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(* means count from bottom) - .

25, £, 4: Insert [ after p.j(ao).
26, 4, 6%; For min read min w
o o
ko, £, 4*: (following =) For £(a) read Z(a*).
63, £. Tz For V, read V.
6k, £, 2%: For -I* read -IL ()
79, 8. 9: For "at least"” read "at mosi”
105, 48, 2.5: incl. should be deleted

111, Eg.(2): Read x*M(t)x

121, Begtion T: Add the remarks:
(1) For existence of B(w) it is enough to assume that (A,C)

. ”~
is stabilizable: i.e, there exists a constant matrix X such

that A-Cﬁ is stable. The following criterion is sometimes
useful., Let the minimal polynomial @{A) of A be factored

in the form

?(2) =o,(Moy(R)

where all gzeros of tpl( A) have nonnegative real parts and all

zeros of cp2( A) have negative real parts. Define
E; = ({x v9,(A)x =0} .

Then (A,C) is stabilizable if and only if the subspace E, of

1



-l
"unstable modes" is coatrollable; i.e.

E, C Range of [C,AC, oo, Al Y01

(2) 1If in addition M >0, then P_>0, ancllw the limiting
system matrix A-CK_ is stable, Then (9) implies that P_
has the minimum property:

0
P, = [ et(A'CKw)'(M+K;NKw)et(A'CKm)dt

o

o0
- ' -
s [ ePA-CE) (ypxrg) e B(A-CK) 4y
(o]

for all K such that A-CK is stable.

P, 123, Eqg, (9b): Read K = x e P.

PP,136-146: The proof given here contains a gap: a complete proof
can be found in the writer's CDS TR 67-2, "On Pole Assignment

in Multi-Input Controllable Linear Systems".

P. 160: The introduction of A ete, is unnecessary., It is suf-

fieient to wrlte fn(t) = (t,j+l't,] ,j+l) »

and then use the relation f n(t) - f(t) a.e., (n > o) together

"
)L I e s)as (tast < t
£ 3

with dominated convergence,

P. 170: To the hypotheses of the limit theorem, add: M > O,
Add remark: observability of (C,A) can be weakened to

stabilizability of (A',C").

| PP.171-173: Delete material between sentence "In the following eee"
(£.3*%,p.171) and "Q.E.D." (p.173). The deleted material is

replaced by:
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Tt follows that, for every € >0, there exists T such that

P(t) S fm;s(x;aﬁ)'(M+K'Nﬁ)es(x;eﬁ)'ds +eI (8)
~C
for all t 2 T, Denote the integral on the right side of (8) by J(X). %
Since M >0, we know from §2.7 that there exists K° (= K ) with thev
property
H(E®) s J(B)

O

for all X ; in particular setting K=& in (8) we have

B(t) s J(K°) + eI (t 2 1°).
On the other hand, if ¢ is the fundamental matrix associated with

A-Ck(t), then by (4) and (5),

t
@(t,o)'Pba(t,o) + [O(s,0)"[ M+K(s)*NK(s)]%(s,0)ds
o)

1]

B(t)

t
Jo(s,0)" [M+K(s)*NK(s)1®(s,0)ds
(o}

w

v

P*(t),

where P¥(t) is the solution of (4) and (6) corresponding to the special
initial condition P*(0) = 0. Here the last inequality holds because P*

is the minimal value of the last written integral with respect to all



.

possible choices of K(+) (and corresponding ). Using the fact (§2.7)

that P*(.) is monotone, we conclude that for some T¥,
P(t) 2 P*¥(w) - € I (t 2 %),

In the notation of §2.7,

o ~ ~ s
px = [ P(ACKa) (ugrg ) et(A-CHolg,
o

J(K,)«

P¥(w)

i

it

o :
Since K = K°, we have for t z max (T ,T¥),
o 0
JK)-eIspt)=sdK)+eI,
Since € is arbitrary, it follows that

lim P(t) = J(X°) .
t o w
Q.E.D.

PP, 175-177: BExercise 3 contains an error and should be deleted.

P, 175, £%. 1-3: The proof of this inequality was mistakenly omitted
from the Appendix, and will be given elsewhere, The proof is
accomplished by a reduction to the case C =1I, A in Jordan

form, and then by considering the blocks of etA.
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For the inequality read

= (b-a) £ tea < -Q%-Q— (b-a) ,

b
Read [ | £(t)dw(t)|
a

Read §2.1

For dxdw read dxdt

For 0 = t, read

1

Read “property 2"

Por "stochastic" read

T
Read [ &{L
.t

For F read G .
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k = O’l’,;"n"’li
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LECTURE NOTES ON STOCHASTIC CONTROL

PART I

PREFACE

The present set of notes is a partial éompilation of
material presented by the writer in graduate courses at M;I.T.
(E.E.Dept, Spring, 1966) and Brown University (Applied Mathematics
207, Fall, 1966). Part I is devoted to Markovian optimization
problems for Markov chains en a finite state space and for diffusion
processes of Gaussian type (that is, linear systems subject to
Gaussian white noise perturbations). Part IT, to appear later,
is concerned with stochastic stability of continuous Markov
processes, and with problems of optimization of nonlinear systems.
It is hoped that the notes may be useful to students of stochastic

control theory.

W. M. W.
January 31, 1967
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CHAPTER I

CONTROL THEORY FOR FINITE MARKOV CHAINS

INTRODUCTION

The structure of stochastic control problems of Markovian
type 1s most simply revealed by considering Markov chains on a
finite state space. Here the plant or controlled object is repre-
sented by a family of transition matrices labelled by a parameter
which represents the control law. Under simple regularity con-
ditions,approximation in policy space leads to monotone convergence
of the cost 'potentials' to the optimum, and thus to determination
of an optimal or €-optimal control.

In this chapter we consider three of the simplest control
problems for chains: optimal stationary control, optimal intercep-
tion and pursuit, and optimal control on a finite interval fixed
in advance. In all cases it is assumed that the controller has
complete information about the structure and the current state of
the chainj; and in all but the third problem we assume a priori that
the control law is a function only of current state. These assump-
tions can be (and have been) relaxed; further information will be
found in the references listed at the end of the chapter. In
particular we note that our basic formulation is due to Bellman
(1957, 1961); the treatment of stationary processes,in essence,
follows Howard (1960)7although the convergence theorems given here

may be novel. Sufficient classes of strategies (control laws) are



S

discussed by Derman (1962-64), and in greater detail by Dynkin
(1965). The inclusion of pursuit problems was suggested by the
work of Eaton and Zadeh (1962); the present treatment seems to be
more straightforwara. Further rigorous discussion of €-optimal
controls can be found in Krylov (1965) and Romanovskii (1965).
Finally, extension in the direction of adaptive decision making
(although not control) is the subject of an interesting paper by

Raviv (1965).



1, FINITE MARKOV CHAINS.

1.1 Notation.

Q - abstract set of elements .
% - o-algebra of subsets of @ : i.e.
(i) 2 e &
(ii) Ae §,Be § =>ABe g

o [o]
(i11) A€ §(n=1,2,...)=>U4¢ed

1

Thus

o e § (¢ =null set)

Ae § => A" =0-A€{

o

A,Bel ==> AAB=(A-B)U (B-A) ¢ §

ABed ==> ANB=(AUDB)-(AAB) e

Thus 8 is closed under countable numbers of set-theoretic
operations.

P ﬂe[@l] probability measure
(1) P(¢) =0, P(Q) =1
(i1) A e § ==>0=PA) =1
. 00 oo .
(111):Ane 8 ==> P %An) = % P(An) if the A are
pairwise disjoint
(2, §,P) - Probability triple. Elements of g are events.

Instead of P(A) = 1 we sometimes write A a.s. (almost surely).



Definition: E = {1,...,J}. State space.

b

Q-E.

Definition: x 18 a random variable if

(Vﬁ) jJEeEE =>{w: x(w) = j} ¢ B.

Definition: A stochastlc process is a sequence

X={x() :n=0,1,....7

of random wvariables.

xn(') is the state of process at time

Conditional probability.

If ABe § and P(B) #0 we define

P(A|B) = Ma

P(B)

the conditional probability of A given B.

For X, let A, Dbe an event of form

A = {w= x(0) =3}, n-= 0,1,... 5 J€E.



1.2 Chains.

Definition: X is a Markov chain if for all n, A,

P{Am_ll ANAN...NAY = P{Am_ll A}
whenever P(AN ... N An) # O. (%)
EXERCISE:  (¥) => P(x = jlxm= i,x = k) = P(x = 3 x = k). (msrsn)

Transition matrix:

v

Define

Pm) = logy(mly 5 oq .0 (B2 00e)

ilx =1} (=0 if Plx =i} =0).

1]

where pij(n) = P(Xn+l

For n Zz m, let pij(mbn) = P(x = jlxm = i}.

Chapman-Kolmogorov equation: if m £ r = n,

pla(m,n) = Epik(m’r)pk.j(r’n) (CK)
Proof
by 5(myn) = Py = 3%, = 1)

}Z{:P(Xn = jl.xm =1i, x_ = k) P(x = k|x = 1)

and (CK) follows by the Exercise above.

Write

P(m’n) = [Pij(mJn)]



(CK) ==> P(m,n) = P(m,r)P(r,n)

P(0,n-1)P(n-1,n)

i

==> P(0,n)

P(0,n-1)P(n-1)

»
.

P(0)P(1) ... P(n-1) .

Let py(n) = P(x= 3)

p(n) = [pj(n)] (row vector) .
Since

py(n) = 12 P(x = jlx = 1)p(x = 1)
we have

p(n) = p(0)R(0,n) .

Definition: X 1is homogeneous if P(n) = P = constant,
Then
P(0,n) =P"

p(n) = p(0)F" .

Construction of a (homogeneous) chain

Given the matrix

where

we wish to construct a chain X with P as transition matrix.
Write P§§)= (i,j)th element of P'. ILet p =(pj) be the

row vector of initial probabilities:

p. 20

Yop. =1.
P;



Finally let

Q = {all sequences of form w = (jo,jl,...)}(jie E)
x(w) =3 = ntB component of
n n
A={w: xo(w) = JO,...,xh(aﬁ = Jn}
and ‘
8 = smallest o-algebra of wwsets containing all sets
of form A.
Define P(A) = D. Py . ececeesD, ..
- Jo do2dy In-129n

P is then determined uniquely on g (Xolmogorov)

We assert that, so defined, X is a Markov chain (For the proof

see: Chung(l960)§i.2, Theorem 1).

State classification.

Suppose X, = J (a.s)_?he state J is.recurrent if

P(xh= j for some =n 2 1) = 1. We define the recurrence time to state

Jji Let Tj(w) min{n:n 2 1, Xn(aﬂ = j} if such an n- exists

+ o, otherwise.

(w: 7(0) = v} = {0z x() Fdyeeesx, (@) £3, x(0) =3}

LoIf B(vy<w) =1,

R . e .
J is recurrent iff QP(Tj< w) = 2, P(Tj V) =
L vP(T, =v).
1 9

{ v=1l
then expected recurrence time = S{Tj}

i}



Definition, If j € E,

,

J is null recurrent iff S{Tj} = o

j 1s positive recurrent iff . E{Tj} < oo

j is transient iff P(Tj < w) < 1.

Suppose
P(TJ.((.D) =v) >0 ==>v =kt

(%)

(t an integer) for some k = 1,2,....

Period of J largest integer t for which (*) is true

g.c.d. {n : p:(l?) > 0}

Definition. If J € E,

J  1s periodic if period = 2

J 1is aperiodic if period = 1.

X 1s aperiodic if all states in E aperiodic.

J 1s ergodic if it is aperiodic and positive recurrent

X 1is ergodic if all states in E are ergodiec.

State 1 leads to § if pi§)> 0 for some n.  Write (i ~> j)
States i,j communicate if i~>3 and J ~>1i; in this case

write i <~> j. (The terminology and notation are Chung' s).
EXERCISE: If 1 <~>1i fér all i ¢ E, then <~> is-an equivalence

relation on E.

Definition: X is irreducible iff i <w> j for all 1i,j].

THEOREM A finite chain is ergpdic if and only if for all i,j €k,

i 1is aperiocdic and i ~> j => j ~> i.




PROOF. Necessity is obvious. For sufficiency, note first that for
every 1 ‘there is a j such that 'i ~> Jj, and so for all i,i ~> 1,
Hence <~~> 1is an equivalence relation on E. Let ECE be an
equivalence class under <~>, If P is the transition matrix of

X let E be the reStriction of P to E: i.e., relable states

so that E = (1,...,d) and let P = [Pij]’ i,j € E .

Since i ~>J ==>1 <~>j, if i € B, then

ED(J

Py >0} 3

hence

MR
i

[l

=

1 3 (i =1,...,d)

Ce
L]
[

that is, P is a transition matrix. It is therefore sufficient to
prove the theorem for the restriction X of X to E ; thus, with-

out loss of generality we can assume that X is irreducible.

(i) For some N, gg) >0 for all 1y

Let NiJ {n: p (n) > 0} (N ;égz&). Consider N.,. Since

13
plotm) _ 3 (n) (m) , () (m), it follows n,m € N,, ==>n+m ¢ N, _;
11 1k ki Pij ii ) ii ii

that is, Nii is closed under addition.

Since 1 1is aperiodic we have
1l =g.c.do {n:n e N},

and so there exists finite ﬁfCIN with
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1= g.c.d. {n: n e ﬁj .
§

From elementary number theory

S
l=an+ ...+ a,n, , some n's e N

where the a's are integers. That is, there exist m,n ¢ N such

that m-n = 1,

For k z n(n-1) we can write"

a2z n-1
k=an+Db 0=b=nl
= (a-b)n + bm
thus k € Nii , and so Nii contains all sufficiently large integers.
Now
a€N,. , keN,. ==>a+kel,,
1 Jd 1J

==>k € Nij for all k  sufficiently large.

This proves (i), since total number of Nij is finite. Hence for

some N and € > o, p§?> >e¢ for all i,jJ.

(ii) X 1is recurrent.

Let P(xo(w) =1i) = 1. Then



11

P(xn= i for some n z 1)

1- B(x, #1 for all n 2z 1)

v

1-Hx, #1i for n =N, 2N, ...,kN)

1-% e 3 pfWp (M0
A jk#ilelleJ2 Jr-17x%

1]

1- (1.e)k — 1 (k »=),

IV

where we used

U N
3=t J-1%x L

(iii) X is positive-recurrent

Let P(x =1} =1.

Let 1(w) =min {n : n 2 1, xn(m) = i}

kN for some k = 1, and

A

min {n : n

xn(w) = i}

T(w), say.

We observe that P{%(w) <} = 1. In fact if X is the
process defined by restricting X to the parameter set {O,N,2N,...}
then X is a Markov chain (with transition matrix PN) to which

our previous argument in (ii) is applicable. Therefore

e(2(w)) = & (KN)P(R(w) = KN}
k=1



12

Now
P(2(w) =

1

S 3 W ) NCOI
3 - 2#1 e N TR PR NP NP ML

fIA

(l'e)k-l ’ 7

where we used

gN> j = 1 - €
Jye_ 1%1 k-2°k-1

Thus €{%(w)} < » and so E€{1(w) < «}
Q.E.D.

Let u = (ul,...,uJ) be a probability distribution on

E.

Definition: p 1is a stationary probability distribution iff

v
s

n

(Vi)P(XO= i) = by ==> (Vi)P(Xn= i) =l

that is,

THEOREM If X 1is irreducible and ergodic there exists a unique

stationary probability distribution for X; and

(i) p( n) (n > w) geometrically fast
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1
8[13]'

(ii) Also, by =

PROOF OF (i) [Doob (1953), Ch. 5, §2]

As we have seen, there exists N such that

min p§§) =8> 0.

i,
Define
o) = min o2
d i
Mgr) = max p( r)
Then 1
m<r+l)- min Z P. p( r) 2 min 2. p. mﬁr) = m(r)
ikTkj . ik J
i ik
(r+1) _ (r) (r) _ ()
M mix 2 p. 1Pk < mix z plij = M

mﬁl) = m€2)§ ses = M(E) = M(l)
J J

Fix o,B. We can write

z* I _p 0y, 2 "My _a -0

ok “Frk ok PRk
N S

20 <0 (1)

If the first sum has s terms then also,



1k

Z (p(N) (N)) £ 1-(J-8)d - 85 = 1-Jd

_ka
' (2)
. (N4n) (N+n) _ (W) __(m) (n)
T
(*)
< max (T (*)M(n)+ 2 ()ml™)

B k

- max ¥ (*)(M (n)_ (n)) (by (1))
B k

< (l-JS)(Mg.n)-'mgn)) (by (2))

Also
N N
Mg )—mg ) - 2;1;( (pc(xa) péJ))
< mox (oM (W)
ez (P’ = Pex’ )
£1-J%
==> M(.kN)-m(.kN) < (1.J6)k
J J
> ), w{V s () (0o
Thus IP](L?) “j‘ < Mgn) mgn)
< (l JS)(H/N)'l
n+1 .
Now p§j+ ) - gi)ka Iet n > “j = E ukpkj

Existence of p is proved. Uhiqueneés is obvious -~ but
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to give a separate proof, observe: if 1 = (1,...,1)' then

ice. |P-ly| -0

(we use |P| = max Z Pij 5 lu| = max p,)
, i3 i
Thus 7
L=uP
==> g-p = p(P7- p)
(since plp = (Hl;.;.,ﬁ&) My eee By

1]

(By wee pg) =u)

fiA

==> |-y =]l | Py -o0

(ii) Proof omitted -- see Chung (1960), §6, Theorem 1.

2. STATIONARY CONTROL OF ERGODIC CHATINS.

2.1 Functionals on an irreducible ergodic chain.

Let X = [xn} be an irreducible ergodic chain on the

" state space E ={j : 1= j = J}. Notation as in §1. ILet

e

= (Ll’oco,Ln)'



16

be a column vector of numbers Li z 0. L cost incurred when X

i

is in state i. Also write L, = L(i), i ¢ E. Consider

n
v, (1) =¢€{ mZZOL(xm)lxO = i)

-

the expected cost incurred in the first n+l stages, given that

the chain starts in i. Thus

v - 2 2o (6D - s

o m=0 Jj +d
or
noo :
V = LPL : (1)
n .
m=0
where
P 1
v, = [»Vn(l),...,Vn(J)]
Thus
n+1
Vn+l'vn =P L
n
= Y () + L
m=0
= (P—I)Vn + L.
Let
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Then

L - N = -L n=0,.,2...
V. =1L (2)

Consider asymptotic behavior of Vn as n —», Since

— |
lim P* = 1 1=(1,...,1)
n—® po= (“‘l"",p‘J)
we have
1 q ’m
1im oV = lmnot ¥ P4
n
n—» « n— o m=0

il

1 n
lim n™" X (1u+Q )L
n— o  m=0

(where Q, =0 (m — »))

[Here we used the fact that if |Qm{ =q, is a sequence with

x

q, =0 (m — o) then

ln
 lim n % q, =0

Proof: exercise ].

Thus

Bl

1lim % P'L = (pD)1 = (X L)1

n —o m=0
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or

Expected cost per stage — expected cost relative to

stationary distribution
and the limit is independent of the initial state.
To examine the effect of initial state on the asymptotic

behavior of Vn we introduce a new vector, the potential.

Definition. The potential v corresponding to the sequence Vn is

v = lim [V -(n+1)(pL)1] (%)
n —> o -

v is well-defined, since if n > m,

| [V, -(0+1) (ML) 1]-[V, - (1) (uL) 1]]

N ZlPkL - (nem)(um)1]

1

2 x
ozl 2p° -0, (mn-wx)
m+1

A

for some constants o >0, O0<B<1.

In particular we have
v, a(pL)l + v | (n - ).

Write pL = A . We shall find an equation relating

v and A. Observe that
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£v =£ [ lim (V_-(n+1)A1)]
n -

= lim.i[Vn—(n+l)kl]

n-ow

= lim (& _-IL) (since #£1 = 0)
nowo O

= lim (PP - 1)
n-—-w

= (]J.L)l - L

There follows the basic relation

Ly =AM - L . (5)

Observe that if u 1is a vector of form e¢l, where c¢ 1is a scalar,
then #£u = O. Hence if v is a solution of (5), so is v+u. But
the solution of (5) is otherwise unique: for #£u = 0 ==>Pu = u ==>
Pnu =u==>u-= 1(pu) (letting n —»©); i.e. u is of the form cl.
Observe also that (5), regarded as an equation for v

and A, has a solution iff A = uL. In fact, for any vector w,
p(gw) =0 ’

so that

o
"

p(11-L)

A-uL .

Let us evaluate the potential v on the chain by writing
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~
v, o= v(xn) .

Then (5) says that

(i%%).

L= €{$£+1‘Xn =i} - v(i) = A-L(4)

Thus ;n increases, on the averaée, at states where A > L(i) and
decreases, on the average, at states where A < L(i).
The potential will be of basic importance in control

theory.

EXFRCISE. Green's matrix.

-1
Let , f9= (I -P+1p)" " - 1y

It

Then £v = Al- L (A = uL)
iff v o= gI,+ cl

where ¢ 1is a scalar.

[Note:
<]
’é/= % (Pn- 1u)
o]
and
Pop=(P-1)* , nz1!
Thus

o0
I-1u+2(P- )"
1

Y

1t

(P - 1) - 1
8]

1}

(i - P+ J_u)"l - 1. ]
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For the chain illustrated below, we have

1 1 i (a0
F= ’ T o, +o
10 1 2
"z p
and
e _ Oél -al
= (oel+ ozz)
-G O

2.2 Stationary optimal control of an irreducible ergodic chain.

Let A be an abstract set with elements ea. ILet (X(a):a € A}

be a family of irreducible ergodic chains. Write

Pa), #(a), wa), v(a)

L(a) = [L(l,a),...,L(J,a)]'
1(i,q) 2 0

ANa) = pla)i(a) .
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Problem: choose (if possible) o*e A such that

Mo*) = inf {(Ma) : o € A} .

Such an « is sald to be optimal. We now obtain a sufficient

condition for optimality.

THEOREM 1  Buppose there exist o*€ A such that

(a*)v(o*) = Ma*)1l - L(a*) (1)

and

L(o*)v(a*) + L(a*) s (a)v(ax) + L(a) (all a e A) (2)

Then . o* is optimal.

PROOF. Since p(a)f(a)w =0 for « € A and arbitrary vectors

w, and since p(a)l =1 (o e A),

(1) ==> u(a)[£L(o*)v(ax) + L(a*)] = Ma¥)
and then
(2) ==>Mox) = p(a)[£(a)v(a*) + L(a)) = Ma) (o e i)

Q.E.D.

Note: After a v(a*) is found , the optimality of o* can be
checked without computing comparison v(a)'s and A a)'s explicitly.
Furthermore if «* satisfies the conditions of the theorem, then

v(a*) and ANa*) are solutions of the equation



23

inf {#£(a)v + L(a) : ¢ € A} = A (3)

Equation (3) is Bellman's equation (or rather, one of many functional

equations of Bellman's type).

Condition (2) is rather special, and certainly not neces-
sary for the problem as formulated thus far. To see under what
condition (2) or Bellman's equation (3) may be necessary, we shall
be more explicit about the dependence of P(a) on a.

Let

A=A X A2 X .eo XA

1 J

where the Ai are nonempty abstract sets, and write
a = (ozl, OpyeveyOy), Q; € A, .

Assume that
(i,j- € E, a € A)

Li(oa) = Li(ozi)

Such an o is a control law, assigning to each state in E a

set of transition probabilities and a cost value. With this

i
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structure we are free to modify the behavior of the chain "100&11&",
that 'is,.at each state independently. ‘
Write

Z,(a)v = £i(ai)v = ? pij(ai)vj'vi
Under these assumptions we have

THEOREM 2.

If an optimal control a*e A exists, then

ii(o&_?{)v(oa*) + Li(oﬁi*) £ ;ﬁi(cci)v(oc*) + Li(ai) (W)

for all 1 ¢ E, a € A.

PROOF. Suppose o is optimal and let ECE be the set of states
where (L) fails. Assuming E is nonempty, there exists a e A such

that

£, (ax)v(ax) + L (o) >gzi(&i)v(a*) + Li(&'i) (i e B);
but

£, (aX)v(a*) + L(ax) = .fi(&i)v(a*) + Li(&'i) (i € B-B).

Define ao by setting
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Q
]

oy (i € E)

i}

o¥. (i € E-E).

Then

Ma®) = Jzuj(of) xj(a§>v(a*>+Lj(a§>

=7 uj(oﬁ){;aj(&j)v(a*)+Lj(&'j)}

[a¥]

Jjek
+ 2 p(a®) (£ (o) v(a¥)+L, (o))
jem-F 9 33 3737
Because each X(a) is assumed to be ergodic and irreducible,

uj(a) >0 (je€E aeAl), and so we obtain the contradiction

Ma®) < ? uj(ao){;ﬁj(o%?)v(a*)+Lj(a3§)}

1

L uy(0)n(ax)
J

Aa*)
Q.E.D.

The foregoing argument shows that Bellman's equation is
a necessary and sufficient condition for optimality of a*e A,
whenever our system has the "product" structure described above.
We now describe a computational method for finding -

successively better controls «o. This is Bellman's approximation‘

)

in policy space, Namely, choose o' '€ A arbitrarily and compute

w°) = «(of®)). choose ofMe & to satisfy the inequalities
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ii(agl))v(°)+ Li(agl)) s ii(ai)v(°)+Li(ai)

(4)

€A, ;1€kE
1

By an argument already used above,

(1) ==>na' D) 52l
Continuing thus, compute in turn v(l), a(2), v(g), a(a),... .

At the nth stage of computation we have, in simpler notation,

i(an)vn + L(an) = k(an)l

;C(ocn+l)vn+L(o¢n

+l) = min{i(a)vn+L(a) : o€ A} (%)

provided the indicated minima exist (notation: for a vector. w,
min = (min wi)). Then

04 0

k(qo) Z_h(al) z ..,

and, since h(an) = u(ah)L(an) 2z 0, it follows that the sequence
X(an) converges. We shall next investigate whether h(an) actually
converges to the desired minimum. It will be convient to assume

first that ¥ exists; this assumption will be dropped later.
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THEOREM 3.

(i) for every vector v there exists B € A

such that

Z(B)v + L(B) = inf{£L(a)v+L(a) : a € A}

(ii) there exists o*e A such that

A o= p(a*)L(a*) = inf{p(a)l(a) : o € A}

(iii) 1 = inf{p.i(a) :1ieE aehl >0

then any sequence kn’ constructed by approximation in

policy space, converges to A%,

PROCF. By (i), the sequence xn is well-defined. Our result will
follow if, for every € > 0O, there exists N such that, for all’
nzN and all « € A,

i(an>vn+L(Qh) < i(a)vh+L(a)+ €l (6)

In fact, the left side of this inequality is equal to knl, 80

a < p(a*)[i(a*)vn+L(a*)+el] =A% + ¢
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To verify (6), suppose the contrary: that is, for some € >0 and
every N there exist m >N, o = ame A, B = Bme A and 1 = ime E

such that

. (am)vm+ L, (am) z £, (5m)vm+ L; (Bm)+e .
m m m m

Since, by construction of the van,

ii(am+l)vm+Li(Qm+l) = ii(am)vﬁ+ Li(Bm)’ (i € E)

we have

< -
(o) vt Lyl q) = £ (o v+ Ly (o )-€ ai,im

A-€5, . (ie€kg).
m l,lm

Hénce, multiplying by ui(ah and summing on 1, we obtain in

+l)

view of (iii),

S - .
km+l B Km €1

‘But then for an appropriate subsequence m = m(v),

%m(v+l) = hm(v)+l = }\m(v)fen

= Pu(1)7ve"

- -0 (V —)oo)
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and this contradiction shows that (6) is true.
Q.E.D.

In this proof the only role playéd by condition (ii),
the existence of %, was in showing that (6) is a sufficient
condition for the desired result. We now show that condition
(i), together with another, more fundamental condition, imply
both (ii) and (iii). This will be done by showing that the
seduence of potentials {vn} is bounded, hence contains a con-
vergent subsequence,

For a vector v let |v| = max Ivi| and for a matrix

1
Q let |Q|.=max X Iqijl' Let “/(0) be the Green's matrix

J(a) = [1-P(e) + ()] L(a)

LEMMA. If for some integer K,

4

5 = inf max min pgw)(a) >0
o€h 1=NEK i,5 Y

then |%(a)| is bounded above on A, and
u; (@) > 9, ie€E aecA.

In the Appendix it is shown that one can take K = (J—l)2+l.
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PROOF. Fixing o and writing #(a) = Y e have

Y - (-pe)h W
- % (p1)®- 1w

v}
=1+ % (P-1u)-1p
o]

= E (P-1u) .
O

Let & = 8(a) = max min pg_l\.])(a).
1sNSK ij Y

Then &2 & > 0; we also have the estimate (see p. 13)

lpkn)_ “j‘ < (l_Jg)(n/N)-l

1J

for some N, 1 =N = K. Thus

|7 2l = max gnpgf_;)- b
< 3(1-0%) (/-1
and so
41 =21
<o+ Y 7(1-3%)(#/M)-1
< oN + ?[1_(1-J%)1/N]‘1

1A

2K + J[1-(1-3%)YE-1
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Also
u.-Zup(N) TYp o285,

QnE-D-

Remark. The parameter © 1s a measure of how fast the chains
X(a), a € A, approach equilibrium as n — », and we have shown
that, in the case where the X(a) are ergodic and irreducible,
this parameter also determines a lower bound on the equilibrium
state probabilities. It is not true, however, that there is any
special relation between "rate of stabilization” and values of
equilibrium probabilities: in particular it is not true that &()

is necessarily bounded above if the ui(a) are bounded below.

We can now prove a somewhat improved version of Theorem 3.

THEOREM 4.

If (i) for every vector v there exists B € A such

that

£(B)v+I(B) = inf{L(a)v+L(x):a € A}

(ii) for some integer K, the parameter

8 = inf max min p( )(a) >0
qeh 1sNsK i,j 9

(iii) the vectors IL{a) are bounded on 4 ;

then an optimal control aq*e A exists. If (a(n)}

is an arbitrary sequence constructed by approximation
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in policy space, then

My L aax) .

PROOF. We write o, "for a(n), ete. By (i), an approximation
sequence {0} exists. By the lemma, [{?(a)l is bounded on A,

and hence the sequence

v =1 (a)L(e)]

A

EACHIIPCR]
is bounded. Thus there is a subsequence of integers, which we
denote again by {n}, such that

v = lim v, (n - «)

exists., Since the sequence (Kn} is nonnegative and nonincreasing,

we have that

bgd

= lim A (n » =)

exists., It will be shown that

M = w =min{£(a)v + L(Q) : a € A} . (7)
Write
W o= min{;ﬁ(a)vn + L{a) : a €A} .
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We first show that lim w = v (n — o), In fact for 1 >0 and

n sufficiently large we have
| v -vl <n/2

and since

|2()| = |B(a)| + 1] =2
there follows

w_ = min (£(Q)7V + L{a) + £(a)(vh-$§: o € A)

min (£(0)v + () + |£(a) (v -V)|1: o € A)

=
< w4+ nl .
Similarly w_2 w - nl, so that

n
Iwh-%| <1 .

Next, by the Lemma, ui(oz) 28>0 (ie€eE, o€ A) and then, by

the same argument used in the proof of Theorem 3,
rL o= £(ozn)vn+ L(an) < £(a)vn+ I(a) + 1l

for n >0, n sufficiently large, and all <. Letting n -
we have

Al = lim Al < 2(a)v + L(Q) + nl 3

since 1 >0 1is arbitrary
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>
i
A

min {(£(a)v + L(Q) : & € A} .

~

w .

Since

>
B

=

i

i(ah)vh + L(ah)

v

min {;ﬁ(a)vn + L(a) : a € A}

= W
n?

we conclude that Al Z %, and (7) follows. Finally, by condition

(i) and (7) there is o*e A such that
M o= £(a*)v + L(ax) ,

and therefore oa* is optimal.
Q.E.D.

Remark. Theorems % and 4 can be extended to the situation where

E includes a tfansient subset in addition to a single ergodic
subset: the extension is left as an exercise. Thus condition (ii)
of’Theorem % 1s unnecessarily restrictive for the general case;
however, this condition cannot be relaxed altogether, as the
example below shows. Roughiy speaking, trouble occurs if “g/(an)

is unbounded on an approximation sequence (an}, because this means
that as n - = the chain tends to decompose into ergodic subchains,
In this case the control problem can be considered sepérately for
each distinct classification of stafes (into transient and recur-

rent subsets) possible for the given class of controls A.
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0 a 1o
P = 0 -8 B
1 0 0

[ oz+oq'3+r32 -2oz+oc2+oq5 oe-(oc+{3)2 ]
f/ = —l—--E -25—62 Lp-op -2f3+043+62
(a+2B)
2 2
| a-B -20-0p oHOR+R .
£ =P-1I
£v = Al-L ==> v = 1L

o

%

Suppose 0 = a,Bp = 1. If 0<q,B <1 all states are ergodic;

the other possibilities are tabulated:
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a 2] Ergodic Periodie Transient

0 0 e 1,3 -

0 (0,1] - 1,3 2
(0,1] 0 2 - 1,3

1 1 - 1,2,3 -

1 (0,1) 1,2,% _ ]
(0,1) 1 1,2,3 - -

Suppose L, = 2a, L, = Lg, L5 = 1. It is clear that optimal con-

trol is O0<a =1, B =0, in which case

= (0, 1, 0)

-
1

and

In an attempt to compute by dynamic programming let

1) (1) _21_
Then
Ly 2 -2
2/(1) o 1| -
) 5 (-5 T 2
1 -5 4
1D 2, 2, 1)

V(l) = 3 ("2, 1, '5)
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’ -v§1)+ avél)+(l-a)v§l)+L§l)

i(a,ﬁ)vﬁl)+L(l) = -B(v§l>-vél)) +'L§l) ' = min

AN L D)

=+ e _E + 20 = min
9 9
=> -B 2, 4 = min
9 R
3 _ .
§ + L5 = min

Note that these values are nonoptimal -- and the state
space has broken up into two irreducible subsets. Note also that
'%/is not defined for these values; and becomes unbounded if, for

example, we set
=B =7 and let 7v->0.
In fact if we attempt to solve

Lv+ L =A

with o =8 =0, we get
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_Vl + 'V'5 = A
O =A
vl - V5‘+ 1l =A

and no solution exists,

Remark. In Theorems 3 and L it was assumed that minimization could
actually be achieved at each sfep of approximation. It is of some
practical interest to verify that this condition can be relaxed,
provided we are content with a control which is only 'close' to

optimal.

Definition. Let € 2 0., A control a¥€ A is €-optimal if

AMa*) = inf (Ma) : a € A} + €.

Obviously if € >0 an €-optimal control always exists. We will |
show that such a control can be computed by approximation in policy

space, where we do not assume that the minima can be exactly achieved.

THECREM 5.

If (i) for some integer X, the parameter

® = inf max min pgq)(a) >0
aeh 1=NsK ij 9 .

(ii) (@) is bounded on A

then for every € >0 a sequence
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{a(n)} can be constructed such

A a(n} is e-optimal for all n sufficiently

that

large.
PROOF. Write o, for a(n) ete. Let o be arbitrary and define

Q Vn’ hn by

;ﬁ(an)vn + L‘(an) =N

i -0
i(an'*l)vnﬂ'(and) = ;Ii {“{(a)"n"’L(Oz)} + €71

By the Lemma (p.27) we have ui(a) z2 3 (i€E ae€A). Nowwe

generalize slightly the argument used in the proof of Theorem 3.

We wish to show that
£(ag)v,#1(ay) & it (2()v, + Ua)} + €l (8)

for all n sufficiently large. If (8) is false then for every N
ime E such that

there exist m >N, o = @€ A, B = Bm§ A and 1
Z; (clzm)vm+L:.L (ozm) > £ (fsm)vm + Ly (Bm) + €,
m m m m

Since, by construction of the Qs

-m
+1)Vm * Li(Qm+l) = ii(Bm)vh * Li(Bm) + e2

£i(Qm

for i € E, we have



A

v,ﬁ (am+l)vm +_Li(a +l)

i m ?i(am)vm + Li(am)

+ 2™ es, |
i,i
m

-m

A+ €2 - €38, .

m i,i .
m

Hence, multiplying by p‘i(am+l) and summing on 1, we obtain

-m
< - .
Apal Eh €2 €D ;

and therefore, for a subsequence m = m(Vv) —

< -m+1
Mu(vi1) = Mp(vyer t €2

+ e2°m(v)_ €5 + €2-m(v)+l

A

hm(v)

gx( + %€ . v € B

m( 1)
2.0 (v owx) .,
This contradiction verifies (8). But now (8) yields
A LS ;’;(a)vn + L{a) + €1 (a € A)

for all n sufficiently large; and therefore

A= inf {p(a)L(ax)} + €
o oeA

Q.E.D.
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5. INTERCEPT PROBLEMS.

We discuss the analogy, for controlled Markov chains,
of a typical stochastic intercept problem. With the same notation
as before, let X be a homogeneous” Markov chain oﬁ state space
E ={0,1,...,3}; the state O will be interpreted later as a
target state, toward which the chain is 'to be controlled in an
optimal fashion. Later we also consider the extension to moving
targets.

On the hypothesis that

Pz (w) = i A0} =1 (i € E)

let

T.(®) = min {n : xn(w) =0, nzl)

if Ti(w) < o; otherwise put Ti(w) =+ @ T, is thus the first
time the chain visits O, when the chain starts in 1.
Write F = {1,...,J}. Let X have transition matrix

P, with

P =1 [ P-=O (_rjeF)

*
This simplification is counvenient but not essential.



We assume that

i~>0 (i.e., D

L2

>0 for some n) for all

(n)

i,o

i € F; thus all states in 'F are transient. It will now be

proved that
P{ Ti < oo}

and even that
8{11} < ®
iel.

for In proving (

Borel-Cantelli ILemma

cy

EE An € ¥, n

z} P(A) <

then

P(1im An)

PROOF. Recall that 1im

(1)

(2)

1) we shall need the

1}

1,2

325000, and if

8

A is the set of ® which belong to

infinitely many of the An, i.e.,

o0 o0
1lim A = N U A .
n n=]l m=n m
Thus
—_— o]
: <
P(1im An) s P(mU=n Am)
o0
s 2 P(A ) (n =1,2,...)
m=n
-0 n-—ow

Q.E.D.
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Now following Doob (1953), observe that for i € F,

Yo (n+l)_ y ooy Hm Z n) :
JGF 13 JEF keF Pk g Fi :

i.e., the probgbility of staying in F cannot increase with n.

Since p( ) >0 for some n <J we have 2 p(g) < 1 for some
JEF
n<J and so we can pick N < J such that

JEF +d
Then
5 ((m+1)W) 5 P(ml\T)p(N)
jeF ij 3, keF ik kJ
sq X p:(.LﬁN) , ieF
keF
so that

2, p( ) = nm s ie?.
Jer

Since the sum 2 p( n) is monotone in n,

JEF 3]
5 p(g) < n(n/N)'l -0 (n —9w), iePr ., (5)

JEF

Since the right side of this inequality is the general term of a
convergent series, the Borel-Cantelli Lemma (with A = {w:xn(w)e F})

implies that



and therefore

Ly

P{xn(-)e F for infinitely many n} = 0O

P{xn(') =0 for some n<w} =1,

This proves (l).H To prove (2) observe that

and the result

Now

and define the

where
v(1)

v(0)

Because of (2)

v(1)

(n)
if P50 ® RS
s JEF

(n)

=n+l) = X p 13

JEF

follows from (3).

let
L = (K0),...,1(3))" ; I(0) =0, L, 20,i €F ;

potential

<

= (v(0),v(1),...,v(3))’

T

i
e( X L(x)| x =1}, ieT,
n=0

[t}

0

, V(i) < » , and since I{0) = 0 we can write

= &{ E x)|x =1}, 1€E.
n=0 -

(%)
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In the following we will write Vi v(i) ete. interchangeably.

We next derive a difference equation for v. [Observe that v(i)
is the expected cost of tracking (from time O to absorption in
the target at time Ti); our future goal will be to minimize vJ].

Now

v(i)

L(i) +&{ X L(xn)lxo = i)
n=1 -

= L(i) + ngP(xl = 3%, = i)-SiziL(xn)?xo=;,xl=j}
= I(1 T B(x, = Jlx = 1)E( L1 =
(1) + TRy = alx, = D8 T 1)l 5= )

L(i) + jzgpijv(j) .

Here'we have used the Markov property, and the fact that the chain

X 1s homogeneous. Defining

£L=P-1I
we have then the difference eguation

2y = -1, (5)
with "boundary condition"

v =0 . (6)

Next we show that (5) and (6) have a unique solution,

hence characterize v. For i,j = 1,...,J define
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pij - le’ P= [piJ]’ L= (Li) y VE (V.) )

Z2=P-1I (I=JxJ identity).

Then (5), (6) are equivalent to

>
<>
H

1

£

(o]

and it is sufficient to show that £_l exists. This follows easily

from the estimate (3) above. Thus, if Q = [qij] (i,j € F) define

']Q\ = max L | q. | .

ieF jep 9
Then
]§n| = max 2 [ﬁn]i.
i€F jeF J
= max 2 pgg)
i jep Y
= n(n/N_)—l ’ n=12,...
e} TaS
using (3). If follows that the series X P converges; that is,
o -

(I_ﬁ)'l=§§n

exists.
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Our next formula will be useful in the application of
dynamic programming: roughlj speaking it expresses the potential

as the sum of its successive differences.

IEMMA (Summation Rule) -

If v=[v] (i € E) is an arbitrary vector with +v(0) =-0

then

T

v(1) = 80 L (£v)(x) |=x = 1) (7

n=0

where we interpret T, = 0 if i = O.

PROOF. The discussion leading to (5) and (6) did not depend on
the fact that Li 2 0 but only on the restriction LO = 0, For
any vector v, (£v)(0) = (Pv)(0)-v(0) = v(0)-v(0) = 0. Now define
L= -£(v), and consider (7) with this replacement. By the discus-
sion leading to (5) and (6), (7) is true if (and only if) £v = -L
and V.= 0. The lemma now follows trivially.
Q.E.D.

Next, let us formulate the control problem in the same

way as in §2, namely let A be an arbitrary nonempty set of

elements a = (a_,Q ) where o.€ A, and let X(a) be the

l,.ll,aJ

chain defined by transition matrix

P(a) = [pig(a)] b i)j € E J
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where

pij(a) = Pij(ai) , L,jeE.

Each X(a) is assumed to have the properties of the X process

described above; in particular

PO,O(O‘) = 1, Po,i(a) =0, (i eF, aeh).
Finally, introduce cost vectors I(a), a € A, with

Li(a) = Li(ai), Lo(a) =0 (i€E aeh).

We assume that the I(a) are bounded for « € A. TFor

1 €F and o € A define

v, (a)
vi(@) = (I I (@),0)x = 1) (8)

n=0

where the Xn(a) are random variables of X(«@). Vi(&) is thus
the expected cost of interception when the chain starts in i and
the control is «@. Now let

u;‘ = inf {v,(a) : o € A} (i e F)

We shall say that o%*e A 1is optimal if, for all 1 e F,
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% = *
Vi(a ) u¥ .

Observe that, according to our definition, an optimal control o¥*

is uniformly optimal with respect to all states 1 € F,.

OPTIMALITY THEOREM. If there exist o*e A and a vector v*
(v¥ = 0) such that
0 = £L(a*¥)v* + L(a¥*) = L(a)v* + L(a) (9)

for all a ¢ A, then o* is optimal. [Here if w,z are

vectors, w £ z means W, s z; for all 4i].
PROOF. By (5), (6) and the equality in (9),
v* = v(a¥) ;

and by the summation rule, if o € A, i € F,

()
v = - E{ L ;C(CX)V*[Xn(Ot)]lxoz' i}

n=0 ‘
()

s - ¢gf ZO [£(0} ) v¥(x (o) ) +I(x (o) ,0%)

-L(xn(a),a)]lxo= i}

(@)

=-8&{ X [O-L(xn(a),a)]lxo= i}
n=0 :

=v Vi(a)

Q.E.D.
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We observe that (9) can be expressed more concisely as

Bellman's egquation

min {£(a)v + IL{a) : @ € A} = O (10}
Thus if v is a solution of (10) with v =0, and if
£(o¥)v + L(o*) = min{£(a)v + I{a) ¢+ a € A}

then o* 1is optimal.

We shall now show that optimal (or €-optimal) controls
can be computed by approximation in policy space. We naturally
assume A 1is nonempty: i.e., there is at least one « for which
X(a) 1is such that 8{Ti(a)} <o, ieF., To start the approxima-

tion let a(O)e A be arbitrary, let v(o) be defined by

ﬂamhvm)+lﬂﬁ®)=o
(0)

(¢}

and define a(l) by

2 v 16Dy < minte(@) W ® 1) ¢ a € a)

(n)

on the assumption that the indicated minimum exists. Given «

define V(n) by
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260 4 oy 2o vér})= 0,

and determine a(n+l) by

,{(oc(n+l))v(h)+ L(oz(n+l) - min{;g(a)v(n)+L(a) : a € A} (11)

(pn =1,2,...), By the same kind of argument used in proving the

optimality theorem we have

v(n+l) = v(n) s n=0,,2,... .

Indeed (writing o for oc(n+l)

+1 and using k for the

time variable) (o )
n+l
- e{kZO ACTEANENCHEIE

v
n

T(an+l)

- e{ X L v (x
R CCRIACACIN)

Y

+I( Oy Xk( O‘n+l) )-K( %412 xk( O6n+l) )}

T(an+l)

+ & kEO I( ne12 Xk( O‘n+l) )}

=V 1]

n+1

Because v 2 0 it follows that

v¥ = 1lim v(n) (n - x)
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exists. Now #(a) = P(a)-I and L(a) are bounded on A; and so

for a suitable subsequence m = m(v) (v = 1,2,...) the

2% (m+l))

lim £(o

% = 1im 1(o{™)) v =)

exist,  Therefore, by (11)
L¥v* + Lx £ g(a)v* + L(Q)
for all «a € A, Also, since v .. | v*, we have

LH*V* 4 L

lim [£(O£m
vV —x

+l)vm+l+ I'(Oéma-l) ]

=O¢

For brevity let us write (7) as

T
v=-8{2L ;Cv(xn)}
n=0

Then if « € A, (12) and (7') imply

limits

(12a)

(12b)

(7")



53

()

- 8 T 2(a)vH(x (a)))
n=0 .
(@)

- e I [exv¥(x (@) + I¥(x (o))
n=0

i}

¥

A

-L(;;n(a),oc)]
()

e{ & Lz (a),a)}
n=0

v(a) .

This shows that for every € > 0O, there is an integer N such that
(n)y < ; .
v(a*"’) < inf {v(a) : a € A} + €l

for all n > N; that is, an €-optimal control always exists and
can be found by approximation in policy space. It is clear that
if A can be topologized in such a way that the sequence {a(n)}
belongs to a (sequentially) compact subset of A, then an optimal
control a*€ A exists which can be found as the limit of an
appropriate subseguence of the a(n).

[rIt is true and somewhat trivial that, by adjoining "ideal"
elements to A, we can always obtain a new set A DA which is
sequentially compact in the topology induced on A by the mapping
a - v(a). To do this we mérely identify an ideal element o’ with
(k)

the equivalence class of all sequences {a(k): ‘' ‘e A} which are

such that the corresponding sequences {v(a(k))} converge to the
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same (finite) limit v°: we then write v°= v(ao). It is obvious
that an optimal control a*e A always exists, However, this
procedure has its dangers, even if P(ao) can be meaningfully de-
fined, since it may no longer be true that the process X(oco)

retains all "regularity" properties of the X(a), a € A.

EXAMPIE.

l-o

Q
=
l—'"
O
[

If Al =[0,1), A, = [% s %], an optimal control o%€ A exists
and is obviously

* = % . i
ozl = 0, «af : arbitrary

= ) .
Clearly S{T;._‘] < e, If A= (0,1) and A, = [H’E] an optimal
control in A is the ideal element Q= 0, a, =% and again
e{t¥} <. But if A, = (0,1), A, =(0,1) the optimal control

in & is of : arbitrary, aX =1, and now E{TX} = + e,

We remark that this "pathology" cannot arise in the

present problem if, for some & >0, Li((x) 2% for €A, i€k, ]

PROBLEM 1 (Time-optimal control).

For a finite controlled chain X(a), formulate the problem
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of minimizing the expected time (number of steps) required to reach
a designated target state (0). State and prove sufficient condi-
tions for existence of an optimal control. In particular show the

following: if

(i) A, =[0,1], ie€E-{0} =F
(i) P, 5 is a linear function of o, 1i,j €F

(iii) TFor every a e A, i ~>0 for all i € F

then an optimal control ‘exists and can be chosen in the form Q= 0

or 1. This is a version of the "bang-bang' principle.

PROBLEM 2.
General¥ze the intercept problem for the case of a (fixed)
target set of states 91,92,...,9K ¢ that is, the state space is

now

(61580500505 5 1,2,.00,3)

Assume that with each Gj there is associated a terminal cost Cj
and consider the problem of minimizing the expected sum of pursuit

cost plus terminal cost.

PROBLEM 3.
Generalize the intercept problem to the case of bursuit

of a mbving target: that is, a particle Y wanders on E independently
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of but simultaneously with X(a): the pursuer (X) always knows
¥'s current state (between jumps) and knows also that Y moves
in accordance with a Markov process with fixed transition matrix

Q If x =1 and y =j then the cost is Lij(a), with

Lij(Ol) >0, i=3; L,(a) =0 (i,j €E; acAl).
Formulate the problem of minimizing expected cost of interception
and give sufficient conditions for existence of an optimal control.

[ Suggestion: show that by an appropriate choice of state space the

problem can be reduced to Problem 2, ]

PROBLEM 4,

In the problem of §3 suppose that
ifnf [pgf())(a) :1e€F, xgeA} >0
Show that
sup {S{Ti(a)} : 1 €F, €A} <m, (%)
Defining an €-optimal control in the natural way, show that if (%)

is true then an €-optimal control (€ > 0) can always be constructed

by approximation in policy space, where we do not assume that the
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minima can be achieved.
[ Suggestion: Let sup{&'ri(oz)': ieF, a €A} =T, Pick [ozn} such
that

Lla v

-N,~1
=
1)V L(ozml) = ;f(a)vn + L(Q) + €27l 1, a €A,

By the summation rule

T(an+l)
Vn 7" o % x(ah+l)vntxn(ah+l)]}
T(an+l)
z - €L [-I(xk(ah+l)’ah+l) * i(an)vh[xk(an+l)] *
o
+ Lz (o, q),0) +
+ e2® 7711y
v - e ot eir(a )
n+l n+l
==> vn+l ES v, + e 1.

Thus 0O = vn £ VO + €1l. Now we claimg

-1
< *
:E(ocn)vn + L(an) . ;ﬁ(a)vn + L(a) + €77 1, a €A (*)
for all n sufficiently large: +this shows that an is e-optimal
for all n sufficiently large. To verify (%) suppose, on the con-

trary, that for some subsequence m(v) — o, 1LeF, BcA
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Aoy (L) 40y (o) > £(B, ) (1)4T (B )ser™

Now
i : -1 ,-m
ﬁ(amﬂ‘l)vm(l)ﬂ’i(amﬂ) - i(a)vm(l)‘*l’i(a)‘feT 2
for all i, a 3 and so
-1 -m
. < )
« OCm‘*-l) vm( 1) +Li(am+l) = £ O‘m)vm( 1) +Li(am) +eT — 2
- erts,
i1
m
-ei@™y ) (1ew)
i1,

L

Thus by the summation rule,

v (1) 2 v, (4) - eT‘l(z‘m_ai’im)-e{ri(qm+l)} (i € E)

or

A

R . -1 -1
Vm+l( lm) vm( 1m) +e27 e E{ Tim( am+l) }

-1

2

1A

v (i )+e2 ™ ep
m' m

3 =
since G{Tim(am+l)} z 1. But then

m( v+1)

Vm(V+l)(im) = vm(")“‘l(im) i €j=r§(v)i:_LJ
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and so

m(v+1)

Vm(v+l)(im) = V@(v)(im)+€j=§i

-1

27dhe™ | ept

v)+1

Since the number of states is finite we can assume (by picking a

further subsequence if necessary) that

Then, iterating the last inequality.

Vm(v)(k) < vm(o)(k) + 2e - veT~

and since v, 2 0, we obtain a contradiction.]

1 = keF
m

1

for all m.

Remark. Problem 4 can also be solved by the following alternative

argument (due to W-U. Haussmann). Observe that

-n
< <
0= vh+l = vn + €2 1
=> Q0 £v v, + €1
n 1

We shall show that the sequence (vn} converges.

be a sequence of scalars such that

~-n
0=su = u + €2
n+l n

Then

A

un+p
-2

WA

u o+ 62"(n'l){2"l+ 2

-n+l
u + €2 .
n

A

t eeel

Indeed let {uh}

u +e(274 o-(n+1), | p-(mip-1)y
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Also {un} has a convergent subsequence {um(v)}; let

T = min (m(v) : m(v) = n+p)
n = max {m(v) : m(v) = n)
Then
Up Uy S (u - u )+(u - u=)+(u- - un+p)

A

5(2'2 + 2'(9%l)+ veot E_m) +

-m -m
+ (um- uﬁ)+ g27=+ ... +27)

A

heo™® 4 (u - u) o
m m
Thus given & > 0 we can choose Vv so large that

uo- U= < 8/2

he2™2 < 5/2 ,
Then for n,p sufficiently large,

|un+p - unl < ®
so that {un} converges. Thus our vector sequence {vn} actually
converges, to v*¥ say.

The argument then follows that of page 51. By (11), we
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have

£( + L(ah+1) s inf{ﬁ(a)vh+ (o)} + e

an+l)vn

and then

£¥v* + I* = inflg(a)v* + L(a)} .

But also we can take the limit in (12), since {uh} converges,
so that

f*V*+b*=O.

Thus, for n sufficlently large,

v, SV o+ er™t < v(a) + €

by the same argument as on page D2.

4. OPTIMAL CONTROL WITH FIXED TERMINAL TIME,

Optimal control of a Markov chain with fixed terminal

time is in many ways the simplest problem of the type we have been

considering., However, in this section it will be studied under
broader assumptions on the class of control laws than have been
made heretofore,

First, consider the following standard problem. For

a €A let X() be an arbitrary Markov chain on E = {(1,...,J};

and let
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P(n,a) = [p;4(n,0)]

Pij(n’a) pij(n’ai)

P{x(n+l,a) = j|x(n,a) = i}

where as usual,

o4 (ozl, ..,on)
¢, €A,
i 1
A. = A.lx oo X AJ .

Let IL(n, i, @) = L(n, i, ai) Z 0 be the cost incurred by X(o)

H

in state 1 at time n, and let

N
v(n,i,a) = &{ L L[m,xm(a),a]lxn+l(a) = i} (1)
m=n+1

In (1), N is fixed, and an empty sum is defined tu be zero.
Drop o temporarily and write V(n,.,.) = Vn(.),etc.

i

One easlly verifies that
Vn(l) - Vh_l(l) = - PﬁVn(l) + Vn(i) - Ln(i). (2)

Introducing the column vectors

Vo= [V(i)], L =[L(i)];
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backward difference operator

ANh = Vn ~ Vh-l
and generator
£nV = PﬁV -V

we can write the basic relation

AVn + ﬁﬁVn

I}
!
=
-
-
A
a]
A
=

(3)

V =0
n

Since (3) has a unique solution, it follows that (1) and (3) are

equivalent, if we identify

£ = £n(oc), L = Ln(a) .

Conversely, if Vn (L= n=0N) is an arbitrary sequence of J-vectors

with VN = 0, then we have the summation rule

N
. [0 o4 04 . :
Vn(l) =~ &( X [ANh(xm) + £va(xm)]lxn+l = i) (%)
m=n+1
We now define a control law to be a sequence
o =f{on) 2 15 nsN} where each o(n) € A. The foregoing relations

remain valid with the replacements
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v (@) = vn('a')
1,(0) = 1 (a)
Pn(a) =7Pn(ocn)
z (@) =2 (a)

(Here o = a{n)). We shall use the notation L (a ) = Ig(n) ete.
n n‘'n n 7 ’

according to convenience; and write A for the class of controls

a.
Now consider the problem of minimizing Vo(a) with respect
to d. The relevant optimality theorem is obvious from (3) and (4):

namely, if o*e A and a vector V¥ have the properties
i % KYV* = -
(1) AVX + ;ﬁ(an)Vn Ln(o%)
14 %) V% %) = %
(1) £ (X)X + L (oF) = £ (@ VX + T, (o) (5)

for all 0 =n =N and all Q € &, then

In fact, by (4) and (5),

N
. . o 04 .
VX(1) = -€{ . (avx + fo‘vm ;)(xm)lxml: i}
m=n+1 ’
X 07 0
< o * K * Ko T.* = 7
< €{m§n+:(LAVm+;Cme+Lm Lm)(xm)[ X~ 1)

i}

v‘r’l‘(i) .
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Thus it is clear that at any stage n, we may seek to determine
ag' by minimizing

*
;tin(ocn)vn + Ln(an)

with respect. to ane A. Assuming the minimum exists at each stage,
an ag' and Vﬁ' are determined by iteration backwards from the

terminal time, according to

(6)

. % . -
min {AVX + i(o‘n)vﬁ + Ln(an) P € A} =0

EXERCISE: Work out an example for a Markov chain with two states,
and carry through the computations explicitly for N = 3.

We now look at some gqualitative features of problems of
this type. It has been assumed throughout that the component of
control an at time n depends only on the current state Xn of
the process. Suppose we broaden the cléss of control laws to in-
clude those which allow the control at the 'present' time n to
depend on X je.eyX 3 that is, on the entire past history of the

¢

process. To make the extension consider a class of stochastic

processes X = X(B) = {XO(B),..;,XN(ﬁ)}, where:

B = {BO’...’BN}
Ppt L X o XE 24

n+l
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-and if B,y are such that

then

B 1 P B Y .
P{x. .= i xo,...,xn} = P{xn+l= 1| XogenerX

it
n+l" }

n

In plain language the definitions state that a control

law is a segquence of mappings {Bn}, such that the nth of these

maps the sequence (xi,...,xi) into the set of allowable control

vectors Aj; and that transition probabilities of the XB process

at time n (that is, from the 2 state to the (n+l)th state)

depend only on the values assumed by the "past' random variables

p p

X geeeyX o
o’ ’“n

Let
P{xflﬂ: jlx'z: io,...,xff i}
(7)
= pij[n}Bn’i(iO}"'}in)]

where pij(n,-) is the transition probability introduced earlier
. . .th /3 .
(p.57), and B, i(~) is the i~ component of 6n(-). If /0 is
b4
the class of all possible controls B, then ﬂ? DA because, if
o €K and

a(n) = ot €A,
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we need only define

B (1 ,mesi) =0l . (8)
n
With L = (L;(;)) as before, we say that B*e 43 is

optimal if

N
p p p p B
e{ X L[m,xm,ﬁm(xo,...,xm)]lxo,...,x } (9)
m=n+1
is a minimum (with respect to B e,ﬁg) for every assignment of
values to xi,...,xi+l and for all n, O =n £ N. We denote the
p

functional (9), evaluated at x =1 (v = 0,..»,0+1) by

Vi(lo""’ln+l) .
We shall now show that if o*e A is optimal in A then
a* 1is optimal in /3 . This is easily achieved by noting that the
summation rule (4) is true even for processes of type . More

precisely, let

:jl—d
—~
™
N

1]

1
oy
—
™
-
I

P(B)-I

Then if {Vn, O=ns N} is an arbitrary sequence of vectors with
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VN= 0, we have

.
v (1) = _e{mgmgzwm(xi) wPy (D)1)P= 1 00,1 P2 1) (10

. . . . . B
for all i ,...,i, i € E. To verify (10) write x =x  and

observe that, for m 2 n+l,

B i s
8{£me(Xm)lXo""’xn’xn+l = i}

?{S{Vm(xm+l)|xo,xl,...,xm_l,xm}-vm(xm)|xo,...,xn,xn+ = i)

8{Vm(xm+l)-vm(xm)|xo,...,xn,xn+l = i}

Furthermore

AVm(Xm) = Vm(xm)—Vm_l(xm) .

Thus the right side of (10) becomes (dropping evaluations of

XO,...,Xn)

N
L{ X Vm(xm)—Vm_l(xm)+Vm(x +l)-Vm(xm)‘xo,...,x x 1= i

o4
m=n+1 m won
N-1 N
= -8{ Z —Vm(Xm+l)+ Z Vm(xm+l)l XO)"‘)Xn’Xn+l= l}
n m=n+1
=V (1) .
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[Note: in these computations, a conditional expectation B{f]x},
where x is a random variable with values in E, is itself a
random variable, defined by forming the function
#(1) = e{f|x = 1}
and then setting
e{f|x} = o(x) .

Thus E{€{f|x,y},x} = (7] x}‘ since

8{8{fl X,¥},x = i}

il

Ze(flx =i,y = 5}P(y = i]x = i}
Jje€E

€(flx = 1} . 1

It is now easy to show that optimality of a*e A implies
optimality in /3. In fact if &*e & is optimal then either (5)
holds or there exists an optimal o**e A for which (5) holds
(Exercise), and then the proof that o* (or O**%) 1is optimal is
carried out by applying (10) in the same way that (4) was used in

the discussion, p. 6.

In the language of control, this result is expressed by
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the statement that, 1if the controller has perfect information about
the current state of the_conﬁfolled object, then it is sufficient
for optimality to generate control decisions as functions of the
current state alone. " Results of this kind are important bécause
they serve to limit a priori the amount of data-processing required

of the control computer.

EXERCISE: Write out the details of the foregoing argument.

Problen,
Let X(a) be a family of homogeneous chains which satisfies
the conditions of §2. Let L() be bounded for « € A, let a*

be an optimal stationary control, and k*‘= Ma¥). Write
o = {OLO,Oll,...}

where the o € A let {xg} be the process defined by setting

g ..a . "
p{Xl’l+l_ Jl.xn - l} - PlJ(an(l) >
and define
N-1 5
VN(l) = 8{¥§OL(XH5 an)‘xo= i} .

As a measure of long-time average cost using o , let
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r(3) = Lim N v (i) .
1 Jueniusng N
n — o

Show that «o* 1is as good as any o , in the sense that

A% S xi(&) (all i,q) .
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APPENDIX. A Property of Directed Graphs.

We show that if N = min {n : p§?) >0, all i,j,} then

N = (J-l)2 + 1.

In other words, a strongly connected, aperiodic directed graph is

' 2
"fully saturated" after at most (J-1)" + 1 transitions, J Dbeing

the number of nodes,

For the proof, let N (instead of J) denote number of
nodes (states) and let nodes be labelled {1,...,N}. Denote state

space (set of nodes) by E. Let
P 27 =2
be the "successor function":

o(i) = {3 = py5 >0} . |

ij

FCE ==>0¢(F) ={j : (gi) i € F, Py 5 > 0}. S

LEMMA.

If FCE and (p(n)(F) = F for some n, then F = E.
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PROOF. We have

ieF = Zp(.r.l) =1 == Zp(kn> =

5 5 1, k=12,... .
JeF J Jjer J

4
But since all states are aperiodic, pgg) >0 for all r sufficiently
large. Hence F = L.
Q.E.D.
Since the graph is aperiodic there is at least one node
(1, say) which has two distinct nodes among its (one-step) successors.

Consider the sequence

1, o(1), cpg(l),... .

Since the graph is strongly connected we have 1 € @n(l) for some
n. TLet
n, =min (n :n2z 1, le o™(1)} .

1

We have n, = N-1. In fact, if le ®(1) then n, = 1; otherwise,

1 1
there are i,j € (1) with 1 #1i # j # 1, and loop-free paths of
lengths = N-1 from i +to 1 and from J to 1. If a loop-free
path from i to 1 i1is of length N-1, then this path contains J,
--hence there is a loop-free path from J to 1 of length = N-2;

that is, there is a loop-free path from 1 to 1 of length = N-1.



&

n .
Suppose © l(l) f E. By the lemma, there is a node (2,
0 ,
say) in ¢ 1(1) which is distinct from 1. Let

n n_+

1 1
n, = min fn:nzl o (1)Co (1)y .

nl+n2 nl+n2
Again, if o (1) # E +there is a node (3, say) in o (1) —

n
® l(l). Also, it is clear that n, £ n.. Continuing thus we obtain

2=
seguences
N-1%2 ny z n, 2 ,,. 2 nN-E
1 e L) co 20y c... Ccpnl+"'+n1“-2(i)
with
nl+...+nN_2

o (1) D E - {N} ~, say.

: n_+1
We observe next that (if N = 3) then ¢ 1 (1) contains
n
at least three distinct nodes: otherwlse all nodes in ¢ l(l) are

mapped into the (two) successors of 1: i.e.,

n

® 1(<p(i)) = cP(an

1)) = o(2)

' nl+n2+l
and by the lemma, (1) = E. Similarly (if Nz 4) ¢ (1)

contains at least four distinet nodes. Otherwise all nodes in

n.+n , n
® 1 2(1) are mapped into (three) successors of ¢ 1(1); i.e.,
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n.+1
(1) =9 = (1)

nl+n2

(1)) = o0

and by the lemma, (1) = E. Continuing by induction we get
finally
To complete the proof we note that
2 N-1

(L) U (L) U ... U (1) =E

and that @(E) = E. Thus we shall have
n,. .
¢ (i) = E (all 1)

provided

no=ng kO, ...+ o4l + (§-1)

A

(N-2)(N-1) + 1 + (N-1)

n

(N-1)% + 1. (%)



T

EXAMPIE:

The upper bound (*) is attained.
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CHAPTER I

INTRODUCTION TO GAUSSIAN DIFFUSIONS

1. PRELIMINARTES.

In this chapter we discuss Brownian notion and the con-
trol of (Gaussian) diffusion processes determined by linear stochastte
differential equations of Itd's type. A more general treatment of
It0's equation is deferred to a later chapter. In fact, nearly all
the concrete results of stochastic control theory which are avail-
able at present pertain to Gaussian processes only.

In the following, we shall be concerned with stochastic
processes X = {x(t,w); O £ t < ®} defined relative to a probability
triple (0,§,P); the sample functions x(*,w) of X are defined on
the halfline [0,») and take values x(t,w) in Euclidean n-space
E. We assume that P-measure is complete: i.e., § contains all |
subsets of sets of P-measure gzero. |

Certain results of measure theory will be taken for granted;
for proqfs the reader will be referred to standard textﬁooks.*

To discuss processes X with continuous time (t) para-
meter a number of technical difficulties must be dealt with: these
arise from the practical necessity of defining our processes in
such a way that (a) various sample funtion properties of interest
(such as continuity) be events, i.e., have assigﬁable probabilities,

and (b) the sample functions of X be sufficiently regular to admit

% :
A bibliographical note and references are given at the end of the
chapter. *
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construction of new random variables by operations on them involving
limits, such as integration. Briefly stated; requirements (a) and
(b) are met by introducing respectively the concepts of separability

and measurability of X.

1.1 Separability.

Let T be a finite or denumerable subset of I = [0,®),

“let A € Rl’ and consider the event

{w : sup lxt(w)| > = U {0 ] x(t,w)] > A, (1)
teT teT
As an (at least) countable union of w-sets in 8, the w-set on
the right is an event (i.e., is measurable, i.e., belongs to 5);
However, if the set T is nondenumerable (e.g., is an interval)
the w-set described is not necessarily measurable, and thus its
probability measure need not be defined. This difficulty is avoided

if X has the following property.

Definition: The process X = {x(t,w)} isyseparable if there exists
a countable everywhere dense subset T C I, and a set N € % with
P(N) = O, such that, for every open set GC I and every closed

set ¥ CE, the sets

{w s x(tj,aﬂe F, tje GNT}
and

(w: x(t,w)e F, t e G)



~differ only by a subset of N.

The set T 1is a separability set for X.

Of course, X as given may not be separable: nevertheless
it is possible under very general conditions to replace X Dby a
new process X such that X is separable and differs only "slightly"

from X.

Definitions The processes X, X are (stochastically) equivalent

if for each t € I,

P{x(t,0) = x(t,0)} =1 (2)

[Note that (2) is much weaker that the condition
P(x(t,w) = x(t,w) , t eI} =1

since the exceptional w-set of measure zero involved in (2) may
depend on t, and a nondenumerable union of null sets may, if
measurable, have positive measure.] Thus if X and X are equivalent
they have the same finite-dimensional distributions (the converse

statement is in general false!).

THEOREM 1 Iet X = {x(t,w),t € I} be defined on (®,3,P) with

values x(t,w)€ E. There is then a stochastic process

X = (X(t,0), t € I} defined on (Q,%P) and with values
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in EU {«} such that i, is separable and is equivalent

to X.

PROOF. See Doob(1953) Ch.2,§2; Lodve(1963) 35.2; Gikhman and

Skorokhod(1965) Ch. k4, §2,

Note. = is an ideal element adjoined to E and identified with

the class of all sequences {xn} of points of E such that

lxnl - o (n - x), For the theory of such a "one-point compactifica-
tion" see Loeve(1963)p.71 or Kelley(1955)p.149. 1In spite of this
apparant enlargement of E, 1t is true (vy equivalence)fthat, for

each t, gﬂt,-) is finite-valued with probability 1.

Theorem 1 gives no information on how a separability
sequence can actually be chosen. We will now show that if X has
a mild regularity property then any dense sequence {tn] will do

(for instance: the rationals).

Definition: The process X is stochastically continuous at toe I

if for every € >0,

P(]x(t)_x(to)l > €} -0

as t->t, teI. [i.e., x(t) »x(t ) in pr.; P lim x(t) = x(t )].
© © t ot ©
o

Definition: X is stochastically continuous if it is stochastically

continuous for each +t ¢ I.
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THEOREM 2 Iet X  Dbe separable and stochastically continuous.

Then any sequence T = {Tj}, everywhere dense in I,

is a separability set for X.

PROOF. (Gikhman and Skorokhod (1965)p.207).

Let V = {8} %be the set of all intervals S in I with
rational endpoints: thus V 1is countable.

Let J = {tj} be a separability set for X and let N
be the exceptional w-set of the separability definition. Let

B(S,w) denote the closure of the set

{x(t,0) : TeTnNS} ( CE)
and, for t, €J ns let

N(S,k)» = {w s x(tk,@) £ B(S,w)} .

We show that P{N(S,k)} = 0. 1In fact, let Ty T =1,2,... Dbe

an arbitrary sequence in T N S with T; —atk. Then

N(S,k) C {w ¢ lim lx(tk,a))-x(w;,w)] > 0}
T —> 00 . ) .

and if A denotes the w-set on the right,
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P(A) = 1im Plo: lim |x(t,0)-x(7!,0)| >0
n —-ow r >0 . . o
£ lim  lim Plo: lx(tk,w)-x(T;,aﬂl > n_l}

n—»ow I —o0

0, by stochastic continuity.

Since P-measure is complete, N(S,k) is measurable and P{N(S,k)} = O.
Let
N = U U N(S,k) ;
SeV ¢, €SNg
k
then P(N') = 0. Let GCI be open; let w ¢ NU N', and for
some closed set F let x(T,w)e F for all T € T N G. Then for
all tke GNJ and 8, such that

t,€8CG ,

we have

x(t,,0) € B(S,0) CF .

Since J = {tk} is a separability set, we have X(t,uﬁe F for all

t €G and o £ NUDN'. Hence T is a separability set for X.

EXERCISE: If [An} is an arbitrary sequence of measurable sets
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show that

) S ) .
P{1im An} £ lim P{An} .

If {fn] is an arbitrary sequence of real-valued random variables

and f = lim fn , show that
P{(f >0} = lim P[fn >0} .
State and prove the corresponding facts about 1im .

EXERCISE: If X 1is a separable, stochastically continuous process

in Ry, and if 0 = a <b = =, show that

A
ct
A

b}

1
ct
A

sup{x(t,w):a

sup{x(t,w):a = b, t rat.}
an

inf{x(t,w):a

A
ct
A

b}

inf{x(t,w):a =

!
ct
|

£ Db, t rat.}

with probability one. ("rat." means "rational").

In many applications it is of interest to consider

variables such as

b
[ x(t,w)dt
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and to assign to them probability distributions, For the integral
to make sense, it is necessary that =x(+,0) be a measurable func-
tion of +t3; if the integral itself is to be a random variable we
must further require that =x(+,-) be measurable in t and .

Let £ denote the o-algebra of Lebesque measurable sets of [O,w).«

Definition: The process X = {x(t,w): t 2 0} is measurable if
the function x(t,w) is £ X O measurable,

Just as in the case of separability, a process X need
not be measurable; but under mild restrictions there exists a
measurable process X which is stochastically equlivalent to X;

and if X d4is separable, X can be chosen to be separable as well,

THEOREM 3 Let X = {x(t,w): t 2 0} -~ be a stochastically continuous

process in E., Then there exists a separable,measurable

process X = {x(t,w):t 2 0}, defined on the same probability

triple as X, and with values in E U {»}, such that X

is stochastically equivalent to X,

For the proof, which is somewhat lengthy and technical, we refer to
Dobb (1953), Ch.5,§2, or Gikhman and Skorokhod (1965), Ch.k4,§3.

The following result is an immediate consequence of Fubini's
theorem on repeated integration [Halmos(1950)p. 148; Berberian (1965),

p. 140].
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————

THEOREM 4 Let X be measurable. If O =a<b=® and

b .
el x(t,w)|}dt < @
a
then
b b
] e{x(t,w)}at = €{f x(t,w)dt}
8 a

2. BROWNIAN MOTION.

Let X = (x(t,w): t 2 0}. We often write =x(t) for

X(t:')'

Definition: X 1is a process with.independent increments if, for

arbitrary t; <t, <... <t (n>3), and t;€ I, the random

variables

X(t2)-x(tl), cos ,X(tn)-x(tn_l)

I3

are independent,

Definition: X 1s a Brownian motion in E if (i) X 4is a process

1

with independent increments, (ii) the random variables x(t)-x(s)

are real-valued and normally distributed, with

e{x(t)-x(s)} =0

e([x(t)-x(s)1%} = |t-s| .
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The Brownian motion process is often called a Wiener
pProcesss

Note: To define the process initially we assume

P{x(0) =0} =1,

kY

EXERCISE 1: Show that Brownian motion.is stochastically continuous.

EXERCISE 2: Show that €{x(t)x(s)} =t A s and compute the joint

distribution of X(tl),...,x(tn).

We will next show that the sample functions of a separable

Brownian motion are almost all continuous.

LEMMA 1 [ Doob(1953)p.5k4]

Let X be separable and stochastically continuous. Let

02 a<b<» and suppose that, for each un,

a = s(n)< cee < s{n) £Db
0 J(n)
and
lim  sup  min [t-s(n)[ =0

n o astsb ji(n) 9

Thus, if X 1is real,

P{ 1im min x(sgn),w) = inf x(t,w)} =1
n->0o j ast=sb
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and
P{ 1lim max. x(sgn),w) = sup x(t,w)} =1
n->wo j ast=b
PROOF. Let t € [a,b] be fixed. For each n, we can choose J

so that s = sgn) -1t (n »>»). Since X 1is stochastically

continuous,

x(t) =P 1lim x(s )
n-—o n
Hence [Loeve(1963)p.116] there is a subsequence {n'}

of values of n such that

P{ 1im X(sn,) =x(t)} =1.
n — o .

We can assume that the sets {s(n?} are increasing with n. Then

P{x(t) £ lim  max x(sﬁn))} =1.
n »» k£j(n) \

Now let {tr} be a separability sequence; then (with t. playing

the role of t in the inequality above)

sup x(t,w) # sup X(tr,w)
astsb t_ela,b]

lim max x(s(n),w)
n—w kj(n) J

A
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with probability 1. But the reverse inequality (with 1im instead
of 1lim) is obvious, and this proves the second equality. Thé first

is proved in the same way.

IEMMA 2 [Doob(1953)p.106]

Let Yiseees¥y be independent real variables and let

Xj =Yyt ee. t yj. Then, if X =Xy Ep=Xpyees have symmetric

distributions

P{max x, 2 A} =2P(x = A} .
Jj&n

PROOF. Clearly

P{ max x, 2 A, x_Z A} = P(x_ 2 A} . (1)
j&n

But by symmetry and independence, if x, is the first Xj, if any,

which is 2A, then

™
Jxv}
~
<

I

= k, Xn<)\.}

éZ P{v
k=1

- n-1
=2 Plv
k=1

k, x -x < 0}

k} P{ x -%, < 0}



90

n-1
= 2 Plv = k, x X, > 0}
k=1
n-1
s ¥ Plv=k x 2\ £Px 2z (2)
n
k=1 .
Adding (1) and (2), the result follows.
LEMMA 3 [Doob (1953)p.392]
If X is a separable Brownian motion in E1 then
150 | xE/ET
P( sup [x(t)-x(0)] 2 A} = 2P{x(T)-x(0) 2 A} = A7 [2T e (
O=t=T , T
2

PROOF, Let O = to < e < tn = T, Then by Lemma

P{ max [x(t.)-x(0)] =z A}
Osn J

A

2P{x(T)-x(0) = A}

o 2
_of /T g
» i

2
a1 é;g M /er

A

3)

By Lemma 1, the left side of (3) is obtained by choosing successively

denser segquences to,...,tn and going to the limit. This complefes

the proof.
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THEOREM 1  [Doob (1953)p.393]

Almost all sample functions of a separable Brownian

motion are continuous.

PROOF. Let t € [O,w). We show

2

/% se |eei/m] = 1/wc, § =N

| x(t)-x(3/N)| = N (L)

for sufficiently large N, with probability one. Using Lemma 3,

R swp |x(t)-x(3/m)] =YY
| t-3/n] =1/n
1=528°
< ¥°P( swp | x(6)-x(ym)]| = WY
| t-1/N] =1/N

A

oN°P( sup lx(t)_x(b)l = w1/
0=t21/N :

: -1/2,, 1
2.1 - 2 .=
2N2 . ]}J]'/LL . #-‘ % . € N / N

5 E gl/4 e Nn/2

A

Since the lastAexpression is the Nth term of a convergent series
the Borel-Cantelli Lemma implies that the event whose probability
is being measured occurs at most a finite number of times, (as

N - ®) with probability one. Thus (4) is true, and states that
almost all saﬁple functions are uniformly continuous in every

finite t-interval.,

Q.E'D.
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The sample functions of a Brownian motion are highly

irregular in .behaviors

Almost all Brownian paths are nowhere differentiable,

THEOREM 2

PROOF. (Dvoretski, Erdos, Kakutani)* If a path is differentiable

at some point s, o = s = 1 then

| x(t)-%(s)] = #(t-8) , s<t<s +§ , nzm,

= Claime: this event is a subset

£ 21 and some m= 1,

for some

of the event
k k-1
{ws] x(=,w)-x T,w)l < T74/n}

U U n U n
nzZm O<isn+2 Ii<k=i+3

from the picture:

o—fi——o —o o e . W —®- *
i-1 <) i i+l i+2 E_+_5_ 1 l+_l_
n n n n n n

[ 2(E)-x(8)] +] x(ZD) -x(5)]

1A

145 ==> | x(5)-x(Z3)]

[ ( k.-:::.l'l'l) + z ( k- ,l;ll"‘l)

A

£ ki/n + 31/n ]

¥ Quoted by It6 and McKean (1965)p. 15.
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But
P( U n (w'lX(—)—( )l <
o<isn+2 i<k=i+3
= (2)[2(|x(D)| <Ly’
5
-t/2 3
= (n+2) | [ Y-
T4 N
Bl < == 27
| €] F Y
< constant L0 (n _)w) .
Nn |
Hence

u
o

P{ N g nN(...)}

Q.E.D.

THEOREM 3. Almost no Brownian motion path is of bounded variation in

any finite interwval.

PROOF. See Doob (1953)p. 395.

EXERCISE: on Brownian motion,

1. S{M—)I—‘X(S) = x} - o, ty s .

2. Lgt {a = tgn)< tén)< cee < tg?i)= b} be a

partition of [a,b] C I, and suppose



lim . max |2 tﬁ”i | =0 .
n o 15j5j(n) Y J-
Show that
. i(n)
lim e{ % |X(t§n)-x(t§?i)|} =

n —>ow j=0

This result may make Theorem 3 plausible.

In later work we shall need Brownlan motion in n-dimensions.

Definition: A Brownian motion in FEuclidean n-space En is a process

X = {x(t,0) : t 20} with sample paths x(+,w) = [xl(-,w),...,xn(o,m)]

in E» where the components
{x;(t,0) : £t 20} 1=1,...m

are independent Brownian motion processes in El'

EXERCISE: on n-dimensional Brownian motion.
n

2

For x € E let |x = (2 X.)l/g.

n ;1 1

1. If B 1is a Borel set of En R

'P{x(t)'e B| x(0) =0} = £ p(t,x)dx

where

p(t,x%) =(2”t)-n/2e—|x|2/2t
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2. Writing. |x| = p, p(t,p) satisfies

2 . .
% {é_g 481 0op } - % _, (t >0, p >0)
dp P ot

3. X is continuous (i.e., almost all paths of X are
continuous), nondifferentiable, and not of bounded variation in any

finite t-interval.

5. A CILASS OF STOCHASTIC INTEGRALS.

In applications we need to discuss integrals of the type

b
[ £(t)w(t)at
a
where W is the formal derivative of a Brownian motion (= white

noiée), and f is a given nonrandom function of t. In future we

denote the integral by
b |
J £(t)aw(t) (1)
a

and now proceed to give (1) a definite meaning. Observe that since w(+)
is not of bounded variation the integral (1) caﬁnot be defined as a
Stieltjes integral of conventional type. |

| For simplicity we assume that w is a (separable) Brownian

motion in E, and that f is real-valued; the extension to Brownian
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motion in E, and matrix-valued f is straightforward. For (1),

the procedure is first to define the integral with f a step function,
then extend the‘class of f's by appropriate passages to the limit.

It is convenient (and no restriction) to assume w is a Brownian
motion defined for -» <t <o and in (1) to set also a = -=,

b = 4o,

Now suppose al<...<aIl and

£(t) =0, t<ay
= cj, aJ_l £t < aj s J 2,
= O’ t 2 an .
Define
F o= [ £(t)aw(t) (J=7)
n
= g.cj[w(aj)—w(aj_l)] (2)

Thus if f and g are step functions, then

e{Fa} = e{[[e(t)aw(t)]I[fe(t)aw(t)]
, ' (3)
= [ £(t)g(t)dt

[For calculations it is useful to bear in mind the formal relations:
e{aw(s)} = 0, 8{(dw(s))2} = ds, and recall that dw(s), dw(s') are

(formally) independent if ds, ds’ are nonoverlapping differential
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intervals].
Equation (3) suggests that we attempt to extend the class
of admissible f's to the class Z,(-w,0) = £,(I) of functions

such that f£(-) is Lebesgue measurable and
2
[ £(t)7dt <= .

To do this consider the Hilbert space £2(Q) of real-valued random

variables TF such that

E{Fg} = F(a))2dP(a>) <ow,
Q

If f € £2(I) there is a sequence [fn} of step functions such

that Hf-fnll -0 (

denotes norm in the appropriate Hilbert space),
and thus a corresponding sequence F € ig(ﬂ), defined by (2), such

that

Iz -F Nl = £ -5 ) »0 . (%)
There is then F € £,(2) such that F, —>F in zg(n),‘ and we define
J f(t)aw(t) = F . (5)
-F is uniquely defined up to its values on a P-null w-set; aside from

this intrinsic lack of uniqueness F - is independent of the particular

sequence {fn} chosen, since two approximating sequences can be
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combined to form a third mean-convergent sequence, for which the
corresponding sequence of random variables is mean convergent.
To define [Cf(t)dw(t) we put =(t) = £(t) if ast =D
a

and f(t) = 0 otherwise, and
b ~r
[ f(8)aw(t) = [ £(t)aw(t) .

Clearly the stochastic integral is additive and homogeneous

(with respect to scalar multiplication) in the integrand.

EXERCISE:
b o0
1. l.i.me [ £(t)aw(t) = [ £(t)dw(t)

g > -0 a
b = 4

2. e{f £(t)aw(t)} =0

The foregoing definition has been extended to integrand
functions f£(t,s) ‘where, for instance, f € £2(I X I); it then

turne out that the function
g(t,d)) = f f(t, S)dW( S,u.))
I

is a measurable random process. For details see Doob (1953)p. 430,

etc. One can then also define double integrals of the form

b
a{ [ £(s,t)dsdw(t)
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in terms of iterated -integrals.

Later we will genefélize the definition of the integral
to include random integrand functions £, | |

Fi;ally we note that the probability distribution of the
stochastic ihtegral is Gaussian., In fact each member of an approximat-

ing sequence {Fn} is Gaussian and, since

F = P‘n%ﬂ%n Fn
we know that the distribution function of Fn tends to that of F,
on the continuity set of the distribution of F [Lotve(1963)p. 168].
But if F is nondegenerate (i.e., F # some constant with probability
1: since. €{F} = 0, this is true if S{Fg} > 0) then, by Khintchine!s
theorem on convergence of types [Loeve(1963)p.203] the distribution of

F 'is also Gaussian.

PROBLEM 1.
Let {xn} be a sequence of random variables in Rk. Show

that

x =0
n

with probability one, if for every € >0

>£ P{lxnl >€e} <w
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[ Suggestion: observe that

{w: x (w) 20} = EJO ?\, S {w:x(w)l>}-}
a k=1 n=1 m=n l o k

and use the Borel-Cantelli lemma]

PROBLEM 2,
Let f£(t) be measurable and locally bounded. Define a
process X @

' t
x(t) = [ f(s)aw(s) , tz0 .

Show that if X is separable then any countable set dense in 0Q,w)
is a separability set for X. Then show that almost every x(t)
sample function is a continucus function of +. [Suggestion: to
prove the latter, simply indicate in detail how the proofs of Lemma

% and Theorem 1 should be generalized].

PROBLEM 3.

Let X Dbe Brownian motiocn in El’ For -a fixed interval

[a,b] €I 1let
= Xlx t( ) -X (

n
z = Xlx t(n) -X (n)b 2
k=lI (ty ) (tk_l)_l‘
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where t;é)= a + ggb;a) , k=0,1,...,0 .

Using the result of Problem 1 and the Borel-Cantelli Lemma where

appropriate, show that

as n — o, with probability one.

4., GAUSSIAN DIFFUSIONS.

A finite dimensional linear dynamic system with white

noise input is formally representable by an equation
X = A(t)x(t) + B(t)w(t) , (1)

w being a Wiener process. To achieve an appearance of respectability

we write (1) as
dx = A(t)xdt + B(t)dw . (2)

Equation (2) can be interpreted as an It0 equation of special type;
deferring a general discussion of It8 equations until later we shall
define the solution of (2) in a direct manner, consistent both with

It8's method and with the usual formal rules for manipulating (1).
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In the following, all vectors and matrices have real-valued elements.
For 02 t<w let A(t) be an n X n matrix with

A(*) measurable and lo.célly bounded [i.e., ’bounded in norm on every

finite interval]. Let B(t) be an n X m matrix with B(-)

measurable and locally i, (i.e., leB(s)lgds < w for every t < o),

Let o(t,t)) be an n X n matrix defined for O = t,t, < such

that @(to,to) =1 and

'a@(t,to) -
—2 = A(t)o(t,t,) , a.e. (3)

ot
It is well known from differential equations that such a fundamental
matrix [of the homogeneous system % = A(t)x] exists and is unique
[Coddington and Levinson (1955)Ch.3]. Furthermore, denoting

Euclidean norms by |+|, we have

t
o(t,t.) = I + J A(s)o(s,t )ds

t
o

.
> Jae)] 2 1oy ] 0(s,5,)]as

aT( t-t,)
==>  |o(t,t | = e , t . StsT, (%)

where op = sup{|A(s)| : t = s ST} and (%) follows by Gronwall's

inequality. Observe also
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| o(t+n,, b _+h))-0(t,t )|

A

| 0(thy, ) -0( 8, & || 0(t, ,#hp)-0(t, 8,)]

t+hl to+
| f A(s)@(s,to+h2)dsl + |/
t t

o

h

]

2
(-0(t,s)A(s)}as|
[using the fact that

02(s,t)  _ _g(s,t)A(t) a.e. ]
3t

of
s age (Il Hnyl) 5, 0=t ,t +h,,t,t+h) =T ;

® is thus continuous (and hence Lebesgue measurable) jointly in
t_,t. We have then that o(t,s)B(s) 1is in £2([O,T] x [0,T]) for
every 0 < T < o,

Let X be an arbitrary random variable and consider
the formal initial value problem: (2) for % = t_, and x(to) = X_.
It is natural to define the solution to be the process {x(t): t%to}
given by

. t

x(t) = o(t,t )x  + ] o(t,s)B(s)dw(s) (5)
As we have seen, the function defined by the integral in (5) is

already a separable, measurable and continuous process defined for

t 2 t_; hence the same is true of {x(t)}. Also, if x  is Gaussian
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then the x(t) process is Gaussian.

From now on we assume that the random variable XO is

independent of the family of increments {w(t)-w(s): t =8 <t)

and also that E{IXO]E} <,

From (5) we see that
e{x(t)} = o(t,t )elx }; (6)
that is, "the mean value of x satisfies the unperturbed different-

ial equation"; this is a consequence of linearity. The covariance

matrix of =x(t) is

a(t) = e([=(t)-e{x(t)}I[=(t)-€{x(t)} ]}

it

0(t,t_)Q 0(t,t,)" +
t

+ [ o(t,s)B(s)B(s)'®(t,s)tds (7

t
o}

where QO i1s the covariance matrix of Xo‘

Write :
t
R(t,t,) = ft o(t,s)B(s)B(s)'o(t,s)'ds . (8)

Evidently R 1is the contribution to the covariance of x due to

the white noise. Using

Bé(t,to)/at = A(t)o(t,t,)
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one derives that

t
f{A(s)R(s,to)+R(s,to)A(s)'+B(S)B(s)'}ds
t s S
= [ [J] — {o(s,u)B(u)B(u)!®(s,u)*}du+B(s)B(s)"* 1ds
t toas
t
= ft[A(s)R(s,to)+R(s,to)A(s)'+B(s)B(s)']ds (9)
and thérefore
OR(t,t,) :
———— = A(t)R(t,t ) +R(t,t )A(t)" +B(t)B(t)" (10)

for almost all +t. Combining (7) and (10) yields similarly

3a(t,%,)

= - A(t)a(t,t,)+(t,t_)A(t)" +B(t)B(t)" . (11)

Since ¢ 1is never singular it is clear from (7) that- QO> O,*
then Q(t,to) >0 for all t 2 t; similarly if R(s,to) >0
then R(t,to) >0 for all t = s. Positive definiteness of R
reflects qualitatively the property that "all system state variables
(i.e.; components of x(+)) are perturbed by the white noise". 1In
this sense the system (1) is "completely controlled by the white

noise".

*For symmetric n X n matrices, P >Q (P2 Q) means P-Q is positive
definite (positive semi-definite); see also Appendix 1.
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Definition: The dynamic system with differential equation

% = A(t)x + B(t)u(t)

(vhere wu(+) represents an input) is completely controllable at

t =t  if, for each t >t , the matrix R(t,t_) defined by (8)
is positive definite. [One sometimes says: the pair {A(-),B(-)]}
is controllable at t = to].[The definition given here, which is
convenient for the sequel, is stronger than the original definition,
due to Kalman (1960a). For systems with constant A and B, the
two definitions coincide.}

From what was said earlier, controllability at t is a
local property of A and B, depending only on the behavior of A,

B in a neighborhood [to,to+6], 3 lo.

EXERCISE: If A,B are constant matrices, the pair {A,B} is con-

trollable if and only if the matrices
B, AB, ... , A""'B

contain among their column vectors a basis for En (regarded as a

linear space over the reals).

EXERCISE: Let A, B be constant matrices, let t_ =0 and write
Q(t,to) = Q(t,0) = Q(t) ete. A is stable if all eigenvalues of
A have negative real parts. If A 1is stable show that 1lim Q(t)

(t »®) exists, and that, if P{XO = 0} = 1, the limit is approached
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monotonically (in the sense of 2, footnote, p.105). If A is not

-2

stable and (A,B) is controllable show that |Q(t)] »= as t -,

EXERCISE: With (x(t)} defined by (5) and t_ = t, £ t, show
that

t
x(t,) = @(tg,tl)x(tl) + ftiQ(tg,s)B(s)dw(s) . (12)

This relation and our assumption on x = imply that the x(t) process

is Markov.

5. QUADRATIC FUNCTIONALS.

Quadratic functionals of Gaussian processes are especially
easy to study by dynamic programming methods, and we proceed to a
discussion analogous to that of Chapter I,§4. ILet M(t) bea nXn
syﬁmetric matrix defined, measurable, and locally bounded for t = to;

and consider the functional

T

V(t,x) = e{f x(s)'M(s)x(s)ds|x(t) = x}. (1)

t
defined for to =t <T<® and x € E. The conditional expectation
is interpreted here to mean expectation on the paths of the x(t)
process determined by setting to = t, P(Xo =x} = 1, in (5)§2.L4.

We write St,x(-) for €f{-

x(t) = x}. Since
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T 2
) e, X{Ix(s)] }Jds < =
t 7’ .

we have
T
V(t,x) = ftet,x{x(s)'M(s)x(s)}ds
T T
= [ X(s)'M(s)x(s)ds + [ tr{M(s)R(s,t)}ds
t t
where

%(s) = 8t,X{X(S)} = 0(s,t)x ,

and R(t,s) is defined by (8)8§2.4 Thus

V(t,x) = x*P(t)x + p(t) (2)
where |
. T
B(t) = ft®(s,t)'M(s)®(s,t)ds (3)
T
p(t) = fttr(M(s)R(s,t)}ds . (W)

From (3) and (3)§2.4 we get that P satisfies (a.e.) the linear

matrix differential equation

dP(t)

el A(t)'P(t) + P(t)A(t) + M(t) =0, t =T, (52)

K1) - 0. (50)
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Also, using (8)§2.5,

T | s .
p(t) = fttr{M(s)fté(s,u)B(u)B(u)'@(s,u)'du}ds

T T
= fttr(B(u)'[ftQ(s,u)'M(s)@(s,u)ds]B(u)du}

T

= J wr(a(a)" P(u)B(u)}du (6)

and thus

dgit) = ~tr{B(t)'P(t)B(t)} (a.e.)

p(T) =0 (7)

Now combining (2), (5) and (7) we have that V(t,x) satisfies the

parabolic equation

£V(t,x) + V{(t,x) = -x'M(t)x (t =T, x € E) (8a)
and terminal condition

V(T,x) =0, x€E (8b)

where we have put
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£u(x) =5 tr(B(t) w_(x)B(t)} +

HLA)x] 1w (x) (9)

and subscripts denocte partial derivatives.

Later we shall see how (8) could have been written down
directly by inspection of (1), and (2)%2.Lk.

Since (5) is a linear equation it is clear that (8) has
a unique solution V(t,x) in the class of functions V of the form
(2). 1In this sense the functional (1) is characterized by the
relations (8). Thus we have the following integral formula analogous

to the summation rule of ISk,

LEMMA (Integration Rule)

If V(t,x) = p(t) + x"P(t)x, where p and P are

A

absolutely continuous for t_ £t =T, and p(T) = 0, B(T) = O,

then

T ;
V(t,x) = —St’x[ft(£V[s,x(s)]+Vt[s,x(s)])ds} (10)

where the process {x(s)} in the integrand is an arbitrary process

of the type defined by (1)§2.4; and £ 1is the corresponding oper-

ator (9).

We call &£ the differential generator of the process X.
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EXERCISE: If A,B,M are constant and A 1is stable show that

lim P(t) (t » ) exists and lim ltl'lp(t) (t »w) exists.

6. OPTIMAL CONTROL WITH QUADRATIC COST.

Consider the equation

dx = A(t)xdt-C(t)u(t)dt + B(t)dw(t) t =zt (1)
where A and B are as before, and C 1s an n X k matrix, defined,
measurable and locally bounded for ﬁ Z to. The k-vector function
u(*) represents a control function and will be assumed to be
measurable and locally bounded. Thus (1) represents a time-variable
linear system perturbed by additive Gaussian’white noise,

A variety of interesting control problems arise with (1).

Let a quadratic cost function be given,in the form
L(t,x,u) = x M(t)x + W N(t)u (2)

where M,N are measurable, locally bounded, positive semidefinite,
symmetric matrices. Thus T represents the instantaneous cost
when the system is in state. x under control u at time t. It
is of interest to determine the funetion wu(.) such that, for

example, the functional

T
V(t,x;u) = St,xfftL[s,x(s),u(s)]ds}, t St =T, (3)
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is a minimum in the class of all admissible functions wu(-) on

[tO,T]. Such a control wu* is an optimal open-loop control or

(in the language of operations research) an optimal schedule.

Observe that an open loop (OL) control is regarded as selected once
for all at the start of the control process: i.e., on the basis only
of knowledge that the initial time is t and the initial state

x(t) is x. With OL control the actual evolution of the process

X (or rather the evolution of a particular path) for times >+t

has no influence on the control function input; and in general
process evolution need npt and may not be observable.

At the other extreme, suppose that the controller receives
instantaneous information about current system state: 1t is plausible
that exploiting this information would lead to superior control,

To formalize the idea let @(t,x) be some class of functions from

[tO,W) X E to E_, such that, if wu(t) = @[t,x(t)] in (1), then

kl
the corresponding stochastic differential equation makes sense (we
know at least that @(t?x) = K(t)x, say, is a possibility). Such
a @ is a feedback (FB) control. Then the optimization problem
could be to minimize (3) for u=¢ and ¢ in some class & of
admissible FB controls,
Clearly,intermediate situations are possible and of

practical importance: state information may be available only at

a finite number of discrete instants, or if available continuously

may be degraded by the presence of observation noise, In some
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applications it is diffigult and/or expensive to undertake measure-
ments, and the resulting tradeoff between cost of control and cost
of information must be determined. |

In this section we begin by loocking for optimal FB con-
trols in the class of linear controls ¢ = Kx. ILater the class will
be enlarged somewhat, but it will turn out that this enlargement
does not change the result. This fact is critically dependent on
the assumptions that the right side of (1) is linear in (x,u,dw)
and that L is quadratic in x and u.

Let ® @be the class of functions @(t,x) such that
o(t,x) = K(t)x

and the k X n matrix K(t) is measurable and bounded for

N

t

t, St S T. We say that 9% © is optimal if

V(t,x;(po) = V(t:XS‘:P) sy $ed, (&)

for all t € [tO,T] and Xbe E. Observe that the optimality con-
dition is at first sight quite strong: that is, wefcbuld define

0° to be "(t,x)-optimal™ if (4) holds merely at t,x, and not
necessarily at any (t',x') # (t,x); thus an optimal control is
(t,x)-optimal for all (t,x). It will turn out that an optimal
control actually exists so that the more general concept of (t,x)-

optimality will not be needed.
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THEOREM 1 Let” N(t) be positive definite for each 1t € [tO,T]

and let N(t)'l "be bounded for t € [to’T]’ Then an

optimal contrel exists,

Qur proof will yleld a set of equations by which the
optimal "gain" matrix Ko(t) can be computed. The technique of
proof 1s familiar: use the Integfation Rule (§2.5) in the same way
that the Summation Rule was used in §1.L4., To do this let fu denote

the operator

£ V(t,%) = 5 tr (B(t)'V_(t,%)B(t))

+ [A()%-C(6)u]" V. (t,%) (5)

for abritrary k-vectors wu. Write iu for the operator obtained

by substituting u = ¢(t,x) in (5); and write

) ) o
L5 V(t,x,307) =V (t,x) .

%
1]

We assert:

OPTIMALITY LEMMA

The control moe ® is optimal if there is a set S C:[tO,T]

of Lebesgue measure zero such that, for all +t e [t_,T]-8, all

x € E, and all k-vectors u (with real components)
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25%°(4,%) + 1[t,x%,0°(t,%)] =

S 2 V°(t,%) + L(t,x,u) . : (6)

PROOF. Let @ € & be arbitrary. We know then that (6) holds with
u = 9(t,x). TFurthermore, mo being linear, v° is a quadratic
function and thus the integration rule applies., Let {ﬁy(t):

t
o

1A

t £ T} Ybe the family of Gaussian diffusions determined by

setting u(t) = @(t,x(t)) in (1). Then, by the integration rule

T
v°(t, x) _st’x{f_t(fcpvo[s,xw(s)] +

+ Vi[s,x@(s)])ds}

A

T
-St’x{[t(fovo[s,ﬁy(s)] + Vg[s,£$(s)]

+ I s, (8),0%(s,x7(s)) 1-I 5, %7 (5),0(s,x (5))1)ds)

. ‘
Et { I{s,x?(s), @(s,x?(s))]ds}
X &

V(t,x30)

[

for all t e [tO,T] and x € E.
Q.E.D.
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On this basis we can now approach the problem by looking

for a solution of Bellman's equation

min {iuVO(t,x)+V§(t,x)+L(t,X,u)} =0 - (7a)
u

with terminal condition
vo(T,%) =0 , x €E . (70)

In principle this is a simple matter: performing the minimization

in (Ta) we get

% tr{B(t)'V;X(t,x)B(t)}+x'{A(t)—C(t)KO(t)]'Vz(t,x)
| (8)

+ V() 4 M(8) s K 6) () KO( )% = 0
provided

u = Ko(8)x = 5 N(t)"Ye(e) V0 (b, x) (9)

Thus the proof of existence amounts to showing that there is a matrix-
valued function Ko(t), with the required measurability and bounded-
ness, and a quadratic function Vo(t,x), such that (8) and (9) are
true.

It is a pleasant and remarkable fact that a rather explicit

solution of (8) and (9) is available. To find it, set
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Vo(t,x) = p(t) + x'P(t)x

and substitute. Then, formally

k°(t) = n(t)"Te(t) B(t) | (10)

and p,P satisfy

P = -tr(B'PB) (11)

P4+ A'P+ PA - PCN SC'P + M =0 - (12)
for t_ =1t £ T, with
(o]

p(T) = P(T) =0 .

We have reduced the problem to solving the matrix Riccati equa-
tion (12), This problem is not quite easy because the quadratic term
in P fails (obviously) to satisfy a linear growth condition in
| | and so we cannot, a priori, rule out the possibility that a (bounded)
solution of (12) may fail to exist in the whole interval [tO,T].
- At this point, approximation in policy space comes to the rescue. ¥
Let @l(t,x) = Kl(t)x be an arbitrary admissible contro}; and let

Vl(t,x) = pl(t) + X'Pl(t)x be the corresponding functional (3).

o Alternatively, we could exploit the fact that solvability of (12) is
equivalent to absence of conjugate points for a certain variational
problem. This question can be discussed by transforming (12) to a
linear equation. See, for instance, Gelfand and Fomin (1963).
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Y define

Having defined LS TRREFAS n-1°

n-1? Vl’
K () = N(t)"le(t) B (%) (13)

and determine P> Ih, Vn’ @n from the equations

2 — 1
b, = - tr(B PnB)

P +(A-CK )'P +P (A-CK )+M+K'NK_ = O
n n n n n n n

(1)
p,(T) =P (T) =0

+ x'P x
pn n

<3
I

Q= Knx

If we observe that (13) is equivalent to the condition

an_l

#y(n)vn-l(t’x) + (t,x) + L[t,x,wn(t,x)]

avn_l

g ;Cuvn—l(t’ X) + + L(t,x,u)

(for t € [tO,T], x €E, ue Eky then it follows from the Integration
< = < = -

Rule that O = pn(t) -3 pn_l(t) agd 0= Pn(t) = Ph_l(t), n=23....

Then, by a theorem on monotone convergence of positive operators
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[Kantorovich and Akilov (1964)p. 189;see also Appendix 1] we have
that the matrix

P(t) = Lim B_(t) 2 0

exists. Define K (t) = lim N(t)‘lc(t)'Pn_l(t) (n »> ), Write

~

A =A-CK , A = A-CK. Then (14) yields

T ~ ,
P () = JTA (5)'P (s)+P (5)A (s)+M(s)+K (s)'N(s)K (s)]ds . (15)
t

Since the integrand in (15) is uniformly (in n) bounded for
to =2 8 £ T, we have by the dominated convergence theorem

T ~ ~
P(t) = ft[A(S)’P(S)+P(S)A(S)+M(S)

+ Ko(s)'N(s)Kp(s)]ds

But then P satisfies a.e. the differential equation (12);
Vb = p+x'Px satisfies the conditions of the optimality lemma; and
the proof of Theorem 1 is complete,

It is interesting and important that our optimal FB
control QO does not depend on the noise parameter B, since B
does not appear in (12). In other words our control, which is in

fact optimal for the nonstochastic problem

T
ftI{s,y(s),u(s)]ds = min ¥ = A(s)y-C(s)u
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remains optimal when noise is present as in (1). The presence
of noise does, of course, degrade performance, the additional

contribution to quadratic cost being
T
p(t) = [ tr{B(s)'P(s)B(s)}ds .
-t

As a byproduct of this discussion we have that the solu-
tion of (12) exists and is essentially unique in the class of
measurable (oh [tO,T]) matrices P, tUniqueness follows by the
local uniqueness theorem for differential equations (Coddington
and Levinson (1955)Ch.1l) and the fact that a solution bounded on
[tO,T] is known to exist]. Thus (12) can in principle be solved
nunmerically as a Cauchy problem of conventional type. Furthermore
the optimal control wo is unique (modulo values of X on a subset
of [tO,T] of Lebesgue measure zero) because, if @* is another

optimal control in @, then

V(t:x)@o) = V(t,X,Q*) to £Et=T, xekE
SO o
and then
0]
K (t) = K*(t) a.€,

since the minimum in (6) is unique.
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7. ASYMPTOTIC PROPERTIES OF THE OPTIMAL CONTROL.

In the notation of previovus sections let the matrices
A, B, C, M, N be constant. Let us write T = T-t, so that b
represents "time-to-go" and let '\\f("t\:’,x) = V(T—%',x). By substitution

in 2.6(8)-(12) we obtain (after dropping the tilde on V and %)

V(t,%) = p(t) + x'B(t)x - (1)

with
t
p(t) = fotr {BfP(s)B]ds , tZo0 (2)
-P(t)+[A-CK(t) 1" P(t)+P(t)[A-CK(t)] +
+ M+K(t)'NK(t) =0 , t 20, (%)

with ”

P(0) = 0 (1)
and

K(t) = N‘lc'P(t) . (5)

In the following, we assume that the pair (A,C) is controllable,

and use the following characterization of controllable pairs:

CONTROLILABILITY LEMMA

The pair (A,C) is controllable if and only if, for every

set of complex numbers A = [7\1,... ,7\n} , such that any 7\i with

Im 7\i #0 occur in conjugate pairs, there exists a matrix X
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such that A-CK has the spectrum A . [Here the matrices A,
C, K have real elements and are of dimension respectively n X n,
n Xk, k Xn].

A proof is given in Appendix 2,

Thus, in particular, if (A,C) is controllable there
exists a (constant) matrix K such that A;Cﬁ is stable. Now

since K(t)x is an optimal control for the problem of §2.6 we have

that

0= B(t) 5 B(t)

1A

t - t ~ ~ -
[ eS(A-CB)" (i) e S(A-CK) g
o]

£ B(w)

and therefore P(:) is bounded on [0,)
Next, we observe that P(-) 1is monotone nondecreasing

To see this, let @ be the class of admissible feedback laws,

write ®(s,x(s))

Py let 0=t = 7, and note:

)
V(7,x) =min €. {J L(x 0 )ds)
ped L,
~-T+% o]
=min €_ (f° L(x_,9)ds + [ L(x_o_)ds}
ved ELTE Shps 8 7s Tt s?"s
~-T+t
=min £ (/] Hxg,e)ds) (+)

Qed ? -7



123

o)
=min €& © I x ds
i _T,X(I_T( ®) )

(6)

= V( t,;X) _

[Here we used the fact that, since the parameter matrices are constant,
the quantity (*) is invariant under a shift in origin of time.] Since

V has the form (1), our assertion follows.

By the theorem on monotone convergence of positive oper-

ators [Appendix 1], we can now conclude that

P_ = lim P(t) _ | (7)
t - w

exists, and therefore

K = lim N1 ot B(%)
t 5 .
-vleop | (8)

exists as well. Then it follows from (3) that P =P is given

by

(A-CK)'P + P(A-CK)+ M + K'NK = O | (92)

K=N"Tcp . (9b)
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Finally, p(t) ~ t.tr(B'PB) (t — »); thus the asymptotic cost rate

is tr(B'PB).

EXERCISE: Show directly that, if A,C 1is a controllable pair and
Nt exists, then (9) has a unique positive semi-definite solution

P which can be obtained by successive approximation.

8. OPEN LOOP CONTROL VERSUS FEEDBACK CONTROL.

It was stated earlier that FB control would be expected
to be superior to OL control since FB control exploits informa-
tion about current state. We now verify this fact for the "linear-
quadratic" problem just considered. TFirst we define the OL prob-
lem for 2.6(1),(2). Let T > t, be fixed; and let U be the class

of bounded, measurable functions u = u(t) defined for t = t=T7T

and with values in E . We define V(t,x3u) by 2.6(3) and de-

fine u’e U to be (t,x)-optimal if
V(t,x3u°) = V(t,x3u) ueu.

o . .
Let K~ be defined as in §2.6; and let o(t,t_ ) be the fundamental

matrix of the system

7= [A(t)-C(6)K°(t)ly , +t

A
ct
[
=

(1)
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In the following, write K° = K.

THEOREM 1 The open loop control uo given by

u?(s) = K(s)o(s,t)x , t £ s=T . (2)

is (t,x)-optimal for all t e [t ,T], x € E.

The proof is by a version of dynamic programming. We

have

dx = A(s)x ds-C(s)u(s)ds + B(s)dw(s),

, (3)
x(t) = x tSsET ’
Furthermore, writing y(s) = St’x{x(s)}, z(s) = x(s)-y(s), we
have |
y(s) = A(s)y(s)-C(s)u(s) ,
: (La)
y(t) = x ;
dz(s) = A(s)z(s)ds + B(s)dw(s) ;
(4p)
z(t) =0
and

ey, ([K(E)x()1) =&y (2()2(s)') + y()y(5)" .

Since the z(s) process does not depend on u, the optimal OL
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control is independent of the noise parameter B. We can thus
restrict attention to the system (4a), and consider the simpler

functional V defined by the integral

T
V(t,x3u) = ftL[s,y(s),u(s)]ds , y(t) =x. (5)

It is clear that, if W(t,x) is an arbitrary smooth,

scalar-valued function such that

W(T,x) =0 , x €k
then

T
W(t,x) = - ft{W£[S,y(S)] + ¥(s)tw [s,y(s)1)as (6)

where y(s) 1is the solution of (L4a). Now let v° be the solution

of (ka) with u = v’ given by (2). Clearly u’(s) = K<S)Y0(S),

and

$°(s) = [A(s)-C(s)K(s) Iy (s)
o (7)
y(t) = x .
Thus, writing 7°(t,x) = T(t,x,u°), we have
Tolt,y) + [A(E)y-C()K()y1' V (%, 7)
(8)

+ I[t,y,K(t)yl =0 t=+t =T
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with the terminal condition
-0 i
V(T,y) =0 .
From (7) and (8) it is easy to check that

VO(t,y) = ¥ B(t)y

where P 1is given by the matrix Ricecati equation 2.6(12). Because
of the minimizing role of XK(t), the left side of (8) is no greater

than
Vot y) + [A(t)y-C(t)ul'To(t,y) + L(t,y,u),

for (almost) all t € [t_,T], all x € E, and every k-vector u.

Combining this fact with (6) and (8), we conclude that

1A

V(t,x3u°) S T(t,x;u)

and consequently

A

V(t,x;uo) V(t,x;u) ;

t € [tO,T], x € E and u € U. This completes the proof that u°

is an optimal OL: control.
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We are now in a position to compare performance for
optimal OL and FB control. To distinguish the two cases let

(~) denote quantities pertaining to FB control. Retaining the

notation of (4), write

3(s)

2(s)

i

€y, xx(5)]

x(s)-y(s) -

t £ g T (9)

Then since

dx = (Ax-CKx)ds + B dw

there follows

A
1]

A
3

§(=) = y(s) t (10)

and

a2 = (A-CK)Z ds + B daw
t £ g T (11)

For optimal FB control @(-) and OL control u(+) we have

A
ct
A
3

() = kx(t) t

so that

e, 8= = K(e)y(s) =, fu(e)) v5s5T (1)
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and

8(s) - &, {8(s)) = K(s)&(s) . ()
On the other hand

u(s) - &, (u(e)] =0 . (14)

Now if L(t,x,u) = x'M(t)x + u'N(t)u, then identically

E{L(s,xs,us)} = L[S,S{XS},e{US}] +

+€ (1 s, XS-E{XS},uS-E[uS} 1} .

Using this fact together with (10)-(1%) we find, after a brief cal-

culation

T
| v(t,x) - \?(t,x) = St’o{ftz(s)'M(s)z(s)ds}-

T
"St, O(rft’z‘( )" [M(s)+K( s)'N(s)K(s)1%( g)ds} .

Denote the integrals on the right by q(t), p(t) respectively. Then
by (4b)

T
a(t) =vfttr (B(s)"a(s)B(=)}ds

where

Q+A'Q+QA+M=0 ; Q(T) =0 ; (15)
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and by (11),
0 .
p(t) = fttr{B(s)'P(s)B(s)}ds

where, repeating 2.6(12),

P+ AP+ PA- PCN TGP + M =0
(16)
T) =0 .

Write R = Q-P. From (15) and(16)
R +A'R + RA + PN TG P = O .

is the fundamental matrix of the system é = A¢ we

Thus if @A
have
T
0 = R(s) = [ 9,(7,8)" (BN C'B)(7)2, (7, 8)dx (17)
and then
T
a(t)-p(t) = fttr{B(s)"bR(s)B<s)}ds z0 (18)

Inequality (18) expresses an important, if intuitively evident, result:

namely that (optimal) FB control yields superior performance to
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(optimal) OL control, the difference in performance increasing
with the intensity of noise in the system and with the time-
interval of operation. If no noise is present (B = 0) then both
types of control yleld the same result., If the process interval

is small (T-t -»0) then g(t)-p(t) ~ constant (T-t)g; on the
other hand, if T-t -« then we have; in the case, say, where A
is constant and not stable, that q(t)-p(t)’—aoo exponentially fast.
That is, "no open loop control can stabilize an inherently unstable

system", and feedback is crucial to acceptable operation.

EXERCISE: Show that the discussion of 2.6 and 2.8 can be generalized

for a performance index
T v
-— 1
V(t,x) = Et’x{ftL(s,xs,us)ds + xrax.)

where Q2 0 and L 1is as before, [Discussion of asymptotic
behavior is more difficult and is deferred to Chapter 3, where an

equivalent problem is treated].
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9. BIBLIOGRAPHICAL NOTE AND REFERENCES.

The results of,thié chapter have been known for some years.
Among other problems, that of $§2.6 was treated by Florentin (1961)
and by Krasovskii and Lidskii (1961). The approach taken here, via
the Integration Rule, is based on the Optimality Theorem discussed
formally by Wonham (1963), and on Bellman's (1957) method of approx-
imation in poliecy space. In discussion of asymptotic behavior of the
Riccati equation, the important role of controllability was emphaéized
by Kalman (1960 b).

The linear regulator problem admits a quadratic value
functional under more general assumptions than were made here:
in particular, to the white noise perturbation terms of Gaussian
type can be added those of Poisson type (randoﬁ impulses), and
the parameter matrices themselves can be assumed to Jump randomly
in value according to a Markov steﬁ process. In the latter case,
the optimum feedback control law remains linear in the dynamic
state, but its coefficients vary with the current state of the
step process. Details can be found in Florentin (1961,1962) and
Krasovskii and Lidskii (1961). We remark that a value functional
guadratic in the state is also obtained if the parameter matrices
(A,C) of the dynamic system are additively perturbed by Gaussian
white noise: in this case, again, the control law depends parame-
trically on the intensity of noise; a stationary version of this

problem is treated by Wonham (1967).
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In Appendix 2 we establish the equivalence between control-
lability of an open-loop system and the possibility of assigning
an arbitrary set of polés to the closed-loop system obtained by
linear feedback. This result, for the system considered, is
apparently unpublished, but the treatment closely follows an earlier

discussion of Langenhop (196k4).
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APPENDIX 1. Monotone Convergence of Symmetric Matrices.

Consider the class of symmetric N X N matrices P with
real elements. We write P2 0 or 0= P if P is positive semi-

definite and P2 Q if P-Q 2 0. A set of matrices {Pa} is bounded

above (below) if there is a real number c¢ such that P,scl

(Pd 2 cI) for all . A sequence {Pﬁ} is monotone nondecreasing

. . . S < _
(nonlncrea31pg) if P, 2P (Pn+l < Pn). The sequence P~ con

verges to P if an - Px for all xj; equivalently Pn - P in
matrix norm.
The following proposition is a useful generalization to

matrices of a well-known property of real numbers.

PROPOSITION. Let [Pn} be a sequence of symmetric N X N matrices

with real elements., If {Pn} is monotone nondecreasing (nonincreasing)

and bounded above (below), then there exists a matrix P such that

P, P. P 1is unique and P2 P, (p= Pn) for all n.

The proposition is a speclal case of a theorem on monotone
convergence of positive operators in Hilbert space: for a proof of

the latter see, for instance, Kantorovich and Akilov (1964)p. 189.
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APPENDIX 2, On Stabilization of Linear Controllable Systems.

Consider the system
X = Ax + Bu (1)
where A :nXn

, B:nXm are matrices with real elements. We

assume that (A,B) is controllable, that is, the n X nm matrix
H = [B,AB,... A" 1B]

has rank n. Let {X ,...,hn} be an arbitrary set of n complex

1
numbers such that any Xi with Im Xi ﬁ 0 occur in conjugate

pairs. It will be shown that there exists an m X n matrix C

with real elements such that the matrix A + BC has spectrum
{Xl,...,kn}. In particular, (1) can always be stabilized by an
appropriate choice of control law u = Cx. This fact will be proved
using the canonical form of A and B derived in [l].* For complete-

ness we re-derive that canonical form here.

Let

B = [bl,...,bm]

where the bi are n-vectors with real elements; and let Si

(i =1,...,m) be the A-cyclic subspace generated by b,. That

- ¥
See the end of this Appendix.
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is, for each i = 1,...,m the vectors

ni-l
Ab,..ph T by

bi’
are linearly independent; Si is their span; and the minimal poly-
nomial‘of bi is of degree n, . We can assume that bi # 0, so that
l1=n, =n.

By our assumption of controllability the subspaces
S

l,...,Sm span the entire n-space, S say, but in general the Si

are not independent. However, we can write § as a direct sum

s=8,®8 ® ... ® 8, (2)

where the §j are certain subspaces of the Si‘ To see this, define

If b, £ Sl let v, 1= v, =n,, be the greatest integer such that the

vectors

) ni-1 vo-1
b Abl,...,A b, Ab

ke Py bosAby, .., h =
are linearly independent, and let §2 be the span_ of the vectors
AJ'lb2 (3 = 1,...,v,). Thus §2 is A-invariant and A-cyeclic modulo

gl’ and has relative minimal polynomial of degree Voo Continuing in
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this way, for 1 2 2 define Vi’ 1= vi = ni, to be the greatest integer

such that the vectors.

Vi_l—l Vi-1

1
LIPPRRN b, 15 b,Ab, .. A T D

i
are linearly independent, and let §i be the span of AJ_lbi (j:l,...,vi).
Then B, is A-cyclic modulo 8, ® ... C)Si-l’ with relative minimal
polynomial of degree v, . If at any stage bie Sl C) coe C) Si-l
(i =z 2), then bi is skipped; by re-ordering the columns of B if
necessary we can arrange that for i = 1,...,r the vectors bi generate
independent subspaces Si’ where either r =m or bse SlC)... C)Sr

. J- A a . . .
(s = r+1,...,m). Since A lbi € SlCD... DS, if Jz v+l (1=i=m)),
it follows that (2) is true and thus Vit ..tV =0

We can now transform A +to a convenient canonical form. Let

V.
Vs i .
Ao L At (i=1,...,r) (3)
R
J=1
be the minimal polynomial of b, modulo §l + oeee 4+ gi 1 (or the
absolute minimal polynomial of bl in case 1 = 1). Following
Langenhop {1] introduce vectors
k Vi
Ve =— .
e =A b - L o Al (k)
j:k‘i‘l J ’

(k = 1,2,...,v; 3 1 =1,2,...,r), where the summation does not appear

in case k = v.: that is

i>»
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e, = Db, (i =1,...,r). ‘ (b4p)

It is clear that for each i the vectors e, (k= 1,...,v,) are
independent linear combinations of the vectors Aq-lbi (3 = l,...,vi),

and thus the entire set of ei is a basis for §S. Observe that for

k
2

1A

k=v,
l’

Aoy =% k1 ™t %xiv, (1= L,...,1). (58)

Furthermore, using the fact that the minimal polynomial of bi (modulo

N
CHORY @gi__l) is of degree v,, we have (ef. (3))
Ae.. =CQ..e. + X X Y...e. (5b)

(i =1,...,r) for certain scalars Yijk’ and where the double summation
does not appear if i = 1.
Using (5), we compute A, regarded as a linear transformation

in 8, relative to the basis ell’”"elvl’EQl""’GEVQ""’erl”"’ervr'

That is, let E be the matrix with column vectors LN in the order

just given and let T = E'l. Then TAT‘l - A has the block form

=2
i
no

(6)
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In (6) the matrices A, which occur on the diagonal of X are

v X vy companion matrices

0 1 0 ... 0
o 0 1 0
A = ; . (i=1,...,r)3 (7)
0 0.....0 1
Gig Gy v ¢ - aivi

and the matrices Aij have dimension Vi X Vj'

Finally, TB = B s Where

1 ]
g 1
" O
L A !
. 1 o]
i
. ]
O =
Pr |
Here the vi—vectors gi = Tbi have transpose
b} = (0,...,0,1) , (8p)
and B = T[br+l""’bmJ is an n X (m-r) matrix (which does not

appear if r = m).

To verify (6), (7), (8) in detail observe that Tx is the
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column of components of x in the basis {e, Thus the p'th

1k]'
column of K is a list of the components, in this basis, of Aeik’
- where LHn is the p' th.basis vector. This iis’d can be read off from
(5). Similarly gi is the column of components of bi’, so that (8)
follows at once from (Ub)..

| With A,B in canonical form, we next show that the
spectrum of A + BC can be prescribed arbitrarily. Put ¢ = CT-:L

and observe that the matrix K + %?f is similar under T to A 4+ BC.

From now on we drop ‘the tilde on K, ]'5" C. Next, take C 1in the form

¢ = . (9)

where
¢t =Jc CopgeeeyC, i = ces
i [ il i2? 4 .l.V'i] (1 1 ,r)

In C +the upper block is of dimension r X n and the lower block of

dimension (m-r) X n. From (6) through (9) we see that
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A+ BC - AL =

where, for 1i=1,...,r,

-» 1 o0 1
0o -» 1 o0 . 0
P - - = b -
i = e Ay +byey - AL
0 0 - 1
. + -
O 1 HCs 1,0 o¥C iy e e ’a:wi civi A

Let pi(k) be the characteristic polynomial of Pi(x); that is,

V., .
N 1 .
AP (aij+cij)>¢]‘l (10)

J=1

Vi v
(-1 tpy () =2

From the triangular form of A + BC - AL it follows that
det (A + BC - AI) = pl(x) e pr(k) .

Also, it is clear from (10) that the zeros of pi(k) can be assigned
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arbitrarily (subject to conjugacy of complex zeros) by proper choice
of the real coefficients Cig' This shows that, in particular, (1)
can always be stabilized by appropriate cholce of C.

To show that any desired spectrum can be assignhed, we must
take account of the fact that the matrices Pi(K) are of fixed
dimension: if for example r = 2 and Pl’PE are each of dimension 1,
it is impossible to assign a complex pair of eigenvalues by independénf
adjustment of Py, Py, To avoid this difficulty let C = Cl + Cy,
where C,,C, are of form (9), and C, 1s chosen so that all the zeros

of
det |A + BC; - AI|

are distinct; by the argument above, such a choice isg possible. Next
observe that A + BC, is cyclic ([2], p. 187, Theorem L4), and that
(A + BC,, B) is controllable whenever (A,B) is. By the lemma proved

below, we conclude that there exists an m-vector g such that the pair
(A + BC,, Bg) (11)

is controllable. But.then, as we have seen, the pair (11) can be re-
duced to canonical form (6)-(8) where, this time, r = 1 and %o = 0.
It is now obvious that, for every set A = {A--,N ]}, there exists

vector ¢ such that’

’ 1
A+ BCl + Bge
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has the spectrum Aj; then we choose
- H
C Cl + ge' .

It remains to prove the lemma. Let {B} denote the subspace

spanned by the columns of B.

Lemma,

Let (A,B) be controllable, and let A be cyclic. There

exist vectors b,g with b = Bg e {B} such that (A,b) is controllable.

Proof

Let a(A) be the minimal polynomial of A. Since A is
cyelic, o is also the characteristic polynomial of A. Let PB(A) be
the minimal polynomial of {B} (relative to A). A simple induction
shows that B is then the minimal polynomial of the subspace

S = {B,AB,.. A%y,

By con£ro;lability, S isbthe whole space; that is, B = o, and
hence some vector be{B} has « for its minimal polynomial ([2], p. 180,
Theorem é). But then b 1is a generator of 8§ ; that is, (4,b) is
controllable. Clearly b= glbl 4ot gmbm for suitable constants gi,;
that is, b = Bg, for a suitable m-vector g. Q.E.D.

From the viewpoint of control theory it is of interest to note

that the control vectors br+l”"’bm’ and associated scalar controls
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W qseeesly, Bre redundant»for stabilization of the system (1). Thus

we have arbitrarily set these controls to zero in the foregoing con-
¢

struction. Nevertheless the 'redundant! controls can play an important
role in certain problems of stochastic stability, for example in the
case of continuously acting additive perturbations of the matrix A.

Another point worth noting is that the canonical form K,%
adopted here is not unique, and does not exhibit the intrinsic structure
of A. Alternative well known canonical representations ([2], Ch. T)
reveal the intrihsic strﬁcture by exhibiting 8 as the direct sum of
(absolutely) A-cyclic subspaces, in each of which A is representable
by a companion matrix (7). Unfortunately it is not possible in general
to form generators of these subspaces as linear combinations of the con-
trol vectors bi alone, even when (A,B) is controllable. In spite of
its ad hoc nature, Langenhop's canonical form [1], used here, yields a
simple representation of the B matrix -- at the expense, of course;
of introducing off-diagonal blocks in the representation of A. It is
interesting to note that the triangular representation permits in-
dependent modification of the spectrum of each diagonal companion matrix
by means of a control shich depends on the variables associated with
that block alone.

Finally we remark that the condition of controllability is
also necessary for the eesiénment of an arbitrary spectrum to A + BC.

The simple proof is omitted.
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CHAPTER III

OPTIMAL LINEAR FILTERING AND PREDICTION

1. INTRODUCTION.

In this chapter we study optimal linear filtering and
prediction along the lines proposed by Kalman (1960) and Kalman
and Bucy (1961); This approach, which amounts to sequential linear
regression, represents a simplification of the fundamental studies
by Kolmogorov (1941) and Wiener (c.1941-42; published 1948). Briefly
stated, the essence of the present method is that an explicit dynamic
model of the stochastic processes of interest is assumed at the start,
and thus one avoids the diffiéﬁlt bféblem of spéctral factoriéation.'
The present method yields a dynamic specification of the optimal
filter or predictor which is readily simulated by computer.

We start by recalling some facts from elementary statistics.
Let x = x(w), y = y(w) be random vectors with real-valued components.

On the assumption that the indicated moments exist, we write

€x} =m_, &y} = m
(1)

E{(x-m )(x-m )'} = f’, é{(x—mx)(y—my)'} = Q, é{(y—m'y)(y-iny)’} = R.

Consider the problem: given the value y(w), what is the optimal
estimate of x(w)? Let X(w) be the corresponding estimate. In

the special but important case where:
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(1) the estimate desired is unbiased: i.e.,
e{x} = e{x} ;

(ii) the estimate is linear:
x(w) = Ay(@) +b 3 (Ab are constants)

(iii) the criterion of optimality is minimum weighted

expected squared error:

e{(x-%)'M(x-X)} = min. , (M >0) ;
then the solution is well known:
A -1 .
w) = m_ + QR [y(w)-my] . (2)
Here we have also assumed R > 0. The covariance of error is then
S S\t ‘ -1
e{(x-R)(x-%)'} =P - QR Q (3)

If x,y are Gaussian random variables, then the estimate

(2) is also the conditional expectation of x given y:

2 =e{xly) ()
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In that case, the estimate (2) is optimal in the class of all
estimators subject to (i) and (iii). Then (3) also gives the a

posteriori (i.e. conditional) covariance of x::

e{(x-e{x| y})(x-€{x| y})'| v}

e{(x-€{x| y})(x-{x| y})*} (5)

P - QrT Q.

Observe that in the Gaussian case the a posteriori covariance does

not depend on y.

2. DERIVATION OF THE FILTER EQUATIONS.

For t2 0 let X, Y be Gaussian processes determined

dx = A(t)xdt + B(i)dw(t) (1)

dy = C(t)xdt + D(t)dw(t) (2)
together with appropriate initial data.* As usual we assume that
the matrices A,B,C,D are Lebesgue measurable and locally bounded
for 02t <o, Assume’also that (DD')'l is locally bounded on
[O,W). Consider the problem of estimating fhe current state of the
process X from observations of past and present values of a

sample function of Y.

*
It is sometimes reasonable to assume that the 'noise' functions
acting directly on x and y are independent. For this write w' =
1 1 - - - -—
(wl,wz), B =[B,B)], D= [D),D,] and set B, =0, D, = 0.
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Let yt be the smallest g-algebra of w-sets relative to

which the random variables y(s), O = s £ t, are measurable. For
definiteness, we may assume y(0) = O and x(0) = x _, where X
is a Gaussian random variable independent of the dw increments.

Our aim is to Find the minimal variance unbiased estimate
2(t) = e{x(t)| v,) - (3)
Let P(t) be the conditional covariance
P(t) = cov{x(t)lytj = 8{[x(t);§c(t)][X(t)-ﬁ(t)]'l‘yt} ()

It will be convenient to write, for t > s,

R(tls) = elx(s)]y) (5)

and

i

P(t] s) cov{x(t)l@s} o (6)
Finally, let ®&(%t,s) be the fundamental matrix associated with
the matrix A.

We begin by observing that the expectations €{x(t)x(t)'},
e{y(t)y(t)'} exist, and are continuous and locally bounded for

t 2 0." Since for any random variasble z and sub-o-field Y ,

Equatlons (1) and (2) together have the form of (2), §2 L, and
the theory of Chapt.2 aspplies.
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A

8{]8{z|‘y}]2} 8{8{‘z|2|‘y}

(7)

e(] 2 °y.

it follows that thé existence of €{x(t)x(t)'} implies the existence
(finiteness with probability 1) of 2(t) and P(t).

Qur procedure will be to compute a discrete-time approximation
to P(t) and from this show that P satisfies a certain differential

equation. To justify the method we need some preliminary resultse.

IEMMA 1 Let {y(t): t = 0} be a stochastically continuous

process in a Euclidean space; let S = {sn} be a denumerable set

everywhere dense in [O,w), and let @t be the smallest g-algebra

relative to which the random wvariables

{y(s) : Ossst, ses)

are measurable. If f is a random variable such that e{] ]} <=,

then

elfv,} =e(£y) (8)

for every t >0, with probability 1.

PROOF. Since E{flyt} is obviously yt-measurable, it is enough



152

to check that
[ els]y }ap(w) = [ £(w)aR(w) (9)
A A

for all sets A of the form
A= {o ﬂtﬁ eBy.“,ﬂtQ eBﬁ

where 0 S +t. =t and B, is a Borel set of E (i = 1,...,7).”
1 1

Clearly (9) is true if A @t. But if t'e (0,t) is arbitrary,

there is a sequence {sn} in S such that s, - t' and hence,

by stochastic continuity,
P lim y(s ) = y(t')

As the limit in probability of a sequence of @t

y(t') is also Y, -measurable (more precisely, y(t') is equal with

-measurable functions,

probability one to a random variable which is @t-measurable). Ir

t' = O (resp. t' = t) the same argument applies with s, 40 (resp.
s, 1 t). Hence A is ﬁt—measurable for arbitrary choices of the
t;, and (9) follows.

LEMMA 2 TFor T >0 and fixed, let {tgn) : j =0,1,...,3(n)},

n=1,2,... , be an increasing sequence of partitions of [0,T]

" .

See e.g., the discussion of Doob (1953),Ch.l,§7, especially pp.19-20-
In (9) P denotes, of course, probability measure on the underlying
o~algebra of w-sets.
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such that
0= ,ng),< t&n)< vee < tg.a) =T
and
- (n)_ (n) y _
lim max (tj - tj-l ) =0 (10)

n % 155%3(n)

Let {y(t): t 20}, % and f be defined as in Lemma 1; and, for

0=t=T, let @£n) be the smallest g-algebra relative to which

the random variables

{y(tgn)) : 05 s j(n) , tgn) st )

are measurable. Then

€{fl@1(:n>} —-—)é‘j{f“yt} (n > )

with probability 1, and in the mean.

PROOF. Since €{|f]} < » the sequence €&{f] ‘-yJ(Gn)}, n=12

3Ss ey

is a martingale and, by standard convergence theorems (Doob (1953):

Thm. 4.1, p.319; Thm.4.3,p.331) the limit

1ne(f3{M) =e (2|9,
n -
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exists with probability 1 and in the mean. Here yt is the o-

algebra of w-sets generated by the collection of random variables,
n . . n
{y(tg )) : 02 j = j(n), tg )é t;n=12,...)}

. ® (n) .o s (n) . .
Since the set U(tj : 023 = j(n), tj £t} 1is dense in the
l . ~

interval [0,t], it follows by Lemma 1 that e€{f[¥y} = e{f]y]}.

Q.E.D.

Returning to our filtering problem, we see that if
- (n)
P (t) = cov {x(t)lyt }

then Pn(t) - P(t), as n - », with probability 1. In fact, in
the present case, where X and Y are Gaussian processes, we
see (from eq. (5),33.1) that Ph(t) is independent of the values
of the random variables involved inrthe definition of @in). That
is, Pn(t) is an ordinary (non-random) function of t, and the
limit just written exists as an ordinary limit.

The remainder of the discussion amounts to a somewhat
tedious computation. For n fixed and 0 = j £ j(n)-1 we write
+1-Pj'

= X(tgii) given

Pa for Ph(tgn)), ete. and compute the difference Pj To

do this, we form the a priori estimate of Xj+l
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the v, for i = j and then use (5),$.1 to calculate the a

posteriori covariance of x,~

' j+1
Let t > 5 2 0., Since
t
x(t) = ®(t,8)x(s) + [ 2(t,7)B(7)dw(T) (11)
s
we have
2(tls) = elx(t)| ¥} = o(t,s)2(s) | (12)
and
P(t|s) = covix(t)|¥)
X (13)
= &(t,5)P(s)®(t,s)" + [ @(t,7)B(7)B(7)'&(t,7)'dr
s .
For economy of notation we shall write
2,0(3) = elxy, | 4 (14)
3 ;
and
P,1(9) - e'{[xjﬂ-ﬁjﬂ(j)][xj+l-fcj+l(3)]'tsu,(;?} (15)
Thus

2,03 = ot5,0,85)%; o (16a)
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(3) = (b, 8)B0(8,, 1,807 +

J+l J+12 73

4 ﬁ'+l
+fJ Q(tj+l,r)3(-c)3(¢)v@(tj+l,r)fd-:. (16b)

t.
d

Write 6j— (fi t(n) and note that

|o(t. .,t.)-I | = const. 8 (63. 10);

J+17 73
so that, expressing the first term on the right of (16b) as the
integral of its derivative,

L J+l >
(3) = &, +f [A(7)P+PA(T)" +B(7)B(7)" 1dT + 0(3,),

E (17)
5.4 0.
J

3+l

The matrix Pj+l(j) will play the role of the matrix P of (5)
§3.1. To compute the corresponding matrices Q and R we note

that

_ n
R = cov {y3+l b

t,
J+1 tj+l

Vi = 95t ft. c(t)x(7)at + ft D(7)aw(t) ; (18)

J J
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t.
Iyﬁﬁ} =y, + [ J+lC(T)ﬁ(flt )as
6 TV, j

J

€
{yj+l

tj+l
L+ c(r)o(v,t.)X.4T
YJ ft, ( ) ( » J)XJ
dJd
tj+l 5
yv. + [ c(r)ﬁjdr + 9(63), (19)

d
.
d

where Q(S?) denotes a random variable z such that (G{IZIQ})1/2=

o(s?), 6j {1 0. Using (18) and (19) we find

t
J+l
R = cov (yj+l|y$?) = ft D(T)D(T)tdT + Q(Si)i (20)
J J
Finally we compute
Q = cov {XJ+1’yj+llyi)
’ tj+l
= 8{[xJ+l (tj+l,tj)5ij][ftj C(T)[x(T)-ﬁ(Tltj)]dT
t
+ f D(T)dW(T)] ]@ﬁﬂ}
J
t.
J +1 , , \ (n)
= ftj e([xy,,-0(t 3+1,t NES ][x(T) -8 @(T,tj)u]c(r)l@tj}dr
. tj+l t3+l (n)
+ 8[[®(tj+l,tj)(xj-xj)+ftj o(t +l,T)B(T)dW(T)][f ) ‘D(T)aw(T)]" |y }

(21)
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The second expectation on the right side reduces to

. _ T,
3+1 J+1
e{lf ®(tj+l,T)B(T)dW(T)][f D(7)aw(7)]"}
t, t. .
J , J
tj+l
= ft @(tj+l,T)B(T)D(T)'dT
J
tj+l 2
=f B(7)D(7)'dT + 0(d)) (5, 4 0)
£ ‘ J dJd
J

(22)

To evaluate the first expectation we replace & in the integrand

by I + O(Bj), add -y to each of the expressions in [-],

and multiply out. By (7) and Schwarz's inequality,

ellle((x,,,-x,)(x(D)-x,) [ 9917
dJ

A

el g1 Y Ulx() -1 %)

A

2 2,
const., (t-g) = O(Sj) H

~ (02

A

2 PO
€ {“ Xj+l—xj“ }g{n XJ’XJH }

const. (t-s) = 0(53) 3

1A
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elle((x,-2;) (x(v)-x,) | 417
< a2 2
s efllx,-2,1 e lx(r) x1%)

£ const. (T-tj) = O(Sj) o -

+

Thus the first expectation in (21) has the evaluation

t

RS VTP . R 3/2
O AN E UL O C
d

and combining this resﬁlt with (22) we obtain

t

j-l-l 5/2
Q =/ [PjC(T)'+B(T)D(T)']dT + 9(6j ) . (23)
%3
It is now possible to compute Pj+l as
. -1
Pip1 = Pya(9)-QR7Q -
Combining (17),(20),(23), we get
tj+l
Pyy-Py = ft' [A(T)Pj+PjA(T)i+B(T)B(T)']dr -
d
tj+.l tj+l -1 j+1 '
—(fttPJC(r)wB(T)D(T)']dT)(f D(7)p(7)'ar) “(f [Bye(7)'+B(7)D(7)" Jar)’ +
. t, t,
J J. J

3/2
+ Q(ﬁj ) .
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To proceed further we replace the parameter matrices
A, B, C, D by continuoué’approximants. More precisely, with
T < o fixed there are, for every € > 0, continuous matrices
K, f@ 8, D defined on [0,T], and a set 6 C [0,T] of Lebesgue
measure < €, such that K(t) = A(t) ete, if t € [0,T]-0.% We

note also that if tgn) =t < t(i)

341 then (ef. (13))

B (+) = cov Gx(t)|9{®))
dJ

(n) (n) .
—)Pn(tj ), ot d tj ;

that is, Ph(') is continuous from the right at the tgn).

Therefore (reverting to the original notation)

) (n) (n)
n n
Pn(o) + jzi [Pn(tj )_Pn(tj_l)]

!

2, (1)

T
P (0)+f {K(t)Pn(t)+Pn(t)K(t)'+§(t)§(t)'_

[ (6)8(£) B()B() 1B(6)B(£) 1712 (£)F(6) +B()B(¢)" 1" Jas

+ const., € + (1) (max 63 4 0) (2k)
J

where (1) denotes a random variable =z such that

*See e.g. Munroe (1953)Ch.k4,§21.
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2,1/2
(el 2 )2 = o(1).

Now the Ph(t) are uniformly bounded (by cov{x(t)}, say)
and we have seen that lim Pn(t) = P(t) exists. Hence by the
dominated convergence theorem we can take the limit n — o, and
then the limit € | O, to obtain

T -1
P(T) = P(0) + [ [AP+PA*+BB'-(PC'+BD')(DD') (PC'+BD') ldt .
o ,
Since T < o was arbitrary it follows that, for almost all t,

P(t) satisfies the matrix Riccati equation

-1
-g-g = AP+PA' +BB' -(BC' 4BD' )(DD') (BC'4BD')' & 2 O

(25)
P(0) = cov {xo}

Equation (25) is our first principal result. The second

describes the evolution of the estimate 2X(t). Referring to (2)

§3.1, we have that
N N - -l N
X541 T X.j+l(‘]) + GR (yj+1'e{yj+1lqj:3}) (26)

Evaluating the quantities on the right from (16a),(19),(20) and

(23) we obtain



162

x(tj+l) = @(tj+l{tj)x(tj) +

tj+l J+l -1
([, [P,c(9)"+B(7)D(7)* Jav)(f,, D(7)D(7)"d7)™" -
d - d
P
J+1
°[y(tj+l)—y(tj)-—ft.C(T)fc(tj)d'f] + w(tj'i'l-tj) e
dJ

By the same approximation argument used above, the last relation

gives

T T
R(T) = 2(0)+f A(t)R(t)at+/ [B(+)C(t)*+B(£)D(t)* 1[D(£)D(t)*] ™"

Lay(t)-c(t)R(t)at]
with probability 1, for each T < «., That is,

dg = ARdt + (PC*+BD')(DD')'l(dy-cﬁdt), tz0
with

2(0) =elx} . | (21)

Equations (25) and (27) are the results of this section.

These equations have an important interpretation in
technology. Namely, they prescribe the dynamic structure of a
filter (analog device) for generating an estimate 2(t), in real

time, from noisy data given by the formal equation

¥ =Cx + Dw . | (28)
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To simulate the filter, one first solves (25) and stores P(t)
for 0 St T, The filter itself is specified by (27), or

actually, for simulation purposes, by the formal version
ax a s ' iv=Le Ao
3¢ = A% + (PC'+BD' )(DD') (§-CK) . (29)

Thus (29) is solved in real time as the noisy data F(t) becomes
available. We note that in practice (25) and (29) are invafiably
solved in discrete approximation, and that, had we started with a
discrete-time stochastic model, the derivation of the discrete-
time counterparts of (25) and (27) would have required only a

trivial application of the basic relations (2) and (3), §3.1.

EXERCISE: Consider the discrete-time stochastic processes specified

by

g
it

w1l = Pkt Bk
Vo1 = O * Dk

where the wk‘ are independent normalized Gaussian random vectors
in a Euclidean space. Derive the difference equations for the

(optimal) filter which generates

ﬁk = &{xklyb,...,yk]
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3. QUALITATIVE PROPERTIES OF THE FILTER.

A

3.1 Markov property of Xo

Consider the process {z(t), t 2 0} with differential

dz(t) = dy(t)-c(t)R(t)dt
= o(+)[x(t)-2(t)]dt + D(t)aw(t) (1)
and
z(0) = 0.

We observe that z(t) is Y, -measurable; thus if ¢ > 7, the

relation
t t
z(t) = 2(7) + [ C(s)[x(s)-%(s)]las + [ D(s)au(s)
T : T
implies
t
efz(t)|y,} = 2(7) + [ c(s)efelx(s)-%(s)|¥ } Y Yds = 2(7); (2)
T .
i.e., the z(t) process is a martingale. Furthermore,

e{[=z(t)-2(7) 1 2(t)-2(7)1"| ¥}

s [ D(s)D(s)"ds + const. (t-T)~ . (3)
T

In fact, if e(s) = x(s)-R(s) then from 3.2(1) and 3.2(27),
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de = (A-F)e dt + (C-G)dw

where F = (Pc'+BD*)(DD*)'lc , G = (Pc'+BD')(DD*)‘lD. If ¥ is the
fundamental -matrix corresponding to A-F, then
T T

2(t)-2(T) = [ Ceds + [ D aw(s)
1 t

T s T
= ftC(S){Y(S,t)e(t)+ ftY(S,u)[C(u)-G(u)]dW(u)}ds + ftD dw(s)

from which (3) follows by a computation. But then, by a theorem on
stochastic differentials [Doob (1953)p.287, Theorem 3.3] the z(t)

process has stochastic differential
dz(t) = D(t)aw(t) (k)

where w(t) 4is a suitable normalized Brownian motion. Combining

(4) with 3.2(27) we get

dx = ARdt + (PC'+BD')(DD')'1Ddﬁ

(5)

2(0) = E{XO} .

Equations (5) show that the filtered process R 1is a Gaussian
diffusion in its own right, with differential generator 2 given
by

() = hor Gr(09) + a8V (e) (8)
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where B = (PC'+BD')(DD')T,

3.2 Solution of the matrix Riccati equation.

We proceed to show that (25) has a unique solution P,
so that (25) can be used in practice to obtain P and thus to
simulate the filter explicitly. Now (25) can be written

%% = [A—BD'(DD')‘lc]P+P[A_(BD:)(DD,)~lC]'-PC'(DDr)_lCP .

(1)
+ BB'-(BD')(DD')'I(BD')'.

Write M BB'-BD'(DD')_l(BD')'; then (Exercise) M 2 0. Write

N = DD', A= [A-(BD')(DD')'lc]', C=c0. Finally, let T = -t.
Then (1) becomes
ap

=t AP PR - PGP +M=0, T<O

(2)
P(0) = cov{xo} .

Now (2) has exactly the form of 2.6(12), with the identifications
A = A, ¢ = C, O = T; the only distinction lies in the terminal
(at T = 0) condition that in gemeral P(0) # O. However, the
discussion given in §2.6 is easily generalized to the case of a
terminal condition of form V(T,x) = x'Qx, say; so that P(T) =Q,

and we now identify cov {xo} = Q. The method of approximation in

policy space used in §2.6 then shows that (2) has a unique (and
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locally bounded) solution on the halfline T = O.

3.5 Asymptotic behavior of the optimal filter.

The discussion just given points up a formal "duality"
between the linear regulator problem of 2.6 and the linear filter-
ing problem of the. present chapter. This duality can be exploited

further by introducing the concept of "observability”.

Definition: Let C(t), A(t) be, respectively, m X n and nXn

(locally bounded, measurable) matrix functions of t defined for

t £t =T% o The pair C, A 1is observable at t >0 1if, for
every to = T<,
t
[ o(s,t)rc(s)rc(s)e(s,t)ds >0 (1)
T
where @ 1is the standard fundamental matrix associated with A.
Writing

8(ry8) = a(s,7)", &(s) = o(s)"
we see that (1) is equivalent to

t
J 3(t,s)C(s)C(s)'3(t,s)'ds >0 (t <t) .
T

Comparing with the definition of controllability (§2.4), and
recalling that g(t,s) is the fundamental matrix associated with

-A', one sees that observability of C, A at t is closely
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analogous to the property of controllability of the 'dual' pair
-A',C* at t -- our defihitions are not gquite equivalent, how-
ever: for controllability focusses on the immediate future (%+0),

observability on the immediate past (t-0).

EXERCISES:
1. If A,C are constants, show that (C,A) is observable

if and only if (A',C') is controllable.

2, Let A,C Dbe constants and let B be an arbitrary
n X m constant matrix. Show that (C,A) is observable if and

only if (C,A-BC) is observable.

Observability is best understood by considering the simple

deterministic system

x

A(t)x (A : nXn) (2)

y(t) = c(t)x(t) (C:mxn) .

Here we interpret y(t) as the observed output of the dynamic
system (2). The problem is: knowing A(:), C(+), can we determine
the state x(t) from a record of y(s) over an (arbitrarily
small) interval (t-3,t]1? It is easily seen that the answer is
affirmative provided (C,A) is observable at +t. Indeed the
equation |

y(s) = O(s)a(s,t)x(t), s<t,
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implies

1t . .
[/ o(s,t)'C(s)' C(s)o(s,t)as]x(t) =
£-8

t
= [ o(s,t)'c(s) y(s)ds

for ® > 0; and this yields =x(t). Let us give a more detailed
discussion: from the equation for y above we see that x(t) can
be determined if and only if, for every © > O, there are points

t-8 < SiseeesSy £t such that the mn X n matrix

o(s,)0(s,,t)

o(s,)o(s ,t)

has full rank n. If this condition fails, there exists 0 >0
such that, for all n-tuples of points (Sl”"isn)’ s;€(t-8,t],
the matrix (*) has rank less than n. ILet the maximal rank of
(*) be k <mn, and choose (81500058 such that the kn X n
matrix [C(si)é(si,t)}i=l has rank k. Then for all

".."k
s € (t-5,t], the matrix

[ o(5,)0(s,,t)
C(Sk)é(skyt)

C(s)o(s,t)
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has rank no greater than k and hence, choosing x # O such that

C(si)Q(Si,t)x =0 (i=1,...,k), we must have
C(s)o(s,t)x =0, t-d3<s=t.

Then (1) fails, and so observability entails the rank condition.
On the other hand, the rank condition might hold (with,
say, rational sj's) and yet the integral in (1) vanish for every
T 3 this rather artificial situation would be ruled out in "practical"
cases where, say, C(°) could be defined so as to be continuous
from the left at +: then if (1) fails, the rank condition must
fail as well, I
We now turn to a discussion of the asymptotic behavior of
the Riccati equation (1) as t —w., We assume for simplicity that

the parameter matrices A,B,C,D are constants. Our result is the

THEOREM If (C,A) is observable, the covariance matrix P(t)

tends to a (finite) limit as 1t -,

PROOF. With the ldentifications

X = [a-BD'(DD') " TC7?

C=c

M = BB'_BD*(DD')'l(BD')' : (3)
N = DD! ”

K(t) (DD')_lCP(t)

1)
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we can re-write 3.2(25) as

- &+ (B%)'e + HETK) + M+ KWK =0, tZ0 (&)
with
P(0) = cov (x} = B, , say, (5)
and
K = K(t) = N 10" B(t) (6)

These equations have the same form as (3), (4), (5) of §2.7. Also,
since (C,A) 1is observable, we have (C,A-BD'(DD')_lC) observable, ¥
and therefore (K;E) is controllable. Thus our ?roblem is identical
with the control problem of §2.6,§2.7 , apart from the single

fact that P now has, in general, a nonzero initial value Po‘ As
before, by choosing ﬁ = constant so that K;Eﬁ is stable, and

then noting that

~oeaN ~ N
JHA-CR)' o b(A-CK)' |

0 s P(t) s B(t) = .

e e (7)
+ [ eS(A—CK)'(M+ﬁ'Nﬁ)eS(A"CK)ds
o
ﬁe see that P(t) is bounded on [0,»). In the following, we
use the fact that the set of all symmetric n X n matrices with
real elements forms a conditionally complete lattice, with respect

to the usual

* See Exercise 2, p. 168.
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partial ordering of quadratic forms [see Exerciseiﬁ, p. 175].

Thus, from (7) we have

n N

o] ~ oA
—_ ey, :
T p(e) 5 SAC0) (quiimm S(A-C04,
t o> 1)

for all constant matrices K <(of proper dimension); hence

o0 ~eoroa . ~ o .
RS - ] ~ A -
Tim P(t) = inf [ ¢5(A-CK) (M+K'NK)eS(A K)ys (8)
t o K o

On the other hand, if @ is the fundamental matrix associated

with K-EK(t), then by (h) and (5),

P(t) @(t,o)'PO®(t,o) +

t
+ [ ®(s,0)'[M+K(s)'NK(s)]2(s,0)ds
£
J ©(s,0)'[M+K(s)'NK(s)]®(s,0)ds

1

\%

Px(t),

where P*¥(t) is the solution of (4) and (6) corresponding to the
special initial condition P*(0) = 0.  Here the last inequality
holds because P¥ 1is the minimal value of the last written integral
with respect to all possible choices of X(+) (and corresponding

®). Using the fact (§2,7) that P* is monotone,
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lin P(t) = PX(=) . (9)

t = »

In the notation of §2.7

00 ~ o ~ oA
- ' Cad
pr(w) = p* = [ ot B-CE)" (ugrwg ) B(A-CE) gy
o2 [oe] fe)

0
(10)
(o] o La VAN o V)
1
> inf [ eP(A-CK) (uprng)eP(A-CR gy
XK o

The inequalities (8),(9) and (10) prove the existence of

lim P(t) (t — ).
Q.E.D.

From a practical point of view the significance of
this result is that P(w) and the associated formal stochastic
equation 3.2(29) define a time-invariant linear filter which is
optimal by the eriterion of stationary mean square error: that
is, observability of the pair (C,A) dimplies not only that the
covariance of error is bounded, but even that the error process
{e(t): t 2 0} is asymptotically stationaryj more precisely, if
we suppose e(o) is distributed with mean. O and covariance
matrix P(w), then e(t) remains so distributed for all t > 0;
alternatively, for any P(0), P(t) - P(») independently of P(0).
Observe the interesting and important fact that "the filter
tracks the plant" with bounded covariance of error even in the case
where the plant (system % = Ax-CWw) is inherently unstable; i.e.,

where E(x(t)x(t)'} = ® (t »=). If observability fails, stable
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tracking may not be possible.

EXERCISES:

1. Construct a (nontriviall) example to show that if
observability fails then tracking error may be unbounded in mean
square as t —» %,

2. Show that, in the constant parameter case, if
B=0 and DD' = I, then

t

1
P(t) = etA[I+PO [ SA CeSAds]'lPOe
O

tA?

Check that the normalization DD' = I is always possible (when
DD* > 0). Show that if (A,C) is observable, and all eigenvalues
of A 1lie in the closed left half plane, then P(t) -0 as

t — =, [Suggestion: to show P(t) — 0, suppose PO >0 and note

-tA?' _~1 -tA
.Po e

P(t) = [e + H(t)]'l

where

t '
H(t) = [ ¢ SA prge ™ g
0

Now if Q@ >R >0 then Q‘l <wt [Appendix, 1]; thus

p(t) < [H(t)] ™"

|a(t) ™Y

A

==> | B(t)]

A

{ inf X'H(t)x}_l [Appendix, (2d4)] .
FE
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Now x'H(t)x

t
Ce” SAX 2ds

I

.0

v

kt (Il =1, t=21)
for some k >0 (Appendix, 3). Hence
-1
| P(t)]| = (k8)"" -0 (t - ).

For the general case, note P(t) is monotone in Po’ so that,

replacing PO by a majorant pI, p > 0, the result follows. ]

3. (ON THE IATTICE OF SYMMETRIC MATRICES).

Let P,Qy... be n X n symmetric matrices. Define
Pz Q iff P-Q is positive semidefinite (and P = Q if Q-P
is positive semidefinite). With 2 (or =), our set is partially

ordered. Define
P = PVvO = sup (P,0)
as follows: Under some rotation (orthogonal matrix) T we have

T'PT = diag (pl,...,pn) .

Define

+ .
(T*'Pr) = diag (pl vO,...,pn v 0)
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and then

p* = o(rrEr) T

Check that P' = sup (P,0) in the sense: P 20 and P 2 P

and if P20 and P2 P, then P2 P. Now define
+
PV Q =sup (P,Q) = (P-Q) +Q .

Check that PV Q (Q-P)+ + P [For this note that if

o
n

inf (R,0) = - sup (-R,0)

-(-R)"

then ("Jordan decomposition")
R=R +R .]

Similarly define

P AQ = inf (P,Q) = -(-P V -Q).

With these definitions our set 1s a lattice. A lattice is complete¥*
if every set bounded above has a supremum (and every set bounded be-
low, an infimum). To show completeness here, recall that if Pn <P
end P T ‘then P =1lim P exists in the Fuclidean (norm) topology
of matrices [See Kantorovich and Akilov (1964)p. 189. Theorem 1,

where convergence at each x of an is proved, with Pn operators

*
or conditionally complete, in Birkhoff's terminology (19%0).
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in Hilbert space]. Now let P = {Pa: o € A} be an arbitrary set
of P's with P <P, aeA If A is cowtable let P = (P};
define | ’

P = sup {P,By..5P ) 5

and, noting that P 2 B, define P = lim P ; now check that
P = sup {Ea tax €A} .

1f B, >P and A is countable, inf (P : @ € A} is defined
similarly. Finally if A is not countable, we use separability
of Euclidean space to conclude that for each positive integer k

there exists a sequence {Pkn: n=1,2,... } such that

1

sup inf ng - Pan <£

€A n

and

1
sup inf ||P, - P || <= .
up nf |[B, - )l <g

Define ?k = sup B and then P = lim '15k , and verify that
n

P = sup {Ra: a € A} .

Reference for the general theory: Garrett Birkhoff (1940), Lattice

Theory, Amer. Math. Soc, Collog. Pub, wvol. 25,
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[Discussion of lattices of symmetric matrices and application to

the proof of the Theorem, p.25, originate with these notes].
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APPENDIX. Miscellaneous results for positive symmetric matrices,

1. If P>Q>0 then Pr<qt.

PROOF. There is a nonsingular matrix T such that T'QT =1 ;

2
so0 P>Q>0==> T'PT >I. But R>1I ==>x'Rx > |x|" ==>

“1/’.2y|2 = y'R'y ==>R " < I. Thus

-lP-l

WRx|® > 5% == |y|% > |»
(T'PI)-]' < I, or T_lP-l(T-l)' < I ==>x'T (T—l)'x <|x 2

==> y' P'ly- < |7yl 2

y'TT'y, all y # 0. (*¥) Now T can be
chosen in the form T = SD-]'/2 where © is orthogonal and D 1is
diagonal; thus Q = SDS' and (*) ==> P< IT' = DTS’ = Q7.

For a neater but less direct proof see Beckenbach and Bellman (1_961)
p.86.

2, If P20 and Q20 then (I+PQ)"  exists, and

-1 .
(I+PQ)""P 2 0 and symmetric. [We do not assume P,Q commute and

so cannot infer PQ 20].

PROOF. (a) P >0 ==> (I+13Q)“:L = (P'l+t;,),)'lP'l ==> (I+PQ)"1P =

(P‘l+Q)'l > 0.

(b) IEMMA: If P2 O and Q2 O, there exist b, § such that

P>0, @20, and

g2
o 24

PQ =

For the proof let R,N denote range and null space and recall

that for a symmetric matrix P, R(P) L N(P) and R(P) @ N(P)

1]
e
-

where E is the whole space., Now define ']_5"5" by setting Px

&
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x € R(P); Px x, x € N(P); and Qx = Qx, x € R(QP); Qx = o,

X € [R(QP)]'L N(PQ). Then x € N(FQ) ==> Hx = 0, and 0O # xeR(QP)

==> PQx # 0. Thus x € R(QP) ==> Qx € R(P) ==> Tox = Pax = FQx.

Clearly x € N(FQ) ==> Wx = 0.

(¢) With 3,§ as in (b) we have

(1+79) "1 = (1+39)1

]

~-1 -1 ~1
(P +Q)y " P,
i.e., the inverse exists, by (a).

(a) IEMMA: If A 1is an arbitrary nonsingular matrix and if

then

a7l st
For the proof, note that lxl > a—l ==>x = By with B > a—l,
|yl = 1. Then |Ax| =pB|Ay| 2 Ba > 1 ; that is, |Ax] = 1 ==>
| x| = a-l, and so

-1 -1 -
| A7 sup |ATy] = sup |a leI

|yl =1 {x:] Ax| =1}

{=

A

sup
{x:] Ax| =1}

sup | x| = ot

(x:| x| 501}

A
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(e) IEMMA. If A“l, a7t (n=1,2...) exist and A -4, then

n.
A'l - A‘l.
n

For the proof let infl |Ax| =2 a >0; then if |x| =1,

xl:l
[Anxl z |Ax| - |(a-A)x| 2 a for all n sufficiently large. By
(a), IA;ll <o for all such n, and then

1
|

.| A;ll-A' s IAI‘lli | A~ |a-a | ~o0 (n - «)

(f) Let P =P+ n~t I, n=1,2,..., and put

-1

R = (I + PnQ) P

= (P‘1+Q)'l>o .
n

~1 -1

Now n>m==>P <P ==>P " >P

n m n m
==>R <R .

n m

So lim R =R_(say) exists and R_ 2 O. We show that R_=
n —>on o0 %) 00

(T + PQ)_lPo By (b), (I + PHQ)_l and (I + ]?Q)—l exist; also

I+PnQ,—-)I+m (n—)OO).

Hence by (e),

(1 + PmQ)'l (1 + )7t
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and clearly
P -»P.
n

-1
Therefore R_= (I + FQ)" " P ; so

(I + PQ)'ng 0.

Q.E.D.
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CHAPTER IV

ITO'S STOCHASTIC INTEGRAL AND APPLICATIONS

1. STOCHASTIC INTEGRAL.

In this section we generalize the stochastic integral
introduced in Chapter 2,%3, in assuming now that the integrand is
itself a random function. This generalization is indispensable for
our later discussion of nonlinear stochastic differential eqﬁations.
The material of this section is based on Gikhman and Skorokhod (1965)
Ch.8,§2; alternative sources are Skorokhod (1965),Ch.2, and Doob
(1953),Ch.9,§5.

Let {w(t,w): t 2 0} be a Wiener process in R, and let

1

{f(t,w): t 2 0} Dbe a stochastic process in R In applications,

1°
the random variable f£(t) will depend, at most, on 'present' and
'past' random variables w(s), s £ t, but not on future values of

w(s), s >t. To formalize this kind of nonanticipative dependence

of f on w, let (8’t :+ t £ 0} Dbe a family of o-algebras of

w-sets, with the properties:

. 9 .
(1) 8tlc zbtg if b <ty -

(ii) For each t, w(t) is measurable relative to %tf

(ili) For t, >t, 2 t, the increments w(t

independent of the g-algebra %t .

1)'W(t2) are

(iv) For each t the random variable f(t) is measurable

relative to O o
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A typical example of [819 might be the family of o-
algebras 81; generated by the random variables w(s) for 0 = s £ t,
We also assume that f is measurable in (t,w) and that
f(-,w) is locally £, with probability one, that is
T 2
[ 1£(£)] "t < w (T < =) (1)
0
with probability 1. In the following, Mé denotes the class of
functions f Just described; our aim is to define the integral
b
] £(t,w)aw(t,w) (2)
a
for 02 a<b<w and f € Mé. In framing a definition we proceed
as before: namely, define (2) for f a step function, then use a
completeness argument to obtain the general integral as the limit
of an approximating sequence. The first requirement is thus to

show that every T € Mé can be suitably approximated.

Definition, f = f(t,w) 1is a step function if there exists a partition

a

i

- - =
ty <ty <...<t, =D, such that £(t,0) = £(t;,0), t; St <t .,

i=0,1,...,r~-1. [Note: here the ti are independent of w].

LEMMA 1:

For each f EvMé there exists a sequence of step functions

fne M2 such that
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b 2
lim flﬂt%ﬁﬁw]dt=0
n—owo g '

with probability 1.

PROOF. The assertion is obvious if f 1is continuous: put fn(t) =
f(k/n) for (k/n) £t = (k+1)/n. If f is measurable and bounded
(by a constant depending on w), there is a sequence g, o©f con-
tinuous functions, correspondingly bounded, such that, with prob-
ability 1, gn(t) - f(t) for almost all +t, and thus (by dominated
convergence)

b

lim [ |f(t)-gn(t)|2dt =0. a.s.
n -»>0 g

t ,

[For instance, set gn(t) =n [ en(s_t)f(s)ds]. Finally, any f € M,
a

can be approximated in mean square by bounded (measurable) functions

in M,. Thus the step functions are dense in M,, in the sense of

12[a,b] convergence. Q.E.D.
To define the integral, if f 1s & step function, write

r-1

b
[ £(t)aw(t) = kZO £t ) [w( ey, )-w(t,)] . - (3)

The integral (3) has the properties:

L1t e{|£(t)| | &) <= for te[ab] then

b
e(f £(t)aw(t)] §_3 =0 (a.s.) (W
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(Proof : computation)

2. If ﬂ]ﬂtﬂelgg < ® a.s. then for t € [g,b]
b 2 = b 2 |
el £(t)aw(+)17 6 = [ e(£(+) ] 8a}dt a.s. (5)
a a

(Proof : computation)
3. For every N >0 and c >0,

b NP 2
p(| [ £(t)aw(t)| > e} s =5 + B(J | £(+)| “at > m) (6)
a c a

. . . _ <
PROOF. Noting that £(t) is %ti measurable for ti £t < ti+l’

we have that

ti+l
Il Pat

is %t -measursble. Put f(t) = £(t) if
i
ti+l 5
/ | £(t)| “at = v ,
a
i = -
where t; . 1s such that %, =+t < tifl’ and fN(t) = 0 for
= =
by St St if
ti+l 5
/ | £(¢t)] "at >n .

a
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Then fN is a step function in Mé[a,b]. Since

b s - or=l 5 ‘
a i=0

N

t -t

, and so E{Ifﬁ(t)lg} < o,
i+l i

then | fN(ti)| 2 <

Therefore

P 2 o 2
e(|f fN(t)dw(t)l } = f e{|fN(t)| }at = N .
a, a

Finally

b

P{ sup IfN(t)-f(t)l >0} = P{f lf(t)lgdt >N} .

tela,b] a :
From these relations we have

b
P(S f£(t)aw(t)| > c)
b

b
P(|[f fN(t)'dw(t)l >c} +

b
+ P{|[ [f(t)_fN(t)]dw(t)l > 0}

b 2
el f(t)au(t)] -

A

02 a

and the proof is complete.

b
P{| [ fg(t)aw(t) + [ [£(t)-£,(£)1aw(t)] > c}

+ P(f |f(t)|2dt >N},
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Now suppose fn are step functions, f € M2, and

b
P lim [ lf(t)-fn(t)lgdt =0 .
n -»>o0 g

The existence of such a sequence 1s guaranteed by Lemma 1, Then

b
2
P lim flfn(t)-fm(t)l at = 0 ;
n —-»>w a
m —> oo

that is, for every € >0,

b
lim P{[ lfn(t)-fm(t)lgdt >e} =0.
n,m = a

Using (6), we have for arbitrary € >0, 8 >0,

b b
Tim P{|[ fn(t)dw(t)-f fm(t)dw(t)l > 8)
n,m - o a a

c b

— + Iin P/ £ (t) - F (t)]2dt > €}
n . m
5 n,m - a

A

€/3 .

Since € >0 was arbitrary, we have for every & >0,

b b
Tim P(|[ £ (t)aw(t)-S fm(t)dw(t)l >8} =0.
n,m =« a a -
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b
This means that the sequence [ fn(t)dw(t) converges in probability
a !

to a limit, which we denote by
b
] £(t)aw(t)
a,

As uéual, this limit is uniquely defined except for its values on
an w-set of P-measure zero. Our definition of the It6 integral
is complete.

The integral is, obviously, an additive and homogeneous

functional of the argument £ € My; also, if a<e<b,

b ' b
[ faws=[ faw+ [ £aw
a a c
b
with probability 1. We can now regard [ £ dw as consistently
a

defined for all 0 = a < Db < o,
Property 3 (eq.(6)) can be verified by passing to the
limit, through an approximating sequence of step functions, in

(6). We can then obtain the property:

. If f e Mj[a,b], f e M [a,b] and

b 2
P lim [ |£ (t)-£(t)|"at =0
ns>ow .g

then

b b
P lim [ £ (t)dw(t) = [ £(t)aw(t)
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[ Proof: exercise]

Next we generalize properties 1 and 2:

2%, If £ is such that

b 2
e e(e)| 7 | B at <o " a.s.
a
then
b <r
e(] £(t)aw(t)| U} =0 a.s
a
and

b > b >
e(rS £(t)aw(+)17] 53) [ ef] £(+)] 8a}dt a.s.

(6)

(1)

For the proof choose a sequence of step functions T such that

N

b
P lim f&{lf(t)-fN(t)|2| 831 =0
n e a

[Let ?ﬁE Mg[a,b] be a sequence of step functions such that

b
—_ 2
P lim [ ]f(t)-fn(t)l dt =0 .
n oo a
The existence of such a sequence 1s guaranteed by Lemma 1. Put

gy(x) = x for | x| =, ge(x) = Nx/|x| for | x| >N. Since

| ey(x)-gy(D)| = [x-3],
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b - 2 o =2
I 1 gg(£(£)) -gy(E,(£))| “at = [ | £(¢)-F (t)] “at

a

-0

in probability. Since the quantities
b - 2
falgN(f(t))-gN(fn(t))l dt

2
are bounded by 4N (b-a) and tend to zero (n —» =) in probability
we have by dominated convergence [ Lebesgue!s Theorem holds under

the hypothesis of convergence in measure]
b - 2
el | gg(£(t))-gy(T (£))] “at| &)
a

P - 2

- [ el gy(£(6)-gg(F, ()] 7] BJar  (anse)
a

-0 (n —)oo)

in probability. On the other hand, since

) -gy(e(en)] ® 5 | 2(9)] %
and

b 2 o
[ e{] £(+)| 7 13a] < a.s.
a .

there follows, again by dominated convergence,
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b
P lim [ el]gy(£(t))-£(t)|°] T Jat = 0 .
a .

N -

Thus there exists a sequence nN such that
Fell #(4)-g,(7 ()13 8
N oy 7 T
b 2
= 2f e{] £(+)-gy((1))] 7 B dat -
b - 2
+ 2f el gy(3(6)-g(F, (DI B ar

- 0 in probability.
Finally we write fN(t) = gN(f;N(t)) 1.

To complete the proof, substitute the £ in (4) and going to
the limit, obtain (6).
To obtain (7), observe that if P lim gN =« £ and if &N

is fundamental in mean square then 1.i.m, EN = &, and of course

8{6,}21} ——>8{§2]. Thus

b
e(1f #(t)aw(t)1% T

b 2
= lim €([[] £(t)aw(t)]"] Ea] 8o e
N —o a
I 48 |
= 1 e{| £.(¢ 5 }at «Se
Nimma‘N()H o) 8o
b >
= [ e[ £(+)]7] U }at 8. s,
a.

Q,QEOD-
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Next we consider the integral as a function of the upper
limit. The fact that, for each t, the integral
t
x(t,w) = [ £(s,w)dw(s,w)
a
is uniquely determined except for its values on an w-set of P-
measrue zero, allows us to assume (Theorem 1,81.1) that x(t;o)
is defined in such a way that the x(t) process is separable.
From now on we take separability for granted.

Next we note, without proof, the properties:

5. Submartingale inequality:

b -
It [ ef|£(s)| 7 Ea}ds < w, then
a,

t
P{ sup | [ £(s)aw(s)| > ¢ 83}
astsh  a

b - _
< ? faé',{]f(s)|.2| S jas 8. 8. (8)

6. The separable process
ot

x(t) = | £(s,a)dw(s)
a

is continuous. [Proof: Use (8), together with previous approximation

techniques, and the Borel-Cantelli lemma].



194

Next we introduce the important concept of stochastic
differential. Let (x(t,w)} be a process (defined for t 2 0)
such that for each +t the random variable. x(t,*) 1is measurable
relative to the d-alge%ra 5t’ where the gt are as before., Sup-

Larg
pose there exist a function b(-)e M, and an ZSt-measurable-func-

tion a(-), with

+ :
[ la(s)|ds < = (t < =) a.s.,
such that
ta s
x(ty)-x(t;) = [ a(t)dt + [ Dp(t)aw(t) (9)
tl tl

for all 0 = %, <t, <w. The symbol adt + bdw is the (1t8)

2

stochastic differential of x, and we write

ax(t) = a(t)dt + b(t)dw(t) . (10)

It is important to keep in mind that (10) is merely a convenient
and suggestive notation for (9). However, it is natural to explore
the possibility of a !stochastic differential calculus', and in

this direction we derive:

7. Ito's chain rule.

Let u(t,x) be a (nonrandom) continuous function of

3
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(t,x) for t2z0 and x € Ry, with continuous derivatives u.(t,x),

ux(t,x), uXX(t,x). Let X = {x(t): t 2 0} be a process with

stochastic differential

dx = a(t)dt + b(t)dw . (11)

Then the process

y(4) = olt,x(t)] O (®

has the stochastic differential

ay(t) = [w,[6,x(t)] + u[t,x(t)]a(t)

+ % uxX[t,x(t)]b(t)2]dt +

+ ux[t,x(t)]b(t)dw(t) . (13)
Before proving (13), we note that it is easily obtained

heuristically by formal Taylor expansion of u(t+dt,x+dx) and by

use of the differential formulas

dt dw

dx dw = O
(14)

n

(dw)2 at .
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Thus our proof will be a rigorous justification of a
*calculus' based on (14).
For the proof, suppose first that a,b are independent

; - £(0) (n) _ ¢
of t. ILet tl’tE be fixed, and tl =% <... <t =15 3

then

y(tg) "y(tl) . U_('ba, X(tg))'u(tl} X(tl))

|}

ni[uw‘k*”,x(t(k*”))-u(t““),x<t“">> 1.
By Taylor's formula;
uit(k+l),x(t(k+l))]_u[t(k),x(t(k))]
= ut[t(k)+ek(t(k+l)_t(k)),x(t(k+l))][t(k+l)—t(k)]

+ o [0 (6 pp( () ()

* % uxx[t(k):X(t(-k))+ei;{x(t(k+l))'x(t(k))}]'
(s ) x(1 (892

where 0 < 6,0, < 1. Since x(*) 4is continuous and bounded with

probability 1, there exist random variables « and B such that,
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with probability 1,

o =0 ‘
as max (t(k+l)-t(k)) -0
B =0 k '

and

|ut[t(k)+9#(t(k+l)-t(k)),x(t(k))] _

-ut[t(k),x(t(k))]] =30’

150 (e sor (6 1)) (13
cu (608, 11 (By)) <

Then, from the relations

% (6 ) x(609))12 5 222 5 (50D (2)42

+2b22 [w(t(k+l))-w(t(k))]2
and

ey [W(t(k+l))-_w(t(k))]2 = ty-ty ,

we conclude that
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].Zut[t(k)+6k(t(k+l)-t(k)),x(t(k))](t(k+l)-t(k)) _
B, 180,60 16Dy < o)
13, 160, e D) sy 60 a6 09) a6 0H D)) x((0)92
_ZhXX[t(k),x(t(k))][th(k+l))-x(t(k))]2l

s p 2 x5y k(10992 S0

in probability as max (t(k+l)-t(k)) - 0.

Now substitute

X(t(k+l))_x(t(k)) - a(t(k+l)_t(k)) N
» (w( )y 65y

and use:

2 nil(t(lwl)_t(k))e o
k=0 ’

5 % (6B 59y (D) (B
k=0

a.s. as max (t(k+l)-t(k)) - 0; to obtain
k
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n-1
y(tp)-y(t;) = P lim L u, (619, x(£19))-

mai(t(k+l)-t(k))—>0 k=o

(DB LTS ) L)) g (R4 _y (),
=0 >

LY u (605 (e (%)) yorw(e () ) (e (B)y o
k=0

2 n-1

+ %? k%guxx(t(k)’x(t(k)))(t(k+l)_t(k))

2 n-1 '
+ B T M) ()2
=0

(B _ (9,

It is clear that all sums except the last tend in the limit to
corresponding integrals. The result (13) will follow (for con-
stant a,b) as soon as we show that the limit of the last term

is zero. For ﬁhis put’

ek.= [W(t(k+l))-w(t(k))]2-(t(k+l)-t(k))

and denote by X&N) the indicator of the event {‘x(t(l))l =N

for i = k}. Then

n-1 .
el 2 a0 e)
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A

~1
Zzoe{um(t(k),x(t(k)))e)&({mei}

A

| 2 2
o521 E et
t

3 sup |uXX(t,x)|2 2 (t(k+l)-t(k))2
+
lx|§ N

-0 as max (t(k+l)-t(k)) -0 3
k

and also

-1
P{ nZ u (t(k),x(t(k)))2(1-X§§N))ei £ O} =
k=0 e

P( sup |x(t)] >W} -0 (N > o) ,
=t=
tl_t_t2
Thus (13) is proved for constant a,b. It is clear, then, that
(13) is true when a,b are step functions (see p.3) -- we simply
repeat the foregoing discussion for each interval where a,b are
both constant. In the general case one chooses¥* a sequence of
step functions an’bn such that, with probability 1,
o

f ]a(t)-an(t)ldt -0
tl '

ty

[ 1o (5)-b(%)| %at =0,
ty .

= .
by Lemma 1, p.3, and its il counterparte.
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and the sequence of processes

' t %
x (t) = x(t) + ft a (s)ds + ft b_(s)aw(s)
1 1
tends with probability 1 uniformly to x(t). Then yn(t)=u(t,xn(t))
tends uniformly a.s. to y(t). The general result (13) then follows

by passing to the limit in
t

2
i) (t) = 1 Ty, (0)om, (b3 (1)) (1)
1 .
.- uxx(t,xn(t))bn(t)e]dt+ [ u (% (£))b_(t)aw(t).
)

Extension to En' All our previous discussion 1s easily general-

ized for processes in En' In fact if w(.) is a Wiener process
in E and f is a vector (Em-valued) function whose components

fi belong to Mé then

t t2

2 m
[ f(e)raw(t) = 2 [ £, (t)dw, (t)
t i=1 %

1 1
is defined in the obvious way; and similarly if f is an nXm
matrix-~-valued function with components fije Mé. The properties
1 to 6 remain valid, where |f| now denotes Euclidean norm of
f. The stochastic differential generalizes straightforwardly, as

does It8's chain rule. For the latter, let
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(6) = Iy

B(t) = [by,(8)];

J=l,...,m

,...,n

where the functions a,, bij satisfy the same conditions as the
corresponding scalars a,b of the previous discussion. Let

u = u(t,x) be defined and continuous for t 2 0, x € E , with
continuous derivatives Upy Uy oo [Here u, is the vector

© of first partial x-derivatives, u the matrix of second partials].

Let {x(t)} have stochastic differential
ax(t) = a(ﬁ)dt + B(t)dw(t) -
T.hen the process y(t) = u[t,x(t)] has stochastic differential
dy(t) = [u[t,x(t)] + wlt,x(t)]"a(t) +
+ % tr{B(t)'uXX[t,x(ﬁ)]B(t)}]dt +
+ ux[t,x(t)]'B(t)dy(t).

PROBLEMS.

1. Let x(t), y(t) be processes defined for t 2t =T; and

suppose
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ax(t)

dy(t) +e(t)at , %

1A
o+
A
3
-

x(to) y(té) =0.
Denote by %, (resp. @t) the g-algebra of w-sets generated by the
x(s) (resp. y(s)) for t,ssst. If = ¢(t,w) 1is a measurable

process such that o@(t) is @t-measurable for each t, and

T
[ le(t)]at < = a. 8.

t
o

Show that y(t) is %t-measurable for each t. [Suggestion:
use the counterpart for Llﬁto,T] of Lemma 1, p.3, to approximate
9 by yt-measurable step functions].

2, If w 4is a Wiener process in R1? evaluate

b
J [w(t)1Maw(+) , n=12,
a

[Suggestion: for n=1l, look for a function whose stochastic differential
coincides with the given differential; for n=2 integrate formally by
parts and verify the result.]

2, INTEGRATION RULE

To extend the class of functions (control laws) within
which the linear control law found in §2.6 is optimal, we.apply

a generalized version of the integration rule obtained in §2.5.
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This result is an immediate consequence of It8's chain rule, but
for future reference we state it here as a theorem.
In the following, all processes etc. are defined for

t € I where I = [tO,T] or [to,m). Notation and assumptionss
(1) {(w(t): t € I} is a Wiener process in E,

(i1) { 8t: t € I} is a family of o-algebras of w-sets such

such that fStlc 'Y%g ity <ty w(t) is G-
measurable; and the random variables w(tz)-w(tl) for

> .
t2 > tl 2z t are independent of %t'

(iii) f = f(t,w) is a (t,w)-measurable, n-vector valued
function such that the random variable f(t) = £(t,*)
is ai-measurable* (t € I) and, with probability 1,

T *¥
[ 1f(t)]at < (T<o; TeI)
t

o
(iv) G = G(t,w) 1is a (t,w)-measurable, (nX m)-matrix valued
function such that the random variable G(t) = G(t,-) is

’ *%
%t-measurable for each t € I and, with probability

one,

A vector or matrix is measurable if each component is measurable.

*%
|+] denotes Euclidean norm.
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T o ;
fth(t,w)[ dt < o (T <o Tel
O

(v) X = {x(t): t € I} is the process determined by the
initial condition =x(t ) = x_(where x_ is an E -
o 0 o n

valued, O, -measurable random variable) and the

o

stochastie differential
ax(t) = £(t)at + a(t)dw(t).

(vi) wu(t,x) is a real-valued function defined for x € E,

t € I, such that u, u

u and u are continuous.
£’ X XX

(vii) We writes:

zu(t,x) = .21. tr[G(t)Tu,_(+,)6()] + £(t)'u (t,%)

and refer to £ as the differential generator of the

*
X~process,

THEOREM 1 (Integration Rule). Subject to the above assumptions,

.' s
if 0 %t, <t,e I, then

*
Properly, this term applies only when the x(t)-process is Markov
and £ ‘generates' a semi-group; but we use it when convenient.
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u[tg,x(tg)]—u[tl,x(tl)] =
b2 ,,
= [ (uft,x(£)] + 2ult,x(t)1}at +

21

22

[ uft,x(5)]6(t)au(t) (1)
tl

with probability 1. If, furthermore,

e(lult,x(t)1]} <= (t € 1)

and
T .
Je(lult,x(t)]'6(t)[}dt <= (t e1I)
tO

then

e{ult,, x(t,)1}-e{ul £y, x(t,)])}
. |
2

= e0f (mlt,x(8)] + £l t,x()])at) . (2)

21

Equation (2) is the form of the integration rule we shall use later,
To derive it we used (1) and property 1,84.1, of the stochastic

integral.

%, APPLICATION TO THE LINEAR REGULATOR.

We shall now extend the result of §2.6, by showing that
the linear control law which is optimal (for the regulator problem)

in the class of linear controls is actually optimal in a somewhat
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wider class of controls, This wider class is just that for which

the integration rule of §4.2 makes sense. Thus, let
dx = A(t)xdt-C(t)u(t)at + B(t)dw(t), tEtsT< (1)

where A,B,C are bounded and Lebesgue measurable on [tO,T]. In
(1), w(t) will denote a random k-vector VY(t,w). To allow for
the fact that the control must be nonanticipative (i.e., the con-
troller is not clairvoyant), we assume that V(t,-) 1is measurable
relative to the o-algebra St of w-sets generated by the family
of random variables {w(t')-w(t") : t, =t < t" = t}. This

o-algebra will play the role of the %t of §4.,2. We assume also

that

f: S{lw(s,a))lg}ds <w (2)
)
Thus in our present setup, an admissible control law is any random
process (in Ek) which satisfies a certain measurability condition
and has a t-integrable second moment., We write {xw(t):to =t =T}
for the corresponding process determined, in the usual way, by (1).

Now let

Vo(t,%) = p(t) + ¥ P(t)x | (3)

be the quadratic value function corresponding to the optimal linear

feedback control of §2.6. We wish to express Vo(t,x) as the
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integral of its stochastic differential along a process of the type

determined by (1). To this end write, for any k-vector u,
0 1 o) k
£V (t,x) =5 tr{B(t)'VXX(t,x)B(t)} +
+ [A(t)x-C()u]'V (¢, %) (4)

and denote by £¢VO the expression (4) with wu replaced by V(t,-).

Recalling 4.2(2) and the fact that VO(T,X) = 0 we have, formally,
o) T o) v
V(t,x) = -€, X{f [Vt(s,x (s)) +
) t
o ¥
v 2,7%(s,2Y(s)) a8 (5)
In (5), €, o denotes expectation on the paths of the process
b
determined by setting x(t) = x € E a.s. in (1). To justify (5)
rigorously we must check the conditions of Theorem 1, §h.2. First,
from (1) and the initial condition x(t) = x a.s., we have
v s
x'(8) = o(s,t)x - [ o(s,7v)C(T)V¥(7T)dT
o 6

+ fi@(s, T)B(T)dw(T) ;

the second integral oﬁ the right side exists, because of (2). Then
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2
e(|x"(8)|%) = 3|0(s,t)x]° +

| 8 2 .2 2

+5(s—t)ft|¢>(s,f>| le(s)| et W) “ar
8 2

+3 [ |o(s,7)B(T)| “at
t

The second integral on the right side is less than

8 2
const. [ €{|¥(T,0)| "}t
£ ,
and thus
T v e ¥ 2
Je{]x(s)|“}as = const. + const. [ €{] ¥(7)|Jax
€ t .

< o,

in view of (2). This shows that

(o} s v
St,X{V [s,x ()1} < w, t, = tsssT,

and also

T o v
f €, X{lVX[s,x (s)1'B(s)] }as
g © , T

T :
= const. + const. [ €, {]xw(s)]}ds
t ¥

< o
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Equation (5) is now established.

It remains to vefify that the optimal linear control law
o(t,x) = K(t)x, of §2.6, is optimal in the class of all admissible
controls V¥(t). Obviously ¢ is admissible in the present sense;
but then, using the optimality conditi&n (6)§2.6, we have (in the

notation of §2.6)

Vo(t,x)

T ° ¥
2y old (VLo ()] +

+ iWVO[s,xW(s)]ds}

Y

1A

s
-St,x[ft(vz[s,x s)] +
+ 4$Vo[s,x¢(s)] +
+ I s,x(5), 9(s,x(5))] -
- L[s,xw(s), ¥(s)])as}
T
- et,x{ftL[s,x“’(s), ¥(s)ds) .

The last written quantity is precisely the cost incurred by using

the control law YV, and the argument is complete.

4. APPLICATION TO THE LINEAR REGUIATOR WITH NOISY DATA.
1 In this section we combine the results of Chapter 3 on

optimal linear filtering with those of Chapter 2 on optimal linear
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control. The general problem is the following., When observations
of the state of a dynamical éyst%m to be controlled are perturbed
by noise, the Markovian framework of dynamic programming is in
general no longer available, and vesort must be had to more-or-less
ad hoc methods. 1In a few special cases it is possible to introduce
a (finite-dimensional) statistic, or functional on the noisy data,
with the properties that (i) the value of this stochastic at any
time t  represents all information, carried by the data up to

time t, that is relevant to the purpose of contol, and (ii) when
the control law is made to depend on this statistic alone, then
‘the latter becomes a Markov process, When these features are
present it is possible to treat the problem by dynamic programming,
where the state vector is now the vector of components of the Suf-
ficient statistic.

To date the only problems that have been completely
solved by this technique are those involving control of linear
systems perturbed by Gaussian white noise, when the observation
(feedback) channel is also linear and perturbed by Gaussian white-
noise. In this case a sufficient statistic turns out to be the
expected value of the system state, and this is conveniently
determined by a linear’filter, as described in Chapter 3. We

shall now discuss the simplest problem of the type just mentioned.

4,2 As in §4.3, consider the linear system described by
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dx(t)

A(t)x(t)at-F(t)u(t)at+B(t)aw(t),

1]

X t =t =T, (1)

X(tO) o - 0

We assume t_,T fixed and that all parameter matrices here and
below are measurable and bounded on [t _,T].*

Now suppose that observations y(t) are made on the
system (1), such that

dy(t) = C(t)x(t)at+D(t)aw(t),

y(t,) =0 t St ST, - (2)

In physical terms the problem is to control (1) on the basis of
data (2), in such a way that a quadratic performance index is

minimized:
T
e{f 1 s,x(s),u(s)las|y(v), t =T = t} = min. (3)
t

More precisely, let ¥, be the c-algébfa of w~sets generated by

t

the random varisbles y(s), t s s = t; and let V¥(t,®) be a

megsurable Ek-valued random process such that, for each * e[to,T],

¥(t,+) 1is Y -measurable, and

T 2
J el v(t,w)] T}t < o, (%)
4 .

0

As before, the parameter matrices are nonstochastic.
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Now consider the system

dx

1]

Axdt-Fy¥dt+Bdw

dy = Cxdt+Ddw : t =st=1. (5)

We assume as usual that X, is a Gaussian random variable inde-
pendent of the w(t) process, and define 8t; to be the smallest
o-algebra relative to which x_  and the random variables w(s),
to £ s £ 1, are measurable. To clarify the meaning of (5), let

® be the fundamental matrix associated with A: then (5) is

interpreted to mean

T .
x(t) = @(t,to)xo+ft®(t,s){-F(s)W(s)ds+B(s)dw(s)} (62)
t ,
y(t) = ft {c(s)x(s)ds + D(s)dw(s)} (6b)

The integrals in (6) are well-defined. But to apply the
integration rule to functions of the =x(t)-process, we must show

t

is a @t—measﬁrable step function: one need only evaluate the

that x(t) is O, -measurable. This fact is obvious if V()

integrals in (6a), (6b) alternately in successive intervals
t; £t < ti+l’ i=0,1,... . Using the standard approximation
techniques of §ki.1 we can express x(t),y(t) as limits in prob-

ability of ﬁ%-measurable random variables, and conclude that
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x(t), y(t) are also 5t-measurable. In this discussion we have
tacitly assumed that x(t), y(t) processes which satisfy (6)
exist., It will be seén shortly that this éssumption is nonvacuous;
but to solve (6) for unique '{x(t),y(t)} requires further restric-
tions on V¥ and appeal to the theory of functional stochastic
differential equations [It8 and Nisio, 1964]. This matter will be

taken up in a later chapter.

4.3 Next we turn to a generalization of the linear filtering
equations of §3.2. Given that x(ﬁ) and y(t) have the stochastic
differentials (5), we seek the stochastic differential of the

estimate
(t) = e{x(t)]9,) t e [t_,T]. (7

This problem is easily reduced to that of §3.2. Let

t
6(t) = ft o(t,s)F(s)v(s)ds (8)
g(t) = x(t) + §(t) (9)
an(t) = dy(t) + c(t)g(t)at

(10)
0.

n(t,)
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Then
dt = Atdt + Bdw
' (11)
§(t,) = x,
and
an = Cedt + Ddw . (12)
Since ¢(t) is Y, -measurable,
e(t) = e(e(t)]vy,} = £(t) + £(t) ; (13)

and if éé; is the o-algebra generated by the n(s), t, €8 %1,

then [Problem 1, p. ] y(t) is i&g—measurable, and therefore

efe(t)|v,} = ele()|L} . (14)

Now (11), (12) have the same form as (1), (2) of §3.2, and so we

conclude that

at = Afat + (Pct+BD* )(DD' )~ Y(an-ctat) (15)

where

P(t.) = cov{g(t)lgq} = cov{g(t)lfyt}

and P 1is given by

g—t-P = AP + PA'+ BB!'-(PC' +BD')(DD')—1(PC' 4+BD') a.e.
(16)

P(t ) = cov (£} = cov {x} .



216

Thus on substituting (13) in (15) and using (8), we get

d® = ARdt - Fydt «+

+ (Pc'+BD')(DD')'l(dy-cﬁdt) (17)

Equation (17) shows that the optimal filter for estimating %
differs from that of §3.2 only by the addition of the yt-measurable
forcing term -Fydt at the filter input. In this way the behavior

of the filter is made to imitate that of the plant.

4L In §3.3.1 we observed that the differential dy-CRdt
could be identified with the differential of a certain Wiener

. process. The argument used there applies equally well here;
that is, there exists a Wiener process {®(t): to £t £ T} such
that (%) is- %t-measurable and

d% = ARAt-Fydt + (PC'+BD’)(DD')_lDdﬁ

(18)
200) = (x))

Equation (18) implies immediately that X(t) is a Markov process,

provided the random variable V(t) is of the special form
¥(t) = K(t)%(t) . (19)

Let us consider in more detail the relationship of the
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#(t) process to the x(t) process, when ¥ 1is of the form
(19). From (18),(19) it follows that (%(t)} is a Gaussian

diffusion process. If T > 1%, R(T) can be written
”~ T ”~ P
R(7) = o(7,t)R(t) + [ o7,s)B(s)aw(s)
-t .

for suitable Egg. Since for each t, #(t) is %t-measurable,

the %#(s) increments are independent of Y, Tfor s >t; hence
the conditional distribution of X%(T) given Y, depends only
on the Y -measurable statistic Z(t). DNext, let f£(x,8) be a

measurable nonnegative function on E X E. Then, 1f T > t,

11

€{f(xT,§T)|@t} e(e{f(xr,ﬁT)[yT}lyt}

]

efe{f(x, 2 )2} v,)

]

e(3(2,) 2.} (20)

where

)
—~
>
)
~
L]

Equation (20) will be useful later.
L5 We can now discuss the optimal regulator problem, Let

¥ denote the class of random processes {V(t,w)} and let ? denote

the class of linear controls

u(t) = [, %()] = K(t)&(t) . (21)
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We will first show that the control optimal in the class
¥ is precisely (21) with X = KP, where XK° is the matrix
determined in §2.6 for the regulator problem in the absence of

observational noise. The proof is easyt with
L(t,x,u) = x'M(t)x + u'N(t)u (22)

as before, write x(s) = x ete. and put

T
v(t,9,) = e{ftL[s,xs,a(s,gs)]dslyt] (23)

~In (23), {xs} is the process determined by putting Vv = ¥ in
(5). Next we observe that V can be expressed as a function of

t,X In fact

A
’t'

T
v(t,9,) = [t (1s,x,¥(s,2 )Y }ds

and, recalling (20), we see that V(t,@t)

is a random variable
measurable on the sample space of ﬁt. From this it follows

[ see Lotve (1963)p.343] that V can be written as V(t,%,); in
the present case we apply (20) to find explicitly

T n
V(t, &) =€e(f Lis,x,¥(s,%)]as[ R, = £} (2k)
t S .
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T Fal
= e(f elils,x_,¥(s,8 )1 &,%, )as| & = &)
t .

i}

T . .
e{f S{L[S,XS,WS(S,QS)]‘fs}dslﬁf = £} ;

t
or
T. A v
V(t,€) = elf Lls,8 ,¥(s,8 )1as| & = €} (25)
% .
where
f‘[s,g,lllf(s,g)] = S{L[S:XSJV{E(S’QS)]I%S = ¢} . ‘ (26)

In particular where ¥ 1is given by (19) and L by (22)

fs,6,0(s,8)] = e{xIM(s)x_ +

+ [K(s)R 1'N(s)K(s)R | & = €]

n

tr{M(s)P(s)} +

+ EV[M(s)+K(s)'N(s)K(s)1E (a7

It is now easy to see that the pioblem of choosing X
such that V(t,¢) is minimal (uniformly for t, 2t =T and
¢ € E) is idénﬁical with the problem of §2.6, apart from a
trivial modification of L. 1In the present case the basic process
is (®(t) : t, St ST} with stochastic differential (18); the
control is of type (19); the cost rate function is given by (27)

and the value function by (25). Thus the optimal control matrix
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K exists and is independent of the coefficient of dfi in (18).
Comparing (18) with (1), ﬁe see that only the noise intensity
coefficients differ: hence the optimal control 'gains' (elements
of K) are the same whether noise is present in the feedback
channel or not., When noise is present, the control law is the
same function of & as it is of x when noise is absent.

The fact that the control law is a function only of X%

t

(and of no additional Y, -measurable statistics) 1s a consequence
of the linearity of (1) and (2) in x, of the assumétion that
disturbances are Gaussian; and the assumption that T, the terminal
time, is fixed>in advance., The fact that the control law is in-

_ dependent of noise intensity results from the restriction that

L be quadratic in x and wu, and the fact that u is not a

priori bounded.

Let us note that

V(t,€) =m(t) + E'T(t)E (28)

where the matrix II 1is independent of the noise coefficients
B,D ; and 7 1is the sum of two terms, arising respectively from
the estimation error +tr(MP) in (27) and from the dynamic dis-
turbance term in the right side of (18). Thus [ecf.(11)§2.6]

T .
m(t) = ft[tr{M(s)P(s)} + tr{Q(s)'I(s)q(s)} 1as (29)
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where

Q = [PQ'+BD')(DD')-;D . (30)

PROBLEM 1 For a first order system with constant coefficients,
compute T(t) explicitly, and find the degradation in performance
due to channel noise. [Let x,y be scalars and take B,D to be
1 X 2 matrices].

PROBLEM 2 1In the case where all parameter matrices are constant

discuss the asymptotic behavior of the optimal control as. t — o,

4,6 Finally, we observe that the control K(t)&(t) Jjust
found is optimal in the class ¥ of controls V¥(t,w) defined

in §4.4;2, In fact, the quadratic function V(t,£) can be
expressed as the integral of its stochastic differential along a
process {ﬁw(t) :t, £ 4 2T} of the type described by the system
(18). The appropriate integration rule is that of §4.2, with the
process {x(t)} of that section replaced by {(%(t)}. The proof

of optimality then closely follows that of §h.5.

PROBLEM 3 Give detalls of the proof that K® is optimal in the

class VY.
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5. IT0'S STOCHASTIC DIFFERENTIAL EQUATION.*

So far, we have considered only linear stochastic
differential equations. In technology one encounters nonlinear
systems perturbed by random disturbances and it is of interest
to develop a corresponding tﬁeory of nonlinear stochastic dif-
ferential equations. In this section we present Itd's (1950,

1951) theory for the equation
dx = f(t,x)dt + G(t,x)dw

(x,f are n-vectors and F an n Xm matrix). The discussion
.is restricted to existence and uniqueness of the solution and to
a derivation of the Markov property. Many further interesting
qualitative properties (for instance, of stability type) have
been studied, however, and some of these will be reviewed in
later chapters.

The exposition below closely follows Gikhman and
Skorckhod (1965); at.time of writing (January, 1967) the latter

work is not available in English.

*
This section closely follows Gikhman and Skorokhod (1965),

Chapter 8, §3.
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5.1 Existence and unigueness of solutions.

Consider the stochastic differential eguation
ax(t) = a(t,x(t))at + b(t,x(t))daw(t) (1)

Assume a,b are Borel-measurable in (t,x) for t, st ST and

X € B = Rl' Equation (1) is equivalent to the integral equation

' t t
x(t) = x(to) + ft a(s,x(s))ds + ft b(s,x(s))dw(s) (2)

o] (0]

where we assume x(to) is a random variable independent of the

w(t)-process. In the following, let 8% denote the o-algebra

of w-sets generated by x(to) and the increments w(s)-w(to)
for t s =t. A process {x(t): t £t =T} is a solution

of (2) if =x(t) 1is %t-measurable and if the integrals in (2)

exist and (2) holds for each t € [tO,T] with probability 1.
From the inequality (6)§4.1 it follows that if processes.
fl(s), fe(s) are stochastically equivalent then with probability

1

2

t t
ft £ (s)dw(s) = J f(s)au(s) .

t
o] o

Thus if {x(t))} satisfies (2) and (%(t)} is equivalent to
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{x(t)}, then (X(t)} satisfies (2). Also, since the right side
of (2) is equivalent to the left, and is a.s. continuous, to each
solution of (2) there is associated an equivalent continuous solu-

tion. In the following we consider only continuous solutions of

(2).

THEOREM 1  Let a(t,x), b(t,x) be Borel-measurable for +t st=T,

X € Rl, and suppose there is a constant X such that:

(a) [uniform Lipschitz condition]

ia(t,x)-a(t,y)] + lb(t)X)‘b(t:Y)l < Kl x-y‘

(vb) [growth restriction]

e, )] ® [ b(t,x)] % 5 K1+ x5

Then a solution of (2) exists and, if xl(t) and xe(t) are two

continuous solutions (for fixed xo(t)) then

PROOF. First we prove uniqueness. Let Xl(t), X2(t) be two

continuous solutions of (2). Define
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xg(t) =1 if [xl(s)l <N, [x,(s)] <N for tEsst

= 0, _othérwise.
Since xN(t)xN(s) = XN(t) for s < t, we have

t
XNy (8) (9] = (OIS () Lals, (o)

o}

| %
-a( S:Xg(s))]ds + ftXN(S)[b( S}Xl( s))-1( S:X2( s))]aw(s)].

Since

xN<s>[sa(s,xl<s>>-a(s;x2(s>)\+ib(s,§l<s>>-b(s,x2<s5)1]
£ K XN(S)]Xl(s)-xg(s)l £ 2KN
we derive
B0 () [y (£)-25(£))°)
s'eg(xm<t>({zxw<s){a(s,xl<s))-a(s,x2<s>>1as>2} ;
~+%&ﬂﬂg}ﬂ@WBJﬂﬂ%M%ﬁ@DEﬂQf}
= 2(T-to){28{xw(s)ta(s,xl(s))-a(s,xg(s)ilz}ds

o}

t
+ 2 ftC{XN(s)[b(s,xl(s))-b(s,x2(s)]2}ds

(o]
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t o) .
s L ftewN(s)l xl(s)-x_z(sﬂ ds (3)

e}

for some constant L. From Gronwall's inequality we conclude

B0 (B)Lxy(8)-xx(6)1) =0,

that is,
P{x,(t) £ ()] = P{ sup |x,(t)] >N} +
: t .

+ P{sﬁp lxz(t)l > N}
£

[If (X.N(t) =0} =A and {xl(t) = x,(t)} =B then P(AUB) =1

==> P(A' U B') = 0 ==> P(A') = 1-P(B') = P(B)]

-0 (N - =)

in view of the continuity of xl(t), xg(t). Thus P{szp {xl(t)—xe(t)l >
0} = o. ”
Next we show existence of a solution of (2). Assume first
8(|x(to)]2} <w Let B denote'the Banach space of functions z(t,w)
such that z is measurable in (t,w),z(t) is Egt-measurable, and
sup(e[2(t)| 2 1 t_ =t 5 T) <wj write |2 = [sup ef] 2(¢)]%it 5 + = 1 Y2,

o}

[To verify that B is complete, note that if {zn] is fundamental
then {zn(t)} converges in mean square for each +t. This defines a
limit function 2z such that, as a limit in measure, 2z 1is measurable

in (t,0) and 2z(t) is 8tfnmasurable for each t. Clearly
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nzn <o, and so z € B]. In B define the operator S by
: t t
sz(t) = x(t_) + ft a(s,z(s))ds + ft b(s,z(s))dw(s) .
0 o]

Here the integrals exist by condition (b), and evidently 2z(t) is

%t-measurable. Finally

el]s2(+)| %) < ze]x(s )% +
t
+ 3(2-8 Jelf, K(1+| 2(s)] F)as) +
.0 . "
t
+3 [ e(K(14 2(s)| *)as)

= 38{}x(to)i2} + L, o+ L2NZH2

for suitable constants L.,L, and hence 8z € B. Furthermore,

172

we easily find
, 2
e{| sz,(t)-52,(t)| 7} =
. . .
£ L ftS{Izl(s)-ze(s)] }ds
-0

= L(t-to)nzl—22”2 (L = const.)

and iterating this inequality,

‘ T
e (| 872, (6)-5"2,(4)| % = 1 [,e08" 2 (w)-8"" 2 (w)| “Jau
+ ”
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n K v 2
S L[, eee [y Elllzy-2,] TJaudt ...atg
o] - 0
(et )"
= —-—-;-—-——- ”zl—zgu o
o

Hence if 2z € B,

n+l

I5™ 25" = 1(1-t,)" Isz-2|% .

n!

From convergence of

2. HSn+ z-SnzH
n=1

and the fact that B is complete, it follows that l:'Lm.n -
Snz(t) exists in B. Denote the limit by =x(t). Since 8 is a

continuous operator,

s(s"z) - sx

*l, 5% we conclude that |sx-x| = 0: i.e.,

Since 8(s"z) = s"
x(t) = 8x(t) with probability 1 for each +t, so that (x(t)} is
a solution of (2).

In the general case, let xN(to) = x(t_) for [x(to)léN
and xN(tO) = 0 otherwise. Denote by {XN(t)} the solution of
(2) for initial value XN(tO). We will show that P lim xN(t) =

x(t) (N »©) when x(t) 1is a solution of (2). Let N' >N and
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let n =1 if Ix(to)l £N, =0 otherwise. Then lxN(tO)-

t

' .
= (to)ln = 0. Clearly 7 is 8, -measurable., If follows now

from

1 t
IXN(t)—kN (t)|2n £ 2[fo[a(s,xN(s))-a(s,xN (s))]nds]2

t B ~
+2[f, [b(s,%(5))-b(s,%" (s))Inaw(s)1%,

and from condition (a) and previous estimates of the integrals,

that for some constant L,
N Nt 2 t N n 2
e(]x (t)-x" (t)|"n} = L [ e{|x (s)-x (s)]"nds) .
-0

Consequently

el (4)-<" (6)| %0} = 0
and so

Pﬂﬂﬁyﬂkw]>o}émhﬁ9[>m'

which implies the existence of P lin xw(t) = x(t). Since the limit

is uniform in t,

T
P lim f,G (xN(t)-X(t))edt =0,

Now by property (a),
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t t
|/ a(s,x7(s))as - [ a(s,x(s))]
t t

(o] . o]

: t .
s K[(t-t))] ((s)-x(s)) %51/
t .
and ‘ ©

t N t
P{lftb(s,x (s))aw(s) - ftb(s,x(s))dw(s)l > €)

82 t

s 8 4 B [ (P (s)-x(s))%as > 65 .
e to

Hence, we may pass to the limit-in-probability in the right side

of the equation

% % |
XN(t) = XN(tO) + fta(s,xN(s))ds + ftb(s,xu(s))dw(s)

o} O

and the result follows,

5.2 Markov diffusion processes,

We now show that the process determined by (1) is Markov.
Before doing so, we recall the definition, that a process
X = {x(t) : to £t s T} with state space E is a Markov prbcess
if
(a) for all t, <t;<...<t <t (t,tke[to,']:], k=1,...,n)

and Borel sets A CE we have

P{x(t)e Al x(tl),...,x(tn)} = P(x(t)e Al x(tn)} a.s.
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(b) the transition funection

P(s,x,t,A) = P(x(t)e Al x(s) = x}

defined for t S s=t =T, x€E A el (E), is a /I-measurable
function of x for each fixed s,t,A and is a probability measure
on ﬁ for fixed s,t,x .

From the basic Markov property (a) one can derive the
apparently stronger property that the !future' and 'past’ of x(-)
are independent when conditioned on the ‘present'. More pfecisely;
- if X_ 1is the o-algebra of w-sets generated by x(t), and

t

+ - _ - + -
%t,- sthS s %t = Sztxs then for any A € %t, B e gt’

P(Alext VX)) s= E(ij%)
PMH%)=HNXQHH&)-
A complete discussion of this "Markov dependence" is given by
Loeve (1963), Ch.12.

Returning to our.Stochastic differential equation, we

have the following result,

THEOREM 2 Let a(t,x), b(t,x) satisfy the conditions of Theorem

1; let (x g(s) :tSsST), t2%, £ €E, be the
= R 2e rae

solution of the equation
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s ‘ 8
Xt, g(s) = £ + fta(u,x_b’ g(u)du + ftb(u,xt’ §(u))dw(u) . (k&)

Then the process {x(t): t =t = T} determined by (2)

is a Markov process, the transition function of which is

defined by the relafion

p(x(s)e & x(t) = &}

P{Xt, g(s) € A} .

P(t,&,s,A)

n

PROOF. Since x(t) 1is ﬁt-measurable, and  x. g(s)' is completely
. ;] |

determined by the w(s)-w(t) increments for s € [t,T] (independent

of 81:), we have that x, §(s) is independent of x(t) and of events
J

in 8’5' For s € [t,T], x(s) is the unique solution (in the sense

of Theorem 1) of the equation
s s
x(s) = x(t) + fta(u,x(u))du + ftb(u,X(u))dW(u)

[This follows from (2) using additivity of the integrals]. Since

the process [xt X(t)(s):“t s s =T} is also a solution it follows
2

that

x(s) = #t,x(t)(s) , tsssT. - (5)

We now show that

P{x(s) € Al x(t)} = P{x(s) e & | gt} .
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For this it is sufficient to show that for any %t—measurable

bounded variable € and any bounded continuous function A(x),

e{En(x(s))} = LM x(s))]=x(t)}}. (7

[In particular, let § be the indicator of an arbitrary event of

sequence of continuous functions A~ such that xh(x) - a(x) for

3 if o 1is the indicator of a closed ball A, there is a bounded
all x. Thus (7) implies that (6) is true for every ball, hence
every Borel set in EJ]. Write @(5,&) = A,[xt E(s,a))]. Clearly

, .
@ is measurable in (&,w) and is bounded and continuous in ¢ for
P-almost all w. Hence @ can be written as the pointwise a.s.

limit of bounded functions ¢ of the‘special form
n
9(&0) = Lo (£)v,(0) (8)
k=1

where, for instance, the @k ‘are step functions. Then, since

Wk(w) is independent of 5t’ we have

n
% e o, (x(+))e ¥, ()
REUNCONLIND

n
e(t 2 x(t }
EPANCONAD

H

: n
ef X
2 oy (x() e ()
and

e{ % x(t))v t)} = % ), (x(t))e{ .
Zo o)t (0] = Lo ((e)eh(e))



234

This establishes (7) when ¢ has the form (8). In that case, we

have also shown, recalling (5), that
e(Mx(s))| B,) = alx(+)) (9)

where g(&) = {)\.(xt g(s)}. Finally, by passage to the limit and
3
appeal to dominated convergence, (7) and (9) are established for

all functions @ of the type considered. Hence

P(x(s) € & §,) = Pt’X(t)(s,A)

where

I%,g(s,A) = P(xt,g(s) e h) .
Q.E.D.

5.3 Diffusion in E = Rn'

The extension of the foregoing results to the n-dimensional

case
dx = £(t,x)dt + G(t,x)aw

[x,f: n-vectors; G : n m matrix; w: Wiener process in Em] is
straightforward and can be left as an exercise. The previous work
is applicable here, with the symbol |°+| now interpreted as

Fuclidean norm.
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PROBLEM.
Show that, for the linear It8 equation,the foregoing
construction yields the process which was adopted,by definition,

for the solution in Chapter II.
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