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INTRODUCTION

This report, the eighty-fifth in a series of
quarterly progress reports issued by the Research
Laboratory of Electronics, contains a review of the
research activities of the Laboratory for the three-
month period ending February 28, 1967. Since this
is a report on work in progress, some of the

results may not be final.
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I. MOLECULAR BEAMS"

Academic and Research Staff

Prof. J. R. Zacharias Prof. C. L. Searle D. Babitch
Prof. K. W. Billman Dr. K. Fokkens F. J. O'Brien
Prof. J. G. King Dr. S. G. Kukolich M. A. Yaffee

Graduate Students

R. Golub
C. M. Bell
D. E. Oates

A. CESIUM BEAM ATOMIC CLOCK Né67 - 2%0 82

A new beam tube, which was last mentioned in Quarterly Progress Report No. 80
(page 2), that differs in design from previous clocks, primarily in possessing a recir-
culating oven,1 and in detail in magnet and cavity design, has been completed. The con-
struction of the associated low-frequency electronics system is nearly complete.

The proposed system for the new clock is shown in Fig. I-1. The theoretical clock

AMPLIFIER
AND
BEAM TUBE REJECTION
FILTERS
Saymy LOWPASS SYNCHRONOUS
oL FILTER DETECTOR
9192 MHz
MODULATOR :
FREQUENCY PHASE AND SYNCRROMONS SETECTOR SYNCHRONOUS
MULTIPLIER MODULATOR APl DETECTOR
VOLTAGE FREQUENCY AMPLIFIER
CONTROLLED CONTROL- 1075 Ha
CRYSTAL BIAS
OSCILLATOR suppLY ROLLOFF

FREQUENCY CONTROL

LOOP RESPONSE
GAIN

10° [:
. FREQUENCY

10750 10Hz

Fig. I-1. Atomic clock diagram and frequency-control loop response.

£
This work was supported by the Joint Services Electronics Programs (U.S. Army,
U.S. Navy, and U.S. Air Force) under Contract DA 28-043-AMC-02536(E).
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(I. MOLECULAR BEAMS)

stability for beam shot noise only is

o'[<\ o>

t, T 13

_5x10”
) Ll/2
where o[< <j>>,C -r] is the variance of the average frequency departure from the undis-

turbed cesium resonance frequency @ for an averaging time 7. We hope that this shot-

noise limitation can be reached by utilizing the high beam current provided by a

, T < 106 sec,
w .

recirculating oven and by making use of the cavity phase-error correction capabilities
of frequency impulse modula‘cion.2 It has been found that the noise of a cesium beam
detected by a niobium hot wire is approximately the theoretical shot noise attributable

to pressure fluctuations in the region of the modulation frequency.

1. Theoretical Work

Following the lines developed by Cuﬂer,3 work has been carried out on calculating
the effects of various types of noise on clock stability. Explicit expressions for noise
sensitivity have been obtained for a simplified (linearly additive noise) loop equation,
and work on a more complete power spectral density (vectorially additive noise)theory
is now in progress. The effects of distortion of the modulation signal and imperfect
synchronous detection are also of extreme importance to clock stability; these prob-
lems are being investigated at the present time. A system analysis, which has resulted
in clarification of how frequency and phase errors are generated and {ransmitted
through the loop, has been carried out.

2. Recirculating Oven

It is a fundamental theorem of cesium beam resonance apparatus that larger beam
currents lead to larger signal-to-noise ratios, and consequently to better stability.
Unfortunately, in most devices the amount of cesium which forms a collimated beam is
small compared with the total cesium lost from the oven, because of the cosze intensity
distribution of atoms emerging from a slit. Thus impractically large amounts of cesium
would be needed to provide an intense beam during a long running period. It was
proposed that a recirculating oven be built on the plan sketched in Fig. 1-2.

SLIT 1 (230°C) SLIT 2 (250°C)

COLLIMATED
—» CESIUM
BEAM

Fig. I-2. Recirculating oven.
\COOL (30°C) g g
LIQUID CESIUM ¢ eefere
WATER-COOLED (30°C) HEATER

RECIRCULATING CONE ~ FOR.SLIT 2
AND RETURN PIPE

HOT (230°C) ELECTRICALLY
LIQUID CESIUM HEATED OVEN

QPR No. 85 2
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(I. MOLECULAR BEAMS)

The oven was constructed, but it was found subsequently that large amounts of
background gas emerging from the hot oven walls and failing to exit through the small
slits 1 and 2 caused the recirculating cone to act as a long scattering chamber, thereby
reducing beam intensity. A suitable pumpout device for the cone was made, and the
beam intensity was restored to expected values. In a different earlier experimen’c4 it
was shown that vigorous outgassing of the oven, before filling with cesium, without the
flow-restricting slits also cured the problem. Examination of the distribution of
cesium in an oven frozen by application of dry ice indicated that recirculation may have
been taking place. Not enough running time at high intensities has been accumulated yet

to prove in the direct manner that recirculation must be taking place.

3. Low-Frequency Electronics

The proposed low-frequency electronics system is shown in Fig. I-3. Digital tech-
niques have been used to produce a symmetrical {small even harmonic content) mod-
ulator signal, and to produce synchronous detector gate waveforms of variable delay
that have a 90° phase difference when the variable delays are zero. Integrated circuits
were found useful in both digital and linear circuitry, and were used to make active
notch filters of high rejection and narrow stopband [the 80-Hz and 160-Hz notch filters
are used to prevent saturation by even harmonics of the amplifier following them, since
the even harmonics of the beam tube output are not zero when the phase and frequency
errors of the loop are zero]. Use has also been made of recently available comple-
mentary insulated gate field-effect transistors to make extremely low-error synchro-
nous detectors that are now undergoing testing.

D. Babitch, C. M. Bell

Footnotes and References

Proposed by C. O. Thornburg (1966).

2. The original paper on the subject of frequency impulse modulation is by
R. S. Badessa, V. J. Bates, and C. L. Searle, "Frequency Impulse Modulation as
a Means of Attaining Accuracy in Cesium Atomic Clocks," IEEE Trans., Vol. IM-13,
No. 4, pp. 175-180, December 1964. In his Ph.D. thesis, C. O. Thornburg con-
siderably expanded the theory, and recently S. G. Kukolich and K. W. Billman have
carried out computer calculations and performed experiments (to be published in
J. Appl. Phys.) proving the validity of the theory.

3. A fundamental work on noise in frequency sources is the paper by L. S. Cutler and
C. L. Searle, "Some Aspects of the Theory and Measurement of Frequency Fluc-
tuations in Frequency Standards," Proc. IEEE 54, 2 (1966).

4. T. R. Brown, Private communication, Research Laboratory of Electronics, M.1.T.,
1966.
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II. MICROWAVE SPECTROSCOPY*

Academic and Research Staff

Prof. M. W, P, Strandberg Dr. T. E. McEnally, Jr.

J. G, Ingersoll
Prof. R. L. Kyhl J. D.

Kierstead

.

Graduate Students

J. M. Ditz J. U. Free M. K. Maul
R. L. Espino R. M. Langdon, Jr. S. R. Reznek
L. R. Fox B. N. Yung

A. VELOCITY SURFACES IN LITHIUM NIOBATE N 6 7 - 2? 0 8 3

The method for determining an analytical approximation for the velocity of sound sur-
faces for previously reported crys‘cals1 has been applied to lithium niobate. This method
expresses an approximation to each of the three surfaces as a sum over functions of the
appropriate symmetries. The method determines the coefficients in the sum by a least-
squares fit to the exact surface. Lithium niobate has the symmetry of quartz or sapphire,
The basis functions are those listed in Quarterly Progress Report No. 84, Table II-1

lists the coefficients in the expansion V(0,¢) = = ngn(e, $). (¢=1,2,3 for each of the
three surfaces.)

Table II-1, Coefficients cfl.

n o=1 oc=2 o=3
1 .7920 .8610 1.4484
2 -.003786 -.02802 .07939
3 -.06458 -.01514 .04267
4 .04947 -.04637 ~.001434
5 ,04148 -.03404 -.004503
6 .02470 -.02417 ~.006694
7 ~.1190 x 10~° JA117x 1078 .3242 X 1078
8 .009004 -.008396 -.001100
9 .006779 -.006630 -.001841
10 .70618 X 10™8 -6717x 1078 -.9156 X 10”7
11 .0003993 ~.0007653 .0004249
12 .0007973 ~.0007792 -.0002178
13 1125 x 10™8 -.8639 x 1077 ~.2138 x 10”7
14 1676 x 10710 -.1638 x 1010 1692 x 10712

=l=This work was supported by the Joint Services Electronics Programs (U.S. Army,
U.S. Navy, and U.S. Air Force) under Contract DA 28-043-AMC-02536(E).
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Figure II-1 shows the surfaces computed exactly and those computed by using the
analytical approximations.
S. R. Reznek

References
1. S. R. Reznek, "Expansion of Velocity Surfaces in Spherical Harmonics," Quarterly

Progress Report No, 84, Research Laboratory of Electronics, M.I.T., January 15,
1967, pp. 17-26.
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III. ELECTRON MAGNETIC RESONANCE"

Academic and Research Staff

Prof. K. W. Bowers

Graduate Students

Nancy H. Kolodny A, C. Nelson Y.-M. Wong
C. Mazza R. S. Sheinson B. S. Yamanashi
S. N. Suchard

A. RADICALS IN THE GAS PHASE N & 7 N éj 0 8 Zg.

Paramagnetic species in the gas phase are of special interest, because of their un-
usual physical and chemical properties. In the past few years, detection of a few simple
radicil/s3 has been reported (NOl, OHZ, ClOS, Br03). These successes make us consider-

///éﬁ?optimistic about the detectability of more complex but much less stable radicals,

such as CH3 and CZHB' We hope that study of these species in the gas phase may lead
to an understanding of their internal molecular dynamics. In the past few months, two
methods have been explored for generating ethyl radicals. In both cases, hydrogen
atoms were produced by a microwave discharge of hydrogen gas at ~100-p pressure.
In one case, ethylene was added to the stream of hydrogen atoms; in the other, ethyl
iodide was used as reactant. The choice of ethyl iodide was suggested by the fact that
the activation energy of the reaction

CZHSI +H —=HI + CZHS

is very small. Present results favor the use of ethyl iodide.

Production and detection of theradicals is carried out in a flow system through an
Electron Magnetic Resonance spectrometer. Throughout the process, the system is
maintained at constant pressure between 100 p and 300 pn. Numerous lines have been
observed, but at very poor signal-to-noise ratios. Current work is directed toward
improving the signal-to-noise ratio with improved flow systems and better resonant-
cavity design. Also, a small mass spectrometer is being constructed to monitor the
concentrations of the various species that are formed. Work is also under way to pro-
duce enough CH to work with (by different means).

K. W. Bowers

References

1. R. Beringer, Phys. Rev. 78, 581 (1950),
2. H. E, Radford, Phys. Rev. 122, 114 (1960).
3. A. Carrington and P. H. Levy, J. Chem. Phys, 44, 1298 (1966).

*This work was supported by the Joint Services Electronics Programs (U.S. Army,
U.S. Navy, and U.S. Air Force) under Contract DA 28-043-AMC-02536(E).
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B. CONSTRUCTION OF A RAPID-SCANNING EPR SPECTROMETER COUPLED
WITH A FLASH-DISCHARGE SOURCE

The use of high-intensity, short-duration flash~-discharge lamps for the production
and study of transient species and excited states of molecules by optical means is well
known. The power of magnetic resonance methods has not yet been applied to such meth=-
ods, because of a large number of difficulties that we now seem to have overcome. Our
system behaves as follows: A l1-mfd, 3000-volt capacitor bank is discharged through a
specially designed Xenon flash tube that is focused on the sample of interest in the res~
onant cavity-of an EPR spectrometer; the flash triggers a series of pulses, which
(i) triggers a ramp used for field sweep, (ii) initiates the recording of the spectrum by a
small digital computer (1000 points at 25 psec per point), (iii) shuts off the computer,
(iv) shuts off the ramp, (v) recharges the capacitor bank, and (vi) begins the cycle over
again, adding the new signal to the old for a predetermined number of cycles; the initial
magnetic field is shifted and the whole process is repeated. At present,we are involved
in the optimization of the various components of this apparatus, and we hope to present
a complete description in the next progress report.

K. W. Bowers
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A. INTERPRETATION OF SPECTRAL DATA N67 - 2708 5

A microwave specirum contains information about the temperature, pressure, and
composition of the spectrum source, A basic problem in microwave observations is the
optimum interpretation of observed spectra in terms of source parameters.

A good example is the problem of estimating the water-vapor profile in the terres-
trial atmosphere by using observed atmospheric absorption spectra. This example is
interesting because considerable use of a priori statistics must be made to obtain good
performance.

A successful approach has been to assume a linear form for the optimum estima-

tion procedure, and then to minimize the mean-square error. The estimate is

*

p = d,

llw

where p* is a column matrix representing the estimated water-vapor profile, D is the
linpear operator matrix, and d is the data column maitrix, The optimum matrix___l'_g__ is a
function of the known a priori statistics and relationships governing the true water-vapor
profile p and the data matrix d.

It can be shown1 that D is

where C d’ the correlation matrix of the data vector d, = E[d dt]. Only second-order a
priori statistics arerequired to minimize the mean-square error if a linear matrix
estimation procedure is used. This basic method has been applied to simulated water-
vapor spectral data; the resulis are described in Section IV-A. 1.

*This work was supported principally by the National Aeronautics and Space Adminis-
tration (Grant NsG-419 and Contract NSR-22-009-120); and in part by the Joint Services
Electronics Programs (U.S. Army, U.S. Navy, and U.S. Air Force, under Contract
DA 28-043-AMC=02536(E).
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Since microwave emission data are inherently nonlinear, it is reasonable to seek a
nearly optimum nonlinear estimation procedure. A form of Baye's estimate was applied
to this problem, but required inordinate amounts of computer time for any but rela-
tively simple estimations. An extension of the linear operator technique appears more
promising. Here the linear operator D operates not only on the raw data d, but also on
cross products and higher powers ;E the raw-data values. Thus an augmented data
matrix da might include (1, dl’ dz, d?, dg, d1 dz), or several more elements than the
original d matrix (dl’ dz). The method for deriving the new D is essentially the same

as before, The nonlinear result is
t_ -1 {
D'=c3 El4, p'l,
a
where da is the data vector augmented as illustrated above, and C d is the correlation
TTa

maitrix for the augmented data vector. The nonlinearity of the estimation procedure may
be controlled by the degree to which da is augmented.

An interesting feature of this estimation procedure is the way that the optimum esti-

mate requires higher order statistics in C d for higher order nonlinearities in the esti-
a
mation procedure. If da includes elements like di dj’ then C, may include elements
a
like E[d1 dj dk dl]' This nonlinear estimation procedure appears to be practical for many

problems involving interpretation of spectra, and could probably be applied in many
other areas, k
D. H. Staelin

References
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1. RESULTS OBTAINED FROM THE INVERSION OF SIMULATED ATMOSPHERIC
WATER-VAPOR SPECTRA

An optimum linear estimator for inverting spectral data has been outlined in Sec-
tion IV-A, Its form is

*

p = d,

* o

in which p is the estimated column vector for the parameter of interest; d, the column
vector representing spectral and other, if any, related data; and D, the linear operator

matrix relating p* and d.

QPR No. 85 .16

R



(IV. RADIO ASTRONOMY)

*
Minimizing the mean-square error between p and the true profile p leads to an
expression from which D may be computed. In the vertical profile of atmospheric
water vapor, for which the water-vapor density is the parameter of interest, it can be

shown that this expression becomes
t_ ~-1 t_ ~1
D'=C; Eldel=[C+C I W Co.
Here, W is the modified weighting-function matrix for atmospheric absorption, and go
is the noiseless data correlation matrix defined by

_ t_ t
= Blo,dt |- wer w

in which Cp is the atmospheric water~vapor correlation matrix given by

t
Ce=E[pp],
and gn is the noise correlation matrix defined by
C_=E[n nt]
=n ‘

Preliminary inversions have been completed. We have used as input computed
absorption spectra from each radiosonde at the following frequencies: 21.9, 23.5,
and 29.45 GHz:. As an additional data point, we have used the water vapor density at

10 —
RADIOSONDE C71

\ = =~ INVERSION PROFILE, NOISE =0.00dB, 0.5 g/m3
s+« ++ INVERSION PROFILE, NOISE=0.05dB, 0.5 g/m3

HEIGHT (km)
o

b

\

Fig. IV-1, Radiosonde C71 results.
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(IVv. RADIO ASTRONOMY)

the surface. Two radiosondes with their corresponding inversion profiles are illustrated
in Figs. IV-1 and IV-2.

RADIOSONDE PROFILE C59
=== INVERSION PROFILE, NOISE =0.00 dB, 0.59/m3
------ INVERSION PROFILE, NOISE =0.05 dB, O.Sg/m3

HEIGHT (km)

p a/m)

Fig. IV-2. Radiosonde C59 resuits.

Pigure IV-1 best ilustrates the effect of noise on inversion. The solid pro-
file is the water-vapor densgity as recorded by radiosonde C71, which was launched
10 August 1965. The dashed profile represents the inversion when there is assumed
to be no noise in the spectral data, but that surface water-vapor density is uncer-
tain to the extent of 0.5 g/m3. A grossly unstable inversion results. When the
spectral data are assumed to have an rms error of 0.05 db, the inversion is sta-
bilized and represents the true profile quite well. The zero noise case, however,
represents an integrated water vapor that differs only -0.2% from the integrated
water vapor derived from the radiosonde, whereas the noise case differs by
-2.8%.

This latter effect is a general feature of the inversion scheme. Noise stabi-
lizes the solution but also drives the inversion toward the mean profile as defined
by the a priori statistics. In this case, the mean represents less integrated water
vapor than the true profile, and therefore the estimated total water vapor is driven
toward smaller values in the noise case.

Figure IV-2 is included to show that strong inversions of moisture near the sur-
face of the earth can be indicated, if not faithfully reproduced, by this scheme.
The radiosonde illustrated here was taken 14 July 1965. The dashed profile is the

noiseless case, and, for this radiosonde, is a better representation of the true
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profile than the noise case. The other oscillations of the true profile will not be recov-
erable by using the present data input, unless they appear in the a priori statistics. The
integrated water vapor for the noiseless case differs from the true value by -1.3%. The
noisy inversion differs by —4.3%.

Figure IV-3 is a histogram showing the distribution of percentage errors between

NUMBER ‘OF CASES
o o
I

i 7

-3.0 -2.0 -1.0 0 1.0 2.0 3.0
PERCENT DISCREPANCY

Fig. IV-3, Integrated water vapor percentage of errors.

the integrated water vapor as computed from the inversion profiles and the corresponding
radiosonde profiles. The noise for these inversions was taken to be 0.005 db and
0.5 g/m3. The errors are skewed toward negative values, with the mean near -0.5%

Further analysis using simulated data will be conducted to understand completely
the roles of noise, sampling intervals, and the a priori statistics. An analysis with
observed atmospheric absorption spectra is being prepared.

N. E. Gaut, A. H. Barrett, D, H, Staelin

2. MICROWAVE DIELECTRIC CONSTANT AND EMISSIVITY OF A SOLUTION
APPROXIMATING SEA WATER

For staellite-borne microwave radiometers looking at the Earth, much of the back-
ground radiation will originate from sea water at various temperatures. In order to
better understand this source of radiation, the complex dielectrie constant and emissi=
vity for sea water as a function of wavelength, temperature, and angle of incidence was
studied. The real part of the dielectric constant, and that portion of the imaginary part
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which is due to losses from the oscillations of polar molecules, came from work on
0.66 normal aqueous solutions of Na.Cl.1 That portion of the imaginary part of the
dielectric constant which is due to ohmic losses was computed from tables of the DC
conductivity of sea- Wza.ter.2 The use of the DC conductivity for high-frequency work
appears to be justified from the measurements made on the salt solutions referred to
above. '
Details of the real part of the dielectric constant for the salt solution at various
temperatures and over the wavelength interval 0.5-22 cm are presented in Fig, IV-4,

T=273°K

T=293°K

70

T =313°K

60 -

K* (DIMENSIONLESS)
8 8
I 1

W
o
I

20 —

10 —

0 | I | |
0 5 10 15 20
A {em)

Fig. IV-4. Sea water (0.66N NaCl). Real part of the
dielectric constant (K') vs wavelength,

It is important to notice the reversal of the temperature effect between the shortest and
longest wavelengths depicted, with an anomalous region in the vicinity of 3-5 cm.

The complex part of the dielectric constant for the solution is shown in Fig. IV-5,
again as a function of temperature and wavelength. It can be seen that the sense of the
temperature effect is similar at the shortest and longest wavelengths; however,
between approximately 2 cm and 6 cm, the temperature effect is reversed. This is
understandable because the dielectric losses predominate in this region, and their
temperature dependence completely reverses near 2 cm. Beyond 9 cm, the conduction

losses dominate and the temperature effect is restored to its short-wavelength sense.
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Fig, IV-5. Sea water. Imaginary part of the dielectric

constant ( ‘E'ot al-)»vs wavelength.
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Fig, IV-6. Sea Water. Brightness temperature vs
solution temperature.
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Anomalous transition regions occur between approximately 0.8 cm and 2 cm, and between
approximately 6 cm and 9 cm.

Figure IV-6 incorporates information from Figs. IV-4 and IV-5, and represents the
brightness temperature as a function of thermometric temperature of the solution at
wavelengths of 1, 3, and 10 cm, for an angle of incidence of 60° and for polarization
normal to the plane of incidence. This figure is a corrected version of Fig. II-1 in
Quarterly Progress Report No.81 (page 11). The computations for that figure did not
include losses attributable to conduction currents. The essential features of the origi-
nal figure are retained in Fig. IV-6,

N. E. Gaut

References
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B. HYDROGEN RECOMBINATION LINE OBSERVATIONS

The first observational phase of a program to make a survey of radial velocities of
H II regions throughout the galaxy has been completed. The 140-ft telescope and 6-cm
front end of the National Radio Asironomy Observatory was used, together with the
Harvard multichannel spectral analyzer, to observe the 109« hydrogen recombination
line. The system temperature {(70°K) permits observation of lines as weak as 0.05°K
in 30 minutes, with 100-kHz resolution. The recombination lines have been observed
in 52 of the H II regions that have been reduced thus far, and several more identifica~
tions are expected when data analysis has been completed. There are several high-
velocity regions among those observed, the highest velocity observed being 119 km/sec.

The general survey will be used to construct a dynamical model of the galaxy, ana-
logous to the well-known 21-cm model of the Leiden and Sydney groups, which shows
the distribution of neutral hydrogen in the galaxy. The new model will show the distri-
bution of O-associations which form the H II regions, and hence should be closely
related to optically derived galactic models. From the observations, a rotation law
should eventually be derived, although further observations will be required to improve
our statistics.

The region of the galactic center has also been examined closely, and we have been
able to correct the early observations of Hoglund and Mezger, who incorrectly attributed
the lines from the sources G 0.5, -0.0 and G 0.7, -0.1 to G 0.2, 0.0, and G 0.5, -0.5,
respectively. We have been unable to detect a line of normal linewidth (30 km/sec, or so)
in G 0.0, 0.0 and G 0.2, 0.0, but the existence of a broad feature in these sources cannot
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be excluded.

Cygnus X is an especially interesting region, and all of the major sources identi-
fied by Downes and Rinehart have been observed. Several of these sources, although
they are believed to be thermal, show no line of the expected intensity, and the possi-
bility that a number of the "thermal" sources are really old supernovae remnants with
rather flat spectra is now being examined.

B. F., Burke, T. L. Wilson, E. C. Reifenstein III

C. OBSERVATIONS OF OH EMISSION

6H1 at 18 cm near galactic HII

1-3

Observation of the ground-state emission lines of O1
regions have shown that the apparent diameters of the emitting regions are very small.,
The sources associated with individual spectral features in W3, W49, and W24 (Sgr Bz)
were all unresolved by an interferometer having a baseline of 3800 \. In particular, an
upper limit of 20" of arc was found for the size of the 4 strongest features in W3, All
features were reported to be at the same position within 3" of arc near the edge of the
optical nebulosity of the H II region. The size limits imply brightness temperatures in
excess of 106 °K, although the linewidths of the features were characteristic of kinetic
temperatures of approximately 100°K. All emisgsion sources were polarized and exhib-
ited anomalous multiplet intensity ratios. A quantitative explanatibn for the emission
mechanism has not been found.

Increased angular resolution has been obtained with a new interferometer, by using
the 84-ft Millstone antenna at Lincoldn Laboratory and the 60-ft antenna at the Agassiz
Field Station of Harvard College Observatory. The baseline was 74,400 \ at 18 cm along
a bearing of 24° East of North, which gives a minimum fringe spacing of approximately
3" of arc. An effective system temperature of 300°K was achieved with the Agassiz
maser amplifier and a tunnel-diode amplifier at the Millstone antenna. The strongest
spectral feature of W3 yielded a signal-to-noise ratio of 8:1, with only 1 minute of
integration. The measurements were made with linearly or circularly polarized feeds
on the Millstone antemma and a linearly polarized feed on the Agassiz antenna. The polar-
izations were almost always nonorthogonal, since the Millstone antenna is altazimuth-
mounted and the Agassiz antenna is polar-mounted.

The two stations were connected by a 7-GHz microwave link which carried a 5-MHz
local-oscillator reference signal and an IF channel having a 400-kHz bandwidth from
the Agassiz site to the Millstone site. The IF signals were effectively crosscorrelated
by the use of a phase-switching technique and a digital autocorrelator. A computer was
programmed to obtain the fringe amplitude and phase information as a function of fre-
quency from the correlation functions. The phase stability of the system permitted inte~

gration periods of 1 minute. Longer integration periods were achieved by averaging
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vectorially the fringe amplitude and phase for each frequency, by using the phase of the
strongest feature as a reference phase. Hence, relative fringe phases among the var-
ious spectral components were obtained.

Observations were made of the 1665-MHz transition in source W3, during Novem-
ber 1966 and January 1967. The fringe amplitudes of the features at -43.7 km/sec and
-46.5 km/sec were found to be unity over a local hour-angle coverage of 16 hours. The
feature at -45.1 km/sec also gave unity fringe amplitude when observed with right-
circular polarization. The normalizations were made by using single-antenna flux mea-
surements of the source. Under the assumption of uniformly bright circular disks as a
source model, the features were found to be smaller than 2" of arc in diameter, Recent
observations by Davies, Rowson, Booth, Cooper, Gent, Adgie, Crow’cher4 have reduced
these size limits to 0.1", or smaller, for the individual features in this region.

The right-elliptical and left-elliptical features at -45.1 and -45.5 km/sec, respec-
tively, when observed, were blended with linear polarization. The fringe amplitude
function of this superposition did not follow the local hour-angle dependence expected
for a single point source with the polarization parameters given by Meeks, Ball, Carter,
and Ingalls.5 A model that fits the observations can be constructed of two components
separated approximately 1" of arc. Further observations are planned with improved
sensitivity and with orthogonally polarized feeds, which should yield further information
about the angular distributions of polarization and brightness.

The relative fringe phases between the strong features are shown in Fig, IV-7.
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The expected phase difference, A¢, for point sources separated by Ae in Right Ascen-
sion and by A% in Declination is given by

Ag = wo%{[sin 5B cos GS ~cos 6y sin BS cos (LS—LB)] -A6
+ [cos 8 cos g sin (LS-LB)]Aa}.

where 6B’ LB’ GS are the Declination and Local Hour Angle of the baseline and the
source, respectively, w0/21r is the frequency, D is the baseline length, and c¢ is the

Table IV-1. Sizes and separations of features in 1665-MHz OH spectra of W3,

Feature Polarization Fringe Amplitude Size Aa Ab
-43.7 km/s R.E. 1.2 2" .1251.04 - 15"+.3
-45,1 R.E. 1+£.1 1" 0 0
-46.5 L. 14.2 2" -.01°+.04 -.45"1.3

The quoted uncertainties represent two standard deviations for the parameter estimates
made from the data in Fig. IV-7,

velocity of light. The data were found to follow this relation and yielded the position
offsets listed in Table IV-1, with the -45.1 km/sec feature used as a reference posi-
tion. The position errors were limited by the noise level in the relative phase measure-
ments. A sketch of the source model is given in Fig. IV-8. Solid lines indicate

T T T T
B
5 15
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=oh N . Y

é §°3§|e 22?’5'_??,22,!5“950) Fig. IV-8. Map of the relative positions of
g lor o" = ' the centers of the 4 strongest
P (N _a5.5kms features in the W3 OH source.
Lg’L_'O'S' - iy The coordinates are the abso-
5 lute position derived from the
z of . © -45,1km/s i short baseline interferometer
E measurements of Rogers,
Z-05F _a% -46.5km/s 1 2
3 43T km/s Moran, and Crowther,
)

i i 1 i
2192 ol 0 -o. -02

RIGHT ASCENSION OFFSET (seconds)
the positions for the -43.7 and -46.5 km/sec features, while the position for the

-45.5 km/sec feature is model-dependent, and hence is shown by dotted lines.
An angular size of 2" of arc corresponds to a linear dimension of 3400 astronomical
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units, or 0.016 parsecs if the distance to W3 is taken to be 1700 parsecs. This implies
that the radio brightness temperatures of these regions must be greater than 109 °K from
our measurements or 1011 °K from the recent results of Davies and co-workers.4 The
angular size determined by these observations may be an apparent size only. If a coher-
ent phenomenon such as maser action is occurring, the dimension of the region can be
much larger than the size inferred from our measurements,

J. M. Moran, Jr., A. H. Barrett, A. E. E. Rogers, B. F. Burke
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A. HIGH DYNAMIC RANGE TECHNIQUES N 6 7 - 27 O 8 6

Several projects are now under way. They include mixers, linear amplifiers, detec-
tors, filters, and log-amplifiers designed and built to have the widest possible dynamic
range. During the last quarter, a phase detector with nearly 140 db of dynamic range
was completed, and prelimingry results are available on both a linear and a logarithmic
amplifier.

The linear amplifier utilized a push-pull MOSFET stage with 10-db gain and a band-
width of 2-20 MHz, A +13 dbm two-tone signal applied to the input gave third-order
intermodulation products more than 45 db down from the two-tone signal. A simple low-
frequency logarithmic amplifier with 11~decade range has been constructed in order to
test theoretical calculations.

A crystal filter using high dynamic range interstage and output amplifiers is now
under construction. We hope that the completed amplifier-filter will have 20-db gain,

a 2-to-1 shape factor, 10-kHz bandwidth (center frequency of 30 MHz), and an out-of-
band response 150 db down from the passband behavior. Considerable care during the
construction phase will be necessary in order that grounding, shielding, and filtering
be sufficient to maintain the 150-db out-of-band attenuation.

Wideband high dynamic range phase detectors have been built in the past by our
group. At the present time, the same technology is being investigated, in order to pro-
vide similar dynamic range for square-law and peak detectors.

R. P. Rafuse

B. HIGH-POWER VARACTOR MULTIPLIERS

Devices that have theoretical power-handling capabilities of 12 watts per diode have
been purchased and characterized (see Sec. V-C). Results of the characterization
indicate that these diodes will be "circuit-limited" in terms of efficiency and the design
frequency of 250-1500 GHz. An interdigital output filter has been designed and is under
construction. An input filter is being designed. Idler circuit synthesis awaits

%
This work was supported by the National Aeronautics and Space Administration
(Grant NGR-22-009-163).
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construction and measurement of the input and output filters. _

In addition to the single diode, times-6 multiplier, a four-diode, 100-watt doubler
is being designed as the first stage of a times-8 chain to S-band. The output power of
this chain is expected to be greater than 60 watts.

D. H. Steinbrecher

C. DEVICE CHARACTERIZATION

Preliminary measurement of high-power, punch-through varactors in a new test
jig at 500 MHz indicate cutoff frequencies of as much as a factor of 2 higher than those
reported by the manufacturer. The measurements indicate that the high-power high-
efficiency transmitter for 2 GHz will be relatively easy to realize. A selected and
modified General Radio Series 900 slotted line has been received and will soon be
in operation as a 3-GHz varactor (and other two-port device) measurement arrange-
ment. All of the measurements now being carried out on varactors, Schottky-barrier
diodes, MOSFETS and other solid-state devices are being analyzed by computer pro-
grams generated by the group and run on the M.I. T. Computation Center's CTSS
system.

R. P. Rafuse

D. COMPUTER DESIGN OF VARACTOR CIRCUITS

Two analysis programs for high-order punch-through varactor multipliers were
developed during the past quarter. One program, called SAMPLE, operates on a mea-
sured varactor current waveform to recover the instantaneous varactor wvoltage, the
power flow at each harmonic, and the network impedance seen by the varactor junction
at each harmonic. The other program, called MULTAN, works from the imbedding
impedances and the junction characteristics to synthesize the junction voltage and cur-
rent waveforms, and, consequently, the complete power distribution for the multiplier.

- MULTAN allows a designer to test
a theory before construction, while

Izgz AL A SAMPLE permits a complete diag-
400 Vf\ A\ \Ul |/ [ nostie of a working multiplier. Both
/ U lﬂ\ ! I \"\ programs are intimately related to
:222 / s 1 | the High Power Varactor Multiplier

-1200 Vi V ) project.
o 5 5 MULTAN is not completely oper-
TIME ns ational, because of its idealized con-

cepts. During the next quarter methods

Fig. V-1. Diode current.
[Reprinted from "hpa Application
Note No. 8," Fig. 7, p.3.] tances, line loss, and other nonideal

for including discontinuity suscep-
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circuit properties will be investigated.
SAMPLE has been tested on a current waveform published by Hewlett-Packard

Associates.” The results were very interesting. They described the current waveform
as that of a times-14 multiplier with 1.5 watts input at 100 mHz and approximately
200 mW output at the 14th harmonic. SAMPLE revealed that the order of multiplication
was actually times-13 (which was confirmed later by a Hewlett-Packard spokesman) and
that 40% of the input power was being dissipated in network losses at the 4th harmonic,
The current waveform, from which all of the following information was obtained, is

illustrated in Fig. V-1. The varactor charge and voltage waveforms, obtained by

1.0 fNPUT #  MILLIWATTS
(1409)
2 - 195

0.8 4 - 571
P 5 - 224
g 8 - 142
o6 | 13 - 48 Fig. V-4,
w 1380
g Harmonic power distribution.
2,, | 40% (HP X-13 Multiplier.)

0.2 13.8% 15.9% 10% 17.6%

{ ) | l L | 1
1 2 3 4 5 6 7 8 9 0 1M 12 13 14 15

HARMONIC NUMBER

SAMPLE are shown in Figs. V-2 and V-3. Figure V-4 illustrates the harmonic power
distribution for the Hewlett-Packard X-13 multiplier.
This project led to the preparation of a joint paper. A summary of this paper

appears in Section V-E.
D. H. Steinbrecher
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Hewlett-Packard Associates, Palo Alto, California, July 1965.

E. ITERATIVE SYNTHESIS OF VARACTOR-MULTIPLIER MICROWAVE NETWORKS
AND A DOUBLER WITH 0. 17-WATT OUTPUT AT 47 GHz

[This report summarizes a paper that will be presented at the International Sympo-
sium on Microwave Theory and Techniques (sponsored by the IEEE Professional
Group on Microwave Theory and Techniques), Boston, Massachusetts, May 10, 1967 .]

A method for the design and evaluation of the input and output networks of microwave
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frequency varactor multiplier circuits will be presented. This method permits a quan-
titative measure of circuit loss, input-output isolation and effective diode cutoff
frequency. Furthermore, it enables the designer to establish the boundary conditions
at the varactor junction which are required for optimum efficiency, independent of any
specific knowledge of package parasitics, transmission-line characteristic impedances,
or other difficult-to-quantize microwave circuit parameters. By using this method, a
doubler from 23.5 GHz to 47 GHz has been designed and tested. Output power of 173 mW
was obtained with an efficiency of 33%. The measured efficiency was within 0.5 db of
the calculated value.

D. H. Steinbrecher, M. E. Goff, A. H. Solomon

[M. E. Goff and A. H. Solomon are with‘Sylvania Electric Products, Inc. Their work
wag supported in part by the U.S. Air Force Avionics Laboratory (Research and Tech-
nology Division) under Contract AF33(615)-3518.]
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Dr. D. H. Steinbrecher Dr. J. 1. Glaser Dr. R. E. Lovinst
Prof. K. Biemamnt Dr. 8. H. Zisk

Graduate Students

J. M. Steele
N. T. Tin

RESEARCH OBJECTIVES N 6 7 ¢ é% O 8 ?
Electronic instrumentation plays a significant role in almost every branch of scien-

tific research. Similarly, progress in electronic instrumentation is increasingly depen-

dent on advances in chemistry and physics. The formation of the Electronic

Instrumentation Group is an effort to stimulate instrumentation research and develop-

ment with state-of-the-art needs in other areas of science.

The activities now under way in our group are centered on instrumentation for mass -
spectrography. Profile analyses and spectrographic data-reduction methods already
require extensive use of high-speed digital computers. Data from a Mass Spectrograph
are collected, however, on photographic plates that must be processed by time-
consuming methods to achieve a form acceptable to a computer. Many experiments,
which are impossible to perform with present methods, could be conducted with the
addition of a real-time interface between a Mass Spectrograph and a computer with
on-line processing capability. Reports on progress in areas related to the development
of suitable interface hardware and software appear in Sections VI-B, -C, and -D.

Since much of the present and future Mass Spectrograph instrumentation is and will
be environmentally sensitive, a semiclean, temperature- and humidity~-controlled
shielded room is being provided. The instrument will be mounted within the room on a
1-Hz air piston antishock and vibration assembly, Nearly complete environmental con-
trol will permit an investigation of system-~produced instabilities that can be corrected
by sophisticated instrumentation. The resulting influence on next generation equipments
will allow spectrographic analyses to be carried out on low-vapor-pressure compounds
that require very long (several hours) exposures. It is virtually impossible to make
analyses of some of these compounds with present methods. Progress on the shielded
room facility is discussed in Section VI-A.

D. H. Steinbrecher, K. Biemann

A, SHIELDED ROOM FACILITY

This report outlines briefly the current status and the rest of the work to be done on
the wrought-iron screen room that is being constructed in Room 56-031, M.I.T. The
iron walls, floor, and ceiling have been erected and the continuous seam welds are

*This work was supported principally by the National Institutes of Health (Grant
1 505 FR07047-01).

1-Professor K. Biemann and Dr. R. E. Lovins, of the Department of Chemistry,
M.I.T., are collaborating with the Electronic Instrumentation Group of the Research
Laboratory of Electronics in research under NIH Grant 1 505 FR07047-01.

QPR No. 85 33
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approximately 80% complete. Also, the electrical ground for the room has been com-~
pleted.

We estimate that the completion of the basic room (i.e., welding of iron) will soon
be accomplished. In addition to the basic-room design, additional time will be needed
for (a) installation of an air-conditioning system, (b) interior finishing of the room
(i. e., acoustical walls, ceiling, etc.), (c) making available electrical power and water
to the room through pierce points in the roof of the room, (d) exterior finishing of the
area surrounding the room (i.e., block wall in the corridor, etc.), (e) installation of
a motor generator set for the mass spectrometer primary power, (f) installation of line
filters and other accessories to provide services for the room.

R. E. Lovins

B. MASS SPECTROMETER DETECTOR

The simplest detection scheme, that of collecting each ion beam on a metal plate
and amplifying the resulting current, would require that we push the present capability
to measure low current levels downward by at least two orders of magnitude., There
is an alternative, on the other hand, which involves use of state-of-the-art components,
and thus affords a better chance of success in building the final instrument.

We are considering replacement of the photographic plate by a slit mask containing
300-1000 slits, each 1 mm long and with an expected width of 5 microns. The mask
could be made of metal foil on a rigid frame, with slits formed either by high-resolution
photo-etching (by Bendix Research Laboratories) or by multiple drilling with a pulsed
laser (Raytheon Company, among others). Since the slits would have fixed positions on
the mask, either the beam of the spectrometer or the mask itself could be scanned in
steps through a total distance somewhat greater than the spacing between adjacent slits.
The ions issuing from the slits would be counted by continuous-channel photomultipliers
mounted behind each slit, These novel devices are made by the Bendix Corporation, and
consist of a glass tube (as small as 0.25 mm O.D. by 1 cm long) coated on the inner sur-
face with a secondary-emitting film of high resistivity. A high-voltage applied across
the ends of the tube accelerates the electrons as they carom down the tube and build up
their numbers to produce, finally, a constant-amplitude space-charge~limited output
pulse for each incident ion (with at least 60% ion-collection efficiency).

1. Block Diagram

The essential components of the interface system between computer and ion beams
are sketched in Fig., VI-1l. The diagram is a peliminary description of one form of
logic that transfers the complete spectrum from the focal plane of the spectrograph into
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(V. ELECTRONIC INSTRUMENTATION)

the computer. The ion counts are accumulated in the scaler until the time t,, at which
time the counting is stopped; the sum is transferred to the buffer an instant later, at
tys and, if it is desired, the beam is shifted to align the next samples of the spectrum
with the slits. The scaler is disconnected from the buffer and is reset at tz; and the
counting begins at t3, after a total delay of a few milliseconds. Meanwhile, the count
in the buffer remains available, for transfer to the computer memory, until the
beginning of the next cycle at (to+T).

2. Sampling and Retrieval of the Spectrum

The interactions among timing, slit width, and resolving power can be solved by con-
sidering that the ion beam intensity is an unknown function of the distance x along the
focal plane., The profile of an isolated line is approximately Gaussian with a well-
defined half-width, We may therefore consider the whole spectrum to be a function that
consists of a sequence of Dirac delta functions with different areas and x coordinates,
which has been convolved as a whole with a Gaussian. (In reality, the width of the
profile changes by approximately 5 times from one end to the other of the 30-cm focal
plane, so that a one-dimensional transformation of the spectrum must be performed
first if mathematical rigor is to be preserved.) In this way, the problem is reduced to
clagsical terms. Ideally, then, each slit in the mask obtains a sample of the smoothed
spectrum; however, because of the nonzero width of the slit, we must consider that the
smoothed spectrum is convolved again by the slit, and the output from an electron mul=-

tiplier then represents a sample (in the mathematical sense) of the resulting spectrum.

3. Anticipated Difficulties

The assembly of slits and multipliers must be located at the edge of the magnet gap,
whithin a magnetic field of approximately 10, 000 Gauss. We do not yet know whether
the multiplier tubes can be operated in such a high field. In order to prevent the first
emitted electron from striking the wall too soon, before it has acquired enough energy
from the electric field to dislodge secondaries, we shall probably align the axes of the
multipliers with the magnetic field; other problems and/or experimental solutions will
undoubtedly turn up.

The second problem is the unknown response of the active film in the electron mul-
tipliers to ions at the heavy (hence low-velocity) end of the spectrum.

S. H., Zisk

C. RESOLUTION OF MASS SPECTROMETER

A proposed analog-~to-digital converter for the ion-beam outputs should not signif-
icantly decrease the mass spectrometer!s resolui:ion.1 It is important, then, to deter-
mine quantitatively the factors that degrade the resolution: (i) energy dispersion in the

QPR No. 85 36



R

(VL. ELECTRONIC INSTRUMENTATION)

ion source; (ii) defocussing in the ion-optics systems; and (iii) electronic noise in the
detector. A search is being made for an electrical equivalent circuit for an ion-beam
output in which these 3 factors will be lumped in noise sources.

J. 1. Glaser

References

1. K. Biemann, Mass Spectrometry: Organic Chemical Applications (McGraw-Hill
Book Company, Inc., New York, 1962).

D. SAMPLING AND RETRIEVAL OF THE SPECTRUM

To increase the speed with which results may be obtained from the Mass Spectrom-
eter, the data will be gathered digitally and processed in a computer. The ions will be
detected by electiron multipliers, on related devices, and the pulses counted and stored
for transfer to the computer.

Digital acquisition of data from the Mass Spectrometer poses the problem of how
well a discrete number of digital samples characterizes the continuous spectrum. A
computer program has been written to simulate the sampling process on a normal Gaus-
gsian curve and to reconstruct the curve from the samples for comparison.

J. M. Steele
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VII. OPTICAL AND INFRARED SPECTROSCOPY*=

Academic and Research Staff

Prof. C. H. Perry

Graduate Students

T. G. Davis D. J. Muehlner J. F. Parrish
Jeanne H. Fertel N. E. Tornberg

A. REFLECTION MEASUREMENTS ON POTASSIUM HALIDES
IN THE FAR INFRARED REGION

1. Introduction

Most ionic crystals have strong refelction bands, known as Reststrahlen.bands, in
the far infrared region. These are due to lattice vibrations. The lattice resonances
have been observed at temperatures down to 5°K for several potassium halides, by
measuring the reflection from single crystals at an incident angle of 10°,

The following crystals have been investigated: KCl, KBr, and KI,

2, Experimental Procedure

The interferometer and detector used for this measurement have been described
e’lsewhere.1 The reflectivity values indicated below are relative to the reflectivity of a
front-aluminized reference mirror.

3. Experimental Results

The measured reflectivity spectral profiles are shown in Fig. VII-1 for T = 5°, 80°,
195°, and 300°K, except for KC1 which was not investigated at 195°K. The main absorp-
tion peak can be identified as the transverse optical fundamental of frequency, wepy at
the zone center. Also, all of the alkali halides show a sideband on the high-frequency
side of the main peak.

The Reststrahlen bands of KCI, KBr, KI have been fitted to a classical dispersion
formula by machine programming. We found that this could not be done without
assuming the existence of a second sideband between the main peak and observed side~
band. The dispersion constants obtained in this way are tabulated in Table VII-1.

Here, Si denotes the oscillator strength, and A the damping constant of oscillator i.
AN frequencies are in cm-l; wr, is the frequency of the longitudinal optical fundamental

*This work was supported in part by the Joint Services Electronics Programs
(U.S. Army, U.S. Navy, and U.S. Air Force) under Contract DA 28-043-AMC-02536(E),
the U.S. Air Force (ESD Contract AF19(628)~6066), and the Sloan Found for Basic
Research (M.I.T. Grant).
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(VII, OPTICAL AND INFRARED SPECTROSCOPY)

at the zone center, and wL(LST) is that same quantity calculated from the Lyddane-
Sacks-Teller relation:

wp (LST) = /re O/ €, “p (1)

The effective charge on an ion, e*, is obtained from the Szigetti relation

2
2 anN _x2 (€,12)
T = 9m °© Eo—ew’ (2)

w

where N is the number of ion pairs per unit volume, and m is the reduced mass of an
ion pair.

We have tentatively identified the frequency wy with the multiphonon compensation
TO + TA at the zone boundary, and @, with TO + LA,

All of the values of €, that we used were obtained from the CRC tables. The values
of €, were obtained from the refelctivity spectra extrapolated to w = 0.

We would like to thank Professor Alexander Smakula and Mr, J. Kalnajs, of the Cen
ter for Materials Science and Engineering, M.I.T., for the samples.

Jeanne H. Fertel, C. H. Perry

References
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B. LATTICE VIBRATIONS IN CdS/Se MIXED CRYSTALS

1. Introduction

The infrared transmittance and reflectance of pure crystals of CdS and CdSe have
been studied and reported several years ago. More recently, the infrared transmit-
tance and reflectance of the hexagonal mixed crystals of CdS/Se have been studied, and
several preliminary reports have been published or informally exchanged between
researchers at the Massachusetts Institute of Technology and elsewhere. At M,L.T, sev=
eral mixed crystals of CdeSe (1-x) (.29<x%<.93) were studied in transmission at temper-
tures down to that of liquid Helium, and in reflection at temperatures down to that of
liquid nitrogen, with the use of the FS520 Fourier spectrophotometer. A preliminary
analysis of these results is presented here.

2. Discussion of Results

The CdS/Se systems appear to form good mixed crystals with hexagonal unit cells
like pure CdS and CdSe. Such a unit cell for CdS with the lattice constants "a" and "c"
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labeled is shown in Fig. VII-2. A quantitative analysis of 7 samples of CdS/Se determined
the relative weights of Cd and Se in each sample. These two weights for each sample

Fig, VII-2. Hexagonal CdS.

were then used to calculate independent wvalues of "x" in the empirical formula
CdeSe (1-x)" For all but one sample (sample H), these two values of x agreed within
1% of each other, thereby showing that the crystals were indeed stoichiometric mixtures
of CdS and CdSe. X-ray measurements on 5 of these samples were performed to obtain
the lattice constants "a" and "c", All of the diffraction peaks were sharp, indicating
unique lattice constants and no evidence of clustering, thereby confirming that the
CdS/CdSe systems formed good mixed crystals for the range of concentrations studied.
Plots of a, ¢, and azc (volume of unit cell) against x are shown i_n Figs. VII-3, VII-4,
and VII-5, established for the pure samples; thus it is shown that the lattice parameters
vary uniformly and nearly linearlj with concentration. Moreover, the conclusion that
CdS/Se does form good mixed crystals has also been confirmed by other researchers
who measured these and other properties such as fluorescence of the Cds/Se sys-
tem.l'é’ 8-10

The reflection spectra of the mixed crystals of CdS/Se show at least two optically
active lattice vibrations. Figure VII-6 shows the reflectivity of one of the samples
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Fig. VII-6. Reflectivity vs frequency at room temperature.

compared with pure CdSe at room temperature. Whereas the reflectivity of mixed crys-
tals of the alkali halides and NiO/CoO show only a single peak whose frequency varies
with the atomic concentration of the crystal's constituents5_7; the reflectivity of CdS/Se
shows two distinct peaks whose frequencies remain nearly constant but whose intensities
vary with the atomic concentration parameter x. Thus, the mixed II-VI compound shows
some of the properties of the covalent-type bonding characteristic of the mixed III-V
compounds like GaAs/ P, but without the clustering found in GaAs/ P.3’ 9 Also, Verleur
and Barkerlo have shown that some of the theoretical tools used to analyze the GaAs/P
system may also be applied to the CdS/Se system.

Table VII-2 shows the principal room-temperature multiphonon absorption bands of

Table VII-2. Principal absorption bands, v > 300 cm_l.
Cds CdSe

334 cm™! 310 cm™!

345.355 360
388 405
404 470
415
498
518
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(VIL. OPTICAL AND INFRARED SPECTROSCOPY)

pure CdS and CdSe above 300 cm_l. Figure VII-7 shows the room-temperature absorp=-
tion spectrum of one of the typical mixed crystals of CdS/Se. As can be seen by

100 —

SAMPLE D CdS/Se {.79/.21)
R AT ROOM TEMPERATURE

TRANSMISSION (PER CENT)
3
I

0 " 1 | ] I | 1 !

300 400 i 500 600
WAVE NUMBER (cm™")

Fig. VII-7. Sample D CdS/Se (.79/.21) at room temperature.

comparing this graph with Table VII-2, the absorption of the mixed crystal looks much
like the product of the two pure absorption curves.

Although the experimental evidence shows that CdS and CdSe do form good,
uniform mixed crystals, the infrared optical properties appear to behave asg if deter-
mined by two nearly independent crystal lattices, one being due to the CdS, and the other
to the CdSe. At present, a theoretical analysis of the experimental measurements of the
transmission and reflection of the mixed crystals of CdS/Se, based upon the observa-
tions presented in this report and the classical oscillator model, is being completed.

We would like to thank Dr. S, S. Mitra, of the University of Rhode Island, and
Dr. D. Reynolds, of Wright-Patterson Air Force Base, Ohio, for the samples, and to
thank J. A. Kalnajs of the Center for Materials Science and Engineering, M.I.T., for the
x~-ray analysis.

J. F. Parrish, C. H, Perry
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1. OPTICAL RADAR AND AIRGLOW OBSERVATIONS IN NORWAY DURING THE
PRESENCE OF NOCTILUCENT CLOUDS

Observations of noctilucent clouds were carried out in Oslo, Norway, during the
summer of 1966, to obtain information on the temporal variability of the height, struc=
ture, and other physical characteristics of noctilucent clouds. The apparatus was basi=-
cally the same as the optical radar unit used in Sweden in the summer of 1964 (Fiocco
and Gramsl), but many improvements were incorporated to improve the reliability and
general performance of the system. In the laser unit the ruby, flashlamp, and cavity
were cooled by closed-loop circulation of distilled water through a water-cooling unit.
This and other improvements in the laser itself provided approximately 2-J pulses of
100-psec duration at a maximum p.r.f. of 0.5 sec_l. To record the data at these higher
rates, the apparatus utilized an automatically advanced 556~BH1 radarscope camera,
modified for use on a Tektronix 555 dual-beam oscilloscope. Two traces displaying
the amplified photomultiplier current were recorded simultaneously with different
sweep rates: one trace recorded the echoes from 0-200 km altitude for the noctilucent
cloud data, the other displayed the echoes from 0-40 km for a simultaneous study of
the 20-km aerosol layer to establish latitude and time variations of the dust content of
the stratosphere.

In addition to the optical radar instrumentation, a developmental airglow photometer
was also mounted in our instrumentation trailer to derive simultaneous measurements
of the intensity and rotational temperature of the OH emission from the mesosphere.
Observed changes in temperature and water-~vapor content near the mesopause inferred

from these airglow measurements might provide an insight into the meteorological

*This work was supported principally by the National Aeronautics and Space Admin-
istration (Grants NGR-22-009-131 and NGR-22-009-(114)), and in part by the Joint Ser-
vices Electronics Programs (U.S. Army, U.S. Navy, and U.S. Air Force) under
Contract DA 28-043-AMC-02536(E).
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processes associated with the formation of noctilucent clouds.

The equipment was located at Kjeller, near Oslo (60.0°N, 11,0°E). Viewing condi-
tions were excellent throughout the summer: more than half of the nights were suffi-
ciently clear to obtain optical radar data. WNoctilucent clouds of varying degrees of
intensity were observed visually on approximately one~third of the nights when data
could be obtained. Therefore, we have accumulated a considerable amount of data on
the dust content of the mesosphere for various noctilucent cloud displays, as well as
background information on the scattering properties of the mesosphere in the absence
of the clouds.

Our present analysis of these data, at a rather preliminary stage, corroborates the
results obtained during the summer of 1964, with definite echoes observed from alti-
tudes between 65 km and 70 km, the strongest echoes being observed when noctilucent
cloud displays had been visible overhead during twilight hours. The faster rate at which
data could be gathered reduced the observation time for obtaining statistical evidence
of the presence of noctilucent clouds; this increases the probability of studying transient
features of the clouds that would ordinarily be lost by averaging over long observation
periods.

Data obtained from the airglow photometer are available for two nights. From these
data we have estimated the OH temperature to be approximately 160°K. In view of appre~
ciable scatter of data points, it was not possible to establish a difference between the
temperatures on the two nights, although the intensity in the presence of noctilucent
clouds appeared to be lower. This temperature estimate is in agreement with the ear-

lier determinations by Shefovz’ 3

and with rocket measurements of the mesospheric
temperature in summer at high latitudes. The decrease in intensity of the OH lines'
during the noctilucent cloud display is possibly at variance with Shefov's results, and
possibly could be interpreted as being due to the removal of HZO in the vapor phase fol-
lowing the formation of the cloud. In yview of the scarcity of data, the evidence is very
limited.

G. Fiocco, G. W. Grams
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A. ELECTRODYNAMICS OF QUADRUPOLAR MEDIA N 67 - 27 09 0

The author has undertaken a study of quadrupolar media for two reasons. First, the
availability of high-intensity electromagnetic radiation at optical frequencies makes it
possible to observe quadrupolar effects in situations in which they are not swamped by
dipolar effec‘cs1 (e.g., frequency-doubling in media with inversion symmetry). Second,
the quadrupolar medium provides an interesting example of the application of Chu's
postulates to formulations of electrodynamics in the presence of moving media,2 The
question arises as to whether it is necessary to modify Maxwell's equations of the Chu
formulation for polarizable and magnetizable media when dealing with a quadrupolar
medium, or whether it is sufficient to replace the polarization density P by the diver-
gence of the quadrupolar tensor, leaving the equations otherwise unchanged.

In this report we summarize the steps taken to obtain a self-consistent formulation
of Maxwell's equations in the presence of a moving quadrupolar medium. These results
are used to develop a simple nonrelativistic model of a fluid consisting of noninteracting
quadrupolar particles (the particles interact solely through the macroscopic fields that
they produce). We generalize the expressions for the quadrupolar fluid to a solid, taking
interactions among the quadrupolar particles into account. The force density acting
toward acceleration of the volume elements of the solid is obtained.

We start with Maxwell's equations as formulated by Chu.,2 which he has called "the
Amperian formulation." The presence of the material medium is taken into account by
means of source terms introduced into Maxwell's equations for free space. The reason
for using the Amperian formulation, rather than the formulation based on the concept
of magnetic=charge dipoles, is that a quadrupolar medium produces circulating currents
analogous to the Amperian model of magnetizing currents.

VX===0 ' (1)

>k’l‘his work was supported by the Joint Services Electronics Programs (U.S. Army,
U.S. Navy, and U.S. Air Force) under Contract DA 28-043-AMC-02536(E).
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B O0E _ =
VXF(—)--EO—T— JQ (2)
V'60E=pQ (3)
V-B=o. (4)

We start with a model of a planar quadrupole shown in Fig. IX-1. The four charges
form a parallelogram, so that they do not possess a dipole moment. The charge chosen

-q +q

Fig. IX-1. Model of planar quadrupole.

as the origin for the measurement of the vector distances of the remaining three charges
is assumed to carry the mass of the quadrupole. This assumption implies that there is
no time dispersion in the constitutive law. Suppose that the mass-bearing charge is dis-
tributed with a density n(r) and moves with a velocity v(r). In order to find the source
current density TQ and source charge density pQ, we find the charge density and velocity
of each of the four charges constituting the quadrupole and add over these. All of the
evaluations have to be made to second order in the displacements, d, of the charges from
the mass-bearing charge. The number density at point T of a particle displaced a dis-
tance d from its partner, the latter of which possesses a density distribution n(r), is
given4’ 3 to second order in d by

n- V- (nd) +—12- VV: (ndd). (5)

The currents of the four charge configurations add at any particular point T to pro-

duce the net current density J Q When the velocities of the four charge distributions are
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evaluated, their respective current densities obtained, and then superimposed, one finds
for the current density

_ _ ad, _ dd, o
JQ =~-V-\lan dl-—at—+ gn dz—a{— + VV: (gn dldzv). | (6)

Similarly, one finds for the charge density

PQ = VV: (gqn —152)' (7N

The planar quadrupole model is not sufficient to describe the most general distribu-
tion of charge with a quadrupole moment. It is easy to obtain more general expressions
than those of Eqs. 6 and 7, by considering each quadrupolar particle to be made up of a
superposition of planar quadrupoles. Supposing that each quadrupolar particle is made
up of N planar quadrupoles, one obtains a quadrupole tensor density by superpositions

N

= ] i (=ici =isi

Q=2 E q n(d1d2+d2dl). (8)
i=1

Equations 6 and 7 can be written in terms of 3 if one introduces the additional definition
of the magnetization density

— N g (ei 9y o ad)
M=an dIX at +de—Tit— (9)

i=1

One then has for the charge density and current density, as produced by moving quadru-
polar particles,

Pg= VV:Q (10)

— Q = _
Tg=-V" n%(—h—) + YV (QY) + VX M. (11)

With these equations the formulation of Maxwell's equations for a system of quadrupolar
particles is completed. In order to complete the formulation of the system, it is neces-
sary to find the force density that acts toward acceleration of volume elements of the
quadrupolar medium. If one starts with the model of a fluid of noninteracting quadrupolar
particles, it is not difficult to find the amount of energy supplied by the electric and mag-
netic field to the fluid per unit volume, WQ‘ This is accomplished by a simple application
of the Lorentz law, One finds

w .
Q = Q et ——
n6(—;—> = nVE°: 6(";) -M - sBC. (12)
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[The superscript o on E and B indicates that E and B are evaluated in the rest frame of
the volume element under consideration. ]

From the same model one may develop an energy conservation theorem that includes
the rate of energy supplied to the particles per unit volume both as internal energy and as
kinetic energy, the time rate of change of the energy of the electromagnetic field, and
the divergence of the power flow of the electromagnetic field. Also, one finds in such
a theorem the divergence of a vector that can be interpreted as the power flow associated

with the quadrupolar medium.

o Torave _ - I
sé’:n\:é%(z—)] .E%+Q-W- E°-E°Ox M. (13)

Equations 12 and 13 can be used as a starting point for the application of the principle
of virtual work, or its generalization, the principle of virtual power.3’ 4 For this pur-
pose one wants to generalize the expression for the energy density supplied to the fluid
per unit volume to describe a solid, rather than a fluid of noninteracting particles. A
generalization that suggests itself is

QRN - 48° =__
nd(———-—-\— nVE (?\)-'M d%—+t:§7v. (14)

Here we have introduced an electromechanical stress tensor T, in order to take the
microscopic interactions among the particles of the medium into account. It should be
emphasized that the introduction of this tensor is not simply an addition of a mechanical
stress tensor because t may depend upon the magnetic flux density B and the quadrupole
tensor per particle __Q_/n Furthermore, we assume that the power flow density associated
with the quadrupolar medium is still properly represented by Eq. 13, which was obtained
from the model of the quadrupolar fluid. With this information and with the additional
statement that the power-conversion density in the rest frame of the material medium

is given by (E+VX B) - 3‘3, where 363 is the current density in the rest frame, one can
apply the principle of virtual power to obtain the force density that accelerates the vol-
ume elements of the quadrupolar fluid. The force density is found to be

5
f_QVVE+vx(QVV)B+n§t( > X VB + (VB) - (15)

Two facts should be noted in the preceding results. First of all, Maxwell's equations
for a quadrupolar medium are not simple applications of Maxwell's equations for dipolar
media, in the sense that it is not possible to replace the polarization density -f-’-, as it
appears in equations of motion for the dipolar medium, by the divergence of 3 In

Maxwell's equations for a dipolar medium only first-order derivatives of the
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velocity field v appear. We find that the current density TQ of Eq. 11 contains second-
order derivatives of the velocity field. It should also be noted that the quadrupolar
medium under consideration has the relatively complicated power-flow density vector
of Eq. 13. Hence the quadrupolar medium leads to a novel application of the principle
of virtual work. The author's study of the quadrupolar medium was motivated partly by
the fact that a quadrupolar medium provided an interesting new application and test of
the principle of virtual power.

H. A. Haus
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B, PULSE DISTORTION IN NONLINEAR OPTICS

A study of the interaction of intense optical radiation with materials that respond
nonlinearly has led to recent investigations of the possibility into obtaining electiromag-
netic shock waves in non-polar liquids such as carbon di-sulfide.l"3 These would result
from a dependence of the phase velocity of light upon the local internal energy density
of the closed system containing the pulse and the liquid.

In this report an energy equation is derived, and the Debye approach adapted to a
non-polar liquid, reviewed qualitatively. The results are then used to deduce thermo-
dynamic quantities that describe the physical mechanisms of the nonlinear interaction.
Computational results are presented, illustrating the interplay between the nonlinear

response, and the relaxation of the medium.
1. Energy Equation

It is assumed that the field of the optical pulse can be described in terms of a cen-
tral frequency, w, a propagation vector, k, pointing in the z-direction, and complex
amplitudes, all of which are slowly varying functions of space and time. Assuming a
plane wave, we write '

B -(i 4 x d‘z—iwt)
H=Re H(t,z) e 3

-(i Iz kdz—iwt).

H(t, 2) = H(t, z) iy

D = Re D(t, 2) e D(t, z) = D(t, z) ix

—i(ifoz kdz- mt) .

E = Re E(t, 2) e E(t, z) = E(t, z) ix

for the I—I, ]_5, and E fields, respectively. ,i\x, /i\y, and /i\z refer to unit vectors pointing
in the x, y, and z directions of a right-handed system.

Maxwell's equations can be employed to obtain a "Poynting theorem" relating the
amplitudes and the propagation vector. The real part involving only the amplitudes is

V- (EXEE XH) +p & H-HV+E-— +E 2= 0. (1)

The theory of polar molecules can be shown to be consistent with the constitutive
:r'elationship3

D=¢{E-D*+E"-D}L,H E (2)
= ¢E,

Furthermore, if the envelope of the pulse is slowly varying with respect to the inverse
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of the optical frequency, we can write

kKX H- (S‘—dz >g=o (3)

( ——dz—m>§1_=o (4)

which shows that the phase velocity of the pulse is given by

( z ak )
w- o ot ]
k =V. (5)
N B €
Moreover, (3) shows that
HT v D. (6)

Together with (2), (6) allows the energy propagation equation (1) to be written

9p Odpv B¢
5ttt ez T2 z ot - 0 (M

where

E - D*
A= =
p= =, (8)

The explicit formula for the dielectric constant can be deduced from the Debye theory,
under the assumption of an anisotropic molecular polarizability. For axially symmetric

molecules that polarize instantaneously, this gives to lowest order
€-€  PBr
o K
)=-(—“T—"—T>: P=%T" (9)

where € is the linear dielectric constant. K is a constant depending upon the polariza-
bilities and the density, k is Boltzmann's constant, T is the temperature in degrees

Kelvin, and v is the relaxation time associated with viscous damping.
1

Because v = , if we let Vo = , {7) and (9) can also be written
Np € B €
o) o0
9p 9p 9p 5 P\ay _
3{+voaz+(vv)-5-;+p-a—z-(vv) 0t =0 (10)
? (V) e (voﬁ
a_t'(V‘Vo)"‘( Tt ) e=\"") (11)
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2 2p
Fort=0, (v—vo) = §v = ~ap, so that the energy equation (7), with the term &v '5'2‘
neglected, becomes

Bp d9p
T (v +36V) oz = 0, (12)

In this particular case, the propagation of the quantity p is three times as sensitive to
the nonlinearity as is the phase.4

Equation 12, according to the theory of characteristics, implies that p is a constant
along the lines.

zZ = (vo—3apo)1:

where p = Po and z = Z o fort=0. If p'O is infinitesimally greater than Po and corre-
sponds to z:), its corresponding characteristic crosses that corresponding to Po at the

point z, for a value of t equal to

-+

This equation for ﬁ—z_ having its maximum value in space along the initial p curve,

gives the time of shock formation.
2. Thermodynamics of Pulse Evolution

Even though the system exhibits changes at the optical frequency, the particular form
of the dielectric constant, as well as that of the energy flow equation, indicates that with
respect to the interaction of the field with the medium such rapid changes are absent.
This is true as long as the envelope changes are slow compared with the inverse of the
optical frequency. If these changes are much slower than the relaxation time of the
medium, too, the latter does achieve a thermodynamic equilibrium with the field.
Reversible thermodynamics can then be applied.

The electromagnetic work done on the medium, dL, as obtained from (1), noting
from (7) that the spatial flow of energy as given by the Koynting vector is s1mp1y ——, is
given by
g_g_g_) . EdD E*dD 1

BAD. B D gp 41 () de (13)

dL’= p.d 5 >

Choosing p and T as independent variables, the differential heat change for the
thermodynamic system is given by
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1 (P ase 1({P)\oe
dQ = dU - L = d{U-p) —E<'E>"i$dp—7(?>3"de' (14)
For a reversible process dQ = TdS, and thus we may write

: _1, 8 £
3 {(U=p) = 5 P Bp (Ine) + T Bp " (15)

The appropriate Maxwell relationship can be obtained from the differential of the
free energy, which for the reversible process is

dF =-SdT + dL

_ 1P ae 1P oe
(srb2s) e (1280)

The differentiability condition then implies that

e8| _1 (2
°§F T" 3 (aT (lne)) T' (17)
The total internal energy from (15) is then equal to
p dp' 9 9
= — Vo - bond
U=p +§0 — (p ser (In€)+ T3 (In€)) + C(T-T ), (18)

where Co is the heat capacity at constant B and D, for B and D equal to zero, and TO is
a reference temperature.

The entropy is given by (17):

s =%§opdp' = (Ine) + c, 1n (%;) (19)
In the Debye approach, € is a function of %(T = 0) so that the integral in (18) is zero,
which implies that the internal energy increase in the interacting system is equal to p
plus the internal energy increase attributable to a temperature increase.
From (18) and (19), other thermodynamic functions can be obtained. For instance,
the free energy, which is equal to U - TS, is

P [ .,8lne T
F:p«-SjO dp (P ap’ T>+Co QT—TO)“TIH (-,i:;->>. (20)

To lowest order in p, S and F are

K 2

T
S=C_In - P (21)
° (To> kT €

o=
(W%
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€= €
F =-%- (Z +-—ZE—-Q-> p+ Co<(T—To)— T ln (’%)) . (22)
o (o]

These can be expressed in terms of the variables H, B, D, and E by employing the con-
stitutive relationship for (€—€o) in terms of p, and by attributing half of the linear p
terms that arise to the magnetic stored energy. Noting that the electromagnetic variables
have at most a constant phase (€ is real), which can be assumed to be zero, thereby
making these variables real, we get

OF_ [ B SF = -8,
5 D _(»J'z'> T |5 p

N2 B, T

OF _(H
5 (&)

'*[Z_D,T

In the light of these results, the optical interaction can be described as follows. As
the pulse begins to penetrate the medium, it polarizes the molecules and tends to align
them along the field direction. This alignment under isothermal conditions (T =To),
according to (20), is equivalent to a decrease in the entropy of the system, and thus
represents a heat flow out of the system. The resultant loss in internal energy, T [ dS,
is compensated for by a portion of the electromagnetic work done on the system. The
remainder of the work, which just turns out to be p, contributes to an increase in the
internal energy.

Positions located on the lagging wing of the pulse are behaving oppositely. Because
of a decreasing torque, molecular alignment is decreasing. Heat is being absorbed,
which, in turn, contributes to an increase in the internal energy. The electromagnetic
work done on the system is also decreasing, however, and the internal energy increase
resulting from a decreasing alignment compensates for a portion of this decreasing elec-
tromagnetic work; once again, p is left as the internal energy.

Thus, while the pulse is within the medium, a portion of the eleciromagnetic
energy contributes to an increase in the internal energy, while the remainder is
stored in molecular alignment. As the pulse leaves the medium, the electromag-
netic field has once again retrieved the energy stored in alignment; consequently,
in this case no loss can occur. Only a change in shape of the pulse profile is pos-
sible.

This implies that at any point the total energy available for electromagnetic work
is given by U~ T [ ds under isothermal conditions. This is precisely the free
energy when T equals T o
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Now when relaxation is present, the basic relationship

AU = AQ + AW

must still apply, since it expresses a conservation of energy, even for an irreversible
process. Moreover, the internal energy of the system must still be a function of state
of the system. Thus, as before, u must be equal to p. Q and W need not be functions
of the state, however, although the entropy is. Thus it is reasonable to assume that
the entropy is still given by (21), and that the energy available for electromagnetic work
is given by the free energy, in the case of an isothermal process.

In order to justify these claims, consider the electromagnetic work done on the
medium, [dL. Upon substitution of (p/€) from (9) in (13) and integrating where possible,
keeping only lowest order terms in p, we obtain

(e/€,)
Wap+ 46105 {e-e ¥ + 33 Sl o %(m (e€_o>> d(eio). (24)

The second term is just the reversible heat of alignment considered previously. The

last term is the electromagnetic work done to overcome viscous forces. f is positive
for a passive material. In this case there must also be a term in AQ representing the
generation of heat arising from viscous damping, which compensates for the work done

against viscous forces. Consequently,

(e/€ )
AQ = TAS -5 1 o —% (1n (Eio» d(—€€:>. (25)

As postulated, then, we have

U = p. (26)

Returning to the energy flow equation (7); it can be written, by using (24),

9p dpv (e~€ ) 9(e~€ )
—_ + 1 o'%e T 1( =~ o) _,. 27
ot T 8z ' 2 Pe t T 2B € \ o

o
Consider a small control volume of the system. Equation 27 implies that the flow

of the electromagnetic contribution to the internal energy is equal to its rate of increase
within the small-volume element, minus the rate of heat extraction attributable to elec-
tromagnetic alignment of the molecules, plus the rate of dissipation within the volume.
If the process is isothermal, this can be written

3V 5y

o +—5€-+ (Rate of Loss) = 0. (28)

Furthermore, if the loss is zero, the rate of heat extraction resulting from alignment
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can be written in terms of the internal energy term that results in (12). This shows that
the internal energy decrease resulting from the alignment causes an effective decrease
in the speed of propagation of the internal energy, changing it to (v ot 36v). In this case
the effective flow velocity of the internal energy through the boundary of a control ele-
ment obeys the continuity equation

9p

—_ 2 3 -

ot Bx {(Vo+ P 5")"} = 0. (29)
3. Computational Results

Figures IX-2, IX-3, and IX-4 show numerical solutions for the two equations (10)
and (11). These bear out the theoretical results obtained above. Figure IX-2 shows
that as a Gaussian pulse penetrates the nonlinear medium, a portion of the electromag-
netic work goes into alignment and the remaining increases the internal energy. The
decrease in phase velocity causes the internal energy pulse to steepen on the lagging
wing and a shock is eventually formed. Even though relaxation is present, steepening
occurs indefinitely, although at a slower rate than when T is zero. The total electro-
magnetic contribution to the internal energy is also seen to decrease as the pulse tra-
verses the medium, and electromagnetic energy is dissipated as heat.

Figures IX-3 and IX-4 illustrate pulse deformation for the case of an initial modu-
lating amplitude formed by the beating of two frequencies, thereby obtaining a periodic
pulse profile. They indicate that the behavior is highly dependent upon the ratio of the
relaxation time to the period of the initial amplitude. For a small ratio, a sequence of
sawteeth which gradually merge is obtained. For a larger ratio, however, in which case
the relaxing velocity from one cycle can dominate the initial portion of the succeeding
cycle, pulse steepening occurs both at the beginning and at the end of each cycle, pulse
steepening occurs both at the beginning and at the end of each cycle. In the latter, the
velocity profile tends to a constant and therefore a state of zero dissipation.

Kelly has calculated that in the case of 'Csz in the self-trappeds’ 6 region of a mode-
locked laser pulse, the steepening should occur in the order of a centimeter or two.
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(a) Propagation of a pulse in the stationary frame. The initial pulse just
before entering the medium is Gaussian, with the height and width nor-

. . V2Po tsVo
malized to unity. o =.2, T - 291 T=.229, ts T1 =.89 ts’
T, =1.77 ts’ T3 = 5.22 ts, T4 = 8.72 ts’ T5 =12.29 ts'

(b) Integrated energy density, u = ffow

p dz, as a function of time (nor-
malized to the shock time).
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Fig. IX-3. (a) Propagation of a pulse in the stationary frame. The initial pulse is sinu-
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soidal, of the form (1 + sin 2wz). Distance is normalized to modulation
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(b) Integrated energy density as a function of time (normalized to the shock
time).
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Vzpo 1F'SVO .
lengths. v, =.1 7 =,531) -1=.0094 ts’ T1 =0, T2 = 1. 66 ts’
T3 = 3,13 ts'

(b) Internal energy increase contributed by the electromagnetic stored
energy as a function of time (normalized to the shock time).
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Fig, IX-4. (c) Absolute value of the Fourier transform of the pulse at various times.
The wave vector is in units of the initial modulation wave wvector,
Amplitudes are normalized to the initial amplitude of the fundamental.

T, =.367t, T,=1.10t, T,=1.85t, T, =3.13t_
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The author is especially appreciative of the encouragement and the basic ideas
provided by Professor H. A. Haus.

K. T. Gustafson
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X. PHYSICAL OPTICS OF INVERTEBRATE EYES"t

Academic and Research Staff

Prof. G. D. Bernard
Dr. W. H. Miller

Graduate Students

J. L. Allen
F. Beltran-Barragan

A. OPTICS OF THE TOBACCO HORNWORM MOTH N 67 - 270 91

We have made two apparently closely related observations regarding the structure
and functioning of the cornea and crystalline cone portion of the optics of the compound
eye of the Tobacco Hornworm Moth. (These components presumably form the focusing
elements of the optical tract.) ,

First, we have observed, as shown in Fig. X-1, that the cone and the cornea appear

Fig. X-1. Thin (~2 p), unstained normal section of Hornworm
Moth eye as observed by using Zernike phase con-
trast. Magnification 350X.

structured when observed by phase contrast in the light microscope, thereby suggesting
a varying index of refraction (n) with position. The sections show shadowing that is
suggestive of a series of thin convex-concave lenses whose radii of curvature increase
monotonically as one penetrates into the eye. The outer "lens" has the curvature of

the front surface of the cornea; the innermost appears quite flat.

*This work is supported by the Joint Services Electronics Programs (U.S. Army,
U.S. Navy and U.S. Air Force) under Contract DA 28-043-AMC-02536(E).
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Second, we have found that if one ray traces through the cornea and cone under the
assumption of a uniform n of 1.5 (the nominal value for chitinous cuticle), the focal
point falls approximately half way through the cone — a rather unlikely focal point for
efficient use of the remainder of the optical tract. The discrepancy seems too large to
be attributable simply to use of an inexact value of n.

These two observations suggest that the cornea and cone gradations substantially
alter the focal length from that predicted by the simple constant-n model. We have
confirmed by experiment that the focal length is different. We observed the focussing
action of a cleaned-out cornea through the microscope and found that the corneal lens
alone has a focal length (measured from its outer surface) of approximately 110 p, con-
trasted with a predicted focal length for a constant index model of the corneal lens
alone (with the cone removed) of approximately 56 p. It remains to be confirmed that
the observed structure is a change in index of retraction and that such a variation can
account for the observed focussing action. We shall make quantitative measurements
on n as a function of position, using interference microscopy to verify our hypothesis

that the change in n is the explanation for the observed long focal length.

J. L. Allen
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Academic and Research Staff
Prof. S.-C. Brown Prof. G. Bekefi J. J. McCarthy
Prof. W. P. Allis Prof. J. C. Ingraham W. J. Mulligan
Graduate Students

M. L. Andrews V. G. Forrester, Jr. G. L. Rogoff
A. J. Cohen E. V. George J. K. Silk
D. L. Flannery P. W. Jameson D. W. Swain

R. L. Kronquist J. H. Vellenga

A. COMPUTER PROGRAMMED "BASIC DATA OF PLASMA PHYSICHY 6 7 _ 2% 092

As mentioned in Quarterly Progress Report No. 80,1 an attempt has been made to
revise the 1959 edition of "Basic Data of Plasma Physics" (Special Technical Report
Number 2 of the Research Laboratory of Electronics, M.I. T., published by The Tech-
nology Press, Cambridge, Mass., and John Wiley and Sons, Inc., New York) by using
the information retrieval service of the Library TIP Program. Details of the operation
of this experiment have been published,2 and therefore will not be outlined again here.

This step in the project has now been completed with the publication of the book

Basic Data of Plasma Physics, 1966.3 The production of this volume was accomplished
completely from a remote compatible time-sharing system console, and therefore, in
principle, could have been done at any distance from the computer connected (as it was)
by an ordinary telephone line. To simulate a completely remote access endeavor, we
avoided going to the library in the process of collecting these data. When a relevant
reference appeared on the teletype output, we checked the teletype record and mailed

it to the library, and the library returned to us a Xerox copy of the paper. The over-
all average of extra material that was thus delivered came out to be approximately
10 per cent; that is, 90 per cent of the called-for Xerox copies of the entire paper were
actually used. Drawings of the data were then made to be included in the book as illus-
trations, and the references are shown in standard TIP nomenclature, so that the mate-
rial in the book may be updated by further use of the citation technique inherent in
information retrieval from the TIP library.

It should be emphasized that this information retrieval system completely by-passes
the standard abstracting. One goes directly from title and bibliography search to the
paper itself. The abstract is not a useful step in this procedure.

The index was also prepared with the aid of an IBM 7094 computer, the program for
doing this being at the M.I.T. Computation Center. Items indexed are subject and
author reference, which consists of one word or more. The computer produces a list

*This work was supported by the United States Atomic Energy Commission under
Contract AT(30-1)-1842,
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of cyclic permutations of each reference, successive permutations being with the dif-
ferent words of four or more letters appearing in the reference. Words originally to
the left of the "key word" appear at the right end of the line, while the page number of
the reference is placed to the left of the line. After forming permutations of all entries,
the computer alphabetizes them according to the key word. Permutations of multiple-
author listings follow the same form. Because the index is a reproduction of the com-
puter printout, subscripts and superscripts are not used. Thus HZO appears as H20.
The number of charge units on an ion is indicated by an equal number of plus or minus
signs following the chemical symbol for the atom or molecule. The index is unusually

complete and consists of an author index, a subject index, and an index of chemicals.

S. C. Brown

References

1. S. C. Brown, "Computer Programmed 'Basic Data of Plasma Physics,'" Quarterly

Progress Report No. 80, Research Laboratory of Electronics, M.I.T., January 15,
1966, pp. 83-85.

2. S. C. Brown, Physics Today 19, 59-64 (May 1966).

3. S. C. Brown, Basic Data of Plasma Physics, 1966 (The M.I. T. Press, Cambridge,
Mass., 2d edition (revised), 1967).

QPR No. 85 72



(X1. PLASMA PHYSICS)

B. FAR INFRARED PLASMA DIAGNOSTICS

1. Introduction — Quantities Measured

A wide-bandwidth Michelson interferometer has been used to measure phase shifts
caused by a repetitively pulsed plasma over the spectral range from k=1/x=8-55 mc—l.
Line densities NL (where N is the electron density, and L the length of the plasma) in
. the vicinity of 3 X 1014 electrons cm ™2 have been measured with an accuracy of a few
per cent.

The observed phase shift, A4, is given by
2L
Ad(w) =.2é_ 5‘ |1- Re p(x, w)| dx radians, (1)
0

where u(x, ) is the complex refractive index of the plasma at a frequency w. It is
given ]oy1

2

z— — a———
po=1 ”

2 wp
and approximated, in the limits (—::)—) « 1 and (—w—> «1, by

v

W

1 j
vz+ V2
1+ (D) 1+ (D
w []

4

I W B -3 RS § W0
B= 2\w Iz » w '

where v is the electron collision frequency for momentum transfer;,2 and wp the plasma
frequency.

In this approximation the phase shift is given by

2L 2
Ad(w) = S‘ wo(x) dx
2we 0 p
(5. 65 x10%)2 ~2L
=TT e ‘S‘O N(x) dx
5.32 x 1072
=2 cc = <N> 2L radians
. w -3
e <N> = v Ad{w) cm .

5.32X10°° x 2L

In connection with the present experiment, it is convenient to express  in terms of
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the free-space number k = 1/\ em™L,

Thus the average electron density is given by

2mck

5.32 x 10”2 x 2L

<N> =

_3.54 x10!2

2L

kAd(k) cm . (2)

In the present case, 2L = 15 cm

3

<N> = 2.36 x 1011 kAdK) em™>. (3)

As the beam traverses radially through a cylindrical discharge of radius R, the
radial dependence of N is probably close to that of a zero-order Bessel function,2 that is,

N(v) = NOJO(Z. 405 %)'

where N0 is the electron density at the center of the discharge.

N0 2. 405
<N> = 5. 405 50 Jo(r) dr

=~ 0. 6N
[o}
N, =1L7<N>. 4)

It is also convenient in the present experiment to express the density in terms of
kz = the wave number at which the phase shift caused by the plasma is exactly 2w From
Eq. 3, it is found that

12

<N>=1.48%X10"“k (5)

27w
2. Interferometric Method

It is well known that Fourier transform spec’croscopy3 is the most efficient of avail-
able methods for examining a wide spectrum when resolution is energy-limited, as is the
case in the far infrared region. For this reason, it is the method used throughout the
studies described here. A description of the principles involved may be found in a pre-
vious report,5 and comprehensive discussions have been published.3’ 4,6

The interferometer used here has also been discussed in detail elsewhere.'7 Itis a
simple Michelson interferometer that has been demonstrated to be capable of a spec-

1 when used for Fourier transform spec-

troscopic resolution, Ak, of less than 0.3 cm™
troscopy. The spectrum for the present experiments ranges from 8 c:m'_1 to 55 cm-l.

The fundamental principle of this method is the same as that of a Rayleigh
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refractometer,8 or of other far infrared refractometers used to make such phase-shift

1
measurements.g’ 0

Two mutually coherent beams of light interfere to produce a fringe
pattern. Introduction of a refractive sample into one of the two beams produces a dis-
placement of the fringe pattern which is proportional to the path difference created by
the sample. In Rayleigh's case the radiation is monochromatic and the fringe shift easily
observable. In the present case, the radiation is not monochromatic and, moreover,
the fringe shift is a strong function of frequency and not directly observable. By com-~
paring the Fourier transforms of the shifted and unshifted fringe patterns (interfero-
grams), it will be shown that it is easy to find those wave numbers at which the fringe
shift is an exact multiple of the half-wavelength.

Owing to the low signal-to-noise ratios found in the far infrared region, it is usually
necessary to use synchronous detection to observe the infrared signal. This means that
the signal observed from the lock-in amplifier is the difference between two signal levels
(usually "on" and "off"). Consider the effect of chopping the infrared signal in one arm
of the interferometer with a refractive medium. If the signal is detected synchronously
with the chopper, the resulting signal is the difference between the unperturbed interfer-
ogram and the phase-shifted interferogram. If at any given frequency the phase shift
is an even multiple of w, this difference signal becomes zero, and if the phase shift is
an odd multiple of m, the signal attains a maximum. The location of the wave numbers
at which these maxima and minima occur is equivalent to measuring discrete phase
shifts at specific frequencies.

This argument can be expressed quantitatively. When a power spectrum J#(k) passes
through the interferometer, the detector signal Io(x) (where x is path difference) is
given by

K
1(x) = S' Hk) cos [2mlxt ¢ (k)] dk, (6)
0

where K is a value of k above which #(k) is negligible, and ¢ (k) is a phase shift, of no
direct physical interest, depending upon such factors as beam-splitter and mirror mis-

alignment and, more importantly, the crystal quartz windows to the discharge tube in
one of the interferometer arms.

Normally, Io(x) is Fourier transformed by digital computer to obtain
Ak = L) * x(k-k), (7)

where "¥" denotes "convolved with," and x(k) is the scanning function or linewidth that
is described in section 5 of this report.

When a plasma is present in one of the two beams, the phase shift 4 becomes ¢,,
so that

QPR No. 85 75



(XI. PLASMA PHYSICS)

Ad(k) = | o -4, )],

where Ad¢tk) is the phase shift caused by the plasma, given by Eq. 2.
The difference signal thus becomes

K
LX) = 50 Fk) {cos [2mkxté, (k)]-T(k) cos [2nkx+, ()]} dk, (8)

where T(k) is the efféctive transmission coefficient of the plasma. After some algebraic
manipulations, Eq. 8 becomes

K
Lyier = S‘O Jk) R(k) cos [2nkx+v(k)] dk 9)

where R(k) may be called the response function of the interferometer. It is given by

R(k) = v/ 1 + T2(k) = 2T(k) cos [ Ad(k)] (10)
and may easily be determined from the ratio of the transforms of Io(x) and I diff(x). The
phase term in Eq. 9 is given by

sin ¢, (k) - T(k) sin ¢, (k)
(k) =
Y = Cos ¢, (k) - T(K) cos ¢, (k)

but it is not observed, as is explained in connection with the scanning function
in this report.

RESOLUTION Ak =0.8 cm™
NO ATTENUATION
7 5 3T

| Adp=2m
10 20 30 40 50
k(cm™)

Fig. XI-1. Theoretical interferometer response for electron line

density. NL = 1.11 X 101% electron cm™2.
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It is obvious from Eq. 10 that R(k) will pass through minima when Aé¢(x) = 2nw and
maxima when A¢(k) = 2nt+l)rforn=10,1,2... .

R(k) is illustrated in Fig. XI-1 for the particular case of a plasma, where A¢(k)
is given by Eq. 2, and of such a line density that kz“ = 50, that is, A¢(50) = 2w radians.
The effect of the finite instrumental linewidth (discussed below) is also taken into
account in the numerical calculation for Fig. XI-1. A resolving power of 0.8 cmn1
was approximated by setting x (k-k') of Eq. 7 equal to unity for (k~k') < 0.4 and zero else-
where. If the instrumental linewidth were infinitely narrow, R(k) would oscillate every-
where between 0 and 2. 0; Fig. XI-1 gives a more realistic expectation.

The maxima and minima of R(k) can now be located and each one can now
be converted to a data point for a plot of Ad(k) against k, in the manner that
will be demonstrated below.

3. The Electronic System

The plasma is pulsed 30 times a second, this rate is determined chiefly by conven-
iently available power sources for the plasma pulse. The detector signal is sampled by
a gated amplifier 60 times a second, alternately in the presence and absence of the
plasma, in the manner commonly used for the examination of weak transient repetitive
signals.11 Following this standard procedure, the gate signals are fed to a pulse stretch-
er which converts the series of gate spikes to a square wave. The square wave, whose
amplitude is proportional to the difference in height between alternate spikes, is fed to
a lock-in amplifier. Figure XI-2 is a simplified block diagram of the entire system.
The plasma is fired by discharging a two-stage 2-pfd delay line by means of a thyratron
switch. The resulting current pulse (shaped by the delay line) is approximately rectan-
gular, 50 psec long, with a rise time of approximately 5 psec and decay time of approxi-
mately 20 psec. A peak current of 200 amps is obtainable. The trigger to the thyratron
comes from the central timing unit, which in turn is locked to the 60-cps AC power line.
At a variable but well-determined delay time following the plasma pulse, the gated
amplifier is opened (for 3, 10, or 20 psec) and opened again one half-cycle later. The
trigger for the gated amplifier comes from the central timing unit, which also generates
a 30-cps reference signal (which is always in phase with the sampling pulses, not with
the thyratron triggers)for the lock-in amplifier. The central timing unit also coordinates
the behavior of the pulse stretcher with that of the gated amplifier.

The data must be collected in such a way that it can easily be fed to a digital com-
puter. The signal (voltage level) leaving the lock-in amplifier is fed to an analog-to-
digital converter (in this case a digital voltmeter, DVM), thence to a digital printer.
The resulting printed list of numbers is fed to the "Project MAC" time-shared com-
pu’ser12 via a teletype console upon which the processed data from the computer
are also displayed.
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Each data point represents the signal from the "lock-in" which corresponds to a
given value of path difference in the interferometer. Therefore, the D.V.M. is com-
manded (by means of a cam in the mirror drive mechanism) to record the voltage pre-
sented to it every time the path difference has changed by 42.3 psec. (This sampling
interval will discussed further below.)

4. Performance of the System

Initially, the method was tested by simulating the pulsed plasma with a polyethylene
chopper blade, 1 mm thick, which chopped one of the interferometer beams at 30 cps.

Ak=2.5cm™
 §
7y
=
=
D
P
x
a
+ 4
=
o©
©
=
=
@
| 1 | | U |
8 10 20 30 40 50
k(cm')
(a)
o
E 8T
B
©
o
< 57
=
-
< 41
2T
| ] | 1 I |
0 10 20 30 40 50 60
kem™!

(b)

Fig. XI-3. (a) Typical interferometer response for polyethylene sample.
(b) Interpretation of (a).
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Polyethylene was used because it is refractive, but not very strongly reflective, and
has a fairly high transmission coefficient in this region.

The response of the interferometer, R(k), is obtained approximately by taking the
ratio of the spectrum [R(k') (k)] * x(k-k') obtained by transforming I qigex) to the
"normal" spectrum, (k') * x(k-k'), obtained by chopping the infrared source mechan-
ically.

The R(k) obtained in this way is shown in Fig. XI-3a. The expected maxima and
minima are easily seen. With the a priori knowledge that the refractive index of poly-
ethylene is a weak function of k, it is to be expected that the phase shift increases with

k, thus the minimum close to k = 10-1

close to 19 em ™ to 4w, and so on.

probably corresponds to A¢ = 2w, the minimum

Thus a plot may be made of phase-shift wave number, as is shown in Fig. XI-3b.
The closeness of the data points to a straight line indicates that the refractive index of
polyethylene is constant within a few per cent in the spectral angle of k=15-50 cmhl.

From the slope of the line, the refractive index may be deduced because.
Ad(k) = 2w |1-Re | kL,
and the slope of Fig. XI-3b is given by

d

5 Aolk) = 2w|1-Re u| L.

From Fig. XI-3b,

1 d 5.0 .
Ey @Ac#(k) =49.0 radian cm,

and 2L = 0.213 ¢cm,

. ) 5.0
2 Re”‘”[o.zmx@.o]

=1.48

which is in reasonable agreement with published values.

It should be noted that there is some deterioration in quality of the data of
Fig. XI-3a in the spectral region between 30 cm™) and 45 em™!. This is because of
the presence of atmospheric water-vapor absorption lines that give rise to rather strong
features in the spectrum, and as R(k) is obtained as the ratio of two spectra, the pres-
ence of the strong features will cause distortion such as that in Fig. XI-3a. By taking
the average of several successive runs, however, this distortion is eliminated, as will
be seen with the plasma data.

Figure XI-4 shows a typical response curve obtained with a real plasma, corre-

-2 13 -3

sponding to a line density 3.1 XlO14 cm ; in this case L=7.5 cm, so N=4.1 X107~ em
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and a central density of No = 6.9 X 1013 cm_3 can be expected. Distortion caused by
water-vapor lines can also be seen in this response curve. Figure XI-5a shows a
response curve attributable to a somewhat dense plasma (NL = 4. 18 X 1014) which was
obtained from the average of 5 similar interferograms. The quality of the data is sub-
stantially improved and the curve may be favorably compared with that of Fig. XI-5b,
which shows the interferometer response computed from Eq. 10 which corresponds to the
same value of NL, but with somewhat improved resolution and no attenuation resulting
from the plasma. In this plasma N = 5.6 X 103 em™3, and N, =9.3X 1013 em™3.

In Fig. XI-6 the observed phase shift is plotted against wavelength, 1/k, to which
it should bear a linear relationship (see Eq. 2). The fact that the data points very strongly

A ¢ (radians)

! | 1 ! i )
0o 200 400 600 700 1000 1200

)\=Lk (microns)

Fig. XI-6. Interpretation of Fig. XI-5a.

suggest a straight line through zero indicates that the dominant observed phase shift is
due only to the plasma and not to some spurious effect such as heating of the gas. This
represents a distinct advantage of far infrared techniques over optical methods. At
optical frequencies, the refractive index of the plasma is usually so small that it is of
the same order of magnitude as the charge in refractive index of the background gas
caused by heating from the plasma. Also, acoustic vibrations of the optical parts can
cause effects of the same order of magnitude as that of the plasma.13 Figure XI-6

indicates that for density measurements alone, phase-shift measurements at one fre-
quency are sufficient.
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5. Resolution and Noise

As has been explained, the interferograms in this experiment always contain a phase
term ¢, as in Eq. 6. Thus both the sine and cosine Fourier transforms must be evaluated

3,14,16

in order to avoid asymmetry in the final spectrum. In this case the spectrum is

obtained as the square root of the sum of the squares of the sine and cosine transforms:

S(k) = S.‘OD 1(x) A(—%—) sin (27kx) dx

C(k) = S:)D I(x) A(—%—) cos (2mkx) dx

Sk = /s%k) + c?x)

=AKk') * x(k=k').

The function A(—XD—> is the apodizing function5 and, in this case, is a triangle:

) (-3)

X (k-k') is the scanning function, or instrumental line shape first mentioned above.

The instrumental line shape for this situation has been given analytically by

Lowenstein14 as

p sin® [w(k=k )D]

x*(k) =4 2

[n(k-k ) DI

1 sin [2m(k-k ) D]
fg—— 1 -
an® (k-k )P m(kk,)

+ [small terms in (k+ko)] (11)

and it is illustrated in Fig. XI-7 where it was obtained by feeding 18.16 cycles of pure
cosine to the computer program, simulating a monochromatic signal at k = 30 (:m—-1 with
the same resolving power (that is, number of data points) that is used for the data pre-
sented in the previous section. This line shape has been discussed in detail by Connes,3
who pointed out that the procedure of taking the sum of the squares of the two transforms
is nonlinear. In this case random-noise fluctuations in the interferogram, instead of
cancelling themselves out in the Fourier integrals, are always added cumulatively. For

this reason, in cases in which the average of several runs is desired, it is important to
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Fig. XI-7. Instrumental linewidth for k = 30 cm_l (18.16 cycles of

cosine at k = 30 cm—l).

average the interferograms before performing the transformation, rather than to aver-
age the transformed spectra, because the noise in the spectra will not average to zero.

In addition to this disadvantage, the wings of the scanning function do not decay very
rapidly; thus there is always a strong "background signal" in all parts of the spectrum.
The function shows, however, a high degree of symnietry, and Eqg. 11 contains no ref-
erence to the phase term in the interferograms, also there are no strong ripples in the
wings on account of the triangle apodization.

As the phase terms in the interferograms are not known exactly, and vary over many
multiples of 7 throughout the spectra, it would be eXce?edingly difficult to employ any of
the phase correction methods described by Lowenstein,14 Gibbs and Gebbie,15 and

15 The data presented in the previous section indicate that the scanning

Forman, et al.
function is adequate in spite of its disadvantages.

The signal-to-noise ratio in the experiment is quite poor, even for a far infrared
interferometer. This is because the beam is very narrow (dictating a small solid angle
at the source); also the signal is sampled with a 3-usec gate which leads to a further
reduction of signal-to-noise ratio from that of a conventional chopping technique. A
double RC filter (12 db/octave, T=3 sec)was necessary to reduce the noise to an accept-
able level. It has been mentioned that the signal was sampled at intervals of § = 42.3

‘microns path difference; this places certain requirements on the filtering system.
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When the path difference is varied at a rate of v cm sec—l, it is clear that the infrared
signal of wave number k becomes a signal of frequency w = 2mvk, and this is subject to
filtering by the double RC filter which has a frequency response of

Eout - 1
Ein 1+ (07)?

It is also clear that electronic noise of frequency, w, will also be "seen," after the
W

Fourier transformation, as infrared noise at k = v

The sampling theorem of information ’cheory17 stipulates that no frequency must be
present (in the sampled signal) greater than

w

A
max 6

1
rt-l:l

where t secs is the sampling interval. In the present case,

6=42.3

=118 em L.

This topic is treated with great thoroughness by Connes.3
The result is illustrated in Fig. XI-8 where the filter response has been translated

@ FLTER . __ ' Fig. XI-8.

e RESPONSE |+ (wT)2 F

= requency response of

= the double RC filter re-

x lated to the observed

P spectrum (in wave num-

> bers).

E T =3 sec.

; INFRARED w = ZT"V, where v is the

3 [V _SPECTRUM rate of change of path
1 difference (in this case,

o) 50 100 150 200 250

. -1
v = 8.6 microns sec ).
k cm -1

to k-space by the transformation w = 2mvk, and superimposed upon the observed infrared
spectrum between k = 8 and 55 cm-1 and the noise, which extends to wave numbers
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greater than 55 em™!. 1t can be seen that the filtering is quite heavy for k = 118 cm

PLASMA PHYSICS)

-1

and suppresses the noise in this (shaded) region quite adequately for the data taken here,

although part of the spectrum is also suppressed by the filter.

Author's doctoral thesis.

11.

12.

13.

14.
15.

16.
17.

18.

This technique is described in more detail, and its usefulness assessed, in the

18

D. T. Llewellyn-Jones
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(XI. PLASMA PHYSICS)

C. ELECTRON DENSITY MEASUREMENTS WITH A NARROW-BAND
FAR INFRARED INTERFEROMETER

In order to measure the electron concentration in high electron density plasmas, a
narrow-band far infrared interferometer has been constructed to operate in the wave-
length region of a few hundred microns. The initial instrument was conceived by
Sanborn C. Brown,l and requires only a simple analysis of the output tp obtain the
desired data. Now, a new interferometer has been designed to operate with repetitively
pulsed plasmas, retaining the same analysis for the data and a wavelength range of 200-
400 microns. It is constructed in an open U frame to accommodate different plasma
vacuum systems, and has a narrower bandwidth, which permits measurement of the
increased electron densitites that are found in pulsed, as compared with steady-state,
plasmas.

The interferometer can be viewed schematically as in Fig. XI-9; it is a symmetric
two-beam instrument that can be compared roughly to a Rayleigh interferometer, except
for the beam-splitting and recombining method. Far infrared radiation emitted from
the high-pressure Hg arc source is focused by the entrance mirror at a distance equal
to the path length to the far mirrors. This radiation falls first on grating No. 1 normal
to its surface and is diffracted so that the plus and minus first orders of the desired
radiation fall on the far mirrors. Thus the tunable lamellar reflection gratingz and far
mirrors form a monochrometer, or filter, the operating frequency being determined by
the grating spacing and angle of the far mirrors with the grating normal. Radiation
incident on the far mirrors is now returned to grating No. 2, that from the sample arm
having passed twice through the plasma. Since thé concave far mirrors have a radius
of curvature equal to their distance from the gratings, the first grating is imaged on the
second. Both the phase difference between the two beams returning to grating No. 2, which
fixes the radiation pattern on the grating surface, and the lateral (direction indicated by
arrow in Fig, XI-9) displacement of grating No. 2 with respect to grating No.1 determine
the output normal to grating No. 2. This output is then focused by the exit mirror on the
detector. The important relation of output as a function of phase difference between the
two arms and lateral movement of grating No. 2, which allows the phase shift by the
plasma to be measured by moving this grating can be found through the following analysis
of the optical system.

For simplicity, the optical system of the interferometer can be represented
as the lens system in Fig. XI-10. When making actual calculations the proper
geometry of the mirror system will be used. Now the modified Kirchhoff formu-
lation of Bekefi,3 which gives a good representation of the wave in the inter-
mediate and far fields by microwave measurements, can be utilized. Under the

assumption of an exponential {(-iwt) time dependence of the wave, the spatial magnitude
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Fig. XI-9. Schematic representation of the interferometer and associated
electronics equipment.
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Fig. XI-11. Coordinate systems for the actual geometry of the interferometer,
where G1 and G, are the gratings, and the spherical surface of the

far mirrors, M, has radius R and center O.
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and phase at observation point Q is given by

Y ©

iks
.1_5“U,_a. e
2 idn s
A

ds,

where A is the surface at which diffraction is occurring, dS is an element in that sur-

face, 8/98n is the normal derivation with the unit vector normal to A at dS used, Ui is

the phase and magnitude of the wave front incident on dS, k is the propagation constant

w/c, and s is the distance from dS to Q. Henceforth the complex U will be called the

amplitude of the wave containing both phase and magnitude. Under the assumption that

diffraction effects from the entrance mirror are negligible, there is a converging spher-

ical wave front incident on grating 1 directed as if to converge at the far mirror surface

(dotted image il in Fig. XI-10). By entering the amplitude of this wave at grating 1 into

the equation above, the amplitude at the surface of the far mirror can be found, and, by

iterating again with this new amplitude, the radiation amplitude falling on grating 2 can

Fig. XI-12.
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be determined. This process could be
continued right up to the detector but
instead a simplification that obviates the
complications of diffraction from the exit
mirror can be employed, which should
have negligible effects, and the inte-
grated amplitude at the detector can be
found directly.

Now, carrying out these steps with
the actual mirror geometry of the inter-
ferometer and utilizing the standard
coordinates indicated in Fig. XI-11, we
find that the incident amplitude of the
converging spherical wave from the
source and entrance mirror at the
grating plane G1 is

e—ik(R

Yo, " @
where u is an constant proportional to
the magnitude of the incident radiation,
and R is the distance from grating 1 to
the point of convergence. In the case of

the center point of the source and where
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the surface lies on G1 (the x-y plane of the gratings)the point of convergence is P lying
on the spherical surface M of the far mirror. Actually, the grating surface has grooves

so that the reflected convergence point of the incoming wave changes, and this must be
accounted for in & Therefore,

| = [(u-x)2+(v—y)2+(w+R+z)2]l/2,

where (u,v, w) is the point in the undistorted image of the source, and (x,y,z) is the
point on the grating surface defined relative to the plane G1 as indicated in Fig. XI-12.
- The first step gives the amplitude at the far mirror,
iks
_ 1 d e
UM = 5o S UGl-a-i = dxdy,
Gl

where s is the distance from a point on the far mirror (R, 6, ¢) and a point on grating 1,
that is,

s = [(Rcos ¢sin9-x)2+(Rsin¢~sin6—y)?‘+(Rcos e—z)2 1/2

To differentiate between the two far mirrors, a phase shift from the plasma is included
by multiplying UM by e@. Next, from UM the amplitude at the second grating is deter-
2

mined, again including the plasma phase shift:

iks!
Ug --L S‘ Uy, % € R’ sin 0 dodé
2 1
Ml
i® iks!
- e da e 2 .
57 UMZ ar ey R™ sin 6 dedé,
M,

where

s' = [Rcos ¢sin9—x')2+(R Sin¢Sin9"y')z+(R cos e—z')z]l/z.

the coordinates (x',y',z') define a point on GZ’ and

1/
L op (0
@:kS‘ 1-11-~- > d,
0 w

wp being the plasma frequency proportional to the square root of the electron density.
In the final step, diffraction by the exit mirror is neglected. Since the exit mirror
is positioned to focus radiation on the center of the detector head, as if it came from P
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and reflected off the grating plane, any radiation from G2 that goes to the detector will
look as if it came from P (correcting, of course, for the grating groove depth). Now
radiation from P focused on D must all travel the same optical path length so that for
radiation concentrated on the detector the path length PG2 plus GZD equals a constant.
The amplitude at the detector can be found by summing all of the amplitudes of the radi-
ation from G2 multiplied by their phase shifts resulting from path length GZD {or minus
PG2 and dropping the constant phase shift). Therefore,

~-ik®

UD=% S Ug, © " dx'dy",
2 G
2

where AG is the illuminated area of Gz, and
2
& = [fu-x)2+ (v=y") 24 (w+ Rz 2] 2.
The total integral now is

. iks! -ik®R iks
_ 1 ~ik®! d [e! 2. e d (e
UD = - ZFX——' S. e dx'dy! S‘ 'd—R<-—§T-—-> R"sin0ded¢ ) dx( 3 >dxdy
1

G, G, M, G

28 a (ks
te dr \s!
M,

2 e—ik(R d [eiks
R"™ sin 6 dod¢ y T s/ dxdype
Gl

Carrying out the differentiation and dropping additives terms smaller by-)ﬁ %3 X 10_4,
we obtain
P
0 = S‘ R? sin 0 dede g olk(s'-®") 1k
A M G '
2 1 2

- [R-(x'cos $sin 0 +y'sins sin 0 + z'cos 0)] dx'dy" g o1k(s=6) (Si—k-:z [Rcos 8-z] dxdy
s
Gy
4 o120 Sl R? sin 6 dede S. eik‘s"‘m—i&z-
Sl
M2 G'r2

- [R-(x'cos ¢ sin®+y'sin¢p sinO+z'cos 0)] dx'dy* g elk(s—(m Gil—{-z [Rcos 0 -z |dxdy
S
G
1

By including a z dimension in ®, ®', s and s', the surfaces G1 and G, really become
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the grating surfaces, so that each G integral can be broken up into an integral over the
front flat surfaces of the grating and the depressed surfaces.

Thus
N/2
. . (n+1/2)d y @y
yelk(s—(ﬁ) 'E{Z [Rcos 0 -z]dxdy = S. dx S‘ 2 dy oti(s-6) 6;152- {R cos 6'-?{!
G, Rs n=/2 nd ¥y S
(z=b/2)
N/2 4 y
n . .
+ Z S‘ dx y 2dy e1k(s—-!R.) _LISZ. {R cos 9+%
n=8/2 (n-1/2)d Y1 ®Rs
(z=-b/2)

where the grating is positioned relative to the z-axis, as indicated in Fig. XI1-12, N is
the number of grooves in the grating, d is the grating spacing, and (yz—yl)is the grating
width. For the Gr2 integral, the lateral, or x, position of the grating relative to G1

must be taken into account and, since the image of G1 on G2 from the far mirror is
inverted, the zero position for G2 will be the inverse of Fig. XI-12.

S‘ eik(S'-(R') lliz [R-(x'cos $sin 0+ y'sing sin 6+ z'cos )] dx'dy"
. gl
GZ
N/2
_ nd+A , (Y1, ik(s'-R') ik
= dx dy' e 2
n="k/z “(0m1/2)d+A 2 s’
(z'=b/2)

. {R—(x' cos$sin O6+y'singsin€+ %cos 0 ]

N/2 (nt1/2)d+A -
+ Z S‘ dx! S‘ 1 dy' olK(8'-®) ik

ne-k/z  Undta -y, gt?
(21=-b/2)

. [R—(x'cos ¢sin®+y'sin¢esin 0 - lz)— cos 9):‘,

where A is the lateral distance G, is moved.

To solve these integrals analytically to first order, ®, ®', s and s' must be
expanded in decreasing powers of R. Terms of relative order l/R2 and higher are
neglected in the exponential, and other integrated terms of 1/R and higher are neglected
From the symmetry of the interferometer about the (y,z)-plane the two far mirror inte-

grals can be combined by letting ¢ in the M2 integral go to {¢'+180°), so that the limits

QPR No. 85 93



(X1. PLASMA PHYSICS)

of integration for the two integrals are identical. Dropping constant phase factors and

the prime on the dummy ¢ variable,

sin® [(Nﬂ) k3 cos ¢ sin e] sin® [k g cos ¢ sin e]

2
k"(y,-y,) d -
UD = TITR(NFI) 5 sin 6 dod¢
M sin? |k S cos ¢ sin 0 d 2
1 2 [kzcos ¢ sin e]
(Y,— 5, )
sin2 [k(—zi—-—-l-> sin ¢ sin e]
X 5= X cos [kA cos ¢ sin 6 + @]
Y27 Y .
ki 5 sin ¢ sin ©
d . b d . b
X cos kzcos¢8m9+k—2—(1+cos 08) | X cos kzcosq:sme—k -2-(1+cose) . (1)

The factors in the integrand are equivalent to those of a typical Fraunhoffer analysis,
but it should be stressed that the approximations alone did not bring about this simi-
larity — rather, it resulted from the fact that the symmetry of the interferometer causes
the first power R terms in the exponentials to cancel exactly.

This integral cannot be easily evaluated in exact form, but by noting that the first
term in the bracket of Eq. 1 is a strongly peaked function, it can be replaced by a delta
function at these peaks and there by give a good idea of the solution of the integral.

sin2 [(N+1)k czi cos ¢ sin e] (N+ 1)
5(sin 6 - ,_Zm_")
d kd cos ¢/’

k—z— cos ¢

sin2 [k—g- cos ¢ sin G]

where m is the order of diffraction.

yZ -yl
8 A ¢2 sin” | mml 3 tan ¢ (yz -¥
U, ==-— cos|2mm—++& d tan ¢
D 2 d 2 d
o N )
— tan ¢
-
L sin® [k-lz)—(l+cos e)], m odd
m
1, for 8, <8 <6:
X ! >4 xd cos2 [kb], m=20
0, for all other ©
LO’ m even
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where the far mirrors lie between 61 and 92. From this and the fact that I, = U* U

D D
it follows that the intensity at the detector is

2
6 a . 2
ID= i zcos2 [Zwm%i- @} S‘ 2 (_§_1_%_a) dx
T R al

Dl

P

L sin? [k%(l+cos e], m odd
m
1, for 6, <0< 8
x 1 2} x< cos? [kb], m=0
0, for all other 6
0, m even

~

Jo =¥
where a = m@a——? tan ¢. Note that the grating depth b is so set that the first order

is maximized; klg- (l1+cos9) = % Now, the relation between the lateral displacement
A and the single-pass plasma phase shift, ®, is clear; if the grating is driven laterally
as a function of time and the plasma is turned on, the shift in the sinusoidal output at
this time is a measure of &.

Actually, ID is not the signal seen by the detector. Since the detector integrates
over frequency its signal is
2

S\F(k) Up (k) dk\ = U,

%=

where F(k) is the normalized frequency envelope determined by detector sensitivity,
source output, window thin-film effects, and so forth.

® A
%D =U, SO F'(k) cos [z«—d—+ @(k):' dk,

where Uo equals all of UD’ except the cosine function in the integrand above and the
term involving 91 and 92, which limits the values of k accepted by the interferometer.
Again, F'(k) is normalized so that its integral over k is unity. Expanding &(k) about
some ko by the Taylor series and considering the first two terms, if ko is so defined
that

S‘ow F'(k) sin [(-g%)k (k—ko)] dk = 0,

o

we obtain

0
%D = Uo cos [Zw dA+ @(ko)] S;) F'(k) cos [(g

o

)

o

=

A Y

(k—ko)] dk.
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The modulation will disappear with reasonable F'(k) envelopes if
), %3
- &8k > =,
dk /. 2
o]

where 6k is the half-width at half-maximum. For a plasma for which the phase shift is
inversely proportional to k, this limit is

&k T
‘I’(k)>2°

Thus we see there is a limitation on the measurable phase shift, because of dispersion
of the medium and the accepted bandwidth.

Turning now to the experimental measurments on the interferometer itself without
a plasma, we found that when properly aligned the lateral motion of Gz could give a 75%
modulation signal. Figure XI-13 shows a run with over 60% modulation. The output

Fig. XI-13.

Typical modulation as a function of
lateral motion by grating 2 with poly-
ethlene in one arm.

OUTPUT SIGNAL —»

0

O —

bandwidth of the interferometer was measured by placing a modified Perkin-Elmer
monochrometer between its output and the detector; this, with 6 = 7° for the center of
the far mirror, gave a center wavelength of 197 p and a half-width at half-maximum or
bandwidth of 5%. Using different thicknesses of the rather nondispersive medium, poly~-
ethylene, we measured the modulation magnitude as a function of phase shift (Fig, XI-14),
From the index of refraction of polyethylene, n = 1. 47 at X = 200 p, the center frequency
and bandwidth from phase shift and modulation magnitude measurements were in good
agreement with those made with the monochrometer.

The plasma tube that is now being used with the interferometer consists of coaxial
cylindrical electrodes; the outer solid cylinder is a stainless-steel cathode, and the
inner transparant grid cylinder is a stainless-steel anode. A 35 psec kV pulse at a 30-
cycle rate produces a negative glow that fills the inside of the anode with pressures of
a few Torr of helium. The Pyrex end plates of the cylinder have crystal-quartz win-
dows set into their center, which allows the infrared to propagate through the plasma
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Fig. XI-14. Modulation magnitude as a function of phase shift from polyeth-
lene sheets.

along the axis of the cylinders. As shown schematically in Fig. XI-9, the electronics
part consists of a 3-psec sampling gate at a 60-cycle rate, which can be moved in time
relative to the plasma pulse. This sampled signal is then stretched to fill the time
between gates, thereby giving a square wave whose amplitude is the difference between
the infrared signal in the afterglow of the plasma and the noise when there is neither
plasma nor infrared {cut out by a synchronous 30-cycle chopper). Finally, synchronous
detection is used to give this square-wave amplitude, which is plotied on a recorder
whose drive is synchronized with the lateral movement of G, A few phase-shift deter-
minations have been made on the plasma, and average electron densities over the path
length of plasma have been measured to be 5 X 1013 electrons per cubic centimeter in

the early afterglow.
M. L. Andrews
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D. MICROWAVE SCATTERING FROM WARM PLASMA WAVES NEAR THE
ELECTRON CYCLOTRON FREQUENCY

We have observed microwave scattering from density oscillations in an electron-
beam produced plasma. Large-amplitude emission of microwave radiation associated
with these density oscillations was also observed, and the nature of the frequency spec-
trum of this radiation indicates that the density oscillations were associated with
unstable warm plasma waves. We shall give a brief summary of previous work on
these waves, after which our radiation measurements and the microwave scattering
experiment will be described.

During the last few years, a great deal of theoretical and experimental work has
been devoted to the study of waves that propagate in a warm plasma in a magnetic field.
The effects of these waves were first observed experimentally in the form of anomalous
peaks in the frequency spectrum of radiation emitted from laboratory plasmas at the
electron-cyclotron frequency and its h.armonics.1 2 The origin of this radiation was not
known at the time, but it is now generally accepted that it is due to longitudinal waves
propagating in a warm plasma in a magnetic field. These waves can become unstable
when a group of electrons with a large component of velocity perpendicular to the mag-
netic field is present in a thermal plasma. Some of the plasma wave energy can be
emitted in the form of electro-magnetic radition, but the mechanism for this coupling
is not yet completely understood.

The dispersion relation for the propagation of these modes in a Maxwellian plasma
was derived by Bernstein.3 It was suggested by Canobbio and Croci4 that fast electrons
could excite these waves, and a derivation of conditions for instability and growth rates
was given by Crawford and Tataronis.5

It was first noted by Lustig, McBee, and Kalisky6 that the anomalous radiation
could be emitted at frequencies slightly different from the cyclotron harmonics, and the
emission of radiation away from nw c Was observed even more clearly by Tanala, Mitani,
and Kubo.7 They measured the radiation emitted from a discharge in Neon at a pres-
sure of 1.25 X 107

and the magnetic field was varied. They observed a peak in the microwave emission

mm Hg. Measurements were taken at a fixed frequency of 9500 Mc,

which for very small discharge currents was at a magnetic field corresponding to
w/ w, ® 1, where w, is the electron-cyclotron frequency, and w is the receiver fre-
quency. As the discharge current was increased, this peak shifted to lower magnetic
fields, until at high discharge currents, i a> 0.5 amp, the radiation peak was at w/wcs 2.
Thus the peak in microwave emission had shifted continuously from the cyclotron
frequency to the second harmonic of the cyclotron frequency. At very low discharge
currents, only this peak, 1< w/ w, < 2, was observed, but as the discharge current
increased, peaks appeared between each of the higher harmonics and shifted upward in
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frequency, approaching w/ w, =0, for large discharge currents, wheren = 3, 4,5,...,
up to ~n = 10.

The data of Tanaka and co-workers can be explained in terms of Bernstein's theory3
for longitudinal waves propagating perpendicularly to the magnetic field. For very small
electron densities, w/ w, « 1, his dispersion relation shows modes of propagation
existing at nw o 07 1,2,3,.... As Wy gets larger, the frequencies of propagation
increase toward the next higher harmonic, (n+l )wc.

Observations of the emission of microwave radiation at frequencies near but not
exactly equal to ne  were also made by Bekefi and Hooper,8 who measured the radiation
from an electron-beam produced plasma. Near each harmonic, w = nwc n=1,2,3,...),
two radiation peaks were observed, one of which originated from the beam electrons
and was Doppler-shifted. The other peak was not Doppler-shifted but was shifted from
® =N, toward a higher frequency by an amount proportional to the electron-beam den-
sity. This second peak seems to be related to an unstable Bernstein mode, since for
each of the harmonics the peak shifts to higher frequencies with increasing electron den-
sity, as expected from the dispersion relation for these modes.

The experimental work that we wish to report here has two parts, and the two exper-
imental geometries are shown in Fig. XI-15. Measurements of the microwave power
emitted by the plasma were made with the geometry shown in Fig. XI-15a, and the scat-
tering experiment was done with the geometry shown in Fig. XI-15b.

The plasma was produced by firing the electron beam from a focused Pierce-type
gun into mercury vapor at a pressure of 2 X 10_4 mm Hg. The axis of the plasma tube
was aligned along a uniform magnetic field, but the electron gun was outside the field
so that the electrons in the beam acquired transverse energy as they entered the mag-
netic field. Measurements of the microwave power emitted by the plasma were made
by passing the tube through an S-band waveguide, as shown in Fig. XI-15a, and feeding
the microwaves to an S-band radiometer tuned to 3000 Mc. This experimental geom-
etry was the same as that of Bekefi and Hooper,8 except that their waveguide was
oriented with its axis approximately parallel to the axis of the tube. We varied the mag-
netic field and plotted the microwave power emitted at the fixed radiometer frequency
(3000 Mc) against B. As did Bekefi and Hocoper,8 we found peaks in the microwave radi-
tion for frequencies in the neighborhood of ne, (n=1, 2). Near each harmoniec two peaks
were observed. One was of relatively low amplitude and very nearly at w = ne; the
other much larger in amplitude, was observed to shift away from nw c toward higher fre-
quencies as the beam voltage was increased. (Increasing the beam voltage also increased
the beam density and the plasma density.) Figure XI-16 shows the frequency shifts of
these peaks for the first two harmonics. The solid lines represent the large-amplitude
peaks, and the dashed lines, represent the low-amplitude peaks. Again, as in the
experiments of Bekefi and Hooper.8 and Tanaka and co-workers,7 we have a radiation
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Fig. XI-15. Experimental geometry.

QPR No. 85 100



(XI. PLASMA PHYSICS)

2.8 —
2.6 —
2.4 —
2.2 —
2.0 - X

"’/“’c -

1.8 —

0 60 120 180 240 300 360 420 480 540 600
Viaam (YOLTS)

Fig. XI-16. Frequency of radiation peaks vs electron-beam voltage.

peak shifting from ne, toward a higher frequency as the plasma frequency is increased.
The same comments regarding the similar behavior of the frequencies of the Bernstein
modes for increasing plasma density apply here, too.

We now turn to the microwave scattering experiment. Since the warm plasma waves
described by Bernstein3 are longitudinal waves, E parallel to k, the electron density
undergoes oscillations at the wave frequency, and microwave scattering from these
oscillations should be possible. (References for the theory of microwave scattering
have been given in a previous report.9) The experimental geometry for the scattering
experiment is shown in Fig. XI-15b. The S-band waveguide was removed to allow the
KA -band microwave horns access to the plasma. The oscillations in the plasma that are
responsible for the radiation emitted into the waveguide were picked up by means of
a strip-line antenna. This antenna was connected through a coaxial cable to the S-band
radiometer tuned to 3000 Mc. Microwave power at a frequency of 34,700 Mc was incident
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on the plasma from one of the horns, and radiation scattered by the plasma was received
by the second horn and detected by a radiometer tuned to 31, 700 Mc. Thus any scattered
radiation that was detected was shifted in frequency by 3000 Mc, the frequency of the
oscillations in the plasma that were detected independently by the strip-line and the S-
band radiometer. The magnetic field was varied, and the outputs of the S-band and KA~
band radiometers were plotted simultaneously on two X-Y recorders. Figure XI-17

shows the results. The upper trace is the microwave power picked up directly from the

- Vieam = 450 volts
g
>
z
=
2
E
z
s Fig. XI-17.
| /\ 1 (a) Signal at 3000 Mc picked up from the
1 : plasma with strip-line antenna vs
° 2 normalized magnetic field (v = 27 X
uc/w 3000 Mc).
(b) Scattered microwave power at
(a) ' 31,700 Mc vs normalized magnetic
field. (Aw = frequency shift between
Vieam = 430 volts incident microwave frequency of
P| WATTS OF MICROWAVE 34,700 Mc and scattered microwave
z P oo e frequency of 31,700 Mc; Aw = 27X
% 3 WATTS ,\,\/\/J\ 3000 Mc.)
g
= 1WAt~
<
r4
Q
< OWATTS o o
L 1
0 ) 1

we/ Aw

(b)

plasma by the strip-line at 3000 Mc, and the three lower traces are the scattered micro-
wave power for three values of incident microwave power. It can be seen that the peak
in the scattered power disappears when no radiation is incident on the plasma, and that
the peak appears at the same value of wc/ w as the large peak in the signal picked
up directly from the plasma at 3000 Mc. (The nature of the small peak is not under-
stood.) From these data, it seems clear that the peak in the microwave power received
by the KA-band radiometer at 31,700 Mc is due to microwave scattering from the
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density oscillations associated with the waves that were observed directly at 3000 Mec.
These waves seem to be the warm plasma waves described by Bernstein,3 which become
unstable, because of the presence of the beam electrons with a large component of veloc-
ity perpendicular to the magnetic field. No scattering was observed from the second
harmonic, «/ @, 2 2, since the amplitude of the oscillations associated with it was much
lower than the amplitude of the oscillations near the fundamental.

R. L. Krongquist
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E. NONLINEAR HARMONIC GENERATION AT PLASMA RESONANCE

The subject of this report is the generation of harmonics of an RF signal applied to
a probe immersed in the sheath between the probe and the plasma. Harmonic genera-
tion is particularly copious at frequencies corresponding to resonances of the probe-
plasma system. One such resonance, the geometrical resonance, is a manifestation
of an oscillation of the sheath-plasma sys’cem.l This resonance frequency: is near but
below electron plasma frequency, wp. At geometrical resonance, sheath nonlinearities,
in addition to generating harmonics, cause both the probe's RF admittance and the DC
current collected by the probe to peak. These effects will be discussed here.

If a probe is inserted into a plasma, its RF admittance characteristic will show a
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resonance at a frequency somewhat below plasma frequency. This is attributed to a
series resonance between the capacitive sheath and the inductive plasma. (A plasma
acts as an inductance below plasma frequency, since the conduction current exceeds the
displacement current for » less than wp.) At series resonance, the electric fields in
the sheath and plasma become large, and consequently large currents flow for a given
voltage on the probe.

If the probe is now biased to collect DC current and an RF voltage is applied to the
probe, more DC current is observed to flow than if there were no RF voltage. This
effect can be explained approximately by considering the nonlinear current-voltage
characteristic of the sheath surrounding the probe.

1/2
kT -eV/kT
I= ne( € €

2mm € : 1)
e

Here, n is the electron density, and V is the voltage drop across the sheath. When
V= Vo + V1 sin wt,

L. ne( KT 1/2 ;—eVo/kT 1 S-zn e—evl/k'r sin wt det)
DC 2Tm 0 .

2T 2)

The extra DC current that flows due to the RF voltage V, across the sheath is

(eV1>
Alpe = Ipe | \&T/ ~ 1 ‘ (3)

where Io is the zero-order Bessel function of imaginary argument.

At series resonance, V1 becomes large and AIDC attains a maximum. It has been
shown by Harp and Crawford that the incremental DC and RF admittance peak at the
same frequency.

If we now derive an equation for the instantaneous current by expanding the expo-
nential in Eq. 3 and keep only the dominant contribution to each harmonic, we ob‘cain3

2 3 4
eV eV eV . eV
_ 1y . _ 1) cos 2 wt _ 1) sin 3 wt 1} cos 4 wt
1) = Idc[l +(kT>sm wt (kT> 2 (kT> 24 +<kT> 192 '

=Ipo + [ () + L,(20) + ,(30) + [,(40) + ... . (4)

I1 {w), Iz(Zm), etc. are the harmonics with which this report is concerned.

AIDC in Eq. 3 is the time average of the harmonic current components. The RF
admittance peak occurs because Il(w) attains a maximum at resonance. A schematic
diagram of the experiment is shown in Fig. XI-18. The discharge, probe, and
method of determining geometrical resonance were described in Quarterly Progress
Report No. 79 (pages 95-98) and in a paper by Waletzko and Bekefi.4
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Fig. XI-18. Schematic diagram of the experiment.

Measurements of harmonic power were taken both on and off resonance. The ampli-
tude of each harmonic peaked at resonance as expected. The harmonic power received
as a function of the applied power for a fixed frequency and discharge conditions is
shown in Fig. XI-19. These measurements were made on resonance.

It should be noted that V, is the voltage across the sheath and equals V applied only
for w much less than wp.4 Nevertheless, for fixed discharge conditions and frequency,

V1 is proportional to V and the observed dependences shown in Fig. XI-19 are

applied
I40p
Table XI-1. 5 for various runs.
I
3
f. (MHz) f (MHz) ﬁ
inc res 2
I
3
i 3
Approximate Theory 7y
a) 50 50 2.2
b) 60 60 1.
c) 60 60 2
d) 60 <60 Mc 1.1
e) 60 >60 Mc 8
f) 60 »60 Mc 16
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Fig. XI-19. (a) Relative power in the second harmonic vs relative fundamental power.
(b) Relative power in the third harmonic¢ vs relative fundamental power.
(c) Relative power in the fourth harmonic vs relative fundamental power.

as expected from the approximate theory of Eq. 4.

We now wish to compare the relative magnitudes of observed harmonic emis-
sion with that predicted from Eq. 4. Since we do not know V1,5 we must look
for a quantity independent of this parameter. From Eq. 4, one such quantity
is I4IZ/I§ = 3/4. Table XI-1 shows the preliminary experimental results. Values
a,b,c were taken at resonance. values d,e,f were taken off resonance, At f less
than f-resonance, there is considerably more fourth harmonic than expected.

~ is fair. 11 measurements were made with a
The agreement for f fresonance A
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slotted-sphere antenna approximating a dipole.

The experiment is being refined in several ways. A monpole probe will be used so
that a theory of harmonic amplitudes will be tractable. Since monopole fields are purely,
radial, there is hope of solving the Vlasov equation for the monopole harmonic ampli-

tudes. The voltage on the probe will be monitored so as to keep V constant as

applied
the frequency is swept. Knowledge of the DC voltage and electron density in the sheath
RF applied’ The DC bias on the

probe will be varied to determine the effect of a varying sheath size on the harmonic

permits one to predict V across the sheath in terms of V
generation.
A, J. Cohen
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where f(w) is determined by the resonance (see Buckley, Lepechinsky et al.l)
Vapplie d is not yet known, only V and the probe impedance at frequency

w are known. V

output

applied cannot be simply determined by transmission-line theory

because the oscillator output is a strong function of its loading. For example, at

resonance the probe impedance is small so Vapplie g is small but f(w) is large. Off

resonance, the impedance is high, V is large, and although f(w) is small,

applied

V1 can be large. Only if V is held constant can the effect of any resonances

applied
on the harmonic generation be clearly observed.
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F. LASER BREAKDOWN EXPERIMENT

This report presents a further analysis of the laser breakdown experiment.l’ 2

1. Absorption Coefficient

The absorption coefficient of the plasma for the light of the HeNe gas laser can be
readily calculated from the transmission of the laser beam through the plasma and the
radius of the cylindrical spark. The diameter of the laser beam is 2 mm and the diam-
eter of the plasma is greater than 2 mm from 110 nsec on, after the beginning of the
Gaunt pulse.

The first experimental point of the transmission curve is at 130 nsec. Figure XI-20
shows the arrangement that was adopted. The volume, Ve’ of the plasma crossed at

D PLASMA

Ak AN { EXTERNAL CYLINDER ABCD

. INTERNAL CYLINDER EFGH
D BEAM P 3 R —_—
2 mm

D

Fig. XI-20. Model for calculating the absorption coefficient of the plasma
for the light of the gas laser (6328 10&).

90° by the gas laser beam is limited by the volume of the two cylinders, and for its
lateral surface it has the surface of the gas laser beam itself,
V°1externa1> Vdplasmal crossed > V°1interna1.

Thus, for a given diameter of the plasma, the true absorption coefficient will be between

the values 2 and @y satisfying the equations

-a,L
T =e ™1 T =e
r r

-a ZLZ,

where L1 and L, are the lengths of the two cylinders, and Tr is the transmission, at
time t, of the gas laser beam through the plasma. Applying this technique to the
points and extremeovalues of the error bars of Tr’ we obtained the absorption
coefficient at 6328 A (Fig. XI-21). For times between 130 nsec and 600 nsec, the
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Fig. XI-21, Absorption coefficient at 6328 A.

absorption coefficient drops from 4 crn"1 to ~0.25 cm—l. At approximately 300 nsec,
the behavior of & changes from

a =415 x 10718 7262 o)l g e (1)
to

a=1.7%107 7% cm™! (¢ sec). ()

Since a and R versus time are known, the optical thickness of the plasma 7= 2aR can
be obtained immediately. The approximation that is used is very good, within the
uncertainty of experimental error. The change in slope of absorption coefficient
occurs when the plasma emits the axial and radial shock waves.

2. Density

The measured electron density, recording the spreading of the gas laser beam,
caused by the lens effect of the plasma, is shown in Fig. XI-22, The density
slope changes when the subsonic regime is reached.

It has to be kept in mind that, for every time, the density measured by
this method is not the average density across the circular section of the plasma.
The density has a profile across the section and it is the density corresponding
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Fig. XI-22. Electron density measurement.

to the central higher part of this profile that gives the maximum angular scattering.
The lens and the adjustable diaphragm detect this maximum solid angle of scattering,
and so the measured density is not the average value across the circular section of the

plasma. The density behavior from 100 nsec to approximately 250 nsec is

CN=2.74 X 1015 t-'62 electrons. (3)

cm

From ~250 nsec to ~600 nsec the density (always measured in the central part of the
plasma) is

9 ,~1.55 electrons (4)

3
cm

N=1.8X%X10"t"
The profile of the density will be obtained from the "knee curves"2 that describe the
transmission of the gas laser beam through the plasma.,

By subtracting the transmission between two consecutive diaphragm apertures and
correctirig with the known absorption coefficient, averaged through the plasma, a scat-
tering profile for the gas laser beam will be obtained., The profile of the refraction
index through the plasma that modifies the initial gas laser beam profile in the scattered
profile will thus be obtained for every time. Further work is in progress on this point.
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3. Shock Velocity

From previous Work,4 which has shown the behavior of the longitudinal and radial
expansion of the plasma, a full description of the size of the plasma and of the shock

5,6

wave emission can be obtained. Between 50 nsec and 200 nsec the growth of the

radius of the plasma from the initial value is

R=1.7x10°¢1-04 cm (t sec). (5)
When the shock wave starts to be emitted, the radius growth slows down and the radius
is (from 300 nsec to 32 psec)

R=74x10"1¢% cm (t sec). (6)

The shock radius from ~500 nsec to 5 pusec is

46

R =2.29 x 10% t%® cm (t sec). (7)

Figure XI-4 shows the behavior of the velocity of the plasma radius and of the shock.
The plasma radius shock slows down to the velocity of sound in the unperturbed gas,
and so do the axial velocities.

w0
I~ PLASMA + SHOCK
- v =1.77 - 106 f0'04cm/sec
n (+sec) SHOCK v = 1.05 - 102 ¢~ 9-3% (r /sec
( tsec)
5
Veound = 10 cm/sec
10° = - ————e
3T
~ -
£
© —
K] n
o
]
N PLASMA
4— - -
10 = v =68 10724 0'S"It:m/sec
- { tsec)
10° to o rand 1o vaatnl N IRE RN Lot
10 107 10° 10 ’ 10°

t (nsec)

Fig. XI-23. Plasma radial velocity.
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Yp
sound ~ P (8)

kg -3 8% 5cm
That is, for y = 1.66 and p = 10.25 , p = 1,67 X 10 3 and V = 107 =,

cm cm sec
The shoulder plasma dragged by the radial shock wave is found up to a radius R=5mm
7,8

v

{t = 8 usec). The longitudinal growth of the plasma toward the ruby beam is shown
in Fig, XI-24. VFigure XI-25 gives the velocity behavior in the same direction.
‘Figures XI-26 and XI-27 give the longitudinal growth and velocity in the direction of the
beam. In the direction toward the ruby beam the growth in plasma length from the ini-
tial size of 4.5 mm is

41

L=80t"" cm (t sec) (9)

for times from 30 nsec o the beginning of the separation of the shock wave from the
plasma (500 nsec). The shock, measured between 500 nsec and 10 psec is given by

61

L=1.5X 103 t" " cm (t sec). (10)

The plasma slows down and its growth in length, measured between 500 nsec and
25 usec, is

1 t.068

L=5.1X10" cm (t sec). (11)

The motion of the exploding front against the ruby is in good agreement with Taylor's

blast-wave ’cheory.5 The front position, according to this theory, is given by

2
L= (—%—) % em (t sec), (12)

where E is the energy in the explosion, and p is the mass density. For times between

30 pusec and 500 psec, when the shock front is still inside the plasma, introducing into

(12) the values E = 1,8 joules (which, as we shall see, is a reasonable estimate for the
3

_3 8¢
energy left in the plasma after the ionization) and p = 1.67 X 10 3+ we find
cm

4

L =101t" em (t sec),

which agrees-with (9), within 20 per cent. The behavior in the direction following the
ruby beam, is quite different. The plasma front before the separation of the shock
(400 nsec) is

L =259 x 10° t1'1% ¢ (¢t sec). (13)
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After the beginning of the separation, the shock is given by

3 t.74

1,=8.23 X 10 cm (t sec). (14)

The plasma, after the beginning of the separation from the shock, slows greatly and
does not expand farther beyond 1.4 mm than the initial position. This confirms the fact
that the plasma explodes mainly towards the focussing lens. Under the assumption that
the plasma has the shape of a cylinder, the volume is immediately found from the radius
and length. Figures XI-28 and XI-29 give the volume and the volume velocity of the
plasma. The volume velocity is growing before 200 nsec. More detailed work is in the

course of interpretation of the axial expansion data in the direction of the ruby beam.

4. Temperature Measurement

The measurement of the average temperature of the plasma during the afterglow
between 130 nsec and 600 nsec is made with the experimental arrangement previously
repor’ced.2 To avoid directional effects on the transmission of the sharp interference
filter I with respect to the emission beams coming from the plasma through the lens G,
the diaphragm H was kept at a relatively small diameter £/22, that is, 16.35 mm; the
solid angle from which the points of the plasma (distant 183 cm from the diaphragm)
see the aperture of the diaphragm itself is AQ= 6.26 X 10"5 steradian. The gas laser
beam, when the plasma is not present, passes through the aperture of the diaphragm.
The method of measurement of the temperature consists in calibrating, with the DC
signal of the gas laser, the emission signal of the plasma, which the two interference
filters in cascade receive in a resulting 10 A bandwidth centered at 6328 f&; this wave-
length is far from the radiation lines of Helium (the nearest lines are 5876 A and 6678 zk)
and the emission of the plasma at 6328 A is entirely due to Bremsstrahlung. When the
plasma is produced, no gas laser is on, and the photomultiplier tube receives the emis-
sion of the plasma through the interference filters D and I, the sharp cutoff filter B,
and the polarizer C. Many emission curves are taken in the same situation to kéep
account of the nonexact repetitiveness of the plasma (Fig. X1-30). Then, when no plasma

is present, the gas laser is put into operation and, in this way, a steady-state signal
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Fig. XI-30. Plasma emission (f/22) for measurement of temperature,
Scales: Vertical, 5 mV/cm; horizontal 100 nsec/cm.

is received by the detector that works always in its linear regime. A Spectra-Physics
Type 401B calorimetric power meter is then used for measuring the power of the gas
laser in two points: before entering the plasma chamber (immediately after diaphragmA),
and before the interference filter I. In this way, the gas laser DC signal is calibrated

in power. We make use of the following notation.

T'(t): the power (varying in time) that the diaphragm H receives from the plasma
per unit radian frequency.

erg
IT=
rad
<sec sec
gsharp: the transmission of the sharp cutoff filter at 6328 A= 90%,
cut

gIF AwIF: the product of the bandwidth of the cascade of the two interference filters
for the average transmission of the cascade itself

_ 11 rad
gIF AwIF = 8.4X10 Sec

12 rad

AwIF = 7.26 X10 Sec”

3

polz the transmission of the polarizer for unpolarized light = 34%,

£ the reflectivity of each silvered mirror, E and F, for light at 6328 A (80%).

silv’

QPR No. 85" 117



(XI. PLASMA PHYSICS)

gPM: the efficiency of the photomultiplier at 6328 A,

L: the load of the photomultiplier tube (38%).

Then we can write

2 - vit)
() gsharp gIF Avpp e‘pol gsilv gPM L= Vplausma emission’ (15)
cut
where V(t) is the signal from the plasma (see Fig. XI-30) given by the

plasma emission
. photomultiplier. The transmittance of the lens and the quartz windows is not included.
Equation 15 is the emission equation. We then introduce the following notation.
erg
PL = ———, the gas-laser power entering the plasma chamber during the cali-
rad
(—_sec sec

bration.

gPOL GL' the transmittance of the polarizer for the polarized and parallel gas laser
light = 70%.

gIF PEAK' the peak transmittance of the interference filter, I, for the gas laser
SHARP  light at 6328 A = 50%.

gIF PEAK the peak transmittance of the IF filter, D (20 Abandwidth).

NONSHARP

AwL: the bandwidth of the gas-laser light. (Keep in mind that an attenuator neutral

filter with transmittance § ATT = 18.5% was put in front of the photomultiplier
tube during the calibration to have the tube working in the linear regime.)

Then we can calibrate the optical system.

2 -
Pr, Esharp $PoL. GL &1F PEAK §1F PEAK 2L &sitv SarT EpMm L=V

cut SHARP NONSHARP

steady,
(16)

is the signal (in volts) from the DC gas laser on the oscilloscope during
the calibration. Indicating, with M, the power of the gas-laser beam, measured in mil-
liwatts by the calorimeter before the interference filter, I, we carn write

2 =
Py, Ssuarp bpoL. oL b1F PEAK AL 85y = M- (17)
CUT NONSHARP
With the use of Eq. 17, Eq. 16 becomes
M ép prak aTT SPM I ® Vsteady' (18)

SHARP
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vt
Calllng %mlSSIOn

steady

= K(t) and using Eq. 18, we can rewrite Eq. 15 as follows:

2 -
Tt) Eggarp S1r 291F SpoL Ssitv Spm L = KO M &1p ppak oy oM L
CUT | SHARP

from which we get

£1r PEAK SATT

- M
2
ésaARP S1F A“IF EPOL ésilv
cuT
-13
T'(t) = K(t) M 5.6 Xx10 "~
The presence of the quartz window of the plasma chamber and of a quartz slab used to

set the gas laser beam in position bring the factor 5.6 X 10713 to the value 6.4 X 10—13.

We finally obtain

I(t) = K(t) M 6.4 x 10~13, (19)

By calibrating with the gas laser at a value V = 20 mV on the oscilloscope, a

steady
power M = 0,078 mW was measured with the calorimeter. Equation 19 then becomes

T(t) = K(t) 5 x 10719, (20)
erg
where I'(t) is measured in ————— , and K{t) is a pure number directly obtained
rad
sec) sec

from the emission signal of the plasma. The problem now is to relate the emission
power, per unit radian frequency, I'(t), collected by the diaphragm H to the source
function Sw of the plasma, that is, the well-known Planck function

3 1 erg
g = D ) (21)

47 ¢ Bty (rad 2
( ) | \sec sterad cm™ sec

Figure XI-31 shows the model for calculating I'(t), that is, the radiation
power per unit frequency received by diaphragm H from the plasma cylinder
situated 183 cm away. The angle ¥ is practically zero., The radiation received
by the diaphragm H and emitted by the elementary surface centered in P comes
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PLASMA CYLINDER

DIAPHRAGM H

Fig. XI-31. Plasma model for calculating the radiation
received from diaphragm H.

from the cone of the plasma with vertex in P and base in Q that sees the aperture
of H,

w/2
I'(t) = AQS LR S‘ //2 [1-e™2Re cos®] g g g, (22)
-

where AR is the solid angle through which P sees the diaphragm H, L. is the length of
the plasma (cm) at time t, R is the radius of the plasma at time {, that is,

I(t) = ARS_LR [2-1(z)],

where

/2
I(z) = S e? cos § cos 06 do

—u/z
and z = -2aR.
By developing the exponential in a series of Bessel functions

o0
o2 COS0 _ Io(z)+z Z IK(z) cos (K6)
K=1

the integral is solved and becomes
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1, (2)(-1)"*"!
I= ZIO(Z) + wIl(z)+4 Z — - (23)
4n”~ -
n=1
Equation 22 then becomes
. . I, (z)(-1)"*!

n=1

where z is the reciprocal of the optical thickness of the plasma whose behavior, in

Illllm

T

Fig. XI-32., Radial plasma optical thickness.

T=2ak
T T TT11T]

1072 Lol )
10 10°

t {nsec’)

time, is known (Fig. XI-32). Calling f(z) the quantity enclosed in square brackets, we

have
T'(t) = AQsS_(t) L{t) R(t) 2£[=z(t)]. (24)

Developing the Bessel functions in series

)
. (Z) ) (__) Z K' I"(r+K+1)

changing -z in T (optical thickness of the plasma), we get
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£(z) = &(7) = 7(0.785) = 72(0.333) + 13(9.8X1072)

-4

- 2.22%1072) + +2(4.08x1077) - %(6.35 107%). (25a)

Figure XI-33 is a plot of f(z); the straight line is the approximated f(z) obtained by devel-

zcos 9

oping the exponential e as 1+ z cos 0 and neglecting higher order terms. The

EXPONENTIAL
APPROX.

TTTTT]

—~ 0.1

fiz

TTTTTT

0.01 ] Lot 11t 1 Lot pal 1 Lt ogrral
1072 107! 1 10
Z = -2aR

Fig. XI-33. Integrated absorptivity.

corresponding ¢(7) is just the first-order term of f(z) complete.

The source function S  is now readily known. Reading from three emission curves
like the one in Fig. XI-30 (for calculating the error bars), the values of K(t) versus
time, I'(t) is known immediately from (20} and (24). Remembering that 2AQ = 1,25 ><10_4
steradian, we get

6 K{t)
L(t) R(t) f[z(t)]

Sw(t) =4X10" (CGS System). (25b)

Introducing in (25b) the known quantities K(t), L(t), R(t) f[z(t)] = ¢[+(t)], we finally
get Sw(t) (Fig. XI-31). From Sw(t) known at the frequency of the HeNe gas-laser line at

QPR No. 85 122



QPR

1073

]

2

{ radians /sec) steradians em” sec

Erg

°|
~

|

1075 11 |1|xn|3
10% 10

t(nsec)

v’ !

41r3c2 e 15—"1
kT

Fig, XI-34. Planck function Sw =

T(°K)

T =2.4-10° 01

(tsec) T
4 o _ .3 -
10 “—_UA\\_,__T = 3.28-107°¢
{tsec)

TTTTTT

108 Lol Lol v
10 100 108 10t
TEMPERATURE DECAY (t nsec)

Fig. XI~35. Temperature decay.
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15 rad/sec, the temperature is immediately obtained (Fig. XI-35). The

w=2.975 X 10
decay is practically isothermal up to the time when the shock wave in the radial direc-

tion starts to be emitted; the decay then goes as t—l up to ~600 nsec.

5. Temperature Density Dependence

Plotting the density (in the central part of the plasma) against the temperature, we
find (Fig, XI-36) that, for times larger than 300 nsec, the temperature goes as TENZ/ 3

. SLOPE 2/3
7~
s
~ -7 TiME
4 -———
(2_’ [ J ]
= . e
[} ®
104 | | Lt
10!? 2 3 4 5 6 7 8

TEMPERATURE DENSITY DEPENDENCE N (el /cm3 )

Fig. XI-36. Density vs temperature.

that is, the dependence is adiabatic during the shock wave emission.9 This fact can be
shown better if we calculate the entropy per electron from the Sackur-Tetrode formula

for a perfect gas.lo
3/2
so—=kln I:ﬁl e (2"2’[) (kT)3/2j| +2k (26)
total h
where

h is Planck's constant

M is the mass of the electron

k is Boltzmann's constant -

N is the density of the electrons
N,

total
e is the base of natural logarithms.

is the total number of electrons in the plasma

The function -N——S-— is plotted against the time in Fig. XI-37, in which it is
total
clearly seen that the entropy per single electron, which before the shock emis-

sion is
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3

= 0.6 X 10723 1n (t) + constant, 27

S
Ntotal
changes to a constant value, when the radial shock starts to come out from the plasma,
This change of slope is found also in the density; a possible explanation is that the
plasma while exploding and not starting to emit the shock wave is strongly shock-ionizing

the gas met by its explosive front. When the shock starts to emerge from the plasma

ADIABATIC
—— =4
z T e
2 3
5 ]
sl 4
@ <
~ 2
>. 2
a \ L
9 &
£ X @
4 N §
w \c;o =]
.
1
I Lol j Lo el
102 10° 10?

t(nsec)

Fig, XI-37. Entropy per electron.

surface, the expansion is strongly slowed down and the shock ionization stops and does
not compensate any more for the recombination loss; the dependence on time of the den-~
gity then drops from t_'62 to t-1'55. The fact that the measured density corresponds

to the central high part of the density profile and so is not the average density through
the plasma section is confirmed by the fact that the measured values of the absorption
coefficient over the square of the density a/Nz are lower by a factor of ~100 with respect
to the theoretical value of a/N2 calculated by Brussard!! from the theory of inverse
Bremsstrahlung absorption, where both free-free and free-bound collisions are kept in

view. The contribution attributable to electron-neutral collisions is negligible. The
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Brussard approximated formula gives

@ =231 x 10738 y1/2(Y_y) Gyglem®), (28)
N
ho _2.247X 104
where y = 7y i for the HeNe laser frequency, and G is the Gaunt factor

for free-free collision. A density profile like N= N [-(R):] would give a peak-
average ratio of 8 which is fairly satisfying. More experlmental data are needed to
justify such a profile-shape analysis. A more detailed study of the plasma transmis-
sion should be done for this purpose.

From knowledge of the volume of the plasma, it is possible to know the energy that
is spent by the plasma in expanding against the gas and in emitting the shock wave, just
by multiplying the volume of the plasma by the external unperturbed gas pressure. For
time up to 200 nsec the work is given by

1118

L=1.1X10 Joules (t sec). (29)

The corresponding power is immediately calculated by deriving the energy. A peak
value of 6 X 10° watts is found at 200 nsec.

6. Initial Temperature Estimate

Starting from the volume of the plasma at very short times, when the giant pulse is
still on, and when total ionization is supposed to be achieved, we can calculate the ini-
tial electron temperature. From the initial length of the plasma (4.5 mm) and the initial
diameter, D = f0, where f is the focal length of the lens (f= 68 mm), and © is the diver-

gence of the ruby beam (f mrad), we get D = 3.4 X 1072 ¢m, and Vinitial = 41 X 10 ~4em3,

Supposing reasonably total ionization when the giant pulse is on, we get an initial number

of electrons N = 1017 electrons. Knowing the ionization energy of Helium E, =
nitial -18 ion

2458eV=393X10

initial crowd of atoms E.

joule, we get immediately the energy spent in breaking down the
ion initial = 3+ X 107} joules = 4 X 1071 joules. Assuming that,
of the 2.5 joules emitted by the laser, approximately 10% is reflected back by the entry
window, we find available immediately after the breakdown approximately 1.8 joules.
Extrapolating the volume curve, we find the initial volume V = 4,1 X 10—1 cm3 at a time
of ~10 nsec. In doing a pessimistic calculation of the temperature, we keep in mind that
at 10 nsec after breakdown ~25% of the energy from the ruby has been emitted. Then the
energy available for heating the plasma at a time of ~10 nsec is 0.45 joule. The absorp-
tion coefficient measured at 6328 A is not very far away from the absorption coefficient
for the ruby light at 6943 A; at 100 nsec the measured absorption coefficient at 6328 A

is ~6 cm_l. Assuming this value also for shorter time and using as a value for the length
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of the plasma the initial length 4.5 mm, we get an optical longitudinal thickness of 2.7.
~2.7

= 93%, and
so the initial crowd of electrons and ions has a total thermal energy of ~0.4 joule. The

The absorbed fraction of the initial ruby energy is then, at least, 1 -~ e

corresponding temperature is immediately found. Assuming thermal equilibrium

between ions and electrons, we have

1

=2x10"18 joule/electron.

Since E = 3/2 kT, we find T = 9.6 x 10% = 10°

radiation loss and the extremely fast expansion cause a very fast drop of the tempera-

°K corresponding to 12.4 eV. The

ture before 100 nsec. The experiment cannot give information on the temperature before

130 nsec, because of the impossibility of measuring the absorption coefficient for shorter

times. In doing this measurement the experimenter should use a powerful gas laser

(power of the order of 10-50 mW), so that, by bringing the lens G closer to the plasma,

a larger solid angle of scattered.gas—laser light could be detected by the diaphragm H;

in this way, a larger emission power would be received by H. This fact would necessi-

tate having a very powerful gas laser, since the signal must be attenuated in order not

to saturate the photomultiplier tube. A weak gas-laser signal would be lost in the noise.
G. Lampis
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G. MICROWAVE EMISSION FROM n-TYPE INDIUM ANTIMONIDE
AT 422°K AND 77°K"

Larrabee1 and Hicinbothem2 were the first to observe microwave emission from n-
type InSb when a sample was subjected simultaneously to DC magnetic and electric fields.
The threshold values of B and E for onset of the emission were approximately
3000 Gauss and 200 V/cm, respectively. At these high electric fields, electron-hole
avalanche occurs, and Steele3 attributes the microwave emission to photoconductive
mixing of band-gap radiation associated with this avalanche breakdown.

Buchsbaum, Chynoweth, and Feldma.nn,4 and ofchers,s'7 have found another regime
of microwave emission at relatively low electric fields (E~10 V/em), well below values
of E required for avalanche breakdown, where the sample exhibits nearly linear current-
voltage characteristics. This report is concerned exclusively with this low-field regime.
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Fig. XI-38. Voltage-current characteristics of a sample of InSbh.

Figure XI-38 illustrates the current-voltage characteristics as measured at 77°K and

4.2°K for the range of parameters in which studies of the microwave emission were

>kThis work was supported in part by the Joint Services Electronics Programs
(U.S. Army, U.S. Navy, and U.S. Air Force)under Contract DA 28-043-AMC-02536(E).
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made. In this, as in all succeeding experiments, the static magnetic field was parallel
to the electric field.

The specific instability that gives rise to the microwave emission at low DC
electric fields is not known. It has been suggesteds' 9 that the instability arises from
phonons that are excited by the drifting electrons. The unstable longitudinal wave then
couples to an electromagnetic wave at the boundary of the sample. If this is indeed

the mechanism, the phonon lifetime
70 RADIOMETER Plays a crucial role in the determina-
VIA S-BAND WAVEGUIDE tion of the threshold magnetic and
electric fields for onset of instability.
Theorys’ 9 indicates that the thresh-
/ N old in electric field requires that the
COAXIAL —= electron drift velocity exceed the

TRANSMISSION
LINE 2 sound velocity, while the threshold in

s magnetic field decreases as the phonon

lifetime increases. Since the phonon

lifetime at 4.2°K is much 1onger10
By than at 77°K, the microwave emission
loeReEor at 4. 2°K (if, in fact, it exists at this
temperature) should set in at a lower
% value of B. To see this change in

threshold was one of the motivations
InSb SAMPLE for the experiments described here.

Fig. XI-39. Experimental arrangement used A bar of InSb, 1X1X10 mm3,

in the measurements of micro- cut along the (110) crystal axis, was

wave noise. mounted near a shorted coaxial trans-
mission line as shown in Fig. XI-39.
All samples were cut from one block. For our block, the Hall mobility at 77°K and

4.2°K was in the range 2-5 X 10° cm? Volts ™! sec™!, and the carrier concentration was

in the range 1-2 X 1014 cm_?’.

The surface of the sample was lapped and then etched in
a Bromine-Ethanol solution. The coaxial line was tapered to allow for better RF imped-
ance matching between the sample and a standard 50-ohm line. The entire assembly was
immersed in liquid nitrogen or liquid helium kept at a constant level. The sample was
bathed continuoulsy by the coolant and good circulation of the liquid was insured by a
number of holes drilled in the coaxial line. The axis of the sample and the DC current
flow were parallel to the static magnetic field (with uncertainties in angle of less than
+2° of arc) in all the experiments reported here. The magnetic field was uniform to
better than 0.5 per cent over the volume of the sample. Current pulses of 2.5-psec

duration were applied to the sample (at a repetition rate of 200 pulses/sec) through

QPR No. 85 129



(XI. PLASMA PHYSICS)

indium soldered contacts. Tin solder was also used with no observable changes in the
voltage-current or microwave emission characteristics. It was also ascertained that
no changes occurred when the pulse length was increased from 2.5 psec to 7 usec,
thereby indicating that no significant heating of the crystal occurred.

The microwave signal was led through the coaxial transmission line, past a double-
stub tuner and S-band waveguide to a time-resolved radiome‘cer11 that operated at a
fixed frequency of 3000 Mc/sec, with an IF bandwidth of 10 Mc/sec. The IF amplifier
was gated with a 2-psec gate so that the noise emission was received only during the
central portion of the 2.5-psec current pulse. The noise power from the sample was
compared repetitively with the noise power emitted by a standard noise source that had
an equivalent noise temperature of 18,500°K. Thus the absolute noise power from the
sample could be measured.

Figure XI-40 is a plot of the threshold magnetic field as a function of the threshold

N N
H» o
I
i

4.2°K

N
~n
T

{

77°K

P,
o v b O ©® O
T T T T T T

e
! | ] l | |

ELECTRIC FIELD E (VOLTS/cm)

0] 700 1400 2i00 2800 3500
MAGNETIC FIELD B, (GAUSS)

Fig. XI-40. Threshold electric field vs threshold magnetic field. Emis-
sion occurs above and to the right of a given line.

electric field for measurements on a given sample at 4. 2°K and 77°K. Threshold is
defined as that value of B and E for which the emitted noise power had an equivalent
temperature of 100°K. This value of temperature is near the limit of sensitivity of our
radiometer. The results shown for 77°K agree qualitatively with observations of
Musha et al.5 We see from Fig. XI-40 that the threshold magnetic field for onset of
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emission at 4. 2°K is approximately half that at 77°K.
The dependence of the radiation intensity on magnetic field (above threshold)is illus-

trated in Fig. XI_-41 for different values of electric field. These measurements made at

20 r E=20 V/em

16 InSb AT 77°K

NOISE TEMPERATURE IN dB8 RELATIVE TO 18500°K
»
T

1400 2100 2800
MAGNETIC FIEL.D B, (GAUSS)

Fig. XI-41. Noise-power output as a function of magnetic field for
various values of applied electric field, at 77°K.

77°K are qualitatively the same as those obtained by Buchsbaum et al.4 Figure XI-42
shows how the emitted intensity varies with electric field at constant magnetic field.
This and the previous figure exhibit clearly the sharp threshold values of E and B. Data
such as these were used in plotting the threshold curves of Fig. XI-40.

Measurements of the emission as a function of magnetic field made at 4. 2°K differ
quite dramatically from those shown in Fig. XI-41l. We now see in Fig. XI-43 that
superposed on the monotonically increasing background emission are resonant spikes.
Such spikes do not occur at 77°K.

We have labeled the spikes with a series of integers n from 1 to 11. As the electric
field on the sample is decreased, a given spike moves to higher values of magnetic field.
This increase in B is very nearly the same as the corresponding increase in the thresh-
old value of B shown in Fig. X1-40 for the monotonic "continuum" radiation. Indeed, at
some values of E, the first spike occurs precisely at the threshold of the "continuum"
radiation (see spike n=1 of Fig. XI-43). These observations suggest that the "spikey"
and "continuum" emission processes are coupled to one another.

A given spike n is sometimes not excited or it is too small to be resolved. This is
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Fig. XI-42. Noise power as a function of electric field meas-
ured at 77°K.
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Fig. XI-43. Noise-power output as a function of magnetic field,
as measured at 4.2°K. (This figure should be com-
pared with Fig. XI-41.)
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indicated in Fig. XI-43. For example, for E = 18 V/cm, spikes 1,2,3,5,7 are missing.
If we accept this possibility of missing spikes, we are led to the conclusion that the
spikes are nearly equally spaced with a spacing of approximately 255 Gauss. This fact
is confirmed in Fig. XI1-44 where the magnetic field value of a given spike n is plotted
as a function of n.

InSb AT 4.2°K

2800 | s
S

ELECTRIC FIELD E ya

o I8 YOLTS /cm i
[ © 15 VOLTS/cm /
2 a 10 VOLTS/cm g
e Fig. XI-44.
f=]
T200 | - Position in magnetic field of a given
o spike, n, as a function of n. The
- labeling of the spikes is as shown in
E Fig. XI-43. Note that whether or not
z a spike is missing appears to be a
= random event.

1400 - .

SEPARATION An BETWEEN
SPIKES =255 GAUSS

700

1 1 1 1 1 1 i { 1
| 2 3 4 5 6 7 8 9 10 i
SPIKE NUMBER n

All of the observations above refer to measurements made on a single sample of
InSb and for one polarity of the applied electric field. When the polarity was reversed
the only significant change was in the over-all power level of the continuum radiation.
Changes as high as 5 db were noted. Different samples exhibited variations of power
level by as much as 10 db. The separation between spikes from sample to sample varied,
however, less than 5 per cent.

G. Bekefi, A. Bers
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A, ELECTRON COLLISIONAL EFFECTS ON WAVE PROPAGATION

IN A NONMAGNETIZED PLASMA N67 ~ é'} 093

To account properly for the effect of electron-atom collisions on the propagation of
waves in plasmas, it is necessary to utilize the Boltzmann collision integral.l This
integral assumes only two-body collisions, and therefore is valid only for collisions
involving short-range forces such as those occurring in electron-atom collisions.

Our treatment ufilizes the Boltzmann collision integral and assumes that the elec-
trons collide with particles of much greater mass. Thus, this treatment applies to
electron-atom collisions. The calculation determines the form of the dispersion rela-
tion for the electron plasma wave in the presence of electron-atom collisions, and is
a direct application of the method developed by Allis.1

Generally, the Krook modelz’3 is used to account for collisions when studying col-
lisional effects on the electron plasma wave. The advantage of this method is that it
can be applied readily to problems in which the electron temperature is high; for
example, when the Larmor orbit is comparable with the wavelength perpendicular to
B, the mean-free path is long compared with the wavelength parallel to B, and the
thermal motion of the electrons parallel to B introduces a significant Doppler shift of
the plasma-wave frequency. It has the disadvantagé that it is only an approximation to
the collisional effect and, although it can be so formulated that it does not violate the
conservation of plasma particles, it cannot be readily formulated in such a way that it
also conserves plasma particle energy and accounts correctly for the angular and veloc~
ity dependence of the electron-atom scattering cross section. The method used in this
report is cumbersome to apply to plasmas with high electron temperatures, but it does
account exactly for the collisional effects. The results of the two methods will be com-~
pared at the end of the calculation.

The Boltzmann equation for the electron distribution function, f, in the absence of
an applied magnetic-field is

*This work was supported by the Joint Services Electronics Programs (U.S. Army,
U.S. Navy, and U.S. Air Force) under Contract DA 28-043-AMC-02536(E).
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i = = en & p_ (9
A7 V-2E. V= (at)c' (1)
where e/m is the electron charge-to~-mass ratio, E is the electric field, and %% A

represents the Boltzmann collision integral. The distribution function is expanded in
Legendre polynomials, P Q(cos 0), where 6 is the angle between E and the electron
velocity, v:

o0
f= z (e, v, 1) P (cos 6). @)
i=0

This expression is substituted in both the right- and left-hand sides of (1), and the terms
comprising the coefficients of each P g on each side of thle equation are equated sep-
arately; this generates an infinite set of equations for the f~ (the ratio of the electron-
to-atom mass is set equal to zero, also):

of° vaff eE o 2.1 _
st t3 ez, _zav' i =0 )
o, 8l 22 eBlor®, 2 2 32] _
ot 9z 5 m { 9v 5 3 9v cl
v
] 2-1

af 9|_£4 -1, £+41 0+l eE| £ f£-1 8 f
at*"ﬁ[zﬂ-lf to2g+3 ¢ ]"’n’f[zl-l" v I-1

+ f.

2+1 1 9 £+zf!z+1}_
——— . = =y
ct

20+3 (42 dv
v

It has been assumed that the perturbed distribution function does not depend on the x
and y spatial coordinates, and the E field is assumed to be parallel to the z-axis. This
is consistent with the effect of plasma wave propagation (E |l k) on the distribution func-
tion, in the absence of a magnetic field. The quantities v.g are weighted collision

frequencies arising from the Boltzmann collision integral. They are given by

0=

Vg = 2rvn ¢(0)(1 —Pﬂ(cos 0)) sin 6 do, (4)

€ Yo=0

where ¢(0) is the differential scattering cross section, v the electron velocity, and n
the volume density of the gas atoms.
In the absence of the perturbing wave only the spherically symmetric, time-

independent part of f, fg(v), is nonzero. The unperturbed distribution function, fg, is

so normalized that [ fg d3v= n_, where n, is the unperturbed electron density. Denoting
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the time-dependent part of £ by fcl), we obtain the linearized form of Eqgs. 3:

I
af 1
1, v af _
t 73 az_o (5)
o
1 of
of 8 |0, 2,2 eE "o _ 1
5t TV 3z [fl gt ]— m ov “verf

£
oot (£>1).

ot o[ 4 -1, g1 gn1)__
ot "V az |20-1 20+3 =V

We next assume that all of the pertfurbed quantities and the electric field vary as

e—i(wt_kz); thus we obtain for Eqgs. 5

. ;O ikv .1 _
-1(;,\1'1 + 3 =0 (6)

o
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(mio +v_))f .+1kv(f1 + et )_ + 82 L
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(—1w+vc£)f + lkv[—zT_—lf +2,Q+3

This infinite set of equations can be solved for f(l) to obtain

0
. eE kv afo
o 2 3 av
fl = 5 ) (7)
(kv) 4 iw(kv)
iv(in~-v_.) + - —
cl 3 15 (-iw+ vc2+D)

where D is a fraction of the form

9(kv)? &
8

16(kv)?
35| —iw+ Vo3 +
63 (~iw+ vc4+. ..)

and the general term in the fraction is
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2% (kv)?

=iw + v +
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(407 - 1){-iw + Voo +
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We may now calculate the electron density perturbation, n,, which is due to the
wave:

i o 2
n; =0, S‘o f141rV dv. (9)
Poisson's equation for the electric field is

ne
V-E=ikE=——?—, (10)

(]

and combining (9) and (10), we obtain the dispersion relation for the wave

afg
] =4n 2 §°° Viay W (11)
3 P Yy kv)®  ,  dw(kv)
iw(iw-v 1)+ 3 " 15
(=i + Vo + D)
n e
where ©p = e is the eleciron plasma frequency.
o
at°
If £© is Maxwellian, it follows that —2-_X fo, where v2 = E—T-, and is of the
o ov VZ o o m
o

order of the mean-square electron velocity. In this case Eq. 11 becomes

2

W o v av
1= -—31—2 2 D) . (12)
o 0 (kv) 4 iw(kv)
1<.o(1oo—vcl) + 3 - 1§

(—iw + Vo2 +D)

For a cold plasma in which (kv)2 K w wz

+ vil )1 / 2, only the collision frequency Vol
enters significantly into the damping. To account correctly for first-order tempera-
ture effects, it is seen from the denominator of (12) that the collision frequency Vo

is also important. The last of the three terms in the denominator (see Eqs. 6) is absent
if fz is assumed to be negligible and, therefore, f2 must not be neglected in this treat-
ment if the dispersion relation is to be correct to first order in temperature. It is seen

2
(kv)
that this {reatment does not converge rapidly unless « 1 and, therefore,

w go2+v2 )1/2
cl

is not readily applied to cases in which the wave phase velocity is not much greater than
the electron thermal velocity. Setting D = 0 is equivalent to assuming fﬁ =0for £ 23
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in Egs. 6, and will give us the correct first-order dependence on temperature of Eq. 12.

2, 2
1 )3/2 e—v /2vO

By setting fg = (—z and D = 0, Eq. 12 becomes

2nv
o)
2 2 2
w -v" [2v
0
_ 4n p 1 3/2 e ° v4 dv
15 = o e e . (13)
3 .2 2 2
v 2nv 0 (kv) ;.
fo) o .. ; 4 1w
iw(iv-v_ )t+t—5— [l t=7
cl 3 5 1w—vc2

Bers and Mushal4 have calculated the plasma wave dispersion relation, using the
Krook model and assuming a collisional relaxation rate, Ve that is independent of veloc-
ity. Their result for zero magnetic field is

wz
p
7.7 1+5,2(6)]
= - o '
1= o : (14)
! ~‘_w+iu E’oz(go)
c
w + ivc 5
where §o = , and Z({E,O) is the plasma dispersion function.” For low tempera-
kvoo\/_z_
ture, the asymptotic expansion of Z(go) may be used. With Landau damping neglected,
this is
Z(§0)=-——€1—1+-—-—1—2+——3-Z+... . (15)
o zgo 4§O

Substituting (15) in (14) and saving terms to first order in temperature in the numerator
and denominator, we obtain, after some algebraic manipulations,

2
wp 3k2v(z)_‘
1+ 5
wlw+iv ) (w+iv )_!
c c
1= 55 . (16)
iv k
] ——L — 9.
w . 2
(w+1vc)
To first order in temperature Eq. 16 becomes
2
“p 3k2V§ ivc
l1=——-2I1+ 5\l +3 . (17)
wlwt+iv ) (wtiv ) @
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It is only possible to check Eq. 17 against Eq. 13 if we assume Vel and Voo to be
velocity-independent in Eq. 13. Making this assumption, evaluating Eq. 13 to first
order in temperature, and again neglecting the effect of L.andau damping gives

2

w 2 .
p 3(kv ) iv
1= 1+ o 1+%—;2 . (18)
ofwtiv,)) (w+iv ) @+iv_,)

If we consider a gas for which the scattering is isotropic, then Vel = Vo2r For this
case, Egs. 17 and 18 agree very closely. For low-temperature plasmas and for v, K
w, this small error in the Krook model will not be important. In a plasma for which
the electron scattering cross section is not isotropic and is strongly velocity-dependent,
for instance, in an argon plasma, a deviation from the Krook model predictions of mea-
sured wave lengths and collisional damping effects might be observable.

J. C. Ingraham
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1. SYSTEM C: EXCITATION OF AN ION-CYCLOTRON RESONANCE N 6 7 -:- 27 0 9 ll'

A method of exciting ion-cyclotron resonance by modulation of the elec;tron beam
normally used to create a beam-plasma discharge has been proposed.1 This method of
excitation is being investigated experimentally in System C. An RF pulse transformer
has been used to modulate the 8-kV DC beam pulse with 4-kV peak-to-peak of

MAGNETRON " o 5 o e 20 z ?‘“ .
INJECTION - ump
22 DISCHARGE REGION ' COLLECTOR REGION

GUN
{2 mm O.D.
PYREX TUBE
15 -TURN, SHIELDED, AXIAL
MAGNET IC FIELD PROBE
MAGNETRON
INJECTION
NEGATIVE 8-kV GUN CATHODE

BEAM PULSE AND HEATER

353 \ |
RF CHOKES >_J
I : JRadiy || ANooE
m REAALMAPN'-%'E'ER TRRAESPFUOLRSthR
. OUTPUT

FILAMENT
TRANSFORMER =

Fig. XIII-1. TUpper: drift tube showing probe position and coordinate system.
Lower: beam-pulse modulation circuit.

*
This work was supported by the National Science Foundation (Grants GK-57
and GK-1165).
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RF voltage. The circuit is shown schematically in Fig. XIII-1. The driver and balanced
output stages of an RF amplifier (10 kW) is keyed to provide an RF pulse of variable
width and starting time. Under normal operating conditions, an RF pulse of 350-usec
duration is turned on 150 psec after the beginning of the DC beam pulse (Fig. XIII-2).
The width of the negative DC beam pulse is 700 wsec, with a repetition rate of 2/sec.
The modulation frequency may be varied continuously over the range 1-4 MHz. With
the present magnet coil configuration, the axial static magnetic field may be adjusted
smoothly from a 2000-Gauss uniform field to a mirror field with a midplane intensity
of 1000 Gauss and a mirror ratio of 2. For the experimental data reported, the beam-
plasma discharge is generated in hydrogen gas at pressures from 7 X 10"5 Torr to
2 X 10_4 Torr.

{a)

TIME — TIME ———=

Fig. XIII-2. Fig. XIII-3,
Beam voltage with and without a beam- Current scale, 2 amps/cm; time scale,
plasma discharge. Voltage scale, 0.1 msec/cm.
4 kV/cm; time scale, 0.1 msec/cm; (a) Collector current with no hydrogen gas
modulation frequency, 2.0 MHz. (a) in the system (no beam-plasma dis-
Vb no plasma discharge. (b) Vn with charge).

(b) Collector current with 1.0 Torr of
hydrogen gas in the system (withbeam-
plasma discharge).

beam-plasma discharge.

With no hydrogen gas admitted into the system, a measurement of the collector
current indicates nearly 100% RF modulation of the DC current pulse of 7 amps
(Fig. XIIi-3). When gas is admitted to the system and a beam-plasma discharge created,
the RF modulation of the cathode current is substantially unchanged, but the collector
RF current is reduced by approximately a factor of 15.

Since we are looking for a resonance of the cyclotron motion of the plasma ions,
relatively large azimuthal currents are expected. These currents will produce an axial
RF magnetic field that should be resonant at the ion-cyclotron frequency. Therefore a
movable, electrostatically shielded, magnetic-field probe has been inserted near the

drift tube wall to measure resonance effects in the axial RF field (Fig. XIII-1). The
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output of the probe is filtered, peak-detected, and integrated. Basically, two types of
measurements have been made with this probe. The amplitude of Hz has been mea-
sured in two ways: (a) at a fixed position in the drift tube with the magnetic field and
frequency as varying parameters, and (b) in a fixed magnetic field with the frequency '
and probe position as parameters.

The results of these measurements are shown in Figs. XIII-4, XIII-5, and XIII-6.
Figure XIII-4 is a plot of the Hz probe signal, taken at a fixed position, as a function
of frequency. The magnetic field at the probe position is varied over a range from
1180 Gauss to 1840 Gauss. In this experiment, the region from z =1 to z = 15 (see
(Fig. XIII-1) has an essentially uniform field; however, the current in the magnets at
each end of the system is chosen to maintain a field of 1900 Gauss under these magnets.
Therefore as the magnetic field at the probe position is increased, the mirror ratio is
reduced. When a uniform field over the entire length of the system is used, the
magnitude of the resonance is reduced by a factor of 2. Figure XIII-5 is a plot of the
observed resonance frequencies versus the known magnetic field. These data are
taken from Fig. XIlI-4. Figure XIIl-6 is a plot of the axial variation of the H, probe
signal for frequencies from 1.5 MHz to 2.7 MHz. The magnetic field is essentially
uniform and equal to 1300 Gauss from z =110 z = 15. Again, the current in the end
magnet was chosen to operate with a field of 1900 Gauss directly under these magnets.
Figure XIII-7 illustrates the change in the structure of the RF H field as the resonant
frequency is approached.

The method by which the modulated electron beam couples energy to the plasma
ions is, at present, not understood. Theoretical work is being done which may explain
the central role played by the nonuniform field in the excitation of the resonance, and
the axial variation of the HZ signal.

J. A. Mangano

References
1. L. D. Smullin, "Beam-Plasma Discharge: Excitation of Ions at the Ion-Cyclotron

Frequency," Quarterly Progress Report No. 80, Research Laboratory of Elec-
tronics, M.I.T., January 15, 1966, pp. 111-113.
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2. BEAM-PLASMA DISCHARGE: SYSTEM D

The x-ray Bremsstrahlung spectrum has been measured during the afterglow of the
beam-plasma discharge. A thin-window sodium iodide scintillation crystal, 2 inches in
diameter, has been used with an RIDL pulse-height analyzer and photomultiplier. The
detection crystal is shielded and collimated so that only the emission of the core of the
discharge is observed. The vacuum window between the scintillation crystal and the
discharge is a thin beryllium disc (~5 mils).

COUNTS / CHANNEL

ENERGY
6 keV /DIVISION
100 CHANNELS

Fig. XIII-8. X-ray spectrum, 0.4-2.7 msec after the
beam-plasma discharge (30 minutes at
30 discharges/minute).

The pulse-height analyzer is gated at various times during the afterglow. A typical
x-ray spectrum is shown in Fig. XIII-8. We have used the Fessenden's model for
Bremsstrahlung in nonrelativistic Coulomb collisions to determine the electron density
during the afterglow (the plasma temperature can be read directly from the observed
spectrum).1 The plasma energy density (heTe) as determined from the x-ray measure-
ments is shown in Fig. XIII-9, where we have also shown the decay of the diamagnetism
(transverse energy density) as observed by a pickup coil inside the discharge tube. Data
are shown for pressures up to 10 times the normal operating pressure. The diamag-
netic and x-ray measurements of the plasma energy density are in agreement at the
higher pressures. We interpret the disagreement at the lower pressures as being
attributable to enhancement of the x-ray emission by electron-impurity collisions. The
atomic number of the impurity is estimated to be approximately 10 times that of Hz,
based on the known pressure of H, at the time when the x-ray emission is too high by
a factor of 2, the base pressure of the system, and the dependence of the x-ray emis-
sion on atomic number. Likely impurities are HZO, Oz’ NZ’ and COZ'

The temperature is shown in Fig. XIII-10 as a function of time in the afterglow. The

plasma temperature is observed to rise with time as the plasma is lost from the mirror
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system. The high-energy electron density is shown in Figs. XIII-10 and XIII-11, as
determined by dividing the transverse energy density (diamagnetism) by the mean elec~
tron energy determined from the x-ray spectra. Figure XIII-11 illustrates the decays
of the total electron density and the hot component of the electron density.

A low-level beam pulser is being used, at present, with the electron gun to excite
oscillations in the afterglow following a beam-plasma discharge.

The author wishes to acknowledge the use of the facilities of the National Magnet
Laboratory for the experimental work reported here.

R. R. Bartsch
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3. CROSS-FIELD BEAM-PLASMA EXPERIMENTS

The cross-field beam-plasma experiment previously describedl’ 2 has been oper-
ated with a hollow, axially flowing beam and a hollow spiraling beam. These beams
have not been pulsed but operated continuously. Observations have been made as these
beams passed through a background gas. Various beam densities and gas pressures
have been used. The initial observations are presented in this report.

a. Low Gas Pressure, Weak Beam

Low-~frequency oscillations have been observed as an axially flowing, hollow beam
of approximately 300 volts and 3.5 ppervs passed through a background gas of pressure
1-5 X 10-7 mm Hg. TUnder these conditions, a plasma was formed by the beam only in
the region of the beam particles. These low-frequency oscillations have been observed
as a modulation of the collector current and on a radial probe placed near the beam. For
a low perveance beam (3 ppervs) these oscillations were essentially pure sine waves in
the neighborhood of 100-200 kHz. Their frequency increased when the ion mass was
decreased and as the beam density was increased. Increasing the beam density also
caused these oscillations to spread in frequency. First harmonics were observed. Then
the spectrum spread and became continuous. At a beam perveance of approximately

30 ppervs, the spectra appeared as shown in Fig. XIII-12. This particular perveance

Fig. XIII-12,

Low-frequency Spectrum.,

(a) 400 kHz per division, center frequency = 0.
400 kHz PER DIVISION 200 kHz PER DIVISION (b) 200 kHz per division, center frequency = 0.
0 CENTER FREQUENCY 0 CENTER FREQUENCY

(a) (b)

(30 ppervs) was also characteristic of beam breakup which is described here.

When a spiraling beam was employed a low-frequency behavior similar to the one
described above was observed. The perveances for this beam are also similar to the
axially flowing beam if only the axial voltage is used.

b. Low-Pressure, Strong Beam

With a weak (~3. 00 ppervs) axially flowing hollow beam, a sharp, well-defined ring
of light was formed just in front of the collector (Fig. XIII-13a). Increasing the beam per-
veance by increasing the beam density caused an increase in the collector current until

~30 ppervs. At this point, the beam current made a drop (Fig. XIiI-14) and the pattern
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Fig. XIII-13. Beam breakup.

200

BEAM CURRENT (mA)
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| 1
100 200
GRID VOLTAGE (VOLTS)

Fig. XIlI-14. Beam current vs gun grid voltage at
fixed beam voltage.
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at the collector takes on one of the shapes shown in Figs. XIII-13b~d. If { is the azi-
muthal wave number, Fig. XIII-13b is an { = 2 mode, Fig. XIII-13¢c, an { = 4 mode, and
Fig., XIII-13d, an £ = 6 mode. An { = 1 mode would correspond fo a shift of the circular
pattern in a particular direction, and has not been observed. The different £ modes
were obtained for different values of magnetic field and beam voltage, and were {reated
as fixed variables in the experiment.

By using a spiraling beam, the breakup appeared to be different. The beam current
also behaved as shown in Fig. XIII-14. For low perveances the spiraling beam hit
the collector in a well-defined ring as in Fig., XIII-13a. At the critical perveance
(~30 ppervs), however, where the current dropped, the pattern at the collector smeared,
as shown in Fig. XIlI-13e. With the spiraling beam, no stationary patterns were
observed, which occurred for the straight flowing beam.

c. Intermediate Pressure, Weak Beams

Operating the system at a background gas pressure of approximately 3 X 10"5

mmHg
and using a weak beam resulted in oscillations in the neighborhood of the electron-
cyclotron frequency. These oscillations were also seen on the collector current and the
radial probe. An oscillation first set in at a beam perveance of ~4,35 ppervs at an
approximate frequency of 65 mHz. The frequency of this oscillation appeared to have
a dependence only on the magnetic field and was linearly proportional. Increasing the
beam perveance destroyed this oscillation, until it reached a value of 5 ppervs. At this
value, an oscillation set in at approximately 95 mHz. This frequency increased with
increasing magnetic field and also with increasing beam density.

These oscillations at and above the electron-cyclotron frequency could be observed
on both the spiraling and straight flowing beams.

Fig. XIlI-15. Beam spiraliﬁg through the axis.
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At the present time, we continue the investigation of the low-frequency oscillations

and the beam breakup.

d. Beam

Our experiments have dealt with a hollow cylindrical beam, either straight-flowing
. . : . . . 1
or spiraling. It is possible {o create many other types of beams in our experiment.
Fig. XIII-15 shows the beam that results when there is no magnetic field in the gun
region. The beam particles then spiral synchronously through the axis of symmetry.
Here the gun is on the left. The collector and a screen grid are on the right.
B. Kusse
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4. EXPERIMENTAL INVESTIGATION OF A BEAM-PLASMA
INTERACTION IN A MINIMUM-B FIELD

This experiment is designed to study (a) the hydromagnetic stability properties of
a plasma produced in a beam-plasma interaction in an axisymmetric mirror confinement
field stabilized by the addition of a hexapole field, and (b) any possible effects of the
minimum B field on the beam-plasma interaction.

Charged particles tend to attach themselves to magnetic field lines, by virtue of the
conservation of magnetic moment. The radial confinement of the plasma away from the
material walls is achieved by means of a static magnetic field. The axial confinement
along the field lines is achieved by shaping the uniform static field into an axisymmetric
mirror field. The collective behavior of the charged particles in the plasma may give
rise, however, to instabilities that destroy the confinement.

The experiment described in this report is being carried out in a slightly modified
version of system A. In a series of experiments that were carried out in the same
experimental device by H. Y. Hsieh and B. Hartenbaum (in System B), a number of
instabilities were observed that led to the eventual loss of confinement of the plasma.
We suspect that one of these instabilities is the hydromagnetic interchange instability.

The interchange instability is driven by the negative radial gradient in the magnetic
field at the center region of the axisymmetric m:’ur'ror.1 The radial gradient of the mag-
netic field can be reversed in the region of interest by superimposing a multipole cusp
magnetic field. A minimum-B magnetic field that is stable against the interchange

instability is thus obtained.

a. Experimental Arrangement

A description of the present experimental system can be found in H. Y. Hsieh's doc-
toral thesis.2 For this experiment, glass tubing, 3 3/4 in. in diameter and 16 in. long,
was installed in system A in the interaction region. This is illustrated in Fig. XIII-16.
The magnetic mirror is formed by two coils separated by a distance of ~10.5 in. between
their mirror faces, with iron cylinders as magnetic shields placed in front of the elec-
tron gun and the collector to produce a field of almost parabolic shape. Magnetic fields
in the center region are approximately 400 and 250 Gauss for a current in the coils of
18 and 10 Amps, respectively, with a mirror ratio of approximately 3.

An oxide-coated cathode assembly of a VA-220 gun gives an electron beam of a width
approximately 0.2 cm at the center region. The beam flows to a water-cooled copper
collector. Neutral gas is admitted continuously into the system through a needle valve.

The minimum-B field is generated by a hexapole configuration. This was accom-
plished by placing 6 hard-drawn copper strips at intervals of 60° on the periphery of
the interaction region inside the glass tubing. The stabilizing field is pulsed during the

QPR No. 85 154



(XIII. PLASMAS AND CONTROLLED NUCLEAR FUSION)
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Fig. XIII-16. Experimental apparatus.

discharge at a fixed time, which can be adjusted by a delay circuit connected to the
beam pulser.

A simple computation, based on the hexapole's stored magnetic energy in the
interaction region, shows that a current pulse with a peak wvalue of 1 kamp is
required to generate the stabilizing minimum-B field. Before the discharge, the
magnetic energy is stored in electric form in a 60 pFd low-inductance capacitor
bank. The current is fed to the bars through the inner conductor of a high-voliage
coaxial cable. The bank is fired with an ignitron, with a second ignitron crowbaring
the bars some time later when the current in the bars has reached its peak value.
Fig. XIII-17 is a diagram of the circuit.

The current through the bars can be monitored with a Rogowski coil.
that is obtained is a damped sinusoid with a period of 120 psec and a rise time to
Preliminary measurements show that the resulting currenis are

The waveform

its peak of 30 psec.

P .

= L CAPAmTORﬁ)" D C POWER

|

[~ BANK _ SUPPLY

E - I3t DELAY
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Fig. XIII-17. Hexapole's excitation circuit.
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approximately 20% below the theoretical values computed from the stored magnetic
energy in the hexapole field.

b. Present Status of Experiment

The experimental arrangement has been built and most of the components tested. In
order to study the behavior of the plasma under various experimental conditions, the
following diagnostic tools will be used.

(i) RF probe to measure plasma density and to detect plasma oscillations.

(ii) Collector current and, in particular, its time variation that indicates the period
of rotation of the unstable plasma.

(iii) Diamagnetic signal to determine the plasma temperature.

c. Combined Minor Multipole Field

Starting from the center of the axisymmetric mirror configuration, the magnetic
field increases toward the plane of the mirrors, but decreases radially away from the
axis, The multipole field is produced by 2 n rods, placed symmetrically around a cyl-
inder with its axis coincident with that of the axisymmetric mirror field. The multi-
pole field has the property that its magnitude remains constant along a line parallel to
the axis and increases radially away from the axis. In order to obtain as uniform a field
as possible over the path of the electron beam, we use a hexapole, or higher multipole
field, rather than a quadrupole field.

The components of the multipole field2 are

Br i n(2k+1)-1 sin n(2k+1) 6
~ r e
B6 k=0 cos n{2k+1) 6

Near the axis (small r),

IB| ~ 2L,

For a quadrupole, n= 2 and |B}| ~r.

For a hexapole, n = 3 and IB| ~ rz.

This shows that variations in | B] around the beam are smaller for the hexapole.
¥. N. Herba, J. G. Siambis
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5. ANOMALOUS MILLIMETER MICROWAVE PLASMA DENSITY MEASUREMENTS

We have been concerned with the validity of recent 4-mm interferometric plasma
density meza.surements.1 Plasma density information is derived from the phase shift
observed resulting from the presence of the plasma in a propagation path between two
antennas. Such phase-shift measurements are usually interpreted by applying a geo-
metrical optics approximation which, in this application, requires that the size of the
plasma be large compared with a wavelength of the probing mic:rowaves.2 Further, the
plasma is usually considered to be a planar slab having sides that are large compared
with the size of the probing microwave beam, in order to avoid the difficulty of inter-
preting the effect of diffraction fields. Hence, the validity of such an interpretation of
observed phase shift for small cylindrical plasma columns may be seriously in question.

The interpretation of such microwave phase-shift measurements made recently on
the beam-~plasma discharge, System C, is subject to difficulties. When this machine
is operated with a uniform axial magnetic field, the plasma produced is essentially a
long cylinder having a diameter of approximately 2.5 cm. There is some evidence that
it is annular in cross section. The plasma, therefore, may be only several wavelengths
in thickness and because the microwave beam is of the order of an inch in effective cross
section, the validity of the slab approximation is doubtful.

It has been found that an analytic treatment of the relevant propagation problem is
impractical within the scope of the present work. Such a problem must accomodate such
factors as the finite microwave beam, the near field patterns of the horns, and the pres-
ence of a reflective drift tube around the propagation path. An experimental approach
was adopted. We shall describe the basic experiment for establishing the validity of

the geometrical optics slab approximation.

a. Microwave Propagation Analog

An analog for the microwave propagation, similar to that described by B. B. Rosen,3

has been built. Since the refractive index of a plasma is less than one, the model for
the microwave propagation was constructed by replacing vacuum regions of the path and
surrounding geometry with a dielectric (x = 1.19) and representing the plasma column
by an air-filled hole (k = 1, 0). The construction is shown in Fig. XIII-18. The dielec~

tric constant ratio corresponds to a plasma density of 0.16 n a typical value in Sys-

13 crit’
tem C (n = 10" electrons/cc).
Cross section dimensions of beam-plasma discharge System C were scaled smaller
by a factor of Nk = 1.09, thereby preserving the electrical lengths of the actual system.
The model measures 10 cm along the dimension parallel to the axis of the cylinder,
which represents a length of 26 wavelengths at 70. 4 GHz. The steel drift tube of the

discharge was modeled by a copper sheet wrapped around the dielectric. Horns and
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HORN AXIS
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SIMULATION
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COLUMN, RADIUS a
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CROSS SECTION AT THE PLANE
CONTAINING THE HORN AXIS

Fig. XIII-18, Microwave propagation analog for scattering from
long plasma cylinders.

their lenses were those used in the actual plasma measurements, and were not filled
with the dielectric or dimensionally scaled.

The dielectric was "Eccofoam S," a dense, small-celled, polyurethane foam manu~
factured by Emerson and Cuming, Inc. This material can be shaped by common
machining and is available in a variety of dielectric constants with very small
loss tangent at millimeter frequencies. Properties of this dielectric at 70.4 GHz
were obtained by measuring the amplitude and phase shift of transmission through large
slabs, of various thicknesses, using a circuit similar to that shown in Fig. XIII-19.

Amplitude and phase shift caused by the presence of cylindrical holes of various

diameters in the model were measured by standard techniques, using phase change

CALIBRATED PHASE

SHIFTER
HORNS WITH
10-dB LENSES
- CALIBRATED FFERENCE AMPLIFIER
RG 98 DIRECTIONAL ATTENUATOR O AND

B DISPLAY TEKTRONIX
it

WAVE GUIDE ™ COUPLER
- 502 A OSCILLOSCOPE

I BTSN s
© &
DRIFf-TUBE ns3 @1 2

70-GHz cw
SIGNAL WALL DETECTOR \
SOURCE " HYBRID -RING
pr— A 4 Q' GALANCED MIXER
-m VARIABL
KLYSTRON pHASE  ATTENUATOR o, 3Ty FREQUENCY
SHIFTER METER

Fig. XIII-19. Microwave bridge circuit.
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interferometer circuit of Fig. XIII-19, Polarization was parallel to the cylinder axis.
The phase-measuring bridge was adjusted to a null, with a dielectric calibrating cylinder
filling the hole. Calibrating cylinders were machined from the same dielectric from
which the model was made; hence, their presence represented the "no plasma" condition
of zero phase shift and attenuation, We have found that tight dielectric-dielectiric inter-
faces produce no error in this calibration. After calibration and removal of the cali-
brating cylinder, phase shift was measured by renulling the bridge with a calibrated
phase shifter. Similarly, attenuation caused by refraction was measured, by using a
precision calibrated attenuator.

b. Results

To examine the geometrical optics, infinite slab approximation phase shift was mea-
sured as a function of cylinder radius, a. These data are shown in Fig. XIII-20 com-
pared with the slab approximation for the range of values of interest. Cylinder radii

-1/2 = 3.92 mm. We have found

are measured in wavelengths in Eccofoam, xE = xox
that the measured phase shift reaches excellent agreement with the slab approximation
at a cylinder radius of 2,5 wavelengths, and it is surprisingly close for cylinders as
small as 1 wavelength in radius. Note that no phase-shift reversal as observed by
Rosen4 occurs at any point in this range, thereby indicating that the effects of interfer-
ence of waves around the column is not significant.

Attenuation resulting from refraction for this same range of cylinder sizes is shown

in Fig. XIIi-21. The large peak occurring at approximately 1.5 )\, is due to the sharp

refractive lens effect of the column., This is also in agreement W]'.]Eh the experimental
work of Rosen.

These results indicate that the slab approximation is applicable to plasmas observed
in System C. This appears to be due in part to the good phase correction provided by

the horn lenses.

c. Effects of Microwave Beam Misalignment

In an effort to explain an apparent inconsistency of interferometric density measure-
ments on System C the effects of misalignment between the plasma column and the
microwave beam were studied. Here, the position of the cylindrical hole representing
the plasma was displaced from the center of the model by a distance §. Phase-shift
and attenuation information was obtained for both homogeneous and annular "plasma"
cylinders. Annular radial density distributions (hollow-plasma columns) were repre-
sented in the model by placing a smaller dielectric cylinder concentrically within a
larger hole. Three such annular configurations were considered.

Figure XIII-22 displays the error in phase measurement resulting from column dis~
placement in a direction perpendicular to the horn axis. It appears that displacement
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from the center of the propagation path in a direction parallel to the horn axis over the
range of 3 Mg does affect observed amplitude or phase shift.

For the same range of displacement, Fig. XIIl-23 shows the variation of the atten-
uation resulting from refraction.

The strong sensitivity of the amplitude or phase to displacement perpendicular to
the horn axis for particular sizes and cross sections suggests a possible method for
radial-profile diagnosis. For example, a relative insensitivity of the phase-to~horn
alignment, together with an amplitude gain through a centered column, would reasonably
be interpreted as due to an annular plasma. A technique such as this is of particular
value for beam-plasma discharge studies, because of the impracticability of using
Langmuir probes within the electron-beam region.

D. M. Perozek
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6, THEORY OF BEAM-PLASMA INTERACTIONS

In studies of small-signal beam-plasma interactions the common approach is to
describe both the beam and the plasma by an equivalent dielectric tensor. Such a form-
ulation is convenient for studying interactions with characteristic wavelengths that
are short compared with the dimensions of the plasma or beam (which is usually
smaller), so that boundary effects are relatively unimportant. When boundary effects
become important the dielectric tensor formulation imposes a restrictive description
of the particles at the boundary, which may not be consistent with their true dynamics.z’ 3
Thus, for example, the surface-charge model for the dynamics at a beam-plasma bound-
ary is of questionable validity. Recent computer experiments on a similar boundary
problem indicate that the particle motion is highly nonlaminar.4

We shall outline a new approach to describing beam-plasma interactions that should
be particularly suited for thin beams and wavelengihs large compared with beam thick-
ness. In this development we first study the excitation of the plasma by beam-~density
perturbations, and then describe the dynamics of the beam perturbations in the average
fields over the beam cross section. The thin beam is allowed to have an arbitrary
unperturbed density distribution, and moves rigidly. We use the electrostatic approx-
imation throughout.

a. Excitation of Plasma Waves by an External Charge Source

Consider a plasma consisting of s-types of charged carriers and an external charge
density distribution Paxt’ In the electrostatic approximation we describe this by

Ve eoE—z ey = Py (1)

E =-V& (2)
and

_ - — 3
ng —S. fs(r,w,t) d"w

= Fg o1 2, (3)

where fs is the perturbed distribution function for the particles of species s, and
Eq. 3 represents the formal solution of the Vlasov equation. For a homogeneous
plasma in a magnetic field, and fields with dependence exp[—imt+ ik '?],

2
k€o

s

F(o,k) = [1-K (e, )], (4)
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where

_ k- ?(w,_lz) -k
Kyl B == —— (5)

is the longitudinal dielectric coefficient. Three examples of this follow.
{a) Collisionless plasma with unperturbed distribution function fo(w , WH):

) Jz k.LW.L nw, afo . afo
K, =1 +S d3w—zz ) (6)

n
(ii) If £, is a Maxwellian with v2. = & T/m,
2
[
p Z -\
Kp=l4 57 14) L e 6.2 (M
k Vo n
where
2
k v
\ o ( i1 T>
“e
w = Nw
£ = S
n
k"vT'J_?:

Z is the plasma dispersion function

In is the modified Bessel function.

(iii} For a cold plasma,
_ L [h2p o2
Kl = kz [k+KL+k"K"], (8)

where K _Land K" are the usual relative dielectric coefficients of a cold plasma in a
magnetic field,

With the external source density Pext the problem becomes inhomogeneous, and

' F(w,‘lz) must be converted to an operator. Formally, we can let ~ik Ihas 9/8x and -ik‘l -
8/8z, and obtain

2 2 pex‘c
Ve + [k (1-K )] d =~ . (9)
Es: st op 60
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b. Electron-Beam Perturbations as a Charge Density Source

The external source in Eq. 9 will now be described in terms of perturbations of a
thin electron beam.

Pyt = 1 (10)

where n is the first-order perturbation in the beam particle density. The unperturbed

density of the beam is assumed to be a function of position in the beam cross section

{a) (b)

(¢} (d)

Fig, XIII-24. Examples of thin beams and their perturbations.
(a) Sheet beam, with rigid motion in x.
(b} Hollow beam, with rigid motion in r.
{c) Pencil beam, with rigid motion in x and y.
(d) Ring beam, with rigid motion in r and =z.

no(r_cs). The beam perturbations are characterized by a displacement vector & which
is rigid in the direction of ?cs' The beam particle density perturbation then is

n=-VYe (no-g)

= —nov *65=5" Vno. (11)

Four examples follow.
(i) Sheet beam (Fig. XIlI-24a).
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n (x)
- - -—ip -iB_ 2z
§=086_=e yye z
o]
ano
n= —no(—jﬁyﬁy—jﬁzﬁz) -8 5% - (12)

(ii) Hollow beam (Fig. XIII-24Db).

n (r)

- - -iBz _;
6:60e Ze;]me

on
(o}

n= —no(—jmﬁe-jﬁzaz) - 6r FrR (13)

(iii) Pencil beam (Fig. XIII-24c).
n (x,y)

. _ =iB. =
56=6 e Z

on on

; 9 _ -
0,185, - 8y Bx 6y dy (14)

2]
1]

(iv) Ring beam (Fig. XIII-24d).

n (r,z)
8= '50 g~ Imb

) Bno Bno :
= -n (-jmég) - 6, —2 -6 2. (15)

¢. Beam Dynamics in Fields Averaged over the Beam Cross Section
We define an average over the beam cross section
1
<> =5 S. da, (16)
b Ab

where Ab is the beam cross section. The equation of motion for the first-order

beam displacements then is
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at? <mn 5)- e[ (-n,72)+ <odt >] (17)

or, for the nonrelativistic case,

_ -n V&
9_25=3< ) + B8 | (18)

m dt o)
dt < no>
d. Beam-Plasma System

The small-signal dynamics of the beam-plasma system may now be described (in
the electrostatic approximation) by Eqs. 9, 10, 11, and 17 or 18. From Egs. 9, 10,
and 11, we can find <I>(3), which when substituted in Eq. 18 allows one to study the sta-
bility of the beam perturbations, 6.

A. Bers
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7. DISPERSION RELATIONS FOR BEAM-PLASMA INTERACTIONS

We shall present the detailed formulation of some beam-plasma interactions that
were outlined in Section XIII-A. 6. We restrict ourselves to a cold-plasma model and
consider, first, a pencil beam, and then a thin-sheet beam. In the first case the plasma
is assumed to be unbounded, and in the second case the effects of boundaries on the
plasma are included.

a. Pencil Beam in an Unbounded Plasma

Consider an electron beam with an unperturbed density distribution no(x, y) and vel-
ocity v, iz immersed T a uniform, infinite, cold plasma. A longitudinal (z-directed)
static magnetic field B is applied (Fig. XIII-25).

The beam is assumed to be neutralized in its unperturbed state, and the beam den-
sity is small compared with the plasma density.

The displacement E(z, t) of the beam is assumed to be a function of z only, that is,
it is independent of position in a given transverse plane. This "rigid-beam" approxi-
mation allows for great simplification of the analysis.

Fig. XJII-25. Pencil beam and its rigid perturbation 8.

For convenience, Cartesian coordinates will be used in the following treatment. This
permits Fourier analysis of the beam density and electric potential. If cylindrical coord-
inates are used, Fourier-Bessel analysis must be employed.

Wave solutions of the form exp j(wt-pz) are assumed for the electrostatic potential ¢,
the beam displacement 3, and the perturbed beam electron density n,-
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. .1
Poisson's equation” then reads

» a2 32 5 e ano 8n
K2 5,7) e - BEeley) = o, 2+ 6y 5y 2+ 10 (-jB) 5, (1)

where K 1 and K“ are components of the dielectric tensor as introduced previously.
The Lorentz equation2 written out in Cartesian components, gives
2

(o
_Qéz_g__oax o 026
X m < > ~J Cc y
¢
- —
< o 9y
2 + ju Q6 (2)
Gy
(o)

<Jl3n ¢>

&
Bim

=& N o/
Y
where w, == fn—]% is the cyclotron frequency for an electron, and Q = {(w —ﬁvé) is the

Doppler-shifted frequency for the moving beam. The quantities in angular brackets are

to be averaged over the cross section of the beam. Thus

< > 5—12 SS‘ no(x,y) dxdy, (3)
0

where 2 is some suitably defined cross-section beam area; it is introduced merely for
normalization purposes.
The beam profile no(x, y) and the transverse potential distribution ¢(x,y) can be

expressed in terms of their spatial Fourier transforms:

]k X Jkyy dk dky
no(X’Y) = S‘S no(kx ky) € .-2.17"_21?
00
dk #
g -k x-jloy dk, Ty
¢{x,y) = gS‘ olky, ko) e ‘é‘,,— 7"
-00

Substituting these in Eq. 1, we obtain
. . i
eno(kx, ky) (kaﬁx+3ky6y Jﬁéz)
ol k) =— 5 : (5)

2 2
o 4 kx+ky+q
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K

where qz = ﬁz is the transverse wave number in the plasma. The averages of prod-

ucts in Eq. 2 can be written

- 0
<j(3no¢> 5{% Si no(x,y) $(x,y) dxdy

dk

B dk,
=—2—§j‘ ny * (k) dlky, k) 52 5

(6)

ak, dk

BN 1
<"no"a;z>=:—2".8§3kn * Ly k) @l ko) =7
- 00

BT 1 by dk dky
<-n05‘§>=‘;755‘ Jkyn * (k) ok k ) 27, T
00

where the star indicates a complex conjugate.
Substituting (5) in (6), and then in (2), we obtain the following form for the force equa-

tions:
2
2, _ 1 ¢ <no> .
-Q 6X = —KI e m Fx(q‘l‘) 6X - chﬂﬁy (7a)
o
2
e” (n
~2%6 = - e (M) F_(q7) 6. + jw_ Q6 (7b)
y K, €m y y c X
o
2
2, _ 1 ¢ <n0>
-Q278 = -R—l € m (ﬁ‘r) F_ (qm) &, (7c)

where Fx’ F v and Fz are dimensionless quantities defined by

o (k,r)> ]no(kx,kynz a7y A05)

F_{(qT) =
a7 <n0>2 1-4 5;S (kxT)z + (ky,r)z n (qT)Z 2 o

(8)

. (kyT)z In_(k k) |?

oWy Ky d(ky-r)

F_(qT) S dk, )
qr) =
y <no>2 1-4 vy (kx—r)z + (kyT) + (QT)Z 27 21

|n(k ,k)lz

F_( )—
2" 2 45§ k) + %+ (qn)? 2 o
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Here, T can be interpreted as a measure of the thickness of the beam.

Equations 7 show that the transverse displacements of the beam are related to each
other, but not to the longitudinal displacement. The reason for this is that the field
structure associated with longitudinal displacements, when weighted with the beam den-
sity and averaged over the beam, yields no net force in the transverse direction.

A case of frequent interest occurs when no(x,y) is symmetric with respect to x and
y (this includes the circularly symmetric beam). In this case, Eq. 8 shows that

F_(qm) = Fy(qT)?-—’ Frlqm), (9)
where the subscript T is used to indicate association with transverse displacements.

In the case of a one-dimensional Gaussian density variation no(x), we have in closed
form

5 () |n_(8)] 2 afkr)
T <no> 21_2_00 (k-r)z + (q-r)2 27

-Z'(jq7/2)
2T

&
]

A o m|® dgn

=2 S‘
z <no> 21_2 J (k'r)z + (q'r)z 2m

F

-jZ(jqr/2)
2T (gT) ’

where Z is the plasma dispersion function, and Z' its derivative.

The force equations (7) now become

[~ <‘02 T

2 pb .
Q" - —-I?L— FT(qT) SX = chﬂﬁy (10a)
- wZ -

2 pb, .
Q" - *—Iq-— FT(QT) 6y =] wcﬂéx (IOb)

Y
(ﬁ'r) F (qv) §,=0, (10c)

in which we have defined an average of the square of the beam-plasma frequency:
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e2
2\ S o)
pb/ €m :

Equations 10a and 10b give the dispersion relation for the transverse modes:

9 2

2 2 _

Q2

The dispersion relation for the longitudinal modes follows immediately from Eq. 10c:

2

pb 2

g ®1) Fz(q'r) = 0. (12)
1

w

92

This is readily identified as the dispersion for space-charge beam waves coupled to the
plasma (through K - and F,(a7).

The transverse waves are more easily interpreted if the roots to Eq. 11 are
expressed in the form

2
2 w
— . wC wC < pk>
o =lbv) =7 ~|\z /" 7x Frl”

F.(gT)
K, T

1/2

(13)

2 1/2

w (wz <’°pb
£ —_
1
2 (%)

W w pb
S <_C>+
2

—— Flq7) .
K T

In the absence of the plasma (K_L= 1, K" =1), and for a very thin beam (gt=0;
F(gt) = F(0)), BEq. 13 describes the well-known waves on a filamentary beam
(Fig. XIII-26). /

The transverse waves are circularly polarized, as can be seen by substituting the
roots (13) in the force equation (10) to obtain
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CLASSIFICATION POLARIZATION
e 91 + x
SLOW CYCLOTRON +
° +
28
8 a, ) .
SLOW SYNCHRONOUS -
9, . y
By .
“Bp=hs FAST SYNCHRONOUS a, -
~Pr=B I east cycLoTRON

2 {72
A= .“.’2.0. [(I+4§:‘;P°> Flo)) -1]

c

/32=—u£9 [( 1+ 4a<)(:§b> F (o} ]I/Z—'}

(3

Fig, XIII-26. Waves on a filament — any beam in the absence of a plasma.

—Ky<0—~

Wee >> Wpp — Re|[8]

gt <<l '_-Im[ﬁ]

Fig. XIII-27. Low-frequency beam-plasma interactions for a filamentary beam.
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-j (v} =91,Q3)
= (14)
y +j (9} 92,94) .

It may be shown that roots Q and 25 represent waves rotating in the sense of ions in
the magnetic field (+ polarization). The other two waves rotate in the opposite sense
(- polarization).

As an example of unstable modes that can arise when the plasma is present,
Fig. XIII-27 illustrates reactive medium amplification, which arises when K.L is nega-
tive.

Note, at the onset of amplification, that the waves of similar polarization merge and

have the same phase velocities.

b. Sheet Beam in a Bounded Cold Plasma

Finally, consider a sheet beam, infinite and uniform in the y direction, traveling
with velocity VOTZ through a cold plasma bounded by two perfectly conducting plates
(Fig. XIII-28). A longitudinal magnetic field B i, is applied to the system.

[ [/ [ S s Sy ) S

n|o

A S Sy Sy Ay Sy S A A A e

Fig. XIII-28. Sheet beam, and its rigid perturbation é, in a bounded plasma.

The unperturbed beam is neutralized, with a symmetric density profile no(x). The
beam displacement 6 is independent of both x and y.

If we assume wave solutions of the form exp[j(wt—fz)] for the electrostatic
potential &, the perturbed density n,, and the displacement ¢, Poisson's equation

yields
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82¢(x) 9 . o [ ano
+pipx) = 6 5~ — ipn 6 |, (15)
axz GOK_L x Ox oz
where

K
2 27
p =E-p

K,

is the transverse wave number in the plasma. The force equations are

< 2

a%_ =2 o B 5 (16a)

- Fem ————— ~ ju Q 16a
X m <n > ¢y

[o]

% = jw Q6 (16Db)
y c X

_~2, _ e <jﬁno¢>

%, =0 (16¢)

(o)

where the quantities in angular brackets are to be averaged over the transverse dimen-
sions of the plasma.

<n > =1 ag‘z n (x) dx. (1
o] a [0}

-af2

The procedure now is to expand ¢(x) in terms of the eigenfunctions of Laplace's equa-
tion, obtained from Eq. 1 by setting the right hand side to zero. These eigenfunctions
¢m(x) are simply the natural plasma modes in the absence of the beam. Let

0
)= ) Ad G, (18)
m=0
The eigenfunctions (natural modes) are

muz

cos == m=1,3,5...
¢m(X) = . (19)
sin max =2,4,6...

and the corresponding wave numbers are

.
Pm =73 " (20)
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X
{ d | [
5 e | $(X) (me)
%gg SRR Z
a |
2 Bx 1
X
/ /S
(a)
X

(b)

Fig. XIII-29. Field distributions for a sheet beam in a bounded plasma.
(a) Transverse fields for longitudinal displacements.
(b) Transverse fields for transverse displacements.

The two lowest natural modes and associated fields are shown in Fig. XIII-29.

Equation 18 can now be written

P(x) = z Am cos mﬂx z A sin m;rx (21)

m odd m even

Substituting Eq. 21 in Eq. 15 and evaluating coefficients A m? Ve obtain

(55) min

. Jﬁn 5, <
olx) = — =2 _ Z (mﬂx> + Z sin (m‘nx) , o (22)
€ K.L miw a a
° m odd p (—-—-——) m even p (——)
where
a/2
-1 mnx
n_ =4 no(x) cos dx.
-af2
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It can be seen that longitudinal displacements excite only symmetric fields and trans-
verse displacements only antisymmetric fields. This is obvious because of the beam
symmetry. Substitution of Eq. 12 in Eq. 16 results in the following form for the force
equations:

' e? <n 2 - 2 %11_>2 n2 '
o2 +“K1" 2 Z P 6= jo_Q6 (23a)
L ™% 2 m7T n X ¢y
m even p°- - (T) < o>
0% = —jo_2s  (23b)
y c ¥
— 2 ' —]
n
9 I
2, 1 2 ? <no> <no>2
i 'f‘-K—(ﬁ‘r) —_— > 6 =0, {(23c)
1 m€o -, 9 Z
modd 21| 2 _ (_11_1__11_')
\ - TP a/ -y

where 7 is a characteristic beam thickness introduced for normalization purposes.
Notice in Eq. 23 that the transverse displacements are again uncoupled from the

longitudinal displacements. The physical reason for this should be clear from

Fig. XIII-29. Longitudinal displacements excite symmetric fields, which when aver-

aged over the beam give no net transverse force. Similarly, transverse displacements

do not give rise to a net longitudinal force.

The dispersion relation for the transverse modes is derived from Eqgs. 23a and 23b.

2).2 2.1 ¢ I, N “m _
9% 40% - o + - ——=2- Z = 0. (24)

m even p:2 - (%:L)Z <n0>2

2 2 (—n;—")z 2

The double root, 92 = 0, has no physical significance and corresponds to arbitrary dis-
placements in the y direction. The other two roots give cyclotron-type waves.
For longitudinal modes, the dispersion equation is simply given by Eq. 23c.
The stability of this and other dispersion relations pertinent to our experiments are
under study at present. )
S-1.. Chou, A. Bers

References

1. See Eq. 9 in Section XIII-A. 6.
2. See Eq. 18 in Section XIII-A. 6.
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8. SHEET MODELS OF THE BEAM-PLASMA DISCHARGE

We have continued the study of the beam-plasma discharge, using superparticles to
represent the beam, and the fluid equations to represent the plasma. We are now
studying the effects of finite beam diameter on the interaction, by representing the beam
with disks. An analytic, linear, finite-diameter beam theory is presented here, for
later comparison with computer experiments. The electrostatic approximation will be
used throughout (H= 0).

We assume: (i) no transverse beam motion; (ii) plasma transverse motion is unhin-
dered; (iii) no radial variation in Vit (iv) a cold infinite plasma with a linear density
gradient along the beam; and (v) a uniform beam of radius b.

To evaluate assumptions (i) and (ii), we see, from Allis, Buchsbaum, and Bers,1

“1 ) 2 —w,
0 E
2 2 wZ - x
J(wl z—wc> 1,2 c
w
_ e W 1,2
W , - w .(wz _o2 Y
' ¢ %12 )
0 0 —1_ g
o) 5 z
where
eB
_ o)
() = —
c m
w, = w- kv0 for beam electrons
wy = @ for plasma electrons.
In System A,
wzwp: 2n X 1.5 X 1010 Hz
_ 6
w, = 27TX2.8X10 Hz/Gauss
0< B0 < 700 Gauss.
. 2 2 . P . . . . 2 2 .
Since w, ® wp » o, assumption (ii) is valid. Assumption (i) requires Wy Kol if the

transverse fields are of the same magnitude as the longitudinal field. But
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w

p
wi‘ = (w-Re kv o~ jIm kvo)z x ~(Im kvo)z & -(;) , which we obtain by anticipating the

results of Fig. XIII-30. Hence the transverse beam motion would be reduced by less

o

2w wpp 0.50947 [7\"2
x Lo v (_)

— exp [szi (z" dz']

Illllﬁ_]

IIlIIIIl T

GROWTH OF ANY VARIABLE

J 1 | 1 L | ] il ] I
0 40 80 120 160 200 240 280

DISTANCE, Z

Fig. XIII-30. W K B approximation to the growth of any variable in a finite-
diameter beam-plasma interaction, with a linear plasma
density gradient. This is compared with the growth of the
first-order beam velocity in a one-dimensional beam. Dis-

tances normalized to 0.4 Vobwpo'
than a factor of 2. For a symmetric mode, however, the transverse field on the axis
is zero, and might be expected to be small over the beam. The quantitative effects of
assumptions (i) and (iii) are not completely understood.

We assume a cold plasma with a linear density gradient given by

wg = wz + az. (2)

For quasi-statics, the pertinent equations are

= _ en,
VK, V)= == (3)
0
=ill-—[=-227
Kn’I 1 o2 2 (4)
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We make Fourier-Bessel transforms in the transverse direction.

2 :
S'oo dkS' w d¢ke1krcos(e-¢) <I>k,
0

r- (2“)2

under the assumption of 8 - symmetric modes, or

1 [*0]
3 =5 SO dk J_(k r) @, (5)
and
[+ ¢}
e, = 2w 50 dr r Jo(k r) @r, (6)

Equation 3 becomes

a
2 k "2 9z 2 .2 € (7)
w
The conservation equation can be written
n =-V- [nob(r) 5]

or, by using assumption (i),

85
Dok © "ok oz ° : (8)

where 6 is the displacement from equilibrium. We use assumption (iii) in the force
equation, so that

2
oty 2 _e [y 22
[Jw+vo 5'2] %o %2 m <nob az /" (9

We define the average as

2T I‘o
< >= lim ——= dr r. (10)
I =+ 00 Wr 0
o o
Hence
T
o] 0
<n:1>> lim ——zg drrg n, Ikt )g ———k<I> T (k' T)
r - 00 wro 0 0
or
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_ ® dk
@2 = Z'rrknk@k' (11)
To proceed further, we use the W K B approximation 32" —Jﬁ) We combine Eqgs. 7,

8, 9, and 11 to obtain

_eZ ﬁ2 w2 o dk k n2.
2 ok
(©=Bvy) 2 f R (12)
me <n0> wry a2mw Y0 [z(p"+k )+3B]
since
no(r) =n, r<b
(13)
=0 r>b
2w n, b Jl(k b)
Nk = K (14)
We know that
) v
<n> 1rr =" n_, (15)
and hence we define
ezn
L
wpb ~ me (16)
o}
Then
-w7 B wzz 2
pb 00 dk J7(k b)
(0=pv,)? = —— § —— (17)
0 k[z(p®+Kk")+jp]
or
2 n2 2
S —T " /%
(0=pv )P = ——— [1 -21 (b/ B +jp/z) K, (b/ +j|3/z)] (18)
az(p” +jB/z)
If the plasma were homogeneous, we would replace az with wg - wz, and drop the
aw;
jB/z terms, which arose from the fact thatﬁaé 0. Then Eq. 19 becomes
wz 0)2
p pb :
1 - — - ——— [1-2I,(pb) K (Bb)] = 0. (19)

o (0-pv)
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This can be contrasted with the calculations done under the assumption of trans-
verse beam motion.2

2 wZ
pb

w

| JEp——

o (w=pv,)

5 Bb I, (Bb) K, (Bb) = 0. (20)

Equations 19 and 20 have different limits as b - «. Equation 19 goes to the correct one-
dimensional limit, but Eq. 20 becomes

2
wpb/ 2

N| 'oetv

] =~

¥ (o-py )

= 0. (21)

Crawford3 has concluded that the fields of Eq. 20 are due entirely to surface charge at
the beam edge, whereas in the one-dimensional limit the fields are due to volume charge.
The fields of Eq. 19 are due entirely to volume charge, so that correct limit as b = «
is physically reasonable.

We have solved Eq. 18 on the computer, using normalized beam and plasma param-

eters as given in a previous report,4 corresponding to typical values in System A.

- - 1/2
(wpb) = 0.1 w = (0.15)
a = 0.001 (vo) =2.5
bn = 4, 69.
- : . -1
Distances are normalized to 0.4 vo/wpo’ times to wpo' wpo corresponds to the peak

density in System A.
In the WK B approximation, all first-order plasma and beam parameters grow at the
2ww b Al /2
same rate. This growth is shown in Fig. XIII-30. It is compared with I ol (E) )
o

the growth of the first-order beam velocity in one dimension. The two curves have been

matched at z = 250 and z = 300. We found that w;)b

effective beam density reduction factor of approximately 0. 25.

= 0.50947 wpb for a match, or an

J. A. Davis
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9. EFFECT OF ESSENTIAL SINGULARITIES ON STABILITY CRITERIA

The interaction of a monoenergetic beam with a cold collisionless plasma, as
described by the dispersion relation

w? w?
pb f— 1 (1)
{w=kv )2 wz ,
o

is often cited as a classical example of a convective ins’cabili’cy.1 The purpose of this
note is to point out that this is not strictly correct, and to show why caution should be
exercised in other examples in which the dispersion relation has roots k(w) for which
k - o0 at some real w. (That is, cases for which there are essential singularities of
F(w, z) on the real w axis.z)

The response Y(z, t}, which is due to an excitation at the plane z = 0, has the form

w—jo +o ej(mt—kZ) s{w) dkd
) )
Wz, 1) = . (k -2 K(w)) (k -2 K(w)) (2m?’ X
—0=jo —00 Vo v0
where
@
pb 2, 2\ V2
K(w) A (1 ""p/w ) ) ’

The source considered here is of the form s(t,z) = &(z) exp(j wot) for t> 0, for which

s{w) ~ (w—wo)_l. The k integration can be readily done, and yields

+oo—jo . .
jolt-z/v ) sin K(w) z
Yz, t) = - g sl@ e o o (4)
—°°“j0' K(w)

for z > 0. The integrand in Eq. 4 has an essential singularity at w = w_ in addition to
the simple pole at w = w s and this fact complicates its asymptotic evaluation. We shall
consider both t and z to be farily large, and evaluate the integral asymptotically by a
saddle-point method. Let 7=t - z/vO and

¢lw) = wT - K(w)z. (5)

The saddle points are determined by 9¢(w) / 0w = 0. For wp'r » kbz (where kb = “"pb/ vo),
there is a saddle point at

2/3
k, z .
w_ =W 1+-1-<b> e—32ﬂ/3 (6)

s P 2\w T
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for which
_ 3 2/3 1/3 —j2n/3
¢(ws) = wp'rf 5 (kbz) (wp'r) e . (7
The saddle-point integration leads to the asymptotic response

N3
Wert) ~ exp o + = Og,27 (o) 1/3} (8)

for z > 0 (=0 for z<0), independent of the source frequency W The intuitive reason
why this model predicts continued growth in time, and not steady-state amplification at
W is quite clear: The cold collisionless model of the beam~plasma interaction pre-
dicts infinite amplification rate at wp, and therefore the spectral components of the
source very near wp head for this level (®) as t = o, It is interesting to contrast the
form of the growth in Eq. 8 with the more usual absolute instability formed from
pinching poles. In the latter case, the asymptotic growth with time is as exp(at), with
the same « at every position z; in the present case, the response grows in time at a
rate that depends on z.

The present refinements on stability criteria are chiefly of theoretical, as opposed
to practical, significance, since a realistic plasma model should include temperature
and/or collisional effects if the one-dimensional assumption is retained. As an example,
in the limit of a very small collision frequency, Yc’ and zero plasma temperature, we
can carry over the previous results by replacing »_with wp(l+ch/ 2w) everywhere in
the equation above. The essential singularity is now displaced into the upper-half w-
plane, and we can show that §(t, z) remains bounded as t =+ . It is interesting to note,
however, that the saddle-point evaluation of y(z,t) in Eq. 8 now shows that

Y N3
\le(z, t) ~ exp (— —2-(-:- T+~ (kbz)z/3 (wp"')113> . (9)

That is, tlls(t, z) grows for a (relatively) long time at the "collisionless" rate before the
collisional damping sets in. The maximum of S(z, t) is reached when

/ 2 wl}’z
W)

) (10)
(v /2
and is
o 1/2
’\[3— 3/2 wp
qlmax(z) ~ exp [\~5~ R kbz . (11)
C

This maximum of the response, ¢max’ can be shown to be identical to the maximum
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steady-state amplification for small Yo A more detailed investigation of the transient
aspects of this problem shows that the saddle-point contribution to ¢ (¢ g a8 given in

Eq. 9) is the dominant part of the response until the time T m given in Eq. 10 (when lIJS =
¢max as given in Eq. 11). For 7> Tm’ the pole at w = Wy (which we have not yet dis-
cussed explicitly) becomes important at the time when ¥ s drops below the steady-state
amplification level at the same source frequency, W That is, it can be shown that ™m
represents the minimum time for steady-state conditions to be reached at any position z.

In other physical situations, the effects of plasma temperature might be more impor-
tant than collisions. It can be shown that the instability is again convective for small but
finite plasma temperature and zero collision frequency. Finally, we should mention that
Sturrock3 pointed out some time ago that if one considers a cold drifting plasma inter-
acting with a beam, then the point of zero plasma drift is the critical point between con-
vective and nonconvective behavior.

To summarize, it has been illustrated by one example how caution must be exercised
in stability criteria when an essential singularity of F(w, z) exists on the real w-axis. In
these cases, the resolution of the convective or absolute nature of the instability may
often rest on the inclusion of additional physical parameters in the model.

The importance of the essential singularities was first pointed out to the author by
B. R. Kusse in a different example.

R. J. Briggs
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10, MOTION OF CHARGED PARTICLES IN MAGNETIC MIRROR FIELD IN THE
PRESENCE OF A RADIAL TIME-VARIANT ELECTRIC FIELD

The presence of a uniform RF electric field affects the gyrating motion of a charged
particle in a uniform magnetic field perpendicular to the RF electric field according
to the frequency of the RF field (w). For w » wg (wB is the frequency of gyration) and
W Cwg, there is no time-average exchange of energy between the electromagnetic field

and the particle. But for w = w,,, the particles gain energy from the field, because of

’
the cyclotron resonance. ThosE particles that start in phase with the field will gain
energy indefinitely, until radiation losses and relativistic effects become significant.
Those starting out of phase will lose energy until they are brought into phase with the
RF field.

If the magnetic field is nonuniform, the resonance interaction will be modified.
Transverse gradients of the magnetic field produce a frequency of gyration that depends
on radial position. Longitudinal gradients add an acceleration along the field lines and,
as in the case of a magnetic mirror, may cause reflections (see Appendix A). The
acceleration experienced by a particle will also depend on its radial position, because
of the radial gradients of the electric field. The phase relationship between the gyrating
particle and the applied RF field is thus altered from the uniform field case.

In general, there are many mechanisms in a plasma which change the phase rela-
tionship between the particles and the field. It is our interest to study the effect of the
nonuniformity of the fields on the energy exchange between the RF field and a single
particle.

The trajectories of the particles are obtained by numerical integration of the nor-
malized nonrelativistic equations of motion. The fields that are used are a magnetic
mirror field and an electric field, attributable to an oscillating line charge. The fre-
quency of the electric field corresponds to an average cyclotron frequency at the mid-
plane of the mirror. The trajectories to be studied can be classified as follows: Class I,
Particles that stay in the midplane; Class II, Particles that stay close to the midplane;
and Class III, Particles that move far from the midplane.

Results

A measure of the inhomogeneity of the magnetic field is given by the mirror ratio
(the ratio of the maximum to the minimum value of the field along the axis) and the
aspect ratio (L/ Lo ~ the ratio of the distance between the points of maximum field
strength along the axis to the maximum radial distance of interest). The ratio of char-

acteristic Larmor radius for the particle motion to the radial dimension of the system
mV
RL =—a]-3—9 —If—- gives a measure of the portion of space that the particle samples. The
o "o
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ratio of the energy in the electric field to the initial energy of the particle is given by
K/Rp,
The frequency of the applied electric field is the controlling parameter for the exchange

of energy between particle and field. The corresponding values are given in Appendix B.

where K is the normalized constant associated with the field (see Appendix A).

Trajectories of Class I

See Fig. XIII-31. (Also, see Appendix B.) The initial velocity is in phase with the
field. The energy increases monotonically with time. The normalized radial position

7.0 7
= UNIFORM FIELD /

=~ NONUNIFORM FIELD !

6.0

5.0

2.0

1 1 i i I 1 ! ! L L 1 i
2n/Q 10 2.0 3.0 40 50 6.0 7.0 8.0 9.0 10.0 1.0 120
TIME

Fig, XIII-31. Energy as a function of time for a particle that stays in the midplane
and starts in phase with the electric field, compared with a particle
starting in phase (for the cyclotron-resonance case) in uniform elec-
tric and magnetic fields.

of the guiding center oscillates about a value of approximately 0. 44, and the amplitude
of this oscillation reaches values of approximately 0.1, After T = 8. 26 (approximately
10 cyclotron periods), the particle has completed one revolution around the axis. As
time increases, the energy gained by the particle becomes larger than that predicted
for the uniform fields.

See Fig. XIII-32. The initial velocity is out of phase with the electric field. The
energy decreases up to a time T = 7. 05 (~8. 5 cyclotron periods). For times greater
than this the energy increases, since the particle has been brought into phase with the
field. The normalized radial position of the guiding center moves inward from an initial
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2.0 ~

UNIFORM FIELD

= == NONUNIFORM FIELD

6.0
Q TIME

Fig. XII1-32. Energy as a function of time for a particle that stays in the midplane
out of phase with the electric field, compared with the corresponding
case in uniform fields.

position ~0.428 to an average value of approximately 0.4061. The variations about this
value decrease as the energy decreases, and start to increase as the energy increases.
After approximately 25.5 cyclotron periods, the particle has completed one revolution
around the axis.

Trajectories of Class II

See Fig. XIII-33. The initial velocity is in phase with the field. The energy and the
magnetic moment increase. The normalized radial position of the guiding center has
an initial value of 0,428, and moves out to an average value of 0.45. The variations
about this position reach values of approximately 0.1. The particle reflects at ~2. 41
cyclotron periods (T =5.0566), ~9.12 cyclotron periods, ~11.9 cyclotron periods, and
14. 05 cyclotron periods. The z coordinate of the reflection points moves inward as
the energy increases. For the first reflection the guiding center is located at z =0.0866.
By the time of the third reflection, the particle has completed one revolution around
the axis.

See Fig. XIII-34. The initial velocity is out of phase with the field. The energy and
the magnetic moment decrease until ~7.5 cyclotron periods (T=5,778), For times
greater than this, the energy and the magnetic moment increase, The normalized radial
position of the guiding center is initially ~0. 428, goes down to an average of 0. 405 as
the energy goes down, and increases back to an average of ~0,415 as the energy starts
to increase. The particle is brought into phase between the first and second reflections.
Thus, the z coordinate for the first reflection is farther away from the midplane than
the others, since it corresponds to the reflection of lowest energy. ' The z coordinates
of the reflection points move toward the midplane as energy increases. At ~17.05 cyclo-
tron periods, the third reflection occurs, and the guiding center is at z = 0. 1203, while
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Fig, XIII-33. Energy as a function of time for a particle that stays close to the
midplane and starts in phase with the electric field, compared with
the corresponding case in uniform fields.
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Fig. XIII-34, Energy as a function of time for a particle that stays close to the
midplane and starts out of phase with the electric field, compared
with the corresponding case in uniform fields.

QPR No, 85 189



(X11I. PLASMAS AND CONTROLLED NUCLEAR FUSION)

for the first reflection it was at z = 0. 167. At ~20. 65 cyclotron periods, the particle's
angular position is 5. 81 radians {not having completed one revolution around the axis).
The trajectories of particles that move far away from the midplane are now under study.

Appendix A. The Fields and Their Normalization in Computations

The magnetic field used for the caluclations is of the form
- 2nr . 2wr
Br Boal1 (—-—L ) sin (——-—L )

2mr 2mr
B, Bo[l— el —I:_) cos (T)]’

where the mirror ratio Rm = (1+a)/(1~-a), L is the distance between the mirrors, and
Bo is the field at r = 0, z =+L/4. The electric field is given by

s R

E

> .
r (14 coswt) r=z0.1 Rma

X

I

K
— <
01 (1+coswt) r<0.,1 Rm

Rmax

ax

A way of producing an electric field of this type has been proposed by L. D. Smullin, 1

The equations of motion are normalized by using as variables V= ?;/Vo, E = ﬁ/ Bc'
E = E/VOBO/C, T = vot/Lo’ R = r/Lo, where L _ is a characteristic length (R_ ), B
is a characteristic value of the magnetic field (B(r=0, z=+L,/4)), and vy is a charac-
teristic velocity (the initial velocity). Then the equations of motion are

dV = = o=
RL'-a',:-[:=E+VXB, (1)
mv
where RL= ‘qB T is the ratio of the characteristic Larmor radius to the character-
o o :

istic length. The normalized fields are

(s 22) s (e 2)
-?r —aI1 Z“R-i—_ sin ..Zﬂz-IT

Lo Lo
1- an ‘21rR I, /cos 2wZ L

{1 +cosQt),

K

ol

where
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- K _ W
R LoVoBo, = kv /L)
—_———— o/ "o
C
Q. = "B = E
B~ "R
(V,/L) L

For the uniform fields,

Eo = ﬁ
= (l+cosQT); B = =,
~r VOBO ~ BO
C
The solution to Eq. 1, with uniform fields and @ = QB’ is

go Eo
—g-—— sin QBt+ SR t cos QBt

- 3
VR = Vr(O) cos QBT + <Vo(0) +5 _

E E E
— . ~Q ~0O . _~0
Ve = Vr(O) sin SZBT + (Ve(O) + B )cos SZBt + —ZRI t sin QBT B -

~

When Ve(O) = 0. The energy in the uniform field case can be approximated by

EN = V2(0) + V (0)—5—0—“5‘2’—2’;2
= VR ROR traR -

When VR = 0, this approximation is not useful because the cross terms become impor-
tant in carrying the information about the initial phase difference.

Appendix B. Parameters Used in the Computation

All computations have been done by using the following values.
Mirror Ratio= 1.5

R. =0.1

L

K = 0,01 (which corresponds to an Eo (in the uniform case) of 0. 025)
L _
T = 3.0
o
Q=1.6,

The following trajectories have been studies.
Class I. Particles that stay in the midplane. Initial position— RO =4
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o o

(a) V0 =1.0 ir — in phase with the RF field

(b) Vo =~1.0 ir— out of phase with the RF field
{c) V0 =1.0 ie—- out of phase with the RF field

(d) Vo = ~1.0 i, — out of phase with the RF field.

e

Class II. Particles that stay close to the midplane.

(@) V,=0.99498741i +0.11i,
(b) V_ =-0.99498741i_ +0.11,
(€) V,=0.9949874 ig+ 0.1,

(d) V, =-0.9949874 iy + 0.11i,.

References

Same initial position.

O. Lopez, J. G. Siambis

1. L. D. Smullin, Quarterly Progress Report No. 80, Research Laboratory of Elec-

tronics, January 15, 1966, pp. 111-113,
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B. Applied Plasma Physics Related to Controlled Nuclear Fusion

Academic and Research Staff

Prof. D. J. Rose Prof. L. M. Lidsky Prof. S. Yip
Prof. T. H. Dupree Prof. E. P. Gyftopoulos Dr. K. Chung

Graduate Students

K. R-S. Chen R. A. Hill L. C. Pittenger
H. Ching M. Hudis A. Sugawara
D. G. Colombant W. H. Manheimer C. E. Wagner
R. W. Flynn G. R. Odette A. Watanabe

1. EXPERIMENTAL STUDY OF HOLLOW-CATHODE DISCHARGE ARC PLASMA

We have continued the study of the highly ionized Argon plasma produced
by the hollow-cathode discharge arc (HCD).1 This study includes measurement

of the ion temperature, and observation of the plasma oscillations with corre-
lation techniques used.

Ion Temperature

We have measured the ion temperature by observing the Doppler broadening of a
singly ionized Argon spectral line at 4806 A A Fabry-Perot interferometer was designed
and built which has a resolving power of 7.57 X 105. During the operation of the inter-
ferometer, the spacing between the plates was fixed, and the pressure of gas (Nz) of the
interferometer cell was varied to change the index of refraction. A typical profile of
the spectral line is shown in Fig. XIII-35, in which the phototube output is traced simul-
taneously with the pressure of the cell. Analyzing the spectral profile according to the
expression for the Doppler half-width,

sz.\)l/ 2
, (1)

A = (1n2)< 1
D o) mcz

where xo is 4806 A for our case, we obtained the experimental ion temperature.
In the actual analysis, we included the Zeeman splitting of the spectral line caused by
the presence of a strong axial magnetic field. The typical datum shown in Fig. XIII-35
represents an ion temperature of 0. 41 eV, as compared with the electron temperature
of 5.82 eV measured by the Langmuir probe.

Estimating the charge transfer cross section by extrapolating the available values

(for 20 eV >kTi 2 1 eV) into the energy range for this experiment, we computed the

*This work was supported by the National Science Foundation (Grant GK-1165).
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Fig. XIII-35.

Spectral-line profile obtained by a
Fabry-Perot interferometer. (r=0+
0.2 cm, Te=5.28 eV, Ti=0.-41 eV).
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Fig. XIII-36. Ion temperature vs electron temperature with different values of
a (degree of ionization). The typical experimental points are
represented by + and corresponding ¢ values. Inregionl, B=
1.4 kGauss, r = 0.8 £ 0.2 cm; in region 2, B = 2.8 kGauss, r =
0.8 £0.2 cm; in region 3, B= 1.4 kGauss, r = 0 £ 0.2 cm, and
in region 3, B = 2.8 kGauss, r =0+ 0.2 cm.
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degree of inonization, ¢, as a function of the ion and electron temperatures.

~1
n, kT o,
=—1_ = e |-le
" n+n - 1 +(kT. 1) v, ' (2)
i (o} i

10

where thg collision cross section for energy transfer to ions from electrons, T,o0 Was
replaced by 26/' TZ/ Zrp 11 /2 32, and Tio 18 the charge transform cross section.

The direct experimental values of e can be obtained through the plasma density mea-
surement by the probe and the background pressure reading. In Fig, XIII-36 we show a
comparison between the values of ¢ by plotting the experimental points in the (Ti-—Te)-
plane. On the other hand, we can estimate the ion temperature by using the experimental
value of e with the aid of relation (2). Within some restricted operation conditions of the
HCD, we obtained an excellent agreement between the experimental and calculated ion

temperatures (within 10% difference).

Plasma Qs cillations

We have investigated the nature of the oscillationsz when the plasma is unstable.
Langmuir probe data are analyzed by obtaining autocorrelations and crosscorrelations
electronically in quasi-real time. In Fig. XIII-37 we show an oscilloscope picture of the
oscillations, and the autocorrelogram of the oscilloscope picture taken by the correlator.
The autocorrelation of a signal fA(t),

T
R , () =%§0 £, (t) £, (t+) dt, (3)

can be used to get the power spectrum through the Fourier transformation. Fig-
ure XIII-37 shows the power spectrum (c) obtained by the Fourier transformation of (b).
The averaging time, T, in this case is 5 seconds.

The crosscorrelation between two signals fA(t) and fB(t),

T
R, p(7) =4 So £, () £t dt, (4)

can be used to get not only the extent of signal { A in signal fB’ or vice versa, but also
the clear phase lag between them.

In Fig. XIII-38 we show (a) the oscilloscope traces, (b) the crosscorrelogram, and
(c) the Fourier transform of (b) of signals detected by two probes separated by 90° azi-
muthally. We note that in Fig. XIII-38c we have a single strong peak at 50.7 kHz, which
indicates that the signals are due to an unstable rotating mode. The phase lag between
the two signals shown in Fig. XIII-38b is clearly 180°, and thus we conclude that this

particular oscillation is an m = 2 mode, and the fundamental frequency is 25.3 kHz,
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Fig. XIII-37. (a) Oscilloscope picture of the oscillation (f z9 kHz).
{b) Autocorrelogram of (a).
(c) Power spectrum of (b).
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instead of 50.7 kHz. We also biased the probes near the electron-saturation and ion-

saturation regions, and obtained the signals. By employing many probes azimuthally

«e—— PROBE DIl

I 5VOLT

'8 —«— PROBE DIT

0.1 0.15 T {msec)

kHz

(c)

Fig. XIII1-38. (a) Oscilloscope pictures of the oscillation (fappzSO kHz)

picked up by two probes separated by 90° azimuthally.
(b) Crosscorrelogram of (a).
(c) Fourier transform of (b).

and axially separated, and moving the probes radially, we have obtained further infor-

mation about the oscillations in the unstable plasma.
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In Table XIII-1 we summarize data from the crosscorrelograms. Because of the

strong dependency of the oscillations on the source magnetic field, we list the current

Table XIII-1. Characteristics of oscillations in HCD.

Azimuthal
IS (A) r (in) Probe Probe Bias fa (kHz) m (experimental)
Separation pp
120 3/8 90° Floated 8.9 0.92
120 6/8 90° Floated 8.8 -1.0
150 6/8 45° Ton Saturated .6 ~0.87
137 1 45° Floated .0 -0. 82
137 1 90° Floated 9.0 -1.1
50 3/8 45° Floated 53.0 -2.
50 3/8 90° Floated 53.0 -2.0
50 6/8 90° Floated 52.3 0
50 7/8 90° Floated 50.0
50 9/8 90° Floated 53.5 0

to the source magnetic coils, I s The apparent frequency is fapp’ and r represents
the radial positions of the Langmuir probes.

In Table XIII-1 we have chosen the positive direction of © as the counter-
clockwise direction looking along the axial magnetic field, that is, from the anode
to the cathode. To determine the helicity of the mode, we obtained crosscorre-
lations between probes separated along the magnetic field lines. We could not
detect any phase lag between them. From Table XIII-1 we construct the following
. model for the unstable modes: (a) the low-frequency oscillation (fappz‘) kHz) has
mode m = 1, and reverses azimuthal direction at an intermediate plasma radius,
and is stronger at the boundary; (b) the high-frequency oscillation (fapp=50 kHz),
mode m = 2, is strong near the center of the plasma column, and is weak and
nonrotating in the outer region. The reversal of azimuthal direction of the low-
frequency oscillation agrees with the E x B direction obtainable from the space
potential measurement,3 which is reproduced in Fig. XIII-39. In Fig. XHI-40 we
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Fig. XIII-39. Radial profile of the plasma potential in an
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Fig., XIII-40. (a) Autocorrelogram in a "quiet" plasma.
{b) Power spectrum of (a).
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show the remarkably clear autocorrelogram, and the power spectrum in the "quiet"
plasma. In Fig. XIII-40 we see no oscillations except the noise.
" M. Hudis, D. J. Rose, J. Small, K. Chung
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C. Plasma Magnetohydrodynamic Flows, Waves, and Instabilities
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Graduate Students

C. A. McNary K. R. Edwards

1. MAGNETOHYDRODYNAMIC WAVE PROPAGATION TRANSVERSE TO
MAGNETIC FIELD

When a magnetic field exists in a compressible fluid with a finite electric conduc-
tivity, the evolution of magnetic field disturbances can be strongly coupled to fluid~
motion fluctuations if these events occur with time scales that are shorter than the
magnetic field relaxation time for the fluid. In such an electromechanically coupled
medium, an increase in apparent fluid stiffness occurs with an increase in magnetic
field strength. This causes an increase in the phase velocity of compressional wave
modes traveling {ransverse to the magnetic field — commonly called magnetoacoustic
waves, These waves are described by a combination of the quasi~-static Ampeére law
for a magnetic system, Faraday's law, Ohm's law (with w, « v), conservation laws for
mass and momentum, and a thermodynamic equation of state. For a highly conductive,.
homogeneous, isotropic, ideal gas approximately described by an adiabatic equation of
state, the aforementioned combination yields the magnetoacoustic wave equation

%y, 8%y
— e
2 2
ot 9
x (1)
2
P B
c2 = sz + az, s2 = y—o and a2 =—2
Po Pt

But this equation does not hold for a collision-dominated, partially ionized plasma
where fluid motions occur with a time scale comparable with the magnetic field relax-
ation time, where fluctuations in conductivity accompany wave motion, and an equilib-
rium current density exists. This report is concerned with such a medium and the
waves that it can support.

Physical assumptions incorporated in the mathematical model to be developed are

*This work was supported principally by the National Science Foundation (Grant
GK-~1165).

QPR No. 85 201



Table XIII-2. Physical assumptions, coordinate system, and glossary of symbols.

Assumptions

Homogeneous, isotropic, one-fluid model. Knudsen number «1.

v
@
P

s
2251, oluel?,
e

2
pok vy

2
k Ku'To

Y <1
v
ee

voBs  o(3/q,)

«1

The equilibrium (uniform) current density flowing in the plasma is assumed to be returned

back through the plasma by evenly distributed wires, infinite in number and infinitesimal

in thickness so as not to disturb the plasma flow and so as to ensure a uniform magnetic

field.

Coordinate System

=1
|
.
=
t
=

The natural and constituent laws are linearized for small amplitude one-dimensional per=-

turbations about an equilibrium state. Equilibrium variables have a zero subscript unless

otherwise noted.

Symbol Definition
B magnetic field
Cv’ Cp specific heats
E ,E, parallel, transverse
Pt electric fields
i (_1)1 /2
i_p’?t unit vectors 1L B_
J current density
Ko_ thermal conductivity
k wave number
kB Boltzmann's constant
n heavy-gas number density
n, electron number density
p pressure
q charge density
R gas constant
T temperature
t time
vp, vy parallel, transverse velocity
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Cp/ Cv

ionization potential
permittivity
wavelength
permeability
electron, ion mobility
Vei + Ven

electron-electron, electron-ion,
electron-neutral collision frequency

kinematic viscosity

mass density

conductivity

angle of propagation

Hall parameter

wave frequency
electron-cyclotron frequency

plasma frequency

R



(XIII. PLASMAS AND CONTROLLED NUCLEAR FUSION)

given in Table XIII-2 along with a description of the coordinate system embedded in the
moving plasma and a list of symbol meanings. The linearized equations of motion are
Laplace-analyzed in space and time. Equivalently, the linearized natural and constitu-
ent laws are considered for one particular Laplace frequency and wave-number depen-
dence. The variables are chosen to have the space-~time dependence:

Re ¢ exp(wt-k- T).

In this report the wave number will be chosen as a real number, and the angular fre-
quency will be sought analytically and numerically.
Conservation of Mass

g w

2 2
P Vp: (2)

Without equilibrium current density, these waves are of a purely compressional nature
with vy = 0.

Conservation of Momentum

2 \J
P W o

2 P kJ B
(—Zko—-) Vp = (%) Y 1s2 N + 122 (—J— -cos ¢ -BB;> (parallel component) (3a)
o

kJ B sin 4>
(—) vV, 2 = —— 5 E——. (transverse component)

PO o

(3b)

Except for propagation in the jo X Eo direction, the velocity is rotational for a finite
equilibrium current density. The rotational component of velocity results from the per-
turbation magnetic field interacting with the equilibrium current density so as to produce
a force density that, in general, is unaligned with k.

Ampére's Law

pw J
B; I= kc]’g = (4)
o o

tu|ow|

B£=11Ji; B =

The current perturbation is in the transverse direction. The perturbation magnetic field
is always aligned with the equilibrium magnetic field for plane wave propagation trans-
verse to the equilibrium field,

Faraday's Law

%op . %oBK B (5)
7B B,
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Modified Ohm's Law

2 3. % 0”0 ney 2 (parallel
90 cos ¢ Q szo J " J Ep J Vi + (9'0 cos$+sind) o component)
o o ‘o o] o
(6a)
J . 2l _ % u'oBo s ¢ (transverse
3, +Q_ sin ¢ (90 =7, E, + T vyt [Qo siné - cos ¢] a component)
(6b)

Equation 6b expresses the resistive-inductive nature of the medium. By using Eqs. 4
and 5, Eq. 6b can be rewritten in the form

B
J . . Q % . o
"j;" [1+1Rm] = -SZO sin ¢ (?2:) + Joo vp + [QO sin¢ ~cos 6] };—. (6¢c)

The right-hand side of (6¢) represents a change in the electromotive force in the plasma
continuum. The current variation lags this emf, as it would in a lossy inductor. The
first term on the right of (6¢c) produces current variations as a result of changes in
Hall parameter. That is, changes in the magnetic field and mass density cause the
ratio of W, and v to change, with the result that there is a repositioning of the equilib-
rium current density vector with respect to the electric field vector. The second term
on the right of (6c) represents the conventional current variation associated with wave
motion and produces wave damping. The last term on the right of (6c) is a current
variation attributable to conductivity fluctuations. If the first and third terms more than
cancel out the damping effects of the second term, wave growth may result ~ but not
necessarily.

Thermodynamic Equation of State

p T
— (7
pO TO

o-°"°

Conservation of Energy

2

I e
T R (k .(k J o oo
F=a- =) v_+i{=) cYyH|2cos ¢ -— |5 Hz——F="+—- (8)
T CV w) P w) [ J o o-o:] chonTo

The second and third terms on the right of Eq. 8 represent small changes in Joule
heating. If these changes are in phase with temperature, wave growth may result —
but again not necessarily.
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Conductivity
c .. & ¥
T_n v_° (9
o eo o}

Collision Frequency

Vei n v Vei Ven
v o<1_ 1 >_.e_+enoi+_3_ 10<1_ 1 >_; of T
v, Vs ZlnA0 n., Vo Po 2 v, 1n Ao 2 v, To
y (10)
3/2
€k, T
A = l2m (—ﬁ> n"1/2
o eZ eo

Cross sections for electron-neutral collisions are assumed to be constant.
Saha's Equation

n P
_e . (a+i L
Beo 4) To Po
(11)
__EL_O_Z)_; 2, p=L(1+a?)
e= ZkBTO % 4 %’ -2 % )

Equation 11 represents the balance between production and removal of free electrons
for a Maxwellianized gas.

Hall Parameter

. "B v (12)

Since, for the case at hand, the perturbation and equilibrium magnetic fields are vec-
torially aligned, the small amplitude changes in Hall parameter and magnetic field are
also aligned, and thus the Hall parameter changes can be described here in a single
scalar equation.

The thirteen linearized equations of motion and state presented above govern the thir-
teen small amplitude perturbations (vp, Vis Py Py T, J, Ep’ Et’ B, n,,v, o Q). Also, there
is a fourteenth equation representing Gauss's law for small-amplitude charge density,
but it is coupled to the other thirteen equations only through one of its two variables.

Gauss' Law

E
%op .(qo vo/€o>q
2P (Folo o) L

-2 , (13)
JO Jo k q
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Table XIII-3. Dispersion relation.

4 35 . s | -1 .
w, + wn{—lHyC 4~ 1Rm + 82 oIRm sin ¢}

-1 . -1
onIyC4 siné~-1+ HRm

+ W2 {~iI(1-®) cos ¢ - HR (X, -9.X,,)}

ol {iH[(RQoxl L+ &K, +vC, ] +iRT @+ IR7[(1-@)(X ), +9 ) - Ra_sing]
+H@[FC, cos ¢—1"1x16]}

+ {iH(RR;anQO[XO ot (85) v, sin ¢] + H(R[R:nl(Xol+ "oon"‘H“oXog]}

=0

% oo )42 )

1 o 1 eic> 1
Cs=3-5—"27% 1-ZlnAo\)
=2C4—~C5

Q
e
n
=
|
<
o | R
o
e

€13
= 3) .

514 = 2(a+ 4) B

= §13(1—200s2¢)

on = 2§14 sin ¢ cos ¢

-C C
p . p 3\

X03 = —R—C4§14 sin ¢ cos ¢ +T§13 (a+T) sin ¢ cos ¢

Xo4=(at2) &, sl 0-Cuy, sine

ol

fo%:

¥ C C
X11 = (1 +—FTV)(a+—ZL) ——RX g14] sin ¢ cos ¢

cv 2 .2
13" R’ C5—C4 cos ¢+§13 sin ¢—yC4

Xip= |E
X, = yc4-z-éi]cos¢

L v

c

) R 3y .

Xj5 =g §148in ¢~ <1+E->( +) sin ¢

C v

v

X16=R Eizcos ¢

X21 = ?.yC4 cosz b -~ yC4
x =2y(a+i) sin ¢ cos ¢
22 4
w:w/kc
2
_ R -1, _ (Jo/‘ro)
H'FFRmI'kcl C.T)
P Popto
2
S
a=(%)
J B
- 1-®Yy_"0o"0
F_YI((R )'" PE
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The dispersion equation formed from the set of homogeneous equations (2) through
(12) is of fourth degree in wave frequency. It is given in Table XIII-3. Analytic solu-
tions of the dispersion equation are stated for two limiting cases which are motivated
by physical insight. First, analytic solutions for the characteristic frequencies are
obtained in the limit of low current density. This limit is suggested by the fact that
parameter variations have a negligible effect for low current density and are uncoupled
from the magnetoacoustic roots. Second, analytic solutions are obtained in the limit of
slight fluid compressibility, This limit is motivated by a desire to uncouple the two

magnetoacoustic roots in such a manner that the two remaining modes can be examined.

Low-Current Density Limit

J.B, B,

p k ’ kB
, o o
~ ¢ (€), € « 1, Furthermore, solution is facilitated by choosing a large magnetic Reynolds

number, R;ll = m f_ ol @ (€), with the Alfvén and acoustic speeds of the same order of
oo
magnitude. The result is that for -n/2 < ¢ < w/2:

This limit considers solutions to first order in current density such that

2 \yad 1 T XB)
1 ke + i _ZFO_ (——-) i e el ke {(positive magnetoacoustic mode) (14a)

€
n

c

€
[\
1}
1
o
[¢]
+
=

2 \sa@ 10 %XB) ]
S X __) =2 9 . %ke (negative magnetoacoustic mode) (14b)
o

€
}

3 i (—) (magnetic diffusion mode) (14c)

wy = 0 (parameter variations mode) (144)

Only the positive magnetoacoustic mode exhibits an instability, and this occurs when-
ever

IR_cos¢>1, (15)

where the most unstable direction of propagation is along :)To X Eo' This instability
results from the fact that the small amplitude Lorentz force density is less than w/2
radians out of phase with the velocity perturbation of the wave. Joule-heating effects
have no influence in this limit; H~ & (63), €« 1. By way of elaboration, consider the case
in which ¢ = 0. For near perfect conductivity, vao £ *ﬁ- B. Some phase relation-
ships of the positive magnetoacoustic wave (¢=0) are demonstrated in Fig. XIII-41.

But if the effects of finite conductivity are accounted for, then Et - vao = J/e,
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! 1 ! B,
T LU N T

| i A )
| | | Jo
S S I

| | l

0 T 2n

Fig. XIII-41. Phase relationships for positive magnetoacoustic mode
for ¢ = 0 and negligible resistivity.

or va = (—;—) B - i(;:: —} B, and then B leads v somewhat, as shown in Fig, XIII-42,
o]

The greater I becomes, the larger is the magnitude of J oB relative to J B, It is the

I

| e | LA
JB, o |

JoB |
|

I

2

.___._.l — 0,
|

l — I -

l v
0 ™

Fig. XIII-42. Phase relationships for positive magnetoacoustic mode
for ¢ = 0 and finite resistivity.

J oB component of the Lorentz force density that is destabilizing. Furthermore, the
larger Rm is, the less is the phase difference between velocity and magnetic field per-
turbations. To understand the inequality for some arbitrary angle (|¢| <w/2), consider
¢ = w/2. Here the inequality cannot be satisfied. In fact, the third term on the right
side of (14a) disappears. This results from the fact that for ¢ = w/2, J OB acts in a
direction orthogonal to vp, and only serves to produce small amplitude motion trans-
verse to the direction of propagation. With a more detailed analysis, it can be shown
that this instability mechanism persists even when the criterion for the low-current-
density limit is not met (with the same inequality (15) almost satisfied at a state of mar-
ginal stability). In summary, a physical mechanism for the instability of the posiﬁve
magnetoacoustic mode has been exposed. Its existence depends upon the presence of a
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finite current density, and does not depend upon parameter variations (though it may be

influenced by them).

Slight Fluid Compressibility Limit

First, only incompressible phenomena are considered.

(positive, nega-
w -~ o0 tive magneto- (l6a,b)
1,2 s
acoustic mode)

J

= = — tic diffusi
wy= =k 8,+ i(6,+8,); sd=neze, e =electron charge (gigg;e ic diffusion (16c)
w4 = l(gl-gz)
L2 { (kxT ) B, } oI’ /o
(. =5 ——4+5 |2——m—— = | ——— (parameter variations
12 o 2 kJoBo p onTo mode)
1/2
Ty .S 2
(kXJ ) B aJ” /o 2
L=+ [2 e s oo G (16d)
oo Pop o Mo :

The physical meaning of (16c) and (16d) becomes more apparent in the limit of small
magnetic Reynolds number, R_ ~ O (e).

- 12
w3=—k'Sd+ 1“‘7 (173)
o
2BXT)- B 3% /o
wg = -1 e - e (17b)
o o Po p o

The propagation of the magnetic diffusion mode simply represents the effect of electron
drift, and therefore does not appear for ¢é = 0. Magnetic field disturbances are swept
along with the moving electron gas. The parameter variations mode indicates growth

for ¢ = 0 and decay for ¢ = /2. This is a result of having small-amplitude Joule-heating
changes, respectively, in phase and out of phase with small temperature variations. For
spatial variations along the To X -ﬁo direction, the second term on the right of (8) domi-
nates the third term, and growth results. For variations along the J0 direction, how-

ever, the second term does not contribute, since J is orthogonal to Jo and the third

term, representing conductivity fluctuations, produces decay.
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The solutions (17a) and (17b) can be further altered to include slight compressibility.

2

For simplicity, assume ¢ = 0 and also that I, Rm, a-l ~¢@(e) and %— ~ ¢@(1). Then, the
a

slightly compressible solutions for the magnetic diffusion and parameter variations

modes are

2
w0 = aly=1) IR_(1-®) ke + i p‘:% (18a)
1 azJZ/o' o 1)( )2 . aJ /a' (18b)
W, = Y- .
4 ponTo pOCpTo

The two unpaired modes, w; and w‘i take on wave propagation characteristics that reflect
the existence of preferential directions in the medium. The physical effect causing prop-
agation is similar for the two modes. For instance, in the parameter variations mode
some relative phases of variables are indicated in Fig. XIII-43, with AT and Ae¢

| -AT i -AT I

B '?a }B -'Ao- |

| O} I X |

L O T

JoB JB, JoB 1B |

[ I I I |

I I I I |

I I I I |
0 n/2 ™ 3n/2 27

Fig. XMII-43. Dynamics of the parameter variations mode for ¢ =0 and
slight compressibility.

indicating a positive small change in temperature and conductivity, The small changes
in current density caused by conductivity fluctuations (which result from temperature
changes) interact with the magnetic field. These forces, in turn, set up pressure gra-
dients with peak pressure out of phase with the original conductivity fluctuations. These
pressure gradients are accompanied by new temperature fluctuations, and so on, causing
the pattern to shift in the +'fo X Eo direction. In (18b) the direction of propagation
changes if either J 0 °F Bo is reversed, thereby reversing the preferential direction
J o X B, .

By means of a more extensive investigation, it can be shown that the basic concept
of a magnetic diffusion mode and parameter variations mode that propagate remains

valid even when the assumptions of Egs. 18a and 18b are not met. Furthermore, it can
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be shown that an instability caused by parameter variations can also appear in the mag-
netoacoustic modes. Finally, Eq. 17b is related to the solution found by W]:'ight1 for an
incompressible medium.,

Numerical Solutions

The characteristic roots of the complete one-fluid dispersion equation derived from
homogeneous Eqgs. 2-12 were found numerically by using the M.I.T. Computation Center's
IBM 7094 computer. Solutions were sought in order to ascertain the validity of the ana-
lytic descriptions presented in this report. Some critical comparisons of analytic and
numerical solutions are plotted in Figs XIII-44 through XIII-48. In these figures analytic
solutions are valid for 1= £(0.1), or less.

H. A. Haus, J. E. McCune, K. R. Edwards

References

1. J.K.Wright, "A Temperature Instability in Magnetohydrodynamic Flow," Proc, Phys.
Soc. {London) 81, 498 (1963).
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XIV. kENERGY CONVERSION RESEARCH* s\\ F40

N Academic and Research Staff

Prof. J. L. Kerrebrock
Prof. G. C. Oates

Graduate Students

R. Decher
M. L. Hougen
G. W. Zeiders, Jr.

A. STATUS OF RESEARCH

1. ALKALI-METAL VAPOR STUDIES N é } - é; 0 95

Our studies of the condensing plasma, both theoretical and experim;ntal, indicate
that probably it will not be feasible to maintain a state of nonequilibrium ionization in
a wet vapor. This conclusion follows from two facts.

a. At moderate current densities, the moisture increaées the slope of the curve of
log ¢ versus log j to greater than unity. With this characteristic, the plasma is
unstable to current concentration.

b. At higher current densities, the flux of energy to the liquid droplets is such as
to evaporate them quite rapidly.

Thus we are forced to the conclusion that an alkali-vapor MHD generator should
operate with dry vapor. Our evaluation of the system potential will proceed on this
basis.

2. LARGE NONEQUILIBRIUM GENERATOR

During this quarter, the large generator was operated twice with a pre-ionizer. In
the first run, load resistances from 100 to 3 ohms per electrode pair were used. Pres-
sure distributions along and across the channel were taken. Although the data are still
being analyzed two points can be made.

a., When the pre-ionizer was operating, the pressure distribution in the channel was
nearly independent of load resistance. When the pre-ionizer was turned off, the pres-
sure rose throughout the channel, the increase being approximately 30% at the entrance
and a factor of two at the exit. This may indicate a large increase in dissipation when
the pre-ionizer is off. T

b. The performance of the channel appeared to improve slightly with time during

*This work was supported by the U.S. Air Force (Research and Technology Division)
under Contract F33615-67-C-1148 with the Air Force Aero Propulsion Laboratory,
Wright-Patterson Air Force Base, Ohio.
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the run. Because of this, the second run was made with a fixed-load resistance of
3 ohms, in an attempt to define the time dependence of the performance. The data from
this run have not yet been analyzed.

3. INSTABILITIES

A general theoretical study of MHD instabilities is being made, which encompasses
both magnetoacoustic and electrothermal waves, and accounts for interaction between
the two. It also includes the effects of radiative heat loss.

J. L. Kerrebrock
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XV. SPONTANEOUS RADIOFREQUENCY EMISSION
FROM HOT-ELECTRON PLASMAS;

Academic and Research Staff

Prof. A. Bers

Graduate Students

C. E. Speck

A. ENHANCED CYCLOTRON RADIATION FROM AN ELECTRON-CYCLOTRON

RESONANCE DISCHARGE N é ? : 27 0 9 6

Previously, we have reported preliminary observations of an instability occurring -
in the afterglow of a pulsed electron-cyclotron resonance discharge.1 This instability
was characterized by bursts of radiation at frequencies near that of the RF microwave
field which generates the plasma. The bursts are normally observed, however, as
occurring several hundred micro‘seconds after the removal of this RF heating field. We
have continued this investigation in order to gain sufficient information about the plasma
so that an appropriate theoretical model might be formulated. ;

Above a background pressure of approximately 2 X 10”5 Torr HZ’ the plasma is
observed to be stable. Below this pressure, the plasma is unstable, in that the param-
eters of the plasma do not normally repeat themselves after each RF heating pulse.
This critical pressure appears to be independent of the magnetic field over a wide
range. It is in this low-pressure region that the intense bursts of microwave radiation
are observed. The number of bursts, the most probable time of their occurrence, and
their intensity are all complicated functions of the magnetic field strength or the back-
ground pressure. The radiation observed in a 30-Mc band near the RF heating fre-
quency generally occurs later in the afterglow as the pressure is lowered. Just below
the critical pressure, bursts are seen as early as 25 psec after the heating power is

6

removed. At a pressure of 5X 10~ Torr and a central magnetic field of 880 Gauss,

however, the most probable time for these bursts of radiation is more than 800 nsec
6

after the end of the heating pulse. Below approximately 4 X 10™~ Torr, it is impos=-
sible to form a discharge with the available microwave power. The dependence of the
most probable time of occurrence on the magnetic field strength is extremely compli-
cated. No typical trend is evident. Below a central field of approximately 690 Gauss,
the bursts are absent. Increasing the field results in bursts whose amplitudes increase
until the magnetic field reaches 830 Gauss. The amplitudes of these bursts are

estimated to be of the order of 500 watts peak, with a duration of approximately 5 psec.

*This work is supported by the United States Atomic Energy Commission under
Contract AT(30-1)-3581.
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Fig. XV-1.

Afterglow behavior of the pulsed electron-
cyclotron discharge under repeatable
operating conditions. Top trace: radiated
power near 2850 Mc. Bottom trace: decay
of the stored plasma energy. Time scale:
50 wsec/division. Conditions: pressure

1.5% 10™° Torr; magnetic field at mirror
center, 1030 Gauss.

Fig. XV-2.

Typical behavior under nonrepeatable
operating conditions. Top trace: radi-
ated power near 2850 Mc. Bottom trace:
decay of the stored plasma energy.
Time scale: 50 psec/division. Con-

ditions: pressure 1.5 X 10_5 Torr;
magnetic field at mirror center,
1050 Gauss.
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Increasing the field strength results, first, in an appreciable decrease in burst ampli-
tude, followed by a slight increase at even higher fields. The occurrence of multiple
bursts does not appear to be limited to either extreme in pressure or magnetic field.
Typical oscilloscope traces of these multiple bursts have been previously reported.1

The most encouraging result of this preliminary investigation is that there are
several critical combinations of magnetic field and pressure for which the instability is
repeatable. At a central magnetic field of 1030 Gauss and a pressure of 1.5X 10_5 Torr,
a single intense burst of radiation occurs cohsistently 120 £ 20 psec after each RF
heating pulse. Correlated in time with the burst is a sudden drop to zero of the mea-
sured energy density of the plasma. Figure XV-1 illustrates this behavior. Compar-
ison of the energy radiated in the burst with the change in the stored energy in the
plasma indicates that an appreciable fraction of the kinetic energy of the hot electrons
is converted into coherent radiation by the instability. Figure XV-2 illustirates the
more general behavior occurring at pressures and field strengths other than these
special ones. Note that while the first shot is similar to the behavior illustrated in
Fig. XV-1, the second shot does not indicate a change in stored energy when the burst
occurs. The bottom shot exhibits a very intense period of microwave radiation which
has no apparent effect on the stored energy. This behavior is still not understood. The
behavior of the bursts at the critical values of fields and pressures, however, should
make possible a thorough investigation of the repeatable operation.

Measurement of the frequencies radiated by the discharge has been complicated by
the presence of the high-power heating pulses. In order to protect the detectors from
these pulses, it has been necessary to use a narrow-band transmit/receive switch.
Retuning this switch has indicated that under some operating conditions more than one
band of frequencies is being radiated. These separate bands each have their own char-
acteristic intensity and most probable time of occurrence. Although these bands are
all near the frequency of the RF heating power, the narrow-band switch discriminates
against part of the radiated energy, and thus makes time-resolved frequency measure-
ments impossible. We plan to replace this transmit/receive switch in the near future
with a wideband PIN diode switch. This will allow time-resolved spectra to be deter-
mined easily.

We shall continue the investigation of this intense instability. Experiments are to
be directed toward a thorough study of the time-dependent plasma parameters both
before and after the occurrence of the repeatable bursts.

C. E. Speck
References
1. C. E. Speck and A. Bers, "Observation of Enhanced Cyclotron Radiation from an

Electron-Cyclotron Resonance Discharge," Quarterly Progress Report No. 82,
Research Laboratory of Electronics, M.I.T., July 15, 1966, pp. 187-189.
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A. INCOHERENT SCATTERING OF LIGHT FROM A PLASMA 1V N 67 2? @ %?

The NZ-CO2 laser development for the plasma scattering experimentl' has been
completed; the optical detecting scheme has been finalized; and, after delivery of a
0. 14-p bandpass filter centered at 10.6 p, noise measurements were made to determine
the NEP of our mercury-doped Ge detector.

The final, and greatly simplified, laser design is indicated in Fig. XVI-1l. Two
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Fig. XVI-1. Detail of laser discharge tube.

coaxially mounted equal lengths of "Double Tough" Pyrex tubing, 10 ft long and 1 in.
and 2 in. I.D., with compressive O-ring sealing to the end flanges, form the discharge

region and coolant channel. The flanges incorporate the O-ring mounted NaCl Brewster

*This work was supported by the United States Atomic Energy Commission
{Contract AT(30-1)-3285).
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(XVI. INTERACTION OF LASER RADIATION WITH PLASMAS)

windows, vacuum fitting and gas inlet ports, cathode and anode for the discharge, and
are directly cooled by passing the cooling water through them. The discharge tube and
mirrors are mounted on a 4-in. Al H-beam.

The discharge conditions are 100 mA at 12 kV in a gas mixture of 1 Torr CO,,
1 Torr NZ’ and 4 Torr He. The mirrors have a separation of 4 m; one being an Au-
coated B.S.C. glass, the other a flat Ge mirror. The Au mirror has a 1-mm central
hole for alignment purposes when using an He-Ne laser. The Ge mirror, 2-mm thick,
has a front surface reflectivity of 36% (index of refraction n=4) and the back surface has
a ZnS antireflection coating. The output power is ~100 watts at 10.59 u, with essential
stability on a single rotational transition. At lower power levels, or with slightly de-
tuned mirrors, other rotational lines (~200 A separation) appear. The output is multi-
mode longitudinally and transversely, but this is of no consequence in our scattering
experiment. Using a Au-coated mirror with 1-cm hole coupling yields an even higher
power level, but does not give the single rotational line stability that the Ge mirror
affords. The optics for detecting the scattered radiation from the plasma is indicated

in Fig. XVI-2, with the exception of substituting mirrors for lenses in collecting and

LIQUID HELIUM
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MIRROR DETECTOR

BEAM DUMP

Fig. XVI-2. Laser-plasma scattering-detection optics.

rendering the scattered radiation parallel for wavelength analysis. We found that spher-
ical aberration in the KCl lenses was the limiting factor in utilizing all available scat-
tered light. A redesign, with mirrors substituted for lenses, indicates far less spherical
aberration and hence much better collection efficiency. The large mirror sub-

tends 'rr><10_2 sr at the scattering point in the plasma. The mirror assembly
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is under construction.

The Fabry-Perot interferometer uses Ge plates with 96% ZnS reflective coatings,
which affords a 20 A bandpass. The central wavelength is to be pressure-tuned by using
ethane, which will afford a spectral scan of 1400 A. This range will enable measurement
of the plasma-frequency satellite resonances, as well as temperature measurements
from the Doppler-shifted intensity spectrum.

An NaCl lens with small spherical aberration focuses the spectrally analyzed radi-
ation onto an Hg-doped Ge detector cooled to 4°K. A Ge substrate blocking filter of
0. 14-p bandpass mounted in the 4°K cryostat blocks all orders from the Fabry-Perot,
except one, and additionally limits the 300°K black-body .radiation seen by the de’cector.3
The measured NEP is 2 X 10"14 with a responsivity of 8 X 108 volts \vw-z.tt"1 and
watt c:ps—1 2, source impedance of 1.5 M, compared with an unblocked detector of
NEP =8 x 10713 1/2
improvement has been achieved. The anticipated scattered power levels are 4 X 10
watt; this indicates detection bandwidths of 1/25 cps for a S/N = 1.

The laser radiation is chopped before focusing into the scattering volume, and the

and responsivity = 2.5 X 10® volt watt™!. A considerable
-15

watt cps”

scattered signal is detected synchronously by using an FET impedance-matching pre-
amplifier and Princeton Applied Research HR-8 lock-in amplifier. The detector noise
is well above pre-amplifier noise, and is the limiting factor in this experiment.
The scattered light collecting mirrors -are being set up and the only outstanding
question will be that of laser beam dump efficiency.
A. A. Offenberger
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B. ELECTRON DIFFUSION IN THE HELICALLY PERTURBED MAGNETIC
FIELD OF THE M.I.T. STELLARATOR

Electrons of 1500 volts are being injected and trapped in a torus for an average of
100 transits. The trapped electrons diffuse outward toward the walls of the torus and
are collected in an azimuthally symmetric charge detector. After an initial transient, the
current at the collector decays exponentially after the injection current is switched off.
This type of behavior implies a random walk of the electrons toward the walls. The
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average number of transits N = ——R-—-Z'S", where R is the radius of the vacuum wall,
(ar)

and <(Ar)2> is the average square change in the particle's radial position in one tran-
sit. (42&1")2 is produced by perturbation fields (waves), as well as gas scattering,
scattering from the Stellarator fields in the U-bends, and noncancellation of the toroi-
dal drifts. The perturbing fields are varied while the others are kept as constant as
possible; thus their effects can be subtracted out.

The electrons diffuse to the torus in real space, but the perturbing fields produce
velocity-space diffusion and almost no real-space diffusion of the guiding centers. The
drift cancellation in the U-bends is velocity-dependent and hence converts velocity dif-
fusion into real-space diffusion.

The average number of transits then becomes

2
v
_ 1 loss cone

) <(Av )2>

N

in velocity coordinates, where V] loss cone is the perpendicular (to T?:) velocity at which

the electron will be lost rapidly. <(AV_L)2> is the squared change in perpendicular
velocity in one transit averaged over all possible initial entrance velocity-space angle
{phase average).

The loss cone ( ) in a torus is not simply defined as in a mirror device,

V] loss cone
and depends on the drift-cancellation method that is used; however, it does not vary
with a change in perturbation field strength, and hence we can measure the dependence
2 . . .
of <(AV_L) > on perturbation field strength, keeping V| loss cone constant. We plan to
measure the loss cone (V_L 1oss)’ but, at present, we use it as an adjustable parameter
to fit the data.
The perturbation field used for this experiment was a static transverse magnetic
field rotating in space with a varying pitch length.

A theoretical prediction of the lifetime for weak perturbations is the following.1

2
B
A(f‘-) F(z)

N=4—2 > (1)
V] loss cone
2

v
o
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TZ mZ 3/2
F(z )=tan—9- l—az cos4—9-
o 2L\ 2L

B = field for resonance for 1.5 kV electrons

o}
= 61.2 Gauss
r,= Larmor radius at the resonant field for v,=0
=2.13 cm
az = Percentage of electron energy for which the perturbed field has been
designed to convert parallel (to B) energy to transverse energy (or vice
versa)
= 80%
L = length of perturbed-field region = 1 meter
Po = resonant pitch length for V)= 0, =13.4cm
z, = position at which an electron with v, = 0 is in resonance for a given Bz’

0<z < L.
[e]
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Fig. XVI-3. Diffusion coefficient vs perturbation field strength.
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The raw data from the experiment was the average number of transits, N(B_L).

1 1

N(B,) No)

L
N

where N is the average ’number of transits attributable to the perturbation field with
N(o) = o,

Figure XVI-3 shows experimental results for Eq. 1, with B i varied and all else
fixed. Equation 1 predicts a square-law dependence of the number of transits on per-
turbation field strength. The dependence goes from a 1.6 power law to something
higher (possible square law) at fields below B.L/Bz = 1.3%. The large error bars
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Fig. XVI-4, Lifetime vs magnetic field strength.
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result from the small difference of large numbers in Eq. 2 for weak perturbation (that
is, N(B_L) = N(o)).

Clark and Lidskyz predict N o [B3/ 2]'_1 for sufficiently large B,, which is in agree-
ment with the region of Fig. XVI-3 above B.L/Bz = 1.3%.

The dependence of Eq. 1 on B was checked experimentally; it is given in Fig.XVI-4
for a constant value of B, = 0.89 Gauss. By changing Bz’ the resonance point was
shifted. Bz = 61.2 Gauss corresponds to resonance at the left of Fig, XVI-4 (Zo =
100 cm), while BZ = 137 Gauss corresponds to resonance at z, = 0 for electrons with
v) = 0. An approximate fit to the data was found for Yl loss /V0 = 1.

Researchers have proposed the use of perturbation fields for nonadiabatic traps,
whereby molecular ions are trapped by a resonant field. Before that are lost by the
inverse trapping process, collisions can break up an appreciable fraction of the molec-
ular ions into atomic ions with half the mass, for instance. Figure XVI-4 gives exper-
imental results that are equivalent to changing the mass of the particles. A molecular
ion, HZ say, would behave like an electron in resonance at 61.2 Gauss. An atomic ion
of half the mass would be in resonance at 122.4 Gauss and, from Fig. XVI-4, we see
that the atomic ion would have a lifetime 100 times longer then the molecular ion. In
this perturbed field the pitch changed by more than a factor of 2, so the atomic jon
equivalent electrons were still in resonance with a portion of the perturbed field.

During the next quarter we shall investigate diffusion from perturbed fields in the
transition region between resonant and nonresonant fields. Also, we plan to measure
the size of the loss cone in our torus.

R. W. Moir, L. M. Lidsky
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A. DISCRETE ANALYSIS OF HOMOMORPHIC DECONVOLUTION N 67 - é‘% 09 8

A method for separating convolved signals based on the canonic system of Fig. XVII-1
has been previously discussed.1 Some preliminary analytical results for continuous sig-

nals and a brief discussion of the problems involved in implementing such a system have

-1
— A = ! Al -
x (F) ® X (1) y (1 ®

y ()

Fig. XVII-1. Canonic form for deconvolution filter.

also been given.2 Since such a system must be implemented by using a digital computer,
it is of importance to consider the characterization of the system of Fig. XVII-1 when
all of the signals are discrete time functions.

In this report we shall discuss the discrete characterization of the system Ag. This
is a nonlinear system that is characterized by the property that if x = Xy ® X5, then
2= §1 + ?2, with ® denoting discrete convolution. If X(z) and }?(z) denote the two-sided
z-transforms of x(n) and Q(n), respectively, this property can be realized through the

requirement that

N\
X(z) = log X(z),

provided that when z = er, arg[X(z)] is continuous in the interval -7 < w < w. Since the
z-transform is periodic in w, arg[X(z)] must also be periodic in w. It is not necessary
to associate the region of convergence of X(z) with }?(z).

We shall make use of just two choices for the region of convergence of }?(z). One

*This work was supported principally by the Joint Services Electronics Programs
(U.S. Army, U.S. Navy, and U.S. Air Force)under Contract DA 28-043-AMC-02536(E),
and in part by the National Aeronautics and Space Administration (Grant NsG-496).
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choice is the region outside all poles and zeros of X{(z). This results in a sequence, Q(n),
which is zero for n < 0. The other choice is an annular region that includes the unit
circle. This choice results in a sequence, Q(n), which always approaches 0 as n
approaches o,

It will be assumed that X(z) is of the form

A 0 (1-ae™)

X(z) = Az 5 (1)

-1
18 (1-07)

which can be rewritten in the form

r-m +p -p m _
z ° OA( -1) "o Po H ay (l-aklz> (l—akz 1)
k—m +1
X(Z) = ’
Py Py i o
I v, 1L (1-b; z) II (1-bz” )
i=1 li=1 1=p +1

where the first m  zeros and P, poles are assumed to be outside the closed contour that
is used for determining Q(n), and the rest inside. For X(z) of the form of Eq. 1 and for

which the angle is computed as discussed above, it can be shown by integrating by parts
that

- m _|
(o]
a I la
N =
x(0) = log n, + O'(r—mo+po), (2a)
I b, |
and
gc\(n)=Kem£9§-ﬁ-"—n+c(n) n==%1,+2,.... (2b)

The function c(n) is defined by

X'(z) n-1 d

c(n) = - 57— z z Z, (3)
27j
C X(z)
where C is a circular contour defined by z = e°-+3°°, which lies in the region of conver-

N
gence of X(z). The constant K in Eq. 2b is given by

K=r+po—mo.
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It can also be shown that

K=r+mi—pi+p—m,

where m, and p; are the number of nonzero zeros and poles inside the contour C.
By applying the properties of z-transforms, it can be shown that c(n) also satisfies
the equation

x(n-k)

c(n) =—1ﬁ- z ke (k) 5y n+0.

In the special case for which x(n) = 0 for n <0, x(0) # 0, and the contour C in Eq. 3
encloses all of the poles and zeros of X(z), so that Q(n) =0, n<0, the constant K in Eq.2
is zero and therefore ’}E(n) = ¢{n). TUnder these conditions, Q(n) satisfies the recursion
formula

. ox [ E x@ew)

x(n)=m—;z ) %(0) n>0 (4a)
k=0

£(0) = log A = log x(0). (4b)

It should also be noted that the inverse operation, corresponding to the charac-
terization of the system A;, can easily be obtained simply by solving Eqgs. 4
for x(n).

If x(n) = 0, n <0 and x(0) # 0, Eq. 4 can be used to compute )’c\(n). The computation

is practical only in the case in which X(z) has no poles or zeros outside the unit circle
n
because if this is not true, ;(\(n) will grow at least as fast as-‘;—, where ¢ is some num-

ber greater than 1. It should be mentioned, however, that multiplication of x(n) by
ﬁn (B<1) will sometimes result in a new function whose transform has no poles or zeros
outside the unit circle. It can also be shown that if X(z) is a rational function, the effect
of multiplying x(n) by ﬁn is simply to multiply the output Q(n) by 6n.

In many cases of interest it may not be possible or desirable to use Eq. 4 in the
calculation of )’f(n). In such cases, the inverse discrete Fourier transform of the loga-
rithm of the discrete Fourier transform of x(n) must be computed. If N denotes the
number of points in the discrete Fourier transform, then the resulting sequence, g(n),
is related to '}E(n) by the equation

(e}

%) = Z £(n+aN) n=0,1,..., N-1,

a=-0o0

corresponding to aliasing of the sequence X(n). This aliasing can be made less
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noticeable by exponentially weighting x(n) or by augmenting the sequence x{n) by
terminating in zeros.
R. W. Schafer, A. V. Oppenheim
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B. UNITY FEEDBACK TWO-STATE MODULATOR CONFIGURATIONS

1. Introduction

The transfer function for the two-state modulation configuration described by Bose1
has been derived in detail.2 It has been shown that the dynamic ramp response, within
an error term, is of the form

y) = =x{t) - m='(t). (1)
The frequency response of the modulator, then, as inferred from the ramp response,
goes as

Y(s)
X(sy - ~(¥Ts) ‘ @

which, as in the case of a continuous amplifier with feedback, is the inverse of the feed-
back network response.
The system frequency response can be made flat by placing an RC filter identical to
the feedback network in front of the modulator loop. The same effect is achieved in the
circuit of Fig. XVII-2, in which the RC

feedback filter has been located in the place

where it also acts to filter the input

THRESHOLD
DEVIGE vy waveform.

WITH
In Fig. XVII-2 the hysteresis switch

HYSTERESIS ouUTPUT
with delay, previously used as the forward

Fig. XVII-2. Unity feedback two-state element of the modulator loop, has been
modulation system.

replaced by an arbitrary threshold device

with hysteresis. This has been done to
permit application of the analysis to more general effects that are present in a physical
realization, such as switching transients and variations in the switching levels. The
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threshold device has two states or modes of operation: the charge state, entered when
its input g(t) drops below w e’ during which the output will be designated yc(t); and the
discharge state, entered when g(t) rises above w a’ during which the output will bg des-
ignated y d {t). The only contraints on the device behavior to insure recurrent alternation
of states or cyclic operation of the modulator are that x(t) plus Yo (t) be sufficiently posi-
tive that g(t) tends to increase or “charge," eventually reaching w d’ and that x(t) plus
y d(‘c) be sufficiently negative that g(t) tends to decrease or "discharge," eventually
reaching W, A switch with hysteresis and delay, for example, meets this requirement,
provided the input is bounded by h d~" Ve <x < hc - Wy

A general transfer expression for this system configuration will be derived. For
static input, the system is shown to be identical to the RC feedback configura’cion2 if
ideal hysteresis with delay is assumed. For dynamic inputs — again, under the assump-
tion of ideal hysteresis with delay — it can be shown that a flat frequency response is
obtained with error equivalent to the static error. Finally, an improved system will be
introduced for which the transfer function predicts zero error, even for the arbitrary
threshold device described above.

2. Analysis

The transfer function for the circuit of Fig. XVII-2 will now be derived. For the
RC circuit,

e(t) = g(t) + 7g'(t). (3)
The input to the nonlinear element has the form sketched in Fig. XVII-3. As long as

this waveform is cyclic, the desired modulation will obtain.

g{t)

- Qg oo
. 7“7 """ _.  Fig. XVII-3. Typical input to the thresh-

N K‘jz ___________ R‘7Z old device.

Define a cycle of operation to be from one w, state transition to the next. Then,

1t

choosing t = 0 at the start of a cycle, we have

]

g(T) = g(0). (4)

From (3), since e(t) = x(t) + y(t),
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T T T
S; [xt)+y ()] dt = §0 gty dt + rgw . (5)

Rearranging terms, using (4), and dividing by the period T yields

T T T
1 1 1

=\ ymat=-2\ x@)dt+— {t) dt. (6)
T yo T SO T 5‘0 g

The output mean over the cycle is equal to the negative of the input mean over the cycle
to an error term in g(t), independently of the form of x(t) and y(t), as long as cyclic
behavior is maintained. For efficiency, y(t) should be a switching waveform, and, to
enable accurate reconstruction of the input waveform, the modulator parameters should
be such that the cycle time is short compared with the rate of change of x(t); however,
neither of these considerations is involved in the derivation of Eq. 6.

As indicated by Eq. 6, the modulator output in the unity feedback configuration is
referenced to the mean of the input during a cycle, rather than depending only on the
input values at the switching instants as was the case with the RC feedback configura-
tion. The RC network continuously looks at the input waveform and effectively stores
its behavior over the entire cycle in g(t).

3. Investigation of the Error Term

In the preceding development arbitrary parameters that were appropriate for cyclic
operation were assumed. It is intuitively clear that a narrow hysteresis window, bounded
input and output, and small delays will limit the excursion of g(t) to a restricted range
‘and permit a bound on the error term. For typical operation this bound is exceedingly
loose because the approximate symmetry of g{t) reduces the value of its integral over a
cycle. Expressions for the modulator error term have been developed for the case in
which the forward path is an ideal switch with hysteresis and delay, and the input is
static or characterized by its midpoint and slope over the cycle.

A typical errror waveform g(t) over a cycle with static input is sketched in
Fig. XVII-4. Notice that g(t) is pre-
cisely the static error waveform eval-
uated in a previous repor’c,z in which

ﬁd/cm the RC feedback modulator configura-
:: I 7 » tion was discussed. The average of
0 S)/ \/ ! g(t) was shown to be equal to its mid-
wf ey, S - point, which can be evaluated in terms
T-Ld of the modulator parameters, plus a
’ term expressing the discrepancy
Fig. XVIi-4. Error waveform, static input. between mean and midpoint. This
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result, for the symmetric case, is reproduced in Eq. 7.

- 2 )
- _Ta _Ta
-4 l-e T/+Ee 7
-— T 2 h
Y =-x e 11 +5 . 5 >. , (7
d
X e
L T
o

The error function for ramp input can be derived by characterizing the ramp as
altering the effective midpoint and half-width of the exponential window function g(t),
which is the same procedure previously used to discuss the ramp response of the RC
modulator configuration.z The detailed mathematics will be omitted here; the result
supports our intuitive claim that the device should exhibit flat frequency response by
predicting the same transfer expression as for the static case. The "static" input value
of Eq. 7 is simply replaced by the mean of the ramp during the modulator cycle.

4. Integral Modulator

In the derivation presented in this report, the error term was found to be the integral
of g(t) over a cycle. 1If the RC network is replaced by an integrator, as drawn in
Fig. XVII-5,

e(t) = 1g'(t), (8)

and the error term in the derivation vanishes! Equation 6 becomes simply

1 (7 1 (T
-,T.-S.O y(t) dt=——,f.-S0 x(t) dt. (9)

Independent of the form of y({) —as long as it is appropriate to produce cyclic
operation — and independent of the parameters of the hysteresis element and the nature

Fig. XVII-5. Integral two-state modu-
lation system.

THRESHOLD
DEVIGE

INTEGRATOR

y ()
WITH
HYSTERESIS OUTPUT

of the input, the average of the output over a cycle is precisely the negative of the mean
of the input over the cycle.

A qualitative explanation of this type of modulator operation is easy to provide. The
output of the integrator represents the input mean plus the output mean, and the hyster-

esis element guarantees that this output is cyclic. Then, over a cycle, the sum of the
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means, the output error, is brought to zero.

In practice, the realization of the integrator may not be ideal. The transfer function
of the integrator may then be represented in the form.

e(t) = Ag(t) + 1g'{t), (10)

where A is zero ideally, approximately .001 for a typical operational amplifier real-
ization of an integrator, and equal to one for the simple RC approximation to an integra-
tor. We have shown that the modulator error resulted from the integral of g(t) over a
cycle. In the analysis of this error, A was taken as unity (an RC approximation) and
error expressions were derived. These same error expressions can be applied to the
case of incomplete realization of the integrator in an integral modulation scheme simply
by multiplying the error expressions by the factor A. Of course, for an ideal integrator
A is zero and there will be no error, and for most practical realizations A is sufficiently
small that the error may be neglected.

J. E. Schindall
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The general form of a linear feedback shift-register (FSR) is shown in Fig. XVIII-1.

The register is completely described by its length and its connection polynomial

C(D)=1+¢D+... +cD.

Given a finite sequence s

17 °°

SN

of digits from some number field (for example,

the field of binary numbers), the problem is posed of finding (one of) the shortest

KEY:

N

:

1-t+ UNTAPPED STAGES

}B_» FIELD ADDER

——@—» MULTIPLY BY THE

CONSTANT C

Fig. XVIII-1.

General linear feedback shift register.

*This work was supported principally by the National Aeronautics and Space Adminis-
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linear FSR that could generate this sequence when loaded initially with 81 80«0« By
The following algorithm, which solves this problem by a recursive technique, has been
obtained. Defining

- (n)
dn = Sht1 + z ¢i Snt1-iv
where

o) =140+ x el pm
n

gives a linear FSR of length l the shortest possible one for a linear FSR that gener-
ates 81989000 8. In1t1a11z1ng withn' = -1, n =0, ,Q = ln =0, dn* =1, C(n')(D) =1
C(n)(D) = 1, we compute the registers forn=1,2,..., N by the following recursion:

1. 1d =0, set ™ py=c®p), ¢, = zn, and leave all other quantities
unchanged.

2. If dn # 0, set

and

41 = max [ln,n—n'+ln,].

En-g <n'-{, leave all other quantities unchanged. But if n -~ £, >n -4
replace nt, ln' , d " and C( )(D) with n, 2 d - and C(n)(D), respectwely

Among the appllcatlons for this algorlthm are (a) solving Newton's identities, which
is the fundamental problem in decoding the Bose-Chaudhuri-Hocquenghem codes,

nl

{b) finding simple digital devices to produce a specified bmary sequence, and {c) com-
pressing the output of certain data sources with memory.

J. L. Massey
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B. CODING THEOREMS FOR SOURCE-CHANNEL PAIRS

In a recently completed thesis,1 we have studied the communication system shown in
Fig. XVIII-2 when the capacity of the communication channel is not sufficiently high to
allow perfect transmission of the source. The resulting (nonzero) distortion is measured
by a non-negative distortion function, d(w, z), which gives the distortion in the event that
the source letter w has occurred at the source output but been reproduced at the decoder
output as the letter z. It is assumed that both the source and channel are discrete, con-
stant, and memoryless, and that the channel is available for use at a rate of once per
source output. It is also assumed that the encoder and decoder are allowed to operate
on blocks of letters; the encoder maps n-letter source output words into n-letter channel

ﬂ=(w]lwzl7vn) Z_z(x]lle ey xn) 1=(y], )'2/---1 )’n) £=(Z]/ Zz:---/ Zn)
SOURCE ENCODER / CHANNEL / DECODER /
PER LETTER
CAPACITY = C

<

Fig, XVIII-2. Rate-distortion curve for the source.

input words, and the decoder maps n-letter channel output words into n-letter decoder
output words. When block operators of this type are used, and one "transmission" con-
tains n information letters from the source, the system performance is measured by

the normalized sum of the n letter distortions, or

n
d(w,z) =— Z d(w;, z,).
i=1
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For such transmission systems, Shannon has introduced a rate-distortion function2
that specifies the minimum attainable transmission distortion, dc’ in terms of the chan-
nel capacity, C. In general, though, the distortion level dc is attainable only in the limit
as the encoder and decoder are allowed to be arbitrarily complex, that is, the block
lengths on which they operate are arbitrarily long. In this work, the block length was
included as a variable, and upper and lower bounds were found to the minimum attain-
able transmission distortion as a function of this block length. Particular emphasis was
placed on finding the asymptotic form of these bounds.

Even before these bounds are found, several interesting situations are known to
exist. For instance, there are some source-channel pairs for which the minimum
attainable transmission distortion is independent of the encoding block length; there-
fore, it is possible to attain the distortion level dC even withn = 1. An example of
such a pair is the binary symmetric source {equally-likely binary letters with d(i, j) =
1- E’ij’ i, j = 1, 2) used with a binary symmetric channel, where the optimum encoder
is a direct connection. Another example is a Gaussian source used with an additive
Gaussian noise channel, where the optimum encoder is simply an amplifier. When the
source-channel pair is such that the minimum attainable distortion is independent of the
coding block length, we shall say that the source and channel are "matched." For the
more common situation, wherein the minimum attainable transmission distortion
decreases with increasing encoding block length to asymptotically approach the distor-
tion level dc’ we say that there is a "mismatch" between the source and channel, and
suggest as a measure of this mismatch the "slowness" of the approach of the distortion
to the asymptote dc' Examp;les illustrating mismatches between source and channel are
given in the author's thesis.

Another interesting situation occurs when there is a choice of using one of several
channels of different capacity. Alithough the channel of highest capacity would be the best
choice when one is willing to use infinite block-length coding, it might not be the best
choice with finite-length coding. This could easily happen if the high capacity
channel were very much more mismatched to the source than some lower-capacity
channel.

1. Lower Bound

A generalization of the sphere-packing concept is used to derive the lower bound.
The idea involved can be described with the following simple, but poor, bound. It is
first assumed that the source word w has occurred at the source output and that the
channel input word x is used for transmission. We list all possible received words,
¥, ordered in decreasing conditional probability, ply | x), and pair with each the decoder
output word, _z_(_z), to which it is decoded. The transmissgion distortion,
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d(w) = Z P(y|x) d(w, z(y), (1)

n
y

can be seen to equal the sum of conditional probability-distortion products on this list.
If the set of distortion values that appear on this list are now rearranged (with the list
of conditional probabilities fixed) to be ordered in increasing distortion values, the
resulting sum of conditional probability-distortion products must be smaller, or at most
equal to, the sum in Eq. 1. It therefore provides a lower bound.

An improved lower bound employs the same sort of orderings and rearrangements
but includes a probability function, f(_}_'_), in the ordering of the channel output words. This
function is defined over the set of all channel output words, denoted by yn, and is later
chosen to optimize the result. The channel output words are now ordered according to
increasing values of the information difference I(x,y) = In f(z) /p(_}_r_ | 5), and each is again
paired with the decoder output word z(y) to which it is decoded. The rearrangement of
decoder output words is also slightly different. To describe this rearrangement, we
visualize each channel output word, y, as "occupying" an interval of width f(y) along the
line [0,1]. The decoder output WOI‘d-: z(y), that is paired with a particular channel out-
put word, N is also viewed as occupying the same region along [0, 1] as y, but, since
any particular word Z, might be the decoding result of several channel OIEput words, the
region along [0, 1] occupied by 2, could be a set of separated intervals. The arrange-
ment of decoder output words is, this time, a rearrangement of occupancies in [0, 1]
toward the desired configuration, wherein the decoder words are ordered in increasing
distortion (along this line), and each occupies the same total width in [0, 1] as it did
before the ordering. Thus two monotone nondecreasing functions can be defined along
the line [0, 1]; one, I(h), giving the information difference I(x,y) at the point h, 0 sh <1,
and the other, d(h), giving the distortion d(w, z) at h. The distortion d(w) in Eq. 1, can
be lower-bounded in terms of these functions by

. . 1
d(w) = «go d(n) e B g, (2)

The lower bound to the total average transmission distortion is then the average of this
bound over all possible source events.

If the probability function f(.-Y) and the probability function, g(z), induced on zn by £(y)
through the optimum decoder function, are used to define the quantities I(x, y) and d(\iv,g)
as random variables, the functions I(h) and d(h) can be seen to be the "inverses" of their
cumulative distribution functions. By using estimates to these distribution functions,3’ 5
the lower bound in Eq. 2 can be simplified considerably. When the (unknown) g(z) is
approximated by a probability function factorable into blocks of arbitrary but constant

size and then wvaried to minimize the bound, and f(y_) is also varied to optimize the bound,
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it can be shown that the asymptotic form of this approximated lower bound to
distortion is

> a (_1_.)
d(s) dc+n+0n, (3)
where
" y" 2
as= 1 T 1-1n - + ;
2 l s ' s p." s P‘" s P'"
dc = distortion at R = C on the rate-distortion curve for the source

Q
n

capacity of the channel

p(s) = Z 9 lnz g eSdij EZ q;1(s)

i J i

_ 14t -t
k 3

H)
o

q
p = source output probabilities
£

output probability on the test channel for the source at the point (dc, C) on the
rate-distortion curve

c,f= input and output probabilities on the channel when it is used to capacity

o = variance of pi(s) - Sp.i(S) according to p
t=-1
s satisfies: (s) = spi(s) = ~C.

The coefficient a can be shown to be a non-negative function of the source and chan-
nel statistics that interrelates these statistics in such a way that the particular channel
(among those of capacity C) for which a has its minimum value depends upon the source
that is used. The reverse is also true. Among those sources that have a common point
(dC,C) on their rate-distortion curves, the particular source that minimizes a is dif-
ferent for different channels. Also, the coefficient a is precisely zero when the source
and channel are matched. These properties of a suggest its utility as a measure of
"mismatch" between the source and channel; the larger the mismatch, the slower is the
approach of the lower bound to its asymptote. Several examples of different types of mis~
match have been provided, and a strict lower bound, including the specification of the

low-order terms, are to be found in the author's thesis.
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2. Upper Bound

A random-~coding argument is used to derive the upper bound. That is, an ensemble
of encoders and decoders are defined over which the ensemble average transmission dis-
tortion is calculated. This, then, upper-bounds the minimum individual average (over
source and noise events) transmission distortion in the ensemble and, in turn, upper-
bounds the minimum average transmission distortion attainable with any encoding and
decoding method.

First, two distortion values, dR and d*, are chosen to satisfy

*
dc<dR<d Sdmax'

(4)

&
Since a valid upper bound results for any two such choices, d, and d are considered as

R
parameters to be optimized later. The monotonicity of the rate-distortion curve and the
inequalities in Eq. 4 provide the following inequalities among the corresponding values

of rate on this curve:

C>R>R. (5)

For each choice of dR and d*, and each coding block length n, the ensemble of codes is
generated by picking, according to some probability distribution p(x,z), M independent
pairs (x, z) from x"z% T hus, if in X there are J channel input letters and in Z there
are K decoder output letiers, there is a total of (JK)nM codes, each with the associated
probability
M
Pr(code) = 'H p(i{-i’-%i)'
i=1
The particular distribution that was used factors as p(x, z) = p(x) g(z), in which p(x) is
the channel input probability distribution that uses the channel to capacity, and g(z) is
the output probability distribution on the test channel for the source at the point (d*, R*)
on its rate-distortion curve.
The encoding and decoding is done in the following way. When a source output w
occurs, the encoder chooses any member in its set of M permissible decoder words, say
z,,» Which satisfies

d(w,z ) <d. (6)

If there is no such member, it chooses any word in the set, say z,- Because in each
ensemble member there is a particular pairing defined between the M decoder output
words and the M channel input words, there corresponds to z,, or z,, a particular
channel input word, X, which is used for transmission. From the received channel out-
put word, Y the decoder first decodes to one of the M possible channel input words, and
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from this, through the pairings defined by the code, to a decoder ocutput word.

Clearly, if no channel error occurs and if the set of decoder words does contain a
member satisfying Eq. 6, the transmission distortion must be upper-bounded by d*. In
any other event, the distortion can be upper-bounded by d

max’
the total average (the average over source events, noise events, and the ensemble) can

By using the union bound,
therefore be upper-bounded by

“d(ens.) < a*+ d oy d#) [Pr(3'z in code) + Pr(channel error)], (7
in which the symbol 3' is used for "there does not exist."

The first probability in Eq. 7 was calculated by conditioning events on the occurrence
of w, finding the probability of codes lacking a decoder word satisfying Eq. 6, and then
averaging over the source space W™, The result is an exponentially decreasing function
of n, with the exponent starting from zero and increasing monotonically in the difference
R-R*. This is analogous to the second probability, which is known also to be an expo-
nentially decreasing function of n, but has an exponent starting from zero and increasing
monotonically in the difference C-R. Thus the upper bound in Eq. 7 converges expo-
nentially to the level a* which, from Eq. 4, is strictly greater than d This bound alone
would not be satisfactory, since Shannon has shown that the level d can be approached.

As the bound in Eq. 7 is valid for each d and R satisfying Eqgs. 4 and 5, the lower
envelope to the set of bounds corresponding to all such choices of d and R is alsoa
valid upper bound. It can be seen that the optimum choice of d* (corresponding to that
bound to which the lower envelope is tangent) must decrease toward d with increasing
n and, from Eqgs. 4 and 5, that R (and R) must increase toward C. The result of this
is that the exponents in the probabilities of Eq. 7 must decrease toward zero, with the
further consequence that the exponential terms in this equation decay more slowly as
n increases. (For this reason, a choice of d#< marginally above dc is not optimum for
all block lengths.) The asymptotic form of the lower envelope, which is our upper bound
to the average transmission distortion, is found to be

dS) < d_+b lnn [1+0(1)], (8)

in which

£(n) 4 0(1) if lim f(n) = 0
n=--o0

1 -1/2

b= I:E"(R )

[s]

+E"(C)_1/2].

In Eq. 8, E(R) is the reliability function for the channel, and ES(R) is given by
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piﬂ:A l—pixA
- Py 1-p;
ES(R)-mimn p; = A l1-p, ¥4 ’

where A is the largest number for which

p(s) ~ sp'(s) = -

pi(s) =
9; =Py % TAN

are all satisfied. Another form of the function E (R), Whlch is more difficult to work
with but provides a tighter bound, has been found

In this derivation, we were forced to use a coding ensemble in which the signal set
in each ensemble member is limited to M < enC points, since no more gmneral code
could be found that provided the correct asymptote, dc' The restriction to such a sig-
nal set, in effect, introduces an interface between the source and channel. This causes
the coefficient b not to reveal the mismaich properties that the coefficient a brings
about in the lower bound, since the set of source and channel statistics that minimize b
are each independent of the other. We can, though, interpret b as (the reciprocal of)
a type of stretch factor similar to those studied by Sh.':mnon6 and by Wozencraft and

Jacobs.7

With the restriction to a signal set with M < enC, we have also found a lower bound
to distortion that (for noisy channels) has the asymptotic form

as) = d_ + aln‘l/z.

Thus one can conclude that it is necessary to have a signaling set larger than enC if one
is to attain the 1/n rate of approach to d c that appears in the lower bound in Eq. 3.
Although we cannot exhibit such a coding scheme, the author conjectures that one does
exist, and that the lower bound in Eq. 3 more correctly expresses the behavior of the
performance curve,

For the special case of a noiseless channel, upper and lower bounds to the average
transmission distortion have been found which, asymptotically, behave the same. Their

form is

Inn

d, +5 [1+0(1)] < d(s) < d, + (3+ ¢) Inn o),
|s|n

|s]n

QPR No. 85 247



(XVIII. PROCESSING AND TRANSMISSION OF INFORMATION)

in which s is equal to the slope of the rate-distortion curve at (dC,C), and € is an
arbitrarily small positive constant. The lower bound is similar to one derived by
Goblick8 (the bound in Eq. 3 is not applicable as a = ®). The upper bound is derived
by using essentially the same procedure as that used to obtain the noisy-channel upper
bound. The significant difference is the replacement of the threshold encoder (Eq. 6)
with an optimum encoder, that is, choosing for Z, that permissible decoder output word
which minimizes d(w, z).

R. J. Pilc
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We shall consider two problems related to the equations specifying the nonlinear
interval estimator. In the first part, we shall discuss a method for solving these equa~
tions which involves the optimum nonlinear realizable filter. In the second part, we
shall present a technique for determining the optimum nonlinear realizable filter from
the equations specifying the nonlinear interval estimator.

We shall assume that the following equations describe the system of interest:

dx(t) ,
5 = Hx), ) + gx(t), t) u(t) nonlinear state equation (1)
T
Efluiu” ()] = Q&(t-7) (2)
E[.}E(To)] =X, initial condition assumption (3)
e = T

E[(?E(To) X )T )X ) 1= P, (4)
- r(t) = s(x(t), ) +w(t) nonlinear observation equation (5)

Elwthw’ (1]=Ré(t-1)  T_<t,7<T, (6)

For this system, the equationsl’ 2 describing the MAP interval estimate of the state
vector x(t) are

dg-(t) A A T A~

—g = fE®). 0 + g&(t), ) Qg (X(t), 1) p(t) (7)

dp(t) T T a -1 A

== -5 2 p(t) + C(x(t), t) R (x(t)-s(x(t), 1)), (8)
where

*
This work was supported by the Joint Services Electronics Programs (U.S. Army,
U.S. Navy, and U.8. Air Force) under Contract DA 36-039-AMC-03200(E)).
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p S (®), 1)
C(x(t),t) =——. (9
ax(t)
There is also a two~point boundary-value restriction on the equations. The boundary

conditions are required to satisfy

Z(T ) -% = Pp(T) (10)

p(Ty) = 0. (11)

The difficulty in solving these equations is the two-point boundary condition asso-
ciated with the problem. We note that if we could obtain the value _;5(Tf), that is, the
state estimate at the end point of the interval, we would have a complete set of boundary
conditions at this time. We could then solve these equations backwards in time from
this end point as if it were an initial or, more precisely, final-value problem. The
estimate at the end point of the interval, however, is identical to the realizable filter
estimate, since it involves only an operation upon past data, that is, the data before the
end point time, Tf. Therefore, one method that we propose for solving the nonlinear
smoothing problem may be outlined as follows:

a. Determine a complete set of boundary conditions at the end point of the interval
by obtaining the realizable filter estimate.

b. Solve the MAP interval estimation equations backwards in time from the end
point of the observation interval, using this set of boundary conditions.

This method is not the only algorithm for solving the MAP estimation equations.
Another technique is the method of quasi-linearization. With this technique, the esti-
mation equations are linearized around some a priori estimate of the solution. Then
these linear equations are solved exactly, by use of the transition matrix associated
with this system. This new solution provides the next estimate around which the
nonlinear equations are linearized. This technique is repeated until a satisfactory con-
vergence criterion has been satisfied.

The equivalence of the two methods has not been shown. It is suspected that in the
high signal-to-noise case they produce identical estimates. In the low signal-to-noise
case, however, the quasi-linearization procedure is probably better. This is because
the realizable filter estimate that we obtain is an approximate estimate. Probably, the
best procedure is some combination of the two techniques.

We shall now present a derivation of the optimum nonlinear realizable filter by the
use of the technique of invariant imbedding. Our derivation is a modified version of that
given by Detchmendy and Shridar.3’ 4

A fundamental difference between the interval estimator and the realizable filter is
the time variable involved. In the interval estimator the important time variable is the
time within the fixed observation interval, whereas in the realizable filter the important
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time variable is the end-point time of the observation interval, which is not fixed but
increases continually as the data are accumulated. For the realizable filter we want
the estimate at the end point of the observation interval as a function of the length of the
interval,

Let us now consider a more general class of solutions to the MAP equations. Instead
of imposing the condition of Eq. 11, let us consider the class of solutions for the bound-

ary condition
P(Ty = . ' (12)

In general, the solution to Eq. 7 at the end point of the observation interval is now a
function of the end-point time of the interval and the parameter n. Let us denote the
solution to Eq. 7 at the end point of the interval by g(Tf, n), where we emphasize the
dependence noted above. We also note that

E(Tym)| = X(T). (13)

2V 20 f

n=0
We now state that it can be shown that the function satisfies the following partial dif-

ferential equation:4

BE(Tm)  BE(Ty,m)

Tt I T = 2Ty, (14)
where
(8, m, Ty = (8, T)) + £(€, T) Qg (8, T n (15)
e, T = 90, T n-CTE TY RTH(Ty-s(E, T)). (16)
xX=

For convenience of notation, let us define the term

K(x,1(T), T = C" (x, Ty R™ (x(T-s(x, Tp). (17)

g
We now try a solution to Eq. 14 of the form

E(Tpm) = X(Ty) + B(TY m, (18)

where _§_c\(Tf) and E(Tf) are functions that are to be chosen appropriately. As indicated
by the notation, the function is the desired estimate. We now substitute this trial solu-
tion in the invariant imbedding equation. Since we are interested in the solution when

m is small, we expand the functions around g_(Tf). We want to consider terms to order

m_l. The expansions of (15) and (16) are
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af A R
o(g,n, Ty = LE(Ty), Ty +5 (2 Tp gz, TTP 2+ GETY. T QeITy, T (19)
X=X £
of - ~
(£, n, T = - 57(x, T) M -5 (%1, T) P(T,) n - K(x(T,), x(T,), T,).
w(g, n, T, 9x f x_g(Tf) -3 f _:s=§(Tf) Ul £ £t
(20)
Substituting (19) and (20) in (14) yields
dx(T )
de -f("(Tf) T;) + P(T,) K(x(Tf) £(Ty), Ty
dP(T))  of
+ —;ﬁ; ~ X x, Tp) ~ P(Ty) - P(Tf) (X T,) B
x=x(T) ==
-Pr) LR v, TY| |, PTY + (T, Ty QgT G(TY. Ty } + O = 0.
z=R(T)
{21)

We require that the functions ;(Tf) and P(Tf) be so chosen that the terms within the
first and second braces of Eq. 21 vanish identically. This specifies the solution to the
invariant imbedding equation to O(mlz). The term within the first brace specifies the

estimation equation. This is given by

RITY i
T ff = $&(T)), T) - P(T) CT&(T,), T R~ (T )-sE(T), Tp. (22)

The term within the second brace specifies part of the dynamics of the estimation equa-

tion. This is given by

dP(T,) of of T
B Y P(Ty) + P(Ty) 52 (£, Ty
dT ox g £ £ £
r = x=8(T,) 2T
oK A T »
Py @ x (T T o) F1Te) ¥ B&(Te) Ty Qe (T, T, 23]
= X=X
x=x(Le

where (see Eq. 17)
K@z, Ty = C' (£, T) R™ (x(T-a(x, Tp).

The initial conditions to these differential equations are found by setting T £ equal to To

and using Eq. 10. This gives
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A
(T ) =% (24)
P(T ) = P_. (25)

Equations 22 and 23 are identical to those derived by Snyder by approximating the
golution to the Fokker-Planck equation describing the a posteriori density.5 We note
that we obtain the same result — that the optimum nonlinear realizable filter may not be
equivalent to successively linearizing the system under consideration and then applying
the Kalman-Bucy filtering equad;ions.6 We also note that our solution is an approximate
one because we only approximated the solution to the invariant imbedding equation.

A. B. Baggeroer
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B. PERFORMANCE BOUNDS FOR OPTIMUM DETECTION FOR
GAUSSIAN SIGNALS

In this report, we shall apply the technique of tilted probability distributions to the
problem of evaluating the performance of optimum detector for Gaussian signals received
in additive Gaussian noise. 4

Stated in mathematical terms, we shall consider the following binary defection prob-
lem.

Hl: r{t) = srl(t) + ml(t) + wit)

Hz: r(t) = srz(t) + mz(t) +w(t)

where 5. (t) and S, (t) are sample functions from zero-mean Gaussian random
1 2
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processes with known covariance functions Kl(t, T) and Kz(t, T), respectively; m, (t) and
m, (t) are known waveforms, w{t), in a sample function of white Gaussian noise of spec-

tral density —ZQ-.

1-3 e shall not dwell

Since the optimum detector for such problems is well known,
upon it here, It suffices to indicate that for a large class of performance criteria, the
detector bases its decision on the likelihood ratio, or some monotone function of the
likelihood ratio. This is the class of detectors with which we shall be concerned.

One structure for the optimum detector is shown in Fig., XIX-1. A direct evaluation

h(t,7) -—Q?—~ N
Yo A HzorH

(1) DECISION

1

g(n

Fig. XIX-1. Optimum receiver structure.

of the error probabilities is conceptually possible, but practically it is extremely dif-
ficult, for we are faced with the problem of computing the probability distribution at the
output of a time-variant nonlinear filter. It is this motivation that has led us to consider
alternative methods of performance evaluation.

One alternative which is widely used is the output signal-to-noise rad:io,4 which is
valid in the so-called low~energy coherence, or threshold, case., One can show by a
simple example that this performance measure can give incorrect results in some prob-
lems of interest, and therefore if must be applied with caution.

In an attempt to overcome the computational difficulties associated with an exact
computation of error probabilities, while at the same time having a performance mea-
sure that is of wider applicability than the output signal-to-noise ratio, we have been
investigating bounds on error probabilities, and, in particular, we have been seeking
bounds that become asymptotically exact as the transmitted signal energy becomes
large.

1. Tilted Probability Distribution

The technique that we employ is usually called "tilting" of probability distributions.
It was introduced into information and coding theory by Shannon,s’ 6 and has been
employed with great success. Earlier applications in the field of mathematical stat-
istics are due to Chernoff7 and Esscher.8 We only summarize the notation and results
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here, before proceeding to our specific problem.
All of our results center around the semi-invariant moment-generating function p(s),
which is merely the logarithm of the conditional characteristic function M MH (s)
%

wis) £ In My g )

8 l-s
In S pr|H,(R) pr|H,(R) dR, (2)

where p_x_'lHi(_f_g) denotes the probability density for the received vector r, conditioned
on the hypothesis Hi’ i=1,2. It can be readily shown that

pis) = S‘ pr(R) L(R) dR (3)

wio = { pr ) 2®) ar - e, (4)

which are the mean and variance of f_(ﬁ) with respect to the probability density

l-s s
pr|H(R) pr|H,(R)

>

p:_rs(_fg) l-8 8
f pr|H)(R') pr|H,R") dR'

l-s s
exp[~u(s)] Pr|H,(R) Pr|H,(R). (5)

We shall refer to P_r_'s(lj) as the "tilted" density. The amount of "tilting" depends on the
value of the parameter s. It follows from our definition that

pr[H|(R) = pr (B) explu(s)-sL(R)] (6)

pr|H,R) = prR) explp(s)+(1-s)L(R)]. N

Hence the error probabilities may be expressed in terms of p(s) and the tilted density

pr(R)
Pr [élel] = S. p_ILIHI(B) dR
{R:0R) >V}
0
= S Py (L) exp[p(s)-sL] dL (8)
Y s
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Pr [¢]|H,] = S pr|H,(R) dR
{R:2(R) <v}

{7

py (L) explu(s)+(1-s)L] dL, (9)
s

where y denotes the threshold level, and p ) (L) is the tilted probability density for the
s

log-likelihood ratio corresponding to the nonlinear transformation ls = L(gs).
A simple, well-known upper bound that follows immediately from Eqgs. 8 and 9 is
the Chernoff bound. For example, if in (7) we bound oSl by e SY, then bound

f;o ‘pi (L) dL. by unity, we obtain the following upper bounds:
S .
Pr [&£[H,] < exp[p(s)-sy] (10)
Pr [é"le] < exp[u(s)+(1-s)y]. (11)

Then we can minimize the bound by proper choice of the parameter s. This choice
is the solution to

pis) = v. (12)

A solution exists and is unique, provided the threshold y lies between the means of the
conditional densities p l' H (L) and p IIH (L). This condition is usually satisfied in the
1 2

applications. An important step in our work consists in finding tighter bounds than
Egs. 10 and 11. After all, the arguments leading to these bounds were rather crude,
and while the exponential behavior exhibited in Egs. 10 and 11 is adequate for many
applications, particularly in information and coding theory, we would like to retain the
algebraic dependence for our applications to radar, sonar, and uncoded communication
systems. A bound of a particularly attractive form is

exp[p(s)-spi(s)]

Pr [¢]H,] < (13)
~/ Znszp"(s)
exp[u(s)+(1-s)u'(s)]
Pr [é’le] < (14)

"/ 211(1—5)2 p(s)

For large values of transmitted energy, this bound is considerably tighter than the
Chernoff bound, although at the other extreme the Chernoff bound is tighter. Clearly,
the bound that should be used in a given situation is the one that is the tightest.

where p'(s) = vy.

We have not yet obtained a rigorous derivation of Eqs. 13 and 14 that is of sufficient
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generality to take care of all problems of interest to us. In the sequel, when we discuss
the application of these bounding techniques to the Gaussian problem, we shall discuss
some preliminary results in this direction.

2. Application to the Gauss-in-Gauss Problem

We shall specialize the bounding techniques to the case in which the received vectors
have Gaussian conditional probability densities with statistically independent components.
Then, by interpreting the components of these vectors as coordinates in a Karhunen-
Log&ve expansion, we shall generalize our results to the case in which the received sig-
nals are sample functions from random processes; that is, they are infinite dimen-
sional.

The present problem is the evaluation of p(s). We assume that on hypothesis

Hj’ j=1, 2, ris an N component Gaussian vector with

E[ri] = my, (15)
No
Vu[ri] = )\ij +5- (16)
E[rirk = mijmkj’ k#i
fori,k=1,2,...,N
i=1,2 (17

Substituting the N-dimensional Gaussian densities in the definition of u(s), we find
"y

4 .
2\, 2\,
s In (1 + N11>+ (1-s) 1n (1 + N12> -1n [ﬁz- (sh; H{1-8)A,) + 1]
N [o] (6] (o)
\
-1
Ks) =2 z ) (mil'miz)z
i=1 - N N
0 o
M1 2, eI
L 1 -8 s J
0<s<1. (18)

Equation 18 is now in a very convenient form to let N =0,

This limiting operation is

frequently used in detection and estimation theory, so we need not worry about its jus-

tification here.

of interest to us.

Furthermore, the infinite series which results is convergent in all cases

It then remains t{o interpret the various terms as closed-form expres-

sions involving the (conditional) mean and covariance functions of the random process

r(t), for (17) is not at all convenient from a computational point of view for the case

N - w. To illustrate the manner in which we find a closed-form expression for Eq. 18,
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consider the first term in the series,

00
2\.
_s_zln 1+ﬂ
2 N °

i=1 °

Now, for the moment, we wish to focus on a related problem; namely that of esti-

mating the zero-mean Gaussian random process s r (t) when observed in additive white
1
Gaussian noise of spectral height NO/Z.

A
Let s " (t} denote the minimum mean-square-error point estimate of s. (t). The
1 1
resulting mean-square error is

N
A 2 .
3 1(t: To\) = E[(sr 1(1;) -s (t)) } (19)

where we have explicitly included the noise level as a parameter. Furthermore, we
explicitly indicate the dependence of the Karhunen-Logve eigenvalues and eigenfunctions
on the length of the interval:

T
)\il('r) ¢oi(t:'r) = S;) Kl(t, T) di('r) dr. (20)

Then,

i=1 °
o0
= z n (1 + nil(ﬂ)
: N
i=1 °
0
T 2\ (t)
= 9 il
“S‘O dtatZIn(l+ No >
i=1
o0
T A, (t)
= S‘o dt Z-N—!L—— oF(t:t). (21)
=1 -2
i=1 5+ Xil(t)
In Eq. 21, we have used the result of Huang and J ohnson9
.. (t)
1 2
5T = Mg (D) of (et (22)

Then we have
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s 2 T N
=52 \ (t. —> dt. (23)
2 No S.O

Similar results hold for the other terms in Eq. 18. The final closed~form expres-

sion for p(s) is

T N
5 at + 15 £ (t: ——°—> dt
57 () o2 (7 g
k(s) =T\T%; S 142\t (‘ = s) dt }
s(l-s) T T 2
-—3 S.o [ml(t) - m,(t) - So hy .o (t, T:S)'[ml(-r)—mz('r)]hl] dt (24)

The terms in Eq. 24 that have not been previously defined are the following.
N

.9
S1e2\B 7 8,
fictitious random process 8; +2(t), which is defined by

is the minimum mean-square point estimation error for estimating the

sH_z(t) = ssrl(t) + {1-s) srz(t) 0<s <. (25)

It is easy to see that this fictitious random process plays the same role as the tilted
random vector ry in the finite-dimensional case. h1 +2(t, T:8) denotes the minimum
mean-square point estimator of 8 +2(t). The important computational advantage of
Eq. 24, as compared with Eq. 18, stems from the availability of techniques for effi-
ciently solving linear estimation problems. In particular, the Kalman-Bucy formula-
tionlo of the estimation problem provides us with a direct approach for calculating the
pertinent estimation errors. Furthermore, this approach to the problem is readily
implemented on a digital computer, which is an important practical advantage.

We have briefly mentioned the need for a bound that would be tighter than the
Chernoff bound. We shall now indicate some results in this direction, when we make
use of our Gaussian assumption.

A straightforward substitution of the appropriate Gaussian densities in Eq. 5 shows
that the tilted density pr s(_Ii) is also a Gaussian probability density. Therefore, the
tilted random variable { s is a "generalized Chi-square" random variable, that is, it is
the sum of the square of Gaussian random variables which have nonzero means and

unequal variances.
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In the special case for which all variances are the same, the means are all zero,
and the number of components, N, is finite, £ s has a Chi-squared distribution, and we
have an analytic expression for the probability density p ) (L.}, This enables us to rig-

s

orously derive the following bounds by using a very simple argument.

-1/2
P l&|H,]< (2rs’une) (1-%)) * explils)-suis)] (26)
2 2\ ~1 /2

P_[£]H,] < (Zn(l—s) p."(s)(l -—_ﬁ)) explp(s)+(1-s)pl(s)] for N > 2 @7)

Observe that these are /in the form of (12) and (13) and, in fact, for moderate values of
-1/2
2

N the factor (1 - ﬁ) =1,

Another special case of more interest to us occurs when the variances of the various
components are all distinct, but occur in pairs, as is always the case for a signal trans-
mitted at RF through some physical channel. In this case, we can obtain an expression
for the probability density p ¢ (L}. We have shown that this density has only one max-

s

imum. Furthermore, in each of a large number of cases treated numerically, the
maximum value was not found to differ appreciably from that for a Gaussian density

-1 / 2. Furthermore, various methods of

having the same variance, namely (2wp"(s))
asymptotically approximating the integrals in Egs. 8 and 9 lead to this same dependence
for the dominant behavior aé "(s) becomes large.

Therefore, we feel confident that for the Gaussian detection problem that we have
been discussing, the expressions in Egs. 13 and 14 provide good approximations for the

error probabilities.

3. Examples

We shall give a few simple examples illustrating the application of the techniques
just discussed. We shall choose one example from each of the three levels of detection
problems: known signal, signal with a finite number of random parameters, and ran-
dom signal.

EXAMPLE 1: Known Signal

HI: r{t) = m1 (t) + nc(t) + w(t)

O0stsT (28)

H,: r{t) = mz(t) + nc(t) + w{(t)

2

Here the random "signal" components nc(t) are identical and represent the colored com-
ponent of the noise. Substituting in Eq. 24 (or 18), we find

s(1-8) 2
pis) = -—5—d (29)
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where
2
2 & (BUIH)-EQH))
NVar ZIIHI) Var MIHO)
T T 2

Here, h1 +2(1:, 1) is independent of s, since
sH_z(t) = srl(t) = srz(t) = nc(t). (31)
And, as a matter of fact,

&(t-T) ~ h1+2(t, T) = hw(t, T), (32)

13

which is a realizable whitening filter for this problem. Thus Eq. 30 is equivalent to

the more familiar form

» (T SﬂT
6% = So , [my (t=my (9] Q6. 1)m, (r)-my ()] dtdr (33)

wis) = & (s -3)=v. (34)

Hence we can solve explicitly for s in this case, and we obtain the bounds

2 Y
Pr [@"’IHI] < 1 exp[—%(%+—2—>] (35)
2 d
21, Y '
2nd {5+ —5
(2 d2>
2 Y
Pr [é’IHl] < 1 - exp[—-%—(% —d—z)] . (36)
Y

These are exactly the same resulits that we would obtain using the familiar

bound
o0 2 7. 2
S‘ 1 e /zd'rs—-—l——e_X /2 (37)
x ~NZw N2 x

in the exact error expression for this problem,
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EXAMPLE 2: Slow Rayleigh Fading with Diversity

This is another case in which analytical results are available for comparison pur-

11
poses.

One of two orthogonal signals, s 1(1;) or sz(t), is received in additive white Gaussian
noise after transmission through a fading channel in which the signal undergoes a ran-
dom attenuation and phase shift. The attenuation is a Rayleigh random variable, and the
phase shift is uniform 0 < 8 < 2w. We assume that there are N such channels operating
in space, time, or frequency diversity. We also assume that the average received
energy is the same in each channel on either hypothesis. Substitution in (17) yields

E
f [£] 10 logm(-ﬁ;)

i —— ot et
T -10 -5 0 5 10 15 20

1 | T T T T T ]

IMPROVED BOUND (UPPER)
EXACT CALCULATION (LOWER)
— — = CHERNOFF BOUND

107!

1072

1073

Fig. XIX-2. Error probabilities for slow Rayleigh fading with diversity.
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Fig. XIX-3. Upper bounds on error probability for
single-pole Rayleigh fading.
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~
E sE

1In (1 +T\I—:>—1n (1 +—‘—N >
o] o]

p(s) = N > (38)

-1n [1 + (1—s)ﬁE—]
(o]

o

where E is the average received signal energy in each diversity channel.
Figure XIX-2 shows the bound

Pr [£] < —1—1——exp!ip.<—é—)} (39
()

as well as the exact results for several values of N.

EXAMPLE 3: Rayleigh Fading, Single-Pole Spectrum

This simple example illustrates the application of our resuilts to a problem for which
it would be extremely difficult to obtain error probabilities in any other manner. The
model is the same as that of the previous case, except that, now the channel attenua-
tion is a sample function from a random process.

For purposes of illustiration, we assume only one Rayleigh channel (that is, no
explicit diversity) and a single-pole spectrum for the fading.

The upper bound on the probability of error is shown in Fig. XIX-3. To our knowl-
edge, no other calculations are available for comparison. It is interesting to observe
that this optimum receiver does not exhibit the irreducible error probability of one sub-

optimum receiver that has been analyzed.1 2

4. Summary

We have discussed the application of tilted probability distributions to the evaluation
of the performance of optimum detectors for Gaussian signals in Gaussian noise. Two
main points were covered: (i) obtaining bounds that are tighter than the Chernoff bound
and ones that are asymptotically exact; (ii) obtaining closed-form expressions
for p(s) in terms of minimum mean-square estimation errors, which may be readily
computed by using Kalman-Bucy filtering techniques. We concluded with three simple

examples.
L. D. Collins
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A. ON THE MECHANISM OF GLOTTAL VIBRATION FOR VOWELS

AND CONSONANTS N67 - é% ] Q 1

In the study of speech it has been assumed that glottal vibration is independent of
the configurations of the supraglottal cavity or, at least, that the effects of different
configurations are negligible. In connection with the word saving, for example, it is
usually stated that the entire utterance is voiced except for the initial consonant; no
distinction is made between the kind of voicing that occurs during the vowels and during
the voiced consonant v.

There is some evidence to suggest, however, that the positioning of the vocal cords
and the manner in which they vibrate may be quite different, the difference depending
upon whether the supraglottal tract is unconstricted, as in a vowel, or is constricted
to some degree, as in stops, fricatives, and certain semivowels. This evidence comes
in part from an analysis of the mechanism of larynx vibration, and in part from mea-
surements of air-flow events during speech.

Analysis of the mechanism of vocal-cord vibration has shown that the process
involves the interaction of several forces. In the beginning of the time interval in which
the vocal folds are moving apart, the principal force tending to separate the folds is
due to the positive subglottal pressure. During the time interval in which the glottis is
closing, on the other hand, the principal force is the Bernoulli force, which is a conse-
quence of the rapid air flow in the glottis.

High-speed motion pictures and other kinds of data have indicated that during vowel
production the glottal opening as a function of time is roughly triangular in form, and
the glottis is closed over part of the cycle. A typical open time for a male voice might
be approximately 4 msec, with a closed interval of comparable duration. The subglottal

pressure for normal stressed vowels is typically ~10 cm HZO’ and each gloital pulse

sk

This work was supported principally by the U.S. Air Force (Electronic Systems
Division) under Contract AF19(628)-5661; and in part by the National Institutes of
Health (Grant 5 ROl NB-04332-04).
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generates a flow of the order of 1 cm3.

Let us examine now what would happen if the vocal tract becomes constricted at
some point along its length, and let us suppose, for the moment, that the vocal cords
continue to vibrate as before, generating the same volume flow for each cycle. It is
possible to make an approximate calculation of the sound pressure immediately above
the glottis by convolving the triangular volume-velocity pulse with the impulse response
of the wvocal tract as seen from the glottis. When the first-formant frequency is low,
the response is approximately that of a simple resonant circuit tuned to the frequency
of the first formant. This calculation shows that, for a resonant frequency of approx-
imately 250 cps, and an assumed bandwidth of ~100 cps, a l-cm3 air pulse of 4-msec
duration would give rise to a peak sound pressure above the glottis of the order of
10 cm HZO' For higher first-formant frequencies, i.e., for first-formant frequencies
that are normally found in vowels, the sound pressure would be considerably less, but
for resonant frequencies lower than 250 cps, as found in consonants, this peak sound
pressure would be substantially greater. Under the latter conditions, the peak supra-
glottal sound pressure would be of the order of the steady subglottal pressure, and the
pressure drop across the glottis would undergo extreme fluctuations. Flow conditions
through the glottis would be greatly modified, and the vocal-cord vibrations would
become highly erratic. Regular vocal-cord vibration could be maintained with a con-
stricted vocal tract only under one or both of two conditions: the width of the glottal
pulse must increase considerably, and the damping of the first formant must be
increased substantially, probably by creating a larger average glottal opening.

In addition to this effect of increased driving-point impedance of the vocal tract at
low resonant frequencies, a second consequence of the constricted vocal tract asso-
ciated with consonantal articulation is that the resistance to air flow at the constriction
may become appreciable, thereby causing a rise in average pressure in the mouth. As
a result of the heightened mouth pressure, there will be an increase in the net pressure
force tending to separate the vocal cords. Furthermore, the air flow through the open
glottis will decrease as a consequence of the reduced pressure across the glottis (under
the assumption that the subglottal pressure does not change appreciably), thereby
causing a reduction of the Bernoulli force. Thus there will be a tendency for the pattern
of vibration to change, with the open time being longer, and possibly with the vocal
cords remaining separated during the entire cycle. In fact, if vocal-cord vibration is
to continue through the constricted consonant, it is reasonable to suppose that an overt
adjustment in vocal-cord position toward a more open state is made in order to accom-
modate vibration with reduced pressure across the glottis. (It is known that this kind of
adjustment is made when a vocal-cord vibration is to be maintained during a vowel that
is generated with low subglottal pressure.

From this simple analysis it is evident that there are rather drastic adjustments in
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vocal-cord positioning and in the manner in which the vocal cords vibrate when voicing
is to be maintained during certain consonants. Further evidence for this change in
laryngeal operation comes from studies of air flow for vowels and for voiced fricative
consonants.  During a voiced fricative, the air flow tends to be somewhat greater than
during a vowel. At first glance, this increased flow is contrary to expectation; one
might expect that the supraglottal consonantal constriction would cause an increased
resistance to flow and hence a reduction in flow, under the assumption that the sub-
glottal pressure does not change appreciably. The fact that flow is greater during the
fricative suggests that the glottal resistance must be less in the consonant than in the
vowel, and thus indicates that the open time of the glottis is increased or, more likely,
that the vocal cords are separated so that the glottis remains open during the entire
vibratory cycle. A similar adjustment of the vocal cords would probably also be made
for the production of a voiced-stop consonant in English. In such a consonant, vocal-
cord vibration often occurs in the stopped interval before the release of the consonant,
and the effects of increased supraglottal pressure and decreased resonant frequency of
the supraglottal cavity are even more pronounced than for a voiced fricative.

During the production of a voiceless consonant, the vocal cords are also separated,
of course, so that the resistance to air flow at the glottis is small and, under normal
circumstances, there is little or no glottal vibration. The vocal-cord separation is
much greater for a voiceless consonant than for a voiced consonant. In the case of a
voiceless consonant the mouth pressure tends to be higher or to rise more rapidly than
during a voiced consonant; this increased mouth pressure would presumably act on the
vocal cords to produce a still greater separation.

In the air-flow trace for a vowel preceding a voiced or voiceless consonant there
tends to be an increase in air flow in the latter part of the vowel in anticipation of the
consona.n’c.5 It appears that 100 mseec or more before the time when the consonantal con-
striction is achieved an adjustment of vocal-cord positioning is initiated in preparation
for the production of the constricted consonant. Likewise, there is a similar time
interval following a voiceless consonant before the air flow drops to a value appropriate
for a steady vowel. These observations would suggest, therefore, that the rate at which
vocal-cord positioning can be achieved is relatively slow, and that a talker must com-
pensate for this slow response in timing his commands to the larynx musculature. In
the case of a voiceless consonant following a vowel, it might be argued that the neces-
sary wide separation of the vocal cords can be achieved more rapidly than the more
finely adjusted smaller separation for a voiced consonant. Furthermore, the abduction
maneuver for a voiceless consonant can be assisted or speeded up by the increased
mouth pressure that occurs in such a consonant. This line of reasoning would lead,
then, to a logical explanation for the difference in vowel length in English before voiced

and voiceless consonants. The longer laryngeal adjustment time required for a voiced
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consonant would necessitate an increased duration of the preceding vowel; the consonan-
tal constriction cannot be effected before the vocal cords are positioned in a way that

will guarantee uninterrupted wvocal-cord vibration during the constricted interval.

Table XX-1. Average vowel durations for symmetrical consonant-
vowel-consonant syllables in English. Data for each
consonant represent averages over 36 utterances
(12 vowels, 3 speakers).

Consonantal Vowel
Environment Duration
(msec)
b 270
m 240
d 310
n 260

Partial support for this explanation is found by comparing vowel length before
voiced stops and nasals in English. Before a nasal consonant, which presumably does
not require the special vocal-cord adjustment, a vowel is found to be consis-
tently shorter than before a voiced-stop consonant. Table XX-1 summarizes
measurements of vowel length in symmetrical CVC syllables, averaged over
three talkers.

It is evident, then, that during a consonant the vocal cords may be positioned with
various degrees of spacing between them. Adjustment of vocal-cord spacing is,
however, only one parameter that determines whether or not the vocal cords will
vibrate during the consonantal interval. It is important that an adequate glottal air flow
be provided if vibration is to be maintained. The amount of air flow is determined both
by the subglottal pressure and by the configuration of the supraglottal articulators. The
supraglottal tract must have an adequate constriction through which air can flow (as in
voiced fricatives, liquids, glides, and nasals) or, in the case of a stopped configuration,
continuously increasing volume of the cavities must be provided (as in voiced-stop con-
sonants in English).6 Thus a talker has under his control a variety of independent or
quasi~independent parameters that he can use to generate voiced and voiceless conso-
nants of various types. Any inventory of phonetic features which purports to describe
the various stop and fricative consonants in different languages must specify these
parameters, which include the subglottal pressure, vocal-cord positioning, and the
means by which air is allowed to flow into the supraglottal cavities.

M. Halle, K. N. Stevens
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B. HOMOMORPHIC SPEECH PROCESSING*

It is generally accepted that an approximate model for the speech waveform con-
sists of a cascade of a system G whose impulse response g(t) has the form of a single
glottal pulse, a system V whose impulse response v(i) corresponds to the response of
the vocal tract, and a system R representing the radiation characteristics. The exci-
tation to this system is an impulse train whose spacing corresponds to the fundamental
frequency of the resulting waveform.

Both for speech bandwidth compression and basic studies of the nature of the speech
wave, it is desirable to attempt to isolate the effects of each of these systems. If we
consider that, on a short-time basis, each of these systems is representable as a linear,

time-invariant system, then we may represent s(t), the speech waveform, as
s(t) = p(t) ® w(t) (1)
with

w(t) = g(t) ® v(t) @ r(t),

where ® denotes convolution. The work reported here represents the application of a
previously proposed technique for the separation of convolved signa.lsl to separation of
the effects of p(t), which represents the fine structure in the spectrum of s(t), and w(t),
which represents the spectral envelope of s(t). The motivation for this study lies both

in the notion of what could conveniently be termed homomorphic deconvolution, and the

*This work was supported in part by Lincoln Laboratory, a center for research
operated by the Massachusetts Institute of Technology, with support of the U.S. Air Force.
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success of cepstral pitch detection as considered by Noll.2

Since the processing illustrated here was simulated on a digital computer, it is con-
venient to rewrite Eq. 1 in terms of a set of equally spaced samples of s(t). Under the
assumption that the pitch period is an integer multiple of the sampling period, it follows
from Eq. 1 that

s(k) = p(k) @ w(k), (2)

where s{k), plk), and w({k) are the kth samples of s(t), p(t), and w(t), respectively, and

® now denotes a discrete convolution. To separate p(k) and w(k) from s(k), we wish to
operate on s(k) with a transformation D defined by

z[D(s(k))] = log [z(s(k))],

where z denotes the Z-transform of the sequence. After linear filtering, the result is
then transformed by the inverse of the transformation D. If p(k) contains N unit

samples spaced by r and starting at k = 0, then it can be shown that

% ©

D[p(k)] = £ Z §(k-mr) - 317{5 Z §(k-mNr) k#0
m=1 =1
where
8(k~j) = 1 k= j
=0 k # j.

Under certain conditions, we may write w(k) approximately as
w(k) = v(k) @ h(k),

where v(k) are samples of v(t), and h(k) are samples of g{t) ® r(t). If we represent v(t)
by the impulse response of a simple acoustic cavity with small loss, so that the transfer
function of v(t) is

1

| V(jw)|

1

2

cosh [a +j—2—)-] g

then

0
N\ m -2aflm _2mi
v(k) = Z 1™ e 6(k _E“) k%0
m=0

and
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Dlv(k)] = 2% 2 (-1 g~2adm a(k——z%n-). Kk # 0

Under the idealization that g(t) is a symmetrical triangular pulse of duration TA, where
A is the sampling rate, and that r(t) can be represented by a differentiator,

0
D[h(k)] = % - Z a(k-n;—T. k#0
m=0

We observe, in this case, that D[h(k)] and D[v(k)] provide their primary contribution for
small values of k, as compared with D[p(k)]. By multiplying the sequence D[s(k)] by
unity up to some value of k, and zero thereafter, we should, to some approximation,
have retained only values relevant to h(k).

The processing described above was carried out on the Lincoln Laboratory TX-2
computer. To determine the response of the system D, the inverse transform of the
logarithm of the discrete Fourier transform was computed. The use of the discrete
transform, rather than the Z-transform, introduces an aliasing effect into the expres-
sions derived previously, although it is usually possible to minimize this effect. For
the present studies, phase information was not included; this means working with the
autocorrelation function of the speech sample, rather than with the speech sample itself.
In this case, the sequence D[4 Ss(k)], with ¢és(k) denoting the autocorrelation function of
s(k), is equivalent to the cepstrum.

To illustrate the result of this processing, consider the sample of the vowel "ah" in

father as shown in Fig. XX-1, representing 41 msec sampled at 25 kHz. The spectrum

Fig. XX-1. 41 msec of "ah" spoken in isolation
sampled at 25 kHz.

msecC

of this sample was computed by weighting the speech sample with a raised cosine win-

dow, 41 msec long, followed by 41 msec of zero. The logarithm of the magnitude of
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the spectrum obtained in this way is shown in Fig, XX-2.

120

i | ] ] | |
0 | 2 3 4 5 6
kHz

Fig. XX-2. Log magnitude of the spectrum of Fig. XX-1
after weighting with a raised cosine window
and terminating in 41 msec of zero.

Figure XX-3 represents the inverse transform of the spectrum of Fig. XX-2,

with a pronounced peak occurring at a time corresponding to the pitch period.

Fig. XX-3. Inverse transform of the spectrum of
Fig. XX-2.

As described above, filtering of the logarithmic spectrum is carried out by multiplying
the series of Fig. XX-3 by unity until some timme 7 and zero thereafter. Figures XX-4,
XX-5, and XX-6 represent the result of filtering and transforming for v = 7. 7 msec,
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Fig. XX-4. Low-~time filtered log magni-
tude spectrum with filter cut-
off time, T = 7.7 msec.

120
96

T2
48

24

Fig. XX-5. Low~time filtered log magni-
tude spectrum with filter cut-
off time, 7= 3.8 msec.

120
96
72
S 48
© Fig. XX-6. Low-time filtered log mag-
24 nitude spectrum with filter
‘ cutoff time, T = 2.6 msec.
O i
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T = 3.8 msec, and T= 2.6 msec, respectively. Figure XX-7 shows the superposition of
the spectra of Fig. XX-2 and Fig. XX-5.

|
O I 2 3 4 5 6
kHz

Fig. XX-7. Series of Fig. XX-2 and Fig. XX-5 superimposed.

To implement the inverse of the system D, the filtered spectrum will, in general,
be operated on by an exponential transformation, and then the inverse Fourier trans-
form will be taken. The result of an exponential transformation on the spectrum of
Fig. XX-6 is shown in Fig. XX-8.

Fig. XX-8. Spectrum of Fig. XX-5 after an expo-
nential transformation. Vertical scale
is linear.

In a case for which high-frequency emphasis of this smoothed spectrum is desired, the
series of Fig., XX-3 can be "band-time filtered" rather than "low-time filtered." The

result of introducing high-frequency emphasis for the spectrum of Fig. XX-8 is shown
in Fig. XX-9.
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Fig. XX-9. Spectrum of Fig. XX-5 after an
exponential transformation with
high-frequency emphasis obtained
by band-time filtering. Vertical
scale is linear.

In comparing the spectra of Figs. XX-4, XX-5, and XX-6, we observe that for values
of T slightly less than the pitch period, a ripple is apparent in the spectrum. As T
decreases the ripple disappears, bringing more into evidence the individual formants,
while apparently broadening the resonance bandwidths. The ripple for larger values of
T is apparently contributed by the terms that are due to the glottal pulse, the spacing of
the peaks being related to glottal pulse duration.

In continuing this study, the objective is to isolate the effects of pitch, glottal pulse,
and vocal-tract impulse response. Although for constant pitch, the pitch period can be
measured directly from the series of Fig. XX-3, the contribution from pitch is gener-
ally more pronounced after "long-time" filtering and operating on the resulting series
with the inverse of the system, D. To recover the glottal pulse, the log spectrum cor-
responding to a series of resonators will be subtracted from the smoothed log spectrum
of Fig. XX-4 and the result operated on with the inverse of the system, D. In order to
recover the glottal pulse, rather than its minimum phase counterpart, phase information
must be included in the determination of the series corresponding to Fig. XX-3. This
procedure for recovering the glottal pulse is similar to inverse filtering; the parameters
of the inverse filter are obtained by a spectral matching procedure on the smoothed log
spectrum.

A. V. Oppenheim
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A. ON NONCYCLIC TRANSFORMATIONAL GRAMMARS

The conventions concerning the applications of the transformations in the transforma-
tional component of a generative grammar which are proposed by Chomsky1 are as
follows: The only recursive symbol in the phrase structure base is S; in processing a
deep structure the transformations all apply within the domain of each S bracket of the
deep structure, and they apply from the most deeply embedded S-dominated substrings
of the deep structure upward until the entire deep structure has been processed. As all
the transformations are available for application within each S-dominated substring,
and there may be more than one such subsiring in a given deep structure, one speaks
of this form of application of the transformations as the transformational cycle. (For
the motivations for this proposal, see Chomsky.z) We shall refer to grammars in which
the transformations apply as described above as cyclic transformational grammars, or
cyclic grammars.

On the basis of research conducted with G. Lakoff, John R. Ross has advanced for

consideration a change in the convention under which transformations apply to deep

=kThis work was supported principally by the U.S. Air Force (Electronics Systems
Division) under Contract AF 19(628)-2487; and in part by the Joint Services Elec-
tronics Programs (U.S. Army, U.S. Navy, and U.S. Air Force) under Contract
DA 28-043-AMC-02536(E), the National Science Foundation (Grant GK-835), the National
Institutes of Health (Grant 2 POl MH-04737-06), and the National Aeronautics and Space
Administration (Grant NsG-496).
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structures in the course of derivations. Under the changes considered, the transforma-
tional component of a grammar would consist of a linearly ordered finite set of trans-
formations, as before, but each transformation would apply to the whole deep structure
processing S-dominated substrings from the bottom up. After a transformation had
applied, it would not be available for further processing of a given deep structure. We
shall call grammars in which the transformations apply in the manner described here

noncyclic transformational grammars.

We will not give a formal definition of either of the kinds of grammars discussed
above, but for purposes of exposition we shall carry out transformational derivations
of a given deep structure in a particular grammar according to the cyclic and noncyclic
conventions. The rules for the grammar are as follows:

Phrase structure: S —= abc S
S — abc s

Transformations: T1 Xaby¥Y —»Xbta ¢Y
TzXacY——>X¢c+aY

A cyclic derivation in this grammar would go as follows:

[abcfabelabes]glglg Base string
[abe[abe[bacs[lglg T, — first cycle
[prbc[abec[bca s]S]S]S T, — first cycle
[abe[bac[beas]glls T, — second cycle
[abc[bcalbeas|glls T, — second cycle
[pac[bcbalca S]S]S]S T, — third cycle
[pcafbeblecaas]llg T, — third cycle

The noncyclic derivation of the same base string is as follows:

[abc[abe[abes]glglg Base string

[p2bclabe[bac S]S]S]S T1 — within lowest S

abefbaclbacs T, — within second lowest S
SiSiS 1 2

[pbac[bac[bacs] T, — within highest S

S]S]S
[bac[bac[bca S]S]S]S T, - within lowest S
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[bac[becalbeaslllg T, — within second 8

[pcafbcalbeaslllg T, — within highest S

2
Thus, in general, in a grammar G with transformations T1 .o Tk a cyclic derivation
of a deep~structure string will have a transformational history which is some word in

the regular language (T, §] T, u. whereas a noncyclic derivation Will have a

ury”,
transformational hlstory Whlch is some work in the regular language (Tl) AT

) .

Note that in the grammar specified above, the language generated by the granllcmar
when the transformations are applied cyclically is different from the language generated
when the transformations are applied noncyclically. Thus, in giving a formal treatment
of noncyclic grammars we want to compare the generative capacity of noncyclic
grammars with that of cyclic grammars. I has been s;hown3 that a context-free
based cyclic grammar with filter and post cyclic transformations can generate any
recursively enumerable language. This result has been extended,4 in that it has been
shown that a regular-based cyclic grammar with filter and post cyclic transformations
can generate any recursively enumerable language. In this report we shall modify the
methods of proof of these earlier reports to show that a context-free based noncyclic
grammar with filter transformations can generate any recursively enumerable language;
and, although the details of the proof are not given here, it is clear that a regular-based
noncyclic grammar with filter transformations can generate any recursively enumerable
language. We can then conclude that any language generated by a cyclic grammar can
be generated by a noncyclic grammar, and conversely.

In the statement of the following theorem we intersect the language generated by the
noncyclic grammar with a regular language in producing the r.e. (recursively enumer-
able) language. The reader is referred to previous WOI‘k3’4 to see how the operation
of filter and post cyclic transformations is effected by such intersection. In fact, since
the notion 'post cyclic transformation' has no obvious application for noncyclic gram-
mars, the proof that follows shows that a noncyclic grammar with filter transformations
can generate any r.e. language. (All grammars discussed in this report are assumed
to meet the condition on recoverability of deletions.)

Theorem: There exists a fixed regular language H such that for any r.e. set of positive
integers N there exists a context-free based noncyclic gra;mmar G over the terminal
alphabet {a } such that n € N iff a" € I(G) N H.

The proof relies on a lemmma that is due to Leonard Haines.

Lemma: There exists a fixed context-free language L1 and a fixed homomorphism \
such that for any r.e. set of positive integers N there exists a context-free language L2
such that ML, OL,) = {a"/neN}.

We do not repeat the proof of this lemma here; it will suffice to remark that the
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terminal alphabet of L, is the set {a,b... g}, and that \ is defined as follows:

xMa)=a, Mb)=e,...\g) =e; where e is the null string,

The outline of the Proof is as follows: Given the set N, we are givgn L, by Haines!
lemma. In the base P of the noncyclic grammar G that 'generates! N is generated strings
of the form (STV), where S € Ll’ T € LZ’ and V is an arbitrary string over the alphabet
{a, e g}. The first transformation checks, one symbol at a time, that S=T =V, and
progressively deletes S and T simultaneously. The second transformation checks that
V is not merely a proper initial part of both S and T. The third transformation performs
the operation of A\ on the string V. If either of the first two transformations fails to apply,
the string is filtered out by virtue of the construction of the regular language H. All
deletions are in accordance with the principle of recoverability, since we delete symbols
in S and T only as they are equal to symbols in V, and the third transformation deletes
symbols in V in effecting the operation of \ by virtue of equality with one of a finite num-
ber of terminal strings.

Given N, and therefore LZ’ the grammar that 'generates' N is constructed as follows:
The base P of the grammar has the following rules in addition to the rules generating L1
and LZ:

g
a
S—=5;5,4:¢PB B,
g

where S1 and S2 are the initial symbols of the context-free grammars that generate L1

and LZ’ respectively. The transformations of the grammar are
T, Analysis: [x X]S1 [y Y]S2 Zz B, (B,

such that (i} x, y, and z are single terminal symbols
(ii) X, Y, and Z are any strings, including e.
(iiiy x =y = z.

Operation: delete x, y and 131.

T, Analysis: z B,
such that (i) z is a single-terminal symbol
Operation: delete ﬁz.
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T 3 Analysis: Zz
such that (i) z is a single-terminal symbol in the set {b...g}

(ii) Z is any string, possibly e

Operation: delete z.

Let H consist of all strings of the form an, n>0.

The language generated by the base is of the form [... [[Xl' . .xn]s1 [yl. . .ym]s2

z, B, pZ]S Z, ﬁl]S e 2y ﬁl]. T, checks within each § that X, = y; = 2;, and erases the
first two and ﬁl. If the equality fails at some point or if either n < k or m <k, then T1
will fail to apply, 61 will be left in the interior of the string, and the string will be
excluded by nonmembership in H. If either n >k or m >k, then T2 will fail to apply on
the lowest S as its structural description will not have been satisfied, [32 will be left in
the interior of the string, and the string will be excluded by nonmembership in H. T3
then operates, deleting just those symbols deleted by \. It is evident, then, that for all
strings x, x € ML, ﬂLz) iff x € L(G) N H.

The result of this theorem and of those remarked upon above is that any language
weakly generated by a noncyclic grammar can be weakly generated by a cyclic grammar,
and vice versa. The linguistic interest of this kind of gross comparison, however, is
quite limited. But what is striking about certain current formulations of the transforma-
tional grammar of English is that, modulo some reorderings, the languages generated
when the transformations are applied cyclically and noncyclically are essentially the
same. In general, the language generated by a transformational grammar is not invariant
under cyclic and noncyclic applications of the transformations. Thus, we should like to
make precise the empirical claims about language which are involved in stating that the
transformations apply either cyclically or noncyclically. One avenue of investigation is to
give a formal characterization of those grammars whose languages remain invariant
under cyclic and noncyclic application of transformations . Having specified the defining °
features of such grammars, we will know that it is just these features which are relevant
to the empirical questions involved in cyclic or non-cyclic application of transformations.

J. P. Kimball
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B. LITHUANIAN MORPHOPHONEMICS

I shall present and discuss briefly some phonological rules of Lithuanian. They are
by no means all that are needed for a complete account of Lithuanian morphophonemics.
I think, however, that they permit us to derive the paradigms of at least the primary
verbs and nouns (that is, those with monosyllabic stems).

I assume that no long vowels occur in lexical representations. Vowels that appear
as long in their final phonetic form are represented in the lexicon as sequences of two
identical short vowels that are contracted to a single long vowel by a comparatively late
rule. Thus a short vowel is meant wherever the symbol V appears.

For accent rules two conventions apply:

1. The accent can fall on any vowel and on 1, m, n, r— on the latter, however, only
when they stand immediately before a consonant and are not preceded by more than one
vowel., The symbol M is used to represent all segments capable of bearing the accent.

2. When an M is accented, all preceding M's in the same word are accented also.
This convention makes possible certain simplifications in the formulation of accent rules.
A late rule, not stated here, will erase all accent specifications, except the rightmost
in each word. Other rules, likewise not discussed here, will have to introduce what

in traditional grammar is known as Silbenton or Wortintonation; in other words, they

must 1nterpret sequences MM as rising (~ in the normal orthography) and sequences MM
as falling (7 in the normal orthography). It is clear that these rules must apply before
the operation of the contraction rule.

For the accent rules to apply, grammatical morphemes must be specified for the
lexical feature strong, and stems must be specified for the lexical feature strong sus-
ceptible. Furthermore, stems must be specified for the feature post stem (a term used
here for the traditional oxytone). It is a fact about verb stems that the features strong

susceptible and post stem arenotindependent: a verb stem may only bel:+ strong susceptible

~strong susceptible:l
~post stem -
The order of the rules given here cannot be considered as fully established at the

present stage. Although the ordering of a given rule with respect to some others can

+post stem
In noun stems, on the other hand, no such restrictions obtain.

often be strictly motivated, its placement relative to the remaining rules is, to some
extent, arbitrary. Some of the considerations relevant to the ordering will be briefly
discussed in connection with individual rules.

The rules:
(1) Palatalization:

All consonants (including 1, m, n, r) are palatalized before front vowels.

(2) Assimilation:
An n is completely assimilated to a preceding vowel when followed by word boundary

or a sibilant (s, é’, z, ‘z') or the sonorants 1, m, r. Although there is, to the best of my
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knowledge, no example for the occurrence of the sequence Vn before an n, we may
include the n in the environment specification in order to gain greater generality. The
vowel sequence resulting from the application of the assimilation rule is nasalized., If

two identical vowels precede the n, both are nasalized.

[+sonorant]

—sonorant
V1(Vi)n "”%I(Vbl) Vbl / +strident

#
Typical examples are the verbs with nasal infix in the present tense (banla —~ b%ala,
finally bala) and the accusative singular (e.g., uiir + a + an = uiir + g+ 33, finally vira).
The rule does not apply before the future tense marker gsi.
As for the ordering, assimilation must operate before the final shortening rule (8),

because a vowel derived from an n by rule (2) can be subject to rule (9).

(3) i/y:
The glides y and w will be treated as the prevocalic realizations of the vowels i and
u. The latter are converted by the following rule:

v

i,u-y,w/
Examples: 1. sing. pret. buu+ a + au - buw + a + au (finally buvai)
1. sing. pret. lii+ a+ au —~liy + a + au (finally lija?f)

It seems that two further resirictions apply to rule (3): z does not go to y before i,
and u does not go to w before u or when preceded by certain consonants. -

The rule must apply before metathesis, (rule 4), as can be seen in the nom. plur. of
the pronoun jis:
iei =~ (3) —~ ye—i-— (4) ~yie, not: iei — (4) >kiie with rule (3) now being inapplicable.

(4) Metathesis (this rule does not operate across formative boundary):

au and ei go to ua and ie, respectively.

A majority of stems with au as their root vocalism, and a substantial minority of
stems with ei are exceptions to this rule. I know of only one grammatical morpheme,
however, that is an exception — the gen. sing. of u-stems:
suun + u + au + sV — slnaus.

Metathesis must operate before the accent rules and before the e/a rule (5) because

an au resulting from the application of rule (5) is not metathesized.

(5) e/a:

An e goes to a before u:
+voc.
€ a +grv. {.
+diff,
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Since e never occurs before a at the stage in the derivation where this rule applies, we
can make the rule more general by omitting the feature specification [+diff.]. It now
applies before all back vowels, though nonvacuously only before u.

The following rules deal with the assignment of the accent. Recall that, by the con-
vention mentioned above, all M's preceding the M that receives the accent by one of the
accent rules are also accented.

(6) The accent is placed on the second M from the left in stems specified as[-post stem].

(7) For stems specified as [+post stem] the accent is placed on the M immediately
following the stem.

(8) The accent is retracted by one M.

(10) If an ending is [+strong] and the preceding stem is [+strong susceptible], then the
accent is placed on the rightmost M of the ending (that is, rightmost at this stage
in the derivation).

To show in greater detail how these rules operate, I shall select examples from nouns
of the a-declension. All nouns are divided into four classes determined by the two fea-

tures [post stem], [strong susceptible]:

[ s ot ]/[—strong susceptible] (e. g., vyras) (a)
~post stem

\[+strong susceptible] (e. g., langas) } (b)

[+post stem]//[_Strong susceptible] (e.g. , piritas) (c)

\[+strong susceptible] (e.g., dievas) (d)

(a) corresponds to the traditional class 1, {(b) to class 3, (c) to class 2, and (d) to
class 4. The first two accent rules differentiate [-post stem] and [+post stem]-stems.
The former receive an accent on the stem, the latter after the stem by rules (6) and (7),

respectively.
77
e.g., Nom. plur. viir + a + ie viir + a + ie
(after operation [-post stem] —(6) —=<
of metathesis and i/y lang + a + ie lang + a + ie
77
pirgt + a+ ie pir§1: + a + ie
[+post stem] —=(N—< -~
diew + a + ie diew + a + ie

Note that there are no [-post st'em]-stems with fewer than two M's in their stem syllable.
This is a regularity of morpheme structure still to be accounted for.

The accent retraction rule (8), which follows, is not conditioned by feature specifica-

tions as are (6) and (7), but operates in all environments. It yields the following results:
All [-post stem]-stems have the accent on the first M of the stem throughout the
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paradigm. This can later be interpreted as acute on the stem. All [+post stem]-stems
have the accent on the last M of the stem. This can later be interpreted as circumflex
or grave, depending on whether the stem syllable is long or short.

The nominative plural forms now become:

/
viir + a + ie

[-post stem]< ,
lang + a + ie

[+post stem] { /7

124V}
pirst + a + ie
diew + a + ie

The results just described are not quite correct; it is a well-known fact that in the
[+post stem]-paradigm the endings of the instr. sing., loc. sing., and acc. plur. retain
the accent. This can easily be accounted for by assigning to these three case endings

the exception feature [—Rule (8)]. The derivation of the acc. plur., for example, is now
as follows:

pirgt + aus —=(4) + uas —s (7) + lias — (8) inapplicable
[tpost stem]

diew 4 aus ——»=(4) + uas —»(7) + flas —==(8) inapplicable

After rule (8) a rule of segmental phonology intervenes, namely the final shortening
rule,which drops an unaccented final vowel before a word boundary or when separated
from a word boundary only by an s:

9 vV —=g/

[Face.]

(s) #

(A certain problem associated with this rule will be discussed below.)

Our example, the nom. plur., is now represented:
/
viir+a+i

/
lang + a + i

/vy .
pirst+ a+ 1
‘7
diew+ a + i

As we have seen, both the [-post stem] and [+post stem]-classes are further divided into
[-strong susceptible] and [+strong susceptible]-subclasses. The strong case rule (10)
now assigns an accentual interpretation to this subdivision by accénting the final (after
application of (9)) M of strong endings preceded by strong susceptible stems. The endings
of the a-declension specified as strong are:

Loc. sing. (eV —~ (9) =~ €)

Nom. plur. (a+ei=(4) ~a+ie—~(9) =~ a+ti)
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Gen. plur. {a + uun =~ (2) =~ a + wuy, = 9y ~a+ uéu_s)
Dat. plur. {a + ms)
Instr. plur. (a+ isV = (9) = a + is)
Loc. plur. (au + seV = (4) - ua + seV = (9) -~ ua + se).
It should be pointed out that there is no general way io predict whether an ending
is strong or not. There is variation from declension to declension; the nom. plur., for
example, is [+strong] in the a-declension, but [-strong] in the aa~declension.

Rule (10) brings about two accent shifts: in stem specified as [—post stem, +strong sus-
ceptible] the accent goes from the first M of the stem to the last M of the ending; in
stems specified as [+post stem, +strong susceptible] from the last M of the stem to the
last M of the ending:

/ ~

e.g., lalng +a+4i lz{n/g + a/. + i (finally langai)
[t+strong]

17 ’t /7 ~

diew + a + i diew + a + i (finally dievai)
[+strong]

An interesting case is the loc. sing., which is both [-Rule (8)] and [+strong]. The

loc. sing, of dievas is derived as follows (after i/y and metathesis):

17 / 17 / /7 /
diew + eV = (7) = diew + eV — (8) inapplicable = (9) - diew + e — (10) ~ diew + e.

It can be seen that the strong case rule (10) applies vacuously here. The loc. sing.,

incidentally, was crucial to my ordering of the final shortening rule with respect to the

accent rules. It is easy to see that for all other cases the same correct results could
be arrived at with the ordering: (6), (7), (10}, (8), (9). Note, however, that this alter-

native ordering would give us an incorrect result for the loc. sing.:

/7 / /7 1t/
diew + eV et (7) —=diew + €V —= (10 —»diew + eV —>
+strong
~Rule (8)

(8) inapplicable —s (9} inapplicable (that is, finally something like >kdiev?a’).

To summarize: The accent rules yield the fourfold paradigms:

1) [-post stem, —strong susceptible] e. g. , V}ﬁras — accent on the first M of the stem
throughout the paradigm.

2) [-post stem, +strong susceptible] e. g., 1éngas — accent on the first M of the stem,
but on the ending in strong cases.

3) [+post stem, -strong susceptible] e.g., pi;;tas — accent on the last M of the stem,
except in the case of endings with the exception feature [~Rule (8)], where the accent
is on the first M after the stem.

4) [+post stem, +strong susceptible] e. g., dievas — accent as in pi’x"gtas, but with accent
on the last M of the ending in strong cases.

Now let us return to the final shortening rule. If my analysis of certain verb forms
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is correct, this rule requires a further specification. Consider the following reflexive
forms (after application of metathesis):

1. sing. a-pres.: pin+ ug + si pin + ua E si (finally pim;osi)

3. sing. a-pres.: pint+a+ V+si—>pin+ta+t ¢ + si (finally p\inasi)

4. sing. aa-pres.: \z'valg +a+ug+ si—» %va1g~+ a+ u@+ si (finally ;valgaﬁ'si)

The dropping of the vowel of the personal ending before the reflexive particle si in p\inasi

and gvalgausi, as well as the retention of the final vowel in the reflexive particle itself,
is not immediately explainable by rule (9). Both cases seem to be exceptions. But a
certain regularity may be observed: the final vowel of the personal ending is dropped
before si when the personal ending itself begins with a vowel and is immediately pre-
ceded by a vowel. This suggests the following modification in the environment specifica-
tion of rule {9):

V —=@/ <VH(V)>
[~ace.]

(s<i>) #

But even this formulation leaves at least one problem unsolved, the treatment of the
final i of the reflexive particle.

(11) After the application of the i/y rule and the final shortening rule the sequence Vy

can occur at the end of a word. This sequence is converted to a true diphthong, that
is, y is revocalized as i:
[-cons.] — [t+voe.] / [—] #

E. g., Dative singular of the aa-stems:

dein + a + ia =~ (3) ~ dein + a + ya = (4) = dien + a + ya = (9) ~ dien+a+y

—~ (11) = dien + a + i (finally di8nai).
Note that the rule as stated above also covers the parallel case of w ~ u in this position,
although no examples are known to me at the moment.

For the ordering of (11) see below.

(12) Sequences of more than two consecutive vowels are not permitted in Lithuanian. If
after the final shortening rule such a sequence still occurs, the following rule
applies:

V- g/

Halle and Zeps (Quarterly Progress Report No. 83, pages 105-112) have established

VA%

for Latvian rules similar to (9) and (12) which can be combined into a single rule. 1
believe it can be shown, however, that such a combination is impossible in Lithuanian,
where both rules can apply to a single string with (11) necessarily intervening. Consider

the dative singular of a-stems:
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stem +a+u+ia

stem +a+ u+ ya by rule (3)
stem+at+tu+ty by rule (9)
stem+atu+ti by rule (11)
stem +¢ +u+i by rule (12)

Note that unless (11) operates before (12), the environment conditions of rule (12) are
not met. Furthermore, it is impossible for rule (11) to operate before the final a has
been dropped by rule (9).

(13) Through the operation of the palatalization rule (1) and the i/y rule (3) sequences
Cjy can arise. Such sequences are realized phonetically simply as palatalized con-

sonants, that is, y is dropped after Cj.

(14) The palatalized dentals tj and dj are affricated before back vowels: tj’ dj—>
ot dor / back vowel.

(15) Sequences of two identical vowels are contracted to a single long vowel, which is
always tense.
The rules which, as mentioned above, interpret V\; as rising and ‘;‘V as falling, will
have to apply before (15).

(16) Liong non-nasalized a goes to 0 in all environments. The underlying representation
of phonetic 0 as aa is required by morphophonemic considerations (e.g., parallel-
ism in ablaut patternu:u, a:0).

(17) A1l vowels, whether long or short, are denasalized.
In the sequel I shall give the abstract phonemic representation of the paradigms of
primary nouns and verbs, together with the rules that must apply to them. The final

results are given in their orthographic form.

aa-stems {(example dein )
+post stem ]
+strong susceptible

Nom. dein+ aa (1,4,7,9,10) diena
+strong
-R(8)
Gen. dein + aa + sV (1,4,7,8,9,10,15,16) dienos
[+strong]
Dat. dein+ a + ia (1,3,4,7,8,9,11) dienai
Acc. dein+ a + an (1,2,4,7,8,9,15,17) diena,
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Instr. dein+a+n (1,2,4,7,9,17) diena
[-R(8)]
Loc. dein + aa + ieV (1,3,4,7,8,9,10,15,16)  dienojeé
[+strong]
Plural
Nom. dein+ aa + sV (1,4,7,8,9,15,16) dienos
Gen.  dein+ 2 + uun (1,2,4,7,8,9,10,12,15,17)  dienu,
[+strong] ,
Dat. dein + aa + ms (1,4,7,8,10,15,16) dienoms
[+strong]
Acc. dein + a + ns (1,2,4,7,9,17) dienas
[R()] .
Instr. dein + aa + meis (1,4,7,8,9,10,15,16) dienomis
[+strong]
Loe. dein + aa + seV (1,4,7,8,9,10,15,16) dienose
[+strong]

The ee~stems parallel the aa-stems more or less exactly. Only the nominative sin-
gular demands special attention: unlike aa-stems, the ee-stems in the nominative sin-
gular require that an additional vowel be attached to the ending ee, in order to account
for the final phonetic length of this ending, as well as for the phonetic circumflex.

a-stems (example lang )
—-post stem
+strong susceptible
Singular
Nom. lang+a+ sV (6,8,9) léngas
Gen. lang +a +aa (6,8,9,15,16) l4ngo
Dat. lang+a+u+ia (3,6,8,9,11,12)  langui
Acc. lang + a + an (2,6,8,9,15,17) 1al.ngaé
Instr. lang + au (4,6,8,9) léngu
Loc. lang + eV (1,6,8,9,10) lang\é
|+strong]
Plural
Nom. lang + a + ai (4,6,8,9,10) langai
[+strong]
Gen. lang + a + uun (2,6,8,9,10,12,15,17) 1éng
[+strong]
Dat. lang + a + ms (6,8,10) 1£ngams
[+strong]
Ace. lang + au + s (4,6,8,9) lé.ngus
[-R(8)]
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Instr. lang + a + isV (6,8,9,10) langa?s
[+strong]
Loc. lang + au + seV (1,4,6,8,9,10) languosé
[+strong]

The locative singular is somewhat exceptional, insofar as the ending shows no trace of

the stem vowel a. Nevertheless, I see no possibility for an alternative representation.

(example gird )
-post stem
+strong susceptible

i-stems

Masculine and feminine substantives of the i-declension differ only in the dative and

instrumental singular. I give one example for each case. The genitive plural of certain

substantives is formed without the stem vowel i. This irregularity must be accounted

for in some way either in the lexicon or in the morphological component.

Singular
\
Nom. Sird+ i+ sV (1,6,8,9,10) Sirdis
[+strong]
Gen. Sird+ i+ ei+ sV (1,3,4,6,8,9,10,13)  sirdies
[+strong]
( v, . . ANUA YA
fem. sird+ i+ a + ia (1,3,6,8,9,11,13,14) sirdziai
Dat. Jmasc. dant+i+u+t ia (1,3,7,8,9,11,13,14) danoiui
+post stem
+strong susceptible
A
Ace. U sird + i + in (1,2,6,8,9,15,17) sird,
A
(fem.  sird + i+ mei (1,4,6,8,9,10) Yirdimi
[+strong]
Instr. < vA
masc. dant + i+ au (1,3,4,7,9,13,14) danciu
g [+post stem][~-R(8)]
Loc. fird + ii + ieV (1,3,6,8,9,10,15) Sirdyje
[+strong]
Plural
v, VA
Nom. sird + ii + sV (1,6,8,9,15) sirdys
$ird + 1 + uun (1,2,3,6,8,9,10,13,14,15,17)  $ird#d,
[+strong]
Gen. . ~
irregular dant + uun (2,7,8,9,10,15,17) dantu,
+post stem 7] [+strong]
+strg. susc.
A
Dat. %ird + i + ms (1,6,8,10) Sirdims
[+strong]
v, . L T
Acc. sird + i 4+ ns (1,2,6,8,9,17) sirdis
[R®)]
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\
Instr. Sird + i + meis (1,4,6,8,9,10) Sirdimis
[+strong]
v
Loc. sird + ii + seV (1,6,8,9,10,15) Sirdyse
[t+strong]
u-stems (example turg )
[-I-post stem ]
-strong susceptible
Singular

Nom. turg+ u+ sV (7,8,9) turgus

[+strong]
Gen. turg + u + au + sV (7,8,9,12) tur“"gaus

L—l—strong
~R(4)

Dat. turg + u + ia (3,7,8,9,11) turgui
Acc., turg 4+ u+ un (2,7,8,9,15,17) tu'f"gué
Instr. turg + u + mei (1,4,7,8,9) tuTgumi

[t+strong]
L.oc, turg + u + ieV (3,7,8,9) tu'f"guje

[+strong]

Plural

Nom. turg + uu + sV (7,8,9,15) turgis
Gen. turg + u + uun (2,7,8,9,12,15,17) tu?"gu_,’

[+strong]
Dat. turg + u + ms (7, 8) tu?gums

[+strong]
Acc. turg + u + ns (2,7,9,17) turgt\ls

[-R(8)]

Instr. {urg + u + meis (1,4,7,8,9) tu’f‘lgumis

[+strong]
Loc. turg + u+ au+ seV (1,4,7,8,9,12) turguose

It will have been noted that the dative plural of the a, i and u-declensions (a+ms, i+
ms, u+ms) behaves somewhat exceptionally with respect to the strong case rule, insofar
as the accent is placed not on the last M of the ending (which would be the m), but on
the vowel preceding the last M. At the moment, I do not quite see how toaccountfor this.

The Adjective:
Adjectives behave, in principle, exactly like nouns, except that in a few cases, which

are listed below, a pronominal ending appears for a nominal one:
Example: staar [-post stem, +strong susceptible]

7
Dat. sing. masc. staar + amV —a storam
[+strong]
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\

Lioc. sing. masc. staar + ameV = —# storame
[+strong] \

Nom. plur, masc. staar + ei — stori
[+strong] ,

Dat. pl. masc. staar + eims — storiems
[+strong]

The corresponding forms of adjectives with u or ia as stem vowel are quite parallel.

On the whole, the definite forms of adjectives can be represented as the simple forms
plus the correspondings forms of the pronoun jis, e.g., gen. sing. masc.: stem + a +
aa + i+ aa - stem + ojo. Note that with the suffixation of the pronoun the final shortening
rule will no longer apply to the endings of the adjective proper. The accusative plural,
for example, is \éaltugs-ius, and not *é’altgsius.

As far as their accentuation is concerned, the long forms of the adjective follow the
short forms exactly; the accent never falls on the pronominal element. This is explained
by a restriction on the domain of the accent rules.

A further peculiarity of the definite declension should be mentioned: the apparent
merger of classes 3 and 4 in the acc. pl. (\s'altﬁosius, gertfosius) and instr. sing.
(galtﬁoju, gerl:{oju). We would expect *\éaﬁtuosius (cf. indefinite \ééltus) and *\s/éltuoju
(cft. géltu). The obvious solution, the introduction of a readjustment rule saying that a
[-post stem]-adjective becomes [+post stem] when suffixed with the pronoun, is impos-
sible, since forms with the accent on the stem always bear an acute in adjectives faltas.
The only way to account for this peculiarity is to specify the acc. plur. and the instr.
sing. as [+strong] in the environment in question; that is, we have to add a rule to the
morphological component of roughly this form:

Instr. sing.| .
{Acc. Plur.}_" [+Str°ng]/ ot

To be sure, this solution seems a bit ad hoc, but as can be seen in any case, the

+ pronoun.

feature strong is not in general predictable for case endings.

The Verb:

There are 3 markers of the present tense and 2 of the preterite; their distribution
must be specified in the morphological component. For our present purposes this prob-
lem can be disregarded. There is one peculiarity associated with the present and
preterite markers, which, interestingly enough, has been observed in Latvian also.
Except in the i~-present, the tense marker is, in general, shorter by one vowel before
the personal endings of the 1. and 2. sing. than before the remaining personal endings,
that is, the present marker a does not appear at all in the 1. and 2. sing., and the
present markers aa, ia and the preterite markers aa, ee appear as a, i, a, e,

respectively.
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In the verb forms given below the tense marker has been affixed directly to the
stem; at the moment, it is not clear whether this treatment is correct or whether a

special verbalizing suffix should be set up between the stem and the tense marker.

a~present (example pin[+post stem, +strong susceptible])
1. sing. pin+ au (1,4,7,8,9,10) pinu
[+strong]
A
2, sing. pin+ ei (1,4,7,8,9,10) pini
[t+strong]
hY
3. pers. pint+a+V (1,7,8,9) p\ina
plur. pin+ a4+ mee (1,7,8,9) piname
\
2, plur. pin+ a+ tee (1,7,8,9) pinate
aa-present (example valg[-post stem, -strong susceptible])
/.
1. sing. ualg+a+ au (3,4,6,8,9) valgau
[+strong]
2. sing. wualg+a+ el (3,4,6,8,9) valllgai
[+strong]
/
3. pers. ualg+aa+ V (3,6,8,9,15,16) valgo
plur. ualg + aa + mee (1,3,6,8,9,15,16) va{lgome
2, plur. wualg + aa + tee (1,3,6,8,9,15,16) vélgote
ia-present (example dur[+post stem, + strong susceptible])
1. sing. dur+i+au (1,3,4,7,8,9,10,13) duriu
[+strong]
A
2. sing. dur + i+ ei (1,3,4,7,8,9,10,13) duri
[+strong]
3. pers. dur+ia+V (1,3,7,8,9,13) duria
plur. dur + ia + mee (1,3,7,8,9,13) duriame
2. plur. dur + ia + tee (1,3,7,8,9,13) duriate
i-present (example tur[+post stem, +strong susceptible])
1. sing. tur+i+ au (1,3,4,7,8,9,10,13) turiu
[+strong] .
2. sing. tur + i+ ei (1,3,4,7,8,9,10,13) turi
[+strong]
3, pers. tur+i+i (1,7,8,9) turi
1, plur. tur + i + mee (1,7,8,9) turime
2. plur. tur 4+ i+ tee (1,7,8,9) turite
aa-preterite (example pin]+post stem, +strong susceptible])
1. sing. pin+ a + au (1,4,7,8,9,10) pina'ﬁ'
[+strong]
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~

2. sing. pin+ a+ ei (1,4,7,8,9,10) pinai
[+strong] ,
3. pers. pint+aa+V (1,7,8,9,15,16) pino
plur. pin + aa + mee (1,7,8,9,15,16) pijnome
2. plur. pin+ aa + tee (1,7,8,9,15,16) pinote
-ee-preterite (example valg[-post stem, -strong susceptible])
1. sing.  wualg+ e+ au (1,3,4,5,6,8,9) va(lgiau
[+strong] .
2. sing. ualgt e+ ei (1,3,4,6,8,9) valgei
[+strong] ,
3, pers. ualgt+ee+ V (1,3,6,8,9,15) valge
plur. ualg + ee + mee (1,3,6,8,9,15) vvélgéme
2, plur. ualg + ee + tee (1,3,6,8,9,15) valgéte

The future is formed by affixation of si to the stem of the verb that appears in the
infinitive. Note two peculiarities of the future: 1.) The assimilation rule (2) does not
operate before the future marker si, as already mentioned above; and 2.) in the third
person the si always attracts the accent, except when it is preceded by a [ post stem]-

’~|
stem plus derivational suffix (e.g., maak + ii + si = finally mokys, but rés + 11 + si =~
[-post stem] [+post stem]
finally rasys) This peculiarity of the third person provides an explanation for what

in traditional grammars is referred to as Metatonie,

Example: lauk[-post stem, —Rule (4), -strong susceptible]

1. sing. lauk + si 4 au (1,3,4,6,8,9,13) 1a{uksiu

2. sing. lauk+si+ei ) (1,3,4,6,8,9,13) lauksi

3. pers. lauk + si = lauk + si (1,8,9) lal'}'ks
plur. lauk + si 4+ mee (1,6,8,9) lauksime

2. plur. lauk + si+ tee (1,6,8,9) lauksite

Note that the personal endings au and ei are not [t+strong] in the future.
C. Heeschen
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C. INWARD AND UPWARD — DIRECTIONALS IN ENGLISH

We have in present-day English several small wordlike elements; in, out, up, down,
and others, which we may call "directionals."1 Any one of these formatives may alter-
natively be called a preposition, as in (1); a part of a compound preposition, as in (2);
part of an adverb of direction, as in (3); and in (4), various analyses call it a "dangling"
preposition (in analogy with (1)), an adverb (in analogy with (3)), or even a verbal par-
ticle (in analogy with "he blew ﬁp (became angry)" or vthe teacher bawled him out").

(la) at this point the smoke travels up the chimney.
b) this piece of paper just blew in the window.

(2a) but first, the smoke must travel up to the ceiling.
b) so he pushed it into the center. ~

(3a) after being released, the balloon floated upward.
(3b) in a hurricane, the surface wind blows inward.

(42} the air travels up for a few minutes before taking on a rotational motion.
b) after traveling In, it starts moving up the eye of the storm.

Thus we have 4 uses of each of several directionals (Di's). In discussing them, let us
use up for examples, since it is a typical one.

The semantic contribution offered to the sentence by any Di (e.g., up) is at least
roughly the same, regardless of which construction it is used in. For this reason, it
would be desirable to relate them in the syntax, thereby allowing a single lexical reading
to be applied in these different cases. But it is not only desirable to do so but also nec-
essary, because of the following considerations. First, a Di in any of these usages is
found only after a verb of motion.2 Second, after a Di, there may be only one of 4 pos-
sibilities; either a nominal phrase as in (1), or the formative-ward(s) as in (3) (Is this
a nominal of sorts?), or a prepositional phrase as in (2), or else nothing, by which I
mean that it can be followed by any and everything that can follow any of the other 3 pos-
sibilities. These 4 constructions are syntactically equivalent; they play the same role
in the syntactic structure of the sentence, as is seen by the fact that Whatevér can follow
(precede) one such usage can follow (precede) the other, and whatever cannot follow (pre-
cede) one cannot follow (precede) another. But the most binding consideration is that if
a sentence contains an occurrence of a particular directional in any usage, it cannot con-
tain a second occurrence of the same directional, as seen in the impossibility of the con-
structions in (5).

(5) *he climbed {up up the flagpole
up upward
upward up the flagpole
up up to the top
upward up to the top
ete.
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(The same usage of a Di may apparently be repeated, however, for emphasis, as is
typical of simple adverbs "? he flew up up and away," like "have you ever ever done
that?") The only reasonable way to disallow multiple occurrences of each Di is to
derive the different usages from a common underlying structure, which can become one
or another of its realizations but not several. And the reduplicated cases (if they occur)
can be handled by a low-level rule, which works only on single words.

We may note that many of the so-called "2-word verbs" or "verb particle combina-
tions" are formed from a verb of motion and an accompanying directional, e.g., "blow
up" (explode), "put up" (preserve), and as is expected from directionals, they cannot
co-occur with another occurrence of the same directional. There is nothing further to
be said here, except that these must be essentially verb-directional idions.

Thus we see that any satisfactory grammar of English must have these underlying
directionals which aré realized in the various ways (1) to (4). This fact will serve to
explain the other properties of directionals noted above. Accepting, then, that a unified
analysis of all of these usages is necessary, let us examine an example of such an
analysis.

First, it seems clear that the bare Di of (4) is derived by deleting the -ward(s) of
(3). Semantic and syntactic constance,3 along with a designated element for@gt;m,
makes this a clear case of a simple deletion transformation. The conditions to be met
for deletion to occur are perhaps more interesting, but to a rough approximation they
merely require that there be something to the right of the -ward in the same clause.
While (6) and (8) are permitted, (7) is not.

(6a) the electrons are moving upward.
b) he was climbing upward.
c¢) heljum balloons go upward.

(7a) *the electrons are moving up.
b) *he was climbing up.
c) *helium balloons go up.

(8a) the electrons are moving up in order to avoid the negative charge here.
b) he was climbing up when it happened.
c) a helium balloon goes up if you release it.

Next, we note that in the compound preposition cases, the Di may have -ward
attached without any semantic change, except perhaps a loss of the concept of completion
(necessarily submerged if the preposition carried this meaning also), as in (9). The same
explanation as that above given will suffice here.

(9) he walked up(ward) to the top.
she looked up(ward) through the conduit.
the wires pass up(ward) along this joist.
he climbed up(ward) from the bottom.
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Finally, turning to the prepositional4 cases of (1), if we distinguish between 'goal!
prepositions (from, to) and 'path' prepositions (along, through), we may observe that when-
ever a Di is used as a preposition, there is a path preposition (but never an end preposit
tion) which can be inserted without changing the meaning of the sentence (10), and which
makes these constructions parallel to the ones just examined. Because the prepositional
{(10a) he climbed up (along) the path.

b) it fell down (through) the tube.

¢) it rolled down (along) the crack.
cases must be related to the other directionals, we are, at present, forced to accept the
analysis that these putative prepositional Di's are really Di's followed by deleted path
preposi’cions.5

Thus we have a clean, tight anzztlysis.6 There is a -ward (or something similar) dele~
tion transformation, and there is a preposition deletion transformation applying to its
output which depends in an interesting way upon the object of that preposition. If
prepositions are analyzed as a spelling-out of features from a nominal phrase,
then the effect of the second transformation can presumably be obtained by inhibiting that
spelling-out process.

There is, however, a joker left in the deck. If the directionals really are adverbial
in nature, as they must be from the arguments above, they must also be prepositions,
at least they must be so considered by some transformations. Besides (11) we have the
word questions (12), and also the alternate word question (13), which is possible only
for prepositional phrases. The same problem appears in relative clauses (14).

{11a) Lincoln climbed up the flagpole.
b) he pushed it up the tube.

(12a) what did Lincoln climb up?
b) what did he push it up?

{13a) up what did Lincoln climb?
b) up what did he push it?

(14a) the flagpole up which Lincoln climbed fell down last year.
b) the tube up which he pushed the wire ended on the second floor.

Thus we are faced with a contradiction. We must either give up this analysis
of directionals and consequently try to explain the distributional facts noted above
in diverse ways or give up the restriction of the question-word fronting transforma-
tion(s) to prepositions only (it does not work on ordinary adverbs, e.g., *acciden-
tally whom did he hit?), or, as I am inclined to believe, we must have a process by
which directional is attached to a prepositional phrase in such a way that is is indis-
tinguishable from a true preposition.7 For the last aliernative, other hints of support
may be found in examining the relationship of prepositions to verbal prefixes in
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German, Greek, and Russian (especially zu in German).

T. R. Hofmann

Footnotes

I am indebted to G. H. Matthews and J. S. Gruber, who have discussed the issues
raised here.

Either a verb of physical motion, e.g., gljy, move, travel or go, or a verb of meta-
phonical motion, e.g., look, shout; see J. Gruber, "Look and See" (to appear in
Language).

We might want to delete some other element that expresses completion and contrasts
with ~ward (which expresses noncompletion). This contrast of completeness is
emphasized by the perfect auxiliary as in:

he has climbed upward.
he has climbed up.

This explanation may also figure in the explanation of the completive interpretation
of many verb-Di idioms (2-word verbs) such as "burn up," "wrap up," etc.

We notice that the putative preposition can often be deleted, sometimes leaving the
nominal phrase looking like an object of the verb, but sometimes not.

he climbed {up) the flagpole
he walked (down) the road
he crawled (down) the length of the hallway.

The real situation is somewhat more involved than the one described here; we have
been looking only at nonvolumetric nominal phrases figuratively denoting planes,
lines, and points). If we look at volumetric nominal phrases (denoting 3-dimensional
objects, e.g., room, box, etc.), to is deletable and path prepositions are not. Gener-
ally speaking, what can be deleted after a directional depends on the following nom-
inal phrase.

We may note that, besides the common directionals discussed herein, there are
proper directionals ('proper' in the sense found in 'proper noun'). The names of the
cardinal directions, north, south, east, west, behave just as common directionals,
except that preposition deletion is forbidden.

he walked north.

he walked northward.
*he walked north the road.

he walked north along the road.
?north along what road did he walk?

There are phonologically identical and semantically similar locative prepositions
which any complete analysis would presumably relate to these directionals. We shall
not attempt to do so here.
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D. ON PROBLEMS IMPLIED BY THE CONCEPT 'PERFORMANCE!

In Susumo Kuno's1 works we find a tendency to construct a system, by means of an
algorithm on the basis of a particular transformational grammar without applying inverse
transformations, to directly determine the deep structure of a given sentence. Let us
call this position A. Kuno intends this approach to be a hypothetical approximation to
'performance!,’

The possible generalizations of this approach are clear. The problem, of course, is
to prove that each generalization can be constructed. First, there could be construction
of a system that goes immediately from the deep structure to the sentence (a kernel or
derived sentence in the terminology of Chomsky4). A condition is proposed, however,
that this system be formed by an algorithm on the basis of transformational grammar
(position B, which is the inverse of A). ‘

The second generalization (position C) is a system that immediately determines the
meaning(s) of a received sentence. This system also has to be constructed by an algo-
rithm on the basis of the syntax and the semantics of a transformational grammar.

The third generalization (position D) is the inverse of C.

~ In this report we shall not take into account possible generalizations on a phonological
level.

The last generalization that we make (position E) differs qualitatively from the pre-
vious ones. It is the construction of a system on the basis of linguistic data to directly
determine the meaning(s) of a given sentence, and vice versa. The qualitative difference
between this generalization and the previous ones is the following: The previous gener-
alizations are all dependent on a competence (a transformational grammar); this gener-
alization is not.

Let us now ask to what extent approaches A-E (if they can be constructed) are
approaches to !'performance.' In these theories an attempt is made to achieve recognition
or production procedures for each grammatical sentence and only for this kind.

Therefore, it seems possible to argue that these systems are approaches to a '‘com-
petence! model for speech production and speech recognition. The limitations and indi-
vidual differences in speech production and speech recognition are the result of
(a) psychophysical realizations of this kind of competence (performance-competence,
which itself is dependent on 'competence' in approaches A - D), and (b) use of thls real-
ization (a and b can be called performance-performance)

There is room for discussion about the use of the concepts 'performance-competence!
and 'performance-performance.! We shall not discuss the pros and cons here. We shall
only try to indicate a few problems that are implied by accepting this kind of distinction
in the performance.

The first problem is the origin of the 'performance-competence.! Is it innate or is it
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learned? If it is made by an algorithm from a particular competence grammar, is this
algorithm learned or innate?

The second problem, "Is it possible to construct a 'performance competence! inde-
pendently of a competence?" (generalization Eé). If it can be proved that it is not pos-
sible, or possible only under conditions that cannot be met by a human being, then, 1
think, there would be strong confirmation of the 'competence!' hypothesis and the trans-
formational grammar, which is a competence grammar. If, however, it could be proved
that such a construction is possible, then the problem arises, "How can we confirm the
evidence for the competence hypothesis? " (competence grammar as a psychological and
biological reality and necessity7).

A psychological proof or another proof of the dichotomy between competence and per-
formance, independently of a proof of the possibility or impossibility of generalization E,
would be very decisive. As long as no such proof is available, however, a proof of the
possibility (or impossibility) of generalization E seems to be important.8

We feel that it is useful for future developments to make explicit certain problems
to which contemporary approaches to 'performance!' lead.

We wish to thank Professor H. Putnam, Professor S. Kuno, Dr. Rubenstein,

M. De May, and Dr. W. Vereecke for discussing various topics that gave rise to some
of these problems. Of course, only the author is responsible for the point of view taken
here.

F. J. Vandamme

Footnotes and References

1. S. Kuno, "The Predictive Analyzer," in Readings in Automatic Language Processing,
edited by D. G. Hays, p. 83.

2. The term '‘performance' is used to denote the actual speech-production and speech-
recognition systems of mankind. It is generally assumed to be based on a 'compe-
tence.! The difference between the two is mainly a difference in function (a theory
of competence is not a theory for speech recogmtmn or speech production; see
N. Chomsky, "Current Issues in Linguistic Theory," in The Structure of Language
edited by J. A. Fodor and J. J. Katz (Prentice-Hall, Inc., Englewood Cliffs, N. J.,
1966), p. 52; N. Chomsky, Aspects of the Theory of Syntax (The M.I T. Press, Cam-
bridge, Mass., 1965), p.9). Possibly there is a difference in formal qua11t1es. For
a more intensive discussion about the concepts 'competence and performance' in lin-
guistics, see N. Chomsky, Aspects of the Theory of Syntax, op. cit.

3. Another proposal for approximation to 'performance' has been made by R. S. Petrick,
"Recognition Procedure for Transformational Grammars," Ph. D, Thesis, Depart-
ment of Modern Languages and Linguistics, M.I T., June 1965,

4, N. Chomsky, "A Transformational Approach to Syntax," in The Structure of Lan-
guage, edited by J. A. Fodor and J. J. Katz, op. cit., p. 223.

5. This 'performance-performance’ corresponds closely, we think, to F'. de Saussure's
‘parole! in, "Course in General Linguistics," translated by M. Baskm {McGraw-Hill
Book Company, New York, 1966). We read: "Speaking ... is an individual act....
Within the act, we should distinguish between: (1) the combinations by which the

QPR No. 85 302

S



(XXI. LINGUISTICS)

speaker uses the language code for expressing his own thought; and (2) psychophysical
mechanism that allows him to exteriorize those combinations.” (p. 14). Does

de Saussure's "langue" correspond (with a few reservations) more to the concept
‘competence! than to the concept 'performance-competence! ?

Even if the distinction 'performance-competence’ and 'performance-~performance!

is not accepted, the generalization E can be stated, "Is a performance system pos-
sible without a preconstruction of a competence grammar?%, Two interpretations
seem possible: (a) a competence grammar is not explicitly used, but is not implicitly
required for the construction of a performance system; (b) a competence grammar
is not at all needed. The discussion that follows seems to us to be valid in this case,
too.

N. Chomsky, Aspects of the Theory of Syntax, op. cit.,, p. 8. "Obviously, every
speaker of a language has mastered and internalized a generative grammar that
expresses his knowledge of language." (=competence).

More about that can be found in "A Discussion about a Possible Approach to a Model
for Speech Recognition and Speech Production,” (preprint, December 1966) by F.
Vandamme. There we give arguments that seem to indicate very strongly that posi-
tion E is possible. The value of the proposed system for 'analyse by analyse' and
'synthese by analyse' is crucial.
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A. ACQUIRED ASYMMETRY OF SHAPE LEARNING

Using geometrically transformed texts, we have been able to show that humans
learn to decode them differentia.lly.1 Mathematically equivalent transformations impose
different burdens, both with respect to speed of decoding (as measured by the amount
of time taken to read pages in a single geometrical transformation), and with respect
to the rate of learning. The order of difficulty of the transformations shows that rota-
tion in the plane of the page is easiest to master, while inversion on a horizontal axis
and reflection about a vertical axis are far more difficult. Furthermore, there is a
negative correlation between speed of initial learning and rate of acquisition of
skill — the easiest transformation shows the least improvement.

These results imply that learned sequences of visual scanning, in conjunction with
learned preferences for shapes of differing orientation, powerfully affects the subjects!'
ability to decode the texts. To learn whether the asymmetrical preferences are specific
characteristics of the nervous system or reflect special learning was the motivation for
the following experiment.

The experiment was performed in Israel with native speakers of Hebrew who had
virtually no familiarity with languages read from left to right. Their reading skill with
Hebrew (and for some of them with Arabic, too) was at or near the level of college
freshmen. For reasons that are irrelevant to this report, it was difficult to obtain

*This work was supported in part by the Joint Services Electronics Programs (U. S.
Army, U.S. Navy, and U.S. Air Force) under Contract DA 38-43-AMC-02536(E), and
in part by the National Science Foundation (Grant GK-835), the National Institutes of
Health (Grant 2 POl MH-04737-06), and the National Aeronautics and Space Administra-
tion (Grant NsG-496).
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subjects, and the few whom we finally got could be tested only on a restricted set of
materials, because of various time commitments. The array of 8 transformations that
“we have used previously was therefore reduced to 6, and testing time itself reduced to
5 days. Despite the small number of subjects, the results are quite clear.

The geometrical operations performed on the text were identical with those previ-
ously performed with English,1 except for the 2 missing examples. Hebrew, as all
Semitic languages, is read from right to left. A rotation in the plane of the page of
Hebrew, consequently, yields a geometry that is opposite, but symmetrical, to that of
English, and similarly with all other transformatlons that we have used. That is,
identical geometrical transformations were performed on different bases (English and
Hebrew) which are left-right inversions of each other. On each of the 5 days, each of
the 6 students read aloud one page of Hebrew text in each of the 6 transformations. The

results of the testing are shown in Fig. XXII-1, time being represented in minutes on

TRANSFORMATION

v NORMAL A REVERSED ROTATION
2 ROTATION o REVERSED REFLECTION
a INVERSION

T o REFLECTION

Fig. XXII-1. Results of tests.

TIME (LOG SCALE - MINUTES)

| I ! ! 1
1 2 3 4 5

DAYS {(LOG SCALE)

the ordinate, and successive pages (days) on the abscissa. Very little improvement’
occurs in the reading of normally oriented Hebrew; rotation in the plane of the page is
the easiest of the transformations, followed by inversion and reflection. In these
respects, the data are identical with those obtained from native readers of English for
the same transformations. The results show clearly, therefore, that the relative dif-
ficulty with the transformations, which had previously been found with native readers of
English is not due to specific biases for orientation in the visual system. The difficulties
rather seem to be due to biases induced by a well-practiced scanning "program" upon
the ability to utilize other such "programs" (decoding strategies). If the biases were
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specific to orientations, the results from the Hebrew readers would have shown inver-
sion to be far easier than reflection, in order for them to be consistent with those
obtained from English readers. The fact that it is the relative orientation that orders
the difficulty with the transformations reveals clearly that the biases are acquired.

P. A. Kolers

References

1. P. A. Kolers, A. C. Boyer, and K. F. Rosenthal, "Protracted Practice on Decoding
Spatially Transformed Text," Quarterly Progress Report No. 78, Research Labora-
tory of Electronics, M.I. T., July 15, 1965, pp. 229-231,

B. TRANSMISSION AND CODING OF COLOR PICTURES

Efficient schemes for transmission and coding of color pictures have been investi-
gated by real-time processing of color television signals.1 Subjective effects of ran-
dom noise, PCM quantization noise, delta-modulation noise, and sampling and filtering
degradations in color signals were evaluated by direct viewing of kinescope clisplays.2
Such real-time displays are not only superior in quality to photographs obtained by com-
puter simulation process but also show frame-to-frame degradations, thereby making
evaluation more meaningful.

The blocks of a color picture transmission system are shown in Fig. XXII-2. The

TRANSMITTER

SOURCE INPUT :
CAMERA MATRIX MULTIPLEX CODER

PICTURE

= P

QUANTIZATION
NOIsE DIGITAL f=— CHANNEL
CHANNEL NOISE

RECEIVER
OBSERVER g
G_| ouTPUT
EggAmD M | Mo DEMULTIPLEX DECODER

Fig. XXII-2. Color picture transmission system.

source pictures (standard SMPTE and other color transparencies) are scanned by the
RCA TK-27 color camera to generate Red (R), Green (G), and Blue (B) signals of 2-MHz
bandwidth. These signals may be matrixed, if desired, and multiplexed suitably to give
a single analog signal. The analog signal is encoded into a digital stream and trans-
mitted. At the receiver, the digital signal is decoded back to its original analog form,
demultiplexed, and displayed on the TM21-B RCA color monitor to reconstruct the
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original picture. This picture is viewed by the human observer through his eye and
evaluated in his brain.

Time-division multiplexing may be more efficient and convenient if the signal is to
be transmitted digitally. Thus sequential transmission of color television signals was
considered as an alternative approach to matrixing and subcarrier multiplexing. For
this purpose, a time-division multiplexing unit was constructed for sampling and multi-
plexing the color signals at variable bit rates. The two codecs (coder and decoder) that
were used primarily in the experiments were the 111 Mb/sec solid-state PCM facility3
of the High Speed PCM Terminal Department of Bell Telephone Laboratories, Inc., for
standard PCM, and the Ball Brothers Research Corporation Codec4 for the delta mod-
ulator. The performance of the codecs and the multiplexing equipment was checked and
insured by appropriate noise-loading tests. The noise performance of the multiplexer
was at least 10 dB better than a 9-bit PCM coder.

Figure XXII-3 compares the bound on signal-to-quantization-noise ratio for

[
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differential PCM (DPCM), delta modulation (AM), and standard PCM systems for Gaus-
sian signal inputs.5 This figure indicates how efficient the coding scheme is at the
desired signal-to-noise ratio (SNR), or alternatively the best SNR obtainable at the
desired bit rate. The SNR given is the rms signal-to-rms noise ratio. To calculate
the peak-to-peak signal-to~-rms-noise ratio, we have to add 18-20 dB, the amount
depending on the statistics of the television signal.6 Thus to obtain (SNR)pp of 54, 46,
38, and 29 dB by AM, we need bit rates of 16, 8, 4, and 2 times the bandwidth; for
standard PCM this figure is approximately 12, 10, 7, and 4 times the bandwidth,
respectively. Although for standard PCM, the SNR in dB increases linearly with bit
rate, for AM it increases only logarithmically. Thus for higher SNR standard PCM
would be more efficient than AM, and for lower SNR, AM would be superior. The
quality of a television picture cannot be judged, however, by its SNR alone. Though
these analytical results and physically measurable tests are often helpful in making
gross judgments, it is the perceptual significance of transmission distortion that is the
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crucial factor in determining the merit of a fransmission system. Only a subjective
test can lead fo a meaningful judgment in the final evaluation of picture quality.

Evaluation and subjective tests consisted of assigning a comment on the degradation
perceived on a high-quality color monitor display. The comments were chosen from a
comment scale ranging from 'not perceptible' to 'extremely objectionable,’ as indicated
in Figs. XXII-5, XXII-7 and XXII-8, The results were viewed by several trained
observers in a dark studio with a viewing distance of 4 times the picture height (5 ft).
The screen highlight brightness was kept at 25 ft 1. (85 cd/m?‘), and from ten to twelve
slides with widely varying color, tones, content, and details were used for the tests.
The arithmetic mean of comments from all observers and on all pictures was taken for
the final results. The standard deviation in comments for observers was, on the aver-
age, 0.5, while that for pictures was 1.0. Thus for accurate evaluation of color
picture-transmission schemes not only a large number of observers but also a large
number of widely varying pictures should be used,

To study subjective effects of random noise in the three color channels, the experi-
mental arrangement of Fig. XXII-4 was used. The SNR can be varied by the attenuators

RANDOM 2 MHz

NOISE AN
GENERATOR
ATTENUATORS
RED  2MHz N . z
v % 7 cotor

FROM

Syt GREEN 2MHz r/ MONITOR

CAMERA BLUE  2MHz 3 RCA OBSERVERS
RCA 'V“'W‘—;‘ TM218

SYNC

L

GAIN
CONTROLS

Fig. XXII-4. Experimental arrangement for evaluating the effects
of random noise.

for each of the channels. Noise added in this form is perfectly correlated. To observe
the effects of uncorrelated noise, delays of 20 and 40 psec (1/3 and 2/3 of line scanning
time) were added to the noise path of two of the channels. For evaluating the subjective
effects of degradation by random noise for the channels individually, the SNR in two of
the channels were maintained at a level of 55 dB, while the SNR of the third channel
varied. The results are shown graphically in Fig. XXII-5. There is an approximate
10-dB difference in the SNR required for the blue, red, and green signals for the same
transmission objective (just perceptible, not objectionable, etc.). With noise present

in all three channels together, correlated noise, which appears more as luminance
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COMMENTS

1. NOT PERCEPTIBLE L

2. JUST PERCEPTIBLE 2 =

3. DEFINITELY PERCEPTIBLE, 3 L
ONLY SLIGHT IMPAIRMENT

4. IMPAIRMENT BUT NOT 4+
OBJECTIONABLE

5. SOMEWHAT 5 b
OBJECTIONABLE

6. DEFINITELY 6

OBJECTIONABLE B

7. EXTREMELY 7
OBJECTIONABLE

|
10 20 30 40 50 dB
PEAK - TO - PEAK SIGNAL- TO-RMS-NOISE (GAUSSIAN) RATIO

Fig. XXII-5., Subjective effects of random noise in color channels.

degradations, is slightly more degrading than uncorrelated noise, which appears more
as true degradations (see Table XXII-1).
Subjective effects of delta-modulation noise and PCM quantization noise in the three

color channels were evaluated by individually coding and decoding each of the color

Table XXII-1. Effects of correlated and uncorrelated random noise.

Source < SNR (db) Mean Comment
Green Red Blue

Correlated 35 25 15 3.5
Correlated 37 27 17 3.1
Correlated 40 30 20

Uncorrelated 39 28 10 4.1
Uncorrelated 36 25 14 4
Uncorrelated 40 30 .18 2.3
Uncorrelated 40 30 20 1.8
Uncorrelated 42 31 21 1.4
Uncorrelated 43 32 24 1

signals while directly transmitting the other two (unimpaired analog signals) (see
Fig. XXII-6). The results for delta modulation are summarized in Fig. XXII-7. The
bit rates for transmission by AM that are required for a given transmission objective
may be determined from Fig. XXII-7. For a transmission objective of 4 (impairment
but not objectionable) the bit rates required by the green, red, and blue signals are 9,
8, and 4 mB/sec, respectively. AM is slightly more degrading subjectively than
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RED _2MHz CODEC COLOR
MONITOR
FROM GREEN 2MHz r——1
COLOR > DELAY |7
CAMERA oo v OBSERVERS
TK-27 = 1 DELAY ]——#—— RCA
R T™218
A SYNC i —{ DELAY l—-
GAIN
CONTROLS

Fig. XXII-6. Experimental arrangement for evaluating the
effects of modulation noise and quantization
noise.

COMMENTS

1. NOT PERCEPTIBLE 1~

2. JUST PERCEPTIBLE 2

3. DEFINITELY PERCEPTIBLE,
ONLY SLIGHT IMPAIRMENT

4. IMPAIRMENT BUT NOT

OBJECTIONABLE 4 1=
5. SOMEWHAT B
OBJECTIONABLE 5
6. DEFINITELY 6

OBJECTIONABLE
7. EXTREMELY
OBJECTIONABLE 7

DELTA MODULATION BIT RATE Mb/s
7 15 18 23 26 31 33
THEORETICAL S/N RATIO IN dB

Fig. XXII-7. Subjective effects of AM noise in color channels.

random noise for the same SNR.

In transmission of signals by standard PCM much higher SNR are required, as PCM
quantization noise is subjectively most annoying. The subjective effects of PCM quan-
tization noise are shown graphically in Fig. XXII-8. For a comment of 4 the quantiza-
tion bits required for the green, red, and blue signals are 5, 5, and 4, respectively.
This corresponds to SNR of 40, 40, and 34 dB, which is much higher than the 32, 31,
and 23 dB required by delta modulation. Not only is delta modulation more efficient in
terms of SNR but also at the low SNR involved delta modulation requires a lower bit
rate for transmission than standard PCM, as shown in Fig. XXII-3. The crossover
point when standard PCM becomes more efficient than delta modulation for the same
SNR is at 50 dB peak-to-peak signal-to~-rms noise ratio.

Three different kinds of filters were used for bandlimiting the color signals, and
the subjective effect on the composite picture was evaluated. The filters were the

Thomson and the overshoot filters which were identified by their 20-dB down point, and
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OBJECTIONABLE
5. SOMEWHAT 5
OBJECTIONABLE RED
6. DEFINITELY 6 |- GREEN
OBJECTIONABLE
7. EXTREMELY 7 L S s st | L L1
OBJECTIONABLE 1 2 3 4 5 6 7 8

PCM QUANTIZATION BITS
16 22 28 34 40 46 52 358
THEORETICAL S/N RATIO ‘IN dB

Fig. XXII-8. Subjective effects of PCM quantization noise

INSERTION LOSS IN dB

in color signals.

2 Mc/s SHARP (3 STAGE)

1 Mc/s BROAD (1 STAGE)

1st INFINITY

] ! ]
.05 0.1 0.2 0.5 1.0 2.0 5.0 10 20

FREQUENCY IN MEGACYCLES

Fig. XXII-9. Filter characteristics.

Table XXII-2. Lowpass filtering of color signals.

Mean
Blue Red Green Comment
Thomson 0.7 MHz Thomson 1.5 MHz Original 2 MHz 4
Thomson 1 Thomson 1.5 Original 2 2
Thomson 1 Thomson 1 Original 2 2.5
Thomson 1 Broad 1 Original 2 2
Overshoot 0.7 Broad 1 Original 2 2.5
Overshoot 0.7 Overshoot 1.5 Original 2 4.5
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the broad filter, which was identified by its design frequency, fc. The filter charac-
teristics are shown in Fig. XXII-9. The overshoot filter acts as a crispener, by over-
emphasizing the steepness of transition at edges. It achieves edge enhancement by
addition of the inverted second derivative (or approximate) of the image signal to the
image signal.7 The overshoot filter also produces a ring, because of its sharp cutoff
characteristics. The comments obtained about the composite picture when the indicated
filters were used are shown in Table XXII-2. The ringing caused by the overshoot fil-
ter is not perceptible in the blues, but is objectionable in the reds and results in a
false chroma edge.

To determine the subjective effects of degradations introduced during sampling, the
color signals were sampled at variable rates by the time-division multiplexing unit
built for this purpose. Fig. XXII-10 shows the results of sampling the individual
color channels at different sampling rates. In these experiments only one signal was
sampled and the other two transmifted directly. The filter losses at the sampling rate
and half the sampling rate were computed and the results are shown in Table XXII-3.

The efficiency of transmission by standard PCM can be improved by judicious
choice of sampling frequency. The idle bands generated in the spectrum .of a television
signal, because of the scanning process, can be shared by frequency-interleaving8 it
with the image band around the sampling frequency, thereby minimizing foldover dis-
tortion. When such is the case, we no longer need to sample at the Nyquist rate of
twice the bandwidth, but at a much lower rate. Thus an 800-kHz blue signal can be
sampled at a frequency of 1. 15 MHz (see Fig. XXII-10) with almost no perceptible deg-
radations. The filter losses required for the blue, red, and green signals are indicated
to be approximately 4, 7, and 12 dB at half the sampling frequency, and 16, 36, and
44 dB at the sampling frequency. For monochrome signals comparable results are
16-19 dB at half the sampling rate, and 38 dB at the sampling ra’ce.9 A comparison of
bit rates required for sequential transmission of color signals by delta modulation and
standard PCM is shown in Table XXII-4 for different transmission objectives.

For the NTSC signal transmitted by standard PCM (quantized to 6 bits and sampled
at 9 MHz) the bit rate required is 54 Mb/sec. This represents a transmission objec-
tive of 3-4. Taking into account the fact the combined degradation in the picture from
all three signals will make it subjectively worse (this effect is approximately one step
on the comment scale), we need approximately 26 Mb/sec for transmission by delta
modulation and 33 Mb/sec for transmission by standard PCM for the same transmis-
sion objective in a sequential transmission system. The picture in the last case will
not be as sharp, however, because the green signal transmitted is of 2-MHz quality.
For a sharper picture a bit rate only slightly higher would be required. Thus for dig-
ital transmission of color signals, time-division multiplexing would be more efficient

than frequency-division multiplexing by a considerable amount. The bit rate required
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Table XXII-3.

COMMENTS

-

. NOT PERCEPTIBLE

2. JUST PERCEPTIBLE

[AY

. DEFINITELY PERCEPTIBLE,
ONLY SLIGHT IMPAIRMENT

4. IMPAIRMENT BUT NOT
OBJECTIONABLE -

5. SOMEWHAT
OBJECTIONABLE

6. DEFINITELY
OBJECTIONABLE

7. EXTREMELY
OBJECTIONABLE

Fig. XXII-10.

3

BLUE

]

GREEN

1 I ] |

1.5

2.0

2.5 3.0 Mc/s

SAMPLING FREQUENCY

in color channels.

Subjective effects of sampling degradations

Sampling of signals and filter insertion losses.

Combined Filter

Output Filter

Sampling Loss at Half Loss at Mean
Signal Rate (Mc/sec) Sampling Rate Sampling Rate Comment
Blue 1.0 1.5 K 5.5
1.05 1.8 8.5 5.2
1.10 2.0 10 1.7
1.15 2.2 10.5 1.2
1.20 2.3 11 3.6
1.30 2.6 12 1.8
1.50 4 16 1.2
2.0 17 26 1
Red 2.0 7 11 6.2
2.20 8 22 5.4
2.25 9 27 5.1
2.35 9.5 30 3.1
2.40 10 34 2.5
2.50 11 36 1.3
3.0 16 66 1
Green 2.0 1 11 5.8
2.10 7.5 17 4.5
2.25 9 28 4,8
2.5 11 36 2
2.75 12 44 1.5
3.0 16 50 1
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(XXII. COGNITIVE INFORMATION PROCESSING)

for transmission of the NTSC signal by delta modulation was not determined; but it is
suspected to be much higher, as the NTSC signal is very sensitive to the phase and
amplitude errors that delta modulation will introduce.

A great amount of frame-to-frame redundancy exists in the color television signal,
and this can be exploited by using delays that can store entire frames. The highlight
brightness for the blue and red signals is much lower, and this considerably reduces
the critical flicker frequency. This fact can be exploited by transmitting fewer frames
per second for these signals. Also, the vertical resolution in the color pictures is
greater than necessary. It is more difficult to resolve the line structure in the Blue
and Red components of the picture, than for the luminance component. Low-cost line
delays may be used to further exploit the redundancy in vertical resolution. Such tech-
niques seem to be very promising, and further investigation is called for.

The transmission of a low-resolution monochrome signal by several kinds of dif-
ferential PCM schemes was also studied. We found that for the same bit rate a 3-bit
DPCM system produces a picture that is less noisy than either AM or 2-bit DPCM
pictures, but subjectively the AM picture is preferred, because of the sharpness
resulting from the permitted higher sampling rate. For a higher quality of transmis-
sion, the 3-bit DPCM system would be more efficient, as indicated by Fig. XXII-3.

A. K. Bhushan
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C. SUBJECTIVE EFFECT OF ADDITIVE WHITE PICTORIAL NOISE
WITH VARIOUS PROBABILITY DISTRIBUTIONS

The purpose of this study was to find out how strongly the objectionability of picto-
rial noise depends on its probability distribution.

The noisy pictures were generated on a digital computer. A picture with a camera-
man as a central object was used as the original, to which noise with various proba-
bility distributions was added.

For the simulation on the computer the picture was divided into 256 X 256 points,
and the intensity at these points quantized to 210, 1024 levels. The noise was generated
by using the random-number generator subroutine of the computer in conjunction with
suitable transformations. To the picture samples were then added the noise samples,
thus producing the output noisy picture. The noise samples were independent of each
other and of the original picture samples.

The signal-to-noise ratio, S/N, is defined as

S _ 10 lo Srznax =20 lo Lax
N~ €10 Z 10"
where

Smax = peak signal amplitude = 1023

2 . .
o = variance of the noise.

Table XXII-5 shows the signal-to-noise ratios that were used and the corresponding
values of ¢ and 2.

Table XXII-6 shows the probability distributions that were used, together with
their variances.

Table XXII-5. Signal-to-noise ratios.

S/N o o?
(db)

26 51.2 2620
22 81.3 6610
20 102.3 10485
18 129 16650
14 204 41620
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Table XXII-6. Probability distributions.

p(x)
o= i i
case 1 ’2_."; 1x1 <a
Uniform 2./3 p(x) =
Distribution 0 Ix| >a
- 2 1
o /3 0% =75a
p(x) j
o= 1 U X 0<x<a
case _J—2;_ a2
Inverse p(x) =< "% *X ~a<x<0
Triangular a
Distribution .0 otherwise
o2 =_;_ ‘a2
1 1
———X 0<x<a
a 2
1.1
p(x)= < =+—-x -a<x<0
Triangular 4 2
Distribution 0 otherwise
o2 %. .q2
_ 1 1
o =1 — |1x1<a
case p (x) p(x) = T Va2 - x
" Sine " 1 0 IX|>a
Distribution w X o_2 =_;_ o2
0 J2
o= 2
case P 1 - 2x 2
p(x) = < e 4d
. V2 a
Gaussian
Distribution | x o2 o2
0 1
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Table XXII-7 shows the values of a (see Table XXII-6) for the various probability

(XXIIL.
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distributions and the different signal-to-noise ratios.

The fourth moments were also computed; their values are shown in Table XXII-8.

Table XXII-7.

Values of a.

S/N 26 22 20 18 14
Distribution
Uniform 88.8 141.0 177.8 223.9 354.0
Inverse triangular 72.4 115.0 144.9 182.4 288.38
Triangular 125.4 199 251 316 500
"Sine" 72.4 115.0 144.9 182.4 288.8
Gaussian 51.2 81.3 102.3 129 204

Table XXII-8.

Values of x4 .

(These values have to be

multiplied by 106.)

S/N 26 22 20 18 14
Distribution
Uniform 12, 37 78.8 198.0 500.0 3120
Inverse triangular 9.13 58. 146.3 368 2310
Triangular 1.83 11.7 29.3 74.0 462
"Sine! 10.3 65.5 165 416 2600
Gaussian 20.6 131 330 832 5200

By inspection of the noisy pictures, we found that the difference between the objec-
tionabilities of noises having the same variance but different probability distributions
was hardly noticeable, although the fourth moments of the noises were quite different.
It seems therefore, that for pictures with additive white noise, the signal-to-noise
ratio can be used as a good measure of picture quality for a wide class of noise proba-
bility distributions, including at least the five that we studied.

T. S. Huang, H. P. Hartmann
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D. STOCHASTIC MODEL FOR WEATHER MAPS

An investigation was undertakenl to see if a two-state Markov source2 was an ade-
quate model for weather maps in the following sense. Segments of weather maps were
quantized into an n X n array of 1's and 0's. The array was then scanned in line-by-line
fashion. The one-dimensional sequence of zeros and ones thus generated was modeled
as a stochastic source, for which line-to-line dependencies in the original picture were
ignored.

The two-state Markov model implies that the run lengths are independent and geo-
metrically distributed. Three statistical tests were performed to test the hypotheses
that the one runs were independent, the zero runs were independent, and the one runs
were independent of the zero runs. The results of the last two tests were consistent
with the hypothesis of independence at approximately the . 05 level of significance. The
first hypothesis was rejected, however, at the same significance level. The test of the
one runs was repeated, only those one runs being counted were preceded by a one run
of length 3 or larger. This was motivated by the fact that the pictures present regions
of high detail and other regions of low detail. If a different run-length density were
used within each region, the resulting model might be more accurate. This test (at the
. 05 level) was consistent with the hypothesis of independence. The experimental prob-
ability transition functions were calculated and compared with the geometric run-length
probabilities of the two-state Markov model. The Chi-Square test of significance was
used in this comparison. The tests indicated a significant deviation; however, graphs
of the data revealed that the geometric approximation was apparently quite good.

Sequences of run lengths from the pictures were coded by using Huffman coding.
The probability of overflow and the expected amount of overflow were determined from
the data. We chose to encode T = 1800 cells at a time. If a maximum of RT = .575 X
1800 bits were used in encoding the original 1800 cells, the expected overflow would be
7 bits. The entropy of the pictures as calculated from the model was . 455 bits. A
bound to the probability of overflow was derived which is exponentially decreasing in
T, the number of cells encoded for a given rate R (=number of bits allowed in encoding
T cells/T). From this, a bound to the expected over-flow was calculated. Both of
these bounds were quite loose when compared with the actual data for T = 1800.

J. W. Woods
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A. CONTRAST DETECTORS!

Lateral substractive inhibition may occur at the retinal bipolar level, thereby
enabling a contrast-detection process in which each "contrast bipolar" cell could detect
any spatial change of the intensity of light incident in its receptive field. In such a sit-
~ uation, the locus of the contrast bipolar cells that fire at any time gives the contour of
any sharply contrasted image on the retina at this time. A contrast-detector ganglion
cell receiving signals from:h area that contains many contrast bipolar cells thereby
senses a significant part of that contour as limited by the object size-ganglion field
relationship. Iis rate of firing is different for different shapes and sizes of the image
and for different velocities of a moving image. It is, therefore, desirable to obtain
simple expressions relating ganglion tone to the aforementioned parameters that are
consistent with, and supported by, neurophysiological evidence.

In particular, we shall be concerned with the dependence of ganglion tone upon the
length of the contrast, or edge, of the image and upon its velocity. By applying a pro-
cess used to model a specific visual ganglion cell,1 we can obtain one expression for
such a dependence. The process to which we refer is the lateral (nonlinear) inhibition at
the level of the ganglion cell dendrites. All that we require is, first, that there be a
single horizontal dendritic layer for the contrast ganglion cell, and second, that signals
arriving there from bipolar cells interact by lateral nonlinear inhibition. Either divisive
inhibition of exponential inhibition would be adequate for this task. We chose, for sim-
plicity, to use exponential inhibition2 in our formulations.

>kThis work was supported by the National Institutes of Health (Grant 5 ROl
NB-04985-04), and in part by the U.S. Air Force (Aerospace Medical Division) under
Contract AF33(615)-3885,

TThis work was done partly at the Instrumentation' Laboratory under the auspices of
DSR Project 55-257, sponsored by the Bioscience Division of National Aeronautics and
Space Administration through Contract NSR 22-009-138,
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For the sake of simplicity, we assume: First, that the contrast bipolars are uni-
formly distributed throughout the retina and that their number is large enough to per-
mit the assignment of "linear density" (\), the number of contrast bipolar cells per unit
retinal length, as a constant. Second, we assume that bipolar cells givé rise to pulses
(action potentials) of constant amplitude (p) and constant duration (v), and that they con-
tain refractory periods of sorts.

If the image of a sharply contrasted object is stationary with respect to the retina,
and 1 is the length of the edge in the contrast ganglion cell receptive field, this cell
receives pulses from n, contrast bipolar cells, in which

n, = 1. (1)

If the image moves with respect to the retina, with velocity of absolute value u, the
ganglion cell will receive pulses from n, additional bipolar cells such that n, is approx-
imately given by

2
n,=u: TIN (2)
The total number, n, of bipolar cells exciting the ganglion cell is given by
n=n, + n, = IN(1+uT)). (3)

If the lateral exponential inhibition occurs, the contribution of a single bipolar cell
to the activity of the ganglion cell is given by

-kp(n-1),
p - e kp(n-1) (4)
where k is a constant that determines the strength of the inhibitory action. Under the
assumption that contributions are additive, the total activity, Ac' of the ganglion cell

is given by

A, = Z p e—kp(n—l), (5)

where the summation is over all of the bipolar cells that are firing, that is, n. Then,

Ac = np e_kp(n_l).

(6)
By substituting Eq. 3 in Eq. 6 and renaming the constants, we obtain
-K 1(1+K3u)

_ 2
Ac = K11(1+K3u) e , (7)

where
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K1=)Lpekp
K2=kpx
K3=T)\.

Let the frequency (tone), f, of the ganglion cell be linearly related to its activity;
that is,

f=aA, +b, £=0, (8)
where b, if positive, is the spontaneous firing frequency. A negative value of b may

be interpreted as threshold.

Let us define z as

z = (14K, u). (9)

The maximum value of f occurs when -g—i—= 0, that is, for a value of z (represented
by Zopt)’ in which

1
Z o = K" (10)

For a stationary object (u=0) there is an optimum edge length in the retinal field
which produces a maximum response. This is

_ L
Lopt = K- (11)

For moving objects of constant edge length, 10, there is an optimum velocity, U
which produces a maximum f and is given by

1 1
U == (== -1). (12)
opt K3 (Kzlo )

opt?

In any case, the maximum frequency is given by

K

1
Ko + b. (13)

f

=a
max

Since only the absolute value of the velocity u appears in the expressions above, a
negative value for Uopt has no meaning. Therefore, for a given edge length, 10, the
maximum frequency can be obtained only if

K, < 1. (14)

The case Kzlo = 1 corresponds to the optimum stationary edge, that is, a maximum
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ganglion tone that is due to a stationary edge, as given by Eq. 11.
Properties that are qualitatively similar to the ones described here — and that have

oriented our work-— have been reported for the group 1 ganglion cells in the frog's
. 3,4
retina,™’

R. Moreno-~Diaz
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B. INSIGHT INTO NEURONAL CLOSED LOOPS FROM SHIFT-REGISTER THEORY

In 1943, Pitts and M(:Cullochl produced three theorems showing that nets with circles
could compute only those numbers that a Turing machine could compute with a finite

tape. Recently, Minsky and Patper’r;z have reported several theorems applicable to them,

3-6

and our group has presented some in previous reports. Since Wiener's pioneering

treatment of nonlinear filters, little progress has been made, until last year when
Caianiello published two items in Kybernetik.7’ 8

In the meantime, a theory of shift registers has grown up independently, depending
on Galois Fields, initiated by Huffman'sg’ 10 analysis of their use in coding, and a sub-

sequent evolution of theorems of limited generality. 11-24

It has not been recognized
that all such devices were within the scope of nerve net theory, although the converse
is not generally true in the present state of the art. As their theory is relatively com-

25-29

plete (except for fully nonlinear shift registers with inputs), it is clear that shift-

register theory can sometimes be extended from Boolian functions of 0 and 1 to any

finite field of integers, and in some cases to the field of real nu.mbe:z's,3o"3z

and perhaps
even of complex numbers.

There is no apparent reason why these theories may not ultimately be extended to
all closed-loop structures in finite automata of neuron nets of proper neuromimes. We
still do not know how to extend this theory to the general problems of nonlinear anasto-

motic nets with inputs.

.
ek
.
s e e

(a) , (b)

Fig. XXIII-1. Nonlinear feedback shift register for control (a) and command (b). ‘

Even without that, the utility of these notions foreshadows a great extension of neu-
ronal modelling in the design of circuits for command and control, as well as in the pro-
gramming of commands for which shift registers are eminently suitable. We already
have simple solutions for temporal sequences in nonlinear feedback shifi registers.

*
This work was done partly at the Instrumentation Laboratory under the auspices of
DSR Project 55-257, sponsored by the Bioscience Division of the National Aeronautics
and Space Administration through Contract NSR 22-009-138.
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For example, we have found conditions for driving the state of nonlinear feedback

shift registers with input through any logical gate of types (a) and (b) (see Fig. XXIII-1).

In this figure

1.

10.

11.

12.

13.

14.

I = Input
L, = Logical gate

X = The vector that defines the state of the n delay elements of an nth-order shift

register

f(i) = Any Boolian function of the n components of X

g(_}z, I) = Any Boolian function of the components of X and L.
W. S. McCulloch, J. L. S. da Fonseca
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XXIV. COMPUTATION RESEARCH*

Research Staff

Martha M, Pennell Gail M. Fratar Elaine C. Isaacs
Heather S. Davis Joan Harwitt Eleanor C. River
A. FINDING THE ROOTS OF AN ANALYTIC FUNCTION Né? “27 1 D 5

The root-finding method described in Quarterly Progress Report No. 84 (pages 351~
352) has been implemented on the Electronic Systems Laboratory Display Console at
Project MAC, using the TOCS (TACT On-Line Computing System) developed by Project
TACT at Harvard University. .’ 2

TOCS is an interpreter intended for use by the scientist with no prior programming
experience. It provides a set of operators to act on variable-length real and complex
vectors created by the user. TOCS has been given additional power and flexibility by
the addition of display facilities, capabilities for limited algebraic manipulation, the
editing facilities of TYPSET, and facilities for incorporating user-created BSS files
into the TOCS. The user may write his own "console program," employing both the
TOCS operators and programs written in other languages, such as MAD.

We are planning to introduce TOCS to members of the Research Laboratory of Elec-
tronics to determine its usefulness in their research. If the response is encouraging, we
shall explore the possibility of using the version being developed for the 360 computer
by TACT.

Eleanor C. River
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