
APPLICATION OF COMPUTER 

TECHNIQUES TO SOME PROBLEMS 

I N  LINEAR VISCOELASTICITY 

Joseph W. S e l l  

W i l l i a m  C. Forsman 

A t e c h n i c a l  r e p o r t  t o  t h e  Nat ional  Aeronautics 
a n i  Space Adminis t ra t ions  on r e s e a r c h  under  
Grant  N o .  NsG 667. 

Contractor: UNIVERSITY OF PENNSYLVANIA 

Address : The School of Chemical Engineering 
U n i v e r s i t y  of Pennsylvania  
P h i l a d e l p h i a ,  Pennsylvania  19104 

P r i n c i p a l  Investigator: W i l l i a m  C. Forsman 
Ass i s t an t  P r o f e s s o r  
School of Chemical Engineer ing 

Associate Investigators4 R. I, Wolkowicz, J. W, S e l l ,  
H. S. Grand and A. P. S i k r i  

D a t e  Submitted: June 21 ,  1967 



FORWARD 

Contract NsG 667 was initiated to study 
molecular mechanisms of flaw of concentrated 
polymer solutions and polymer melts. Consid- 
erable evidence has now been presented sug- 
gesting that the rapidly decreasing (non- 
Newtonian) viscosity of polymer melts and 
solutions with increasing shear rate is a 
result of disentanglement of polymer chains. 
Since entanglement density can be determined 
from measurements of linear viscoelastic be- 
havior, we are planning to make such measure- 
ments on polymer melts and solutions subjected 
to varying rates of steady state shear. We 
thus expect to measure directly entanglement 
density and viscosity as functions of shear 
rate. This technical report gives computer 
solutions to some of the problems associated 
with analysis of experimental data and inter- 
pretation of results in terms of molecular 
theories of linear viscoelasticity. This report, 
is, in essence, the M.S. thesis of one of the 
associate investigators, Mr. Joseph W. Sell. 

In addition to support from NASA, we would 
like to acknowledge additional support from the 
Ford Foundation and the Computer Center of the 
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Abstract 

In Part A of t h i s  thesis, we examine the af fec t  on 

c a l c u l a t e d  v i s c o e l a s t i c  f u n c t i o n s  of g r a d u a l l y  i n t r o d u c i n g  

entanglement  coup l ing  i n  t h e  W i l l i a m s ,  Landel ,  and F e r r y  

(WLF) modi f i ca t ion  of Rouse 's  t heo ry  of v i s c o e l a s t i c i t y .  

An empirical e q u a t i o n  i s  proposed t h a t  m a k e s  t h e  seg-  

mental  f r i c t i o n  factor a f u n c t i o n  of the molecular  weight 

and t h e  cri t ical  cha in  l e n g t h  between en tanglement  p o i n t s .  

T h i s  d e v i c e  b r i d g e s  t h e  gap between e n t a n g l e d  and un- 

e n t a n g l e d  modes of motion i n  t h e  d i s t r i b u t i o n  of 

r e l a x a t i o n  t i m e s  by p l a c i n g  some r e l a x a t i o n  t i m e s  i n  

t he  vo id  c r e a t e d  by the WLF m o d i f i c a t i o n .  The v a l u e  

selected for t h e  a d j u s t a b l e  parameter i n  our  empirical 

e q u a t i o n  affects t h e  viscoelastic f u n c t i o n s  on ly  i n  t h e  

p l a t e a u  r e g i o n .  C a l c u l a t e d  loss moduli and l o s s  com- 

pliapces are m o s t  n o t a b l y  altered by t h i s  e x t e n s i o n  of 

t h e  theo ry  and are b rough t  i n t o  closer cor respondence  

w i t h  expe r imen ta l ly  determined f u n c t i o n s .  

P a r t  B of t h i s  thesis u s e s  t h e  d a t a  from P a r t  A 

t o  test the  v a l i d i t y  of a number of approximate e q u a t i o n s  

for  the i n t e r c o n v e r s i o n  of t h e  v a r i o u s  v i s c o e l a s t i c  

f u n c t i o n s .  These e q u a t i o n s  g e n e r a l l y  approximate w e l l  

V 



the v i s c o e l a s t i c  functions i n  reg ions  where the r e l a x a t i o n  

spectrum has a s l o p e  of about -1/2 on a log-log plo t .  

Where the  re laxat ion  spectrum e x h i b i t s  a plateau reg ion ,  

a number of the  interconversion equations gave poor 

apixoximations.  

are  appl i cab le  i n  regions where the r e l a x a t i o n  spectrum 

is d i s c r e t e .  

None of the interconversion equations 

VI 



PART A 

The Influence of Entanglements 

on Several Linear Viscoelastic 

Functions Using an Empirical 

Entanglement Coupling Function. 



. 

Def 1 n i t ion s 

A number of i n t e r - r e l a t e d  f u n c t i o n s  c h a r a c t e r i z e  

t h e  l i n e a r  v i s c o e l a s t i c  behavior  of polymers. We will 

c o n s i d e r  on ly  shear deformat ion  and d e f i n e  t h e  f o l l o w i n g  

parameters : 

(1.) V0 , a c o n s t a n t  s t r a i n ;  

(2 . )  u ( t ) ,  a t i m e  vary ing  s t r a i n ;  

(3.) p, a s t r a i n  va ry ing  s i n u s o i d a l l y  w i t h  

t i m e  a t  an angu la r  f requency  of 0 r a d i a n s  

per second ; 

( 4 . )  y, , a c o n s t a n t  stress; 

( 5 . )  t ( t ) ,  a vary ing  stress; 

\ " *  t*, a = t x e s =  %rLrying g i f iuso ida l ly  with 

t i m e  a t  an angular  f requency  of u) r a d i a n s  

per second . 
The v i s c o e l a s t i c  f u n c t i o n s  of i n t e r e s t  i n  t h i s  thesis are 

l i s t e d  below. 

(1.) The stress r e l a x a t i o n  modulus, G ( t )  i s  t h e  

p r o p o r t i o n a l i t y  between t h e  stress and a 

c o n s t a n t  s t r a i n  and is g i v e n  by 

2 0 )  = G ( t ) C - u t )  ( A 4  

where K ( t )  i s  t h e  u n i t  s tep  f u n c t i o n ,  i . e . ,  

x(t) = 1 if t > 0 and q(t) = 0 i f  t 4  0. 

-1- 



The dynamic modulus, G * ( w ) ,  is t h e  r a t i o  of 

t h e  response stress t o  the  imposed sinusoid- 

a l l y  vary ing  s t r a i n  

G* =?*/xu. ( A 4  

The dynamic modulus is u s u a l l y  w r i t t e n  as 

( A . 3 )  G* = G' + GI1 

where 

i =fie ( A . 4 )  

The real  par t ,  G I ,  is called the  s t o r a g e  

modulus; t h e  imaginary p a r t ,  GIt ,  is t h e  

loss modulus. 

The creep compliance, J ( t ) ,  i s  t h e  p r o p o r t i o n -  

LA e v LLCLUI  and a constant stress =lity bet.&eefi Ah- -.&--:- 

and i s  expressed as 

Y ( t )  = J ( t ) G Z C ( t )  

Usual ly  J ( t )  # G ( t )  . 
The dynamic compliance,  J*(u), is  t h e  r a t i o  

of t h e  response  s t r a i n  t o  t h e  imposed 

s i n u s o i d a l l y  varying stress 

J*= y* /Z* .  ( A  *6) 

The dynamic compliance is u s u a l l y  w r i t t e n  as 
I 

(A .7 )  J* F J' - C Jtt .  

( A - 5 )  

-2- 



The real  p a r t ,  J 1 ,  is called t h e  storage 

compliance and t h e  imaginary p a r t ,  J", is 

t h e  loss  compliance. The dynamic compli- 

a n c e  e q u a l s  t h e  reciprocal of t h e  dynamic 

modulus 

( 5 . )  The dynamic v i s c o s i t y ,  y*,  relates t h e  rate 

of s t r a i n ,  $-*, with  t h e  s i n u s o i d a l l y  va ry ing  

stress and is expressed  as 

p *  = t*/ p. ( A . 9 )  

I t  can be shown t h a t  

y1* = G * / ( i W ) .  ( A . l O )  

The reel par t  of the  dynamic v i s c o s i t y , T ' .  
\ 

e q u a l  t o  G l 1 / ~  and i t s  imaginary pa r t ,  3 1 1  , 

equa l  t o  G t / ~  

T o  f i t  expe r imen ta l  o b s e r v a t i o n s ,  a set of relaxa- 

t i o n  processes c a n  be used t o  d e s c r i b e  v i s c o e l a s t i c  

nioduli such as 

G ( t )  = d G l  EXP(-t/t, ) + G e  ( A . l l )  

and 

(A.12) 

-3 - 



for t h e  d i s c r e t e  s e t  o f  r e l a x a t i o n  p r o c e s s e s .  The 

equ i l ib r ium modulus, G,. ea equal t o  the l i m i t  of G ( t )  

as t approaches i n f i n i t y  and G I @ )  as w approaches 

z e r o .  

which are e q u a l  to'lJG,. , are t h e  re laxat ion t i m e s  

The G i  are t h e  s p r i n g  c o n s t a n t s  and t h e  pi , 

a s s o c i a t e d  wi th  t h e  elements  of a g e n e r a l i z e d  M a x w e l l  

model (see F i g u r e  1). 

If t h e  re laxat ion t i m e s  are s u f f i c i e n t l y  c l o s e  

t o g e t h e r ,  l i n e a r  v i s c o e l a s t i c  behavior  would be 

a p p r o p r i a t e l y  c h a r a c t e r i z e d  by  a con t inuous  d i s t r i b u -  

t i o n  of r e l a x a t i o n  p r o c e s s e s .  The summations are 

t h e n  r e p l a c e d  by i n t e g r a t i o n s  as follows: 

G ( t )  = I", H ( 2 )  EXP(-t/T) d ( l n Z )  + G e  ( A . 1 3 )  

and 

i k (  T ) W Y / ( l  + CC, L A  )] d ( l n 2 )  ( A . 1 4 )  
-00 

where H ( T )  is t h e  d i s t r i b u t i i n  of r e l a x a t i o n  t i m e s .  

A set of r e t a r d a t i o n  processes ;as a convenient  

r e p r e s e n t a t i o n  of t h e  observed experimental behavior  

of v i s c o e l a s t i c  compliances Using a d i s c r e t e  set 

of r e t a r d a t i o n  processes, t h e  creep compliance is  

found t o  be 
-4- 
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. 

( A . 1 5 )  

and dynamic compliance is 

The g l a s s y  compliance, J g ,  i s  the l i m i t  of J ( t )  as 

t approaches zero and t h e  l i m i t  of J ' ( o 6 )  as (3 approaches  

i n f i n i t y .  The  Ji are the  s p r i n g  c o n s t a n t s  and t; , 
which are e q u a l  t o  'l;Fb , are the  r e t a r d a t i o n  t i m e s  of 

the e l emen t s  of a gene ra l i zed  Voigt  model (see F igure  11). 

The t e r m  '7 is t h e  s t e a d y - s t a t e  v i s c o s i t y  of t h e  polymer 

and c a n  be shown t o  equal 57; 
If t h e  r e t a r d a t i o n  t i m e s  are s u f f i c i e n t l y  close 

together ,  t h e  summations may be replaced by i n t e g r a t i o n s  

as fol lows:  
op 

J ( t )  = J g  + 1 L ( t )  L 1  - EXP(-t/t)] d(1n't)  + t (AB171 
f e- 

where L ( 2 )  is  t h e  r e t a r d a t i o n  spectrum. 

The r e l a x a t i o n  and r e t a r d a t i o n  spectra are related 

by t h e  expressions (2.a) 
-6- 
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Background and Theory 

The t r e a t m e n t  of l i n e a r  v i s c o e l a s t i c  behavior  of 

polymers w i l l  be in t roduced  b y  a d i s c u s s i o n  of experimental  

o b s e r v a t i o n s  and a q u a l i t a t i v e  e x p l a n a t i o n  of t h e  observed 

phenomenon. A d i s c u s s i o n  of Rouse 's  and Bueche's theories 

of l i n e a r  viscoelastic behavior  is  p r e s e n t e d ,  followed by 

t h e  combination of these t h e o r i e s  by W i l l i a m s ,  Lande l ,  

and Fe r ry .  These theoretical c o n s i d e r a t i o n s  are related 

t o  t h e  observed e x p e r i m e n t a l  r e s u l t s .  The t h e o r e t i c a l  

developments of v i s c o s i t y  ( w e  mean zero shear ra te  

v i s c o s i t y )  of Bueche and Ch ikah i sa  are d e s c r i b e d .  

I .  Experimental  L inea r  Viscoelastic Behavior 

Molecular motion g ives  r ise t o  v i s c o e l a s t i c  behav io r .  

The v i s c o e l a s t i c  f u n c t i o n s  c h a r a c t e r i s t i c  of t h i s  behav io r  

can be exp la ined  i n  terms of molecular  mechanics.  These 

f u n c t i o n s  of amorphous, unc ross l inked  polymers e x h i b i t  

f o u r  c h a x a c t e r i s t i c  r e g i o n s  which are e x p l a i n e d  by t h e i r  

cor responding  molecular  behavior .  

(1,) The g l a s s y  zone, where moduli are of t he  o r d e r  

of magnitude of lolo dynes/cm2 and compliances 

of 10-l' cm2/dyne, occu r s  a t  s m a l l  times or h i g h  

-9-  



f r e q u e n c i e s  where t h e  l oca l  molecular  

motion is  bond bending and s t r e t c h i n g  

i n  t h e  c h a i n  backbone and pendant  g roups .  

H e r e ,  v i s c o e l a s t i c  behavior is  n e a r l y  

molecular  weight independent .  

The t r a n s i t i o n  zone o c c u r s  a t  g r e a t e r  

t i m e s  or lower f r e q u e n c i e s  t h a n  t h e  

g l a s s y  zone w i t h  moduli  of t h e  order of 

lo8 dynes/cm? and compliances of t h e  

order of 10 cm./dyne. I n  t h i s  r e g i o n ,  

viscoelastic behavior depends on v a r i o u s  

-8 2 

d e g r e e s  of cooper a t  i v e  backbone m o t  i o n  

of t h e  poiymer moiecuie arid is independent  

of molecular  weight i f  i t  is s u f f i c i e n t l y  

h i g h .  

The p l a t e a u  o r  rubbery zone occur s  a t  even 

l a r g e r  t i m e s  or lower f r e q u e n c i e s .  T y p i c a l  

v a l u e s  of the moduli are abou t  lo’ dynes/cm*: 

and of compliances about  cm./dyne. 

H e r e ,  c o n f i g u r a t i o n a l  backbone r e a r r a n g e -  

ments i n v o l v i n g  molecular  en tanglements  

are p r e v a l e n t .  Polymers of s u f f i c i e n t l y  

7 

2 

-10- 



high  molecular weight e x h i b i t e d  t h i s  

behavior .  

( 4 . )  The t e r m i n a l  or v i s c o u s  f l o w  zone occur s  

after nea r ly  a l l  t h e  coord ina ted  motion of 

t h e  macromolecule is completed and r e s u l t s  

f r o m  t h e  s t e a d y - s t a t e  motion of t h e  i n -  

dependent polymer molecules .  The s t eady-  

s ta te  v i s c o s i t y , T  , which de te rmines  

t h i s  v i s c o l e a s t i c  b e h a v i o r ,  is molecular  

weight dependent. ( l . a ,  2 . a )  

Viscoelastic behavior of polymers i s  o f t e n  c h a r a c t e r  - 
i z e d  by a d i s t r i b u t i o n  of r e l a x a t i o n  t i m e s .  A s i m p l i f i e d  

d e s c r i p t i o n  of t h e  log(Hi) - log(?-) p lo t  for  s u f f i c i e n t l y  

high m c l e s u l u  weinht =-- polymers is a I'hnYt' and a- ''wedge" 

(see F i g u r e  3 . A ) .  The trboxtl s e c t i o n  appea r s  a t  t h e  

long t i m e  end of t h e  spectrum and d e t e r m i n e s  behavior  i n  

t h e  p l a t e a u  and t e r m i n a l  zones.  Its width w a s  found to  

be molecular weight dependent and i t s  n a t u r e  i s  thought  

t o  be determined b y  molecular en tanglements .  The 

llwedgelf s e c t i o n  appea r s  at t h e  s h o r t  end of t h e  spectrum 

and de te rmines  behavior  in t h e  g l a s s y  t r a n s i t i o n  zone. 

I t  has  a s l o p e  of approximately -1/2 and i t s  n a t u r e  is 

i n t e r p r e t e d  as be ing  due to c o o r d i n a t e d  motion of t h e  

polymer c h a i n  (3., 4 . ,  S o ,  6., 7.). 

-11- 
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I n  s t u d i e s  of v i s c o s i t y  as a f u n c t i o n  of molecular  

weight ,  various experimenters ( l . c ,  2 . a ,  8 . ,  9., 10.) 

havenoted t h a t  t he  p l o t  log  (7) v e r s u s  Log (M) for 

polymers i n  b u l k  and concen t r a t ed  s o l u t i o n  cons i s t ed  

of t w o  s t r a i g h t  l i n e s  which i n t e r s e c t  at  a c r i t i ca l  

molecular  weight (see F igure  3.B). For lower molecular  

we igh t s ,  the  l i n e  has a slope be tween 1 and 2; f o r  

h i g h e r  molecular  weights ,  a slope of 3.4. The break  

i n  t h e  l o g  ( 7  ) -  l o g  (M) c u r v e  d e f i n e s  t h e  c r i t i ca l  

molecular  weight ,  M c .  

A t  the  h i g h e r  molecular weights ,  i t  i s  assumed 

tha t  polymer systems e x h i b i t  long r e l a x a t i o n  t i m e s  

enhanced by the coordinated flew through chain entangle- 

ments.  Th i s  produces  the  observed ab rup t  increase i n  

t he  v i scos i ty  dependence on the molecular  weight and 

t h e  o n s e t  of a rubbery r eg ion  (3.). The f l o w  behavior  

above the  c r i t i ca l  molecular weight is dependent  on a 

s l i p p a g e  factor fox t h e  in t e rmolecu la r  coup l ings  

( i . e . ,  entanglements)  (11.). 

Po lys ty rene  a t  217OC i l l u s t r a t e d  t h e s e  expe r imen ta l  

r e s u l t s .  Fox and Flory (12.) found t h e  f o l l o w i n g  pair 

of e q u a t i o n s  r e p r e s e n t e d  t h e i r  d a t a  on f r a c t i o n a t e d  
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p o l y s t y r e n e  samples a t  217Oc: 

l o g ( ? )  = 1.65 log(M) - 5.38 38,000) Ma 4,000 ( A . 2 1 )  

l o g ( ? )  = 3.4  log(M) - 13.40 M 7  38.000. (A.22) 

Herman e t  a1 ( 9 . )  r e p o r t  a n  empirical v i s c o s i t y - m o l e c u l a r  

r e l a t i o n s h i p  f o r  i s o t a t i c  p o l y s t y r e n e  a t  281OC. W e  con-  

v e r t e d  t h e i r  equa t ion  t o  217OC and t h e i r  equa t ion  became 

l o g ( ? )  = 3.4  log  M - 13.43 M)/ 40,000. (A.23) 

Above a c r i t i c a l  molecular weight  of 40:000, it i s '  

g e n e r a l l y  agreed t h a t  t he  v i s c o s i t y  i s  p r o p o r t i o n  t o  

M 3  4 ( l o . ,  13., 1 4 . ) .  

N e v e r t h e l e s s ,  t h e r e  are some c o n f l i c t i n g  d a t a  which 

demonstrated t h a t  v i scos i ty  is p r o p o r t i o n a l  t o  M 3*14 for  

monodispersed p o l y s t y r e n e  (15*) .  The same samples as 

Tobolsky e t  a1 ( 1 4 . ) ,  who r e p o r t e d  t h a t  v i s c o s i t y  w a s  p r o -  

p o r t i o n a l  t o  M3*4,  were used.  

found t h a t  t h e  v i s c o s i t y  becomes p r o p o r t i o n a l  t o  M 

Tobolsky and Ak lons i s  (7.) 

4 .O 

above a molecular  weight c o n s i d e r a b l y  greater than  M c .  

II. Molecular Theor i e s  on L inea r  V i s c o e l a s t i c i t y  

A. Rouse's Theory 

To d e s c r i b e  t h e  complicated motion of polymer 
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inolecules , House (16. ) assumed t h a t  t h e  randomly c o i l e d  

macromolecules can be mathematical ly  d i v i d e d  i n t o  N 

submolecules of equa l  l e n g t h .  The submolecules .were  of 

s u f f i c i e n t  l e n g t h  t o  a s s u r e  t h a t  t h e  d i s t r i b u t i o n  of 

end-to-end d i s t a n c e s  was approximate ly  Guass ian ,  b u t  

s h o r t  enough t h a t  t h e  mass of each  submolecule could  be 

cons idered  concen t r a t ed  a t  t h e  end of t h e  subchain .  

When t h e  submolecule obeyed t h e s e  r e s t r i c t i o n s ,  t h e  

theo ry  of rubber  e l a s t i c i t y  showed t h a t  each segment 

would act as a Hookean s p r i n g .  Thus,  Rouse 's  model 

reduced t h e  macromolecule t o  a series of N + 1 beads 

connected by N Hookean s p r i n g s .  

end-to-end d i s t a n c e  of each segmen t ,d  , e q u a l l e d  the  

u n s t r e s s e d  l e n g t h  of t h e  s p r i n g .  The s p r i n g  c c n s t a n t  

w a s  equa l  t o  3kT/ (24  where k is Boltzman's c o n s t a n t  and 

The root-mean-square 

T is the a b s o l u t e  temperature  (17.). A f r i c t i o n  factor, 

rf, , c h a r a c t e r i z e d  t h e  r e s i s t a n c e  t6 motion of a sub- 

molecule .  With t h i s  model, Rouse cons ide red  the 

mechanics of a s i n g l e  polymer molecule .  Its environment 

was imagined as a continuum c o n s i s t i n g  of other  polymer 

and s o l v e n t  molecules  i n  t h e  sys tem.  Thus,  t h e  only 

hydrodynamic i n t e r a c t i o n  cons ide red  was the  f r i c t i o n a l  
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d r a g  on the  masses as tsey moved through t h i s  continuum, 

House wrote t h e  equations of motion for each  of t h e  

N + 1 masses i n  a s i n u s o i d a l l y  vary ing  force f i e l d  

i n c l u d i n g  t h e  forces exerted b y  t h e  N s p r i n g s .  The 

equa t ion  of motion of each m a s s  inc luded  t h e  p o s i t i o n  

c o o r d i n a t e s  of the t w o  a d j a c e n t  masses. Rouse 's  N + 1 

simul taneous  d i f f e r e n t i a l  e q u a t i o n s  were, t h u s ,  imposs- 

ib le  t o  solve i n  t h e  o r i g i n a l  c o o r d i n a t e  system. An 

or thogonal  t r ans fo rma t ion  t o  a set of normal c o o r d i n a t e s  

r e s o l v e d  t h e  c o o p e r a t i v e  m o t i o n s  of t h e  molecule i n t o  

a series of independent  n o r m a l  modes w i t h  relaxation 

t i m e s ,  5 , given  by 

The i n t e g e r  index ,  P ,  runs from u n i t y  t o  N and specifies 

t h e  aormal mode of motion and i t s  a s s o c i a t e d  r e l a x a t i o n  

t i m e .  The normal  mode of motion wi th  P e q u a l  t o  u n i t y  

corresponded t o  motion of t h e  e n t i r e  c h a i n ;  w i t h  P 

equa l  t w o ,  the  coord ina ted  motion of half of t h e  c h a i n ,  

Subsequent v a l u e s  of t h e  index  have a cor responding  

meaning. The relaxation spectrum comes d i r e c t l y  from 

the r e l a x a t i o n  t i m e s  and is discrete. I t  is  g iven  by 

(A.25)  



where n i s  the  number of molecules  pe r  u n i t  volume and 

is the Dirac delta f u n c t i o n ,  Since the mathematical 

s u b d i v i s i o n  of t h e  polymer molecule w a s  a r b i t r a r y ,  

Rouse's t heo ry  would not  be expec ted  t o  b e  v a l i d  for 

very  s h o r t  r e l a x a t i o n  t i m e s  ( i . e . ,  t h e  r e l a x a t i o n  spec-  

trum above lo7 dynes/cm?) . A t  s h o r t  t i m e s ,  t h e  d e t a i l s  

of t h e  backbone s t r u c t u r e ,  n o t  coord ina ted  c h a i n  motion,  

de te rmine  t h e  v i s c o e l a s t i c  behavior  of t h e  polymer 

molecule.  Thus, Rouse ' s  t h e o r y  b reaks  down as t h e  

r e l a x a t i o n  t i m e s  approach (18., 19.) . 
When P is much less than  N ,  t h e  S I N  t e r m  i n  

Equat ion A.24 becomes nearly equa l  t o  t h e  argument of 

t h e  S I N  ( 2 . a ) .  Replacing t h e  S I N  w i t h  i ts  argument and 

us ing  t h e  r e l a t i o n s h i p  

d f , N  = a 2, fo 
t t t  (A.26) a 

reduces  the expres s ion  f o r  t h e  re laxat ion t i m e s  to 

(A.27) L A  a . 2  
'tp = a 2, Jcl A677 P k T) 

The 

one 

e f f e c t i v e  r o o t  -mean-squar e end - to-end d is t a n  ce of 

repeat u n i t ,  a, is d e f i n e d  by  

(A.28) 

wi th  Z , ,  t h e  deg ree  of po lymer i za t ion .  5, is t h e  monomer 

f r i c t i o n  f a c t o r  a This  e x p r e s s i o n  i s  a close approximation 
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fo r  P h N/3, which is the  r e g i o n  where Rouse 's  theory  

is valid, 

Rouse's theory  predicts t h a t  s l o p e  of  1og(H ) - 
l o g (  p )  p l o t  is  - 0 . 5  which i s  t h e  ttwedgett p o r t i o n  of 

t h e  r e l a x a t i o n  spectrum (see Appendix VII). This t h e o r y  

cannot  e x p l a i n  t h e  "box!' segment of t h e  spectrum. 

B. Bueche's Theory 

Bueche (20., 21.) app l i ed  d i l u t e  s o l u t i o n  v i s c o s i t y  

theo ry  t o  bu lk  polymers no t ing  t h a t  t h e  environment of 

each macromolecule is t h e  same, i . e . ,  t h e  polymer 

molecules  are themselves  t h e  s o l v e n t .  I n  t h i s  case, 

T3*s 0 .  H e  assumed tha t  the polymer molecules  were 

compieteiy eritarigied, i . e . ,  that all of &I-- L L L C  L u u u a c B  V I  

motion were enhanced by entanglements .  Bueche cons ide red  

t h a t  the force r e s i s t i n g  motion c o n s i s t s  of: t h e  s l i p -  

page of polymer segments past  o n e  another ;  t h e  dragging  

of en tang led  molecules;  and t h e  c i r c u l a t i o n  of t h e  

molecules .  Employing a t r ans fo rma t ion  of c o o r d i n a t e s  

similar t o  Rouse, Bueche s o l v e d  for t h e  r e l a x a t i o n  t i m e s  

of t he  normal modes of motion and ob ta ined  

$ 3  & f / t 3 6  k T S I N 2  [P3 / (2N + 2 ) 3 \  ( A . 2 9 )  

where f is t h e  f r i c t i o n  factor enhanced by en tanglements ,  
-18- 
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Bueche's t heo ry  p r e d i c t s  t h a t  f i s  p r o p o r t i o n a l  t o  M 3.5 . 
C. WLF Combination of Rouse-Bueche Theor i e s  

The normal modes of motion which correspond t o  seg-  

ment l e n g t h s  less than t h e  l e n g t h  r e q u i r e d  for e n t a n g l e -  

ments shou ld  remain una f fec t ed  by t h e  en tanglements .  

Thus, t h e s e  r e l a x a t i o n  t i m e s  should  be g iven  by Rouse's 

theory .  The  normal m o d e s  of motion of segments l onge r  

than  t h e  l e n g t h  necessary  for entanglements  have t he i r  

r e l a x a t i o n  t i m e s  enhanced by t h e  entanglements  and 

should  be g iven  by h e c h e ' s  t heo ry .  Thus,  F e r r y ,  Landel ,  

and W i l l i a m s  ( i .e . ,  WLF m o d i f i c a t i o n )  ( 2 . a ,  22.) combined 

t h e  Rouse and Bueche theories. They de f ined  an e n t a n g l e -  

ment coup l ing  f u n c t i o n ,  Qe, as 
a.Y 

Q e  = [M/(2 Me)] P >  Pe  

Qe = 1 ~ l .  P e  

( A .  30) 

( A . 3 1 )  

where Pe  is  c a l l e d  t h e  c r i t i ca l  index  and M e  is t h e  

molecular  weight between en tanglements  and  equal  t o  

Mc/2. The cr i t ical  index is 

Pe 2 M / ( 2  Me). (A.32) 

To o b t a i n  t h e  r e l a x a t i o n  t i m e s  for the unentangled modes 

of motion, i t  was necessary to d i v i d e  Equat ion A . 2 9  by 

Q e  and t h i s  y i e l d e d  
-I& 



>p= d"f/ [ 24 Qe k T SIN2[ P r / ( 2 N  + 2 0  . ( A . 3 3 )  

The r e s u l t a n t  r e l a x a t i o n  spectrum cons i s t s  of t w o  

segments on a log - log  p l o t  (see F i g u r e  4) w i t h  each 

having  a slope of -1/2. The spectrum v a n i s h e s  b e t w e e n  

t h e  r e l a x a t i o n  t i m e  g iven when t h e  index  e q u a l s  Pe and 

Pe + 1. 

The o t h e r  v i s c o e l a s t i c  f u n c t i o n s  c a l c u l a t e d  from 

the mod i f i ca t ion  of t h e  Rouse-Bueche t h e o r i e s  exhibited 

t h e  c h a r a c t e r i s t i c  behavior  observed expe r imen ta l ly  f o r  

en tang led  polymer s y s t e m s .  

111. T h e o r i e s  of V i s c o s i t y  

A. Rouse's Theory of V i s c o s i t y  

The r e l a t i o n s h i p  between v i s c o s i t y  and molecular  

weight  for  b u l k  polymer w a s  d e r i v e d  us ing  Rouse ' s  

model (see Rouse 's  theory)  f o r  a polymer molecule .  I t  

w a s  assumed t o  behave as a sequence of beads  d i s t r i b u t e d  

a long  a f lexible  random f l i g h t  c h a i n .  The environment 

of c h a i n s  w a s  a continuum composed of other polymer  and 

s o l v e n t  molecules  w i t h  the system s u b j e c t e d  t o  a 

l i n e a r  v e l o c i t y  g r a d i e n t .  The average  t o r q u e  on t h e  

c h a i n  w a s  set  equa l  t a z e r o  (Zero  rate of s h e a r  is  
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assumed so t h a t  t h e  polymer c h a i n s  are no t  p e r t u r b e d  

from t h e i r  random c o n f i g u r a t i o n ) .  Thus,  t h e  t o r q u e  due 

t o  the s h e a r  f i e l d  ( i . e . ,  t h a t  which keeps t h e  m o l e c u l e  

r o t a t i n g )  w a s  equa ted  t o  t h e  to rque  due t o  t h e  f r i c t i o n a l  

forces ( i . e . ,  t h a t  which a t t empt s  t o  r e t a r d  r o t a t i o n ) .  

The r e l a t i o n s h i p  between v i s c o s i t y  and molecular  weight ,  

t hen ,  is 

? =  ( A . 3 4 )  

where N# is Avogadro's number and M, is  the  molecular  

weight per monomer u n i t  ( 2 3 . ) .  

From Equat ion  A . 3 4 ,  the  v i s c o s i t y  i s  shown to be 

p r o p o r t i o n a l  t o  3, M. The monomer f r i c t i o n  factor,  5, , 
depends on t h e  d e n s i t y  of free c h a i n  ends which a t  l o w  

molecular  weight  i n c r e a s e s .  Thus,  s i n c e K  is  a f u n c t i o n  

of molecular  weight ,  t h e  v i s c o s i t y  i s  no t  j u s t  propor- 

t i o n a l  t o  M for M < M c  ( 2 . a ,  23.). 

B. Bueche's Theory of V i s c o s i t y  

The v i s c o s i t y  of en tangled  polymer systems w a s  

d e r i v e d  f r o m  Bueche's model (see Bueche's t h e o r y )  f o r  

en tang led  p o l y m e r s  (20., 21 .) T h i s  model y i e l d e d  t h e  

v i s c o s i t y  p r o p o r t i o n a l  t o  M 3'5 as shown by 

( A . 3 5 )  
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C. WLF Modif ica t ion  of House-Bueche Theory of V i s c o s i t y  

Using Equation A . 3 4  t o  represent the viscosity below 

Mc and Equat ion A . 3 5  to describe t h e  v i s c o s i t y  above M c ,  

F e r r y ,  Landel ,  and Williams d e s c r i b e d  t h e  t w o  segments of 

l o g ( ?  ) - log(M) curve  by (2 . a )  
a 

= e N, a’& M Qe/(36 Me ) .  ( A . 3 6 )  

H e r  e 

Qe = LM/(2Medagq M 7 2 M e  ( A . 3 7 )  

and 

Qe = 1 M 6  2 M e .  ( A . 3 8 )  

The molecular  weight was raised t o  t h e  3.4 power t o  

correspond t o  observed exper imenta l  behavior  r a t h e r  than 

t h e  3.5 power as p r e d i c t e d  by Bueche. B e l o w  M c ,  a slope 

of approximately u n i t y  was s t i l l  found.  

D. Molecular W e i g h t  Dependence of V i s c o s i t y  

Fox and A l l e n  (26.)  employed t h e  v i s c o s i t y  r e l a t i o n  

(A.39) 

Qe = (M/Mc)~ (A.40) 

4 = 2.4 q(~-MC) (A.41) 

where s is the  r a d i u s  of g y r a t i o n .  Inc lud ing  t h e  molecular  

dependence of t he  monomeric f r i c t i o n  factor, they  w e r e  
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a b l e  t o  describe t h e  non- l inea r  r e l a t i o n s h i p  be tween 

v i s c o s i t y  and molecular  weight below M c  (see Appendix I ) .  

E. Chikahisa  Theory  of V i s c o s i t y  

Ch ikah i sa  (24 . )  viewed an en tang led  polymer s y s t e m  

from a d i f f e r e n t  view. H e  assumed t h a t  t h e  i n t e r m o l e c u l a r  

f o r c e s  between t w o  polymer molecules  c o n s i s t e d  of t h e  

i n t e r a c t i o n  of t h e i r  p o t e n t i a l  f i e l d s  and t h e  f r i c t i o n a l  

forces r e q u i r e d  for s l i p p a g e  of t h e  macromolecules p a s t  

one a n o t h e r .  The segmental conformat ions  of t h e  polymer 

molecules  w e r e  assumed t o  be i n  e q u i l i b r i u m  by con- 

s i d e r i n g  only  a s lowly r e l a x i n g  phenomena ( i . e . ,  

s t e a d y - s t a t e  z e r o  s h e a r  ra te  v i s c o s i t y )  Thus, t h e  

i n t e r - c h a i n  relaxation p rocesses  were doiiiiinant. The 

v i s c o s i t y  i s ; t hen ,  given by 

( A . 4 2 )  T = b , M + b t M  3 

where b,  and b, are c o n s t a n t s  for  a g iven  polymer and 

t empera tu re  and 

bB t b , .  (A.43) 

A t  low molecular  weights ,  t h e  f i r s t  t e r m  predominates  and 

t h e  v i s c o s i t y  is p r o p o r t i o n a l  t o  t h e  M ;  a t  h igh  molecular 

we igh t s ,  t h e  second t e r m  overwhelms and t h e  v i s c o s i t y  

becomes p r o p o r t i o n a l  t o  M . 3,O 
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Model of a Continuous Entanglement Funct ion  

A .  Relaxa t ion  Spectrum 

The WLF modif ica t ion  of House's theory  i n t r o d u c e s  t h e  

effects of entanglements  a b r u p t l y .  T h i s  sudden and d i s -  

cont inuous  i n f l u e n c e  of entanglements  causes  t he  r e l a x a t i o n  

spectrum t o  van i sh  between t h e  Pe and Pe + 1 r e l a x a t i o n  

t i m e s .  The WLF entanglement coupl ing  f u n c t i o n  may be 

w r i t t e n  as 

Qe = M / ( 2  Me)IK ( A . 4 4 )  

where fi is a f u n c t i o n  of t h e  index of t h e  mode of motion 

and is de f ined  as 

0 t o  2.4 t o  correspond t o  expe r imen ta l ly  observed facts .  

A more r e a s o n a b l e  model t o  i n t r o d u c e  en tang led  modes 

of motion would allow the importance of entanglements  t o  

b u i l d  con t inuous ly .  Thus, a r e g i o n  i s  c r e a t e d  i n  t h e  

r e l a x a t i o n  spectrum where the  modes of mot ion  va ry  smoothly 

between be ing  completely e n t a n g l e d  and comple te ly  un- 

en tang led .  (Th i s  zone w i l l  be referred t o  as the  p a r t i a l  

entanglement  r eg ion . )  E f f e c t i v e l y ,  a number of r e l a x a t i o n  

t i m e s  would be p l a c e d  in the void c r e a t e d  b y  t h e  WLF 
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m o d i f i c a t i o n .  

I n  Bueche's (25 . )  theory of en tang led  polymers ,  he  

de f ined  a s l i p p a g e  f a c t o r ,  d e s c r i b i n g  t h e  f l o w  of polymer 

cha ins  past one ano the r ,  and w a s  able t o  relate t h e  mono- 

meric f r i c t i o n  factor t o  t h e  molecular  weight .  S i n c e  t h e  

v i s c o s i t y  is  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  monomeric 

f r i c t i o n  factor 

( A . 4 6 )  

t h e  v i scos i ty -molecu la r  weight r e l a t i o n s h i p  w a s  t h u s  de-  

termined. For molecular  we igh t s  much less than M c ,  t h e  

v i s c o s i t y  w a s  p r e d i c t e d  t o  be p r o p o r t i o n a l  t o  M. A t  

molecular  weights  much g r e a t e r  t han  Mc, t h e  v i s c o s i t y  w a s  

p r e d i c t e d  t o  be p r o p o r t i o n a l  to M . i n  t h e  r a n g e  of 

molecular weights  be tween these l i m i t i n g  cases, t h e  

p r o p o r t i o n a l i t y  between v i s c o s i t y  and molecular  weight 

- -3.c 

w a s  p r e d i c t e d  t o  change r ap id ly  and con t inuous ly  f r o m  

M t o  M3'<. Bueche.'s e q u a t i o n  i n v o l v e s  an i n f i n i t e  

series t o  d e s c r i b e  t h e  i n f l u e n c e  of molecular  weight on 

v i s c o s i t y  which m a k e s  t h i s  r e l a t i o n s h i p  d i f f i c u l t  t o  u s e .  

1 . 0  

Two a n a l y t i c a l  expres s ions  which con t inuous ly  increase 

the importance of entanglements  are 

K = 2.4 EXP LE, ( P  - Pe)] / [l + E X P b ,  (P-Ped 1 (A .47 )  
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and 

(A.48) 

Equat ion A.47 w i l l  be referred t o  as t h e  e x p o n e n t i a l  

mod i f i ca t ion  and Equat ion A . 4 8  as t h e  arc t a n  m o d i f i c a t i o n .  

The c o n s t a n t s ,  E ,  and Ez , which appear i n  the above 

e q u a t i o n s ,  c o n t r o l  t h e  ra te  a t  which t h e  f u n c t i o n s  change 

from 0 t o  2.4 i n  t h e  neighborhood of Pe. The  slower t h i s  

change,  t h e  g r e a t e r  is the  number of r e l a x a t i o n  t i m e s  i n -  

volved i n  t h e  par t ia l  entanglement r e g i o n .  The effect  of 

these f u n c t i o n s  is t o  d i s t r i b u t e  t h e  p a s s a g e  from en tang led  

t o  unentangled modes of motion over s e v e r a l  r e l a x a t i o n  

t i m e s .  

goes  t o  zero, EQuations A147 and A.48 approach t h e  s t e p  

f u n c t i o n .  Thus,  the  l i m i t i n g  f o r m  of t h e s e  e q u a t i o n s  

y i e l d  t h e  WLF modi f i ca t ion .  

I n  t h e  l i m i t  as E, goes t o  i n f i n i t y  and as Et 

B. V i s c o s i t y  

The r e l a t i o n s h i p  between v i s c o s i t y  and molecular  

weight  from Bueche’s theory of v i s c o s i t y  (12. )  can be 

w r i t t e n  fo r  tempera ture ,  T ,  as 
d 7 = K, M (M/MC) ( A . 4 9 )  

where K 7 i s  a c o n s t a n t  at  any g iven  t empera tu re  and o( is 
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def ined  by a WLF-type r e l a t i o n s h i p  as 

d 2 . 4 y  (M - M c ) ~  ( A e 5 0 )  

T h i s  equa t ion  is c o n s i s t e n t  wi th  t he  g e n e r a l l y  observed r e s u l t  

t h a t  v i s c o s i t y  is p r o p o r t i o n a l  t o  M below M c  and  p r o p o r t i o n a l  

t o  M304 above M c .  The equa t ion  a b r u p t l y  i n t r o d u c e s  t h e  

effects of entanglements  and causes  a sha rp  break i n  the  

l o g  ( ? ) - l o g  ( M )  curve at  M c .  

I t  is r e a s o n a b l e  to assume t h a t  t he  en tanglements  would 

n o t  produce a sudden break i n  t h i s  cu rve .  Indeed ,  Bueche's 

(25 . )  d e r i v a t i o n  of t h e  effect  of en tanglements  on t h e  

f r i c t i o n  factor predicts a smooth t r a n s i t i o n  of t h e  p r o -  

p o r t i o n a l i t y  f r o m  M t o  M . However, h i s  e x p r e s s i o n  i s  3.5 

d i f f i c u l t  t o  employ.  

To i n t r o d u c e  t h e  i n f l u e n c e  of en tanglements  g r a d u a l l y  

by means of an entanglement coup l ing  which has ease of u s e  

would be an improvement over Bueche's e x p r e s s i o n .  R e -  

p l a c i n g  t h e  s t e p  f u n c t i o n  of Equat ion A.50  w i t h  r e l a t i o n -  

sh ips  s i m i l a r  t o  Equat ions A . 4 7  and A . 4 8  a l ters  t h e  

e q u a t i o n  for 6 t o  

( A . 5 1 )  

(A.52) 



As b e f o r e ,  t h e  c o n s t a n t s ,  E ,  and EL , con t ro l  t h e  e x t e n t  

of the transition from being completely entangled t o  

comple te ly  unentangled .  

The same v a l u e s  of the  c o n s t a n t s  E ,  and EL would be 

expec ted  t o  c h a r a c t e r i z e  t he  p a r t i a l  entanglement  r e g i o n  

whether cons ide r ing  v i s c o e l a s t i c  behavior  or the molecular  

weight dependence of v i s c o s i t y .  T h i s  can be demonstrated 

f r o m  phenomenological v i s c o e l a s t i c i t y  s i n c e  

'1 = C o n s t a n t F G  (A.53) 

With t h e  l o n g e s t  r e l a x a t i o n  t i m e s  g iven  approximate ly  by 

+ = % /P2, ( A . 5 4 )  

t h e  f i r s t  f e w  r e l a x a t i o n  t i m e s  almost comple te ly  de t e rmine  

the sum of Equat ion A.53 and t h u s ,  t h e  v i s c o s i t y .  
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R e s u l t s  and Discuss ion  

The re laxat ion t i m e s  u s i n g  Rouse's t heo ry  wi th  

Equat ion A.47 d e s c r i b i n g  t h e  i n f l u e n c e  of en tanglements  

w e r e  i n v e s t i g a t e d  for  t h r e e  cases. C a s e  I w a s  p o l y s t y r e n e  

of 154,000 moleclLlar weight f o r  which t h e  e x p e r i m e n t a l  

r e l a x a t i o n  spectrum had a l r e a d y  been r e p o r t e d  ( 6 . )  

(see Appendix 11). C a s e  I1 w a s  a p o l y s t y r e n e  of 750,000 

molecular  weight (26.)  (see Appendix -11). C a s e  I11 w a s  

a polymer wi th  p r o p e r t i e s  e q u i v a l e n t  t o  p o l y s t y r e n e  of 

85,600 molecular  weight bu t  w i t h  a va lue  of 1,650 employed 

fo r  M e  (see Appendix :XI). 

If Rouse 's  t heo ry  i s  v a l i d ,  t h e  c a l c u l a t e d  v i s c o -  

elastic funct ior?~  c h u l d  agree with the e x p e r i m e n t a l l y  

determined f u n c t i o n s .  Gene ra l ly ,  however, t h e r e  i s  a 

lack of exper imenta l  d a t a  on monodisperse polymer; such  

data is necessa ry  t o  v a l i d a t e  c r i t i c a l l y  Rouse 's  t heo ry :  

F i g u r e s  5 and 6 i l l u s t r a t e  t h e  d i f f e r e n c e  b e t w e e n  

t h e  WLF entanglement  coupl ing f u n c t i o n  and Equat ions  A . 4 7  

and A . 4 8 ,  i n  account ing  f o r  t h e  i n f l u e n c e  of en tanglements  

f o r  C a s e  111. F i g u r e  5 shows f o r  t h e  e x p o n e n t i a l  mod i f i -  

c a t i o n  (Equation A . 4 7 )  t h e  log (Qe) v e r s u s  t h e  i n d e x  for  

v a r i o u s  v a l u e s  of E, Figure  6 i l l u s t r a t e s  t h e  i n f l u e n c e  
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of t h e  arc t a n  modi f ica t ion  (Equat ion  A . 4 8 )  for  t h i s  case. 

As E ,  approaches  i n f i n i t y  a n d  E approaches zero,  these 

e q u a t i o n s  approach t h e  WLF coup l ing  f u n c t i o n .  

E, or i n c r e a s i n g  Ez i n c r e a s e s  t h e  number of r e l a x a t i o n  

t i m e s  i n  t h e  p a r t i a l  entanglement r e g i o n .  Thus, the  

parameter E, or Et c o n t r o l s  t h e  rate of t r a n s i t i o n  between 

c o m p l e t e l y  en tang led  modes of motion and comple te ly  un- 

en tang led .  

Decreasing 

To c a l c u l a t e  H from the  r e l a x a t i o n  t i m e s  f o r  t h e s e  

cases, the  D i r a c  d e l t a  f u n c t i o n s  of Equat ion A.25  w e r e  

approximated by s h a r p  normalized Guassian d i s t r i b u t i o n s .  

The r e l a x a t i o n  spectrum was t h e n  expressed  as 

For our  c a l c u l . a t i o n s ,  C was set  e q u a l  t o  4 which l e a d s  t o  

very  sharp d i s t r i b u t i o n s  (see Appendix 111). S i n c e  t h e  

s p i k e s  of t h e  Dirac d e l t a  f u n c t i o n s  have been r e p l a c e d  b y  

Guassian d i s t r i b u t i o n s ,  each r e l a x a t i o n  t i m e  w a s  r e p l a c e d  

by a sharp d i s t r i b u t i o n  of r e l a x a t i o n  t i m e s .  T h i s  p roced-  

u r e  seems r e a s o n a b l e  s i n c e  s l i g h t  h e t e r o g e n e i t y  of molecular  

weight is a l w a y s  p r e s e n t .  T h i s  c a u s e s  each r e l a x a t i o n  

process t o  be c h a r a c t e r i z e d  by a d i s t r i b u t i o n  of r e l a x a t i o n  

t i m e s .  I f  t h e  molecular  weight d i s t r i b u t i o n  can be 
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r e p r e s e n t e d  as a Gaussian d i s t r i b u t i o n ,  t h e  r e l a x a t i o n  

spectrum may be calculated by the proper selection of  the 

v a l u e  for  t h e  parameter c ,  

C a s e  I .  

For t h i s  case, Tobolsky e t  a1 ( 6 . )  r e p o r t e d  t h e  

r e l a x a t i o n  spectrum. Rouse's theory  m o d i f i e d  t o  i n c l u d e  

t h e  i n f l u e n c e  of entanglements  by Fiquation A . 4 7 ,  w a s  

employed t o  p r e d i c t  t h e  r e l a x a t i o n  spectrum. F igu re  7 

i l l u s t r a t e s  both of these spectra. The discrete r e l a x a t i o n  

spec t rum ob ta ined  f r o m  our e x p o n e n t i a l  m o d i f i c a t i o n  of 

the Rouse theo ry  cannot  be approximated as a cont inuous  

f u n c t i o n  a t  t h e  l o n g e s t  t i m e s  s i n c e  t h e  r e l a x a t i o n  t i m e s  

are too far  apart. Thus, for l o g  ( 2 )  g r e a t e r  than 2 .9 ,  

t h e  p r e d i c t e d  relaxation spectrum c o n s i s t s  of s i x  discrete  

r e l a x a t i o n  t i m e s .  The p r e d i c t e d  re laxat ion spectrum does 

e x h i b i t  a d e f i n i t e  llwedgell s e c t i o n ;  however, t he  

s e c t i o n ,  which is  t h e  par t ia l  entanglement  r e g i o n ,  i s  

composed of d i s c r e t e  e lements .  

To compare t h e  r e l a x a t i o n  spectra for  l o g  ( p )  

g r e a t e r  than 2 . 9 ,  t h e  p r e d i c t e d  spectrum was approximated 
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from t h e  r e l a x a t i o n  modulus by 

H ( t  ) = - d G ( t ) / d ( l n t )  4 d z  G ( t ) / d ( l n t f  \ 
t . 2 t  

( A . 5 4 )  

T h i s  was similar t o  t h e  method employed b y  Tobolsky i n  

c a l c u l a t i n g  t h e  experimental spectrum. T h i s  approximation 

technique  y i e l d e d  t h e  ttboxtt p o r t i o n  of t h e  p r e d i c t e d  spec-  

trum. The approximate i n t e r c o n v e r s i o n  of t h e  r e l a x a t i o n  

modulus i n t o  the spectrum p r e d i c t e d  a cont inuous  spectrum 

where Rouse 's  t heo ry  p r e d i c t e d  a d i s c r e t e  one f o r  long  

r e l a x a t i o n  t i m e s  . 
Each of t h e  t w o  r e l a x a t i o n  spectra exhibi t  t h e  same 

c h a r a c t e r i s t i c  r e g i o n s :  (1) a t  s h o r t e s t  t i m e s ,  a r e g i o n  of 

-1/2 slope; (2) a t  moderate t i m e s ,  a f l a t  r e g i o n ;  and (3) a t  

l o n g e s t  t i m e s ,  a sudden drop. An extended r e g i o n  of -1/2 

slope a t  t h e  l .ongest r e l a x a t i o n  t i m e s  does  n o t  occur  because  

t h e  molecular  weight is too l o w .  The  c r i t i ca l  i n d e x  w a s  

on ly  2.47. For t h e  p r e d i c t i o n  of extended r e g i o n  of -1/2 

slope a t  these t i m e s  r e q u i r e s  t h e  c r i t i ca l  index  t o  be 

c o n s i d e r a b l y  h i g h e r .  

The d i f f e r e n c e s  between the exper imenta l  spectrum of 

Tobolsky and the  c a l c u l a t e d  spectrum i n  t h e  p l a t e a u  and 

t r a n s i t i o n  r eg ion  are p r i m a r i l y  due t o  t he  molecular  

weight  d i s t r i b u t i o n  and the  d e f i c i e n c y  of 

-36- 



t h e  approximate i n t e r c o n v e r s i o n  technique .  T h e  c a l c u l a t e d  

spectrum assumed t h a t  the  polymer was monodispersed ; how- 

I 

e v e r ,  t h e  sample of Tobolsky posses sed  a narrow sp read  of 

molecular  weights .  T h i s  i n t roduced  s l i g h t  d i f f e r e n c e s  i n  

t h e  spectrum b y  r e p l a c i n g  a s i n g l e  relaxation t i m e  by a 

narrow d i s t r i b u t i o n  of r e l a x a t i o n  t i m e s .  I t  is  imposs ib l e  

t o  q u a n t i t a t i v e l y  t o  p r e d i c t  t h e s e  d i f f e r e n c e s .  S i n c e  t h e  

approximate i n t e r c o n v e r s i o n  formula  possesses s o m e  error, 

t h e  formula i n s e r t e d  t h i s  error i n t o  t h e  spectrum. Con- 

s i d e r i n g  t h e s e  s o u r c e s  of i n e x a c t n e s s ,  t h e  agreement 

between t h e  spectra is s a t i s f a c t o r y .  

C a s e  11. 

Case I1 is a typical  e n t a n g l e d  h igh  molecular  w e i g h t  

polymer.  F i g u r e  8 shows the r e l a x a t i o n  spectrum fo r  t h i s  

case which w a s  c a l c u l a t e d  u s i n g  Equat ion  A.47 t o  describe 

t h e  i n f l u e n c e  of entanglements  by t h e  Rouse t h e o r y .  T h e  

spec t rum c o n s i s t s  of: (1) t h e  three l o n g e s t  r e l a x a t i o n  

t i m e s  which must be cons ide red  d i s c r e t e ;  [2) t h e  pa r t i a l  

entanglement  r e g i o n  where t h e  s l o p e  is  n e a r l y  z e r o ;  

(3) t h e  r e g i o n  of unentangled modes of motion where t h e  

slope e q u a l s  -112; and (4 )  t h e  g l a s s y  r e g i o n  where t h e  
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r e s u l t s  of t h e  theo ry  are i n v a l i d .  

A feature of t h e  Rouse theo ry  is t h e  a r b i t r a r y  sub- 

d i v i s i o n  of the  polymer molecule.  To i l l u s t r a t e  t h e  

i n f l u e n c e  of a l t e r i n g  t h e  number of submolecules ,  t h i s  

number w a s  v a r i e d  for t h i s  case. Appendix V I  shows t h a t  

t he  on ly  d i f f e r e n c e  caused by changing t h i s  number occur s  

i n  t h e  g l a s s y  r e g i o n  where t h e  theo ry  is n o t  v a l i d .  

The spectrum i n  t h e  p a r t i a l  entanglement  r e g i o n  

exhibited f l u c t u a t i o n s  of a f e w  p e r c e n t ;  for  t h i s  p o r t i o n  

of t h e  cu rve ,  F i g u r e  8 shows the  best c u r v e  drawn through 

these v a r i a t i o n s .  The spread  between r e l a x a t i o n  t i m e s  i n  

t h i s  r e g i o n  of the  spectrum w a s  s u f f i c i e n t  to  i n t r o d u c e  

*L rrre:Ye - - slight -.- Va.LU..YIY ;=nrroc ir! the spectrum. 

The spectrum does e x h i b i t  very  d e f i n i t e  lrboxlt and 

lrwedgelr s e c t i o n s .  Equation A . 4 7  g r a d u a l l y  reduced the  

i n f l u e n c e  of entanglements  b y  sp read ing  t h e  r e l a x a t i o n  

t i m e s  f u r t h e r  apart than  the  approximate 1/Q" r e l a t i o n s h i p ,  

which is v a l i d  if modes of motion are e n t i r e l y  en tang led  

or unentangled ,  producing t h e  p a r t i a l  entanglement  r e g i o n .  

Thus,  t h e  spectrum became a trboxlv.  The v a l u e  of  Equat ion 

A.47 became e s s e n t i a l l y  c o n s t a n t  f o r  a r e l a x a t i o n  t i m e  

g r e a t e r  t han  t h e  Pe t i m e  and t h e  slope of log(H) - l o g ( 2 )  
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p l o t  became '-1/2 which is t h e  "wedge'' s e c t i o n .  

The relaxation modulus for  Case I1 is shown i n  

F i g u r e  9. Employing our m o d i f i c a t i o n  of Rouse ' s  t heo ry  

and vary ing  the  v a l u e  of E ,  s l i g h t l y  al ters t h e  width of 

t h e  p l a t e a u  r e g i o n  of t h i s  cu rve  by d e c r e a s i n g  t o  a s m a l l  

extent  the slope of t h e  p l a t e a u  r e g i o n .  An i n t e r e s t i n g  

p o i n t  is t h a t  t h e  va r ious  v a l u e s  of the  parameter cause  

t h e  cu rve  t o  cross a t  a s i n g l e  p o i n t  i n  t h e  p l a t e a u  r e g i o n  

( i . e . ,  p o i n t  of i n f l e c t i o n )  where t h e  modulus i s  equa l  t o  

5.63 X lo5 dynes/cm. . 
e q u i l i b r i u m  modulus * 

2 T h i s  p o i n t  i s  c a l l e d  t h e  pseudo- 

For t h i s  case, t h e  r e l a x a t i o n  moduli for t h e  v a l u e s  

-4 E g r e a t e r  thar? 0 . 5  for Equation A,47 are i n d i s t i n -  

g u i s h a b l e  f r o m  t h e  WLF entanglement coupl ing  f u n c t i o n  

(Equat ion  A . 4 5 ) .  T h i s  means t h a t  t h e  v a r i a t i o n  of t h e  

number of r e l a x a t i o n  t imes i n  the pa r t i a l  entanglement  

region for t h i s  c o n d i t i o n  h a s  only  s l i g h t  i n f l u e n c e  on t h e  

r e l a x a t i o n  modulus. For E, less than  0.5, t h e  r e l a x a t i o n  

modulus p r e d i c t e d  from t h e  e x p o n e n t i a l  m o d i f i c a t i o n  of 

Rouse ' s  theory  d i f f e r s  from t h e  WLF entanglement  coup l ing  

f u n c t i o n  for t h i s  t heo ry  i n  t h e  p a r t i a l  entanglement  and 

I 
V I  

t e r m i n a l  r e g i o n s  
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C a s e  111. 

T h i s  h y p o t h e t i c a l  polymer d i f f e r s  from Case I1 

primarily by having a consider ably higher c r i t i c a l  i ndex  . 
F i g u r e  10 is  t h e  r e l a x a t i o n  spectrum for C a s e  111. The 

spectrum c o n s i s t s  of: (1) t h e  three l o n g e s t  relaxation 

t i m e s  which are discrete; ( 2 )  t he  en tang led  modes of motion 

r e g i o n  w i t h  a -1/2 slope; (3) t h e  pa r t i a l  entanglement  or 

p l a t e a u  r e g i o n ,  which is n e a r l y  f l a t ;  (4 )  t he  unentangled 

modes of motion r e g i o n  with a -1/2 slope; and ( 5 )  t h e  

g l a s s y  r e g i o n  where the r e s u l t s  of t h e  Rouse theo ry  axe 

i n v a l i d  

The m o s t  n o t i c e a b l e  d i f f e r e n c e  i n  the  spectrum between 

Case I1 and Case I11 is the  r e g i o n  of en tang led  modes of 

motion w i t h  a' s l o p e  o f  -1/2. I n  C a s e  11, the  v a l u e  of the 

cri t ical  index  w a s  i n s u f f i c i e n t  for  the discrete r e l a x a t i o n  

t i m e s  f o r  the  en tang led  modes of motion t o  be r e p r e s e n t e d  

as a continuum before. the  pa r t i a l  entanglement  r e g i o n  was 

encountered .  For t h i s  case, t h e  v a l u e  of the cr i t ical  

index  w a s  adequate  t o  a l l o w  the r e l a x a t i o n  t i m e s  fo r  t h e  

en tang led  modes of motion t o  produce  the r eg ion  of -1/2 

slope a t  t h e s e  t i m e s .  

The relaxation s p e c t r u b  remains u n a f f e c t e d  for t h e  
-42- 



. . .  

e x p o n e n t i a l  form of t h e  entanglement coupl ing  f u n c t i o n  

for t h e  range  of v a l u e  of E, s t u d i e d .  As E ,  approaches 

i n f i n i t y ,  t h e  WLF entanglement coupl ing  f u n c t i o n  is  

approximated. As t h i s  occu r s ,  the  spectrum i n  t h e  r e g i o n  

of t h e  Pe r e l a x a t i o n  time becomes discrete and  e v e n t u a l l y  

i t  w i l l  van i sh  between Pe and Pe + 1 r e l a x a t i o n  t i m e s .  

F i g u r e s  11 through 15 show t h e  r e l a x a t i o n  modulus, 

dynamic modulus, and the  dynamic compliance for t h e  

r e l a x a t i o n  spectrum of Case 11. I n  the  t e rmina l  and 

t r a n s i t i o n  r e g i o n s  of these  f i g u r e s ,  t h e  v a r i o u s  v i s c o -  

elastic f u n c t i o n s  are independent of t h e  va lue  s e l e c t e d  

for E ,  . The loss modulus and loss compliance e x h i b i t  

the l a r g e s t  v a r i a t i o n  i n  their  mid-range depending on 

the  v a l u e  chosen for E, F i g u r e  13 compares t h e  l o s s  

modulus c a l c u l a t e d  us ing  E ,  equa l  t o  0.25, 0.50, and 

1.0 and the lo s s ,modu lus  c a l c u l a t e d  u s i n g  t h e  WLF 

m o d i f i c a t i o n ,  i . e . ,  E, equal  t o w  . Using t h e  f i r s t  

t h r e e  of these v a l u e s  for E, gave r e s u l t s  t h a t  were 

e q u i v a l e n t  w i t h i n  t h e  r e s o l u t i o n  of F i g u r e  13 and they  

are a l l  d i s p l a y e d  as t h e  s o l i d  l i n e .  I t  is  u n l i k e l y  
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t h a t  such d i f f e r e n c e s  could be d e t e c t e d  b y  p r e s e n t  ex- 

perimental methods. There is, however, a noticeable 

d i f f e r e n c e  be tween  the  curves  c a l c u l a t e d  u s i n g  t h e  

s m a l l  f i n i t e  v a l u e s  of E, and t h e  WLF m o d i f i c a t i o n .  

The lat ter g i v e s  a deeper minimum i n  t he  p l a t e a u  r e g i o n .  

I t  is  clear t h a t  the  behavior  p r e d i c t e d  by t h e  WLF 

modi f i ca t ion  could  be d i s t i n g u i s h e d  expe r imen ta l ly  

from the  behavior  p r e d i c t e d  by s m a l l  v a l u e s  of E, . 
The c a l c u l a t e d  s t o r a g e  modulus and t h e  s t o r a g e  compli- 

ance  were i n s e n s i t i v e  t o  the v a r i o u s  v a l u e s  of t h e  

parameter. Thus,  these v i s c o e l a s t i c  f u n c t i o n s  w e r e  

n e a r l y  independent  of t h e  f i n e  details  of t h e  pa r t i a l  

entanglement r e g i o n  of t h e  r e i a x a t i s n  spectrum. 

Molecular Weight Between Entanglements 

Entanglements among polymer c h a i n s  alter t h e  shape 

of t h e  v a r i o u s  v i s c o e l a s t i c  f u n c t i o n s .  The r e l a x a t i o n  

modulus for b o t h  C a s e s  I1 and I11 ( F i g u r e s  9 and 11) 

shows t h e  plateau reg ion  c h a r a c t e r i s t i c  of h i g h  molecular  

weight ,  amorphous polymers. The real par t  of t h e i r  
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dynamic moduli ( F i g u r e s  12  and 16) are approximate ly  a 

mirror image of t h e  r e l a x a t i o n  moduli. For each  case, 

the pseudo-equi l ibr ium modulus i a  the same whether from 

either t h e  r e l a x a t i o n  or s t o r a g e  modulus. T h e  imaginary 

par t  of t h e i r  dynamic moduli ( F i g u r e s  13 and 17) p a s s  

through a minimum which is d i s t i n c t i v e  of an en tang led  

polymer. The real par t  of t h e i r  dynamic compliance 

( F i g u r e s  14 and 18) e x h i b i t s  a p l a t e a u  r e g i o n .  T h e i r  

e q u i l i b r i u m  compliances are approximately equa l  t o  the  

reciprocal of t h e i r  pseudo-equi l ibr ium moduli .  The 

imaginary par t  of t h e i r  dynamic compliance ( F i g u r e s  15 

and 19) i l l u s t r a t e s  t h e  broad maximum which d i s t i n g u i s h e s  

a network s t r u c t u r e  induced by entanglements .  

These characteristic f e a t u r e s  02 tine variuus Visco- 

elastic f u n c t i o n s  for  en tang led ,  amorphous polymers are 

d i r e c t l y  r e l a t e d  t o  t h e  molecular weight between e n t a n g l e -  

ments by t h e  fo l lowing  equat ions  ( 2 . a ) :  

(1.) from t h e  r e l a x a t i o n  spectrum by 

n = 2.4  log[M/(2 Me))  (A .55 )  

where 4 is t h e  wid th  of t h e  

t r a n s i t  ion r e g i o n  ; 

-31- 
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(2.) f r o m  the l o s s  compliance by 

(J" lf ihX, = 0.32 M e / (  Q RT) ; ( A . 5 6 )  

(3n) from the loss modulus by 

((3'' )ff) p x  = 0.32 Q RT/Me; 

and (4 . )  from t h e  r e l a x a t i o n  modulus, s t o r a g e  

( A . 5 7 )  

modulus and t h e  s t o r a g e  compliance by 

Je = l/Ge = 2 Me/( Q RT) ( A . 5 8 )  

Tab le  I shows t h e  r e s u l t s  of u s i n g  t h e s e  e q u a t i o n s .  

For C a s e  11, t h e  calculated M e  depends on t h e  v i s c o -  

e las t ic  f u n c t i o n  selected for i ts  e v a l u a t i o n .  M e  c a l c u l a t e d  

from r e l a x a t i o n  and s t o r a g e  moduli and t h e  s t o r a g e  compli- 

ance  are close t o  the  a c t u a l  molecular  weight between 

en tanglements  employed i n  the computation of these f u n c t i o n s .  

me r e l a x a t i o n  spectrum does cot  give  Me accurately s h c e  

there is  no extended reg ion  of -1/2 s l o p e  f o x  t h e  en tang led  

modes of motion. The m a x i m a  i n  t h e  loss  modulus and t h e  

loss compliance probably  do n o t  g i v e  an a c c u r a t e  M e  

because  of lack of t h i s  r e g i o n  i n  t h e  spectrum. 

For Case  111, t h e  v a r i o u s  methods for c a l c u l a t i o n  of 

M e  g i v e  a close approximation of M e  used for computing the  

viscoelastic f u n c t i o n s .  The apparent  r eason  for  t h e  s u c c e s s  

-36 - 
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of the r e l a x a t i o n  spectrum, t h e  loss modulus, and t h e  loss 

compliance p r e d i c t i n g  M e  for Case I11 is t h a t  t h e  spectrum 

has  a d e f i n i t e  extended r eg ion  of -1/2 slope for t h e  en- 

t ang led  modes of motion. 

Viscosi ty-Molecular  Weight R e l a t i o n s h i p  

Molecular w e i g h t  of a polymer w a s  found t o  i n f l u e n c e  

d i r e c t l y  i t s  v i s c o s i t y .  To i l l u s t r a t e  the  v i s c o s i t y -  

molecular  weight  re la t ionship ,  p o l y s t y r e n e  w a s  selected. 

F igure  20 shows exper imenta l  v i scos i ty -molecu la r  

weight  data on monodisperse, p o l y s t y r e n e  from a number of 

laboratories (15., 2 6 . )  . As mentioned p r e v i o u s l y ,  the  

data can be r e p r e s e n t e d  by the  t w o  c h a r a c t e r i s t i c  l i n e  

segments.  B e l o w  a c r i t i ca l  molecular  weight of about  

40,000, t h e  o f t e n  used e m p i r i c a l  r e l a t i o n s h i p  of Fox and 

F l o r y  (which g i v e s  the v i s c o s i t y  as p r o p o r t i o n a l  t o  M 1 
f i ts  t h e  d a t a  poor ly .  The exper imenta l  data below t h e  

c r i t i ca l  molecular  weight shows a marked d e v i a t i o n  from a 

s t r a i g h t  l i n e  i n d i c a t i n g  t h a t  t h e  v i s c o s i t y  i s  a more com- 

plex f u n c t i o n  of t h e  molecular weight .  Cons ider ing  t h e  

sizeable scatter i n  t h e  exper imenta l  v i scos i t ies ,  above 
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t h e  c r i t i ca l  molecular  weight ,  v i scos i ty -molecu la r  weight 

data fsllsw equally well t h e  p r e d i c t i o n s  o f  t h e  several 

empirical e q u a t i o n s  . These r e l a t i o n s h i p s  have t h e  s l o p e  

of t h e  log  ( 'y)  - l o g  (M) p l o t  r ang ing  f r o m  3 t o  4. 

I n  F igu re  20, t h e  curve  for Chiakahisa  ( 2 4 . )  w a s  

o b t a i n e d  by u s i n g  b ,  and b, as a d j u s t a b l e  parameters to 

best  f i t  the exper imenta l  data. As with  t h e  empirical 

e q u a t i o n s  of Fox and F l o r y ,  C h i a k a h i s a l s  t heo ry  does n o t  

p r e d i c t  the  complicated molecular weight dependence below 

the  cr i t ical  molecular  weight.  Above the c r i t i ca l  molecular  

weight ,  C h i a k a h i s a ' s  theory  predicts t h a t  t h e  s l o p e  w i l l  

approach three and the d a t a  f a l l  close t o  t h i s  l i n e .  

The failure below the crFt5r.a.l molecular weight of 

the  Fox and Flory empirical equa t ion  and Chiakahisals 

theo ry  w a s  due t o  n e g l e c t i n g  t h e  effect of the cha in  ends .  

For t h e  l o w  molecular  weights ,  there is a r e l a t i v e l y  h i g h  

d e n s i t y  of c h a i n  e n d s  which g r e a t l y  i n f l u e n c e  t h e  v i s c o u s  

behavior  of t h e  polymer. Fox and A l l e n  ( 2 6 . )  modif ied 

Buechels  v i s c o s i t y  equa t ion  t o  i n c l u d e  t h e  i n f l u e n c e  of 

c h a i n  ends and entanglements  and o b t a i n e d  good agreement 

wi th  t h e i r  exper imenta l  d a m .  
-60- 



Our t w o  mod i f i ca t ions  (Equat ions  A . 5 1  and A . 5 2 )  of 

Bueche's v i s c o s i t y  equat ion which Fox and Al len  inc luded  

the  affects of c h a i n  ends a l l o w  for a g r a d u a l  i n t r o d u c t i o n  

of the i n f l u e n c e  of entanglements .  F i g u r e s  2 1 . A  and 21.8 

show t h e  p r e d i c t i o n  of our m o d i f i c a t i o n s .  Each c u r v e  is  

o n l y  very  s l i g h t l y  inf luenced  by the choice of v a l u e  fo r  

i t s  parameter. The p r e c i s i o n  of the v i s c o s i t y  data does 

n o t  allow one to determine which e q u a t i o n  best describes 

the effect of entanglements.  

-61- 



I I I 

FIGUKE 21 eA TEMPERATURE-217'C 

- SYMBOL REF e 

' 0  24 

0 

- i 0 / 
0 

I 
1 

I 
1 

1 1 

3 .O 4 .O S!O 1 .o 2 .Q 

LOG(M0LECUM WEIGHT) 
-62- 



r 
2000a 1 I 

I 

i 1000 a 

700 a 

400 

cn 
Ld cn 
H 
0 
9 200. 
F” 

I 1 
/I 

FIGURE 
SYMBM 
0 

MOLECULAR WEIGHT 
-63- 



Conclusions 

The v i s c o e l a s t i c  f u n c t i o n s  c a l c u l a t e d  from t h e  

WLF modi f i ca t ion  of Rouse's t heo ry  u s i n g  the  e x p o n e n t i a l  

entanglement  coup l ing  f u n c t i o n  (Equat ion  A.47)  i l l u s -  

t rate g e n e r a l l y  observed expe r imen ta l  behavior  The 

loss modulus is t h e  m o s t  s e n s i t i v e  of t h e  viscoelastic 

f u n c t i o n s  t o  t h e  n a t u r e  of entanglement  coup l ing .  The 

minimum exhibited by t h i s  f u n c t i o n  depends on t h e  

number of r e l k a t i o n  t i m e s  b r i d g i n g  the  r e g i o n  between 

t o t a l l y  unentangled  and t o t a l l y  e n t a n g l e d  modes of 

c h a i n  motion. W e  t hus  propose t h a t  t h e  loss modulus 

is t h e  viscoelastic f u n c t i o n  to measure i n  order to 

s t u d y  the  details  of entanglement coup l ings .  

The v i scos i ty -molecu la r  weight r e l a t i o n s h i p  

c a l c u l a t e d  f r o m  t h e  exponen t i a l  entanglement  f u n c t i o n  

is i n  good agreement with experiment .  
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Backqround and Theory 

Exact methods for  t r ans fo rma t ion  from any l i n e a r  v i s c o -  

elastic f u n c t i o n  t o  any other have been developed f r o n  

a n a l y t i c  f u n c t i o n  theo ry  (2 .b) .  These methods, however, are 

n o t  practical for conversion of expe r imen ta l ly  de te rmined  

f u n c t i o n s  because  their use r e q u i r e s  i n t e g r a t i o n s  over 

t i m e s  from 0 t o  +- whereas expe r imen ta l  data can be o b t a i n e d  

o n l y  over f i n i t e  t i m e  i n t e r v a l s .  To a l l e v i a t e  t h i s  d i f f i -  

c u l t y ,  v a r i o u s  approximate e q u a t i o n s  for i n t e r c o n v e r s i o n  

between f u n c t i o n s  have been developed ( l . b ,  2 . c ,  2 7 . ,  2 8 . ) .  

Using p u b l i s h e d  exper imenta l  data determined for samples 

of Na t iona l  Bureau of S tandards  p o l y i s o b u t y l e n e ,  S m i t h  (28 .) 

i n t e r c o n v e r t e d  many v i s c o e l a s t i c  f u n c t i o n s  us ing  several 

approximate e q u a t i o n s .  Tie magnitude of deviations of 

t he  c a l c u l a t e d  r e s u l t s  from the  expe r imen ta l  data i n -  

dicated that  t h e  g e n e r a l l y  accepted approximate e q u a t i o n s  

g i v e  on ly  fair i n t e r c o n v e r s i o n  r e s u l t s .  I n  a d d i t i o n ,  

t h e  i n t e r p r e t a t i o n  of S m i t h ' s  r e s u l t s  on t h e  v a l i d i t y  of 

these e q u a t i o n s  is complicated due t o  t h e  exper imenta l  

error which is  i n h e r e n t  i n  t h e  data employed. A possible 

source of error is  non-l inear  r e sponse  because  one i s  

never  s u r e  that  the  data are t aken  i n  t h e  r ange  of 

l i n e a r  v i s c o e l a s t i c i t y  Thus, there is  no completely 
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reliable way of a s s e s s i n g  the i n f l u e n c e  of exper imenta l  

error and the approximate technique  on the  d e v i a t i o n  of 

any of t h e  in te rconvers ion  formulas. 

There  is, however, no need  t o  r e l y  on expe r imen ta l  data 

t o  c r i t i c a l l y  test i n t e r c o n v e r s i o n  formulas .  L i n e a r  v i sco -  

e l a s t i c i t y  is a mathematical  f o r m a l i s m  and t h u s  i t  is 

possible t o  c a l c u l a t e  completely c o n s i s t e n t  sets of l i n e a r  

v i s c o e l a s t i c  f u n c t i o n s .  I n  par t  A of t h i s  thes i s ,  j u s t  such  

mathematical data w e r e  gene ra t ed  which w e r e  typical of t h e  

behavior  of h igh  molecular  weight  amorphous polymers. I n  

par t  B of t h i s  thesis, these viscoelastic f u n c t i o n s  are 

employed t o  t es t  the g e n e r a l l y  used i n t e r c o n v e r s i o n  formulas .  

Leaderman (1 .b) d i scussed  the c a l c u l a t i o n  of the  re- 

l a x a t i o n  spectrum f r o m  either the  r e l a x a t i o n  or dynamic 

moduli and he proposed t h a t :  

H(t/2) = - [d/d(lnt)  - d '  / d ( l n t ) y  G ( t )  

and  

~ ( i / w )  = Id /dOnuJ) -  ( i /4 )d5  / d ( i n w ) 3 j  G I ( ~ ) .  (8.2) 

These equa t ions  r e q u i r e  numerical  d i f f e r e n t i a t i o n  of 

expe r imen ta l  data to o b t a i n  f i r s t ,  second,  and t h i r d  deri-  

v a t i v e s  of moduli w i t h  r e s p e c t  t o  l n ( t )  or h ( d )  w i t h  t h e  

c o n c o m i t a n t  i n c r e a s e  i n  t h e  error of t h e  r e s u l t .  I n  fac t ,  
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s i n c e  o r i g i n a l  e x p e r i m e n t a l  data u s u a l l y  c o n t a i n  c o n s i d e r a b l e  

e r r o r ,  second or higher der iva t ives  are  often l i t t l e  more 

t h a n  crude  approximat ions .  S i n c e  t h e  f i r s t  terms i n  

Equat ion B . 1  and Equat ion B.2  u s u a l l y  predominate ,  t hey  

are o f t e n  used  as f i r s t  approximations for t h e  r e l a x a t i o n  

spectrum. For such  f i r s t  approximations,  Leaderman concluded 

t h a t  Equat ion B.2 g i v e s  t h e  more a c c u r a t e  r e s u l t .  

An approximate r e l a t i o n  between r e l a x a t i o n  spectrum 

and dynamic modulus proposed by Marin ( 3 5 . )  is  

H ( l / W )  = (2/n ) G t t ( W ) .  ( B - 3 )  

This .  equa t ion  h a s  ease of u s e ;  however, he  reports t h a t  i t  

approximates the relaxation spectrum p o o r l y  w i t h  best r e s u l t s  

o c c u r r i n g  when GIt ( W )  changes g r a d u a l l y  w i t h  f requency .  

The relaxa. t ion spectrum can also be c a l c u l a t e d  approxi- 

mate ly  from the  s t o r a g e  modulus by 

H(l/w) = [ ez/2T][d/d l n u -  ( l / 2 )d2 /d ( lnw) ]  Gt(c3) ( B . 4 )  

which Okano and F u j i t a  . ( l . b )  proposed.  T h i s  e q u a t i o n  is  

s i m i l a r  t o  Equat ion B.2. 

A r e l a t i o n s h i p  b e t w e e n  t h e  r e l a x a t i o n  and dynamic 

moduli g iven  by Ninomeya and Ferry is (2.c ,29.)  



The loss modulus can be es t imated  f r o m  t h e  r e l a x a t i o n  

and 

G " ( l / T )  = H( B ( 1  - 1 m l  1-j P . 7 )  

where m is the n e g a t i v e  s lope  of t h e  log- log  p l o t  of t h e  

relaxation spectrum v e r s u s  r e l a x a t i o n  t i m e  and B is, de f ined  

N e w  App r oximate I n  t e r conve r  s i o n  Formula 

F e r r y  (2.b) r e p o r t s  many i n t e r c o n v e r s i o n  formulas  for 

v i s c o e l a s t i c  f u n c t i o n s  inc lud ing  s e v e r a i  equations which 

a l l o w  t h e  c a l c u l a t i o n  of the l o s s  modulus f rom the relaxation 

spectrum. However, there is no cor responding  approximate 

e q u a t i o n  for the  c a l c u l a t i o n  of t h e  s t o r a g e  modulus. I n  

t h i s  s e c t i o n ,  w e  d e r i v e . s u c h  a n  i n t e r c o n v e r s i o n  formula .  

T h i s  new formula w a s  t e s t e d  along wi th  the  p r e v i o u s l y  d i s -  

cussed  e q u a t i o n s  and t h e  r e s u l t s  reported la te r  i n  t h i s  

t h e s i s .  With t h i s  r e l a t i o n s h i p ,  t h e  expe r imen ta l  de te rmina-  

t i o n  of t h e  loss modulus would be s u f f i c i e n t  t o  estimate 
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a l l  t h e  o t h e r  v i s c o e l a s t i c  f u n c t i o n s  except  G e .  

From a n a l y t i c  f u n c t i o n  theo ry  ( 1 . b )  , 

Changing the  variable t o  Z where 
c 

2 = I n  (w?) (B.lO) 

and 

dZ = d ( l n & ) ,  ( B . 1 1 )  

Equat ion B.9 becomes 

Assuming t h a t  the relaxat ion spectrum can  be approximated 

over a r e a s o n a b l e  r a n g e  of r e l a x a t i o n  t i m e s  by 

H ( ' k )  = (B.13) 

and w i t h  

T = E X P ( Z ) / d  , (B.14) 

the  r e l a x a t i o n  spectrum i n  t h e  2 variable becomes 
-/nv 

H [EWZ)/~J  = Q [ E W Z ) ~ )  (B.15) 

Using t h i s  r e l a t i o n s h i p  ,for the r e l a x a t i o n  spectrum, the  

s t o r a g e  modulus becomes equal  t o  
rcp 

n*v 
G ' ( t 3 )  =p(d )[EXP (2-m)Z] dZ/ + ExP(2Z)] . (B.16) 

- m  

If H( t) is g i v e n  adequate ly  by Equat ion  B.13 over a 

s u f f i c i e n t l y  r a n g e  of r e l a x a t i o n  t i m e s ,  t hen  i t  is noted  
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t h a t  t he  i n t e g r a n d  is e f f e c t i v e l y  non-zero on ly  when 2 is  

n e w  zero ( i d . ,  = l/d) af m i s  between 0 and 2,  Thus, 

q u a t i o n  B.16 can be w r i t t e n  as 

or 

where I ( m )  i s  d e f i n e d  by 

( B . 1 7 )  

(8.18) 

(B.19) 

I t  should  be noted t h a t  if m is n o t  between 0 and 2, t he  

i n t e g r a l  of Equat ion B.19 w i l l  n o t  converge and t h i s  i n t e r -  

convers ion  formula  w i l l  not app ly .  The f u n c t i o n  I(m) w a s  

e v a l u a t e d  numer ica l ly  f o r  va lues  of m f r o m  0.1 t o  0 . 8  and 

is  shown i n  F igu re  22. 

T h i s  equa t ion  has l i m i t e d  appl icabi l i ty  s i n c e  t he  slope of 

r e l a x a t i o n  spectrum must change g r a d u a l l y  wi th in  a re- 

stricted range  of m. We could expect, for example, t h a t  

Equat ion  B . 1 8  should be u s e f u l  fo r  conve r s ion  of the  re- 

l a x a t i o n  spectrum i n t o  t h e  s t o r a g e  modulus i n  t h e  r e g i o n  

where Rouse's t heo ry  adequate ly  describes t h e  spectrum. 

However, t h i s  approximate 

break down in t h e  plateau 

zero t h e r e .  

i n t e rconve r  s i o n  e q u a t i o n  will 

r eg ion  s i n c e  t h e  slope approaches 
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R e s u l t s  a n d  Discuss ion  

Here, we r e p o r t  t h e  t e s t i n g  of t h e  v a r i o u s  in te r -  

convers ion  formulas  employing c o n s i s t e n t  sets of l i n e a r  

v i s c o e l a s t i c  f u n c t i o n s  c a l c u l a t e d  i n  par t  A of t h i s  t h e s i s .  

These f u n c t i o n s  w i l l  be r e f e r r e d  t o  here as the correct 

v i s c o e l a s t i c  f u n c t i o n s .  

W e  considered t w o  c a s e s ,  an unentangled  polymer 

(Example I) and an e x t e n s i v e l y  e n t a n g l e d  polymer (Example 11) 

See Appendix I1 for  the  physical c o n s t a n t s  associated w i t h  

these t w o  cases. W e  i n v e s t i g a t e d  the approximate i n t e r -  

conve r s ion  formulas  by examining the  p e r c e n t  d e v i a t i o n  

between the  l o g  of t h e  correct viscoelastic f u n c t i o n  and  

t h e  l o g  of the  approximation. 

Most appr.oximate in t e rconve r  s i o n  t echn iques  r e q u i r e  

the  e v a l u a t i o n  of d e r i v a t i v e s  of the v a r i o u s  v i s c o e l a s t i c  

f u n c t i o n s .  To  o b t a i n  t h e  needed d e r i v a t i v e s ,  s m a l l  s egmen t s  

of the  appropriate v i s c o e l a s t i c  f u n c t i o n  were f i t t ed  t o  a 

t h i r d .  order polynomial  by l e a s t - s q u a r e s  a n a l y s i s .  These 

polynomia ls  w e r e  used t o  e v a l u a t e  t he  r e q u i r e d  d e r i v a t i v e s  

Example I. 

The correct l i n e a r  viscoelastic f u n c t i o n s  for  t h i s  
-72- 



t y p i c a l  unentangled polymer are i l l u s t r a t e d  i n  F i g u r e s  31 

through 36* 

C a l c u l a t i o n  of H( t ) 

S e v e r a l  i n t e r c o n v e r s i o n  e q u a t i o n s  gave approximate 

r e p r e s e n t a t i o n  of the r e l a x a t i o n  spectrum f r o m  v a r i o u s  

moduli  for t h i s  case. 

d e v i a t i o n  of these equa t ions  from the correct r e l a x a t i o n  

spectrum. The m a x i m u m  d e v i a t i o n  of  the l o g  spectrum is  10%. 

Three  of t h e  formulas  reproduced the correct cu rve  w i t h i n  

3% for almost  the  e n t i r e  range  s t u d i e d .  The correct spectrum 

must be cons ide red  discrete a t  t h e  l o n g e s t  r e l a x a t i o n  t i m e s .  

A l l  approximate equa t ions  predict a con t inuous  spectrum 

for a l l  t i m e s  and t h e y  are, t h u s ,  i n a p p l i c a b l e  i n  t h e  

discrete r e l a x a t i o n  t i m e  regime. Employment of Equat ion  B.18  

r e q u i r e d  the assumption of a s l o p e  and the  c a l c u l a t i o n  of a 

f i r s t  approximation t o  the  spectrum. W e ,  t h e n ,  measured 

i t s  slope and computed a second approximat ion .  W e  r e p e a t e d  

t h i s  procedure  u n t i l  c o n s i s t e n t  r e s u l t s  were obtained.  For 

t h i s  example, the  p r e d i c t i o n  of l o g ( H )  by t h i s  t echn ique  

w a s  i n  error by about  5%. 

Figure  2 3  shows t h e  p e r c e n t a g e  

C a l c u l a t i o n  of G ( t )  

The r e l a x a t i o n  modulus can be approximated f r o m  the  
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dynamic modulus by us ing  Equat ion B.5. F i g u r e  24 shows t h e  

percentage error in log ( G ( t ) )  u s i n g  t h i s  equation. The 

approximate formula  g i v e s  less t h a n  h a l f  p e r c e n t a g e  d e v i a -  

t i o n  f r o m  t h e  correct r e l a x a t i o n  modulus except at  t h e  

extremities of t h e  r ange  s t u d i e d .  The e x t r a p o l a t i o n  of 

t h e  d a t a  on t h e  dynamic modulus necessa ry  t o  e v a l u a t e  

r e l a x a t i o n  modulus a t  the t e r m i n a l s  of t h e  t i m e  r ange  causes  

t h i s  i n t e r c o n v e r s i o n  f o r m u l a  t o  b reak  down. 

C a l c u l a t i o n  of G' ( w )  

To o b t a i n  t h e  s t o r a g e  modulus f r o m  the r e l a x a t i o n  

spectrum, w e  used t h e  i n t e r c o n v e r s i o n  formula  Equat ion  B .18 .  

The comparison of t h i s  approximate e q u a t i o n ' s  p r e d i c t i o n  

wi th  t h e  correct cu rve  is i l l u s t r a t e d  i n  F i g u r e  25 .  S i n c e  

t h e  r e l a x a t i o n  * t i m e s  must be r e p r e s e n t e d  as d i s c r e t e  a t  

the  l o n g e s t  t i m e s ,  t h e  approximate equa t ion  breaks down 

for t h e  cor responding  ( s m a l l e s t )  f r e q u e n c i e s  The re- 

l a x a t i o n  spectrum for th i s  case (see F igure  31) is  

con t inuous  for l o g ( r )  s h o r t e r  t han  - 2 . 5 .  Therefore, our  

approximate equa t ion  is v a l i d  for log(cr3) g r e a t e r  than  2 . 5 .  

T h i s  f i g u r e  shows t h a t  Equat ion B.18 g i v e s  a p e r c e n t a g e  

error in t h e  l o g  ( G ' )  less t h a n  1% for  l o g ( & )  i n  t h i s  

range 
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Calcu la t ion  of GIt ( W ) 

F i g u r e  26 displays t h e  p e r c e n t a g e  error for t h e  i n t e r -  

convers ion  formulas  i n  t h e i r  p r e d i c t i o n  of t h e  loss modulus 

f r o m  the r e l a x a t i o n  spectrum. A t  l o w  f r e q u e n c i e s  ( i . e . ,  

long  r e l a x a t i o n  t imes)  , t h e  approximate t echn iques  show 

t h e  g r e a t e s t  d ive rgence  f r o m  t h e  correct cu rve  because  t h e  

r e l a x a t i o n  spectrum is discrete at  t h e s e  t i m e s .  Over a 

long  r ange ,  t h e  r e s u l t s  of Equat ion B.6 are i n  error i n  

p r e d i c t i n g  the correct modulus by a c o n s t a n t  amount. If 

t h i s  e q u a t i o n  is m u l t i p l i e d  by 0.6, i ts r e s u l t s  become 

n e a r l y  i d e n t i c a l  t o  t h e  correct modulus excep t  for  t h e  

f r e q u e n c i e s  which correspond t o  the  r e l a x a t i o n  t i m e s  where 

the spectrum is d i s c r e t e  and the i n t e r c o n v e r s i o n  fo rmula  

does n o t  apply. '  Equat ion B.7 predicts t h e  correct cu rve  

s i m i l a r  t o  the corrected Equat ion  B.6. The s m a l l  error 

i n  approximating t h e  correct c u r v e  f r o m  Equat ion B.7 w a s  

expected s i n c e  i t  r e q u i r e s  f o r  its v a l i d i t y  t h a t  \ m l  be 

nea r  1/2. For t h i s  example, t h i s  c o n d i t i o n  w a s  f u l f i l l e d  

for t h e  correct r e l a x a t i o n  spectrum except a t  t h e  l o n g e s t  

times. 
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Example I1 

The correct v i s c o e l a s t i c  f u n c t i o n s  for  t h i s  t y p i c a l  

en tang led  polymer,  shown i n  F igu res  10, 11, 16, 17, 18, 

and 19,  w e r e  used t o  test t h e  same approximate t echn iques  

as i n  Example I .  

C a l c u l a t i o n  of H( 2 ) 

The r e l a x a t i o n  spectrum (see F i g u r e  10) can  be 

d iv ided  i n t o  t h r e e  zones,  which are: 

t h e  completely unentangled  modes of 

motion for log ( r  ) less than -7.0; 

the p a r t i a l  entanglement or p l a t e a u  

r e g i o n  for l o g  ( 3 )  from -7.0 t o  -4.0; 

t h e  completely en tang led  modes of 

motion for log ( T )  g r e a t e r  t han  -4.0. .  

Various approximate e q u a t i o n s  were used t o  c a l c u l a t e  

t h e  r e l a x a t i o n  spectrum wi th  t h e  r e s u l t s  shown i n  F i g u r e  27. 

T h e  p r e d i c t e d  spectra agree wi th in  f596 of t h e  correct v a l u e  

i n  t h e  zone of completely unentangled modes of motion. The 

error i n  t h e  p r e d i c t i o n  of  t he  spectrum f o r  Equa t ions  B.2 

and B.4 is  c o n s i d e r a b l y  h i g h e r  for t h e  longe r  r e l a x a t i o n  

t i m e s ,  These equat ions f a i l e d  i n  t h e  par t ia l  entanglement  

-80- 



I 

a 
3 s f+ 

z w 

. 
In 
r( 

. 
In 
I 

. I  
0 
4 
I 



r e g i o n  because dG'/d(lnCr,)% 0 and t h e  second t e r m  i n  each 

of t h e s e  e q u a t i o n s  became s i g n i f i c a n t .  T h i s  term, which 

w a s  i n t ended  t o  be only  a c o r r e c t i o n  factor,  has a l a r g e  

error and here determined the v a l u e  of the  predicted 

spectrum. 

motion,  the p r e d i c t i o n  i n  the log(H)  by Equat ion B.2 is  

too l a r g e  by n e a r l y  a cons t an t  amount. Equat ion  B.3 

main ta ined  a p r e d i c t i o n  wi th in  5% for  the e n t i r e  r a n g e  of 

r e l a x a t i o n  t i m e s  s t u d i e d .  T h i s  is p robab ly  because t h i s  

I n  the r e g i o n  of comple te ly  en tang led  modes of 

e q u a t i o n  does n o t  r e q u i r e  t h e  e v a l u a t i o n  of der iva t ives  

t o  predict  the  spectrum. 

C a l c u l a t i o n  of G ( t )  

The dynamic modulus predicted the  r e l a x a t i o n  modulus 

through the  u s e  of Equation B.5.  F igu re  28 shows t h a t  t h i s  

e q u a t i o n  y i e l d e d  an approximate modulus correct t o  w i t h i n  

2% except a t  the l o n g e s t  t i m e s .  

C a l c u l a t i o n  of GI (c*> ) 

The error i n  the approximation of the storage modulus 

from the r e l a x a t i o n  spectrum by Equat ion  B.18 i s  i l l u s t r a t e d  

i n  F i g u r e  29.  As seen  from t h i s  f i g u r e ,  t he  predicted 

modulus is i n  considerable error This approximate 

-82- 



n 
H 

0 

0 0 
d 
I 

- b  

N 
I 

0 
m 
-. 
I 

0 
- 0  

I 

0 -. 
I 

3 
0 
I 

3 
b 
I 

p. 
a0 
I 



r--- I I I I 

h . 
. -  . ~ 

-04- 



i n t e r c o n v e r s i q n  formula  gave poor r e s u l t s  because  t h e  seg -  

ments of t h e  relaxation spectrum cou ld  not be s u f f i c i e n t l y  

approximated by Qt w i t h  m between 0 and 2 .  

Calcu la t ion  Gtl ( m  ) 

-m 

F i g u r e  30 shows t h e  d e v i a t i o n  of several approximate 

i n t e r c o n v e r s i o n  formulas  i n  t h e i r  p r e d i c t i o n  of t h e  correct 

loss modulus. All of t h e  equa t ions  p r e d i c t e d  the  l o g  of 

t h e  correct loss modulus wi th in  10% for  t h e  en tang led  modes 

of motion ( i * e . ,  l o g ( w )  l e s s  t han  4 .0 ) .  Cons ide rab le  

error i n  t h e  p r e d i c t i o n  of t h e s e  e q u a t i o n s  o c c u r s  i n  t h e  

r e g i o n  around log(cr3 ) = 4.5 which cor responds  t o  t h e  r e g i o n  

where t h e  spectrum goes through a maximum. The  slope of t h e  

spectrum changes r a p i d l y  i n  t h i s  r e g i o n  and t h i s  may have 

p o s s i b l y  caused the  l a r g e  d i sc repancy  i n  p r e d i c t i n g  t h e  l o g  

of t h e  correct loss modulus. For t h e  par t ia l  entanglement  

r e g i o n  and the  r eg ion  of unentangled modes of motion,  t h e  

p e r c e n t a g e  error is w i t h i n  10% f o r  a l l  of t h e  formulas .  

I n  t h e  r eg ion  around l o g (  p ) = -8.0, which cor responds  t o  

log (G) )  = 8.0, t h e  r e l a x a t i o n  spectrum goes through a 

maximum and might be r e s p o n s i b l e  for  the  l a r g e  d i sc repancy  

noted  h e r e .  T h i s  is t h e  g l a s s y  r e g i o n  where Rouse 's  t h e o r y  

is no longer able t o  predict polymer behavior. 
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Conclusions 

I n  employing t h e  various approximate formulas ta  

c a l c u l a t e  

(14 

H ( -k ) , w e  conclude t h a t :  

t h e  r e l a t i o n s h i p  of Marvin (Equat ion B.3) 

works w e l l  except  where t h e  r e l a x a t i o n  

spectrum i s  d i s c r e t e ;  

the formulas  of Okano and F u j i t a  

(Equat ion B. 4) and Leaderman 

(Equat ion B.2) work w e l l  i n  t h e  r e g i o n  

of t h e  r e l a x a t i o n  spectrum where the 

s l o p e  is n e a r l y  -1/2 and g i v e  poor 

approximations t o  t h e  spectrum i n  t h e  

r e g i o n  where the slope is n e a r l y  z e r o  

or. is d i s c r e t e .  

The p r e d i c t i o n  of t h e  r e l a x a t i o n  modulus from t h e  

dynamic modulus us ing  t h e  r e l a t i o n s h i p  of F e r r y  and 

Ninomeya (Equat ion  B.5) is e x c e l l e n t  fo r  both cases 

s t u d i e d  . 
The approximation of the  loss modulus f r o m  t h e  

r e l a x a t i o n  spectrum us ing  the e x p r e s s i o n s  of Smith 

(Equat ion B.6) and Ferry (Equat ion  B.7) is  good when 
-07- 



t h e  spectrum has a s l o p e  o f  n e a r l y  -1/2. 

however, gave a 3% smaller error than  Equat ion B . 6 .  

Ne i the r  r e l a t i o n s h i p  gave satisfactory predict ions of 

t h e  l o s s  modulus where a p l a t e a u  occur red  i n  t h e  re- 

l a x a t i o n  spectrum. 

q u a t i o n  B.7, 

Our approximate i n t e r c o n v e r s i o n  formula  for  cal- 

c u l a t i n g  the  s t o r a g e  modulus from the  re laxat ion 

spectrum (Equat ion B.18) works w e l l  on ly  when t h e  

spectrum can be w e l l  r e p r e s e n t e d  as a "wedge" w i t h  

a slope of about -1/2. Cons iderable  m o d i f i c a t i o n  

is r e q u i r e d  before t h i s  equa t ion  w i l l  apply  where 

the  slope of t h e  spectrum is near  zero. 
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Appendix I: Viscosi ty-Molecular  Weight R e l a t i o n s h i p  

To be able t o  a p p l y  Equation A . 3 9 ,  t h e  fo l lowing  

e q u a t i o n s  are necessa ry  to compute t h e  r a d i u s  of g y r a t i o n  

and t h e  monomeric f r i c t ion  factor for  p o l y s t y r e n e  (26) :  

( < sa) o w  /M) = 9.2 X l0- l '  (1 - 10-3~)  ( C 4  

with.  T i n  deg rees  Cent igrade  and 

1/Tg = 1/373 * 0.72/M (C.2) 

109 (5, = log 3 !J - (T-Tg)/(J\ * T-Tg) ( C . 3 )  

w i t h  

l o g ( 5 g )  = 3.0 (C.4) 

= 13.7 (C.5) 

= 48OK, (C.6) 

W e  used t h e  r e l a t i o n s h i p  of Fox and F l o r y  (30.) 

v = 1.040 + 72/M (C.7) 

t o  c a l c u l a t e  t h e  r e q u i r e d  specific volume of p o l y s t y r e n e  a t  

217Oc. 

Appendix 11: P h y s i c a l  C o n s t a n t s  f o r  Various Cases 

Tobolsky ( 6 . )  reports t h e  r e l a x a t i o n  spectrum for  mono- 

d i s p e r s e d  p o l y s t y r e n e .  The p h y s i c a l  c o n s t a n t s  ( 6 . ,  31.) 

for this case are listed i n  Table I I a  
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Table  11: Phys ica l  Cons tan ts  for Case  1. 

Polymer Viscosiky (poises)  
S o l v e n t  V i s c o s i t y  (poises) 
Temperature ,  OK 
Number of Molecules per Cubic Cent imeter  
Molecular Weight 
Molecular Weight between Entanglements 
Crit ical  Index 
Number of Subchains  
Parameter  (El) 
Entanglement Cbupling Function 

3.30 x 1014 
0 .o 
3b6 

3.77 x 1018 
154,000 
31,150 

2.47 

0 . 5  
A . 5 1  

381 

The p h y s i c a l  c o n s t a n t s  for c a l c u l a t i n g  the visco- 

e las t ic  f u n c t i o n s  f o r  C a s e  I1 are l i s t e d  i n  T a b l e  111. 

~~~~~~~ ~ ~ 

Table 111: P h y s i c a l  Cons tan t s  for  C a s e  11. 

Molecular Weight 750,000 
Molecular Weight b e  tween Entanglements 31,500 
V i s c o s i t y  of Polymer (poises) 203,000 
V i s c o s i t y  of So lven t  (poises) 0 .O 
N u m b e r  of Subchains  288 
Crit ical  Index 12 
Temperature  (OK) 490 
Number of Molecules per Cubic C e n t i m e t e r  7.73 X 1017 
P a r  meter (El) lo8, 1.0, 0 . 5 ,  0.25 
Entanglement Coupling Funct ion A . 5 1  
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The p h y s i c a l  c o n s t a n t s  f o r  C a s e  I1 (Example I for  

. P a r t  B of t h i s  t h e s i s )  are l i s t e d  i n  Table  I V .  

Table I V :  P h y s i c a l  Cons tan ts  for  C a s e  I11 
and Example I .  

Molecular Weight 
Molecular Weight between Entanglements 
V i s c o s i t y  of Polymer ( p o i s e s )  
V i s c o s i t y  of S o l v e n t  ( p o i s e s )  
Number of Subchains  
Cr i t ica l  Index 
Temperature (OK) 
Number of Molecules p e r  Cubic Cent imeter  
Parameter  ( El) 
En tang  1 emen t Coup1 ing  Function 

85,600 
1 , 6 2 5  

0 .o 
205 

26 

10,000 

490 
6.78  X 10” 

1.5, 1.0,  0.5 
A . 5 1  

Tab le  V lists p h y s i c a l  c o n s t a n t s  f o r  Example I .  

TabPe V:  P h y s i c a l  Constants  for  Example I .  

Molecular Weight 
Molecular Weight between Entanglements 
V i s c o s i t y  of Polymer ( p o i s e s )  
V i s c o s i t y  of Sblven t  ( p o i s e s )  
Number of Subchains  
Cr i t ica l  Index  
Temperature  ( OK) 
Number of Molecules p e r  Cubic Cen t ime te r  
Parameter  

86 ,000  
- 

10,000 
0.0 
209 
- 
500 

6.74 X 10l8 
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A p p e n d i x  111: O u t l i n e  of Cpmputer  Proqram t o  

C a l c u l a t e  L i n e a r  Viscoelastic F u n c t i o n s .  

The modification of Rouse's theory to  include the  effects 

and 

K = 2.4 E X P L E l ( F - P e ) ]  / (1 + EXP [ E l ( P - P e )  I\ 
(C .10)  

(C.11)  

Pe = M/(2 M e )  ' (C .12)  

T h e  relaxation t i m e s  c h a r a c t e r i z e  the  sys tem e n t i r e l y  

and y i e l d  d i r e c t l y  the viscoelastic f u n c t i o n s .  T h e y  are 

given by (2.a, 2.b) 
f l  

G ( t )  = n k T E X P (  -t/+. ) 
P- I 

(C.13)  

(C.14)  

(C.15)  

J '(4 = G t ( ~ ) / [ G t ( U ) t  + G I l ( o ) ' L ]  (C.16)  

J1#( CU) = W ( W  ) /  LGI  (w) '  + G1I(w)&] (C.17)  

?I (d) = G f 1 ( ~ ) / w  (C.18)  

$'(a) = G ' ( u ) / ~ d  0 (C.19)  

T h e  relaxation spectrum is g i v e n  exactly by 

(C.20)  



W e  approximated t h e  d e l t a - f u n c t i o n  wi th  a s h a r p  Gaussian 

and e v a l u a t e d  t h e  r e l a x a t i o n  spectrum by 
1\1 

H(z) = n k TIL p .  I (C/f i )EXP \ [  (?/.t;, ) -  4'2j. (C.21) 

The c o n s t a n t , C ,  w a s  set  equal  t o  4 for ou r  c a l c u l a t i o n .  

Appendix I V :  The Phys ica l  Cons tan t s  for F i q u r e  6 .  

Table V I  lists t h e  p h y s i c a l  c o n s t a n t s  r e q u i r e d  t o  cal- 

culate  t h e  Entanglement Coupling Funct ion  us ing  t h e  arc 

t a n g e n t  m o d i f i c a t i o n  (Equation A . 5 1 ) .  

Tab le  V I :  P h y s i c a l  Cons tan ts  for  F i g u r e  6 .  

Molecular Weight 85,, 600 
:.:el ecul +;eight Setween En tang1 emen ts 1 .. 650 
Number of Subchains  205 
C r i t i c a l  Index 26 

En t anglenien t Coup1 i n g  Function A.52 
Parameter  Value (E2) 0.001, 0.1, 0.5, 10 

Appendix V: U s e  of Chiakah i sa ' s  Theory 

Ch iakah i sa  ( 24. ) d e r i v e s  

3 7 E b,  M + b, M ( C . 2 2 )  

for r e l a t i n g  v i s c o s i t y  t o  molecular weight .  The c o n s t a n t s  

b, and b, were used as adjustable  parameters to  o b t a i n  t h e  
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best f i t  of the  data by a l e a s t - s q u a r e  a n a l y s i s  below M c  

t o  evaluate b ,  

m i n a t i o n  of these c o n s t a n t s  y i e l d e d  the  e q u a t i o n  

and above Mo to evaluate b, Tho doter-  

7 = 9.053 x io’4M + 4.103 x 10-12M3 (C.23) 

w i t h  the  v i s c o s i t y  g iven  i n  p o i s e s .  T h i s  satisfies the  

c r i te r ia  developed by Chiakahisa t h a t  

b,>> b2 (C.24) 

W e  n o t e  t h a t  these c o n s t a n t s  canno t  y e t  be c a l c u l a t e d  from 

f i r s t  p r i n c i p l e s  

Appendix V I :  The I n f l u e n c e  of Length of  Subchain 

on V i s c o e l a s t i c  Func t ions .  

Two cases w e r e  compared where the subcha in  l e n g t h  of 

one w a s  double  the subchain  l e n g t h  of the  other having 

o t h e r  i d e n t i c a l  p h y s i c a l  c o n s t a n t s .  Tab le  VI1 shows the  

data employed to c a l c u l a t e  the v i s c o e l a s t i c  f u n c t i o n  f o r  

the two cases. 
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Table V I I :  Data for T e s t i n g  t h e  I n f l u e n c e  
of Subchain Length 

C a s e  Number 
Molecular Weight 
Molecular Weight between Entanglements 
V i s c o s i t y  of Polymer ( p o i s e s )  
V i s c o s i t y  of So lven t  (poises) 
Number of Subchains 
C r i t i c a l  Index 
Temperature (OK) 
Number of Molecules p e r  Cubic Cent imeter  
Parameter  (El) 
Entanglement Coupling Funct ion 

1I.a a 1I .b  
750,000 750,000 
31,500 31,500 

203,000 203,000 
0 .o 0 .o 
260 144 
12 12 

490 490 

0 .5  0.5 
7.73 x 1017 7.73 x 1017 

A . 5 1  A.51 

The r e l a x a t i o n  spectra for these t w o  cases are shown 

i n  F i g u r e  37. They do n o t  deviate  u n t i l  t hey  approach 

g l a s s y  r e s p o n s e  fo r  t h e  system. H e r e ,  the  theo ry  of 

Rouse is i n v a l i d .  Thus, t h e  spectrum is independent  of 

t h e  humber of subchains  i n  t h e  r e g i o n  where t h e  t h e o r  i s  

v a l i d .  

Appendix V I I :  The Continuous Re laxa t ion  

Spectrum from Rouse 's  Theory 

The g e n e r a l  v i s c o e l a s t i c  f u n c t i o n  is w r i t t e n  as 

F ( S )  = I'D [ H ( T ) / 2 ]  f & Y )  de ( C . 2 5 )  
0 
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or 

F ( T )  = E G i f  ( ~ 2 )  (C.26) 
i 

w h e r e 5  is a dummy v a r i a b l e  e q u a l  t o  e i t h e r  l/t or w . 
If t h e  r e l a x a t i o n  t i m e s  are s u f f i c i e n t l y  close, t h e  term 

G i  f 6 ~ )  can be r e p l a c e d  by s(sqdt. w i t h  et29 cons ide red  

a d e n s i t y  o f t  and t h e  summation r e p l a c e d  by i n t e g r a t i o n .  

Then, from EQuation C.26, i t  fol lows t h a t :  

( C . 2 7 )  

and 

H ( ' t - 1  = Ye(?)* ( C . 2 8 )  

The r e l a x a t i o n  t i m e s  for Rouse's t h e o r y  may be w r i t t e n  

as 

( C . 2 9 )  

w i t h  

L a .  = a 2, so / ( 6 7 & k T )  (C.30) 

from Equat ion A . 2 7 .  The Rouse t h e o r y  assumes t h a t  

Gi = nkT. (C.31) 

With the  d e n s i t y  of r e l a x a t i o n  t i m e s  g iven  by 

q C 2 >  = Gi 1 dP/d 4 (C.32) 

and wi th  
' I& 

dP/dY = -(1/2) (2; /( 3 (C.33) 

s u b s t i t u t i n g  these i n t o  Equat ion C.28 y i e l d s  
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‘/a# I 
H ( 2 )  = nkT( 5 ) / @ E h ) *  (c.34) 

Thus, Rouse’s theory for c l o s e l y  spaced xelaxat im t i m e s  

p r e d i c t s  that  the log ( H )  versus log (PI p l o t  is a wedge 

with a s l o p e  of -1/2 which corresponds approximately 

t o  t h e  experimentally determined slope of the  wedge 

(3*, 4 . ,  5 . ) .  
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, 

N o t  a t  i o n  

A - Constant. 

B - Constan t .  

C - Constant,.' 

D - Constan t .  

E, 

E L  

F( T) - Funct ion  of shear stress. 

G ( t )  - Shear r e l a x a t i o n  modulus. 

G *  

G '  - Shear s t o r a g e  modulus. 

G" - Shear loss modulus. 

- Constan t  of q u a t i o n  A.$I:* 

= Constan t  of Equat ion A . 5 2 .  

- Complex dynamic shear modulus . 

( G t l ) m a x -  Maximum i n  loss modulus. 

- Spr ing  cons t an t  of M a x w e l l  e lement .  

- Equi l ib r ium modulus. 

- Relaxa t ion  spectrum. 

- Tabula ted  f u n c t i o n  of m. 

- Complex dynamic compliance.  

- Pseudo-equi l ibr ium compliance.  

- Shear storage compliance 

- Shear loss compliance.  

- Maximum i n  loss compliance.  
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KT 

L 

M 

M c  

M e  

Mo 

N 

NA 

P 

Pe 

T 

Tg 

z 

zc 

- Constan t  t h i s  is a f u n c t i o n  of t empera ture .  

- R e t a r d a t i o n  spectrum. 

- Molecular Weight. 

- C r i t i c a l  Molecular Weight 

- Molecular Weight between en tanglements .  

- Monomer molecular weight.  

- Number of submolecules i n  a macromolecule. 

- Avogr ad r  o s number. 

- Index. 

- Index  fo r  entanglements .  

- Entanglement coupl ing  f u n c t i o n .  

- Gas c o n s t a n t .  

- Average squa re  end-to-end d i s t a n c e  of an un- 

p e r t u r b e d  macromolecule . 
- Temperature.  

- G l a s s  t r a n s i t i o n  tempera ture .  

- Number of backbone atoms i n  a polymer c h a i n .  

- Critical  number of backbone atoms i n  a polymer 

c h a i n .  

- Degree of polymer k a t  i o n .  

- Temperature s h i f t  factor. 

- E f f e c t i v e  root-mean-square end-to-end d i s t a n c e  

of one repeat u n i t .  
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b,, b, - Cons tan t s  of Equation A . 9 2 .  

' % - Coefficients i n  WLF e q u a t i o n  referred t o  
c l p  =a 

T as reference. 
% 

c f ,  cf - C o e f f i c i e n t s  in WLF e q u a t i o n  referred to 

T, as reference. 

f - F r a c t i o n a l  f ree  volume . 
T s *  - F r a c t i o n a l  ,free volume a t  

f21 

f o  - T r a n s i t i o n a l  f r i c t i o n  c o e f f i c i e n t  of a 

submolecule.  

k - Boltzmann's c o n s t a n t .  

m - Negative slope of l og - log  p lo t  of r e l a x a t i o n  

spectrum v e r s u s  r e l a x a t i o n  t i m e .  

n - Number of molecules  per Cubic C e n t i m e t e r .  

t - T i m e .  

V - Free volume. 

d - Funct ion of molecular weight 

- Thermal expansion of free volume r e l a t i v e  t o  

t o t a l  volume. 

- Cons tan t .  Q 
r* - Cons tan t  shear stress. 

&(t) - Time va ry ing  shear s t r a i n .  

&' - S i n u s o i d a l l y  t i m e  v a r y i n g  shea r  s t r a i n  a t  an 

angu la r  f requency  of(r3 r a d i a n s  per second. 
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k - Rate of s t r a i n .  

(b - D i r a c  delta f u n c t i o n .  

A - L o g a r i t h m i c  decrement of plateau r e g i o n  of the 

r e l a x a t i o n  spec t rum.  

E - C o n s t a n t .  

4" - Complex dynamic v i s c o s i t y .  

7'- Real pa r t  of t h e  complex dynamic v i s c o s i t y .  

>i'- Imaginary  pa r t  of t h e  complex dynamic v i s c o s i t y .  

- S t e a d y - s t a t e  v i s c o s i t y  a t  T 7a a '  
7 - S t e a d y - s t a t e  v i s c o s i t y  a t  zero shear  rate.  

3s- S o l v e n t  v i s c o s i t y .  

K - E x p o n e n t i a l  f u n c t i o n  i n  t h e  e n t a n g l e m e n t .  

A - C o n s t a n t .  

J, - T r a n s l a t i o n a l  f r i c t i o n  c o e f f i c i e n t  per monomer u n i t .  

- D e n s i t y .  

@?I - D e n s i t y  of 'L . 
Po - C o n s t a n t  shear stress. 

(let> - Time v a r y i n g  s h e a r  stress. 

t* - S i n u s o i d a l l y  t i m e  v a r y i n g  shear stress at a n  

a n g u l a r  f r e q u e n c y  of r a d i u s  per second .  

s' - Root-mean-square end-to-end d i s t a n c e  of a 

submolecu le .  
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% - Helaxation time. 
- Frequency. 

- Step function. 
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