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ABSTRACT

Calculations of the ionization cross sections of
hydrogen and of hydrogenic positive ions are des-
cribed in which the inatjal state 1s either the
ground or the excited 25 state. The first procedures
used are the Born (11) and Born-exchange approxima-
tions. These results are compared with other theoret-
1cal calculaticens and with experimental data. It is
seen that for the case of onization of hydrogen from
its ground state, none of the theoretical results is
in good agreement with the experamental data. A
certain defect of the theory 1s then' corrected by
adepting a thard proceduxe for this case, in whach an
angle-dependent Coulemb potential a1s used in the
deseription of the final state of the e-~H ionizaticon
problem. It is then found that, despite the scunder
theoretical footing of this latter calculation, no
wmproved agreement with experaimental data is obtained
except in the near threshold reg:ion,

Convenient formulae are presented which represent the
best data for the ionizaticn cross sections and the
associrated reaction rates for the case of an inatial
Maxwellian distraibution of velotities.
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1, INTROBUCTION

Considerable interest attaches to an accurate
krowledge of ionization cross sections both 1n
“astrophysical work and in studies of laboratory
plasmas. In some cases experimental data are avarl-
able, in particular for the ionazation cross section
of atomic hydrogen from its ground state and for Het
from its ground state. Certain species of interest,
however, for example the highly ionized iron ions
such as Fe+lq, are not readily susceptible to experi-
mental investigatien, and this 1s true also of ioniza-
tion from excited states. Our wmain intersst lies
with the calculation of ionization cross sections in
these cases., In this paper however, we confine our
attention to ionization in the hydrogen i1soelectronic
sequence from the ground state and from the excited
25 state. The species considered are hydrogen, Het
and a fictatious hydrogenic zon with nuclear charge

Z = 128.

Three approximations have been considered. The fairst
of these, the Born (i) approximation, has been
previcusly used by Rudge and Séaton (1265) an the
calculation of the ionization cross section of atomic
hydrogen from i1ts ground state. The calculations
presented here.have extended the use of this approxi-
mation to ghe other cases, and since we repeat the
ground state hydrogen work also, we therefore have a
ready check on the accuracy of ouyr program. This
»rogram, writien to encompass calculations for an
arbitrary atom or won with the theory expressed 1in
terms of partial wave expansions, gives a’ typical
agreement with the results of Rudge and Seaton (1965}



of about 0.1%, the latter resulis having been obtarned
without regourse to such expansions. ¢ achieve thise
agouracy,. however, has involvad a vexy much greater
amount of computation than that undextaken by Burgess
and Rudge {1963} in theiz partial wave calgulations.
in pur second procedure, thevefors, the Born-gxchange
approximation, we have yvepeaisd the work of Burgess
and Rudge {1963) on ground state Het, cbtaining move
accurate reselis, and again extended the appiiééti&a
of “thid method” to the Sthed iohe, w8 first of all
compare the results of these two abproxsmations,

Boxn fii)} and Born-exchahge, with the Rorn {i}, Born-
Oppenkeimer and ‘close-coupling' results presented by
Burke and Taylor (1968). An indication of the rela-
tive merits of the various thsoretical procedures
may ba seen for the cases of the wonization of B ox
e* from their ground states where experimental data
arg avallable for comparison.

For the case of Be' the Horn-exchange calonlations
give excellent agreement with the sxperimental dati.

For the case of H, however, in neither the Borm-axchanga

approximation, in which simple fuactions are adopted
in both the initial and final states, nor in the
approximation of Burke and Taylor (18965}, in which an
improved initial stats wave funetion iz used, does
good agreement obtain. It 15 of interest therefore
to consider the effect of improving the description
of the final state, In all caleulations of ionizaw
tion oross sevtions hitherto, this has bsen incor~
rectly treated as regards the Coulomb potéfitials,

and might be expected to have a significant effect
on the cross section caleoulation. The thiwry showing

what asymptotic descraption of the final state should
pe employed b sonizing goilisions as been gaven by
feterkop (1952} and by mudge and Seaton {18651, W=
have therefore considered a thard approxamation
which 2 an sceord wath thas theory and wnvestigated
what effect thas has on the caloulation of the
yonlzation cross section for ground stats hydrogen.

. The.rasults of the ealcouplations are shown in tabular
and graphical foxm, and wa presant also sebs of :
coefficients which provide fits to the crogs sections
and@ to the assotiated reaction rates.



2. THEORY

The theory of ionizing ccllisions has been considered
by Peterkop (1961, 1962) and by Rudge and Seaton
(1965) . Here we summarize the arguments leading to
the cross section expressions we have used.

Cons:der the process in whaich an atom or ion, intaally
in & state specified by ¢(n,x}, 1s xonized by an
electron whose initial momentum 1is En and whose final
momentum is k, the momentum of the ejected eleciron
being X. Then, using atomic units, dencting thé
Hamiltonian of the system by H, the total positive
energy by L and the nuclear charge by %, an exact
integral expression for the direct scatterino ammli-
tude is given by

-5/2 .
i = -0 Cen a0 )Y o) BBy g ax, o
where
1

sk = 2 e o k (2)

with
X = /2E
and
- e {(3)



In (1), ¥i(rj,ry) s the total wave function of the
system and is subject Lo the usual boundary condations,
while ¢(£1,£2) 1s a function having the asymptotic
form

‘”‘El‘iz’xl’lm"‘2'1'51)“2"‘&'52’ (4)
r’-hm
where
iker N
$lz, k) = exp(%—‘l)ru-me = —lFl(J.n,l,:.‘(kr-li_'y_)) ‘ (5)
with
=2
"TX

Given the exact direct scattering amplitude £iX k}s
the exact exchange amplitude is given by

glL.k) = £(k,x) (6)

Alternatively, one may interchange z, and r, in one of
the wave functions appearing in the integral expres-
sion (1) and again obtain the exdhange scattering
amplitude. On averaging aver spans, the total ioniza-
tlon cross gectaon s then given hy

E

N E/2 2 i
QE) = = J kxals )Jc(i,&)dgﬁ (7}
n

o

where

-1 X 2 F
cl{x,k} = [4n(2£1+1)] Z ]dzgn[lftz,yl + gy, k]
By ‘ (8)

-Re (£{x, k}g" (ir’i’)l

with al,ml the angular guantum numbers of the state
\'J(nr_?_:_) .

Expression (1) may be properly used only if the
requirement (3} is satisfied, an which case the
relative phase of the resulting direct and exchange
scattering amplitudes is uniquely specafied. If on
the other hand equation (3) is not satisfied, then
there exists an essential arbitrariness in the
relative phase. We do not therefore agree with the
assertion pf Burke and Taylor (1865), that simply by
formulating the problem in terms of singlet and
triplet amplitudes the phase factor problem dis-
appears. In thear calculations, as in the first of
those described in thas paper, the condition (3) 1s
not met, and accordingly there are two distinct
approximations, one for the magnitude of the
scéttering amplitudes and another for their relative
phase. In the Born-exchange approximation we have
adopted the same phase choice as Burgess and Rudge
{1963), thas having been found to give excellent
agreement with the experimental data for ionization



of ground state ge”. Explicitly the direct scatterang

amplitude has been wraitten as

- otapy 52 " 1 i i
e = -0 o inz bt 1-25".521(;.-1; - q)é(x.-zt_.gli

* (z-l.-—l_g.gz)dg’.dgz

which, using standard partial wave expansions [e.g.,
Burgess and Rudge (1963], may ke wraitten

1/2 -

2{x.k) = 272 (knkxl /2 Z
(]

ll.“'%

tomy

Ry

LM -

A

[nxp iutlz.lirléwzzmz I‘.gn)i’l;mé (El‘!,_imi (i)

tytoL Lytob . -
.c‘“i“‘z"‘ c"')."‘z” T I M LN O PRI M )

where

Hity by ta) = & (tomtiat) + argr{e,+1-122L) & apgr{slsez-g2od
205170y T VT E i S ERE b Mty

+ acgr (tiﬂ—!.%)

o . . '
£ 00y etgrky s hail) = (L toL]P, ‘51'52”'*1”2”

{Percival and Seaton (1958))

(M

{10)

(11)

(12)

and
"
Bty byt ethin k) = ] Tt Lt B P B oy, (Xed ) {13
o
with
T
. Sy
5":‘(*"1""2’ “r, I ¥ pn.il(nplitz"(’“dr
-]
{14)

-
’ - (a+1)
+ T, f r Pn.tl(')rtit"""m‘
¥z

In (14), Pn,ll(r) L8 the radaial function for the bound
state, while the regular Coulomk functicns Fi{z,k,r)

satisfy
2
R _,.,wn]p‘u.k,:, .o (15)
r £

The eichange scattering amplitnde is gaven in the
Born-exchange approximation by

glx.k) = exp L8(0KIE(F.0} {16}



an which we retain the approximation that
where we choose &(X,k} such that in expressions for

the cross section thexe 15 no dependence on the phase
factors uuz,aé,zl') . We then obta:in tht_e result that

Wiy ry) = ¢in,z;) ¢ (2-1,k ,r,) but define (£y,55)
by the equation, )

PlEE) < ereXgdelzt k) (18}
L\‘ith
e o 27 ) . v 2
[w(!_.h)dldl_c = rer Z {25+1) [;fx(ll,lz,ll.lTL)Tlul,tz,zl,.tz;)‘,k)] z =1
L Y
o a
1tz an
+ [}f,(ll.tz.z;.x;:mr’\(:1.12.1;,:i;k,z)] . 07 21 sty k)
' (19)
k
-[Egul.l,.:g.x;mn(zl,lz.a;.:_{,k,x} e

Lyt - -
- (-1} ;!i(ll,12,11,12.11)':‘3“1,!2,ll.Lz,X.k]

Thus the scattering amplitude may be written in thas
approximation as
BEquations (7) amd (17) give the ionization cross £,k = -20) " 20up uq,y[v(g z) }1—20(51.5_2).151352 (20)

section in the Born-exchange approximation, wh:ile
neglect of all the exchange terms leads to the
Born (11} approximation. Omitting just the inter-
ference term an {17} leads to the Born (a}

Using spherical harmonic expressions for the wave
functions we then fand, after some algebra, that

approximation. vt
oglikr = 2° -t E lr o8 [a (210 | (20413 t20+1)
These approximations, though useful, are, as has been {am) Lol g
. . . Lyt
noted, defective in that the final state is not Lt (21)
correctly described, i1.e., equation (3) is not . . o
. . E I E T POV Y BE) ST -NTE DY TR 2 BT A T £ TN A 'S 1
satisfied. We therefore consider a new approximation SRR A M B A
-TA(zl,:2.a{,:;.;.gm,‘.urLz.hi.ngrg,g)poci{:,
10

1l



In (21), P_(x} is a Legendre polynomial, and the where

radial aintegrals T, are defined by equations (13}
and (14}, wxth the dafference, however, that z-1 1s
replaced by z' defined by equation (19), «(X, k)

1s a vhase factor given by

SU0RY = al0K) - 80X + vl 05,0,K) = v(L Ly kX (26}

Substitution of eguations (21}, (24) and (25) into (7)
gives the fainal expression for the cress secticn, which

(XKD = y(by, 00,00 - ¥(L),L,XK) (22) we yrite
vhere . k/2 2 A .-
: etz v | d(r)J LIFEALG B (21)
o -1
T KK = F (a9 + axgr(ziu-;) + argl‘(zé-rl - L‘.'.é.-’.‘#_“-‘i) {23)
vwhere
Since the phase factors are defined in this treatment
of the probklem, we have the result that 2
Toom = 8E2EK ok
. Lok = SR o ik
9 (X, k) ™ o,(k, X}
AL RIS (24) (28)

=Id+2e+1in
while

the three terms of (28) correspondlnq.to those of (8).

- k”“l LieL - The calculation of the cross sec%mon in this approxi-

o inplXek) w 2 '(ﬁz- E =1y + 2 cos 6 (2, 5)| (2142) (2q+1) mation thus involves one more numerical integration
Eif than do the Born (1i) and Bovn-exchange approximations.
oL,

A On neglecting the effects of exchange, we retain only

2 8 .
(23 the term Id to give a non-esxchange crosg section, which

P [ Yoo
'f,‘(11.22;llrl-zlb)fxul;lzrbl.LzlL)fq(ll.!.2,1-2,1-1.1..) we label Qd'

’ " ) 1 = &
N A 0 L N O R AR AR RPN O

12 13



3. XNUMERYICAL PROCEDURES

The Coulombk functions were generated by a power
.
serres near the oragin to the f£irst anflectaon

poant and thereafter by numeracal integration with a
~8
z‘n' vhere n 1s the priacipal

guantwr nomber. The routaine was written generally
for the case in vhaich the Coulemb potential was
modifred by a short-range potentaal, in which case
the normalization canno£ be fixed a praor) by means
of the power series. The method of Str¥mgren des-
cribed by Seaton and Peach (1962} was therefore
adopted.

step length in r of 2

The functions y, {X,2,r) were generated by numerical
integration uging Simpson's rule wath a step length

-5
i x of 28

. The final guadrature in the calenlation
of Tkizl,ﬁz,ié,iégitgi was again calculated using
Simpson's rule, but, dues to the long taxl of the
integral, an acceleration procedure was devised which
has previously been descraibed (Rudge and $chwartz
1965). Sumpson's rule was found for thege integrals
to be mora accurate than Magher-order Neuvton-Cotes
formulae.

The Racah and Clebsch-Gordon coefficients needed in
the calculation were generated in the program. B2l
summations were carried through te convergence egcept
for that ¢n L, which was terminated when sufficient
values had hesn obtainsd Lo make an ascurate extrap-
clation posgsaible. It should perhaps e meniioned
that zn using a Gauss scheme to evaluate the angular
integration in (27), care had to be exercased in
decadang the convergence of the g summation of

15



eguation {25) due $o the explicit occurrence of the
Legendre polynomial in that sum. Due to the large
amount of computation involved in evaluating the
expression (27}, the number of Gauss peints in the
angular integration was restracted to four. This
should not, however, involve any substantial error.

18

4. RESDLTE

¥e express all our resulis as reducsed cross sections
defined by

2
1L 7T
QR(E/I) =& (T;) Q(B/1)

where
I = the ionization potential

I; = the ionization potential of hydrogen

GI{B/%} = the ionizabion cross section in units
of na,

n = the effective nmumber of electrons {one
in this casel

In table I we show resulis for the reduced cross
sections for ionization from the 1s state of the
various hydregenic ions an £he Born {1i) and Bornw
exchange approximations. 1In the case of hydrogen
there have been a number of experimental measuremsnts
fpate and Brackmann {1958}, Boyd and Boksenberq (1360)
Rethe et al. (1962) and McGowan and Fanaman (1965)).
We are indebted to the latier suthors for makang Lhear
data avaijlable to us prror to publaication. The
texperimental’ data with whaich we compare our results
were obtained by taking what we believe to he a
reasonable interpolaticn amongst all these measure~
ments. For He' the data are those of Dulder, Harrison
and Thonemann {1861}. “able II shows the results for

17



ronization from the 28 state, and in tables III and IV
are shown the contributions to the various cross
sectjons arising from individual values of the total
angular momentum. We found 1t convenient to fit our
results to an expression of the form

_ ln(E/3) A Ry
A (B/1) = 2S5~ 12, + 577 * n?

The parameters Ags Ay and R, are displayed in table V.
For B 13 and Hg+ ls the coefficients were obtained
from the eXperimental data, while in other cases the
Born-exchange results were fitted. Expression 29
has the virtue of having the correct functional form
both.at threshold and at very high energaes. We have
also fitted the reaction rate defined by

o

K= J vQ(E}4 (vidv
o

where ¢{v) 1s the Maxwell distributicn. Defining

« = I/KT with k = Boltzmann's constant and T the
absolute temperature, we write

I
lOeK = n(ig)

The coefficients K, are displayed 1in table VII and
give a fit accurate to about 5% in %the range
a = 0.2 to 10.0 .

3/2

5
et :i K“um en® _sec™d
m=o

In figure (i) we display the various theoretical
results for the idnization of the ls state of #

R

{29

compared with the experimental results. The data

are not new an thas case; the Born (1) and Born {11}
curves have been taken from the work of Rudge and
Seaton (1965), and our preseht Born results agree with
those data to better than 0.1%." The B.e. results

are those presently calculated, and the close-
coupling and B.0. results are those of Burke and
Taylor.

For the case of He+ ls, it is clear from table T

that the Born-exchange results are in execellent accord
with the experimental data. A comparason of thas
result with the close-coupling results of Burke and
Taylor {1l965) has been previously gaven (Rudge and
Schwartz 1965}.

In figure (11) we compare the various theoretical
results for wonization of H from the 2s state. We
see that both the Born-exchange and cleose-coupling
results pred:ct that the effect of exchange 15 to
rncrease the cross section an this case in contrast
to the 1s ionizataon results, In the low-energy
region there is a substantial difference between

the thecretical results, however. Figure (1:1) shows
the results for He® 2s. 1In faqure {1v} we show the
behavior of the ionization cross section from the 2s
state in the Born (1i) and Bora-exchange approxima-
tions. The behavior of the two approximaticns as
regards scalang is seen to differ an contrast to the
case of ionization from the ls state, where the
results of both approximations increase with
increasing Z. Figure (iv), showing the scaling an the
2s case, may be compared with figure (v}, which shows
the scaling for the 1ls case, where the hydrogen curve

19



QR(E/I) for lonization frem 4he ls state
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Qq (E/1) for Yonization from the ?5 state

Table II.
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1.50 0  5.059,-2 7.415,-2 5.880,-2 4.929,-2 6.629,~-2 5.143,-2
1 1.505,-1 1.451,-1 1.026,-1 1.939,-1 1.4831,-1 9.668,-2
2 1.312,-1 2.090,-1 2.221,-1 1.318,-1 1.740,-1 2.1e0,-1
2 6.812,-2 1.339,-1 1.856,-1 6.166,-2 1.072,-2 1.851,-2
4  2.861,-2 6.382,-2 1,022,-1 2.486,-2 5.125,-2 1.037%,-1
5 L.062,~2 2.587,-2 4.556,=2 9.195,-3 2.126,-2 4.602,-2
6  3,636,~3 9.463,-3 1,778,=2 3.194,-3 §.022,-32 1.781,-2
7 1.380,-3  3.233,-3 6.345,~3 1.058,-3 2.829,-3 6.310,-3
& 3.694,-4  1,055,-3 2.128,-3 2,385,-4 9.503,~4 2.108,-3
2.25 ¢ 7.150,-2 7.366,-2 6.346,-2 5.763,-2 6,144, -2 5.157,-2
1  r.799,-1 1.495,-1 1.155,-1 1.873,-1 1.342,~1 9.991,-2
2 .2.142,-1 2,353,-1 2.280,-1 31.990,-1 1.880,-1 1.998,~1
3 1.701,-1  2,122,-1 2.388,-1 1.489,-1 1.686,-1 2,160,~1
4 1.095,-1 1.460,-1 1.796,-1 9.432,-2 1.191,-1 1.882,-1
5 6.282,-2 8.711,-2 1.231,-1 5.454,-2 7.361,-2 1.083,-1
6 3.372,-2  4£.794,-2 6.447,-2 2,981,-2 4£.192,-2 6.253,-2
7  1.740,-2 2.513,-2 3.462,=-2 - 1.572,-2 2.266,-2 3.386,-2
g +8.763,-3 1,280,-2 1.794,~2 8,082,-3 1.185,-2 1.764,-2
9 4.368,-3 5.421,-3 2.099,-3 4.107,-3 6.065,-3 8.991,-3
10 2.167,-3  3.197,-3 4.567,-3 2.070,-3 3.069,-3 4.527,-3
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Table III.

Total Angular Momentum Contributions to 9p(E/I)

for Tonizatron from the 1s state (Cont.)

E/L L RB{B11) Het{Bra}* 2=128(RB12) H({B.e.) he® (B e.)* 2=128({B.e )
3.0 1] 5.980,-2 5.91%,-2 5.289,-2 4.811,-2 4.'.'81_,-2‘ 4.185,-2
1 1.495,-1 1.248,-1 1.007,-1 1.435,-1 1.655,-1 8.294,-2
2 1 991,-1 1,994,-1 1.883,-1 1.788,-1 1.582,-1 1.596,-1
3 1.875,-1 2.066,-1 2.155,-1 1.627,-1 1.655,-1 - 1.887,-1
4 1.440,-1 1.674,-1 1.867,-1 1.245,-1 1.382,-1 1 695,-1
5 9.840,-2 1.181,-1 1.370,-1 8 603,-2 t 901¢,-1 1.282,-1
1] 6,285,-2 7.691,-2 9.148,-2 5.585,-2 6.792,-2 8.746,-2
7 3.861,-2 4.782,-2 5.781,-2 3.507,-2 4.346,-2 5.608,-2
2 2.322,-2 2.398,—2‘ 3.541,-2 2.150,-2 2.697,-2 3 489,-2
9 ,1.383,-2 1.734,-2 2.3133,-2 1.303,-2 1.645,-2 2.105,-2
1o 8.217,-3 1.033,-2 1.277,-2 7.859,-3 9.946,-3 . 1.265,-2
40 a 4.458,=2 4.324,-2 3.976,-2 3.594,-2 3.433,-2 3 192,-2
1 1,125,=1 9.539,-2 7.975,-2 1.018,-1 7.785,-2 5.440,-2
¥ 1.584,~1 1.523,-1 1l.427,-1 1.389,-1 1.210,-1 1.187,-1
3 1,669,~1 1.723,-1 1.725,~1 1.442,-1 1 .394,-1 E.483,-1
4 1.455,=1 1.569,-1 1.651,-1 1.263,-1 1.31¢,-1 1.472,-1
5 1.130,-1 1.250,-1 1.35%,-1 9 944,-2 1.078,~1 1 25%,-%
[ 8.169,-2 9.,1935,-2 I 019,-% 7.319,-2 €.171,-2 T 9.619,-2
7 5.667,—2' 6.446,~2 7.234,-2 5.r72,=2 5.879,=2 6.955,~-2
8 3.842,-2 4.397,=-2 4.976,-2 3.568,=2 4,:00,=-2 4.847,-2
b:] 2.577,-2 2.960,-2 3.367,-2 2.431,-2 2.810,-2 3.309,-2
10 3.723,-2 1.984,-2 2 263,-2 1.649,-2 1.91 -2 2.239,-2
Takle IXI. Total Angular Momentum Contributions to Qp(E/I)
. for Ionization from the ls state (Cont.}
E/T L H{B11} He™(Ba1)*  Z=128(Bix) H{B.e.) HeT{B.e.})* 2=128(B.e.)
5.0 0 2.372,-2 3.248,-2 2,733, -2 2.578, 2 2 —mmmewa
1 8 622,-2 1.421,-2 7.581,-2 5 981,-2  eemaaea
"2 1.244,-1 1.186,-1 1.078,-1 9.427,-2 v e
3 1.391,~-1 1.395,-} s — 1 20¢,-1 1.139,-1 ~e=meeaa
4 1.307,-1 1.359,-1 = wwmm - 1.139,-1 1.144,-1 = —-——=m=
5 1. 097,-1 1.168,-1 = sr==me- %.706,-2 1.013,~1  ———mmme
. 6 8.565,-2 9.256,-2  ——o——e- 7.710,-2 8.256,-2 = ——————-
7 £.396,-2 6.279,-2.  —~=——mrm 5.857,-2 § 376,-2
] 4.655,-2 5.110,-2 == 4.332,-2 4.765,-2
9 3.344,-2 3.684,-2 2 —-menee 3,157,-2 3.494,-2
lo 2.392,-2 2.640,-2 ELC TR DT 2.287,-2 2.538,-2
11 1.713,-2 1.892,-2 1 655,-2 1.839,-2
12 1,233,-2 1.362,-2  —————— 1.202,-2 1.335,-2
*Valuas for E/I = 1.5152%.
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Pable IV. Total Ancular Momentum Contributions to Qy{/I}
for Iopization fwom Lhe Zs5 state
EfY L Aml €8x} 2=2{8x1)} Z=328{B11} Z=1{B.e } 2=2{R.e } Z=128(R.e.}
1.50 0 3.964,-2 2 19§,-2 1,315, -2 3.270,-2 1.883,-2 1.131,-2
1 4.70%,-2 §.622,-2 6,.614,~2 5.073,-2 8,892, «2 7.390,-2
2 G608, -2 9.999,-2 1.379,-1 1.607,~1 9. 584 ,~2 1.319,-1
3 1.1 ,.-2 1.,210,~-1 9.969,-2 2 019,-1 2.308,«1 1.100,-1
4+ 9.3%3,-2 1.2131,-1 1,.488,~-1 1.500,-1 1.615,-3 1 395,-1
5 5.94‘?‘, 2 9.144,-2 L.209,-1 2.480,.-2 1,554,%) k.354,-1
& 2.182,-2 §.875,~2 g 139,-2 2.026,-2 . 075, -2 £.5:15,-2
El X.488,-2 3.48Y,~2 5.252,~2 1.699,-2 3.300,-2 5 €3§,-2
g G.146,3 1.74:,-2 3.053,-2 §.661,-3 1.455,~2 3 25r,-2
2.25 ] #.311;—2 2.812,=-2 1.700%,~2 3.517,-2 2,260, -2 1.369,-2
’ 1 g 123,-2 9.3?6,.-2 T G762 8.004,-2 8.553,-2 7 340,-2
2 9,.495,-2 3.215,-1 1,264, -1 1.469,-1 1.094,«) 1,117,-1
3 1.372,-1 1.296,~-1 1.195,-1 2.250,-1 1.839,«L 1.188,-1
4 1.432,~1 1.541,-1 1.564,-3 2.228,-1 1.900,~1 1 3%92,-1
5 1.170,+3 1.411,-1 1,814, 1.672,-X 1.484,~1 2.395,-1
& B30, 2 1 967.-1 1.313,-% L.873, L 1.005,-1 1.185,-1
7 5.317,~2 F.275,=2 9.298, -2 §.282,-2 &.343,~2 8.788,-2
8 3.182,-2 4.6908,-2 &§.183,~2. 3.473,-2 3.838,~2 5.936,-2
9 1.800,~2 2 748,~2 3 TR 2 1 847,-2 2,340,-2 3.741,-2
10 a.7147,~3 1 559,~2 2.244, 2 9 575,-3 1,3M10,-2 : 2.230,-2-
Table IV. ‘Total Angular Vomentum Contributions to Qplf/I)
for Ionizatzon from the 2s state (Cent.)
E/T L 2=1(Ba} F=2{Baxr) 2=128 {Bsx} Z=1{B8 &.} 2=2{(B.e.) %=12B{B.e.)
3.0 h¢] 3.45%,-2 2.5743,-2 1.685,~2 2.854,-2 2.049,-2 1.326,-2
i 7,588, -2 F.781,-2 6.632,-2 7.045,~2 &.729,-2 €s005%, -2
Z 8,858,-2 1.054,-2 1.047,~1 1.149,-1 $.352,-2 °.084,-2
3 1.15%,~1 1.117,-% 1.061,~1 1.740,-1 1.335,-} 1.067,~-2
4 I.346,~1 1.34¢,-1 1,3i0,-1 1.971,-1 1.555,-1 L.150,=1
5 1.275,~1 1.400,-1 1.460,~} 1.737,-1 1.44%,-1 1.237,-1
6 1,026, 1.205,~1 1.362,-1 1.296,-1 1.13%7,-1 1.173,-1
7 To436,-2 9.118,-2 1.084,-3 8.735,~2 8.084,-2 9.892,-2
8 S5.02F, -2 5.362,=2 7.797,-2 5.537,-2 5.431,~-2 7.212,-2
2 3.23%,-2 §,2Q4,-2 5,27L,~2 3.372,-2 3.524,-2 4.982,-2
1g 2.008,~2 2.870,-2 2 415,-2 2,833,-2 2.231,-2 3,287,323
4.6 ¢ e 2.058,~2 I 48,2 ———— 1.834,-2 1.:6G,-2
1 e 5.780,-2 S 088,~2 o 4 BEY,-2 4.4566,-2
2 e 8.066,~2 T.803,~% ———— 2.106,-2 6.764,-2
3 e 8.756,=-2 g.406,~3 -——————— 9.30%,-2 7.744,-2
4 — 1.9033,-1 1.002,-1 ————— 1.125,-1 8.809,-2
5 mmewww 3,164,-1 1.152,-) ————- 1.183,-1 9.778,-2
L 1.132,~1 1.188,-1 e——e—e 1.077,-1 1.008,-1
7 s §.649,-2 1.087,-1 ——— 8.750,-2 #.263,-3
§ e ad F-4FF, -2 8.566,-2 ———— 6.573,~2 7.561.~2
g e 5.42%,~2 £.388,42 -—— 4.692,-2 5.845,-2
4] ———————— 3.769,-2 °  A.4507,-2 e 3.24),-2 4.213,-2
11 ————— 2,.540,~2 3 068,-2 2.190,-2 2.320,-2
12 —— 1.677,-2 2.045,-2 1.45%,~2 L 97L.-2
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Table VI. Contributicns to Qr{E/I) for ion:ization of ground state
hydrogen, using angle-dependent potentials
E/T x Hy 2k Hy z' {x k) z' (k) Iz Ta+I, I
1.05 0.111803 0.025 ~0.861136 0.347855 0.344553 0.621577 1.276 2,561 1.707
-0.339581 0.652145 0.238814 0.56052% 1.576 2.995 2,456
0.339981 0.652145 ~0.031006 0.404748 0.337 2.600 2.506
0.861136 0.347855 -0.7175867 8.36209,-3 ={6,-9} 3,72,-1 3.72,~-1
[Ttz Ra{z k) = 1.69 4.67 3.96
Qd=0.042 Q&'I'Qe:O‘lz 0=0.10
QBxi_:O.DZE QBe=0.D34 Qexp=0.05
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http:oexp=0.05
http:Od+Qe=0.12
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Table VII- Contributions to Qmp(E/I} for romization of ground state
thiydregen, using angle~dependent potentials (Cont.}

B/ X Hy z' (x,k) 2 (k,x) Ig It I
1.25 0.152529 0.0625 0.235310 0.737188 1,278 2.159 1.884
0.139931 0.704374 1.318 2.263 1.55%9
-0.063332 4.634507 0.824 2.227 2.040
~0,378609 0,53261339 0.101 2.257 2.452
frigpagmn = 1.87 4.46 3.86
0.313982 0.0625 0.426535 0.537272 0.9%¢6 1.875 1.407
0.325761 0.455958 1.218 2.287 1.883
0.0647586 0.2314939 1.006 2.434 2.558
-0.955955 -0,578256 4.54,-5 4.44,-4 4.89,-4
fIg.paix -k 2 1.79 3.73 3.39
Qd=°‘23 Qd+Qe=0.51 0=0.4% Qexp=0.2l
Table VI. Centributions to Qp{E/I) for icmization of ground state
. hydreogen, using angle-dependent oeotentials (Cont.)
E/X % Hy 27 (g k) 2 (k. x) Ig It T
1,50 0.229850 0,125 0,235310 0,737138 1 131 1.635 2,230
0.139931 9.704374 1.200 1.793 2.370
~0.063332 0.634507 1.057 1,903 1.797
-0.378609 0.526139 ©.368 1.596 1.193
fTix, )k = 1.99 3.53 3.81
0,444037 0,125 0.426535 0,.537272 0.721 1.298 0.865
B 0.325761 0.455958 9,913 1.661 1.152
0.047586 0.231499 0.943 1.551 1,590
-0.955955 -0.578256 3.3,-3 1.2,-2 l1.2,-2
f1(r k1A k) = 1.46 2.81 2.10
Qd=0.43 Qd+Qe=0.79 n=0.75 oexp=°'36
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Table VI.

Contrabutions to {p(E/1} for ionization of ground state

hydrogen, using angle-dependent potentials (Conk )

EfI x "By 2% {x. k) XY Iy Is4tI, 1
2.25 | 9.265403 . 0.173611 o 178187 0.799170  0.931 1.076 1.34%
) 0. 096815 0.979270  1.01% 1.207 1.561
~0.057887 0.741486 1 194 1.437 1.838
6.251127 0.694264  1.092 1.397 i.521
Friy,kya{z -k} = 2.15 2,59 3,23
' 2.555037  G.277778 G.344553 0621577  B.414 £.572 2.432
! 0.238814  0.566523  0.59%4 0.542 9.647
-0, 031005 0.404748  0.78% 1.149 1,04}
~0, 717567 0.008362  0.266 0,527 0.626
Iy, K-k = 1.14 1.68 1.47
9.74488%  0.173611 0.452447 0.511042 0 244 G.442 0.271
g.358323 B.424132  9.403 5.736 .43
9.083380 £.181473  0.568 1.048 2.614
-0.963206  -0.753118  5,1,-2 0.101 6.2,-2
fTix kbdig k) = 0.73 1.35 0.80
+0 = =
Qg=0.72 040 =1.15 casl, 10 Qgyxp™0-60
Table VII. Parameters gaving a £t to the reaction rate 0.2 £ o £ 10.0
Atom Inatral State Kq Ky h2 Hy Ky L
1s 3.621 | -2.063 8.036,-1 | -1.68L,~1 1,700,-2 | -6.455,~4
® 2s 3,457 1.621 ~1.638 §.840,-1 | -5.835,-2 2 450,-3
Het is . 4.057 | -1.329 2.641,=1 } -1.838,~2 7.438,-4 8 £48,-8
Het 5 3273 1.085 =5.794,-1 2.814,-1 |} -3.360.-2 1.408,-3
galzg 1s 4.013 | -2.386,~1 | -3.474,-1 1.338,-1 | ~1.769,-2 7.767,~4
2=128 in 3.275 8,003,~% | -8.262,-2 | 2.438,-1 | -2.943,-2 1.238,-3
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A: Bxperiment
B: Born-exchange

C: Born (ii)

D: Close-coupling (Burke and Taylor 1965)

E: Born (1)
B.0. {Burke and Taylor l9¢5)
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The ionaization cross section for H (ls)
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C: Born {i) (Burke and Taylor 1965)
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5. CORCLUSIONS

We have considered a number of approximations in the
theory of ionizing collisions and applied these to
the calculation of ionization cross sections for
hydrogenic systems., Besides the interest in hydro-
genic systems themselves, we have done so with a view
to establishihg which approximation might be best
suited to the more difficult case of the ionization
of complek atoms or ions by electron impact.

In comparing results for ionization from the ground
state, it is seen that the Born-exchange resulis give
the most satisfactory agreement with the experimental
data, The agreement 1s particularly straking for the
case of He but less good for the case of hydrogen.

For hydrogen the effect of not treataing the final
state ceorrectly as regards the Coulomb potentials
might be thought to be a more severe limitation than
for the case of a positive i1on. Examination of the
results in table VI, however, shows that the approxima-
tion adopted for the fanal state, although correct in
its asymptotic behavioxr, does not lead to a cross
section giving better agreement with experiment. It
1s notable that the exchange contrabution in this
approximation appears to ke greatly overestimated,
this being due to the fact that z'{k,X)>z'(x,k). If
one compares (4 with the Born (ii) approxamation, then
it 1s seen that Qd 18 1ndeed an improvement over the
Born (ii) approximation. The situwation would there-
fore seem to be that taking proper account of the
Coulomb forces improves the calculation of £{(X,k)

39



where k»X. 1In this region 2t 15 a good approximation
to adept the asymptotic (angle-dependent} Coulomb
potential. Where k<X, however, this is no longer the
case. Thus while f(i,gi may be well determined for
k»x, it is not a good approxamation to write

gi{x.k) = £(k,X), since the success of this procedure
relies on knowing £(X,k) well for all X and k. In
the near-threshold region, however, the results using
the angle~dependent potential are in accord with the
theoretical threshold law derived by Rudge and Seaton
(1965), while the Born (11) and Born-exchange results
are not. It should be mentioned, however, that there
1s an unresolved conflict between this theory and

the experimental results of McGowan and Fineman (1965).

In the Born-exchange approximation the relative phase
of the @irect and exchange scattering amplitudes

could be chosen at will. While theoretically inferior,
therefore, it nevertheless yields more useful informa-
tzon about-:the cross section'in those circumstances
where the phase choice leads to compensation of
errcrs, Just what those cirecumstances are 1s not
clear., When one considers the results for ionization
for the 2s state, it is seen that over the entire
range in the case of hydrogen and over a part of the
range for positive ionsg the effect of exchange
increases the cross section. Also it appears that

at high energies, as a result of exchange, the more
haghly 1onized ions have a smaller c¢ross section for
1onization than the less highly ionized ions, in
contrast to the saituation for the ground state. Thas
could be due to a weakness of the Born-exchange
approximation, but there is no experimental informa -
tien f£rom which a conclusion can be drawn.

40

The situation therefore is not ideal, but we would
nevertheless conclude that for haghly ionazed systems
no substantial error should accrue for the case of
the Born-exchange approximataon, while the theoreti-
cally more sophisticated approxamation which we

have exam:ined does not justify its added labor in
terms of enhanced accuracy.
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13 ABSTRACT
Galeulations of the wonization cross seclions of hydrogen and of hydrogenic

positive fons are described in which the wumntial state 15 cather the ground or the
excited 2s state. The first procedures used are the Born (1) and Born-exchange
approximations, These results are compared with other theoratical calculations
and with experimental data, X 1s seen that for the case of iomuzation of hydrogen
from 1bs ground state, none of the theoretical results 15 1 good agreement with
the experimental data, A certain defect of the theory is then corrected by
adopting 2 third procedure for this case, in which an a2ngle-dependent Coulomb
potenttal is used 1 the descxiption of the final state of the e-H iomzation
problem. R is then found that, despite the sounder theoretical footing of this
latter caleulation, no improved agreement with experimental data is obtaned
except an the near threshold region,

GConvenient formulas are presented which represent the best data.fox the toniza-
tzep ¢ross sections and the assocaated reaction rates for the case of an wnatial
Maxwellizn distribution of velocities, :
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