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ABSTRACT

An acoustic method to locate an object that enters into the earth’s
atmosphere at supersonic speed is presented. The direction to the
object is computed from shock wave arrival times observed with

the aid of infra-sonic microphones. A numerical method for the
computations is described. This method gives a least squares esti-
mate of the direction of the normal to an idealized plane shock wave.
It has been successfully used in a computer program to reduce data
collected during the sounding rocket experiments in northern Sweden
in 1964.




FOREWORD

The Krornogdrd reports

During the summer of 19¢2, 1963 and 1964 a series of sounding
rocket expcriments were performed at Kronogdrd in northern
Swedcen under a cuoperative agreement between the US National
Aeronautics and Space Administration (NASA) and the Swedish
Space Reszarch Committee. The main experimenter on the
Swedish side was the Irsdtute of Meteorology, University of
Stockholm and on the US side groups from USAF Cambridge
Research Laboratories (AFCRL) and NASA Goddard Space Flight

Center.

The Swedish Space Research Committee set up a technical group

to take care of the technical and operational parts of the experiments.
While the scientific results from the experiments have beer and will
be published by the experimenters, this group is preparing a special

series of reports covering its activities during the campaigns.

The group is since the lst of July 1965 a division of TUAE, Teleut-
redningar AB under the name of Space Techrology Group.
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INTRODU CTION

. In many sounding rocket exp-riments it is necessary to recover

the instrument&tionAafter the flight for examination. Usually the
paiyioad is separated from the rocket and iz slowed down by a
parachute which gives a moderate descent rate. The impact can

be located by means of radar or, if radar is not available, by

some active homing system in the payload. In case of separation

or power failure in the rocket, these systems might give no data, -

however, ard a back-up s&stem is desirable.

Sound ranging is very well suited for this purpose. During reentry

a sounding rocket creates one or _moire shock waves which propagate
through the atmosphere. Tl;ey can easily be detected by means of
low-freq\‘iency microphone systems located in surveyed positions on
the ground. From the observed arrival times, it is possible to
estima-e the direction to the origin of the shock waves from each
microphone system and thus by extrapolétion to get a fix on the
irapact point, The minimum number of microphones in each system
is three, but it is preterable to have more in order to get redundancy

and an estimate of errors in the result,

This report deals with the numerical problem of computing the
direction of incidence of a plane sound wave from observed arrival
times to 2 microphone system. It will be shown that it is a linear

least squares problem with a quadratic constraint. The problem is
often ill-conditioned especially for low elevation angles of the wave
normal. Additional! difficulties arise because the problem degenerates
when the microphones lie in a common plane, A method will he presen-
ted which gives a unique solution in all practical cases, also where
previous methods (1, 2) have failed. In the prescntation will be used a

geometric interpretation to visualize the numcrical problem.

THE MATHEMATICAL PROBLEM

The aim is to obtain an estimate of the direction of the normal and
the time of arrival of a plane sound wave from observations of the

arrival to a system of microphones.




The speed of sound is assumed constant in the lowest part of
atmosphere over the microphones. Wind influcuce on the speed
of sound is neglected. These'idealizations are tolerable as will

be discussed below in paragraph 3.

The number of inicrophones is m. Their pesitions are given
relative to an arbit’rary cartesian coordinate system by the

column vectors:

In order to obtain a solution it is necessary that m > 3.

n is the unit wave normal pointing in the direction from which the
wave is coming.
c is the speed of sound.

tys ...t are the observed crrival times at the microphones.

In practice it is possible to determine the microphone position
coordinates with an accuracy that is one order of magnitude better
than the accuracy in the determination of the arrival times. This

is due to the fact that the sound recordings are made with the aid

of low -frequency microphones which are disturbed by the general
noise in the atmosvhere., We will thus here neglect the errors in the

microphone positions r.

The arrival time at the origin of the coordinate system can be

calculated from each observation by

. T o
ti-ti+(£ir_x)/c i=1, ...m

T'he observations are given equal weight and the average of these
quantities, ty is taken as estimate of the time of arrival at the

origin,




Introducing the average valucs

-1 - m
t=- Lot r== L r
i=1 ! my
we get
| s §
toﬁr—nizaltl=t+(5_2)/c

We choose our estimate of n so that the mean square deviation -

from to is minimized.

Thus we seek the minimum of the error function

m 2 m
F(E)-_Z ei=2(ti'—t
i=1 i=1

) =

- T {y -0+ ] - a/ef?

with the subsidiary condition |3| =1

introduce new coordinates

i=1, ... m

=(x; - /e

and the matrix

511 %12 ®13

S21 %22 %23 |
S= .
. t

Sml stSm3 ;

Our problem is equivalent to obtaining the least squares solution




.1,

of the system of linear equations
Sp=-u

with the quadratic constraint-

Inl2=aTn=1

We have two cases depending on the rank of the matrix S.

If the vectors
5) 0 &y

span the whole 3-dimensional space the rank is 3, otherwise it
is 2 and we have a degenerate problem.

As the coordinates s; have the property

m
L s =0
i=1 *

the vectors span the whole space only if m > 4 and if the microphones
are not located in a common plane. For numerical reasons it is also
necessary that the microphones are not even very close te a common

plane.

Non-degenerate case

We can write the error function
2 T
F(n) = |lu+5n|”=(u+Sn)" (u+Sx)
The symmetric matrix STS is positive definite and can thus be

inverted. The function F can then be writteu:

-1.T

S u) +

F) - @+ 78) " sTwTsTs@+ s7s)

+ul (1-s"s) 8T




' _F(n) = const. S - : ’

- . .

The second term is constant, .
As STS is positive definite the set of surfaces

is a set of ellipsoids with their €omfron Center in ~ ~- ~ F 7 T

W

c=-sTs)

Our problem is equivalent to finding the tangent point between -
the unit sphere h )

n'n=1

and the smallest ellipsoid.in the set that touches this sphere. In

this point the normal to the ellipsoid is also normal to the sphere.

The normal to an ellipsoid-is parallel to the gradient
T
grad F = 25" (u + Sn)

Thus tangent point is the solution of the non-linear equation

grad F ST5+ STSE
n=t = =%
- |grad F| |STE + STSEI

The plus sign is used if the center C of ae ellipsoids is outside the
unit sphere and the minus sign if it is inside. In the special case that

it is exactly on the surface of the sphere we have the immediate solution
n=C

which is the well known solution to the problem without the constraint,
Generally it is necessary to raake an iterative solution to the problem
anc we will here first discuss the previous methods that have been

used and why they often fail in recovery applications.

Our micrcphone system is for practical reasons placed on the ground

so that the vertical separation between microphones is much smalier




E Lv the author )f thlS report in ccm'. stion:
exporiment, where the elevation is arcund

when trymg to use this method fur recovery computatmns, however,
it was*"*eq\wntly found that no comt srgence could be obtamed due to -

the fact that the minimum is in a narrow valley,
Therefore a quite different imethod has been devieed._ Let us study the
locus of all points on the error ellipsoids from which the normal passes
through the origin, Introducmg a parameter k, the points o this locus
are the solutions to the equatlon
grad F(n) + kn=0
or
T
sTu+ S Sp)+kn=0
or
a(k) = - (sTs + kp) s
The function r(k) is a continuous function of k ard traces all points -

on the locus as k passes from +® to -®, Let us study its general shape

(see fig. 1). For k = 0 we have




n(0)=¢C

That is the center of the ellipsoids. As k increases towards +=

the trajectory approackes the origin. As k decreases towards -A3
where )‘3 is the smallest of the (positive) eigenvalues of STS the
trajectory goes towards infinity along the direction of the correspon-
ding eigenvector. As K passes -ij the trajectory comes back from
infinity along the opposite direction. As k further passes -\, and -i;
v.:?ere iy and "'l are the next largest and the largest eigenvalue of
S°S, the trajectory shows a similar behaviour with respect to the
corresponding eigenvertors. Finally, as k approaches -= the tra-

jectory approaches the origin again.

This trajectory can have 2, 4 or 6 intersections with the unit sphere
and thus there exists a corresponding number of points from which
2 unit normal can be drawn from an ellipsoid to the origin. In half
of these points the error function F is smaller, in the others it is

greater than in a neighbourhood on the unit sphcre.,

The k-values corresponding to these points are the solutions of the

equation
- 2
0y 1 -
jn{kdj =1
which is of order o.

fo simplify the quation let us ro:ate the coordinate system with

2n orthogonal matrix Q that diagonalizes STS.

a’sTsa=p cl-o!

The columns of Q are the eigenvectors of STS. The diagonal elements
of D are the correspunling eigenvalues ), A, and X;. Suppose they
are ordered: Xl>k2>k3. Multiplying the expressions for nfk) from the
left with QT we get:

QTn) = 2T s + k1 laa s u =

10.
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ABSTRACT

The problem of calculation of the sensitivity coefficients
can be resolved efficiently if an analytical expression for
the network function is available. The flowgraph technique
provides a partial answer to this problem, sinc: a symbolic
representation of the network function can be obtained directly
from the flowgraph. A brief discussion of flowgraph techniques
is presented; the discussion is based upon the dichotomy of the
equivalent network. Sensitivity formulas are also developed from
the basic topology equation of the flowgraph.

A computef program (NASAP) has been written which utilizes
an efficient algorithm to solve the topology equation, H = 0.
The network is encoded using a code for each element which completely
characterizes the network. Dependent and independent sources can
be handled and the method is being extended to non-linear networks.
Examples of sensitivity calculations are presented for both passive
and active networks. The equivalent circuit, network coding, and

computer printout are included for each example.

P

This work was supported by the National Aeronautics and Space
Administration, Grant N G R 26-004-(035).
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INTRODUCLION

Tagging procedures and dichotomous techniques can be used to

1,2) There are three

obtafn the sensitivity function symbolically.
distinct ways to obtain the sensitivity function. These are (a)
perturbational, (b) matrix inversion, and (c) symbolic,

The symbolic method provides insight into the factors contributing
to the sensitivity function and also gives an exact solution. An
illustrative example of this is the investigation of how sansitive the
overall gain is to changes in hfe’ in the transistor. This is useful

information since the designer constructs a circuit to operate for off-

the-shelf transistors.

DICHOTOMOUS TECHNIQUES

Dichotcmous techniques imply a graph theoretical transformation from
the equivalent circuit to topologically represent the corresponding
equations of the associated linear system, The method is based onn
the seperation of network elements intoc controlled current and voltage
sources, this is the origin of the term network dichotomy. This pro-
cedure {s equivalent to choosing an appropriate tree for the network, which
in turn definés uniquely a set of independent variables. There exists a
unique solution since all the voltage generators are.included in the tree
(branches) and all the current generators are placed in the cotree (links).

The equivalent circuit must specify a necessary and sufficieat
statement of the problem. This requirement is met by coding the equivalent -
circuit, The coded equivalent circuit contains the necessary information
for obtaining a fundamental circuit and cut-set matrix. The dependence of

the sources is also clearly established in the coding scheme for problem




- statement. Once the equivalent circuit has been coded the associated

flowgraph can be constructed, Figure 1.

—
V MATRIX

W MATRIX

Iy o <~ I

Figure 1 Scheme for constructing flowgraph

Figure 1 is termed an open flowgrap.: since it contains strictly
dependent or strictly independent nodes. To facilitate a computer-based
evaluation the flcwgraph is closed by placing a "dummy' transmittance
between two nodes. This transmittance has a value associated with it which
gives the functional relationship between the nodes it connects. Using this
artifice one can evaluate the topology equation (H) for the desired '"dummy"
transmittance.

The topology equation is i

H= S(N)(-I)NL(N)(A), where L(N) denotes the

sum of all Nth order loops. The summation is denoted by S(N) and includes
loops of all orders in the flowgraph. For a closed flowgraph H = 0, this
constraint regults in the determination of the '"dummy" transmittance which
1s the functional relationship desired.

The procedure is implemented on a digital computer by appropriate
tagging techniques. The sensitivity coefficients will now be related to

the loops.

VIl i




SENSITIVITY COEFFICIENTS

In the discussion which follows there will be need for the following
sensitivity criteria relating two parameters P (system performance criteria)
and Q (system parameter).

These are denoted by:

P
=P
Gq /Q
Bg = dP/dQ, and
g = d(1nP) /d(1nQ).
Gz is a "large-signal" sensitivit; coefficient. Ior example, let P be

the voltage at the output of an amplifier and Q be the input voltage, to

P
same. The G, would give a measure of how sensitive the output voltage is

C

to the input voltage - commonly called "gain".
Bz is a "small-signal" sensitivity criterion. For example, lét P be
the small-signal voltage from the base to the emitter of a transistor and

Q be the collector to emitter small-signal voltage. Then BP would represent

Q
the reverse voltage amplification factor hre
Sg is a "system-variation" sensitivity coefficient. This is the re-

ciprocal of the classical (or Bode) sensitivity. This coefficient relates
a rélative change in parameter variation to the relative change in system
performance. There are also other sersitivity criteria, one which is of
interest is called '"zero-sensitivity", which is approximately the change
in a 2ero location in the s plaﬁe to the fractional change in a parameter.

A derivation of how GP BP and SP are functional related to the

Q' "Q Q
feedback loops follows,
Let H represent the topclogy equation for a flowgraph closed by the

dammy transmittance P, Q is assumed to be present in the open flowgraph

Then H = 0, for the closed flowgraph.
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Now H(P) congists of two mutuﬁlly disjoint parts,
H(P) = H(P) + PH(P'),
whereAH(i) are those feedback loops devoid of P and PH(P') are those
feedback loops which contain P, Similarly,
H(Q) = H(Q + QH(Q").
Therefore since H(P) = 0 and H(Q) = 0, then

oP = p/q - H(PYH(Q")
Q H(QYH(P")

To determine the relationship of feedback loops to the small-signal
sensitivity coefficient, dP/dQ needs to be determined. Let us proceed
by finding the total differential of H(P,Q). Now,
du(p,Q) =[H(?",Q + Qu(p’,Q")] dp + [H(F,Q") + PH(?’,Q")] dQ, but

dH(P,Q) = 0 and H(P") = H(P,Q) + Qu(?’,Q"), H(Q') = H(F,Q") + PH(P’,Q").

P
Q

To determine the classical sensitivity, notice that

Therefore, dP/dQ = -H(Q') /H(?’) = B

P PP -
SQ d(1nP) /d(1nQ) Bqlcq, therefore,
sq = ~HQ@ /1.

Equations for higher order system sensitivities are formulated in

terms of the loops, ir much the same manner as the above.(s)
EXAMPLES

To illustrate the manner in which the sensitivity coefficients
are obtained consider the loaded twin-T filter of Figure 2a. The
object of the analysis is to determine the sensitivity of the net-
work's voltage transfer function (P) to variations in the value of
resistor R1 (Q). The first step in the solution involves the preparation

of the equivalent circuit, Figure 2b, Since the parameter of interest is




the:vdltage transfeg function, a controlled voltage generatof, element
gi, represented by a double arrow in the assumed direction of curreat
flow is placed across the equivalent circuit's imput terminals, This
generafor {s made dependent on the output voltege across elemenc 8, which
represeats resistor R4. The addition of element 1, relating the input

and output voltages, clos:s the flowgraph and allows the previously
developed algorithms for sensitivity to be utilized. In order to
determine a unique solution,a tree is selected for the equivalent circuit
consisting of E1, D3, E6, and E8, all of which are controlled voltage
generators. The remaining elements E2, E4, E5, and E7, form the co-

tree and are thus represented as contrclled current sources,

The equivalent circuit is now encoded for computer input as indicated
in Table 1. The rows of this table represent the elements in the
equivalent circuit as enumerated in column E. Columns A and B contain
the nodal interconnection data and therefore define the circuit topology
with the assumed direction of positive current flow from A to B. Column
G designates the circuit dichotomy by encoding the controlled voltage °
generators (tree branches) as zeros and the controlled current generators
(co-tree links) as ones. Columns C and D denote the control, as voltage
(C=0) or current (C=1), and the controlling variable, respectively. Thus
El {s encoded as a voltage generator (G=0) controlled by the voltage
(C=0) across E8 (D=3). For passive elements, which are represented as
tree impedances by current controlled voltage generators or as link
admittances by voltage controlled current generators, column C:conCains
the binary complement of G while columns D and E are identical. Column
F reveals the frequency dependence of t. > element transmittance as the
function sF. The single unit entry in column H (E1) tags the "dummy"

element utilized to close the flowgraph and thus identifies the system

YITTa2al
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performance criterion P while the unit entry in column K tags the system
paraﬁ;ter Q.

Frem the coded equivalent circuit the computer develops the closed
flowgraph of Figure 3. Tgis appears in the output encoded in the form
of the cut-set, circuit,and transmittance matrices. Each node of the
flowgraph has been labeled with the corresponding equivalent circuit
element number. The computer enumerates the feedback loops and de:elops

the voltage transfer function,

G(S) = SO +,417E+3 S2 +,173E+6 S +,722E+8
§3 +.248E+4 S2 +,120E+7 S +,141E+9

The computer now examines the loops for the tagged elements El, and E3,
computes H(P) = H(G(S)) = H(EL)

and Hfa) = H(ET) = H(ESS, and lists the system variation sensitivity
P
Q’
S = __ 18333 S5 +,135E+7 S% +.642E49 S° +,118F+12 S? +,120E+15 §
S® +.280E+4 SO +.,241E+7 S° +.114E+10 S5 +.446E+12 S° +,111E+15 S +.100E+7

as determined by S

This function reveals that Rl has negligible influence on the
transfer function at both very low and very high frequencies. This
observation could be expected due to the behavior of capacitors C2
and C3 under these conditionms.

Since H(§5 is -independent of Q, the transfer function sensitivity
may now be determined with respect to aﬁy remaining circuit element i
by computing the corresponding value of H(IB. The sensitivity matrix
can be generated by evaluating H623 with respect to each of the circuit
components and parameters, This column matrix i{s defired

[sf] = [uew] m®
The sensitivity matrix enables the circuit designer or reliability

analyst to predict, for any desired frequency range, those components

l VIII-2-8 :




of-ﬁarameters which will ‘have the most significant influence on the
éircuit performance. This array would then pinpoint the areas vhere
additiénal component acburacy or stability may be warranted.

The sensitivity analysis procedure is readily applicable to active
networks containing dependent sources. In the example that follows
the voltage gain sensitivity of the RC-coupled comnon-source amplifier
stage of Figure 4a {s to be determined with respect to variations
in the transconductance s of the field effect transistor. The AC
equivalent circuit of the amplifier stage is illu;trated in Figure 4b,
in vhich the transistor has been characterized by a small signal linear
model. The input and output impedances of the device are assumed large in
comparison to resistors RG and RD’ respectively, and therefore these para-
meters are not included in the model, Except for the dependent elements,
the eguivalent symbolic circuit of Figure 4c is constructed following
the methods of the previous example., Since the system performance
criterion i{s voltage gain, the flowgraph is again closed by means of a
"dummy' voltage generator (El) at the circuit input and dependent
upon the circuit output voltege acvoss element E8. The dependent current
source of the field effect transistor model is controlled by the gate to
source voltaget This current generator is simulated by two voltage con-
trolled current generators (E4 and ES5) with transconductance Sis, 1In
Figure 4c the numbers placed within the arrows of these links denote the
controlling branch voltages. Hence, E4 is controlled b} the gate to
ground voltage appearing across element E3, while ES is controlled by the
source to ground voltage appearing across E6., Since these curvent gen-
erators are connected ’n parallel but of opposite polarity, the net

draig current, I, from node 5 to node 4 is

D'
ID = IEI‘ - IES = (v‘ - W'd) - (vs -v"‘) - v"

MXII1.229




) Thé,egui%alent circuit is encoded as indicated in Table II. From this
the prOgréﬁ develops the flowgraph of Figure 5 and performs the sensitivity
analysi; as indicated in the first example. Literal expressions may be
determined for buth the voltage gain and sensitivity function by correlating
the loops designated in the solution listing with the elements of the flowgraph,

In this manner the voltage gain is found to be

(RGRLRsCiCsgfs) S% +RGR Ciges(1-2Rees) S

(RGRGC;C5) 5% +(RiCi+RCo+RRSCig ) st +(14R g

Ay(S) =

and the sensitivity of Ay with resvect to Eee is

W . (RGRLCiCS) $% +(RGCi+RCS) ST+ 1
g 2 T
£$  (RGRGC;C5) ST +RICi*RLIRRLCine) S° +(UHRgey)

or numerically

AV . S2 +.934E+2 S +.834Es3
gfs 52 +,109E+4 S +,108E+5

1+ may be observed that the sensitivity is considerably less at lower
frequercies. This is due primarily to the fact that for these frequencies
the source resistor RS is not completely by-passed and the resulting negative
feedback diminishes the influence of the transconductance on the voltage gain,
The sensitivity mgtrix vas evaluated for this example and appears in

Table III.

CONCLUSIONS

Dichotomous techniques provide an effective means of obtaining both
numeric and symbolic expression for system performance., The implementstion
of these concept#, as in the NASAP circuit analysis program, provides the
designer vith a convenient means of appraising circuit component accuracy

and stability requirements. This program is available from NASA/COSMIC and

also from cooperating universities participating in the develcpment of NASAP,
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A B C D E F G H K MUMERIC
2 1 0 8 1 0 0 1 | o .100E+1
2 3 0 2 2 1 1 0 0 +S00E-7
3|11 1 3 3 0 0 0 1 .240E+5
3 5 0 4 4 1 1 0 0 .500E-7
2 4 0 3 5 0 1 0 0 +208E-4
4 1 1 6 6 | -1 0 0 0 .100E+8
4 5 0 7 7 0 1 0 0 .208E-4
5 1 1 8 8 0 0 0 0 .100E+6
Table I - Input data for twin-T filter
A B C D E F G H K NUMERIC
1 2 0 8 1 0 0 1 0 .100E+1
2 3 0 2 2 1 1 0 0 .100E-7
3 1 1 3 3 0 0 0 0 .100E+8
5 4 0 3 4 1 1 0 1 .100E-2
4 5 0 6 5 1 1 0 1 .100E-2
4 1 1 6 6 0 0 0 0 .120E+5
4 1 0 7 7 1 1 0 0 .100E-5
3 1 1 8 8 0 0 0 0 .100E+6
Table II - Input data for FET-amplifier
ELEMENT 52 sl g0
C, 0.0 -.100E+1 ~.108E+4
R 0.0 -.100E+1 -.108E+4
ggs -1.0 - 934E+2 - .834E+3
R 0.0 .100E+5 .100E+6
—0.0 .120E+0 .T00E+2
C, -.120E+3 | -,120E+4 0.0
— 0.0 120E+0 L 100F+2
RL ‘100 '01095*4 ‘0108544
H(P) s2 +  JI09E+4 S + 1,08E+4

VIII-2-12

Table IIT - Sensitivity matrix for FET amplifier
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