
- -  

a 

N A S A  TR R - 2 5 3

I 

4 : 
m 

O i
I '  


COUPLED VIBRATION AND 
DISSOCIATION RELAXATION 
BEHIND STRONG SHOCK WAVES 

I.IN CARBON DIOXIDE 

by Frdnx J. HindeZmg 
Ames Research Center 
Moffett Field, Cd2Y 

NATIONAL AERONAUTICS A N D  SPACE A D M I N I S T R A T I O N  WASHINGTON,  D. C. FEBRUARY 1967  



I 
TECH LIBRARY KAFB, NM 

Illlllllllll111l1lllll llllllllll1111Ill
. -
bOb04’?0 

NASA TR R-253 

COUPLED VIBRATION AND DISSOCIATION RELAXATION BEHIND 

STRONG SHOCK WAVES IN CARBON DIOXIDE 

By Franz  J. Hindelang 

Ames  Research  Center  
Moffett Field,  Calif. 

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

For sale by the Clearinghouse for Federal Scientific and Technical Information 
Springfield, Virginia 22151 - Price $2.00 



COUPLED VIBRATION AND DISSOCIATION RELAXATION BEHIND 

STRONG SHOCK WAVES I N  CARBON DIOXIDE 

By Franz J. Hindelang 
Ames Research Center 

SUMMARY 

The harmonic o s c i l l a t o r  r i g i d - r o t a t o r  model has been used t o  ca l cu la t e  
t h e  r e l a x a t i o n  region behind a shock wave i n  carbon dioxide.  F i n i t e  r e l axa 
t i o n  rates for t h e  t h r e e  d i f f e r e n t  v i b r a t i o n a l  modes and two d i s soc ia t ion  
r eac t ions  are included. Models f o r  t h e  coupling between t h e  v i b r a t i o n a l  relax
a t i o n  and t h e  d i s soc ia t ion  process are based on t h e  assumption t h a t  d i s soc ia 
t i o n  can proceed from any v i b r a t i o n a l  l e v e l  with equal p robab i l i t y .  Two 
d i f f e r e n t  models f o r  t h e  v i b r a t i o n a l  e x c i t a t i o n  have been examined. Solut ions 
have been obtained f o r  the interdependent f luid-f low,  chemical rate,  and 
v i b r a t i o n a l  r e l axa t ion - ra t e  equations incorporat ing estimated ra te  c o e f f i 
c i e n t s .  Resul ts  are presented i n  t h e  form of f low-f ie ld  p r o f i l e s  f o r  density,  
pressure, t r a n s l a t i o n a l  and v i b r a t i o n a l  temperatures, and species  concentra
t i o n s .  The e f f e c t s  of v i b r a t i o n a l  e x c i t a t i o n ,  v ib ra t ion -d i s soc ia t ion  coupling, 
and energy exchange between the  v i b r a t i o n a l  modes are inves t iga t ed .  The 
e f f e c t  of v i b r a t i o n a l  r e l a x a t i o n  and v ib ra t ion -d i s soc ia t ion  coupling i s  much 
s t ronger  i n  C02 wi th  three d i f f e r e n t  v i b r a t i o n a l  modes than i n  diatomic gases 
with only a s ing le  mode. The r e s u l t s  of t h i s  study show that t h e  effect  of 
coupled v i b r a t i o n a l  r e l a x a t i o n  and d i s soc ia t ion  can sometimes a l t e r  t h e  flow-
f i e l d  p r o f i l e s  by a f a c t o r  of 2 compared t o  s i m i l a r  c a l cu la t ions  without such 
coupling. For v i b r a t i o n a l  r e l a x a t i o n  t h e  resul ts  ind ica t e  t h a t  shock-wave 
p r o f i l e s  depend pr imar i ly  on t h e  ra te  a t  which t h e  t r a n s l a t i o n a l  energy i s  f e d  
i n t o  i n t e r n a l  modes and not so s t rong ly  on t h e  energy d i s t r i b u t i o n  among the  
modes. 

INTRODUCTION 

The atmospheyes of Mars and Venus are composed of a mixture of gases of 
which C02 i s  a known c o n s t i t u e n t .  The e f f e c t  o f  even a sma.11 amount of C02 on 
aerodynamic heat ing and f low about a hypervelocity e n t r y  body can b e  s i g n i f i 
cant because polyatomic molecules l i k e  C02 can be exc i t ed  t o  much higher 
v i b r a t i o n a l  energies  than diatomic molecules a t  the same temperature and w i l l  
d i s s o c i a t e  a t  lower temperatures. To p r e d i c t  t he  p rope r t i e s  of t h e  flow f i e l d  
about a vehicle  en te r ing  an atmosphere containing C02 and t h e  aerodynamic 
heat ing it w i l l  experience, it i s  necessary t o  understand t h e  high temperature 
chemical k i n e t i c s  of C02, p a r t i c u l a r l y ,  t h e  d i s s o c i a t i o n  and v i b r a t i o n a l  
r e l axa t ion  processes and the manner i n  which they  couple. 

Estimates of t h e  flow f i e l d  behind s t rong shock waves i n  C02 wi th  
d i s s o c i a t i o n  r e l a x a t i o n  have been obtained by Howe, Viegas, and Sheaffer i n  
reference 1, and with an interdependent d i s s o c i a t i o n  and ion iza t ion  r e l axa t ion  



process by Howe and Sheaffer  i n  reference 2. These references used a 
c o l l i s i o n  theory  t o  p r e d i c t  t h e  r eac t ion - ra t e  c o e f f i c i e n t s .  This paper i s  
b a s i c a l l y  an extension of t h e  work of Howe e t  a l .  t o  include t h e  effects  of 
v i b r a t i o n a l  r e l a x a t i o n  and v ibra t ion-d issoc ia t ion  coupling i n  C02.  These addi
t i o n a l  e f f e c t s  are important f o r  c a l c u l a t i n g  more accura te ly  t h e  f low f i e l d  
q u a n t i t i e s  and t h e i r  g rad ien t s  immediately behind t h e  shock f r o n t ,  where C02 
d i s s o c i a t i o n  t akes  p l a c e .  For example, t h e  t r a n s l a t i o n a l  temperature immedi
a t e l y  behind t h e  shock f r o n t  i s  about twice as high when t h e  v i b r a t i o n a l  
energy i s  unexci ted compared t o  t h e  same shock wave wi th  completely 
e q u i l i b r a t e d  v i b r a t i o n a l  energy. 

P a r t i c u l a r  emphasis i s  given i n  t h i s  study t o  t h e  nonequilibrium of th ree  
d i f f e r e n t  v i b r a t i o n a l  modes. This complicates t he  ana lys i s  s i g n i f i c a n t l y  i n  
comparison t o  shock wave ca l cu la t ions  f o r  diatomic gases ( r e f s .  3 - 5 ) .  On the  
o the r  hand, t h e  r e l a t i v e l y  simple, harmonic o s c i l l a t o r  r i g i d - r o t a t o r  model i s  
used t o  descr ibe t h e  coupling between v i b r a t i o n  and d i s soc ia t ion ,  thus  avoid
ing  more complicated models. It i s  assumed t h a t  d i s soc ia t ion  can proceed from 
any v i b r a t i o n a l  l e v e l  wi th  equal  p r o b a b i l i t y  i f  a c o l l i s i o n  provides s u f f i c i 
e n t  energy. The population of t h e  v i b r a t i o n a l  levels i s  represented by 
Boltzmann d i s t r i b u t i o n s  with e f f e c t i v e  v i b r a t i o n a l  temperatures. Numerical 
values f o r  t he  d i s s o c i a t i o n  ra tes  of C02  and CO are taken from reference 1. 
Vibra t iona l  r e l a x a t i o n  t i m e s  a t  high temperatures are extrapolated from the  
ava i l ab le  experimental r e s u l t s .  

The research reported i n  t h i s  paper w a s  conducted while t h e  author w a s  
pursuing a NAS-NRC Postdoctoral  Resident Research Associateship supported by 
t h e  National Aeronautics and Space Administration. The support from t h e  
Nat ional  Academy of Sciences and NASA i s  g r a t e f u l l y  acknowledged. 

SYMBOLS 


Units  are gene ra l ly  on a p e r  mass b a s i s  ( supe r sc r ip t  ,. i nd ica t e s  pe r  
mole b a s i s ) .  

Bcr  c o e f f i c i e n t  i n  backward r eac t ion - ra t e  expression (eq .  (27)) f o r  
reactiDn r 

Bf, c o e f f i c i e n t  i n  forward r eac t ion - ra t e  expression (eq.  (26) ) f o r  
r eac t ion  r 

CP s p e c i f i c  heat  a t  constant  pressure 

cV s p e c i f i c  heat  a t  constant volume 

D i  d i s soc ia t ion  energy of species  i 

E i n t e r n a l  energy of gas mixture 

Ecr  defined by equation (27) 
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ac t iva t ion  energy i n  forward reac t ion- ra te  coe f f i c i en t  (eq. (26)) f o r  
r eac t ion  r 

i n t e r n a l  energy of species i 

v i b r a t i o n a l  energy of gas mixture 

-b ra t iona l  energy of species  i i n  mode m 

average v i b r a t i o n a l  energy i n  mode m of species  i ( l o s t  by 
d issoc ia t ion)  

number of active degrees of freedom i n  C02 

s t a t i c  enthalpy or Planck's constant  

equi l ibr ium coe f f i c i en t  f o r  r eac t ion  r 

defined by equation ( A l )  

Boltzmann' s constant 

backward r eac t ion - ra t e  coe f f i c i en t  f o r  r eac t ion  r 

forward r eac t ion - ra t e  coe f f i c i en t  f o r  reac t ion  r 

Mach number or t y p i c a l  c o l l i s i o n  pa r tne r  

number of bimolecular c o l l i s i o n s  per  second t o  which a C02 molecule i s  
subjected 

moles of species  i per  u n i t  mass of mixture 

defined by equation ( B l )  

t r a n s i t i o n  p robab i l i t y  for mode m 

s t a t i c  pressure  

un ive r sa l  gas constant  (per  mole b a s i s )  

absolu t e  teinperature 

2 7 3 O  K 

defined by equation (B4) 

ve loc i ty  i n  x d i r ec t ion  

t o t a l  v i b r a t i o n a l  levels i n  mode m of C02 

v i b r a t i o n a l  level  i n  mode m of C02 
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a chemical species  

dis tance behind shock f r o n t  

exponent i n  equation (27) 

forward s toichiometr ic  coe f f i c i en t  and exponent i n  equation (9) and (10) 

backward s toichiometr ic  coe f f i c i en t  

cp/cv, r a t i o  of specific hea ts  

p;/p,, dens i ty  r a t i o  across  shock f r o n t  

defined by equation (31) 

hv/k, c h a r a c t e r i s t i c  v i b r a t i o n a l  temperature 

v ib ra t iona l  frequency of one mode of C02 

mass dens i ty  of gas mixture 

standard or sea-level density,  1.225 kg/m3 

re laxa t ion  time for mode m of C02 

re laxa t ion  t i m e  f o r  energy exchange between t h e  valence and bending 
modes of  G O 2  

Subscripts  

c o l l i s i o n  

d issoc ia t ion  

equil i br ium 

species  i, i = 1, 2, 3, 4 corresponds t o  C02,  CO, C, and 0, respect ively 

v ib ra t iona l  mode m o r  mf (1, valence; 2 and 3, bending; 4, asymmetric 
s t r e t ch ing  mode) 

r t h  reac t ion  as shown i n  equations (24) and (25) 

condi t ions immediately behind shock f r o n t  (only t r a n s l a t i o n  and 
r o t a t i o n  i n  equilibrium) 

v ib ra t iona l  l e v e l  i n  mode m 

condi t ions ahead of shock 



-- 

Supersc r  i pts 

h per  mol b a s i s  

mean value 

ANALYSIS AND SOLUTION 

Before beginning t h e  d e t a i l e d  desc r ip t ion  of the  ana lys i s  of t h i s  paper, 
a q u a l i t a t i v e  discussion of t h e  problem and the  assumptions involved i n  t h e  
ana lys i s  a r e  given. When f i n i t e  exchange r a t e s  f o r  t h e  i n t e r n a l  energies  of  
t he  molecules a r e  considered, t h e  shock can no longer be assumed t o  be a 
vanishingly t h i n  d iscont inui ty .  I n  f a c t ,  i t s  processes can extend consider
ab ly  i n  t h e  d i r e c t i o n  of t h e  f l o w .  A schematic temperature p r o f i l e  of t h e  
flow f i e l d  t o  be analyzed i n  t h e  following sec t ions  i s  shown i n  sketch ( a ) ,  as 
seen by an observer s t a t i o n a r y  with t h e  shock f r o n t .  

T 


Vibration and dissociation relaxation zone --c 

2 

Distance behind shock front, X-@ 

Sketch ( a )  

I n  a shock wave, t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  energy modes become 
exc i ted  f i r s t .  Only a f e w  c o l l i s i o n s  f u l l y  exc i t e  these  modes, so they a re  
usua l ly  taken t o  be f u l l y  exc i t ed  within a narrow region defined a s  the  shock 
f r o n t .  Vibra t iona l  e x c i t a t i o n  requi res  many mope c o l l i s i o n s  and, a t  s u f f i c i 
e n t l y  low pressures ,  a f i n i t e  r e l axa t ion  zone i s  evident .  Dissociat ion i s  
coupled with v i b r a t i o n a l  e x c i t a t i o n  s ince it can occur from a l l  v i b r a t i o n a l  
levels. A t  low shock speeds and t h e i r  assoc ia ted  l o w  t r a n s l a t i o n a l  tempera
tu re s ,  d i s soc ia t ion  does not proceed appreciably u n t i l  v i b r a t i o n a l  exc i t a t ion  
i s  near equilibrium, s ince  here d i s soc ia t ion  proceeds predominantly from 
higher  v i b r a t i o n a l  l eve l s .  A t  high shock speeds, t h a t  is ,  high t r a n s l a t i o n a l  
temperatures, more energe t ic  c o l l i s i o n s  occur causing more d i s soc ia t ion  from 
lower v i b r a t i o n a l  l e v e l s .  Consequently, v i b r a t i o n a l  r e l axa t ion  and d issoc ia
t i o n  proceed a t  comparable r a t e s .  Ion iza t ion  could, of course, requi re  an 
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a d d i t i o n a l  r e l a x a t i o n  length, but it i s  no t  considered i n  t h i s  paper, s ince  
a t  t h e  highest  shock speed f o r  whach flow f i e l d  p r o f i l e s  have been calculated,  
~ 0 0= 9 km/s, t h e  equilibrium e l e c t r o n  concentrat ion i s  only  about 2 percent .  

Although t h e r e  are m a n y  poss ib l e  r eac t ions  f o r  t h e  d i s soc ia t ion  of carbon 
dioxide, i n  o rde r  t o  s implify t h e  thermodynamic and k i n e t i c  models, only t h e  
following r eac t ions  are considered i n  t h i s  study: 

c02 2 co + 0 

c o z c + o  
Vibra t iona l  r e l a x a t i o n  and v ib ra t ion -d i s soc ia t ion  coupling are considered f o r  
t he  C02 molecule only, and t h e  r e l axa t ion  region i s  analyzed t o  t h e  po in t  
where almost a l l  t h e  C02 i s  dissociated.  

The coupling between v i b r a t i o n a l  and d i s soc ia t ion - re l axa t ion  processes i n  
diatomic gases has been inves t iga t ed  by var ious authors  ( refs .  3-5) .  I n  t h i s  
r epor t ,  f low f i e l d s  are inves t iga t ed  wi th  v ib ra t ion -d i s soc ia t ion  coupling i n  
t h e  polyatomic molecule C02. The model used i s  similar t o  t h a t  developed f o r  
diatomic gases, b u t  several f u r t h e r  assumptions are made: 

(1)A harmonic o s c i l l a t o r  model with a constant moment of i n e r t i a  f o r  
r o t a t i o n  ( r i g i d  r o t o r )  i s  assumed f o r  t h e  v i b r a t i o n a l  energy of COz. A l i n e a r  
molecule l i k e  C02 has fou r  d i f f e r e n t  normal modes, two of which are degenerate, 
thus  giving t h r e e  d i f f e r e n t  v i b r a t i o n a l  frequencies,  as shown i n  sketch ( b ) .  

t - C - 9 Symmetric s t r e t c h i n g  mode m =  10 
(valence mode) 

t 
0 - C - 0 Bending mode m =  2 

.1 
& I (
0 - C - 0 Bending mode m =  3

d d 

0 - - Q Asymmetric s t r e t c h i n g  mode m = 4 c 


Sketch (b )  

(2 )  The t r a n s i t i o n  between levels i n  each mode as w e l l  as energy exchanp? 
between modes i s  described by an appropriate r e l axa t ion  equation wi th  a char
a c t e r i s t i c  r e l axa t ion  t i m e  i n s t ead  of many t r a n s i t i o n  p r o b a b i l i t i e s .  A com
p l e t e  mathematical desc r ip t ion  of t he  e x c i t a t i o n  of t h e  v i b r a t i o n a l  s ta tes  and 
t h e  d i s soc ia t ion  from these s t a t e s  r equ i r e s  knowledge of a l l  t r a n s i t i o n  proba
b i l i t i e s  between a l l  e igens t a t e s ,  including t h e  continuum d i s soc ia t ion  s t a t e .  
Since t h e r e  a r e  no r e l i a b l e  da t a  f o r  t he  t r a n s i t i o n  p r o b a b i l i t i e s  from theory 
o r  experiment, such an ana lys i s  would involve too  many new unknowns, and the  
above-mentioned s impl i f i ca t ion  w a s  made t o  ob ta in  a t r a c t a b l e  form f o r  
so lu t ion .  

(3) Only t h e  ground e l e c t r o n i c  s ta te  w a s  assumed t o  occur f o r  C02. 

(4)  The r eac t ion  products C and 0 were taken t o  be c a l o r i c a l l y  pe r fec t  
(cv = cons t ) ,  which s impl i f i e s  t he  problem. This i s  j u s t i f i e d  because t h e  
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prime objec t ive  of t he  study i s  t o  show t h e  e f f e c t s  of v ibra t ion-d issoc ia t ion  
coupling i n  C02 on t h e  flow f i e l d  where C02 i s  present  with l i t t l e  concern 
about processes far downstream. 

(5)  The v i b r a t i o n a l  energy of  CO w a s  assumed t o  be i n  equi l ibr ium with 
the  t r a n s l a t i o n a l  temperature.  This r a i s e s  t h e  important question of t h e  
v i b r a t i o n a l  energy of a diatomic molecule formed from t h e  d i s soc ia t ion  of a 
polyatomic molecule. It can be assumed t h a t  t h e  CO molecule would c a r r y  away 
a t  l e a s t  p a r t  of t h e  v i b r a t i o n a l  energy of t he  CO2 molecules. The i n i t i a l  
s t a t e  of the  CO molecule, as we l l  as subsequent v ibra t ion-d issoc ia t ion  
coupling i n  CO, r equi res  f u r t h e r  study. 

The mathematical problem i s  t o  solve the  conservat ion equations and t h e  
equations of s t a t e  with t h e  appropriate  r a t e  equat ions.  This i s  out l ined  i n  
t h e  next sec t ion .  

Basic Equations 

The flow f i e l d  behind t h e  shock wave can be  descr ibed by t h e  equations of 
conservation of mass, momentum, and energy, t he  appropriate  equations of state, 
and the  chemical and v ib ra t iona l - r e l axa t ion  equations.  The so lu t ion  of t h i s  
system of equations determines the  thermodynamic var iab les ,  t h e  ve loc i ty  of 
t he  f l u i d  flow, the  species  concentrat ions,  and the  v i b r a t i o n a l  energies  of  
the  C02 molecules. 

When t r anspor t  phenomena a re  neglected,  t h e  conservation equations a re  : 

pu = pwuw = const  

du dpp u - + - = o
d x d x  

The model of an i d e a l  gas gives a good approximation for t he  thermal 
equation of s t a t e  of gases a t  high temperatures: 

i 

The i n t e r n a l  energy of  a mixture of i d e a l  gases i s :  

where 

(1) 


(3) 

( 4) 
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The term e, i s  t h e  s p e c i f i c  heat  for changes i n  t r a n s l a t i o n a l  and r o t a t i o n a l  
Energy only, and i,s assumed constant  a t  i t s  f u l l y  exc i ted  c l a s s i c a l  value ( 3 / 2  
R for atoms, 5/2 R f o r  l i n e a r  molecules).  The t e r m  &imis  t h e  contr ibu
t i o n  t o  the  v i b r a t i o n a l  energy of t h e  spec ies  i from t h e  v i b r a t i o n a l  mode m. 
It i s  obtained by summing over t h e  population of  a l l  l e v e l s  i n  mode m (see 
appendix B ) .  

Since e l e c t r o n i c  e x c i t a t i o n  i s  ignored, t he  enthalpy depends only on 
pressure,  density,  chemical composition, and t h e  v i b r a t i o n a l  state of the  
molecules. It i s  given by 

i i,m 

where 

To complete t h e  s e t  of equations descr ibing t h e  flow f i e l d  behind t h e  shock, 
t he  t i m e  dependent v ib ra t iona l  and chemical r a t e  equations a r e  included. The 
v i b r a t i o n a l  r a t e  equation has the  fo rm:  

The f i r s t  term on the  right-hand s ide  of equation (8) i s  the  usua l  v ibra
t i o n a l  r e l axa t ion  term f o r  col l is ion-induced energy exchange between t r a n s l a 
t i o n a l  and v i b r a t i o n a l  degrees of freedom and between d i f f e r e n t  v i b r a t i o n a l  
mades. The second and t h i r d  terms account f o r  v ib ra t ion  and d i s soc ia t ion  
coupling. The term eim- $im i s  the  ne t  average v i b r a t i o n a l  energy of 
species  i i n  mode m l o s t  by d i s soc ia t ion .  It i s  obtained by summing over 
a l l  leve ls ,  Vm ( see  eq. (29)). The term d i m  accounts for t he  change i n  the  
number of o s c i l l a t o r s  during d i s soc ia t ion .  It i s  assumed t h a t  a molecule can 
d i s soc ia t e  with equal  p robab i l i t y  from any v i b r a t i o n a l  level, if a c o l l i s i o n  
provides enough energy. Since higher v i b r a t i o n a l  l e v e l s  requi re  l e s s  energy 
exchange during a c o l l i s i o n ,  d i s soc ia t ion  proceeds predominantly from higher 
v i b r a t i o n a l  l eve l s .  This means t h a t  a steady 10:s i n  v i b r a t i o n a l  energy-occurs as long as d i s soc ia t ion  proceeds, s ince  e t m >  &im. 

Similar ly ,  one can expect recombination t o  increase v i b r a t i o n a l  energy. 
I n  t h i s  study, the  e f f e c t  of recombination on the  v i b r a t i o n a l  energy i s  
neglected s ince f o r  f l o w  f i e l d s  where d i s soc ia t ion  i s  the  predominant reaction, 
such as the  d i s soc ia t ion  of COz behind s t rong shock waves, recombination con
t r i b u t e s  very l i t t l e  t o  t h e  v i b r a t i o n a l  energy. Indeed, Treanor and Marrone 
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( ref .  4) found that f o r  shock waves i n  diatomic gases, l i k e  Nz and 02, t he  
cont r ibu t ion  of reconbination i s  negl ig ib ly  small u n t i l  conditions extremely 
c lose  t o  fill equi l ibr ium are reached. Therefore, we neglect  the  effect  of 
recombinat ion on v ibra t ion .  

For a c o l l i s i o n  cont ro l led  r eac t ion  r such as 

The chemical reac t ion- ra te  equation can be  wr i t t en  i n  the  usual form: 

L I 


The d i s soc ia t ion  rate coe f f i c i en t  kfr i s  a funct ion of t h e  v ib ra t iona l  
s ta te  of t he  d i s soc ia t ing  molecules and of the  t r a n s l a t i o n a l  temperature. 
Thus, t h e  i n t e r a c t i o n  between v ib ra t ion  and d i s soc ia t ion  en te r s  t h e  system of 
equations through kfr as w e l l  as the  v i b r a t i o n a l  re laxa t ion  equations.  The 
coe f f i c i en t s  kbr are obtained by r e l a t i n g  the  forward and backward rates t o  
the  equi l ibr ium constant .  This i s  permissible  f o r  a simple harmonic o s c i l 
l a t o r  even f o r  t he  condi t ions of v ib ra t iona l  nonequilibrium ( r e f .  6 ) .
polyatomic molecules, it i s  t h e  only ava i lab le  approximation t o  obta in  recom-

For 

b ina t ion  rates f o r  v ib ra t iona l  nonequilibrium. It should be  pointed out  t h a t  
recombination rates are unimportant as long as t h e  equilibrium concentration 
of t h e  recombining species  i s  neg l ig ib l e  throughout t h e  flow f i e l d  as i s  true 
i n  t h e  study f o r  a l l  bu t  t h e  low shock-speed case (y, = 2.5 km/s). 

The boundary condi t ions of the  flow and chemical-rate equations a t  t h e  
beginning of t h e  r e l axa t ion  zone (x  = 0 )  are obtained from the  normal shock 

equations of an i d e a l  gas by assuming t h a t  within t h e  shock f r o n t  no chemical 

reac t ions  occur and the  v ibra t ions  a r e  unexcited.  The r a t i o  of spec i f i c  hea ts  

y

condi t ions have the  form: 


i s  therefore  constant ( y  = 7/5 f o r  l i n e a r  molecules).  The boundary 

P = Ps = P, 
2 y G 2  - ( y  - 1) 

Y + l  

with 



n2 = n3 = n4 = 0 

where nl, n2, n3, n4 refer t o  t h e  concentrat ions of C 0 2 ,  CO, C, 0, 
re spectivel y  . 

The equations and appropriate boundary condi t ions f o r  descr ibing t h e  
flow f i e l d  behind t h e  shock f r o n t  i s  thus  complete. 

I n  t h e  following sect ions,  d e t a i l s  of t h e  v i b r a t i o n a l  r e l axa t ion ,  t he  
chemical r eac t ions ,  and the  i n t e r a c t i o n  between v i b r a t i o n  and d i s soc ia t ion  are 
discussed. 

Vibrat ional  Relaxation 

To evaluate  t h e  terms (d8im/dx), i n  equation (8),a harmonic o s c i l l a t o r  
model i s  used t o  descr ibe t h e  v ib ra t ions .  The v i b r a t i o n a l  r e l a x a t i o n  i s  
l imi t ed  t o  t h e  C02 molecules. 

Consistent with t h e  model of a harmonic o s c i l l a t o r ,  t he  C 0 2  molecule i s  
taken t o  have fou r  v i b r a t i o n a l  degrees of freedom and, accordingly, four  nor
m a l  modes of v ib ra t ion ,  as shown i n  sketch (b ) .  ( A  l i n e a r  molecule wi th  N 
atoms has t h r e e  N - 5  degrees of freedom.) Two of t hese  degrees of freedom are 
degenerate, however, leaving three d i f f e r e n t  fundamental frequencies of vibra
t ion .  The v i b r a t i o n a l  frequencies i n  t h i s  study are taken from reference 7. 
For C 0 2  molecules, a.n acc iden ta l  degeneracy occurs between t h e  valence (sym
metric s t r e t c h i n g  mode) and bending mode ( V I  x 2 ~ 2 ) .  An energy exchange 
between these  modes i s  termed resonance exchange, s ince  no exchange wi th  
t r a n s l a t i o n a l  energy i s  involved. If t h e  terms are r e t a i n e d  f o r  d i r e c t  exc i 
t a t i o n  of t h e  symmetric and asymmetric s t r e t c h i n g  modes, which were omitted i n  
reference 8, then t h e  equations f o r  v i b r a t i o n a l  r e l a x a t i o n  can be w r i t t e n  as: 

where 611(T)  i s  t h e  v i b r a t i o n a l  energy of C 0 2 ,  mode 1 i n  equi l ibr ium wi th  
temperature T.  

= 
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Symmetric s t r e t ch ing  mode 
(valence mode) 

Bending mode 

Asymmetric s t r e t c h i n g  
mode 

m = 1 81 = 1920' K 

t:; e2 = e3 = 960° K 

m = 4 e4 = 3380O K 

The r e l axa t ion  times, T, can be expressed i n  terms of t r a n s i t i o n  
p r o b a b i l i t i e s  ( ref .  8 )  

1-0

This equation i s  used t o  compute t h e  f low-f ie ld  p r o f i l e s .  The term Pm i s  
the  p robab i l i t y  t h a t  during a c o l l i s i o n  the  v i b r a t i o n a l  mode m i s  de-excited 
f r o m  the  f i r s t  t o  t he  zeroth quantum s t a t e .  Experimental r e s u l t s  a t  l o w  
temperatures ( T  < em, see appendix A )  a r e  u sua l ly  r e fe r r ed  t o  an approximate 
fo rm f o r  T ~ .  

1 1
-= Npm
Tm 

The r e l axa t ion  time f o r  t he  energy exchange between the  modes i s :  

0+1
The term P2% i s  the  p robab i l i t y  t h a t  during a c o l l i s i o n  the  valence 
mode i s  exc i ted  from t h e  zeroth t o  the f i r s t  quantum s t a t e  while the  bending 
mode i s  de-excited from the  second t o  t he  zeroth s t a t e  and i s  propor t iona l  
t o  the  t r a n s l a t i o n a l  temperature T ( see  ref. 8 ) .  

Values f o r  t h e  various v i b r a t i o n a l  r e l axa t ion  times used i n  t h i s  paper 
a r e  given i n  appendix A, where t h e  experimental  work on v ib ra t iona l  r e l axa t ion  
times i s  reviewed. It i s  be l ieved  t h a t  t h e  l ack  of  accurate  r e l axa t ion  times 
can be t o l e r a t e d  i n  t h i s  paper, s ince  the  quan t i t a t ive  e f f e c t s  of coupling 
between v ib ra t ion  and d i s soc ia t ion  can be found by a parametric study. 

Chemical Reactions 

The d i s soc ia t ion  and reconibination of CO2 and i t s  cons t i tuents  a re  
described by t h e  following r eac t ions  : 
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r = 1: CO2 + M 2  CO + 0 + M (24) 

r = 2: CO + M t  C + 0 + M (25) 

where M i s  an a r b i t r a r y  c o l l i s i o n  pa r tne r .  The formation of 02 due t o  
recombination has been omitted, s ince  i t s  cont r ibu t ion  t o  the chemicalbehav-
Tor of CO2 i s  negl ig ib le  (see ref .  2 ) .  The ra te  coe f f i c i en t s  of t he  forward 
reac t ions  can be expressed i n  the Arrhenius form: 

The values f o r  t h e  coe f f i c i en t s  Bfr and qr are  taken from reference 1 
and are l i s t e d  i n  appendix A. 

The rates of t he  backward reac t ions ,  which are important only near 
thermodynamic equilibrium, can be obtained from t h e  following expression, with 
t h e  nota t ion  of reference 1: 

where Kcr, t he  equi l ibr ium constant  f o r  t h e  reac t ion ,  i s  

t r a n s l a t i o n a l  temperature. I n  the  next sec t ion  e -Ef r/RT 
a funct ion of t he  

and Fm w i l l  be 
ca lcu la ted  as funct ions of t he  v ib ra t iona l  s t a t e  of the  molecules. 

Evaluation of e 
-Ef/RT 

and Fm 

The in t e rac t ion  between v ib ra t iona l  r e l axa t ion  and d issoc ia t ion  en te r s  
t he  system of equations i n  two places ,  one i n  the  forward d i s s o c i a t b n  rate 
expression (eq.  (26) ), where the  e f f e c t  of v ibra t ions  upon d i s s x i a t i o n  en te r s  
and the o ther  i n  t h e  v ib ra t iona l  r e l axa t ion  expression (eq. (8)),where the  
e f f e c t  of d i s soc ia t ion  upon v ibra t ion  en te r s  by draining v ib ra t iona l  energy. 
The effects  of the in t e rac t ion  are concentrated i n  t w J  terms, e-Ef/RT and Fm. 
The made1 assumed t h a t  a molecule can d i s soc ia t e  from any v ib ra t iona l  energy 
level with equal  probabi l i ty ,  if during a c o l l i s i o n  the  r e l a t i v e  l ine-of 
center  k i n e t i c  energy exceeds D 1  - e .  Out of a l l  molecules, a f r a c t i o n  pro
por t iona l  t o  P w i l l  have the  v ib ra t iona l  energy e .  The p robab i l i t y  
t h a t  a molecule with v ib ra t iona l  energy e d i s soc ia t e s  during a c o l l i s i o n  
i s  proport ional  t o  the  p robab i l i t y  t h a t  t he  l ine-of  -center  k i n e t i c  energy i s  
equal  o r  g rea t e r  than D1 - e .  For a Boltzmann d i s t r i b u t i o n  i n  the  t r a n s l a 
t i o n a l  degrees of freedom, t h i s  p robab i l i t y  i s  e-(Dl-e’/RT. Without v ibra t ion-
d issoc ia t ion  coupling, t he  energy exchange during a c o l l i s i o n  must exceed D1, 
y ie ld ing  the  p robab i l i t y  f a c t o r  eWDdRT.This f a c t o r  would appear unchanged 
i n  t h e  expression f o r  t he  forward r eac t ion  rate (without coupling) s ince it i s  
t h e  same f o r  a l l  m l e c u l e s .  With v ibra t ion-d issoc ia t ion  coupling one has t o  
account f o r  the d i f f e r e n t  v ib ra t iona l  energies  of t he  molecules by summing 
over a l l  energy l eve l s :  
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The energy removed from mode m with each d i s soc ia t ion  i s  v&,. If d issoc i 
a t i o n  occursJ then t h e  p robab i l i t y  t h a t  it re su l t ed  from the  levels v1, v2, 

' v3? v4 i s  propor t iona l  t o  Pe -(s/a-vlel-'-v404)IT. The average energy l o s t  
by d i s soc ia t ion  from mode m i s  obtained again by sunrming over a l l  energy 
levels.  Equations (28) and (29) are thus obtained by applying the  method of 
Treanor and Marrone ( re f .  4) t o  polyatomic molecules. 

w i t h  

To evaluate  e q u a t b n s  (28) and (29): it i s  necessary t o  count t h e  
v i b r a t i a n a l  l eve l s  v. This imposes a r e s t r i c t i a n  an the t g t a l  v ib ra t ipna l  
energy of  a molecule. The t o t a l  v ib ra t iona l  energy of a molecule cannot 
exceed the  d i s soc ia t ion  energy. This i s  equivalent  t o  t h e  cutoff harmonic 
osc i l laTor  model f o r  diat3mic molecules. The c l a s s i c a l  v ib ra t iona l  energy of 
CO2 i s  a l i n e a r  func t ion  of the v ib ra t iona l  temperature w i t h m t  an upper l i m i t ;  
$/fi = 4TIJ' A t  temperatures above 16,000° K the  c l a s s i c a l  model has no physi
c a l  meaning because it p r e d i c t s  v ib ra t iona l  energies  i n  excess of t he  d i s soc i 
a t ion  energy. Two d i f f e r e n t  models t h a t  l i m i t  t he  amount of v ib ra t iona l  
energy t o  the  d i s soc ia t ion  energy a re  inves t iga ted  i n  t h i s  study. The f i r s t  
i s  based on the  pos tu l a t e  t h a t  the  v i b r a t i o n a l  energy of each mode cannot 
exceed D1/4 and on the  f a c t  t h a t  spectroscopic da ta  ( r e f .  7) do not show high 
v ib ra t iona l  energy l eve l s .  W e  conclude from t h i s  t h a t  it i s  un l ike ly  t h a t  
a l l  v ib ra t iona l  energy w i l l  be found i n  one mode only.  The second model i s  
based on t h e  pos tu la te  t h a t  t he  t o t a l  v ib ra t iona l  energy cannot exceed the  
d i s soc ia t ion  energy D1 bu t  without r e s t r i c t i n g  t h e  d i s t r i b u t i o n  of t he  
v ib ra t iona l  energy among the d i f f e r e n t  modes. This means t h a t  a l l  combina
t i o n s  of el ... e4 are allowed as long as e l  + ... + e4 <_ D,. For a 



2 3 4 molecule wi th  two v i b r a t i o n a l  modes, 
t h e  poss ib l e  v i b r a t i o n a l  energies  a r e  
shown i n  ske tch  ( e )  with t h e  same 
v i b r a t i o n a l  f requencies  f o r  bo th  modes. 

v2 = I 
It i s  i n s t r u c t i v e  t o  d iscuss  the  

l i m i t i n g  value of  t h e  v i b r a t i o n a l  
2 energy f o r  a mole of gas and t o  compare 

t h i s  wi th  t h e  c l a s s i c a l  value.  Since 
the  energy of each molecule i s  l imi ted ,  

3 t he  v i b r a t i o n a l  energy f o r  a mole of 
CO2 at  high temperature cannot exceed 
upper l i m i t s  of approximately 1/2 and 

4 4/5 Dl,respec t ive ly ,  f o r  t he  two models. 
These numbers are obtained by rep lac ing  
t h e  summations over a l l  v i b r a t i a n a l  
l e v e l s  by an i n t e g r a t i o n  ( see  

Sketch ( e )  appendix B ) .  

It i s  bel ieved t h a t  t he  v i b r a t i o n a l  cutoff  of  a C 0 2  molecule w i l l  be 
somewhere between the  t w o  cases inves t iga ted .  The mathematical formulation 
of bo th  models i s  given i n  appendix B. 

Method of Solu t ion  

Two d i f f e r e n t  so lu t ions  f o r  t he  nonequilibrium f l o w  f i e l d  have been 
obtained and a re  r e fe r r ed  t o  as the  complete and t h e  approximate so lu t ion .  

The approximate so lu t ion  i s  based on a p a r t i a l  uncoupling o f  t he  flow and 
the  rate equations by an extension of  a method given by Bethe and T e l l e r  
( r e f .  9 ) .  This technique proceeds by solving the  r a t e  equation (eq.  (10) ) t o  
f i n d  the  time element during which a given f r a c t i o n  of t he  t o t a l  C02 disso
c i a t e s  with the  assumption t h a t  t h e  f low- f i e ld  q u a n t i t i e s  T, p, and p a r e  
constant .  The change i n  v i b r a t i o n a l  energy during t h i s  time element i s  given 
by the  r e l axa t ion  equations (17)t h r m g h  (20) .  From t h e  chemical composition 
and v i b r a t i o n a l  energy a t  a p a r t i c u l a r  time i n  the  flow f i e l d ,  the  time inde
pendent equations (1)through (7),a re  used i n  the  fol lawing form t o  solve f o r  
t he  f l o w - f  i e l d  q u a n t i t i e s .  

27 - 1 

with 
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The next i n t eg ra t ion  s t e p  starts with the  new f low-f ie ld  quan t i t i e s .  Resul ts  
of t he  approximate so lu t ion  w e r e  used t o  estimate the  s t e p  s i z e  required f o r  
the Runge-Kutta i n t eg ra t ion  process incorporated i n  the complete solut ion.  

The complete so lu t ion  i s  e s s e n t i a l l y  a numerical i n t eg ra t ion  of t he  flow-
f i e l d  equations, the  chemical r eac t ion  rate, and the  v ib ra t iona l  re laxa t ion  
equations subject t o  boundary condi t ions (11)t o  (16) . The bas i c  d i f f e r e n t i a l  
flow r e l a t i o n  f o r  numerical i n t eg ra t ion  i s  obtained by combining equations (l), 
(2), (3 ) ,  (4),and (7), making x the  independent var iab le  ( ref .  10) .  The 
r e s u l t  i s  given by equation ( 3 5 ) .  

I n  equation (35)  $, i s  t he  spec i f i c  heat  f o r  changes of t r a n s l a t i o n a l  and 
r o t a t i o n a l  energy only and i s  assumed t o  be constant a t  i t s  f u l l y  exc i ted  
c l a s s i c a l  value (5/2 f o r  atoms, 7/2 R f o r  diatomic and l i n e a r  t r ia tomic  
molecules). 

Both methods of so lu t ion  gave, wi th in  numerical e r ro r s ,  the  same results.  

DISCUSSION OF FC3SULTS 

Solutions of the nonequilibrium flow f i e l d  f o r  shock waves i n  pure COz 
were obtained and are discussed i n  t h i s  sect ion.  Before t h e  r e s u l t s  are 
examined, however, a sho r t  discussion of v ib ra t iona l  r e l axa t ion  t i m e s  and a 
d i s soc ia t ion  r e l axa t ion  t i m e  i s  presented t o  provide t h e  reader with a b e t t e r  
understanding of t h e  shock speeds a t  which v ib ra t ion  d i s soc ia t ion  coupling i s  
important. The d i s soc ia t ion  r e l axa t ion  t i m e  i s  defined by an equation s i m i l a r  
t o  the simple v i b r a t i o n a l  r e l axa t ion  equation, t h a t  is ,  
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Immediately behind the shock f r o n t ,  recombination can be neglected, and 
(n l ) ,  = 0 ,  giving 

A g raph ica l  comparison of  t h e  r e l axa t ion  t i m e s  i s  shown i n  f i g u r e  1as a 
func t ion  of t h e  t r a n s l a t i o n a l  temperature immediately behind t h e  shock wave. 

10.~-	 ,, speeds w e r e  extrapolated t o  high t e m 
\ \  
\ \  

7.3 (vibrotians unexcited) pera tu res .  It i s  estimated t h a t  these 
\,'L- TI extrapolated v i b r a t i o n a l  re  laxation 

\'..74 
t i m e s  are too high because t r a n s i t i o n s  
between more than one v i b r a t i o n a l  l e v e l  

Collected low IemperQture can be induced by c o l l i s i o n s  with high 
-t experimenlal doto 

l ine-of  -center re la t ive energy. Fur
2 thermore, near c o l l i s i o n s  of molecules 
cl 

I-. (model 1) may a l s o  induce v i b r a t i o n a l  t r ans i t i ons . 

G 10-6 '. T2

E ;\ /-

r12 

(model DI \ Both e f f e c t s  are not included i n  the 
rI2 
-	 model used t o  descr ibe t h e  v i b r a t i o n a l:: 
-

$ r e l axa t ion .  The ex t r apo la t ion  cannot 


give re l iable  r e l a x a t i o n  times at high 
- temperatures. This study i s  the re fo re  
- _ _ _  Assumed exlropolation (appendix A )  parametric.  The extrapolated relaxa

t i o n  t i m e s  are used as base values, and 
have been mul t ip l ied  by constant f a c -

I 1 A i- - /bXlo3 t o r s  so as t o  show t h e  e f f e c t s  of vibra-

Resul ts  have been obtained f o r  t h r e e  d i f f e r e n t  shock speeds. For low 
shock speeds, u,< 3 km/s ( T s  < 7000° K ) ,  t h e  d i s s o c i a t i o n  i s  slower than t h e  
v i b r a t i o n a l  e x c i t a t i o n  rate, thereby allowing v i b r a t i o n a l  equi l ibr ium t o  be 
achieved before  d i s s o c i a t i o n  becomes appreciable.  A t  intermediate shock 
speeds between 3 and 6 km/s, t he  coupling between v i b r a t i o n  and d i s soc ia t ion  
i s  expected t o  be more important. A t  high shock speeds, u,> 6 km/s, addi
t i o n a l  processes l i k e  CO d i s soc ia t ion  and ion iza t ion  become more and more 
important. I n  t h i s  case, t h e  region of CO2 d i s s o c i a t i o n  i s  only a s m a l l  p a r t  
of t h e  whole r e l axa t ion  region. 

Typical examples of f low-field so lu t ions  a re  discussed i n  t h e  following 
sec t ions .  
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Low Shock Speed 

The f low-field p r o f i l e s  f o r  low shock speeds, us < 3 km/s, are character
ized  by  in s ign i f i can t  amounts of d i ssoc ia t ion .  A t  these  low shock speeds, 
v i b r a t i o n a l  r e l axa t ion  i.s predominant. 

40- 4 

(a) Density r a t i o  and pressure r a t i o .  

-+-m (no energy exchonge between resonant modes) 

* O r  --T , ~ - O  Impid energy exchange between modes) 

I I I I 
0 05 I 15 

Dmstance behind shock. x ,  cm 

(b)  Trans la t iona l  and v i b r a t i o n a l  
temperature. 

Figure 2. - Nonequilibrium f low-f ie ld  
p r o f i l e s .  E f f e c t  of i n t e r a c t i o n  between 
t h e  valence and t h e  bending mode for low 
shock speeds (us = 2.5, p,/po = 
T, = 273O K). 

A t y p i c a l  so lu t ion  for t h e  f low-field 
p r o f i l e s  with v ib ra t iona l  r e l axa t ion  i s  
shown i n  f i g u r e  2 for t he  shock condi
t i o n s  u,= 2.5 km/s, dens i ty  
pw/po = and T, = 273O K. The 
resul ts  are given f o r  varying in t e r 
ac t ion  between the  valence and bending 
modes as follows: (a) fast  energy 
exchange between t h e  two modes, T= -+ 0, 
(b)  energy exchange between the  two 
modes with a r e l axa t ion  t i m e  712 --r2, 
and ( e )  no energy exchange between the  
two modes,^^ + a. The re laxa t ion  t i m e s  
f o r  the valence, bending, and asymmetric 
s t r e t ch ing  modes, 71, 7-2, -r4, respec
tively,  are given i n  appendix A. I n  t h i s  
model -r2 i s  about 1 order  of magni
tude less than 7 - 1  or 7-4 which means 
t h a t  the  bending mode i s  exc i ted  f i r s t .  

Pressure and dens i ty  p r o f i l e s  a re  
shown i n  f i g u r e  2 ( a ) .  The pressure i s  
r e l a t i v e l y  in sens i t i ve  t o  the  o v e r a l l  
re laxa t ion  process and even more insen
s i t i v e  t o  the  energy exchange between 
the  valence and bending modes. The 
dens i ty  i s  qu i t e  s ens i t i ve  t o  the  over
a l l  re laxa t ion  process and only 
s l i g h t l y  sens i t i ve  t o  energy exchange. 

The t r a n s l a t i o n a l  and various 
v ib ra t iona l  temperatures a r e  shown i n  
f igu re  2 ( b ) .  The temperature of the  
valence and bending mode i s  qu i t e  sen
s i t i v e  t o  t h e  energy exchange between 
the  modes. For no energy exchange, the 
temperature of t h e  bending mode over
shoots the  t r a n s l a t i o n a l  temperature. 
The t r a n s l a t i o n a l  temperature i s  a l s o  
s l i g h t l y  lower when an equilibrium 
energy exchange between the  valence and 
bending mode occurs. The va r i a t ion  i n  
t r a n s l a t i o n a l  temperature i s  the  main 
dr iv ing  fo rce  f o r  t he  va r i a t ion  i n  
dens i ty  shown ear l ier ,  s ince  t h e  pres
sure  i s  v i r t u a l l y  unaffected.  
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Figure 2.  - Concluded. 

The v a r i a t i o n  of  t he  v i b r a t i o n a l  
energies  i n  t h e  valence, m = 1, bending, 
m = 2, 3, and asymmetric s t r e t ch ing  
mode, m = 4, i s  shown i n  f i g u r e  2(c)  t o  
fo l low the  t rends  ind ica ted  by the  
v i b r a t i o n a l  temperatures. It should be 
noted t h a t  t h e  bending mode has t h e  
h ighes t  energy and the  valence and 
bending modes r e l ax  f a s t e r  than t h e  
asymmetric s t r e t ch ing  mode. A l l  t he  
curves were terminated a t  x = 0 .2  cm 
f o r  convenience and should not be taken 
t o  imply t h a t  v i b r a t i o n a l  equi l ibr ium 
occurs i n  t h i s  dis tance.  The equ i l ib 
r i u m  values  a r e  noted on the  f igu res .  

Intermediate Shock Speed 

P r o f i l e s  f o r  an intermediate shock speed, us = 5 km/s, palpo = and 
T, = 273' K, a r e  shown i n  f igu re  3.  These curves w e r e  ca lcu la ted  f o r  vibrat ion-
d i s soc ia t ion  coupling with t h e  v ibra t ions  (a) f rozen  a t  the  free-s t ream vibra
t i o n a l  energy with d i s soc ia t ion  proceeding predominately from t h e  ground s t a t e  
of v ibra t ion ,  (b)  re lax ing  at a f i n i t e  r a t e  ( t h e  r e l axa t ion  times were m u l t i 
p l i e d  by 10'1 t o  show t h e  coupling),  o r  ( e )  r e l ax ing  a t  an i n f i n i t e  r a t e  t o  
keep the  v i b r a t i o n a l  energy i n  equi l ibr ium wi th  t h e  t r a n s l a t i o n a l  temperature. 
The e f f e c t  of d i f f e r e n t  l imi t ing  energies  i s  also shown; t h e  l imi t ing  cases 
being t h a t  the v i b r a t i o n a l  energy of a molecule cannot exceed D/4  per  mode 
(model I),  and t h a t  t h e  v ib ra t iona l  energy of t h e  molecule cannot exceed D 
without f u r t h e r  r e s t r i c t i o n  (model 11). 

The t o t a l  v i b r a t i o n a l  energy a s  wel l  as t h e  v i b r a t i o n a l  energy per  mode 
i s  shown i n  f i g u r e  3(a) for case ( b ) .  Again it i s  noted t h a t  the bending 
modes contain by far the  l a r g e s t  por t ion  of t he  t o t a l  v ib ra t iona l  energy, 
e s p e c i a l l y  when t h e i r  degeneracy i s  considered. 

The t r a n s l a t i o n a l  temperature behind the  shock wave i s  shown i n  
f i g u r e  3 ( b ) .  A s  expected, t he  combination of va r i ab le s  t h a t  gives  t h e  highest  
v i b r a t i o n a l  energy ( T  + 0 and model 11, i . e . ,  v i b r a t i o n a l  energy of a molecule 
not exceeding D )  a l s o  gives  the  lowest t r a n s l a t i o n a l  temperature. 

The t r a n s l a t i o n a l  temperature immediately behind t h e  shock f r o n t  with 
v ibra t ions  i n  equi l ibr ium i s  lower than f o r  f rozen  v ibra t ions ,  see appendix C .  

The pressure i s  again shown i n  f igu re  3(b)  t o  remain near ly  constant 
behind the  shock wave with the  combined va r i ab le s  giving the  highest  v ibra
t i o n a l  energy as we l l  as the  highest  p ressures .  Consequently, the  dens i ty  i s  
a l s o  higher f o r  higher v i b r a t i o n a l  energy. The dens i ty  ra t ios  for vibra t ions  
frozen or i n  equi l ibr ium d i f f e r  by as much as 100 percent  ( see  f i g .  3 ( c ) ) .  
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Vibrolions frozen ot free-streom conditions 

The mole f r a c t i o n s  of CO and COB behind t h e  shock wave a r e  shown i n  
f i g u r e  3 ( d ) .  It i s  noted t h a t  d i s soc ia t ion  of CO2 proceeds much more r ap id ly  
when t h e  v i b r a t i o n a l  energy i s  higher,  s ince  more molecules a re  ava i lab le  i n  
the  higher v i b r a t i o n a l  s t a t e s  and consequently d i s soc ia t e  more r e a d i l y  upon a 
c o l l i s i o n  with another p a r t i c l e .  The numerical results f o r  t he  two models do 
not d i f f e r  too much even though t h e  assumptions on v i b r a t i o n a l  cutoff a re  
qu i t e  d i f f e r e n t .  The assumptions a f f e c t i n g  the  r a t e s  of v i b r a t i o n a l  re laxa
t i o n  (i.e . ,  v ib ra t ions  frozen, re laxing,  o r  i n  equilibrium) have a g rea t e r  
e f f e c t  on t h e  flow f i e l d  than t h e  assumptions on v i b r a t i o n a l  energy l i m i t .  
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High Shock Speed 

Flow-field p r o f i l e s  f o r  a high shock speed, v,= 9 km/s, p,/po = 
and T, = 273' K, are presented i n  figure 4 f o r  t h e  l imi t ing  cases of f rozen 
and equi l ibr ium vibra t ions  as w e 1 1  as f o r  f i n i t e  r e l axa t ion  t i m e s  ( re laxa t ion  
t i m e s  mul t ip l ied  by lod3) .  Two d i f f e r e n t  se ts  of da t a  are given: one set  
with coupling between v ib ra t ion  and d i s soc ia t ion  and with t h e  v ib ra t iona l  
energy per molecule l imi ted  t o  1/4 D per mode, t he  o ther  with no coupling and 
with t h e  v ib ra t iona l  energy un res t r i c t ed ,  t h a t  i s ,  t h e  v ibra t ions  can be 
exc i ted  t o  the  full c l a s s i c a l  value. 

InterOCtion between vibrotion 
and dissocialion 

No mteroction Qelween vibration 
ond dissociolion 

_ - _ _  

Vibrational reloxotion 

I I I I I 
0 I 2 3 4 .5 10-3 

0,sIonce behind shock, x ,  cm 

( a )  Temperature r a t i o .  
Intermtion between vtbrOt8on 
and dtssociotion 

No interOCt8on between vibmtion 
end dissociolton 

\ 
\. gvibrottons 10 equilibrium 

- 1  I 1 J 
I 3 4 5 r W 3  

Distance behind shock. x ,  cm 

( e )  Dens;ty r a t i o .  
Figure 4.- Nonequilibrium f low-f ie ld  

p r o f i l e s  (u,= 9 h / s ,  p,/p = 

T, = 273' K ) .  E f f ec t  of in?erac t ion  
between v ib ra t ion  and d issoc ia t ion .  

I n - t h i s  case i t  i s  assumed t h a t  

Interaction between vibration 
and d ~ s s o c ~ o t ~ o n  

No interaction between vibrotion ond 
150 dissociation 

loooI I I I I 
3 4 .5x10-3 

Distance behind shock. X .  cm 

(b)  Pressure r a t i o .  

d i s soc ia t ion  proceeds from the  ground 
s ta te  of v ibra t ion .  The resul ts  for 
v ib ra t iona l  equi l ibr ium i n  t h i s  case 
are then i d e n t i c a l  with the  ear l ier  
work of reference 1. 

The t r a n s l a t i o n a l  temperature 
behind t h e  shock wave i s  shown i n  f i g 
ure 4(a) .  The temperature immediately 
behind the  shock wave f o r  v ib ra t iona l  
energy f rozen  o r  re laxing i s  higher 
than when v ibra t ions  a re  i n  equilibrium 
and is ,  i n  f a c t ,  t h e  i d e a l  gas value 
with only t r a n s l a t i o n a l  and r o t a t i o n a l  
equLlibrium exc i t a t ion .  The difference 
between the temperature immediately 
behind the  shock f o r  v ibra t ions  i n  
equi l ibr ium with and without i n t e rac 
t i o n  shows the e f f e c t  of l imi t ing  
v i b r a t i o n a l  energy per  molecule ; the  
unl imited v ib ra t iona l  energy so lu t ion  
gives  a lower t r a n s l a t i o n a l  temperature, 
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Figure 4.- Concluded. 
s ince  more energy can be f e d  i n t o  v ibra t ions .  The t i m e  required t o  obta in  
v ib ra t iona l  equi l ibr ium i s  a l s o  shor te r  f o r  t he  no in t e rac t ion  so lu t ions .  The 
behavior of the  pressure and dens i ty  behind the  shock wave i s  shown i n  f i g 
ures 4(b) and 4 ( c ) .  A somewhat unexpected r e s u l t  f o r  no in t e rac t ions  i s  t h a t  
bo th  pressure and dens i ty  can have negative s lopes.  The solut ions f o r  
v ibra t ion-d issoc ia t ion  coupling, however, show only pos i t i ve  pressure and den
s i t y  p r o f i l e s  i n  the  flow f i e l d .  The mole f r a c t i o n s  of C02,  CO,  and 0 a re  
shown i n  figures 4(d) and 4 ( e ) .  A s ign i f i can t  e f f e c t  of coupling i s  t o  

increase the  forward react ion rate,  
Reloxotion times multiplied by: 

-105 lv#brat#onsfrozen) 


_- 10-2 


_-- 10-3 


10-5 (vibrations cn equilibrium1 

.2	c -I 
Dislonce behind Shock, li, cm 

Figure 5. - Nonequilibrium f low-fi e l d  
p r o f i l e s  (u, = 9 h / s ,  p,/p, = 
T, = 273O K ) .  E f f e c t  of l a r g e  changes 
of t h e  v i b r a t i o n a l  r e l a x a t i o n  t imes.  
Temperature r a t i o  and pressure r a t i o .  

as 
can be seen by comparing the  concentra
t i o n  p r o f i l e s  with coupling, f i g 
ure 4(d) ,  and without coupling, 
figure 4 ( e ) .  For the  so lu t ions  without 
coupling, the  concentrations a re  not 
very sens i t i ve  t o  v ib ra t iona l  re laxa
t i o n  s ince v ib ra t iona l  exc i t a t ion  
changes only the  t r a n s l a t i o n a l  tempera
t u r e  and not t he  ac t iva t ion  energy E f .  
Since the  v ib ra t iona l  re laxa t ion  times 
used a re  extrapolated from low tempera
t u r e  data ,  it i s  in s t ruc t ive  t o  examine 
the  s e n s i t i v i t y  of the  solut ions t o  the  
magnitude of the  re laxa t ion  times. A 
comparison of t he  temperature and pres
sure p r o f i l e s  behind the  shock wave, 
with v ibra t ion-d issoc ia t ion  coupling, 
i s  shown i n  figure 5 f o r  several values 
of v ib ra t iona l  r e l axa t ion  t i m e s .  It i s  
seen that t h e  v ib ra t iona l  re laxa t ion  
t i m e  would have t o  be a t  least two 
orders  of magnitude smaller than those 
assumed f o r  t h i s  study before a s i g n i f 
i can t  e f f e c t  upon the  flow f i e l d  could 
be seen. 
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CONCLUDING RFNARKS 

The coupling between v ib ra t ion  and d i s soc ia t ion  r e l axa t ion  behind shock 
waves i n  COz has been s tudied f o r  shock speeds from 2.5 t o  9 km/s. Solut ions 
of the  f l u i d  flow, chemical rate, and v ib ra t iona l  r e l axa t ion  equations have 
been obtained, assuming frozen v ibra t ions ,  v i b r a t i o n a l  re laxa t ion ,  and v ib ra 
t i o n s  i n  equilibrium bo th  with and without coupling t o  t h e  d i s soc ia t ion  
process.  Results are presented as f low-f ie ld  p r o f i l e s  f o r  t he  flow var iab les  
and species concentrations.  

A t  shock speeds below 3 km/s, v ib ra t iona l  r e l axa t ion  i s  the  predominant 
r e l axa t ion  process i n  the flow f i e l d ,  s ince d i s soc ia t ion  i s  negl ig ib le .  A t  
higher shock speeds, t h e  beginning of t he  r e l axa t ion  region i s  governed by 
t h e  interdependent v ib ra t iona l  r e l axa t ion  and d i s soc ia t ion  processes.  The 
temperature immediately behind t h e  shock f r o n t  depends s t rongly  on v ib ra t iona l  
exc i t a t ion .  For f rozen vibrat ions,  the  t r a n s l a t i o n a l  temperature a t  t h e  shock 
f r o n t  i s  more than twice as high as f o r  instantaneous v ib ra t iona l  e x c i t a t i o n  
t o  t h e  f u l l  c l a s s i c a l  value. The parametric study shows t h a t  v ib ra t ion -
d i s soc ia t ion  coupling i n  CO2 can a l ter  t h e  forward r eac t ion  rate considerably.  
Therefore, v ibra t ion-d issoc ia t ion  coupling must be considered when exper i 
mental rates are ex t rapola ted  over a wide range of temperatures. The e s t i 
mates of rates i n  t h i s  study ind ica t e  t h a t  coupling becomes e f f e c t i v e  f o r  
temperatures corresponding t o  speeds exceeding approximately 3 km/s. For 
shock speeds below 3 km/s ( T  < 7000' K ) ,  the  d i s soc ia t ion  process i s  slower 
than t h e  v ib ra t iona l  exc i t a t ion  r a t e, thereby allowing v i b r a t i o n a l  equi l ibr ium 
t o  be achieved before  d i s soc ia t ion  becomes appreciable.  A t  high shock speeds, 
u,> 6 km/s, add i t iona l  processes l i k e  CO d i s soc ia t ion  and ion iza t ion  become 
more and more important. 

The f low-f ie ld  p r o f i l e s  depend s t rongly  on the  r a t e  of v ib ra t iona l  
e x c i t a t i o n  (v ib ra t iona l  r e l axa t ion  t imes) .  The e f f e c t  of energy exchange 
between the  modes i s  su rp r i s ing ly  s m a l l .  The difference i n  dens i ty  p r o f i l e s  
f o r  fast  and slow energy exchange between the  bending and the  symmetric 
s t r e t ch ing  modes i s  almost an order  of magnitude less  than the  d i f fe rence  i n  
p r o f i l e s  with v ibra t ions  frozen o r  i n  equilibrium. It appears t h a t  shock-wave 
p r o f i l e s  depend pr imar i ly  on t h e  rate a t  which t h e  t r a n s l a t i o n a l  energy i s  f e d  
i n t o  i n t e r n a l  modes and not  so s t rongly  on the  energy d i s t r i b u t i o n  among t h e  
modes. It follows t h a t  one cannot ob ta in  the  v ib ra t iona l  energy i n  d i f f e r e n t  
modes nor d i f f e r e n t  r e l axa t ion  t i m e s  wi th  any accuracy from experiments t h a t  
measure o v e r a l l  q u a n t i t i e s  l i k e  dens i ty  o r  t r a n s l a t i o n a l  temperature only; nor 
can such experiments determine t h e  rate of energy t r a n s f e r  i n t o  d i f f e r e n t  
modes. This could be done only by a de ta i l ed  spectroscopic study, observing 
v ib ra t iona l  t r a n s i t i o n s .  If f low-field p r o f i l e s  f o r  o v e r a l l  q u a n t i t i e s  such 
as the  dens i ty  o r  temperature are of primary i n t e r e s t ,  a model analogous t o  
t h a t  used f o r  diatomic gases should give s a t i s f a c t o r y  results,  t h a t  is, only 
t h e  sum of the  v i b r a t i o n a l  energies  over a l l  modes i s  considered and only  one 
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e f f e c t i v e  r e l axa t ion  time i s  used. It must be noted, however, t h a t  t h e  true 
p ic tu re  i s  complicated by the  many rate processes involved i n  t h e  k i n e t i c s  of 
polyatomic molecules. 

Ames Research Center 
National Aeronautics and Space Administration 

Moffett F ie ld ,  C a l i f . ,  Aug. 17, 1966 
129-01-03-01-21 
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APPENDIX A 

SELECTION OF CHEMICAL REXCTION RATES AND VIBRATIONAL RELAXATION TIMES 

Chemical Reaction Rates 

A t  t h e  present  t i m e ,  knowledge of t h e  chemical r eac t ion  rates behind 
shock waves i n  C02 i s  in su f f i c i en t  t o  descr ibe the  s ta te  of the  gas adequately 
If one assumes, as i n  t h i s  paper, t h a t  only CO2,  CO, C,  and 0 are present  
behind the  shock wave the re  would be  two chemical reac t ions ,  each having the  
p o s s i b i l i t y  of four  d i f f e ren t  c o l l i s i o n  par tners .  This would then e n t a i l  a 
knowledge of e igh t  d i f f e r e n t  r eac t ion  ra tes .  The e x i s t i n g  experimental da ta  
are summarized below. 

C02 r a t e s . - The d issoc ia t ion  rate of C02 has been s tudied by several 
inves t iga to r s .  Davies ( r e f .  11) studied the  d i s soc ia t ion  of C02 i n  an argon 
hea t  b a t h  behind shock waves by monitoring the  in f r a red  and u l t r a v i o l e t  ernis
s ion .  The in f r a red  measurements appear t o  give the  b e s t  r e s u l t s  and ind ica t e  
t h a t  t he  d issoc ia t ion  proceeds from higher v ib ra t iona l  states. The upper 
l i m i t  of t he  temperature range f o r  these da t a  i s  ll,OOOo K. 

Steinberg ( r e f .  12) a l so  monitored the  in f r a red  emission behind shock 
waves and determined the  d i s soc ia t ion  ra te .  H i s  measurements were a t  tempera
t u r e s  up t o  6,000~K i n  argon and ni t rogen heat  ba ths  and h i s  rates compare 
w e l l  wi th  those of Davies. He obtained an ac t iva t ion  energy s i m i l a r  t o  t h a t  
obtained by Davies, and again found t h a t  d i s soc ia t ion  proceeds from exci ted  
s t a t e s .  Brabbs, Belles,  and Z la t a r i ch  ( re f .  13) measured the  d i s soc ia t ion  
ra te  o f  C02 i n  an argon heat  b a t h  a t  temperatures around 2,700° K with r e s u l t s  
similar t o  those of Davies and Steinberg.  For the  ana lys i s  of t h i s  paper, the  
a n a l y t i c a l  expressions of Howe e t  a l .  ( ref .  1) w e r e  used. Howe's expressions 
give d issoc ia t ion  rates below those of Davies and Steinberg by a f a c t o r  of 5 
t o  10 a t  5,OOOO K and above the  experimental da t a  by  about a f a c t o r  of 2 a t  
10,OOOo K. They w e r e  used s ince they allow a convenient comparison of the  
r e s u l t s  of t h i s  paper with the  r e s u l t s  of Howe e t  a l .  

CO rates. - The only published work on d i s soc ia t ion  rates of CO appl icable  
t o  t h i s  work i s  t h a t  of Davies ( r e f .  14)  who monitored both  u l t r a v i o l e t  and 
in f r a red  emission behind shock waves i n  CO i n  an argon ba th .  The temperature 
range of the  experiments w a s  from 9,500' t o  12,000° K and the  da ta  w e r e  f i t t e d  
using an ac t iva t ion  energy considerably l e s s  than the  d issoc ia t ion  energy. 
However, t h e  magnitude of t h e  d issoc ia t ion  ra te  of CO has l i t t l e  e f f e c t  upon 
the  ana lys i s  presented i n  t h i s  paper. Therefore, t he  a n a l y t i c a l  expression of 
Howe e t  a l .  ( ref .  1)w a s  used. The following constants  f o r  the  two reac t ions  
w e r e  used i n  the  Arrhenius expression (eq.  (26))  f o r  t h e i r  reac t ion  r a t e s :  
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Bfr’ Efr’ Bcr J ECr I 
Reaction 

em3 9 r  k c a l  g m o l  acr k c a l  
g mol see OK qr g mol cm3 OK acr g mol 

1 6.955~10~~ O - 5 125.7497 O.50596~10~~-2.9713 138.7454 
2 7.7206~10~~ .5 256.1742 .3411y103 -.2366 257.4958 

_ _  

Vibra t iona l  Relaxation T i m e s  

Many inves t iga to r s  have measured t h e  v ib ra t iona l  re laxa t ion  times for 
C 0 2  a t  temperatures below 2000’ K. Since the re  i s  considerable disagreement 
i n  the  resul ts ,  a c r i t i c a l  evaluat ion i s  necessary t o  s e l e c t  the most reason
able  d a t a  and t o  subs t an t i a t e  t h e i r  ex t rapola t ion  t o  t h e  temperature range of 
t h i s  study. 

When only the  experiments made i n  shock tubes a re  considered, a l l  are 
character ized by measurements of some time-dependent gas-dynamic var iable ,  
u sua l ly  densi ty ,  and the  da ta  are reduced by in fe r r ing  t h a t  the  re laxa t ion  
t i m e  must be t h a t  giving the  observed p r o f i l e .  These measurements, i n  general, 
give only a gross  r e l axa t ion  t i m e ;  t he  most important r e s u l t s  are the  tempera
ture dependence of t he  rates and the  e f f e c t  of impurities, mainly, water vapor. 
Smiley and Winkler ( r e f .  l5), G r i f f i t h ,  Brickl ,  and Blackman ( r e f .  16) and 
Daen and de Boer ( r e f .  17) found t h a t  the  logarithm of t he  r e l axa t ion  time, 
r e fe r r ed  t o  one atmosphere pressure,  was proport ional  t o  T - l l 3  which agrees 
with t h e o r e t i c a l  p red ic t ions .  There i s  about an order  of magnitude difference 
between t h e  above resul ts ,  bu t  Daen and de Boer, using c a r e f u l l y  dr ied  C 0 2 ,  
have shown t h a t  most of t he  disagreement can be resolved by allowing f o r  the  
amount of w a t e r  vapor i n  t h e  t e s t  gas .  

Since COz has four  normal modes, it i s  important t o  know if a l l  of t he  
modes have the  same re l axa t ion  t i m e .  G r i f f i t h ,  Brickl ,  and Blackman ( r e f .  16) 
observed t h a t  t h e  apparent downstream equi l ibr ium dens i ty  was lower than 
expected. This could be explained by the  assumption t h a t  t he  s t r e t ch ing  modes 
had not ye t  reached equilibrium, thus ind ica t ing  t h e  p o s s i b i l i t y  of separate  
r e l axa t ion  times f o r  each mode. I n  a la ter  note, Greenspan and Blackman 
( r e f .  18) pointed ou t  evidence f o r  three separate  r e l axa t ion  t imes.  Witteman, 
i n  an a n a l y t i c a l  study ( r e f .  l9), found two d i f f e r e n t  re laxa t ion  t i m e s  f o r  t he  
d i r e c t  exc i t a t ion  of the  bending mode and t h e  symmetric s t r e t ch ing  mode, the  
t i m e  of the  l a t t e r  mode being one order  of magnitude g rea t e r  than t h e  former. 

Based on an evaluat ion of t h e  above experiments and a n a l y t i c a l  s tud ies ,  
r e l axa t ion  t i m e s  a t  T = 1000° K w e r e  taken as r1= r4= 107, and r12= r2 
with t h e  t r a n s i t i o n  p robab i l i t y  P1*O t h e  same f o r  a l l  modes. The da ta  of 
references 15 and 16 w e r e  used t o  determine the  t r a n s i t i o n  p r o b a b i l i t i e s  and 
yielded the  following expressions for v ib ra t iona l  r e l axa t ion  t i m e s :  
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. . ... 

with 

K1 = K4 = 2.a(10-7 sec a t m  

K2 = K3 = 2.a(10d8 sec a t m  

The experimental da t a  were obtained t o  2000' K and conta in  a spread of about a 
f a c t o r  of 2. The ex t rapola t ion  of t h e  da t a  t o  higher temperatures i s  based on 
t h e  Landau-Teller theory.  Since the  v a l i d i t y  of t h i s  theory a t  high tempera
t u r e s  i s  questionable,  one cannot expect t h e  resul ts  t o  be accurate  t o  more 
than an order of magnitude. 
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APPENDIX B 

VIBRATION AND DISSOCIATION COUPLING MODELS 

The f i rs t  model f o r  vibrat ion-dissociat ion coupling implies t h a t  the  
v ib ra t iona l  energy of each mode of a molecule i s  l imi ted  t o  D / 4  independent 
of the  t o t a l  v ib ra t iona l  energy of t he  molecule. This requires  t h a t  each Vm 
be smaller than a nuniber V,. Because of the f i n i t e  quanta of v ibra t iona l  
energy, t h i s  pos tu la te  cannot be complied with exactly,  bu t  one must make an 
approximation i n  the form Vm 5 D/('-t@m). This gives t h e  numbers: V 1  = 8,
v2 = v3 = 18, v, = 4. 

With the  probabi l i ty  t h a t  t h e  molecule has t h e  v ib ra t iona l  energy em 
( r e f .  20) proport ional  t o  

we obtain for the  v ib ra t iona l  energy i n  mode m 

em = e m  e - - 1 
Tm 

and for the  average v ib ra t iona l  energy l o s t  by d issoc ia t ion :  

-vmem/T' 
e mVmem 

L 
vm=o 

w i t h  

The l imi t ing  value of t he  v ib ra t iona l  energy e f o r  high temperatures follows 
from equation (B2) and i s  approximately: 
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The exponent ia l  f a c t o r  i n  t h e  forward r eac t ion  rate, equation (28 ) ,  becomes: 

-Ef/RT -D/RT 0 vm=O 
e = e  

Vm 

The product on the  r i g h t  s ide  o f  equation (B6) accounts f o r  v ibra t ion-
d i s soc ia t ion  coupling. For f rozen v ibra t ions  (Tm + 0 ) ,  T& + 0 which r e s u l t s  
i n  the  e f f e c t i v e  ac t iva t ion  energy Ef equal  t o  t h e  d i s soc ia t ion  energy D. 
This r e s u l t  i s  expected, s ince d i s soc ia t ion  i s  then proceeding f rom t h e  ground 
state of v ibra t ion .  The o the r  l i m i t  of v i b r a t i o n a l  equi l ibr ium (Tm = T)  gives 
TA + and a product t e r m  of equation (B6) g rea t e r  than 1. This means t h a t  
t h e  e f f e c t i v e  a c t i v a t i o n  energy Ef must be smaller than the  d issoc ia t ion  
energy D. I n  t h e  general  case of v i b r a t i o n a l  r e l axa t ion  (0 < Tm < T ) ,  Ef 
i s  somewhere between these  l imi t ing  values.  The mathematical formulation of 
t h e  second model f o r  v ibra t ion-d issoc ia t ion  coupling takes  i n t o  account the  
pos tu l a t e  t h a t  t he  t o t a l  v i b r a t i o n a l  energy of a molecule i s  r e s t r i c t e d  t o  the  
d i s soc ia t ion  energy. Since f o r  t h e  bending mode a l l  func t ions  can be wr i t t en  
a s  f inc t ions  o f  v2 + v3, the  summations can be reduced t o  t r i p l e  sums. For 
s impl ic i ty ,  the  new var iab le  v2 + v3 i s  w r i t t e n  as v2. With the  upper limits 
of t he  summation a s  

5v4 = fie, -

one obta ins  f o r  t he  v ib ra t iona l  energy i n  mode m 
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The average v i b r a t i o n a l  energy is ,  respect ively,  

It must be pointed out  t h a t  t he  v ib ra t iona l  energies  now depend upon the 
temperature of a l l  t h ree  d i f f e r e n t  modes. The l imi t ing  value of 8, f o r  high 
temperatures can be ca l cu la t ed  by Di r i ch le t s '  i n t e g r a l :  

The exponent ia l  f a c t o r  i n  the  forward r eac t ion - ra t e  coe f f i c i en t  (eq .  (26))
f o r  t h i s  model i s  



-- 

I1 I 

For small changes of the  v i b r a t i o n a l  energy t h e  assoc ia ted  temperature 
changes can be ca lcu la ted  by solving a system of l i n e a r  equations: 

f rom equation (B10). The v i b r a t i o n a l  energies  em are shown_-
as funct ions o f  t h e  v ib ra t iona l  temperatures Tm i n  f i g u r e  6. 

5 0 x 0 ~  __-_- -
Total vibrotionol energy 

-Model I ,  e,<D/4 

Model II, ze,<D 

Tempemture, OK 


Figure 6. - Vibra t iona l  ene rg ie s  of C02. 




APPENDIX C 

EFFEXT O F  VIBRATIONAL EXCITATION ON THE FLOW-FIELD VARIABUS 

IMMEDIAmLY BEHIND STRONG SHOCK WAVES I N  C02 

I n  C02 t h e  f low-field quan t i t i e s  behind a shock wave depend much more on 
the  amount of v ib ra t iona l  exc i t a t ion  than they do i n  air ,  s ince there  are 
three d i f f e ren t  v ib ra t iona l  modes. 

The purpose of t h e  following discussion i s  t o  show the  values o f  the  
f low-field quan t i t i e s  of temperature, pressure,  veloci ty ,  and densi ty  behind 
the  shock f r o n t  (x = 0) f o r  t h e  two l imi t ing  cases of f rozen vibrat ions 
(frozen flow) and of v ib ra t iona l  exc i ta t ion  t o  the  f u l l  c l a s s i c a l  value 
(equilibrium f l o w )  . 

For high Mach numbers (M, + a), equation (12) y ie lds :  

P=y+1 
c) r - 1  

If f degrees of  freedom a re  exci ted t o  the c l a s s i c a l  value at the  
beginning of t he  re laxa t ion  region, one obtains  

f c 2
Y = f 

and 

P- = f + l  
P, 

The degrees of freedom are counted as f o l l o w s :  t rans la t ion ,  3; ro t a t ion  
( l i n e a r  molecules), 2; and v ibra t ion ;  2 per  mode. This gives 

Frozen vibrat ions 

PSY ' 7 '2 - = 0  , Vibrat ional  equilibrium, 
P, diatomic molecule s 

PSxi -= 14 , Vibrat ional  equilibrium, C 0 2  
Y = 1 3 ~  PW 

The s t rong shock approximations f o r  t h e  r a t i o s  of t he  f low-field quan t i t i e s  
f o r  v ibra t ions  frozen or i n  equilibrium f o r  COz with four  v ib ra t iona l  modes 
( the  values f o r  a diatomic molecule a re  given i n  brackets  f o r  comparison) give: 



- -  Pe f e  + 1 

Pf 

-
f f  + i = 2.3 , Ll.3 f o r  diatomic gases]  


Behind the  nonequilibrium re l axa t ion  zone, when t h e  d i s soc ia t ion  of C02 
complete, the f low-field q u a n t i t i e s  a re  t h e  same for f rozen and equi l ibr ium 
vibra t ions ,  although the  temperature and f l o w  v e l o c i t i e s  a t  t h e  beginning of 
t h e  r e l axa t ion  zone a re  more than twice as high f o r  f rozen  flow than f o r  
equi l ibr ium f l o w .  

It should be pointed out t h a t  f o r  t r a n s l a t i o n a l  temperatures higher than 
about 16,000~K the  assumption of v i b r a t i o n a l  equi l ibr ium i s  no longer j u s t i 
f i e d ,  s ince the  v i b r a t i o n a l  energy would be g r e a t e r  than the  d i s soc ia t ion  
energy of  CO2. 
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