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. 

The i n c l u s i o n  of e l ec t ron -neu t r a l  c o l l i s i o n s  i n  computer s imula t ion  

c a l c u l a t i o n s  i s  demonstrated. Only one-dimensional f i e l d s  a r e  considered 

i n  diodes w i t h  p l ane -pa ra l l e l  symmetry. The method used i s  t o  change t h e  

v e l o c i t i e s  of p a r t i c l e s  i n  a random manner according t o  t h e i r  p r o b a b i l i t i e s  

of s u f f e r i n g  a c o l l i s i o n .  The method i s  appl ied  t o  t h e  hard-sphere type  of 

c o l l i s i o n s  between e l e c t r o n s  and n e u t r a l s .  Three examples a r e  shown, and 

i n  two of them comparison between a n a l y t i c a l  and computer s imula t ion  r e s u l t s  

are poss ib l e .  Reasonably good agreements a r e  obta ined .  I t  i s  demonstrated 

t h a t  t h e  inc lus ion  of e l ec t ron -neu t r a l  c o l l i s i o n s  i n t o  computer s imulat ion 

procedures  could be used f o r  f ind ing  t h e  damping effect of t h e s e  c o l l i s i o n s  

on the o s c i l l a t o r y  behavior of uns t ab le  plasma d iodes .  

we can compute t h e  la rge-s igna l ,  time-dependent c h a r a c t e r i s t i c s  of diodes a t  

in te rmedia te  p re s su res  i n  which t h e  mean-free pa th  i s  comparable t o  t h e  

diode d i s t ance  . 

With t h i s  method 



INTRODUCTION 

Computer s imula t ion  techniques have been used f o r  a l a r g e  v a r i e t y  of 

plasma problems i n  t h e  p a s t .  

ana lyz ing  t h e  nonl inear  problems of two-stream i n s t a b i l i t y  , o r  t h e  k i n e t i c  

behavior  of a one-dimensional plasma2’ 

The d i g i t a l  computer became very use fu l  i n  
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4 and c o l l i s i o n l e s s  randomization . 
I n  other f ie lds  the l a r g e  amplitude o s c i l l a t i o n s  i n  a low-pressure thermionic  

conve r t e r  was analyzed’ and recent ly ,  two-dimensional plasmas were success- 

f u l l y  simulated g iv ing  i n s i g h t  i n t o  t h e  p rocess  of n e u t r a l i z a t i o n  of i o n  

beams by e l e c t r o n s  and t h e  d i f f u s i o n  of a plasma ac ross  magnetic f i e l d  

l i n e s  . 
s imula t ion  of plasmas) t h e  bas ic  procedure of c a l c u l a t i n g  t h e  behavior of 

6 

7 I n  a l l  these papers  (and i n  many others t h a t  dea l  w i t h  t h e  computer 

the given plasma system i s  t h e  same. Th i s  b a s i c  procedure c o n s i s t s  of 

c a l c u l a t i n g  t h e  t r a j e c t o r i e s  of a l a r g e  number of charged p a r t i c l e s  (charged 

sheets f o r  t h e  one-dimensional problems) whose motion a r e  inf luenced  by t h e  

f i e l d s  t h a t  t h e  charges  themselves produce. The c a l c u l a t i o n s  a r e  executed 

by a high-speed d i g i t a l  computer i n  small s t e p s ,  Each s t e p  corresponds t o  

a given t i m e  i n t e r v a l  i n  t h e  phys ica l  system. The f i e l d s  a r e  r e c a l c u l a t e d  

a t  each t i m e  s t ep  from t h e  known p o s i t i o n s  of t h e  charges  a t  t h e  given t i m e ,  

and i t  i s  hoped t h a t  when t h e  t i m e  s t e p s  a r e  small ,  the  t r a j e c t o r i e s  and 

f i e l d s  of t h e  simulated diode are  s i m i l a r  t o  those  t h a t  one might f i n d  i n  

a phys ica l  experiment. Good agreement between simulated and experimental  

r e s u l t s  have been demonstrated , which gave t h e  computer s imula t ion  techniques  

t h e  importance of being t h e  only a v a i l a b l e  t o o l  f o r  ana lyz ing  l a rge - s igna l  

t ime-varying plasma problems. 

8 

All computer s imula t ion  s tud ie s  u n t i l  now have analyzed low-pressure, 

or c o l l i s i o n l e s s  plasmas. I n  these  p l a smaspa r t i c l e s  fo l low t r a j e c t o r i e s  

t h a t  a r e  determined by t h e  f i e l d s  a lone  once they  have been i n j e c t e d  i n t o  



the  space under study. It i s  t r u e  t h a t  randomness was introduced i n t o  

problems t h a t  deal with thermionic  e m i t t e r s  [see Refs. 5-81, but  t h e  random- 

ness e f f e c t e d  the  i n j e c t i o n  v e l o c i t i e s  of t h e  p a r t i c l e s  only,  t h e i r  t r a j e c -  

t o r i e s  were ca l cu la t ed  s t r i c t l y  according t o  Newton's laws of motion. I n  

t h i s  paper  w e  descr ibe  t h e  f i r s t  at tempt t o  in t roduce  randomness i n t o  t h e  

t r a j e c t o r i e s  of t h e  p a r t i c l e s  i n  a computer s imulated diode.  The random 

e f f e c t s  could correspond t o  e l ec t ron -neu t r a l  c o l l i s i o n s  i n  a phys i ca l  exper i -  

ment, and it w i l l  be shown t h a t  r e a l i s t i c  s c a t t e r i n g  c ros s - sec t ions  could be 

incorpora ted  i n t o  t h e  c a l c u l a t i o n s  even though t h e  p re sen t  paper  w i l l  dea l  

only w i t h  t he  simplest  case: cons tan t  mean-free path,  hard sphere c o l l i s i o n s .  

I n  t h e  f i rs t  sec t ion  the general  method of t h e  c a l c u l a t i o n s  w i l l  be 

descr ibed .  I n  the next two s e c t i o n s  two c a s e s  w i l l  be t r e a t e d  f o r  which 

a n a l y t i c a l  resul ts  a r e  known, and, f i n a l l y ,  t h e  e f f e c t s  of t h e  e l ec t ron -neu t r a l  

c o l l i s i o n s  w i l l  be demonstrated on t h e  u n s t a b l e  behavior  of t h e  low-pressure 

thermionic  conver te r .  

I t  i s  w e l l  t o  keep i n  mind t h a t  w e  desc r ibe  here o u r  f i r s t  at tempt t o  

in t roduce  randomizing c o l l i s i o n s  i n t o  computer s imula t ion  techniques  and 

t h e r e f o r e  i t  i s  perhaps crude i n  many p a r t s .  These p a r t s  w i l l  r e q u i r e  l a t e r  

ref inements .  The r e s u l t s ,  however, show promise t h a t  problems of t h e s e  types  

could be analyzed by computer s imulat ion methods, and f o r  t ime-varying prob- 

l e m s  t h i s  method i s  t h e  only  a v a i l a b l e  one a t  the  p resen t  which could g ive  

'us some i n s i g h t  i n t o  the  behavior of plasmas a t  moderate p re s su res .  

INTRODUCTION O F  ELECTRON-NEUTRAL ELASTIC COLLISIONS INTO THE 
COMPUTER SIMULATION CALCULATIONS OF A ONE-DIMENSIONAL DIODE 

The  method of c a l c u l a t i n g  t h e  t r a j e c t o r i e s  of charged p a r t i c l e s  ( i . e .  

charged s h e e t s )  i n  a one-dimensional c o l l i s i o n l e s s  diode have been descr ibed  

e a r l i e r  [see the  Appendix, R e f s .  4, 31. Time i s  advanced i n  equal s t e p s  
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AX anci t he  d i s t r i b u t i o n  of charges a r e  c a l c u l a t e d  a t  these times: t = 0 , 
At , 2Gt , .... The p o s i t i o n s  of t h e  sheets are s to red  for two success ive  

t i m e  s t e p s  

t h e  d i f f e r e n c e  equat ion,  

t ( t  = n A t )  . The s h e e t s  a r e  advanced according t o  
tn- l  9 n n 

where x i ( tn )  i s  t h e  p o s i t i o n  of t he  t t i " t h  sheet a t  t i m e  tn ; qi/mi i s  

the charge-to-mass r a t i o  of t h i s  sheet; and 

d i s t r i b u t i o n  i n  t h e  diode ca l cu la t ed  a7; t i m e  t from t h e  known p o s i t i o n s  

of t h e  sheets a t  t h i s  t i m e  x i ( tn)  , i = 1,2, * . .  N ( t n )  

t o t a l  number of sheets i n  t h e  diode a t  t i m e  t 

[ x . ( t n )  L 1  - Xi( tn- l  J 

between times t and tnml i f  cont inuous v a r i a t i o n  i s  assumed f o r  t h i s  

ve;ocity a s  t h e  func t ion  of time. 

E(x , tn)  i s  t h e  e lec t r ic  f i e l d  

n 

a ( N ( t n )  i s  t h e  

.) The q u a n t i t y  
n 

1 1; / A t  i s  tne  v e l o c i t y  of t he  " i " t h  shee t  somewhere 

n 

Every t i m e  s t e p  a given number of sheets a r e  in t roduced  a t  p o s i t i o n  

x = 0 . The v e l o c i t i e s  of t h e  i n j e c t e d  sheets are  s e l e c t e d  randomly accord- 

i n g  t o  a Maxwellian v e l o c i t y  d i s t r i b u t i o n  l a w  of given temperature .  Whenever 

tiie p o s i t i o n  of a sheet becomes less than  ze ro  or l a r g e r  t han  d , t h e  diode 

ciistance,  i t  i s  taken out  of t he  system of cha rges  and i s  l o s t  f o r  success ive  

x i m e  st 'eps.  S t r i c t  equi l ibr ium i s  never  reached because of f l u c t u a t i o n s  

from t i m e  s t e p  t o  t i m e  s t e p  but a time-average equi l ibr ium can  be obta ined  

when t h e  L i m e  average r a t e  of shee t s  l o s t  i s  equal  t o  t he  r a t e  of t h e i r  

i n j e c t i o n .  

Now, w e  would l i k e  t o  extend t h e  descr ibed  c a l c u l a t i o n s  i n  o r d e r  t o  

inc iude  t h e  e f f e c t  of randomizing c o l l i s i o n s  between e l e c t r o n s  and n e u t r a l s .  

The e lectr ic  f i e l d  remains one-dimensional and i t s  d i r e c t i o n  i s  i n  t he  p r i n -  

c i p a l  d i r e c t i o n  x (see Fig.  1). No q u a n t i t i e s  a r e  assumed t o  vary i n  t h e  
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oiklcr two d i r ec t ions ,  t h e r e f o r c ,  ~ i h c  p o s i t i o n s  of cha rges  are s t i l l  

recorcicd only in ;>.e p?iy*ci?al di i -ect ion x(t,) . (Ne w i l l  d c l e t e  t h e  

11  . I 1  i- .lJcx r 1 i o r  convcnicnce anti from now on tile v a r i a b l e s  x,v without  t h e  

iiiicx: w i l l  always r e f e r  t o  one p a r t i c u l a r  charge  ca r r i e r .  ) T h e  boundar ies  

01 our  diode a re  s t i l i  p a r a l l e l  i n f i n i t e  p l a n e s  a t  p o s i t i o n s  x = 0 , and 

x = d w i t h  t h e i r  p l anes  perpendicular  t o  t h e  x d i r e c t i o n  (Fig.  1). B a t ,  

i n  o r d e r  t o  account for randomizing c o l l i s i o n s ,  t h e  v e l o c i t y  of each charge  

c a r r i e r  has  t o  be  given i n  a t  l ea s t  two d i r e c t i o n s  -- o r  what i s  equ iva len t ,  

w e  have t o  know t h e  t o t a l  energy of t h e  p a r t i c l e  i n  a d d i t i o n  t o  i t s  v e l o c i t y  

coniponent i n  thc  x d i r e c t i o n .  The  p a r t i c l e  i s  s t i l l  advanced accord ing  

'io t h e  x ve loc i ty  com;,onent only.  T h e  t o t a l  energy of a p a r t i c l e  i n f l u -  

ences  t h e  p r o b a b i l i t y  t h a t  t h e  charge ca r r i e r  w i l l  s u f f e r  a c o l l i s i o n  i n  a 

Line in ' i e rva l  a t  . Also t h e  t o t a l  encrgy of t h e  p a r t i c l e  i s  t h e  q u a n t i t y  

W~iich i s  conserved i n  an  e l a s t i c  c o l l i s i o n .  , 

I n  our  com2uter c a l c u l a t i o n s  w e  s t o r e  an  a d d i t i o n a l  q u a n t i t y  t o  t h o s e  

I 2 
describeci e a r i i e r  \ x ( t n )  , vx (tn-l)) : t h e  q u a n t i t y  l ( t n )  , t h e  

square  of t h e  component of t h e  p a r t i c l e ' s  v e l o c i t y  l y i n g  i n  t h e  p l ane  perpen- 

d i c u l a r  xo t h e  x d i r e c t i o n  (see Pig.  1). We w i l i  se t  v ( t  ) = [x(tl l)  - x ( t n - l j  

/ai; and assume t h a t  t h e  charge carr ier  t r a v e l s  a t  t h i s  v e l o c i t y  du r ing  t h e  

t h e  i n t e r v a l  

need only t h e  magnitude of t h e  t o t a l  v e l o c i t y  of t h e  p a r t i c l e ,  which i s  

x n  

t _< t . To c a l c u l a t e  t h e  e f f e c t  of c o l l i s i o n s  w e  w i l l  
t*-l- n 

We should expect t h a t  t h e  e r r o r  i n  t h e  assumption t h a t  t h e  p a r t i c l e  t r a v e l s  

wi tn  v e l o c i t y  v ( t n )  dur ing  t h e  i n t e r v a l  tn-ls t 5 t w i l l  decrease  a s  

w e  decretise a t  . 
n 

i f  w e  know the  mean-free p a t h  as t h e  func t ion  of e l e c t r o n  energy, i .e .  

'iota1 ve loc i ty ,  for t h e  p a r t i c u l a r  c o l l i s i o n  p r o c e s s  w e  want t o  study, t hen  



' .  

t r a v e l s  with v e l o c i t y  v ( t  ) €or  a t i m e  i n t e r v a l  At by t h e  fo l lowing  

ex2ress ion  

n 

v ( t  ) A t  
n 

where 3c i s  t h e  p r o b a b i l i t y  t h a t  t h i s  p a r t i c l e  s u f f e r s  a c o l l i s i o n  du r ing  

t h e  t i m e  i n t e r v a l  t t 5 t and h(v)  i s  t h e  mean-free p a t h  g iven  as  

t h e  func t ion  of v e l o c i t y .  

€or a l l  t h e  p a r t i c l e s  a t  e v e r y  t i m e  s t e p  from t h e  q u a n t i t i e s  

v x ( t n j  

which p a r t i c l e s  should s u f f e r  c o l l i s i o n s .  Obviously, t h i s  d e c i s i o n  should 

be made i n  a random manner. 

oiily hard-sphere c o l i i s i o n s  were cons idered  wi th  cons t an t  mean-free pa th ,  

so was a cons t an t .  But Eq. (2) i s  v a l i d  f o r  any known funct io i l  of h (v )  

and t h e r e f o r e  t h e  c a l c u l a t i o n s  could be made f o r  any known l a w  of s c a t t e r i n g  

pi-ocess. S ince  t h e  v e l o c i t y  of t h e  p a r t i c l e  i s  r e c a l c u l a t e d  each t i m e  s tep ,  

;he e f f e c t  of a variable c ros s - sec t ion  i s  inco rpora t ed  i n  t h e  c a l c u l a t i o n s  and 

'ihe e r r o r  w i l l  be small i f  t h e  change i n  t h e  v e l o c i t y  of t h e  p a r t i c l e s  i s  

s m a i i  between t i m e  s t e p s .  Th i s  r e q u i r e s  s m a l l  time s t e p  again.  

n-1 - n 

The p r o b a b i l i t y  g iven  by Eq. (2)  i s  eva lua ted  

2 
v (t,) , 

. A f t e r  t h i s  c a l c u l a t i o n  i s  made ?;he d e c i s i o n  h a s  t o  be reached a s  t o  

I n  t h e  fo l lowing  exaniples (see s e c t i o n s  3,4,3) 

The d e c i s i o n  a s  L o  which p a r t i c l e  should s u f f e r  a c o l l i s i o n  was made 

i n  t h e  fo l lowing  manner. The diode space w a s  d iv ided  i n t o  128 equal r eg ions  

i n  t h e  x d i r e c t i o n .  I n  each region t h e  p r o b a b i l i t y  P were c a l c u l a t e d  

f o r  t h e  p a r t i c l e s  and us ing  t h e  sequence i n  which they  were recorded t h e i r  

p r o b a b i l i t i e s  w e r e  added. The p a r t i c l e  whose p r o b a b i l i t y  made t h i s  sun1 

i a r g e r  t han  one s u f f e r e d  a c o l l i s i o n ,  and t h e  s-arming of p r o b a b i l i t i e s  was 

r e s t a r t e d  wi th  t h e  sun decreased by one. The suns were saved from s t e p  t o  

C 
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step and sumn-iing w a s  always resumed where i t  was l e f t  o f f  one timc s t e p  

e a r l i e r .  The described procedure i n s u r e s  t h a t  i n  t h e  average t h e  nuniber of 

p a r t i c l e s  t h a t  make c o l l i s i o n s  i n  a small r eg ion  of t h e  d iode  i s  equal  t o  

xhe exqec ta t ion  va lue  c a l c u l a t e d  from t h e i r  p r o b a b i l i t i e s .  Since p a r t i c l e s  

t r a v e l  from region t o  reg ion  f a i r l y  r a p i d l y  and a r e  i n j e c t e d  i n  a random 

manner, t h e i r  sequence i n  s t o r a g e  could a l s o  be cons idered  random. 

Obviously, t h e r e  a r e  many d i f f e r e n t  ways t o  dev i se  procedures  f o r  t h e  

d e c i s i o n  of a c o l l i s i o n ,  and t h e  e f f e c t  of d i f f e r e n t  methods on t h e  f i n a l  

r e s u l t s  should be  explored i n  t h e  f u t u r e .  The descr ibed  method was w e l l -  

s u i t e d  €or computations and was p a r t i c u l a r l y  easy t o  apply.  I n  t h e  very 

e a r l y  s t a g e s  of t h i s  work w e  saved t h e  h i s t o r y  of each p a r t i c l e  and c a l c u l a t c d  

a t  each t i m e  step how long i t  h a s  t r a v e l e d  from t h e  i n s t a n t  of i t s  l a s t  

c o l l i s i o n .  For t h e  f i r s t  c a l c u l a t i o n s ,  c o l l i s i o n s  were made whenever a 

p a r t i c l e  t r ave led  more than  a mean-free pa th .  We found t h a t  t h e  f i n a l  

r e s u l t s  were not very s e r i o u s l y  d i f f e r e n t  when w e  changed t o  t h e  procedure 

descr ibed  above. 

Once w e  have decided t h a t  a p a r t i c l e  w i l l  s u f f e r  a c o l l i s i o n  w e  have 

t h e  2roblem o f  determining t h e  two components of i t s  v e l o c i t y  a f t e r  t h e  

c o l l i s i o n  h a s  taken p l a c e  v , (vL) , (where t h e  s t a r  i n d i c a t e s  

c j i ian t i t i es  a f t e r  t h e  c o l l i s i o n ) .  

* -5 2 

The f i r s t  assumption w e  make i s  t h a t  

t h e r e  i s  no energy l o s s  due t o  t h e  c o l l i s i o n .  T h i s  assumption means t h a t  

thc n e u t r a l s  have i n f i n i t e  mass and zero v e l o c i t y  i n  t h e  l a b o r a t o r y  frame. 

Consequently the  equat ion  

-x- 2 -x- 2 a 2 
+ "1 + (vl) = v (v,) X ( 3 )  

must hold,  and w e  can chose only  one v e l o c i t y  component f r e e l y .  The s e l e c t i o n  

of t h i s  v e l o c i t y  component ( w e  s e l e c t e d  i n  our  c a l c u l a t i o n s )  depends upon 
* 
X 

v 
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t h e  angle-dependence of t h e  c o l l i s i o n  proccss  under study and i n  genera l  

i t  i s  a func t ion  of v and v We aga in  s i m p l i f i e d  our  c a l c u l a t i o n s  

by assuming hard-sphere c o l l i s i o n s .  T h i s  p rocess  has  no p r e f e r r e d  d i r e c t i o n ,  

t h e r e f o r e  the d i s t r i b u t i o n  of v e l o c i t i e s  v i s  uniform i n  the i n t e r v a l  

-v _< v _< v . We have generated a sequence of random numbers i n  t h e  

coxputer  whose d i s t r i b u t i o n  was uniform i n  t h e  u n i t  i n t e r v a l  and used 

n i n b e r s  from t h i s  sequence ( R )  t o  determine t h e  x component of the 

X I '  

-x- 
X 

-x- 
X 

-E 
X 

v e l o c i t i e s  of p a r t i c l e s  t h a t  suf fe red  c o l l i s i o n s .  The equat ion  v = f Rv 

w a s  used w i t h  t h e  s i g n  a l t e r n a t i n g  from c o l l i s i o n  t o  c o l l i s i o n .  

* 
X 

After v h a s  been chosen for t he  c o l l i d i n g  p a r t i c l e ,  Eq. (3)  i s  used 

t o  determine 

success ive  time ste>s u n t i i  the next  c o l l i s i o n  t a k e s  place. 

(vY-)* which i s  then s to red  and used € o r  t h i s  p a r t i c l e  a t  
L 

The i'ollowing examples were c a l c u l a t e d  w i t h  the tiescribed method of 

in tyoducing  c o l l i s i o n s  i n t o  t h e  computer s imula t ion  proceciure. lor each 

p a r - i i c l e  t h e  q u a n t i t i e s  x(t,) , vX( tn ) ,  i v  ( t  ,?' 1 
tijiie s t e p  t h e  t o t a l  v e l o c i t y  v = 4- was c a l c u l a t e d  and t h e  p robab i l -  

i t y  of a c o l i i s i o n  ? = 1 - e was de t e ra ined  f o r  each p a r t i c l e .  

Tire V e l o c i t i e s  of t hose  p a r t i c l e s  which s u f f e r e d  c o i l i s i o n s  were changed 

iiccorciing t o  the equations: v = & Rv where 0 < R < 1 and R ' s  a r e  

izlien s e q u e n t i a l l y  from a sequence of random nunibers uniformly d i s t r i b u t e d  

i n  t h e  u n i t  i n t e r v a l .  Af t e r  v h a s  been fouad t h e  new pe rpend icu la r  

were s to red .  A t  each 

C 

ic 

X 

* 
X 

-x 2 2 
ve,ocity c o q o n e n t s  were ca lcu la ted :  (vL) = v - (vx) * . A l l  t h e  p a r t i -  

c i e s  t hen  were advanced according t o  t h e  equations: 

x(tn+;) = x ( t  n ) 4- vx(tnil) A t  . 
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X Q .  (4) is equivalent  to Eq. (1) with t h e  d e f i n i t i o n  of v c l o c i t y  

The only remaining problem i s  t o  choose t h e  i n i t i a l  v e l o c i t i e s  of 

p s r t i c l e s  which a r e  i n j e c t e d  a t  the emitter p l ane .  We w i l l  assume tlirough- 

out this  pnpcr t h a t  p a r t i c l c s  arc c m i t t c c l  t h c m i o n i c a l l y .  For a 'ilicrmionic 

emitter X i i e  d i f f e r e n t i a l  number of e l e c t r o n s  t h a t  p a s s  t h e  emitter p lane  i n  

ti given t iae  i n t e r v a l  and have v e l o c i t i e s  w i th in  t h e  ranges  from v t o  
X 

+ d v r  , and from cp t o  3- % i s  given by 
to 3- v i dv , from v 

X X i 
t h e  expression:  

n i s  t h e  number dens i ty  of e l e c t r o n s  i i i s idc  t h e  2 2 2  
where v = v  + V I  , x 

emi t t e r ,  m i s  t h e  e l e c t r o n  mass, T i s  t h e  e m i t t e r  temperature  and k 

i s  Boltzmann's cons t an t .  W e  can i n t e g r a t e  Eq .  ( 5 )  over  t h e  whole range of 

9 ' s  (0-25r) s ince  ou r  v a r i a b l e s  do not depend on cp . Afte r  i n t e g r a t i o n  

we zirrive a t  t h e  r e s u l t  t h a t  t h e  number of p a r t i c l e s  with v e l o c i t i e s  i n  t h e  

ranges v t o  v 3 dx , and v t o  vL + dvl s i s  p ropor t iona l  t o  

v e  

v arid v, . W e  have shown ea r l i e r  [ R e f .  51 t h a t  w e  can s imula te  a thermi- 

on ic  emitter by chosing i n i t i a l  v e l o c i t i e s  f o r  t h e  

X X i 
-mv:/2~~ -mv?/2kT 

v: e A dv dv and hence symmetrical i n  t h e  v a r i a b l e s  x i  X A 

X 1 

x component of t h e  

v e l o c i t i e s  according t o  t h e  d i s t r i b u t i o n  law 

v ( i n j e c t e d )  - - 
X 

where R i s  a random v a r i a b l e  uniformly d i s t r i b u t e d  i n  t h e  i n t e r v a l  0 < R < 1 , 

The d i s t r i b u t i o n  i n  v ( i n j e c t e d )  

of t h e  symmet ry  om" Eq. ( 5 )  i n  v 

f o r  v, of t h e  i n j e c t e d  p a r t i c l e s  as w a s  used for v , 1.e. 

i s  t h e  same a s  i n  ea r l i e r  works and because 

and 

X 

vI, w e  have t o  chose t h e  same procedure 
X 

-L X 
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o r  

v ,  ( i n j e c t e d )  - 
A- 

(7) 
21s ( i n j e c t e d )  = - - i 3' m 

T h e  random v a r i a b l e  i n  Eq. (7) must be uncorre la ted  t o  t h e  random v a r i a b l e  

i n  Eq. (6). The genera t ion  of a sequence of random numbers i n  a d i g i t a l  

computer t h a t  a r e  uncor re l a t ed  and d i s t r i b u t e d  uniformly i n  t h e  i n t e r v a l  

0 < R < 1 W e  have used one of the  

s tandard  procedures  from Ref. 9 t o  genera te  a sequence of random numbers i n  

the computer and used successive members of t h i s  sequence for the de termina t ion  

of i n j e c t i o n  v e l o c i t i e s  of p a r t i c l e s  according t o  Eqs. (6) and (7).  

i s  determined by a 

h a s  been inves t iga t ed  i n  g rea t  detail. '  

A t  every t i m e  s t e p  t h e  electric f i e l d  E(x , t )  

d i f f e r e n c e  equat ion  form of Po i s son ' s  equat ion  (aE/ax = p/s ) w i t h  t h e  
d 0 

Edx = - Vd where Vd i s  t h e  diode 
J O  

appropr i a t e  boundary cond i t ion  

p o t e n t i a l .  The space-charge d i s t r i b u t i o n  p i s  given by t h e  known p o s i t i o n s  

of t h e  charged p a r t i c l e s  i n  t h e  diode. T h i s  phase of t h e  c a l c u l a t i o n s  i s  

equ iva len t  t o  those  used for c o l l i s i o n l e s s  d iodes  descr ibed  i n  an ear l ier  

paper  [ R e f .  51. 

We selected t h e  c u r r e n t  as t h e  func t ion  of t i m e  for o u r  output  q u a n t i t y .  

A t  every t i m e  s t e p  the number of p a r t i c l e s  t h a t  l eave  t h e  diode a t  t h e  co l -  

l e c t o r  were recorded along with t h e  change of t he  electric f i e l d .  The c u r r e n t  

through t h e  diode was determined then  adding the convect ion c u r r e n t  c a r r i e d  

by the p a r t i c l e s  t o  the displacement c u r r e n t  caused by the changing e lectr ic  

f i e l d  a t  t he  c o l l e c t o r .  

W e  have used t h e  described method of computer s imula t ion  technique  f o r  

t h r e e  examples t h a t  w i l l  be discussed i n  t h e  fo l lowing  sec t ions .  
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rY-7- 
A iLa TRAY SFER OF THERMION1 CALLY DTITTED P AiiT I C L E S  

ACROSS A MXDIUM WITH I SOTROPIC SCATTERIXG PROPERTIES 

Our f i r s t  aim was t o  test  our method of s imula t ing  t h e  p r o c e s s  of 

e l ecs ron -neu t r a l  c o l l i s i o n s  without t h e  effect  of t h e  e lec t r ic  f i e l d  on t h e  

motions of t h e  p a r t i c l e s .  We cons idered  t h e  problem of a p l a n e  p a r a l l e l  

r eg ion  ( l i g .  1) w i t h  p a r t i c l e s  emi t ted  the rmion ica l ly  a t  the  p l a n e  

W'ile t r a v e l i n g  a c r o s s  t he  medium 

c o l l i s i o n s .  The mean-free p a t h  of t h e  p a r t i c l e s  i s  (independent of 

v e l o c i t y )  and the  s c a t t e r i n g  p rocess  i s  i s o t r o p i c .  

Lent to one of t h e  b a s i c  problems of r a d i a t i v e  t r a n s f e r  and a de ta i led  

a n a l y s i s  of i t  can  be  found i n  Cnandrasekhar 's  book''. 

t r a n s f e r  i s  derived from Boltzmann's equat ion .  The d i s t r i b u t i o n  f u n c t i o n  

of p a r t i c l e s  does not  depend on t h e  angle  9 or t i m e .  T h e  equat ion  of 

t r a n s f e r  f o r  t h e  d i s t r i b u t i o n  of p a r t i c l e s  f (x ,v , e )  

x = 0 . 
0 5 x 5 6 the  p a r t i c l e s  s u f f e r  e l a s t i c  

T h i s  problem i s  equiva- 

T h e  equat ion  of 

i s  given by: 

-1 

where p = cos 8 . The boundary c o n d i t i o n s  are 

and 

f o r  -1 5 p 5 0 . 

I f  w e  s u b s t i t u t e  for t he  d i s t r i b u t i o n  func t ion  

where w e  normalized d i s t a n c e  t o  t h e  mean-free p a t h  , so = x/h then  

t h e  v e l o c i t y  dependence in Eq. (9) i s  e l imina ted  and t h e  equat ion  f o r  t he  



. 

f u n c t i o n  $(z ,p )  i s  given by 

-1 

with  boundary cond i t ions  

W , P )  = 1 f o r  OsClsl 
and 

q(d/A,p) = 0 f o r  -1 - -  < p < 0 

which i s  t h e  equat ion of Milne f o r  a f i n i t e  i n t e r v a l  

normalized f l u x  t r ansmi t t ed  across  t h e  reg ion  

0 5 5 5 d/X . The 

5 = d/h wide i s  given by 

the  express ion  

1 0 
* n 

0 -1 

where ro i s  t h e  t o t a l  i nc iden t  f l u x  a t  t h e  e m i t t e r  p lane  x = 0 . The 

normalized t r ansmi t t ed  f l u x  a s  t h e  func t ion  of i s  shown i n  Fig.  2 

a s  a s o l i d  curve which was ca l cu la t ed  from t h e  s o l u t i o n  of Eqs. (10) and 

(11) numerical ly .  Our method of c a l c u l a t i n g  r/r a s  t h e  func t ion  of d/h 

i s  given i n  t h e  Appendix. 

(d/A) 

0 

We have conducted computer s imula t ion  c a l c u l a t i o n s  f o r  t h e  same problem 

w i t h  d/A va lues  ranging from 0.5 t o  5 . The t r ansmi t t ed  f l u x  a s  a 

func t ion  of t ime i s  shown i n  Fig,  3 for t h e  value of 

p l a n e s  = 0 , 5 = d/A . Time  i s  normalized t o  t h e  average t r a n s i t  

t i m e  of t h e  p a r t i c l e s  i n  t h e  absence of c o l l i s i o n s  7 = d / , / s  . The 

normalized p a r t i c l e  f l u x  a t  the e m i t t e r  i s  given by t h e  i n j e c t e d  number of 

p a r t i c l e s  p e r  t i m e  s t ep  minus t h e  number of p a r t i c l e s  t h a t  r e t u r n  t o  t h e  

e m i t t e r  i n  one time s t ep  divided by t h e  i n j e c t e d  number. 

d/A = 2 and f o r  t h e  

The f l u x  a t  t h e  
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c o l l e c t o r  i s  given a s  t he  number of p a r t i c l e s  t h a t  reach  t h e  c o l l e c t o r  i n  

one t i m e  s t e p  divided by t h e  i n j e c t e d  number of p a r t i c l e s  p e r  t i m e  s t e p .  

Both va lues  of f l u x  are  c a l c u l a t e d  a t  every t i m e  s t e p .  There w e r e  200 t i m e  

s t e p s  i n  one normalized u n i t  of time and t h e  t o t a l  number of p a r t i c l e s  

p r e s e n t  i n  t h e  diode was around 5000 when t h e  sys t em reached equi l ibr ium.  

The average va lues  of t h e  f l u x  vs.  t i m e  f u n c t i o n s  f o r  d i f f e r e n t  va lues  of 

d/h a r e  shown i n  Fig.  2. The average was t aken  f o r  600 t i m e  s t e p s  a f t e r  

the  diode has  reached equi l ibr ium i n  a l l  the  computed cases. Reasonable 

agreement was obtained between t h e o r e t i c a l  and computer simulated r e s u l t s  

as  shown i n  F ig .  2. The e r r o r  a t  h ighe r  va lues  of d/h i n d i c a t e d  t h a t  the  

t i m e  s t e p  was not small enough f o r  these c a l c u l a t i o n s .  That t he  e r r o r  

decreases  wi th  decreas ing  time s t e p  w i l l  be demonstrated i n  t h e  next s e c t i o n  

where the  space charge effect  of e l e c t r o n s  a s  w e l l  a s  t h e  effect  of an 

app l i ed  p o t e n t i a l  d i f f e r e n c e  a c r o s s  the diode on t h e  t r a n s f e r  of e l e c t r o n s  

w i l l  be i n v e s t i g a t e d ,  The r e s u l t s  i n  Fig.  2 demonstrate t h a t  a t  moderate 

va lues  of d/h t h e  random s e l e c t i o n  of c o l l i s i o n s  g ive  t h e  r i g h t  i n t e g r a t e d  

e f f e c t  on t h e  t r a n s f e r  of p a r t i c l e s  a c r o s s  an i s o t r o p i c a l l y  s c a t t e r i n g  medium. 

A t  h ighe r  va lues  of d/h t h e n c o l l i s i o n s  i n  t h e  computer simulated diode seem 
e f f e c t  of 

t o  be  sma l l e r  than t h e y  should be according t o  exac t  c a l c u l a t i o n s .  I t  i s  

not  c lear  a t  t h e  p r e s e n t  where t h i s  e r r o r  comes from and i t  w i l l  show up 

aga in  i n  t h e  next s ec t ion .  

CURRENT VS. VOLTAGE CURVE I N  AN ELECTRON DIODE 
WITH ELECTRON-NEUTRAL (ELASTIC) COLLISIONS 

The problem of par t ic le  t r a n s f e r  a c r o s s  a f i n i t e  s l a b  of s c a t t e r i n g  

medium analyzed i n  t h e  l a s t  s e c t i o n  i s  modified now by making t h e  p a r t i c l e s  

e l e c t r o n s  and by cons ide r ing  a p o t e n t i a l  d i f f e r e n c e  Vd 
a c r o s s  t h e  c o l l e c t o r  
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. 

and cmitter p lancs .  The e l e c t r i c  f i e l d  i n  t h e  diode n a t u r a i i y  e f f e c t s  tiie 

t r a n s f e r  of e l e c t r o n s .  R e s u l t s  ca l cu la t ed  i n  t h e  l a s t  s e c t i o n  showed t h a t  

t h e  randomly s e l e c t e d  c o l l i s i o n s  d id  add t h e  r i g h t  e f f e c t  t o  t h e  t r a n s f e r  

p r o p e r t i e s  of p a r x i c i e s  i n  an i s o t r o p i c a l l y  s c a t t e r i n g  medium. Ea r l i e r  

computer c a l c u l a t i o n s  f o r  c o l l i s i o n l e s s  plasma diodes" demonstrated t h a t  

t h e  descr ibed  step-by-step method of c a l c u l a t i n g  p a r t i c l e  t r a j e c t o r i e s  gave 

t h e  same vol tage-cur ren t  c h a r a c t e r i s t i c s  a s  t h a t  of s t a t i c  s o l u t i o n s  when- 

e v e r  t h e  s t a t i c  s o l u t i o n s  were s t a b l e  under t ime-varying condi t ions .  I t  i s  

now expected t h a t  t h e  computer s imulat ion c a l c u l a t i o n s  with e l ec t ron -neu t r a l  

c o l l i s i o n s  as  descr ibed  i n  sec t ion  two should g ive  t h e  s t a t i c  vol tage-  

c u r r e n t  c h a r a c t e r i s t i c s  of an  e l ec t ron  diode i n  which t h e  r a t i o  d/), has  

moderate values .  There i s  no reason t o  expect t h a t  t h e  s t a t i c  s o l u t i o n  i n  

t h e  e l e c t r o n  diode i s  uns t ab le ,  

The c a l c u l a t i o n  of t h e  s t a t i c  s o l u t i o n s  f o r  t h e  e l e c t r o n  diode with 

e l ec t ron -neu t r a l  c o l l i s i o n s  i s  not  a t r i v i a l  problem. Some r e s u l t s  have 

been c a l c u l a t e d  by Sockol12 f o r  monotonically i n c r e a s i n g  p o t e n t i a l  func t ions .  

We w i l l  compare ou r  computer simulated resu l t s  t o  t h e  s t a t i c  s o l u t i o n s  of 

Sockol. The a n a l y t i c a l  r e s u l t s  w e r e  ob ta ined  by so lv ing  an i n t e g r a l  equat ion  

de r ived  from Boltzmann's equat ion of t h e  same form as  Eq. (8). 

of e l e c t r o n s  t h e r e  a r e  two add i t iona l  terms added on t h e  l e f t  hand s i d e  of 

Eq. (8) which express  t h e  e f f e c t  of t h e  e lec t r ic  f i e l d  (nega t ive  g rad ien t  

of t h e  p o t e n t i a l )  on t h e  d i s t r i b u t i o n  func t ion  of t h e  e l e c t r o n s .  

equat ion  form of t h e  Boltzmann equat ion  i s  solved s e l f - c o n s i s t e n t l y  wi th  

Po i s son ' s  equat ion  d$/dx = - p(x)/g,  where p(x) , t h e  charge d e n s i t y  

func t ion  of t h e  e l e c t r o n s  i s  given by an  i n t e g r a l  of t h e  d i s t r i b u t i o n  f u n c t i o n  

over  a l l  v e l o c i t i e s .  

I n  t h e  case 

The i n t e g r a l  

2 
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The a n a l y t i c a l  r e s u l t s  a r e  shown i n  F i g s .  4 and 6 for t h e  r a t i o  of 

diode d i s t ance  t o  e l e c t r o n  Debye l eng th  

d i s t a n c e  t o  mean-free p a t h  d/X = 1 and 2 r e s p e c t i v e l y .  There i s  a 

minimum vol tage for a l l  of t h e  a n a l y t i c a l  vo l t age  vs.  c u r r e n t  curves  of 

d/hD, = 10 and t h e  r a t i o  of diode 

Sockol because t h e  smal les t  diode p o t e n t i a l  f o r  which s o l u t i o n s  can be 

obta ined  a r i s e s  from s o l u t i o n s  w i t h  the  f i e l d  becoming ze ro  a t  t h e  emitter. 

A t  lower than  t h i s  minimum diode p o t e n t i a l  t h e  p o t e n t i a l  becomes negat ive  

a t  t he  f r o n t  of t h e  emitter and t h e  p o t e n t i a l  d i s t r i b u t i o n  i s  not monotonic 

any more; hence r e s u l t s  could not  be obta ined  by t h e  method used i n  R e f .  12. 

The vol tage-current  curves  of Figs .  4 and 6 a r e  given i n  normalized 

form where t h e  normalized diode p o t e n t i a l  % i s  expressed by qd = eVd/kT 

and c u r r e n t  i s  normalized t o  the e l e c t r o n  s a t u r a t i o n  c u r r e n t  of t h e  emitter. 

P o i n t s  obtained from computer s imula t ion  c a l c u l a t i o n s  a r e  shown for compari- 

son. The manner b y  which t h e s e  r e s u l t s  were obta ined  i s  shown i n  Fig.  5 where 

t h e  normalized c u r r e n t  vs. normalized t i m e  curve  of one of ou r  "computer 

experiments" i s  demonstrated. Ca lcu la t ions  s t a r t e d  w i t h  parameters  

d/hDB = 10 , d / h = 2 ,  Q = 2 0  and a f t e r  a t i m e  i n t e r v a l  of f o u r  

average e l e c t r o n  t r a n s i t  t i m e  (47 = 4 d / 4 3 )  t h e  diode p o t e n t i a l  was 

decreased t o  the va lue  % = 18 . The diode p o t e n t i a l  was l a t e r  decreased 

t o  success ive  values 16, 14  i n  fou r  average t r a n s i t  t i m e  i n t e r v a l s .  I t  

was expected t h a t  t h e  diode reaches  equi l ibr ium i n  fou r  average t r a n s i t  time, 

and, a s  shown i n  F ig .  5, t h i s  was indeed t h e  case .  For diode p o t e n t i a l s  

q d  

no d i f f i c u l t y  f o r  t h e  computer s imula t ion  c a l c u l a t i o n s .  I n  f a c t ,  we should 

expect b e t t e r  agreement between dc c a l c u l a t i o n s  ( i f  t h e r e  w e r e  any a v a i l a b l e )  

< 15 t h e  p o t e n t i a l  i s  not  monotonic i n  t he  diode but  t h i s  f a c t  causes  

and computer simulated r e s u l t s  f o r  lower va lues  of diode p o t e n t i a l s .  It i s  



apparent  t h a t  t h e  random c o l l i s i o n s  i n  t h e  computer-simulated diode are not  

a s  e f f e c t i v e  a s  should be because t h e  c u r r e n t s  are always l a r g e r  i n  t h e  

s imulated diode than  those  pred ic ted  by exact  c a l c u l a t i o n s .  When the f i e l d s  

he lp  the  e f f e c t s  of c o l l i s i o n s  (dece le ra t ing  f i e l d s ) ,  w e  should expect t he  

e r r o r  t o  be small .  I n  s i t u a t i o n s  when c o l l i s i o n s  work aga ins t  t h e  f i e l d s  

( a c c e l e r a t i n g  f i e l d s ) ,  the f i e l d s  w i l l  t r a n s f e r  a l a r g e r  c u r r e n t  a c r o s s  t he  

diode than  exac t  c a l c u l a t i o n s  ind ica t e .  

The effect  of t h e  s ize  of t i m e  s t ep  on t h e  e r r o r  i n  ou r  r e s u l t s  i s  

shown i n  F ig .  6. Diode parameters  d/hDB = 10 , and d/h = 2 were used 

ana seve ra l  computer runs  

t o  those  shown i n  Fig.  5. 

and r e s u l t s  are shown for 

0.01 7 , and 0.005 7 , 

w e r e  made t h a t  r e s u l t e d  i n  c h a r a c t e r i s t i c s  s i m i l a r  

Di f fe ren t  t i m e  s t e p s  were used f o r  d i f f e r e n t  runs  

t h r e e  va lues  of t h e  t i m e  s tep:  

where T i s  def ined a s  before .  These r e s u l t s  i n  

A t  = 0.02 7 , 
- 

Fig .  5 i n d i c a t e  t h a t  t h e  e r r o r  between t h e  computer s imula t ion  r e s u l t s  and 

the  t h e o r e t i c a l l y  p red ic t ed  values  decreases  when A t  decreases  -- but  t h e  

convergence i s  not  a s  f a s t  as  w e  have hoped. It  i s  p o s s i b l e  t h a t  a d i f f e r e n t  

scheme of dec id ing  about c o l l i s i o n s  i n  the  computer s imula t ion  c a l c u l a t i o n s  

could  g ive  b e t t e r  or f a s t e r  converging r e s u l t s .  With t he  descr ibed  procedure 

one should be able t o  determine a p o i n t  on t h e  vo l t age  vs.  c u r r e n t  curve  for  

moderate r a t i o s  of d/h within 5% of e r r o r .  Using 5000 p a r t i c l e s ,  one p o i n t  

was determined i n  about 5 minutes of IBM 7090 computer t i m e .  There i s  no 

r e s t r i c t i o n  on t h e  shape of the p o t e n t i a l  d i s t r i b u t i o n  func t ion  and t h i s  

method of c a l c u l a t i n g  s t a t i c  c h a r a c t e r i s t i c s  of plasma d iodes  wi th  c o l l i s i o n s  

could be considered use fu l  when a complicated shape of t h e . p o t e n t i a 1  f u n c t i o n  

does not  a l low exac t  ana lys i s .  I n  t h e  case of complicated p o t e n t i a l  f u n c t i o n s  

a Monte-Carlo type  of a t t a c k  should show more promise and work has  been pro-  

g re s s ing  i n  t h i s  f i e l d . 1 3  The problems f o r  which no o t h e r  methods are 

- 15 - 



a v a i l a b l e  than computer s imula t ion  techniques,  however, are t h e  t ime-varying 

problems. An example of a t ime-varying s i t u a t i o n  i s  demonstrated i n  t h e  

next  s ec t ion .  

THE EFFECT OF ELECTRON-NEUTRAL COLLISIONS ON THE OSCILLATORY BMAVIOR 
OF THE LOW-PRESSURE CESIUM DIODE 

The  model of the low-pressure cesium diode defers from t h e  model d i s -  

cussed i n  the preceding s e c t i o n  by t h e  i n c l u s i o n  of the rmion ica l ly  emi t ted  

i o n s  a t  t h e  emitter p lane .  The parameter: 

a =  - Jsi E 
se J 

i s  important  f o r  t h i s  diode where J and J are t h e  i o n  and e l e c t r o n  

s a t u r a t i o n  c u r r e n t s  r e spec t ive ly ,  and M/m i s  the  r a t i o  of t h e i r  masses. 

s i  se 

A l a r g e  s igna l  i n s t a b i l i t y  was shown t o  be p r e s e n t  i n  t h e  c o l l i s i o n l e s s  

It was found r e c e n t l y  t h a t  t h e  diode under ion - r i ch  cond i t ions  ( a >  l)I4. 

diode i s  uns tab le  i f  a >  0.401 and t h e  c o l l e c t o r  p o t e n t i a l  i s  l a r g e r  than  a 

c r i t i c a l  va lue .  T h i s  c r i t i c a l  diode p o t e n t i a l  would draw s a t u r a t i o n  e l e c t r o n  

c u r r e n t  i f  s t a t i c  s o l u t i o n s  were p o s s i b l e  with t h e  f i e l d  becoming ze ro  a t  

the emit ter .  1.5 

W e  have conducted computer s imula t ion  runs  t ha t  inc luded  the  thermionic  

i n j e c t i o n  of ions  i n  a d d i t i o n  t o  t h e  i n j e c t i o n  of e l e c t r o n s  and t h e  descr ibed  

procedure of e lec t ron-neut ra l  c o l l i s i o n s .  I n  computer s imula t ion  c a l c u l a t i o n s  

i t  i s  impossible  t o  use  real is t ic  ion- to-e lec t ron  mass r a t i o s  because i t  

would be t o o  c o s t l y  t o  c a l c u l a t e  t h e  behavior  of t h e  system u n t i l  i t  o b t a i n s  

equi l ibr ium.  Equilibrium can be reached only a f t e r  a few average i o n  t r a n s i t  

t i m e s .  The average ion  t r a n s i t  t i m e  i s  7 6  where T = d / d s  t h e  

average e l e c t r o n  t r a n s i t  t i m e .  The b e s t  one can  do i s  t o  c a l c u l a t e  t h e  

behavior  of t h e  diode f o r  i n c r e a s i n g  mass r a t io s  and no te  when a f u r t h e r  



I ’  
I .  

i n c r e a s e  i n  t h e  mass r a t i o  has  no ef1ect oii t h e  f i n i l  r e s u l t s .  The r e s u l t s  

p re sen ted  here  were c a l c u l a t e d  with M/m = 16 . T r i a l  runs  with M/m = 64 

showed no e s s e n t i a l  d i f f e r e n c e s  from the r e s u l t s  presented  he re  and i t  was 

concluded t h a t  t he  mass r a t i o  M/m = 16 

The e f f ec t  of t he  e lec t ron-neut ra l  c o l l i s i o n s  i s  shown i n  Fig.  7 f o r  a 

was l a r g e  enough f o r  ou r  purposes.  

d i o d e  d/ADB = 30 w i t h  a = 0.5 and q = 10 . Calcu la t ions  start wi th  

an  empty diode i n t o  which e l e c t r o n s  and i o n s  a r e  i n j e c t e d  a t  the  emitter 

d 

p l a n e s  s t a r t i n g  a t  t i m e  t = 0 . Ions  do not  s u f f e r  c o l l i s i o n s ,  but  

e l e c t r o n s  c o l l i d e  according t o  the  procedure described before .  The r e s u l t -  

i n g  c u r r e n t  vs.  t i m e  func t ions  a r e  shown i n  F ig .  7 where t i m e  i s  normalized 

t o  t h e  average e l e c t r o n  t r a n s i t  t i m e  and c u r r e n t  t o  t h e  e l e c t r o n  s a t u r a t i o n  

c u r r e n t .  As shown, o s c i l l a t i o n s  a r e  e f f e c t i v e l y  damped by e l ec t ron -neu t r a l  

c o l l i s i o n s  as  the  mean-free path becomes comparable t o  d . W e  have found 

from s i m i l a r  runs  t h a t  t h e  o s c i l l a t i o n s  are damped when d/h becomes of 

t he  o r d e r  of two r e g a r d l e s s  of t he  r a t i o  of d/h,, . It w a s  shown e a r l i e r  

t h a t  t h e  o s c i l l a t i o n s  i n  t h e  c o l l i s i o n l e s s  diode were due t o  t h e  r ap id  

5 

rearrangement of t he  e l e c t r o n  charge d i s t r i b u t i o n  i n  a t i m e  i n t e r v a l  dur ing  

which t h e  i o n  d i s t r i b u t i o n  remains comparatively s t a t i o n a r y .  The rear range-  

ment of t he  e l e c t r o n  d i s t r i b u t i o n  i s  an e l e c t r o n  t r a n s i t  t i m e  e f f e c t  because 

there  i s  a l a r g e  change i n  t h e  d i s t r i b u t i o n  of e l e c t r o n s  when they  l e a v e  t h e  

diode space. C o l l i s i o n s  slow down the  mob i l i t y  of t h e  e l e c t r o n s  and t h e  

average t i m e  i n  which an e l e c t r o n  can l e a v e  t h e  diode space i s  decreased 

r a p i d l y  when t h e  e l ec t ron -neu t r a l  mean-free pa th  becomes comparable t o  the  

diode d i s t a n c e ,  Even though t h i s  space charge  i n s t a b i l i t y  has a cha rac t e r -  

i s t i c  frequency of t h e  o r d e r  of one over  t h e  average t r a n s i t  t i m e  of t h e  i o n s  

it i s  dr iven  by t h e  l a r g e  mobi l i ty  of t h e  e l e c t r o n s .  When the mob i l i t y  of 

the e l e c t r o n s  dec reases  t h e  diode i s  s t a b i l i z e d .  
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CONCLUSIONS 

We havc demonstrated t h e  p o s s i b i l i t y  of t h e  use  of computer s imula t ion  

techniques  f o r  ana lyz ing  t h e  e f f e c t s  of randomizing c o l l i s i o n s  i n  one- 

dimensional plasma diodes.  The r e s u l t s  ob ta ined  wi th  5 - 7000 p a r t i c l e s  

showed l i t t l e  dependence on t h e  nwnber of p a r t i c l e s  used -- a necessary  

c o n d i t i o n  f o r  a success fu l  "computer experiment". 

p o s s i b l e  way of s imula t ing  random c o l l i s i o n s  i n  t h e  diode which gave good 

agreement f o r  t h e  Milne problem between t h e  r e s u l t s  of computer s imula t ion  

techniques  and of a n a l y t i c  c a l c u l a t i o n s .  The l i m i t e d  a n a l y t i c a l  d a t a  t h a t  

w a s  a v a i l a b l e  f o r  t h e  e lec t ron-d iode  c a s e  was a l s o  compared t o  computer 

s i i m l a t e d  r e s u l t s  showing good agreement. I t  was found t h a t  t h e  r e l a x a t i o n  

e l f e c t  of c o l l i s i o n s  i n  t h e  simulated diode was sma l l e r  than  i t  was p r e d i c t e d  

by exac t  c a l c u l a t i o n s  but t h i s  e r r o r  decreased wi th  dec reas ing  t i m e  s t e p s .  

F i n a l l y ,  t h e  use of computer s imula t ion  techniques  f o r  c a l c u l a t i n g  t h e  

damping e f f e c t  of e l ec t ron -neu t r a l  c o l l i s i o n s  on t h e  o s c i l l a t o r y  behavior  of 

a plasma diode was demonstrated. These c a l c u l a t i o n s  show t h a t  i t  i s  p o s s i b l e  

t o  inc lude  t h e  e f f e c t  of randomizing c o l l i s i o n s  by a "bru te- force"  method 

i n t o  t h e  computer s imula t ion  technique. The method can not be c a l l e d  mathe- 

m a t i c a l l y  "elegant", but i n  t h e  c a s e  of l a r g e  amplitude o s c i l l a t i o n s  i n  a 

plasma sys t em t h i s  i s  t h e  only  method a t  p r e s e n t  which could  g ive  u s  some 

i n s i g h t  i n t o  t h e  r e l e v a n t  mechanisms of t h e s e  problems. 

W e  have t r i e d  one 
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APPEND1 X 

The s o l u t i o n  of t h e  i n t e g r o - d i f f e r e n t i a l  equation: 

, 

-1 

f o r  the  f i n i t e  s l a b  0 < 5 < d/h w i t h  boundary condi t ions:  

i s  one of t h e  bas i c  problems of r a d i a t i v e  t r a n s f e r  and has  been analyzed 

ex tens ive ly  i n  t h e  pas t . g  

r e s u l t s  f o r  t h e  t o t a l  t ransmi t ted  f l u x  a s  t h e  func t ion  of s l a b  th i ckness  

d/A 

numerical ly  us ing  a simple i t e r a t i v e  procedure.  Let us def ine  $(s,p) 

sepa ra t e ly  f o r  p > 0 and p < 0 by the fol lowing expression: 

However, w e  have not been a b l e  t o  f i n d  numerical 

f o r  t h e  range 0 5 d/h 5 3 ; t he re fo re ,  w e  have i n t e g r a t e d  Eq.  ( A l )  

and d iv ide  t h e  reg ion  0 < p < 1 i n t o  K equal i n t e r v a l s .  The mid-points 

of t h e s e  i n t e r v a l s  a r e  

Eq. ( A l )  can be approximated by 

equat ions  

k = 1 ,2  ... K (A41 

t he  fol lowing set of coupled d i f f e r e n t i a l  

- 19 - 



f K  K 

i=i k=l  

2,3 ... K . W e  s t a r t  t h e  i t e r a t i o n  by assuming tha t  

- 4- 

0 
I) (<,p,) = 0 f o r  a l l  p and 5 and i n t e g r a t e  JI (< ,pk)  

k 

numerical ly  (see E q .  (A5)) from 5 = 0 t o  5 = d/A s t a r t i n g  w i t h  t h e  

+ 4- 
va lues  I$ ( 0 , ~ ~ )  = 1 . The r e s u l t i n g  func t ion  JI1(<,pk) then  approximates 

the fo l lowing  i n t e g r a l  equation: 

Af t e r  t h i s  s t e p  w e  i n t e g r a t e  from < = d/A t o  5 = 0 t h e  func t ion  
- 0 (< ,pk)  ( E q .  (A5) )  us ing  t h e  boundary cond i t ion  $-(d/A,pk) = 0 (which 

is a c t u a l l y  the i n i t i a l  va lue  of $ ) and the known func t ion  $l(5,pk) . 
The r e s u l t i n g  func t ion  $;( <,pk) s a t i s f i e s  t h e  fo l lowing  i n t e g r a l  equat ion:  

- 4- 

( A 7  1 
$01- k = l,2,3 ... K . Having c a l c u l a t e d  the  func t ion  JIi(<,pk) , w e  can  

proceed w i t h  a forward i n t e g r a t i o n  aga in  us ing  t h e  va lues  of and 

c a l c u l a t e  q2(<,pk) f o r  0 < - 5 5 d/h . After a r r i v i n g  a t  4; = d/A , w e  

i n t e g r a t e  backward and c a l c u l a t e  $2(<,pk) . The i t e r a t i v e  sequence w i l l  

s a t i s f y  t he  successive i n t e g r a l  equat ions:  

- 
Q1(5,pk) 

f 

- 



f K  

J 

W e  a r e  i n t e r e s t e d  here only  i n  t h e  normalized f lux ,  which i s  f o r  t h e  n th  

i t e r a t i o n :  

K 

k=l  

K 

W k = l  

T h e o r e t i c a l l y  r(<=o) should be  equal t o  r(c=d/A) . The d i f f e r e n c e  between 

the two computed va lues  of the  f l u x  i s  an  i n d i c a t i o n  of t h e  accuracy of ou r  

r e s u l t s .  We have used fou r th -o rde r  Runge-Kutta method f o r  i n t e g r a t i o n  and 

stopped t h e  c a l c u l a t i o n s  when t h e  r e l a t i v e  d i f f e r e n c e  between i t e r a t i o n  s t e p s  

was less than  0.001 , or 

was s a t i s f i e d .  The numerical r e s u l t s  are  shown i n  Table  1. 
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TABLE 1 

Number of 
d/ A It e r a t i o n  r(<=o) r ( <=d/A ) Average 

-3 

.5 

-7 

1 .o 

1.2 

1.5 

1.7 

2.0 

2*5 

3.0 

3 -5  

4.0 

4*5 

5 00 

~~ 

3 

4 

3 

6 

6 

7 

8 

9 

11 

13 

15 

18 

20 

23 

0 7936 

0.7042 

0 A343 

0 .5533 

0.5103 

0.4571 

0.4275 

0.3898 

0 3398 

0.3015 

0.2709 

0.2459 

0.2252 

0.2079 

0 -7935 

0.7041 

0.6342 

0 -5531 

0 5099 

0.4567 

0.4271 

0.3892 

0 9 3392 

0.3008 

0.2700 

0.2451 

0.2241 

0.2068 

0 9 7935 

0 ~ 0 4 1  

0.6343 

0.5532 

0.5101 

0.4569 

0.4273 

0 3895 

0 9 3395 

0.3012 

0.2704 

0.2455 

0.2247 

0.2073 
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Xt i s  worthwhile t o  mention t h a t  t h e  avcragc f l u x  [r ( t = O )  + rn(5=d/h)]/ I1 

converged i-iliicli more rapidly t h a n  Table 1 i n d i c a t e s  where convergence was 

rcached o n l y  when E q .  (A10) was s a t i s f i e d ,  W e  have used t h e  va lue  K = 20 

throughout our computations. 
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x = o  x = d  

1 .  The model of a one-dimensional plasma diode. 
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c a l c u l a t i o n s  are t h e  average va lues  of 600 p o i n t s  a f t e r  t h e  

system reached equi l ibr ium. 
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3.  Flux vs .  t i m e  i n  t h e  computer simulated diode for t h e  p o s i t i o n s  

5 = 0 and 5 = d/X. Parameters are:  

= 0.02 ( d / d w m ) ,  average number of p a r t i c l e s  = 3000. 

d/X = 1, A t  ( t i m e  s t e p )  
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6 .  Comparison between analytical  and computer simulated r e s u l t s  

for the  e lectron diode with c o l l i s i o n s .  Parameters: d/X,, = 10, 

d/X = 2. The effect of decreasing the  t i m e  step on the  

disagreement between analytic  and computer r e s u l t s  i s  a l s o  shown. 



1 

05 

0 
1 

0 5 

0 
1 

05 

0 
1 

05 

0 
0 Lf 8 12 

NORMALIZED TIME 
7. The e f f e c t  of e l ec t ron -neu t r a l  c o l l i s i o n s  on t h e  o s c i l l a t o r y  

behavior of t h e  low-pressure cesium diode. Time i s  normalized 

16 

t o  t h e  average e l e c t r o n  t r a n s i t  t i m e  d/?/2KT/m. Parameters: 

d/X,, = 30, a = 0 .5 ,  eVd/kT = 10. 


