parame-
ter related to shell dimensions and cone angle. The case k = 0 indicates
a cylindrical shell,

On the other hand, if a new variable £ is introduced

=3

x s
-— = — = e (78)
12 S,

where
K=-— £ (79)

12cotaV12(1_v2)

and using

B=\k (80)

the same differential equations as eqs. (58) and the same boundary con-
ditions as eqs. (60) for buckling deformation result having the following

correspondence

E—~¢t, k—~k, BP—8B
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The same is true for the differential equations, eqs. (22), and the bound-
ary conditions, eqs. (23), for the prebuckling deformation. The value &
at the smaller end x = 11 is usually quite large. For the numerical

example shown in eq. (38),

1

~ = ——oioas log 5 = 66.33

log T, = =0.01045

t,,=®, _, = —
21 atx—zl X

If 11 ~— 0, then £ = 0. Therefore, a semi-~infinite approach for T can
also be applied to a finite length cone having the boundary at the larger
radius end. Then, it can be concluded that the expressions given in
Section V can also be applied to local buckling in the region close to the
larger radius end, if the cone is long enough that the value -«511 is large.
Therefore, if we extend the value of k to a negative region by the defini-
tion k = k, the local buckling load in the region close to the larger radius
end can be shown in the same figure.

The results in Table 1 are shown in Figs. 3 and 4. For the nu-
merical example of eq. (38), k at the smaller radius end is 0.0478 and
k at the larger radius end is -0.0045. Therefore, it is concluded that
buckling at the smaller radius boundary determines the critical load.
However, the effect of the cone angle represented by the parameter k on
the buckling load A r is quite small since the factor of a square root of
thickness to radius of the curvature ratio makes the value of k small.

The results in Table 1 have been obtained using the interval
h = 0.2 and the number of points N = 150. Therefore, the maximum
value of £ is 0.2 x 150 = 30, If a smaller value of h and a greater
value of N is used so that h x N is larger, the numerical values of Aep

2 . . .
and B . are improved. A numerical example for accuracy is
min
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2

min
2

0.9268 pmin

0.9260 B 0.228

h=0.2, N=100; q_,

h=0.2, N=150; q__ 0.224

in the case of the cylindrical shell,

An example of computed prebuckling deformation of a semi-
infinite cylindrical shell is shown in Fig, 5. The above results for the
effect of the number of points on the accuracy of dp and Fig, 5 suggest
that, if the dimensionless half length of a cylindrical shell §IT/2 is
larger than about 25, the semi-infinite approach can be applied to the

finite length cylinder. The requirement §L/2 > 25 means

L 2
4
Yir  12(1-v2)

For example, if r/t = 800, then L/r > 0,972, If the same results are

§L/2>1.10x25= 27.5 (81)

applied to a conical shell, reliable results should be obtained using a

semi-infinite approach if

— 2 —
2. 25K 11e25k ie., 77;) o 25(k-k) (82)
1

2

For the numerical example of eq. (38),

o

2 S25(k-K) _

q= 2, 1.879

The value obtained for the buckling load of a semi-infinite

cylindrical shell, g = 0.9268, is reasonable when compared with
cr

S

The explanation of variable § for cylindrical shells is shown in
eq. (A-2).

0



Almroth's results (Ref. 24), His results, for the ''C-1'' boundary con-
dition, are in the range Q.. = 0.907-+ 0,930 for various radius-thickness
ratios and length-radius ratios. The values L/Ytr in his numerical

examples are 7, 16, 24, and 32.

%1



VII. CONCLUSIONS

The analysis presented in this paper shows that the smallest
axial buckling load of a truncated conical shell is associated with local
buckling in the region close to the smaller radius end. The analysis,
which includes the effect of prebuckling deformation, shows that the
decrease of the buckling load from the classical load for a conical
shell is quite close to the decrease previously shown for a cylindri-
cal shell. The numerical calculations show that the effect of the cone
ery small and the ¢
can be used with very little error. The reason for the small differ-
ence in the conical and cylindrical results is due to the fact that the
parameter k, that expresses the cone angle, includes the square root
of the thickness to radius of curvature ratio as well as tan &, There-
fore, as long as the cone angle ¢ is not close to 90 degrees, the
parameter k is small and the effect of the cone angle is negligible.

If o is close to 90 degrees, the neglect of the nonlinear terms in the

prebuckling solution is not valid and the above conclusion will not hold.

%2



10.

11.

REFERENCES

Seide, P,: Axisymmetrical Buckling of Circular Cones Under
Axial Compression. J. Appl. Mech., Vol. 23, No. 4, 1956,
Ppa 625-628-

Singer, J.: Buckling of Circular Conical Shells Under Uniform
Axial Compression. Section 4, pp. 42-45, TAE Report 19
(Singer, J., Eckstein, A,, and Baruch, M.: Buckling of
Conical Shells Under External Pressure, Torsion and Axial
Compression. Technion-Israel Institute of Technology,
Sept. 1962).

Weingarten, V. I., Morgan, E. J. and Seide, P.: Final Report
on the Development of Design Criteria for Elastic Stability
of Thin Shell Structures. Space Technology Laboratories,
Inc., Report, Dec, 1960,

Schnell, W. and Schiffner, K.: Experimentelle Untersuchungen
des Stabilitatsverhaltens von Dlinnwandigen Kegelschalen
under Axiallast und Innendruck. Deutsche Versuchsanstalt
flir Luft-und Raumfahrt, Nov. 1962,

Mushtari, K. L. M., and Gralimov, K. Z,: Non-linear Theory
of Thin Elastic Shells, 1957. NASA-TT-F62, 1961,
Section 52; I. Ya. Shtaerman: Stability of Shells, 1936.
Section 56; A, V, Sachenkov: Approximate Determination
of the Lower Bounds of the Critical Loads of Thin Conical
Shells Subjected to Axial Compression, 1955,

Mushtari, K. L. M., and Sachenkov, A, V., Sachenkov: On the
Stability of Cylindrical and Conical Shells with Circular
Cross-Section Subjected to Axial Compression and External
Normal Pressure. 1954, Translation NACA TM 1433, 1958,

Lackman, L. and Penzien, J.: Buckling of Circular Cones Under
Axial Compression, J. Appl. Mech., Vol. 27, No. 3, 1960,
pp. 458-460,

Seide, P.: Buckling of Circular Cones Under Axijal Compression.
J. Appl. Mech., Vol. 28, No. 2, 1961, p. 315.

Schnell, W.: Die diinnwandige Kegelschale unter Axial-und
Innendruck. ZAMM 41, 1961, T, 109-110,
Teil I; Z Flugwiss 10, 4/5, 1962, pp. 154-159
Teil II; Z Flugwiss 10, 8, 1962, pp. 314-321.

Lundquist, E. E, and Schutte, E, H.: Strength Test of Thin-
Wall Truncated Cones of Circular Section. NACA WR L,-442,
Dec. 1942.

Lofblad, R. P.: Stability of Thin-Walled Cylinders and Cones with
Internal Pressure Under Axial Compression. MIT Tech., Rep.
No, 25-29, May 1959,

33



12,

13.

14,

15.

17.

18.

19.

20,

21.

22,

23,

24,

Lutwak, S.: The Buckling of Conical Shells under Axial Compression.

LiligL

ssi
M. S. Thesis, Un1ver51ty of California, Los Angeles, May 1960,

Brown, J. K., Rea, R, H. and Breuer, D. W,: An Experimental.
Study of Buckling of Thin-~Walled, Pressurized, Conical Shells

Aa (- Y o PN )= PEp K Eom e m A2

TTam ovs)
vnaer vompres sion and \JUJ.J..IPJ. €8 bu.vu. uc.uu..l..ug .Lu.l_c £acCiion,

J. Aerospace Sci., Vol. No. 6, 1961, p. 506,

Berkovits, A. and Singer, J.: Buckling of Unstiffened Conical
Shells under Combined Torsion and Axial Compression or
Torsion, Israel Journal of Technology, Vol. 3, No. 1, 1965,
pp. 15-24.

Seide, P.: A Donnell-Type Theory for Asymmetrical Bending and
Buckling of Thin Conical Shells, J. Appl. Mech., Vol. 24,
No. 4, 1957, 11, 547-552,

Kempner, J.: Stability Equations for Conical Shells, J. Aero-
nautical Science, Vol., 25, No. 2, 1958, pp. 137-138.

Seide, P.: Note on Stability Equations for Conical Shells. J.
Aeronautical Science, Vol, 25, No. 5, 1958, 1. 342,

Dill, E., H.: General Theory of Large Deflections on Thin Shells
with Special Applications to Conical Shells, NASA TN D-826,
March 1961.

Singer, J.: Buckling of Circular Conical Shells Under Axisymmet-
rical External Pressure. J. Mechanical Engineering Sciences,
Vol. 3, No. 4, pp. 330-339, Dec. 1961,

Stein, M.: The Effect on the Buckling of Perfect Cylinders of Pre-
buckling Deformations and Stresses Induced by Edge Support.
Collected Papers on Instability of Shell Structutres - 1962,

NASA TN D-1510, 1962, pp. 217-225.
The Influence of Prebuckling Deformations and Stresses on the
Buckling of Perfect Cylinders, NASA TR R-190, Feb, 1964,

Ohira, H.: Local Buckling Theory of Axially Compressed Cylin-
ders, Proc. 11th Japan National Congress for Applied Mechanics,
19613 ppl 37"4:1.

Ohira, H.: Linear Local Buckling Theory of Axially Compressed
Cylinders and Various Eigenvalues, Proc. 5th International
Symposium on Space Technology and Science, Tokyo, 1963,
pp. 511-526.

n
Fischer, G.: Uber den Einfluss der gelenkigen Lagerung auf die
Stabilitat dinnwandiger Kreiszylinderschalen unter Axiallast
und Innendruck. Z. Flugwisesenschaften, Jagrg. 11, Heft 3,
Mér., 1963, pp. 111-119.

Almroth, B. O.: Influence of Edge Conditions on the Stability of
Axially Compressed Cylindrical Shells, NASA CR-161, 1965,

34



APPENDIX A NEGLECTION OF THE NONLINEAR TERMS IN
THE PREBUCXKLING EQUATIONS
The nonlinear terms in equation (22) have been dropped in the present
analysis. The approximation will be supported as follows., First the equa-

tions governing the prebuckling deformation (22) are written using the variable

£ defined in equation (55).

3 2
aF 4a°F :
2 -2k —2 + 21qekt - K6 Al ( Kokt dW): 0 (A-1.1)

d¢ d€

3 2 dar

aw a‘w kt aw , xt ¥ k& aw _

d§3 - 2k dgz + qu E + e —dz— (1 -ke '—d—g— =0 (A-l.Z)
If it can be shown that ’ke_kg %%V— ]< < 1 then the nonlinear terms

in the above equations can be neglected without introducing any appreciable
error into the analysis. In order to look at the order of magnitude of [ ,
the prebuckling deformation for a cylindrical shell (Appendix B, eq. B-5)

will be used since this deformation is similar to that for a conical shell but

very much simpler. From this expression it is found that for q < 1
] | <2Y2v (A-2)

Therefore the following result is found

o 2% e X<k 2yzv <<1 (A-3)

since k << 1, The linearization performed in the prebuckling analysis is
a valid approximation as long as k is a small number, This means that

the present analysis will not be valid if the cone angle @ is close to 90°.
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APPENDIX B EXPRESSIONS FOR CYLINDRICAL SHELLS

If the 1imit k== 0 is taken, expressions for a cylindrical shell

an
(=284

(o7}
|
8

which is the radius of the cylinder. The limit @ — 0 gives k =0 but

t-.@ltana £
k_ﬂl = - = = —_———— (B-l)
o L2 N PPYRA
¥Viz(l-v7) yviz{i-v-)

is finite, Using equation (55) the real axial coordinate x-,el is found in

PR . 1z _ . X _ o — . I U R .
terms of the nondimensional coordinate g.

x-iZl (B-2)

Although @ — 0 gives A — oo, a finite value for B is obtained.
n t 1 t
B = Ak= sinax‘/<£ tana) tana = = n“——-————-— (B-3)
1 Viz(-v?) A\12(1-v2)

Equation (61) shows the following relation

a _ . d

T T okaz (B-4)

in the limit k - O,
The prebuckling deformation of a semi-infinite cylindrical shell

having the ''clamped'' boundary condition is

Vi-a ¢
W=2vqgl|l -e 2 (cos l-;q £+ ‘/]{—_-l__% sin ‘/%g) (B-5)

In the case of cylindrical shells the effect of nonlinear terms disappears,

Therefore, eq. (B-5) is the exact solution. The stress function is ex-

pressed as
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alr
(o]

ag?

W - 2vq

(B-6)

Substituting eqs., (B-3), (B-4) and (B-5) into eqs, (58) and (60), and taking

the limit process k — 0, the differential equations and the boundary condi-

tions for the buckling of a cylindrical shell results. Egs. (65) and (69)

are as follows for the cylindrical shell.

22j,1
825,27

225,3

=1

2

-4-2p%1%+ 2qn?

hZ

6+4p?‘h2+ p4h4-4qh2+ [32h4(wj -2vq)

2

2 2.2 d°W
=Zh™ + g"h” ()
ag” j

= -4-2p%h% + 2qn?

2

f
f—

= -h2

= -4-2p%?

2
W
= th—p2h4 (‘d—T)

d J
= 6+4p’n2eptn?

= -h2

>

(B-7)



Table 1 Computed Results, h= 0.2, N= 150
k -0.01 0 0.01 0.02
dep 0.9283 0.9268 0.9255 0.9244
BZ . 0. 209 0.224 0. 239 0.254
min
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FIG. 1 COORDINATES AND SYMBOLS

FIG. 2 FINITE DIFFERENCE INTERVALS
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FIG. 4 CIRCUMFERENTIAL WAVE NUMBER PARAMETER

BZ  VS.CONE ANGLE PARAMETER k
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FIG. 5 PREBUCKLING DEFORMATION OF SEMI-INFINITE CYLINDRICAL SHELL
g=0.927, v=0.3



