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ABSTRACT 

An analytical investigation is carried out to determine the 

effect of prebuckling deformation on the compressive buckling load 

of truncated conical shells. The shell is assumed to have clamped 

boundary conditions and a finite difference approach is used to obtain 

the solution. In order to reduce the number of parameters and to 

clarify the essential property of the effect of the cone angle, a semi- 

infinite approach is used. It is concluded that the buckling load is 

determined by local buckling in the region close to the smaller 

radius end. The decrease in the buckling load from the classical 

result as a result of prebuckling deformation is somewhat greater 

for the conical shell than that for the cylindrical shell. However, 

the effect of the cone angle on this decrease is very small. 
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I. INTRODUCTION 

There have been many reports (Refs. l-l 9) that are concerned 

with the problem of the buckling of conical shells under uniform axial 

compression loading. The so-called classical buckling load was obtained 

by Seide (Ref. 1) and is given by 

PC1 = p& cos2a (1) 

The buckling mode corresponding to this load is axisymmetric. Singer 

has shown (Ref. 2), using a Galerkin method, that the buckling load for 

non-axisymmetric modes is only slightly lower than the one calculated by 

Seide. In his typical example the value of P/PC1 is 0.9905. As in the 

case of cyiindrical shells under axial compression, there exists a great 

disagreement between theory and experiment as shown by the experimen- 

tal results of Weingarten, Morgan, and Seide (Ref. 3) and Schnell and 

Schiffner (Ref. 4). 

Recent work on the buckling of cylindrical shells shows that the 

buckling load is changed if the analysis includes the effect of prebuckling 

deformations. Stein (Ref. 20) calculated the buckling load for the “shear 

free simply supported” (S-3) b oundary conditions including the prebuckling 

deformations due to the constraint at the boundaries. The value he ob- 

tained, P = 0.42Pcl, was chiefly due to the shear free condition. This 

can be concluded by comparing his results with those obtained by Ohira 

(Refs. 21,22) who calculated the effect of the boundary conditions alone. 

The effect of prebuckling deformation is more pronounced in the case 

of “zero displacement, simply supported” (S - 1) boundary condition. 
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The buckling load is about 0. 84Pcl in the numerical example calculated 

by Fischer (Ref. 23). For the more realistic boundary of “perfectly 

clamped” (C-l) the buckling load P is in the range from 0. 908Pcl to 

0. 930Pcl for various shell lengths as shown by Almroth (Ref. 24). 

The effect of prebuckling deformations on the axial buckling 

load of a conical shell having “perfectly clamped” boundary conditions 

is studied in this report. In order to clarify the effect of cone angle, 

a semi-infinite approach is used in the numerical calculations. In 

addition, the buckling load of a semi-infinite cylindrical shell is ob- 

tained for comparison. 
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II. DIFFERENTIAL EQUATIONS AND BOUNDARY CONDITIONS 

FOR CONICAL SHELLS 

The geometry and symbols used in this paper are illustrated in 

Fig. 1. If we consider a Donnell type approach, the governing nonlinear 

differential equations of deformation of thin conical shells having no 

initial imperfection are expressed as 

1 a”,z- - - - 
+-yae 

i aw a2w 
x ax ax.2 1 (2.1) 

1 a2F 
DAAw + cota! - - - 

x ax2 

-2 1 aF i aw i a2w - - 
2 ae 2ae--- = x axae )I 0 (2.2) 

X X 

where 

a2 A=- 
ax2 

+La,LaZ 
x ax x2 aa 

In these equations F is the stress function defined as 

NX (3) 

and the variable 0 is given by 

8 = B sina! 

(See Fig. 1.) 

(4) 
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In addition, the following relations exist between the midsurface strains, 

displacements u and v and the stress function F . 

au 
& =---+ 

ax 
p)2 1 LE+LaZF-.82F 

X 7% xax [ x2 ae2 ax2 1 (5.1) 

i av u+wcota + 1 aw 
2 

“e=aG+ x ---&& 

Y Yae ax 
i awaw 2(1-b) 

xe 
i th+ av -v- Z&--z- 1 aF 1 a2F 

xaxae Et 
--_-- 
x2 ae x axae 1 (5.3) 

Expressions for the bending and twisting moments and shearing forces in 

this theory are as follows: 

?+ + $z)] 
ae 

Me = -D 

M xe = Mex= - 
(l-v)D[ige -+ E] 

X 

(5.4) 

(5.5) 

(5.6) 

aM 
Q =x+1- aMex 

X ax X a0 + i (Mx-Me) (5.7) 

aMxe 
Qe = XT 

+ ; z+ ; (Mxe+Mex) (5.8) 

In the derivation of eqs. (2) the following assumptions have been made: 

i) The shell is thin and truncated so that the thickness- 

radius of curvature ratio t/x tana! is small. 

ii) The circumferential wave number n is large enough 

so that the Donnell type approach and the large de- 

flection expressions of eqs. (5) are valid. However, 

the above equations are also satisfactorily applied 

to the axisymmetrical deformation. 
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The boundary conditions are chosen so that the shell is perfectly 

clampedatx= i1 andx= 1 2’ The axial load P is applied through rigid 

blocks as shown in Fig. 1. If the upper block is fixed and the lower block 

is allowed to move, the geometrical boundary conditions are expressed as 

atx=I aw 1; lJ.go, uv=o, v=o, z=O 

atx=12; auV %=o, m=o,v=o, g=o 
(6) 

where u H and u v are the horizontal and vertical components of the dis- 

placement respectively, defined as 

u=u H sina! + u v COSQ! 

w=u H COSQ! - u v sina! 

In addition there exists one traction boundary condition 

27rsino 

(7) 

at x = 12. The above differential equation (2) and this traction boundary 

condition (8)” have been confirmed using a variation principle. 

>:< 
If the condition w = 0 is used instead of uH = 0 at x = I 2, a different 

traction boundary condition is needed. Therefore when considering the 

conditions of eq. (6), the geometrical condition w = 0 at x = I2 cannot 

be used. 
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III. PREBUCKLING DEFORMATION 

Since we are considering an initially perfect conical shell, the 

prebuckling deformation is axisytnmetrical. The condition of axisym - 

metrical stress distribution indicates that F must be a function of x 

alone. Then, taking & = 0 in eqs. (Z), the differential equations of 

prebuckling deformation are as follows: 

1 1 d --- 
Et x dx 

D1 d -- 
XdX (9.2) 

These equations can be integrated once. The integration constant of eq. 

(9.1) is determined from the equation of compatibility of axisymmetrical 

deformation and the integration constant of eq. (9.2) is determined from 

the traction boundary condition (8). The following equations result. 

(x 

dF dF dw 
-I- cota dx 

The condition of axisymmetrical deformation reduces the boundary con- 

ditions to 

aw atx=ll andx=12; uH=O, ax= 0 

atx=I 1; uv 
=Oorw=O 

and eq. (5.2) shows that the condition uH = 0 is expressed as 

d2F 1 dF o --v--z 
dx2 x dx 

(11) 

(12) 

(13) 
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in terms of the stress function F. The solution for g can be found from 

eqs. (10) using the boundary conditions (11). The condition (12) is used in 

the calculation of w. This condition determines the rigid body displace- 

ment. Therefore it does not have any effect on the buckling load. 

From linear membrane theory the corresponding governing equa- 

tions are 

1 
EtX x E)} - cota 2 = 0 (14.1) 

dF P coto! - = - 
dx 27r(sino!)2 

(14.2) 

Eq. (14.2) yields a membrane stress 

Nx=- p .’ 
tisin2a! X (15) 

and eq. (14.1) g ives a corresponding deflection 

P w= 
2rEt(cosa)2 

log F + constant (16) 
1 

Eq. (16) shows that even if there is no constraint of deformation at the 

boundary, there exists a non-constant prebuckling deformation from the 

membrane theory in the case of 

Then, introducing a new 

dFA dF zzdx+ P 
nsin2a 

conical shells. 

stress function 

(17) 

and using a symbol wA instead of w to express prebuckling deformation 

and using the nondimensional symbols 
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w= dzi7)WA 
t (18) 

F. = 12(1 -V2)F- 

Et3 

s = x cot(Y 4 12(1 -v2) 
t 

q+ 
cl 

(19) 

(20) 

(21) 

where PC1 is the classical buckling load shown in eq. (1 ), the differential 

equations (10) are expressed as 

(22) 

and the boundary conditions (11) are given by 

llcotcr 7 dW d2F 1 dF 12(1-v ) 
s= q sp1; x=0, 0 0 

t 
--v-- = -v 
ds2 

a (23.1) 

s ds .,-.k? (23.2) 

at il, and 

12cota! m 12(1- v ) 
s= 

dW y2; &-=O 
d2Fo 1 dFo 

t 
) --y--z -v 

ds2 

a (23.3) 

s ds S 
- (23.4) 

at i2 

As shown in Appendix A, the effect of the underlined nonlinear terms in 

eqs. (22) is very small numerically. Therefore, in the numerical com- 

putation of the present paper the linearized approximate equations 



(24.1) 

(24.2) 

have been used. * 

Calculating (24.2) t (24.1) x A, where A is an undetermined arbi- 

trary constant, leads to 

s & (W+AFo)}]+$E2q-A)W+Fo] = - ?A 

Then the value of A is selected as 

A=1 
2q -A 

The roots of eq. (26) are 

A 
192 

= q+idG 

Therefore, by using the symbols 

= W + A.F S 

JO’ ‘j=y 

(25) 

(26) 

(27) 

(j = 1,2) (28) 

eq. (25) can be written as 

The general solutions of eqs. (29) are 

z= cjl H(i) (25 ) t cj2 Hy)(ZT ) - 
j 

(j = 1#2) (29) 

= 1,2) (30) 

*c In order to derive Seide’s differential equations and boundary conditions 
of axisymmetrical buckling, the underlined terms in eqs. (23) and the last 
term in eq. (24.1) must be dropped. 
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where % 
jl 

and c 
j2 

are arbitrary constants and the H’s are Hankel func- 

tions. From the above solutions the following result for s: dFO and x is 

obtained. 

dW 
i’+.. 

A2 dG Al d52 -= -em- 
ds Al dsl 

A2 ds2 1 
= -ClHy)(2K) -C2Hy)(2&) - C3H;)(2G)-C4Hy)(2&) + % 

(31.1) 

dFO 1 1 dG 
ds = AZ-A1 - 5 dsl + A2 

[ - 

1 d52 
ds2 1 

t C4A2Hy)(2s) - G S 

where Cj (j = 1 - 4) are arbitrary constants. 

Considering the case q < 1 the following symbols 4 and TJ are 

introduced. 

A1 
=q+1 l-q *d7= ei4; A2 = q-id?= emi 

(31.2) 

(32) 

rl = 2yT (33) 

Separating the Hankel function H!,,(2%) ’ t m o real and imaginary parts 

.4 
H(j) 

Y (2 
)Gy) = Hv) (Te -’ ‘) 9 H!t$ + iH:i (34.1) 

the following relation is obtained. 

10 



Htj)(2F) = 
Y 2 

‘%) = H(j) 
YR - 

iH(jj 

If the complex arbitrary constants are written as 

c. = c t iC 
J jR j1 (j = l-4) 

(34.2) 

(35) 

the condition that imaginary parts in eqs. (31) must vanish yields 

C3R = ClR’ c31 = -clI’ c4R = C2R’ c41 = -c21 (36) 

dW Then the real expressions of x etc. are as follows 

dW -z-2 c 
ds C 

lRH$ -ClIH&)+C2RH$21H~)] t % (37.1) 

dFO -= 2 (1) (1) (1) (1) 
ds 

CIR(HZR co&-H21 sin4) + ClI(-H2R sin+-H21 co&) 

(2) (2) (2) (1) t C2R(H2R cos$-H21 sin$)+C21(-HZRsin4-H21 cos4) 1 - $ (37.2) 

d2W -= 
ds2 

+C11((HbX)+H!$)sin4 

(2) (2) -(H;I)+HyI)) co&l +czR{ (HOR+H2R)cos4+(HOI (‘)+Hg))sin$} 

+C,,{(H~;+H~; )sin$ - (H(2)+H(2)) ~0~4) oI 21 ] - ; g (37.3) 

d2F 
0 -= 

ds2 
C1R(HIIX)tH$-C11(H~I)+H~I))+C2R(H~R+H~R) 

-C21(HOI 
(‘)+HE))] _ + g (37.4) 

Substituting eqs. (37) into the boundary conditions (23), four simultaneous 

equations to determine C. 
JR 

and C 
9 

are derived. Solving the se equations, 

the final expression for the prebuckling deformations is obtained. 

11 



In order to determine the order of the value ‘I, the following 

numerical example is examined. 

% l2 a = 30°, t= 800, t= 1600, v = 0.3 (38) 

For this example 

rll = hlatx=l = 135.3 
1 

7l.2 = bllat~l = 191.4 
2 

Therefore, the absolute value of the argument in the Hankel function is 

very large and the value of the Hankel function can be satisfactorily 

evaluated by the asymptotic expansions 

erl sin ~[cos(rlcos 4 2 +’ Z-+7ft$t . . ..I 
4 H(1)= YI en sin ‘[sin(qcos 2 _ Z.$L T + ’ 

2 $t . . ..I 

(39.1) 

(39.2) 

Ht2) = d-- 2 e-?Sin’ [cos(,,Cos i! - 2y+l 
YR w 2 4 

_ (4y2-1 )(4u2-9) 

128~~ 
cos(qcos $ - F ?r - $ + . . . .] (39.3) 

_ (4v2-1) 
87-1 

cos(qcos k - = 2) 
2 4 r-4 

+ (4u2-1 )(4y2-9) 

128~~ 
sin(qcOS $ - y 7T - 9) + . . . .] 

For example , in the case of q = 0.93, i.e., 4 = 21.56O, 

-(n2-ql)sin$ -10.485 -5 e =e = 2.75 x 10 

(39.4) 

12 



This value is quite small. Therefore, if (12-l ,)/t is large and q is not 

close to one, 4 such that exp [-(II 2-q l)sin z] is small, the prebuckling 

deformation in the region close to the upper end is approximately ex- 

pressed by taking CIR = Cl1 = 0 and using the boundary conditions (23.1) 

and (23.2). The prebuckling deformation in the region close to the lower 

end is approximately expressed by taking C2R = C21 = 0 and using the 

boundary conditions (23.3) and (23.4). Since the value q is large, three 

terms of the asymptotic expansion have been used in the present numer- 

ical computation. 

13 



In our definition, the buckling load is found by determining the 

bifurcation points of the symmetric solution. The following expr e s s ions 

are substituted into eqs. (2) 

IV. BUCKLING PROBLEM 

w= w,(x) + wB(x’ e, 
(40) 

F= -p 
7rsin2CY x + FA(x) + FB(X, 0) 

where (wBFB) is the buckling mode and the corresponding displacements 

are 

u = u,(x) + UB(X, e) 
(41) 

v = v,(x,9) 

Taking into account the equation of prebuckling deformation (9) for WA 

and FA and dropping nonlinear terms of w B and FB, which are taken as 

infinitesimally small quantities, the differential equations of buckling 

are obtained. 

cosa a2FB DAAwB+----- X ax 2 

d2FA 
t- 

dx2 (42) 

The corresponding boundary conditions 

atx=1 
awB 

1’ ?lB 
= 0, UVB = 0, VB = 0, r = 0 (43) 

14 



atx=1 aUVB awB 
2; sB=O, ,r=o, vg=o, ,r=O 

2 7rsinCY 

s 
[TxBCOSO! - (QxB + $ 

aM 
aGeB )sinCX] xd8 = 0 (44) 

0 

where the suffix B designates the buckling mode, are derived from eqs. 

(6) and (8). Eqs. (5) show that we have the following relations 
n 

dUAt 1 dwA 2 l 1 dFA d’FA 

dx Z.(dx) = Et k dx --7z) 

UAtWACOtcY 
1 ( 

d2FA 1 dF 
X 

=---vv--) 
Et dx2 XdX 

(45) 

for the axisymmetrical prebuckling deformation. Substituting eqs. (40) 

and (4X) into eqs. (5), taking into account eqs. (45) and dropping the 

nonlinear terms of w B, the following equations result 

auB dwA 
-- 

ax + dx 

1 avB 
x ae + 

ugtw coto! B -- 
X 

1 auB avB VB 1 dwA awB -- - -- 
x ae +ax x’Fdx%iT= 

The buckling deformation is expressed in a Fourier series 

al 

WB =d&) n,2wn(x) sinnB c 

(46) 

where n is the circumferential wave number and should be an integer. 

Eqs. (42) and (46) suggest that the corresponding series for FBuB and 

VB are 

15 



stituting eqs. (47) into eqs. (42) and changing the variable from x to s, 

the equations take on the following form 

2 f 1 d A2 

)( 

d2 ---- - 
ds2 s ds 2 S ds2 

1 dW d2wn 1 d2W dwn _--- ---- 
s ds ds2 s ds2 ds 

+ 1 d X2 d2 ---- - 
s ds 2 S >( ds2 

FB = Et3 
00 

c w1-v2)n=2 
m(x) 9 sinne (47.2) 

al 
UB = d12(:sv2, n=2 un(x) l sinnB 

c 

(47.3) 

co 

VB =d& n=2 vn(x) * ‘OS ne c 
(47.4) 

The differential equation (42) and the boundary conditions (43) and (44) lead 

to the conclusion that there are independent eigenvalues for each n. Sub- 

1 dW d2fn o --- -= 
s ds ds2 

(48) 

where 

A= _n 
sina! 

Substitution of eqs. (47) into eqs. (46) yields 

(49) 

16 



(50.1) 

1 d2f df 
- fun COIXY - Xv,) = n s-- 

ds2 
u (+ -Cf ) -w 

n n (50.2) 

--& (Xu,-‘n+s&= 
di 

-2 (1tv)X (* - ; fn) - x g wn (50.3) 

Calculating 

(50.2) - s x{-& (50.2) - (50.1)\- (50.3)xX 

and (50.2) x x - t{& (50.2) - (50.1)) - (50.3) 

expressions for u and v n are obtained. n 

2 d3f df 
-+ t (1 -vt2X2tvX2) -$- 

ds n (-1+x2 %) 

(51.1) 

l-A2 S 2 d3f 
-v =--- -s- -- 
cota! n 

n+ (X2-l) 

it ds3 x 
d2fn + 2X2,1 dfn + X(-3-V+VX2) f 

ds2 X ds S n 

dwn 1 
+’ ds - x (1 (51.2) 

Substitution of eqs. (47) into eqs. (43), where eq. (7) is also used, yields 

dw 
ats=s 11 and s = n s 12; un = 0, vn = 0, wn = 0, ds= 0 

The traction boundary condition (44) is identically satisfied by substitution 

(52) 

of eqs. (47). The boundary conditions , which are the same at both ends, 

are the so-called “clamped C-l” conditions. The boundary conditions 

U = 0 and vn 
n dw 

= 0 are expressed in terms of fn using eqs. (51), where w 
dw 

n 

and --d$ disappear because w = 2 = n 0 at the boundary. Furthermore 

calculations of [(51.2) xX -(51.1)] + (X2-1) s yields 
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=-0 (53) 

This equation is equal to the condition seB = 0 derived from uHB = 0 and 

VB = 0. Accordingly we arrive at the following expression of the boundary 

condition: 

w =o n 

dw 
n= 0 
ds 

(54) at s = s 11 
and s= s 

A new variable c is now introduced 

X S -= -=e kf 

% ?l 

where 

k= G = dcGGzxtana 
2 =- 

k=& 9 

(55) 

(56) 

(57) 

By changing the variable from s to 6, the differential equations (48) are 

written as 

18 



d4fn 3 d2f 
Pm 
dE4 

4k _df, + (-2p2 + 4k2) --+ + 4p2k 
dC dS 

2 + (p4-4p2k2)fn 

= (eke-k dw 
sf 
d (%-kdg)+($- 

kK 
dW) (p2w - k$) (58.1) 

d4w d3w d2w dw 
n - -4k- 

dC4 
n t ( -2p2+4k2) 

dC3 
2 t4p2k --$ 
dC2 

t (p4-4p2k2)wn 

+ (ekS-k g) (d2fn -k2 

2 

dC2 
) t (2qekS-k &~-I+ 

d2F 
+ k---- 

dE2 
o -k 2) (P2wn-k x + dwy (9 -k $.)(p2fn-k 2) = 0 (58.2) 

where 

p=Ak (59) 

and the boundary conditions (54) at s = sl are written as 
1 

w =o n 

dw 
$= 0 

(60.1) 

(60.2) 

2 
at c = 0; 2 - (1tv)k 2 t vp2fn = 0 

de 
(60.3) 

d3f d2f df n - - 3k 
dc3 

2 t 
dg2 

t(ltv)k2 1 --$ t3p2kf = 0 n (60.4) 

In the previous section $y etc. have been obtained as functions of s. 

and 2 etc. in eqs. 
dW (59) are expressed in terms of x dFO and x etc . 

as follows 
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(61) 

The numerical example given by eq. (38) yields k = 0.01478. In eq. (56) 

the term (t/.$tan@ is a thickness to radius of curvature ratio, which is 

a finite small value. The effect of the cone angle is represented in the 

factor tan& Therefore, the value of k is smAlLfor problems where Cy 

is not close to 90°. 
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V. FINITE DIFFERENCE EXPRESSION 

The differential equations (58) are linear but do not have constant 

coefficients. Therefore, the solution of this eigenvalue problem has been 

obtained by using a finite difference approach. The following finite dif- 

ference expressions have been used for the derivatives at the point j; 

(see Fig. 2) 

= ~ (gj+l-gj-1) 

j+ze2gj+l + 2gj-l - gj-2) 
(62) 

- 4g., t 6g. - 4g. 
J1 J J-l + gj-2’ 

where g is a function of c and h is an interval of equal distance as shown 

in Fig. 2. 

By using this definition and a unified new symbol yk 

wj 
= Y2j S 

fj = Y2j+l ' 
(63) 

finite difference expressions for the differential equations (58.2) and (58.1) 

at a point 5 = 6. are written as 
J 

9 

(58.2); 2 a2j,m Y2j-5+m = 
0 

m=l 

(64) 

where 
a2j,1 

= 1 t 2kh, a2j,2 = O 
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(l- $h)h2-e2k*j (a2W $ 

d,2-/j ZC 

“2j,9=l - 2& 

9 
(58.1); 

c 
m=l 

a?W,m y2j+l-5+m = 0 

where 

a2j+l ,1 =1 -t2& 

h5) 

(66) 
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a2j+l, 3 = -4-4kh+(-2P2+4k2)h2-2p2kh3 

a2j+l ,4 = 2e 
kSj 

a2j+l, 5 
= 6-2(-2p2+4k2)h2 + (p4-4p2k2)h4 

a2j+l, 6 = -e 
k5j (1 _ ($$,j> (1 - $$h2+e2k’j($)j & 

a2j+l, 7 = -4+4kh+(-2P2+4k2)h2 + 2p2kh3 

a2j+l, 8 = O 

(67) 

The coefficients ai m for the case of a cylindrical shell are given in 
* 

appendix B. In the following work the finite difference equations (64) 

and (66) are numbered by the suffix 2j and 2j+l of a. If the boundary 5 = 0 

is taken as the point j = 0, finite difference expressions of the boundary 

conditions (60) at 5 = 0 are written as 

Y, = 0 (68.1) 

Y-2 = Y2 

Y-1 (l+;)kh] + y1 [-2+vp2h2] fy3 [I - (l+;jkh ] = 0 

[12kh+6p2kh3] 

(68.2) 

(68.3) 

(68.4) 
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Since y 
0 

= 0, equation (64) is used for 2j 2 2, and equation (66) is used for 

2jtl >, 1. In the first, second and third equations, functions at outside 

fictitious points, i. e. , y -3’ y-2 and y -1, appear. However, the function 

at outside points can be expressed by the function at inside points using 

the boundary conditions (68.2), (68.3) and (68.4). Consequently the first 

three equations are expressed in terms of functions at inside points alone 

as follows 

First eq.; 

9 

c 
FL 1,m Y1-5tm = 0 

m=5 
(69) 

a 
195 = a1,5 + “1,l x 6kh(2+P2h2)+ 2-6kh+(2tv)P2h2-(l+v)k2h2 

x (4-2vp2h2) 

{;zt(l+v)kh} 

a 
196 = a1,6 + a1,2 

a 
4al 1[2+{ (2+v)p2+2(l+v)k2}h2] -al 3 [2-(1-v)kh] 

1,7 
=a1,7- ’ 

[2 t (1tv)khJ ’ 

a 
198 = “1,8 

;1,9 = a1,9 + a1,1 

Second eq. ; 9 

c 
a 

2,m Y2-5tm = 
0 

m=4 

(70) 

(71) 
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a 
2,4 

a =a2,4’ 2,5=a2,5+a2,1’ a 2,6=a2,6’ a 2,7=“2,7 

a 2,8 = a2,8’ 
a 2,9 = a2,9 (72) 

Third eq. ; 

9 

c a 
3,m Y3-5tm = O 

m=3 

a ( -4+2vp2h2) 
3,3 = “3,3 - a3,1 2t (l+v)kh 

a 
394 = a3,4 

a 2-(1+v)kh 
335 = a3,5 - “3,l x 

2+(1+w)kh 

a 
3,6 = a3,6’ a 3,7= “3,7’ a 3,8 = a3,8’ z3,9 = a3,9 

(73) 

(74) 

Now let us consider a semi-infinite conical shell. The equations 

(69), (71), (73) and (64) and (66) for j >, 2 construct an infinite number of 

linear equations for infinite number of yk (k 2 1). In order for these 

equations to have a nontrivial solution the determinant of the coefficients 

Of Yk must vanish, i.e., 

Det = al5 a 16 a a 
2, 

17 18 “19’L 

a a 24 25 a 26 a a 2, 
27 23 a29’\ 

a 33 a 34 a 35 a 36 a 
37 

a 
z 

38 “3?‘, 
\ 

a42 &43 “44 a45 a46 a47 “48 a49\\ \ 

.:51 “52 a53 a54 a55 a56 a57 “58 a&‘\ 
\ \ 

ya61 “62 a63 a64 “65 a66 
\ 

“67 a68 “b;jL, 

0 \ 
LZ71 a72 a73 a74 a75 “76 a77 “78 a;9\, 

\ \ 

= 0 

(75) 
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Equation (75) determines the eigenvalues of the problem. The value of 

this determinant can be calculated as follows. First, the values of q 

and p2 are as sumed. This determines the numerical value of all ele- 

ments. Next the determinant is converted to a lower triangular deter- 

minant by the following operations. 

a 
- a i, 5 ---a. 

i,m a 
- new value of element (i,m) = 0 for m = 6,7,8,9 

i, 5 i,m 

a 
ai+l, 4 

i+l,m - a x “i,m+l 
- new value of element (itl,m) for m = 5,6,7,8 

i, 5 

ait2,m - 
“i+2,3 x a - new value of element (it2,m) for m = 4,5,6,7 

a i, 5 
i, m-k2 

ait3,m - 
ait3,2 x a -L new value of element (it3 ,m) for m = 3,4,5,6 
a i,5 

i, mt3 

ait4,1 xa 
Laif4,m - ai 5 i,m+4 

- new value of element (it4,m) for m = 2,3,4,5 
, 

In this operation ai m means ai m for i = 1,2,3. As the values of the ele- 
1 , 

ments (1, m), where m = 6,7,8,9, have become zero, we can apply the 

above calculations to the new elements for i = 2. Carrying out such cal- 

culations successively, we fina1l.y arrive at 

Det = 
bl5’\‘, 

\ 0 

b24 b25’-‘, 

b33 
\ 

b34 b35 ‘\, 

b42 b43 b44 b45\\, 
\ 

\b<l b52 b53 b54 b55”-, 

‘-‘,b61 b62 b63 b64 b6;‘N, 
\ \ 

0 ‘A b71 b72 b73 \ b74 b7CL, 
\ 

26 

= ; bi5 
i=l 

(77) 



where the b..’ s are the final values of the elements. 
1J 

Since the above calculation does not change the value of the deter- 

minant, the correct value is given by infinite products of the diagonal 

elements. If the buckling does not occur over the whole region, the 

diagonal term bi5 sufficiently far from the boundary will converge to 

two values alternately, (i.e., b501 5 z Bf, b502 5 s Bw, b503 5 z Bf, 
, , , 

b504, 5 
c Bw and so on). Therefore, it can be decided if the value of 

the determinant is positive or negative by the products of a suitable 

finite number of diagonal terms. 

By calculating the value of Det for various values of q with a con- 

stant value p2, the eigenvalue q can be found. Subsequently by changing 

the value p2, the smallest value of the eigenvalue q is obtained. This 

smallest value is the buckling load qtr. 
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VI. RESULTS 

The above calculations have been carried out using an IBM 7094 

at the California Institute of Technology. In the present paper the mini- 

mum value of q over a range of p2 has been obtained regarding p2 as a 

continuous variable. The results q,, and pLin for several values of the 

parameter k are shown in Table 1. In the case of local buckling in the 

region close to the smaller radius end of semi-infinite conical shells, 

the differential equations and the boundary conditions for the prebuckling 

deformation and the buckling deformation show that k is the only parame- 

ter related to shell dimensions and cone angle. The case k = 0 indicates 

a cylindrical shell. 

On the other hand, if a new variable v is introduced 

X S 
E 

-= 
Q2 

-= e 
‘12 

(78) 

where 

(79) 

and using 

p= AK (80) 

the same differential equations as eqs. (58) and the same boundary con- 

ditions as eqs. (60) f or buckling deformation result having the following 

correspondence 
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The same is true for the differential equations, eqs. (22), and the bound- 

ary conditions, eqs. (23), for the prebuckling deformation. The value ‘5 

at the smaller end x = Q 1 is usually quite large. For the numerical 

example shown in eq. (38), 

x- Q 1 = (f),, x=Q Q1 

1 
= 1 log - = -o o;045 log ; = 66.33 

E Q2 * 

LfQ1 -) 0, then 5 - co. Therefore, a semi-infinite approach for r can 

also be applied to a finite length cone having the boundary at the larger 

radius end. Then, it can be concluded that the expressions given in 

Section V can also be applied to local buckling in the region close to the 

larger radius end, if the cone is long enough that the value cQ 1 is large. 

Therefore, if we extend the value of k to a negative region by the defini- 

tion k = I;, the local buckling load in the region close to the larger radius 

end can be shown in the same figure. 

The results in Table 1 are shown in Figs. 3 and 4. For the nu- 

merical example of eq. (38), k at the smaller radius end is 0.0478 and 

k at the larger radius end is -0.0045. Therefore, it is concluded that 

buckling at the smaller radius boundary determines the critical load. 

However, the effect of the cone angle represented by the parameter k on 

the buckling load q,, is quite small since the factor of a square root of 

thickness to radius of the curvature ratio makes the value of k small. 

The results in Table 1 have been obtained using the interval 

h= 0.2 and the number of points N = 150. Therefore, the maximum 

value of 5 is 0.2 x 150 = 30. If a smaller value of h and a greater 

value of N is used so that h x N is larger, the numerical values of q cr 

and Pkin are improved. A numerical example for accuracy is 
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h = 0.2, N = 100; qcr = 0.9260 $‘, = 0.228 

h = 0.2, N= 150; qcr = 0.9268 /3iin= 0.224 

in the case of the cylindrical shell. 

An example of computed prebuckling deformation of a semi- 

infinite cylindrical shell is shown in Fig. 5. The above results for the 

effect of the number of points on the accuracy of q,, and Fig. 5 suggest 

that, if the dimensionless half length of a cylindrical shell 5 * 
L/2 is 

larger than about 25, the semi-infinite approach can be applied to the 

finite length cylinder. The requirement 5 
L/2 

> 25 means 

e = ;i12;l-v2, CL,, > 1.10 x 25 = 27.5 

For example, if r/t = 800, then L/r > 0.972. If the same results are 

applied to a conical shell, reliable results should be obtained using a 

semi-infinite approach if 

Q .25T;> 
2 

Q .25k 
1 i.e., 

12 > .25(k-I;) 

% 

For the numerical example of eq. (38), 

12=2 
Q, ’ 

eWk-~) = 1 879 . 

The value obtained for the buckling load of a semi-infinite 

cylindrical shell, qcr = 0.9268, is reasonable when compared with 

(81) 

(82) 

” The explanation of variable 5 for cylindrical shells is shown in 
eq. (A-2). 
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Almroth’s results (Ref. 24). His results, for the “C -1” boundary con- 

dition, are in the range q,, = 0.907~ 0.930 for various radius-thickness 

ratios and length-radius ratios. The values L/c in his numerical 

examples are 7, 16, 24, and 32. 
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VII. CONCLUSIONS 

The analysis presented in this paper shows that the smallest 

axial buckling load of a truncated conical shell is associated with local 

buckling in the region close to the smaller radius end. The analysis, 

which includes the effect of prebuckling deformation, shows that the 

decrease of the buckling load from the classical load for a conical 

shell is quite close to the decrease previously shown for a cylindri- 

cal shell. The numerical calculations show that the effect of the cone 

angle on this decrease is very small and the cylindrical shell results 

can be used with very little error. The reason for the small differ- 

ence in the conical and cylindrical results is due to the fact that the 

parameter k, that expresses the cone angle, includes the square root 

of the thickness to radius of curvature ratio as well as tan CY. There - 

fore, as long as the cone angle CY is not close to 90 degrees, the 

parameter k is small and the effect of the cone angle is negligible. 

If CY is close to 90 degrees, the neglect of the nonlinear terms in the 

prebuckling solution is not valid and the above conclusion will not hold. 
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APPENDIX A NEGLECTION OF THE NONLINEAR TERMS IN 
THE PREBUCKLING EQUATIONS 

The nonlinear terms in equation (22) have been dropped in the present 

analysis. The approximation will be supported as follows. First the equa- 

tions governing the prebuckling deformation (22) are written using the variable 

f defined in equation (55). 

d3Fo d2F 
- - 2k 

dE3 
A+2kqek5 -ek’$! 

de2 
= 0 W-1.1) 

d3W 2k d2w -- - k6 dFo -kc dW 

dE3 dE2 
+ 2qek’ !$ + e z x = 0 (A-1.2) 

If it can be shown that Ike < < 1 then the nonlinear terms 

in the above equations can be neglected without introducing any appreciable 

error into the analysis. In order to look at the order of magnitude of 1% I, 

the prebuckling deformation for a cylindrical shell (Appendix B, eq. B-5) 

will be used since this deformation is similar to that for a conical shell but 

very much simpler. From this expression it is found that for q < 1 

Therefore the following result is found 

(A-2) 

W-3) 

since k -Z-Z 1. The linearization performed in the prebuckling analysis is 

a valid approximation as long as k is a small number. This means that 

the present analysis will not be valid if the cone angle a! is close to 90°. 
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APPENDM B EXPRESSIONS FOR CYLINDRICAL SHELLS 

If the limit k - 0 is taken, expressions for a cylindrical shell 

are obtained. In this limit a! - 0 and 11 - co so that the product 81 sina= r 

which is the radius of the cylinder. The limit a! - 0 gives k + 0 but 

(B-1) 

is finite. Using equation (55) the real axial coordinate x-1 1 is found in 

terms of the nondimensional coordinate 5. 

Although Q! - 0 gives X - co, a finite value for /3 is obtained. 

(B-2) 

Equation (61) shows the following relation 

d 
ds = k$ (B -4) 

in the limit k+ 0. 

The prehuckling deformation of a semi-infinite cylindrical shell 

having the “clamped” boundary condition is 

w= 2vq 1 [ - e-@‘(cos@c+@sin@c)] (B-5) 

In the case of cylindrical shells the effect of nonlinear terms disappears. 

Therefore, eq. (B -5) is the exact solution. The stress function is ex- 

pressed as 
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d2Fo 
-= 

dC2 
W - 2vq 

(B-6) 

Substituting eqs. (B-3), (B-4) and (B-5) into eqs. (58) and (60), and taking 

the limit process k --) 0, the differential equations and the boundary condi- 

tions for the buckling of a cylindrical shell results. Eqs. (65) and (69) 

are as follows for the cylindrical shell. 

“2j,2= 2 

“2j,3 = -4-2p2h2+ 2qh2 

a2j,4 = h 
2 

a2j, 5 = 6+4pzh2+p4h4-4qh2+p2h4(Wj-2vq) 

“2j,6 
= -2h2 + p2h2 (d w 

$)j 

a2j,7 = -4-2p2h2 + 2qh2 

a2j,8 = h 
2 

aaj,9 
= 1 

“Zj+l,l = 1 

2 
a2j+l, 2 = -h 

a2j+l, 3 
= -4-2p2h2 

2 

a2j+l, 4 
= 2h2-p2h4 (=&)j 

dc 

a2j+l, 5 = 6+4p2h2+#h4 

a2j+l, 6 = -h 
2 

a2j+l, 7 = -4-2p2h2 

a2j+l,8 = O 

(B-7) 

a2j+l, 9 = l 
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Table 1 Computed Results, h = 0.2, N = 150 

k -0.01 0 0.01 0.02 

q 0.9283 0.9268 0.9255 0.9244 cr 

0. 209 0. 224 0.239 0.254 
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FIG. 3 BUCKLING 
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