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FOREWORD

This document represents the final technical
report on Contract NASw-1309 entitled 'Periodic
Solutions for the Restricted Three-Body Problem of
Celestial Mechanics." Dr. Paolo Lanzano has been
the principal investigator. This report consists
of two sections, corresponding to the two tasks of
sald contract.

Two technical papers have stemmed from this
investigation. Both papers have been authored by
the principal investigator and will shortly appear
in Icarus--International Journal of the Solar
System. One paper is entitled "Contributions to
the Elliptic Restricted Three-Body Problem,' the

other paper is entitled "Stability of a Class of

Periodic Orbits in the Restricted Three-Body Problem."
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SUMMARY

Ceftain basic questions pertaining to the Restricted
Three-Body Problem of Celestial Mechanics have been considered,
advancing the knowledge in the fileld.

The first section of the report deals with a number of
intrinsic properties for the circular problem. It has been
possible to, express the curvature of the generic orbit in
terms of the velocity field and the angle that the orbit makes
with the zero-velocity curves, obtainable from the Jacobi
integral. An application of this intrinsic representation
has been given for a periodic orbit, whereby the period of
the orbit can be expressed as a double integral extended to
the area bounded by the closed curve. Also, the existence
of periodic orbits, which can be considered as an infinitesi-
mal isoenergetic displacement of a given periodic orbit, has
been proved by ascertaining periodic solutions to a Mathieu
equation.

The second section of the report deals with a series
representation of periodic solutions about a Lagrangian Tri-
angular point. Two families of periodic solutions were
obtained. The synodic coordinates of the orbits have been

expressed as trigonometric series of time, the coefficients

of the various harmonics depending on a real parameter re-

lated to the initial conditions.
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INTRINSIC PROPERTIES OF PERIODIC SOLUTIONS FOR

THE CIRCULAR PROBLEM

This section deals with the second task of the contract.
The object has been to study intrinslc properties of perilodic
solutions and of the assoclated zero-veloclty contours, ob-
tainable from the Jacobi integral. By intrinsic properties,
we mean those properties which do not depend on the choice of
the reference system, e.g., for a plane curve, the concept of
curvature is an intrinsic one, because one would obtain the
same lnvariant quantity assoclated with a given poiné of the
curve, independently of the chosen reference.

We feel that the obJjectives of this task have been
achieved, within the context of the proposed research program.
This report will contain only a short description of the results.
A paper furnishing more details on this study and which has
been entitled "Stability of a Class of Periodic Orbits in the
Restricted Three-Body Problem" has been accepted for publica-
tion in Icarus.

After a short introduction, descrlibing the equations of
motion and setting forth certain definitions and notations

required in the sequel, we plan to discuss:

(a) an analytic representation of the zero-

velocity contours,



(b) an intrinsic representation of general orbilts
which gives rise to an integral application
for periodic orbits,

(¢) the existence of periodic, infinitesimal dis-

placements from a given periodic orbit.

We feel that the last mentioned subject is a very prom-
ising one and that it should be investigated more deeply 1in

connection with a study on stablility of orblts.




Introduction

We consider the circular case of the Restricted Three-
Body problem and we 1limit ourselves to the planar motion. 1In
other words, we study the motion of the third body Fg‘, of
infinitesimal mass, in the plane defined by the circular orbits
of the two massive bodies Pl) F; about the centroid O of the
system. In the usual synodic reference <'O} X, 1)7 rotating
uniformly about the centroid, the equatlions of motion for the

third body take the form

. . (1)
y+2x = U1

Dots, as usual, denote derivatives with respect to time and
letters, used as subscripts, represent partial derivatives

with respect to those variables. Here we have

U(g)= & () + ZZ,N”’”) )

2
=5 4 Ml )ik

d
(j=12)



Ky M, belng the masses of the primarles with

}*|+}*2..=l

and L;,'t, are the distances of P3 from ﬁ and Pz respec-

tively. The relationship between them 1s as follows

|

nk = |-an cos B+ nf (3)

where 9 is the angle measured from the positive direction of
the synodic x-axis to the line joining R with Fg. let us
recall that the coordinates of I ) F, are <—- }4»2,0) and

(Hq) O), respectively so that
distance <_ﬁ BL) = | .

Multiplying the first of equations (1) by X, the second

equation by ﬁ and adding, we obtain
KR+ = K U+ g U
which yields the first integral of motion
V2 = Xz+<1z= ZU(X;‘1)" constant (1)

This energy integral, known as the Jacobi integral, relates the
magnitude of the synodic veloclty vector with the position co-

ordinates of the third body.




Analytic representation of the zero-veloclty curves

The zero-velocity curves can be obtained from formula (4)
by letting 'V:: 0. In other words, they constitute the locus
of the positions that the third body can reach, in the synodic
plane, with zero-velocity. Using (2) and (4), their equation
can be written as follows

2

B (e 2) =T 5

W | ?i
where «T, the so-called Jacobi constant, results from the
agglomeration of the two constant terms, appearing in the
previous formulae.

The geometry of this family of curves varies according
to the value of the Jacobl constant. For large values of J}
the locus consists of three closed curves: two separate oval-
shaped curves, each surrounding one of the primaries, and an
almost-circular curve, the so-called curtain, surrounding both
ovals. Since for the motion of the third body it must be VZ&C%
it is easily seen that the allowable region of motion for the
third body is within each oval and in the domain exterior to
the curtain.

With diminishing values of 3} the curtain shrinks in
size whereas the two ovals become increasingly elongated toward
each other, along the x-axis of the synodic reference, until
for a critical value of J} depending on the mass ratio of the

primaries, both ovals will develop a common point (on the x-axis



between the primaries) which is a singular point for the re-
sulting curve. There are now only two components of the locus.
For smaller values of J} the two ovals coalesce giving rise
to the so-called envelope; this looks like a dumbbell shaped
curve, increasing in size with decreasing values of J  but
still separate from the curtain.

Two other singular points develop at consecutive stages
on the x-axis, one on each side of the primaries, whereby con-
tact will occur between envelope and curtain. Subsequently,
the envelope of the primaries will coalesce with the curtain,
consecutively on each side; thus, we see that the number of
components goes from two to one and then back to two. Eventu-
ally the latter two components shrink in size to the lagranglan
points. For values of J smaller than this limiting value no
real point can exist on the locus.

We plan to obtaln a suitable analytic representation for
some components of these zero-velocity curves. For this pur-
pose, let us consider the expansion of 1/12_ in powers of 1,)

by means of legendre polynomials. From (3) we shall write

2 - V2.
L = (1-27cos 6 +7})

{1

oi:,‘}- ("L,)i PJ (cose).




Upon substituting this series expansion within (5) and per-
forming appropriate simplifications, we get
! (e w3
T, = o | + — + K I ) I
2K
. (6)
> $+! p
+ ey (u) Pi(x)

Here we have set

7 2
)*=—,%' ) O(:Cose} Ry = Ry
! J-3 Ka

Since the fundamental series expansion we have used is con-
vergent, and therefore valid, only when T,<:l y 1t is to be
understood that only certain portions of the curve can thus
be represented. Also, both W and ", shall be considered
small parameters, which means not only that the ratio of the
primary masses must be small but also that certain values of
the Jacobil constant might have to be excluded.

We propose to find a solution for (6) of the following

form
v, = 'zo{l+ ’lf[?i Aj (=) 2]

which is an infinite series in 't, and where the coefficients
Al, to be determined, are functions of . One finds at

once

Ao(o() = ,’—Z-IF| + Iu- PZ (0()



whereas, the remalining unknown functions will be obtained
by equating coefficlents of equal powers of‘zo,appearing

in the left and right-hand sides of the following formula
oo 3
o | 3 &
zo:i Aj (=) = fe(x) [|+*co Zok Ay (%) ng ]
oo ' oo ‘. j-H
+PZJ.Pi(oc)qj”[wzf,‘;‘!\*(u)zo 1
3

ILet us introduce the following notation

(T~ ) e B AR

whereby A(:)’ represents the coefflclient of the n-~th power
of Mo 1in the expansion of the k-th power (in the sense
of Cauchy) of the original series. It is easy to realize
that Aﬁ) is a polynomial in the A’i S with | < M.
Making use of this notation, we have been able to

establish the following general recurrent relationship

n

A=A, (3AY +34A% + A® )
(7)

+ mq B t -; [Z Hl) A(:zu -2)- 3&1 '




Here both the P’S and A’s

are functions of o(, and the

last summation extends to that value of &. satisfying, for

given m and j, whichever of the two inequalities

‘fisjﬂ

;5 m—=(j2) -3k =0

The other symbol in the above formula is a bi-
nomial coefficient.

occurs first.

Using (7), it is easy to express the first few coefficients

of the series expansion. We list them here:

Ap=pfy A, = n Fy

Ay = 3 A& + o Ps

Ay= (R +7A0P3)

As = ,L(P7+8A,,R,+L+;~P:)

Aoz 1282 +p (R+AR T axRR)
Ap= [ Py + 0P +usAZR

+5pk (RE+2h Ps)]




AS = ,“-[Plo T 1l Ao (P‘[""S'HP;)

+55 AR + Ik (RR +F4P5)] :

It is understood that in the above formulae both Ao and the

Fa's (Legendre polynomials) are functions of . We have
thus achleved an explicit polar representation of the zero-
velocity curves. The convergence of this series expansion
depends primarily on the magnitude of M and ",.

For recent works pertaining to the zero-velocity curves,
mention should be made to Kopal (1959) and Lanzano (1960).
Kopal deals with these curves in discussing the Roche limit
of close binary systems. This lnvestigator's interest in these
families of curves has been from the point of view of guldance

of space vehicles along collision orbits.

10




Intrinsic representation of orbits

We plan to exhibit a characterization of the generic orbit
of the circular, restricted problem which is independent of the
particular coordinate system employed. In geometric parlance,
this is referred to as an intrinsic representation of a curve.
For this onurpose, we begin by eliminating the time variable
and by reducing the two equations of motion, which contain
derivatives with respect to time, into a single differential
equation relating the unknown function 1(x) and its deriva-
tives 1,(X) ) ‘1"(x) with respect to X. During this process
we must also fix a value for the Jacobi constant: This 1so-
energetic reduction limits the number of parameters upon which
the totality of orbits in consideration depends. 1In other
words, we shall consider orbits corresponding to the same
value of the energy constant. As a further step, we shall
identify the intrinsic character of the various terms appear-
ing in the resulting differential equation.

We denote by primes the derivatives with respect to X.

From (1) we have
. e o e . . .2 .
x\1—\1x-_—_xU"—\1Ux—-z(X+‘1")

and from (4), since \1’:: ‘1 /[ X we get

e (f) = 20-7

11



Consequently, we can write

g1 >"‘1*:‘.1

I

= 5 (V- uey) = 2 [ (y)7]

Upon elimination of X through previous formulae and after

simplification we get
t1” B 2, . U\( — UK 41!
[+ ()™ (20-3)%  (20-7)[1+ (Y]] "

The expression appearing in the left side in the previous

formula is the curvature of the orbit. Let us recall, for
future reference, that the curvature of a plane curve 1is

defined as

3

I

dp/ds

where {3 is the angle that the tangent line to the curve makes
with any fixed line in the plane of the curve and S 1s the

arclength. Since this fixed line can coincide with a tangent
to another point on the curve, the intrinsic character of this

concept is therefore evident.

12




.

Using the fact that

(2= () =

we have

[l+(\1l)z]-l& = %’is = cos{%

Therefore, the previous relationship can be written as folloWs

{: - %/— T _\1/~2'(U~1C05[3—Ux Sl'n(%> (8)

This 1s the sought intrinsic representation of the general

orbit. Clearly, the last term in (8) can be written by means

(U;‘+U§>VL

and of the angle Y between the tangent to the orbit and the

of the gradient

normal to the zero-velocity curves

U (x,\f) = constant.

13



A simple calculation will show that
I/z‘
2 l 2 2 .
£=~——\7~+ -—V—i UX+O‘1 Sl"’\.r.
Another way of modifying the representation (8) is as
y 2
follows: differentiating V' = 2U=7T with respect to s,
we easily get

V g’r\-s/a = (U:+U.;')l/2'<'.osr

which can be used to obtain

g_ — — Eé_ + _L. filﬁ. 1:anx r’ .

\Y V ds
Here the curvature of the orbit is expressed in terms of the
velocity, the tangential acceleration Vd.V/dS and the angle
with the zero-velocity curves. Let us remark, at this point,
that these curves stem from the very nature of the problem
and ought to be considered intrinsically related to it.

We shall make use of the prevliously obtained intrinsic
representation to investigate a property of periodic orbits.
This is an integral property and will imply the application
of Gauss theorem pertaining to the equivalence between the
integral extended to the area bounded by saild curve.

et C be a periodic orbit, in the synodic plane, having
period U¥. Suppose, for sake of simplicity, that C 1is a1l
contained within the permissible domain of motion, without

any common boundary with the zero-velocity curve. Also, that

14




C has no double points (i.e. loops) so that, when described
counterclockwise, its tangent line sweeps through an angle of
27r radians. If we multiply (8) by V and integrate with

respect to t, between zero and T, we get

T T
! v i‘_‘:. dt = —27T + i—\‘,—(U.,COS[%— stin(i) dt.

The first integral is simply
p(t) — P (o)

which equals 2TV because of the conditions imposed on (:.
The integral which appears 1n the right-hand side can be
transformed into a line integral, with respect to the arc-
length, along the contour of (:3 its integrand can be easily

seen to be

LA
V& dq

where <1 is the exterior normal to the contour. On the other

hand, from

we have
y & L1
dq aLc1
therefore

15




Using Gauss theorem, we can transform the line lntegral into

a double integral, extended to the area bounded by the curve

C, of the function Az' (\% \/), where
2
NFE = F o+ Fy

i

is the laplace operator. If the functions in consideration
do not have any singularities in the domaln bounded by C,

then the period T of the orbit can be represented as follows

27T +21T = — I

where

T = ” 8 V(%545 T) dx dy

is a double integral extended to the area bounded by (:.

Certain modifications are required if the path of the
periodic orbits surrounds one or both of the massive bodies.
In fact, the function ()(X,1) becomes infinite at the posi-
tions occupied by these masses. The procedure 1is to describe
a circle of finite radius about each of these points and
consider the above integral in the region of regularity of
the function, finally to take the limit of the integral as
the radius of the circle approaches zero.

As a parenthetical remark, we wish to mention here that
the above procedure, which has led to an intrinsic property

for periodic solutions, is akin to the one employed 1n

16




differential geometry for establishing the well known Gauss-
Bonnet formula. In both cases, the use of Gauss integral
theorem 1s the key feature. We are dealing here wlth a sur-
face fs upon which a curvilinear coordinate system has been
established. Considering a closed curve ( on S, the funda-
mental quantities involved are the geodesic curvature 'ﬁz of
C and the Gaussian curvature K of the surface in the domain
bounded by C. The geodesic curvature of a curve, belonging
to a surface, is defined by means of the geodesics tangent to
its points in the same manner as the usual curvature is de-
fined for a plane curve by means of its tangent lines.

Using Liouville expression for the geodesic curvature,
see Struik (1950) pp. 154-156, the Gauss-Bonnet formula can

be written as follows

5{}45 = 2T - HKoLS
C S

where the dcouble integral is extended to that portion of the

surface S interior to the curve C .

17



Periodic displacement of a periodlc orbit

ILet us suppose we know a particular solution 7(‘!:), -".f (t)
of the restricted circular problem. Let us consider the

curve defined by
x(t) +e3) 5 §t)+2nlt)

where £ 1is a small parameter. In order that the latter
curve be a solution of the same system of equations (1),

with an error of the order higher than &€, 1t must be

§ -2

i

3 Uy (5:7) + 1 Uy (359)
(9)

I

" %) %))
n+273 b qu( ) + 1 U“ (%,9

where the second derivatives are evaluated along the given
periodic solution. To the same order of approximation, the
Jacobi integral gives rise to a first integral for the dif-

ferential system (9):

9% + ny = ? UK(X,7)+1\U‘1(X,‘1).(10)
Since no arbitrary constant appears in (10), it means that
the original value of the Jacobi constant has not been modi-
fied by any infinitesimal amount. A solution of (9) satisfy-

ing (10) is called an isoenergetic infinitesimal displacement

of the original solution.

18




There exists a one-to-one correspondence between points
of the original orbit and its infinitesimal displacement,
corresponding points (f’, F“) belonging to the same value
of £. It is convenient to refer the point IDI to the in-
trinsic reference constituted by the tangent and normal to
the periodic plane curve at the corresponding point P. Let
(P)ﬂ) denote the coordinates of P, in this reference frame,

It is the purpose of this study to investigate under
which circumstances the infinitesimal displacement (\7'+ 8.75
q + 51\) is also a periodic solution. Since both X (t)
and ‘i(t) are perlodic functions, the crux of the matter
conslists in finding periodic solutions for the differential
system (9) which has periodic coefficients. The transforma-
tion of (9) into a differential system pertaining to ( P)ﬂ)'
can be achieved by simple operations of elimination and
differentiation, see e.g. Smart (1953) and Lanzano (1961).

The new system can be written
q + RlY)q=0
d(j;>= 1 P
2V V
where

P(t)

il

L+ L (- %)

19



It is to be understood that the velocity'\/) given by the
Jacobl integral, and all other quantities involved, have been
evaluated along the given periodic solution.

Q(‘L‘) 1s a periodic function and, in most instances, can

be expressed as a trigonometric series

QL) = Q. -2 2y Q, cos(2ht)

where the coefficients Q‘. ('k': 0,',---) initiate with terms
in the k-th power of a small parameter. Neglecting all the
coefficients but Qo and Ql) we are therefore led to seeking

periodic solutions for the Mathieu equation
ﬁ + [Qo -2 @, cos(zt)] 1 = O . (11)

In other words, we must study how to represent a periodic
solution of (11) and at the same time determine the relation-
ship that must hold between the two constants Qo, Q‘ for
the existence of a periodic solution. This relationship will
represent an intrinsic characteristic of the original periodic
orbit.

The general solution of (11) depends upon two parameters

(Co} 5) and can be written as follows

9 (f:; Co, S') =
F, C(q) cos[ceraye -]

(12)

20




The coefficients C:i of this trigonometric series are infinite
power series 1in QI' C is a constant to be determined; obviously,
for a periodic solution, € must be a rational number, not nec-
essarily an integer.

We consider Ql to be a small parameter; we shall also
change the order of the various terms within (12) and rearrange
it from a trigonometric series into a power series in Q‘ .

This latter form will be used to ascertain the coefficients
appearing in (12). Let us remark, at this stage, that when

Q' = O, a particular solution of (11) is given by

cos (\[@t)

so that Qo = ¢°. This suggests that, when Q|=/=O 5 one
should consider a solution of equation (11) of the following

form

[

2 13
ﬂ(.t)' 1,0) cos (ct) +zz:i Q, E.‘ (t)

(13)

Qo:—:‘ Cz+§;{ Qlk Fk

)
Here the E:l § are functions of time and willl be ascertained
)
in the sequel; the F‘_S are constants which depend on the
parameter ¢. Upon replacing the two series expansions (13)

within the Mathieu equation (11), we obtain

21



( él + e+ El = Cos[(c—z)t] -+ C.os[(c-;—z)t]
- F cos(ct) ()

4 .E.Q + c* Eﬁ = 2 E‘_l Cos(z_t) - Fﬁ c:os(c:t)

4
-2 FiBey o (R=2m)

This system of linear differential equations allows the re-

cursive determination of the various functions ff&.(t) in
terms of the ‘E.L‘S with " =1|..., &-2, k-1. The Fi's

can be determined by imposing the periodicity condition, i.e.,
that no secular terms shall appear in the solution of (14).

It 1s easy to realize that this can be achieved by equating

to zero the coefficient of ¢C0OS (Ct), after having substituted
the lower order approximations within the right-hand side of
(14).

It can be seen at once that E, (t') consists of terms

cos [(C tz)t]

and that FI = O. Proceeding recursively, we find that Ek('b)

in

contains terms in

cos ( ¢ * 2’()'t.]

22




with L = £/ ‘&—2) ‘w‘l).-- . Only when ‘ﬁ_ is even can we get

a term in cos(ct), so that, in this case, it will be Fy 3 0.

On the other hand, if R 1is an odd number, then Fy =o0.
Because of this remark, equation (14) can be rewritten

as follows:

Ek + G Ep = QEﬁ_, C'.os(.'zt)—f'_"~ cos (ct)
~F, Ei_,,"Ftr E{_q_... ; (ﬁ:zlg)...>

whence we see that, when {,13 even, F‘ is equal to the sum

of the two coefficients of
cos[(c '-tz)t]

appearing in E R-) -

Since a particular solution of the differential equation

;i +c.7‘\1 = A cos [CC-FZ&)t]

\,[: B(C_)ﬁ) coS [(C-I-th)t]

where

— A —
4k (ctk)

) (15)

B(c; %) = —

23



then one can see that the coefficient of
cos [(C +2,£) t—]

in E k(t) is given by

7@\_ ~1 et Mew)

1Y g (c+n) - 2“(&!)P(c.+£+|)

where F(X) is the gamma function. Another remark that
can be made by considering formula (15) is that if we change
‘k into —A in the original differential equation, the co-
efficient of its particular solution becomes B (—Cj {> .
It is easy to realize that the CL'S are power seriles

13
in Q' starting with Q‘ . We give below the leading terms:

C _ _ @, _ +4ec +1 Qs
C. Y (et 128 (c+1P (c+2) (c=1)

_ cf+5c"+8c% 4834 47c¥ -3¢ + 232 Qo
I

3012 (¢+1)% (e-1)* (c+2) (e +3) (c-2)

Cy _ Q-
Co 32 (c+1)(c+2)
ct+5¢C + 10 ‘*
l -t- PR

768 (c+1)? (e—1) (c+2)(c+3)

24




Cs QF
Co 384 (c+1) (c+2) (c+3)

_ *+6c+13 Qs ...
8192 (c+1)® (c=1) (ct2) (c+3) (c+4)

*
Co 22 (A1) T (ct+h+1)
the powers of Ql decrease by two units.
Also,
z kA
q = %y @, 5¢*+7 Ql‘l
(=) (P (S-)
(16)
qc* + 58 c+ 29 Q,é-t—-

G4 () (@) (@)

This is the sought relationship between Qo y Ql for periodic

solutions.

25



If Q' is given and € has an assigned value (not an integer),
then the corresponding Qo is easlly obtainable. On the other
hand, should Qo and Ql be the known quantities and C the
number to be determined, then, no doubt, (16) is not very
convenient for that purpose.

To obtain a more suitable formula that yields the value
of € 1in an explicit fashion, we must have recourse to the
Floquet theory pertaining to differential equations with peri-
odic coefficients. The property to be exploited is the
following: 1let cl(t)' ], Qn) be that particular solution

of (11) with initial conditions

ﬂ(o') Q’)Ql>
‘.](03 QO/Q|>

il

i
O

then, it is known, see e.g., Flugge (1956) p. 208 and Meixner
(1954) p. 103 that

cos (mwe) = q(Tl‘; Qo,Q,> .

On considering the expansion

1t 6, 0) = 24 €, (¢

26




as a power series of (2’ and replacing it within (11) we

realize that we have

q, + Q,9,=0

so that

9, (£ @)= cos (Vg, t)

and
o = ; : O) = O .
9, (°) L) Cfo(

The higher-order approximations satisfy the system
3 +Q9q, = 2 cos (2t)
Tty T4,

for R = [2,..., with initial conditions

90 = g,(e) =0,

It is easily seen that the first-order approximation is

9,t) = -4 Q‘__‘ cos(Vq, t)

cos[(\f@, +z)t] +—‘LF \f@l; = Cos[{\f@:—z)t]

l

- L
/g, +!

and this shows that

ﬂ'(T(') = 0.
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The second-order approximation is of the form

2 .
q,(8) = 20 By cos [(1Q, +2})t]

t Sin. \)—(\_?;t
+‘+m (Qo'—l) ( )

2
with §’ BZJ == O) consequently one gets
. T sin (TF Wo>
qZCrr) =

Ll'\}—é: (Qo—l>

Also, by straightforward calculations, one can find

ﬂ3 (T[') = 0

and

15 Qol -32 @, + 8 . .
(T\") — 0 T SIn ('IT U,—é_z:
T ot (€-1) (9-%) @, Ve, )
_ T COS(TI' Wo)
32 Qo (Qo"[>z

The general trend of these approximations, however, has not

been investigated. These results give an explicilt repre-

sentation for c¢co0S (TTC) .
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PERIODIC SOLUTIONS ABOUT A

LAGRANGIAN POINT

The purpose of this task has been to ascertain certain
properties of the periodic solutions about the Lagranglan
points in the circular, restricted three-body problem. This
task 1s meant to generalize certain results obtained by this
author in an earller investigation and which have appeared in
a recent publication, see Lanzano (1965). The results of this
generalization will be summarized in what follows.

It is interesting to announce that the procedure in ques-
tion has lent itself to an application to a more complicated
case of the restricted problem, i.e. the elliptic case. This
1s the case when the two massive bodles describe elliptic
orbits about thelr common centroid. The results pertaining
to the elliptic case constitute the material for the paper
"Contributions to the Elliptic Restricted Three-Body Problem"

which has been accepted for publication in Icarus (International

Journal of the Solar System).

We shall describe, therefore, only the results concerning

the cilrcular problem which are not covered in the aforementioned

paper. For obvious reasons, we have been compelled, in describ-

ing this task, to use a notation different from the one employed

in the other task.
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Canonical transformation

Consider the coordinate system (l_q} %L?12> having the
Lagrangian triangular point as its origin and 1ts axes %', %z
parallel to the synodic axes. If we designate by Y, ,\1% the
two momenta, the Hamlltonlan form of the equations of motion
for the third body can be written, using matrix notation, as

follows:

(17)

Here

1= cob (1)
l—--lt1 = col ( (aH/@‘{J)

are column vectors. The Hamlltonlan 1is an infinite double

series in the jj)s

HUg) = & (mm-3) + g (G+H1) +4,4,

(18)

- 11‘1% +’{g‘ ﬁ,z t Y‘Mz_” %‘1;‘ - H*(‘h,“l,_)

where

Y = %)"3— (:“l"/*l)
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and the infinlte series }ﬂ*} representing the contribution

due to third and higher order terms, has been obtained by
expressing the spherical harmonics as homogeneous polynomials
of the cartesian coordinates. ¢ is a (L+XJ+> skew symmetric
matrix, characteristic of Hamiltonian systems,‘which can be

represented as follows

o I

J -T O

i}

where O and L stand for the zero and unit matrices of
size (ZX-?.).

The first fundamental problem which had to be solved
consisted in determining a nonsingular (Qﬁ(%) matrix Cj

with constant elements, such that the llnear transformation
1 = C: #

would achieve the objectives of: (a) preserving the Hamil-
tonian form of the differential system (17), and (b) reduc-
ing its linear terms to dlagonal form.

The first condition requires that (: be a symplectic

matrix, 1.e. that
T
¢c T C =17

where the upper T~ is used to denote the transpose of a

matrix.
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The second requirement 1is equivalent to
C-l B C = dldﬂc/\l)kl,ksikt{.)

where B stands for the matrix of the linear terms, in the
original system, obtainable from (18) by differentiation.
The previous matrix equation gives rise to the linear

systems

<B"M\I> Cy =0 <£=H°q> (19)

)
where the C& S are the column vectors of C. The elgen-
values A;j, which are the roots of the characteristic

equation
can be written as

2 AE = -1 % \[ETJ

with

§ = 1= 27 1 Ay

We consider only the case when the mass ratio of the primariles
is such that the eigenvalues are pure imaginary numbers. We

shall designate them as follows
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A =19 Ay =— A,
)L?__:_i& Ay=- Ag,

where i 1s the imaginary unlt and

El—<‘—2ﬂ:>‘&) ;

= 2

_ < 1+VE 5"1

2

are real quantities.

The solution of (19) can be written as

T
.Cl&=Y+2A£ ) cliz—%+/1g

Csh= T YA F AL 5 Cyh= S A+ A

for £== | to 4. However, these elements do not constitute
a symplectic matrix. Various matrix operations had to be
performed on (: to ultimately achieve a symplectic matrix
and still satisfy the diagonalization condition. It was
found that such symplectic matrix D can be written in terms

of the column vectors of C: as follows

DE('—C,;—;,—LCZJ- C, 62)

P
Pl=iglﬁ-( - W)
+ T

F&_::—'i Xé Ufg: <-

where

plo oo



are two scalars and the bar atop a quantity denotes its com-
plex conjugate.

To epitomize: The linear transformation
\1= Dz
takes the original differential system (17) into

z2 = J Hz (20)

and the quadratic terms of the Hamiltonian are

Hz =. A’l 2]23 + 1122’2‘4 . (21)
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Series solutions

We have obtalned solutions to the differential system

(20) in the form of infinite power series in two variables

Zj(u_)v>iz AJ’P' 1) (}:ltol{-). (22)

The summation for the indices P,‘1 extends to all positive

integers, including zero, with P+¢17/ [. W and v are two
complex variables which satisfy the auxlliary differential
system

w= W o<(uw> ; 'u--_—.-'v“ﬁ(u.v) (23)

where & and ﬁ are infinite power series in the product WV~
alone:

I

 (w) Xn (uv)™

‘37_ (uv)""

]

2
B (uv) 022_1.

In order to generate a consistent recurrent procedure,

appropriate conditions had to be imposed upon the proposed

series solutions (22). They are as follows:

(a) the series Z2,-W; Z3-V; Z, ; 2y begin with
quadratic terms in W,V
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(b) the series 2 ,-uw and 24—V do not contain
terms in Wy with P-9=! and p=-q=-1|
respectively.

In symbols

f,. Lo = A3;o)| =1 At;o,, = A‘s;l,o =0
A’z;l,o = Az',O,l = AL})I,O: A‘-lio)' = O (24)

Al;lﬂ,k = AB;ﬁ,{ﬂ:O? k>o.

Because of the auxiliary system (23) and of the normal-
ization of the quadratic terms expressed by (21), we are led

to consider the system of partial differential equations

Qz: 02,
W x (uv) ﬁ + v 3(uv) —(a—é (25)

_.)LJ Zj = G} (u.,v) ; (j=lt:‘+).

The GJ, S are infinite power series in \1’ ) ‘11 starting
with quadratic terms and depending on the derivatives of F{{
They can ultimately be expressed as infinite power series in
W, Vv by means of the canonical transformation \1'—'- Dz
and the trial series (22). We shall denote by Gi}} Prq
the numerical coefficient of lkP ,",1 in the series GJ (“,‘U‘>-
By equating the coefficients of similar powers of W, 4r

appearing in the left and right-hand side of (25), we have
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been able to ascertain in a unique fashion the coefficlents Ai3h1
of the trial series and also the dqq‘am_of the auxiliary
system. When j:l) P=l;‘1=0 and J=3,f>=0, ‘]:l

we have
O(O::A’l ) ﬁo:)vsz—-h«l

For P4—q 7>l, we get the system of linear equations

[(p-q) A= A ] Apipyg

N (26)
+ Z,m UP“'L) ot (q-) P’"-—J Ajbniqin = GJ’ P/
N) the upper limit of the summation, 1is the smaller of the
two integers F, 1. If either P or q is zero, the summa-
tion will not appear.

Under the assumptions expressed by the (24) and by

imposing as additional condition that the ratio Az' /Al
of the two eigenvalues is not an integer, we have shown
that formula (26) affords a recurrent determination of the
various coefficients in question. The crux of the matter
is that the series éaj (u,vj initiate with quadratic terms
and consequently it follows that ijp,a, with p+q=s,
depends only upon the Ab b:q with |>+<1 < S. In particular

we get

0(1 = Gl; {ﬂ,£ } {%"\: GE’)‘*)""'
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For a rigorous proof of this statement, one should see
Lanzano (1965).
Using the fact that the differential system is a

Hamiltonian one, we have also proved that

ﬁ(uv) = — o« (uv),

This means that, for the auxiliary system, the following

property holds

w(t) v(t) = Uove = constanl

hence we can choose solutions of the form

wW=u, exp (iout)

i"

aAr i Izo éiXF:(-—i O(‘t:>

where cxl is a real number. This ultimately guarantees the
existence of periodic solutions (in the synodic plane) with
period ZTT/d| and having real coefficients.

The first-order approximation of this series development
has been shown to be an ellipse having the Lagrangian point
as center of symmetry. All the relevant elements of the
ellipse have been determined in terms of initial conditilons,
eigenvalues and mass ratio of the primaries. It is interest-
ing to notice that the eccentricity depends only on the
eigenvalues. The inclination of the major axis of this

ellipse (on the ql—axis) depends on the inequality of the
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masses: 1f ,LI:>F1.the ma jor axils 1s located in the second
and fourth quadrants, if szj>fl|it is located in the first
and third quadrants. (Notice that the positive direction of
the synodic X -axis goes from M, to }42_) .

The second-order approximation 1is constituted by families
of oval shaped quartics.

ILet us finally emphasize here that by interchanging the
relative role played by the two eigenvalues ll and lkz in
the established procedure, we can reach the analytic repre-

sentation for a second family of periodic solutlons.
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Conclusions

Under the assumption that the smaller of the two masses
is less than 0.03852 of the total mass of the system, the
eigenvalues )tlsi X, ) >\2=i 2 are pure lmaginary numbers.
Furthermore, supposing ,Fll < l Xz_l, if the ratio Sz / Fl
is not an integer, the previous formulation has proved that
there are two familles of perilodic orblts about a triangular
point, which can be expressed analytically within the radius
of convergence of their series representation.

We have shown that the cartesian coordinates (1k ({:))

'& =='120 of the solutions can be expressed as trigonometric
series of time, the coefficients of the various harmonics
depending on a real parameter 'gz:: uoﬁk. The synodic period
of the orbits is given by T = 2_‘n’/o<,)where o, 1is an in-
finite series in ‘£2; whose leading terms are 8} and Sﬁ,
respectively, for the two families in question. The formula-
tion of this procedure is general and provides an algorithm
for any order of approximation.

Finally, we wish to point out that among the topics that
should be considered for a logical future investigation, we

shall mention:

(a) a detailed study of the algebraic curves re-
presenting the second and third-order approxi-

mations of these periodic orbits,
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(b) use of this analytic representation of periodic
orbits to study the asymptotic approach of

orbits to a lLagrangian point,

(¢) a stability study of orbits about a Lagrangian

point.
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