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Preface

The Space Programs Summary is a six volume, bimanthly publication designed to
report on JPL space exploration programs, and related supporting research and
advanced development prejects, The subtitles of all volumes of the Space Programs
Summary ores

Vol. 1. The Lkunar Program (Confidential)
Yol. Il. The Planetary—Interplanetary Program (Confidential)
Vol, lll,  The Deep Space Network (Unclassified)

Yol. IV. Supporting Research and Advanced Development {Unclassified)
Vol, V. Supporting Research and Advanced Development (Confidential)
Voi. VI. Space Exploration Programs and Space Sciences (Unclassified)
The Space Programs Summary, Vol. V| consists of an unclossified digest of
appropriate material from Yolumes I, |l, and 1ll; an original presentation of the JPL

{1) quality assurance and reliability efforts, and (2} environmental- and dynamic-testing
facility-development activities; and o reprint of the space science instrumentation studies
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HSY L RS DIVIGION

l. Systems Analysis

A. Effects of the Moon'’s
Gravitational Harmonics
on a Lunar Orbiter
F. M. Sturms, Jr.

This article gives some preliminary results of a study
to examine the sensitivity of orbit elements and tracking
station range rate to values of the harmonic coeflicients
in the Junur gravitational ficld. It is hoped that these re-
sults will give insight into which cocfRcients can be deter-
mined by tracking a lunar orbiter and what methods of
orbit determination are applicable to a selenodesy effort
for a lunar orbiter.

To implement the study, a special version of the JPL
spice trajectorics program was developed, with the lunar
gravitational potential in terms of spherical harmonics in
the form:

vt 2 S () pi

r 1
N "
1Ly ¥

r n.1 m:1

R n
(7) Py (8in @) (Cy, m cOS A

A subronting for obtaining the Cartesian perturbation
components for N«310 was coded; it replaces the
standard subroutine in terms of the moments of inertin
(A, B, €) about the principul axes. The progeam was
checked out by comparing runs with values of R, J., and
C.,» equivalent to values of A, B, and € on the standard
trajectory program,

1. Nominai Values of Coefficients

The nominal values of J,, C,,4, Ca,y, 81,4, So,1, and 8, 4
are zero, from the definition of the Moon-centered coordi-
nate system. Non-zero values of [, C,,,, and §,,, indicate
a coordinate system that is not centered at the Moon’s
center of mass; non-zero values of G, and 8., indicate
coordinate axes that are not along the principal axes of
inertin and a non-zero value of S,,, indicates longitude
not measured from the principal x-axis. Since it is not
clear at this time whether they shonld he determined
directly or by the cquivalent determination of the Moon's
cphemeris or coordinate system, these coeflicients are not
examined in thiy study,

Vahies of J, and C,,, arc fairly well-known. The nom-
inal values used in this stedy are equivalent to the values
of A, B, and C in Ref. 1: J,-: 20711 X 10 ¢ and
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Cy

-

by 10 for perturbed runs,

20,716 > 10 *, Values of J. and €, are increased

The value of the important cocflicient J, is not well-
known; the nominal value is tnken as zero, as are the
nominal values of all other cocflicients except J; and
C,, . The perturbed values of ], are taken as :1:104, Runs
have not yei heen obtained for the perturbed values of
other cocllicients,

2. Nominal Orhit

The selenographic initinl conditions for the nominal
orhit (apeapsis injection) were:

Az, 1072 m/sec

¢ 07:00GML, 8.6-066

r 2663 km

! !
{a) FOR FIRST

TRACKING

INTERVAL

¢ O deg

0 1607 deg

V -+ 12154 km/sce
' Odeg

Y+ 1113 deg

with u = 49027779 km?/sec?, The resulting orbital con-
ditions woere:

d, - 2239.9188 km
ey ¢ - 0,18888214
periapsis altitude = 77.8 km
period 15855 min

iy - 21179 deg

ey 1 | 1 1

~ {b} FOR SECOND
ool - . /N ] TRACKING _ ]
/ '\ INTERVAL

eo = . P,

60|

J
/
{
I
]
h
40 JR— RN SR, Vi
|
I
|
20 7 et ey
I

— Ap. .
ﬁ&
- AﬁCzla

— AJaACp2:107C

00:00

00:01

00:02

00:03

~80

-100

B A 7,L_¢
/ \

|
i
|
A
i
2
]
!
|
!
|
~120 {
]

-140

~160
0107 0708 07:09 07:10

TIME FROM INJECTION, days: hr

Fig. 1. Range-rate increments Ap for J, and C., . for both tracking intervals




All orbits were obtained hy Moon-centerea ¥ncke inte-
gration, with a G60-sce step size,

3. Effects on Range Rate

The range rate g was obtained for two 3-hr periods for
the Goldstone T'racking Station, The periods are from
injection to 3 hr after injection and from 7 days, 7 hr
after injection to 7 days, 10 hr after injection, Station
printouts were obtained at 2-min intervals,

Iig, 1 shows Ap (perturbed range rate minns nominal
range rate} for o Af, and AC, , of 10 * for both tracking
intervals, The maximum residuals for the flrst tracking
interval are 0,010 and 0.030 m/see, respectively. For the
second] tracking interval, the residuals increase to 0.8 and
1.4 m/sce, respectively, The magnitudes of the range-
rate residuals are within the Deep Space Network capa-
bility; bowever, the J, and €, residuals are almost

proportional and may be difficult to separate. In order

JPL SPACE PROGRAMS SUMMARY NQ. 37-32, VOL, IV

to deseribe the separability of the two, Fig, 2 shows the
quantity

Af,"g —_ RA”",',J. 3,

where the proportionality constant R was chosen to
equalize the poritive peaks in Fig, 1. The differences are
indicative of the separability of J, and €, , by the orbit-
determination process, After 7 days, the effective maxi-
mun residual is 0,11 m/see,

Fig, 3 shows the cffeets of hoth positive and negative
values of Aly on Aj in the two tracking intervals, The
value of AJ; is :+:10°%, The effects of positive and negative
values avo nearly opposite, indienting lincarity in the
range of values, Kaula' has shown that the magnitude of
Jo may be as high as 93 X 10 4 based on equal stress
assumptions for the Earth and Moon, As shown in Fig, 3,

Kaula, W. M., Caleulation of Perturhations of Fanar Orhiters, U.S,
Govt, Memorandum, December 13, 1963 (Unpublished).

3 [r e e ] | | S S S| |2° I - ’r T "'I - R A
{0} FOR FIRST TRACKING (b) FOR SECOND TRACKING
— INTERVAL 100 e INTERVAL 1
2 ———d- e 80

€0

00:00 00:01

“oo0:02 00:03

Af?,a = 0.60I176677 Ap'ca -

07:07 07:.08 T 07:09 07:10

TIME FROM INJECTION, days: hr

Fig. 2. Differences in J, and C, , range-rate increments Ap for both tracking intervals,
using proportionality constant R
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Table 1. Values of increments in several osculating orhit elements for AJ., -~ 10°*
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dayihnmin ! v *d 0 " deg m dayihrimin "9 B8 L m
First tracking Intarval Second trocking Interval
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Fig. 5. Mean radius of periapsis T, for J. for the first 7 days after injection
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this valne wonld give residuals which conld he casily
detected hy the Deep Space Network,

4. Effects on Orbit Elements

Another method for determining the values of the
harmonic eoeflicients is based on che perturbations of
the osceulating orhit clements or the mean elements, The
vitlies of increments in several asenlating orbit clements
(pevturbed values minns nomimil values) doe to a AJ, of
10 4 are given in Table 1 at 10-min intervals; these ole-
ments are as follows: cceentricity ¢, inclination {, longi-
tude of node Q, argnment of periapsis o, and radins of
periapsis 7,

It is likely that mean clements will he nused in an orhit-
determination method rather than osenlating elements,
Values of the mean orbit elements were computed for
the first 7 days after injection, The mean value was ob-
tained by fairing a smooth curve through osculating
values at 4-hr intervals, Values of A, and (a7,),, for an
increment Al = 10 ¢ were very erratic and are not given
here. Values of AE_“,, AﬁJE, and A&, arc shown in Fig. 4.
These plots are similarly smoothly faired through points
including short-period terms.

The marked effect of J; on 7, is shown in Fig, 5, which
comparces 7, values for 7 days for AJ; = 10 to values
for the nominal J, = 0. This sensitivity makes 7, important
in determining J.,.

B. Coordinates in the Theory
of Relativity
H. Lass

In recent years there have beer various criticisms of
Eiustein’s general theory of relativity, most of which con-
cern the use of generalized coordirates and the assump-
tion of the covariance of Einstein’s field equation to
arbitrary coordinate transformations. Indeed, the Russian
physicist Fock (Ref. 2) argues that a preferred coordinate
system is required to exhibit certain intrinsic properties
of space and time, and he chooses the hannonic condi-
tions g*vxi v =0, £ =1, 2, 3, 4, of de Donder to deter-
mine his preferred coordinate system. In any case,
however, the precise meaning of these coordinates in
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terms of physical measurements is ignored hy Fock, and
Finstein's fundamental prineiple of the covarinace ¢ the
lnws of physics is destroyed,

P, Bridgman’s eritique of Fistein’s general theory of
relativity is that Kinstein failed to carry over to the gen-
cral theory of relativity the operational methods of de-
fining clocks and lengths which he had so aptly applied
to the special theory of relativity, In coffeet, Bridgman
eriticizes Kinstein for failing to operationally define what
is meant by a coordinate system, Kinstein's answer 1o
Bridgman’s eritiques (Ref, 3) was as follows: “In order
to be able to consider o logical system as physical theory,
it is not neeessary to demand that all of its assertions ean
he independently interpreted and ‘tested” operationally,
de facto, This has never yet been achieved by any theory
and can not at all he achieved, In order to he able to con-
sidder a theory as a physical theory, it is only necessary
that it implies empirically testable assertions in general.”

In this discussion, we wish to show that, under certain
conditions, one can define the coordinates of general rela-
tivity theory from an operational point of view, We will
negate the argument given by various students of relativ-
ity that, if the coordinates involved in the Schwarzchild
line element for a point mass (or the Sun) yicld an ad-
vance in the perihelion of Mercury, how can we be sure
that a rotation has not in some way been introduced
which just accounts for this advance in perihelion?

Now it should be clear that, if one solves a system of
differential equations involving certain coordinates, the
path defined by the solution depends on the physical or
gecometrical definitions of these coordinates. For example,
consider a law of physics given by dv/du = v whose
solution is v = v, exp (u). If we interpret 4 and v as the
abscissa and ordinate, respectively, of Euclidean 2-space,
we obtain the following curve:

v

On the other hand, if this law of physics is interpreted
by a two-ditmensional observer who can only visualize
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a polar coordinate system, the path o
given hy:

"oy exp () s

v s vgexple)

B

Thus, it should he clear that the paths given by the
geadesic equations

iyt dat dat
- mna - LT [ [
ds* b ds ds 0 (1)

bave no physical significance unless the coordinates
at, =1, 2, 8, 4, arc operationally defined.

Our first example involving the operational definition
of coordinates in the theory of relativity will concern
itself with a frame of reference rotating at a constant
angular speed relative to an inertial frame of reference.
Let 0-a--2 be an incertial frame of reference,

ds? = e*dtt — (dx® 4 dy® + dz?)
= ¢*dt* — (drt + r2d0* - dz?).

Now consider the rotating frame of reference centered
at 0 and moving with angular speed o in the sense that
any point fixed on the rotating frame has an angular
speed o as observed from the inertial frame of reference.
The radius of the rotating frame (“merry-go-round”) is
assumed finite, r - 1, such that er, < ¢. Let us assume
that the rotating frame of reference is made of glass so
that observers on this frame of reference can look down
and note the inertial coordinates x-y-f of an cvent, We
will negleet the z-component and consider only the co-
ordinates r, 0, ¢ of the inertial observers. An event which
tukes place at r, 0, ¢t is noted by an obscerver in the rotat-
ing frame of reference (noninertial frame), and he desig-
nates the “coordipate” time by T'--f and the “radial”
coordinate by B - 7. Now the maotion of any point fixed
in the noninertial fraine is given by 0 - - ¢, - of, as ob-
served by the inertial observers. Having chosen a fixed

R A S o e A e ¢

reference direction, the motion of this same point is given
by 0= 0, For ench 6, there exists a 0, such that
Oy = F(0,), and

¢) f(ﬂ mt),
0=t 1 g (0) ol 1 {0, @
do = odT 1 g’ (0) do,

Ience, the metrie for the rotating coordinate system is
given by

W'
ds (."'-'(] —(_—) 1% - dR - Reg(0)do?

WP (0) dod' - d/z, (3)

From symmetry conditions, the components of the
metrie tensor g;; should be independent of 0, so that
g’ (0) = 1 in order that ¢ = 0 for o = 0. Heaee, we have
obtained the well-known transformations

t—T
r- R
(4)
0: 04 T
a=Z

from an operational point of view, with

o’R*

cs? = 2 (1 - ) dT1* — dR* — R*do*

- 2eR2dOdT — dZ* (5}

for wR < ¢. Since proper time is defined by ds/c, we sce
that, for an observer fixed in the rotating frame of ref-
crence, dR = do = dZ = 0,

a4 (1 | ﬁ) Jr, (6)

¢ ¢

and the rate of “atomic elocks,” or proper time, is a func-
tion of the radial coordinate of the observer,
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1t shonld be noted that, for two points fixed on: the
rolating frame, the coordinate time for light to go from
P, to Py is given by (sciting ds® = 0):

Ty

Tg T T] L= [{lTI

il

Iy

[lr)llu I(’()I - [:-:“R‘(l()"

' w'
e
" -

. PRI L ‘ Lo
1 c‘(l - -—) (dR* 1 Hede? rlZ‘-’)]

“,2 o
. (1 ~ --;’—‘-) )

If, at T, P, sends a light signal to P., it will be reccived
at P, at coordinate time T, From lig. (7), it follows
that, if another light signal is sent from P, at coordinate
time T, + d7T, it will he received at P, at coordinate time
T, + dT, so that coordinate time is universal; i.c., all
observers agree on the meaning of d7.

Now, suppose we are intercsted in the distance between
two points P, (R,,0,,Z=0) and P,(R.,,0,,Z =0). One
usually sets O, = 0 and dT = 0 and finds that

—ds* = dR?,
so that

Ry
L:—.f |dR| = |R. — Ri|.
Ry

In the special theory of relativity, Einstein has shown
that the distance between two points involves clocks as
well as meter sticks (simultaneity of two cvents). Since
the rate of atomic clocks (true time) depends on the
position of the observer, setting dT = 0 is not equivalent
to making simultaneous marks at P, and P,. However, by
means of light signals onc can speak of the distance from
P, to P, say L(P,P,). We will tind that, in gencral,
L(P,P,)#L(P,P,). Let P,(R,,0,) send a light signal
to P,(R,,0,), and let the light signal be reflected back
to P,. The coordinate time for the journcy of the light
signal is scen to be (Eq. 7):

T = (T, — T,).
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The proper time: is given hy:

B EEANLE:
T (T, T) (]‘ iﬁl)"‘

o

so that P, defines the distance to P, hy

w7\ Y%
L(P.,Pg) = e(T.— 1) (]. n m,ﬂ'") ' (8)
and similarly
u:"’H:‘E l-’('
L@ar) <ot -1) (1 22)",

As a second example involving the operational point of
view of defining coordinates, we will find the metrie dne
to a “mniform” gravitational field, Let us consider o mas-
sive (infinite) body ar X - o which produces o one-
dimensional - gravitational field in the X-dircetion (a
strictly idealized condition). By means of a rocket, we
asswme that a frame of reference 0-X-Y-7 exists and is at
rest relative to the massive body, At the origin 0 of this
coordinate system, light signals are sent to the fixed
observers of the 0-X-Y-Z frame of reference at unit “time”
intervals, The fixed observers set up “coordinate” clocks
to run at the same rate as the clock at 0, which defines a
universal or coordinate time T. Furthermore, the co-
ordinate X of any point can be defined relative to 0 by
the simple definition dX/dT = ¢ for the motion of light.

From symmetry conditions, we must have

ds* = exp [2(?5 (X)] (c*dT? — dX?) — dY* — d7:.

c'.'
(9)

The gi;(X) of Eq. (9) satisfics Einstcin’s ficld cquations
Ri; = 0, provided ¢”(X) =0 or ¢(X) = —gX. The co-
ordinate transformation

=11 - exnf = BXY cosh (BT
xmg[l t,xp( c2)(30:.11(‘:)‘], Y,

(10)
: r X T
t= -Ecxp ( - -{L-) sinh (ﬂ) , z=12,
g ¢ ¢
reduces Eq. (9) to the simple Minkowski metric
ds? = ¢tdt? — (dx® | dy* 1 dz?). (11)

Thus, the coordinate system O-x-y-z represents a freely
falling frame of reference (inertial frame).
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Returning 1o I5g. (9), one notes that proper time is
related to coordinate time by

dv v.\'p(- : i‘ﬁ) dr, (12)

and it is precisely this fact—that the rate of an atomic
clock depends essentinlly on the potential field (¢ == - -gX,
hovrowed  from Newtonfan  physics)—that explaing the
clock parados,

It ds interesting that the transformations of kg, (10)
aned, henee, the metrie of K, (9) ean be obtained from the
following considerations: Tt & - ay be the a-coordinate
of a point fixedd on the freely falling frame of refer-
enee (inertinl frame). Assume that the motion of this
point is given by X Xo t ¢ (1), with ¢ (1) independent
of X, For cuch X, there corresponds an x,, and con-
versely, so that v, (X)) aad v F[X - ¢ (D)]. Lot

o FIX (D),
(13)
o G(X,T),

with ¢ (T), G(X, T) unknown functions, The operstional
definitions of T and X (namely, dX/dT = +-¢) for light
woving in the X-direction, and the fact that dx/dt = ¢
1or the motion of light as observed by an inertial obscrver,
enable one to obtain Kq. (10) and, hence, Eq. (9)
(see Ref. 4).

We now consider the metrie due to a perfect spherical
mass. It is not difficult for observers at rest at the surface
of this body to choose radial directions by means of plumb
hobs and to operationally define the spherical angles 6
and ¢, Again we define coordinate time ¢ by means of
light signals sent to any obscerver at rest in space relative
to the body (the observer can remain at rest by means
of a rocket), The radial coordinate can be operationally
defined by the equation (dp/dt)* == ¢* for the radial mo-
tion of light, but we are not certain that the coordinate
spred of Jight normal to the radial direction is neces-
sarily ¢,

Henee, the metrie due to the mass must be of the form
ds?exp [2A (p)] (exdt? - dp?) - exp [2e (p)]

X (prde® 1 p?sinzg dg?). (14)

1o

If we compare ds* of Vg, (14) with the Schwarzehikl

metric
G 2GM\ !
ds? - c"(l A ,,M)dt“ - (] S )
cir cir

Xodt = (d0® A sin®0 d?), (15)

we note that, of necessity,

. 20, M
exp[2A(p)] = 1~ Ty
QNT\ _
exp [A(p)] dp (' ““(,;;.’“) dr, (16)

roopexpp(p)],

which yiclds

'r 2(::’\1)

20:M ( e 2GM

p--i'l‘ o lll(. B ICM\ r>-_(’:;-" (]7)
\’u e

with =7, when r =0 r,, and oxp [p(p)] = #/p, 0 tran-
scendental equation in p (p).

Since p = 7 for the planets of the Sun. one would obtain
the sume advance in the perihelion of Mereury using the
metric of Eq. (14) as well as the value for the bending
of light. Moreover, the operational definition of the co-
ordinates used in the metric of Eq. (14) precludes the
idea that the advance in the perihelion of Mercury is
duc to an inadvertent introduction of a rotating frame
of reference.

From Eq. (17), choosing the value of 1, for the radius
of the Sun, we find that p differs from r by approximately
15 km if we choose r as the radial “distance” of Venus
from the center of the Sun. The time required for light
to travel twice this distance is 10-* sce. Shapiro (Ref. 5)
and Muhleman and  Reichley (SPS 37-29, Vol 1V,
P 229-241) have sugpested that the theory of relativity
predicts that radar pulses sent from the Earth to Venus
and back will require a slightly longer time for the
journcy than would be the ease if space were Euclidian
and light traveled with a constant speed ¢ in straight-line

;
i
|
1
1
i




motion, Their ealenlated difference in time is of the order
of 10 ® to 10 * see, provided we assume that the radial co-
ardinate of the Schwarzchild metrie is identifled with the
astronomer’s radial distance in constructing an ephemeoris
of the planets, However, if we use the metvie of K. (14)
with p deflned by Eq. (17), and if we choose p as the
astronomer’s radial distance, it is easily shown that the
time required for light to travel from Barth to Venus and
hack will differ from Muhleman's ealeulated time by at
least 104 see, The flaw in these previons works is that we
have no way of relating a non-Euclidean rudinl coordinate
of Finstein's theory to s Fuclidean vadial coordinate used
in the constroction of an ephemerds,

JPL SPACE PROGRAMS SUMMARY NO, 37-32, VOL.. IV

1t should he noted heye that the two principal checks of
Kinstein's theory involve angle measirements, ‘The values
for the perihelion of the planet Merenry and for the head-
ing of light which grazes the Sun do not depend seviongly
on the radinl coordinate involved in determining the
angular momentum of the planet Mereury and on the
radius of the Sun, respectively, Thers is no wuy, however,
of comparing the proper time for light to travel from
Sarth to Venus and hack with the so-called Fnclidequ-
Newtonian time, If such experiments were to lead Shapiro,
Mulleman, and Relehley to the conclusion that Finstein’s
theory is invalid, it is highly doubtful that relativists
wonld take these vesulis serjously,
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Il. Computer Applications

A. Accuracy Studies of a Second-
Sum Adams-Type Predictor-
Corrector Numerical
Integrator

C. J. Devine

This article is an interim report on the accuracy of
a sccond-sum  double-precision  Adams-type predictor-
corrector numierical integrator (subroutine FORTSZ) as
a function of step size and the number of differences
carried. In deciding what step size to use and how many
difterences to carry, one is primarily concerned with a
choice that allows @ certain preseribed aceuracy with
minitan cost (tunning time), The purpose of this study
is to present o guide to the user of an Adams-type inte-
grator for trajectory computation to enable him to choose
optimum step size with a miniimuon number of differences
cirried. A study for civenlar orbits is presented here; the
approach is bised on that in Ref, 1, in which single-
precision solutions of first-order differential equations
were studied,

12

1. Method

In studying the errors made in a nomericeal solution of
ordinary differential equations, the immediate problem
is to decide what to use as an indication of the ervor made
in the solution; i.c,, is there a solution in closed form with
which the numerical solution can be compared? In most
work done in celestial inechanices, the solution is not avail-
able and the errors made in any numerical integrator are
estimated,

Therefore, it was decided to start the study of a numer-
ical integrator on a simple case, such as that for a circular
orbit, and work up to the more diflicult cases, such as a
solution of the equations of motion describing the aceel-
craticn of a body perturbed by several other bodies or
forces. In this discussion, we consider the integration of
a circular orbit only,

The differential equations to he solved were
B flog) - ke

i fleg) =~k




where ¢# == a* -+ ¢, The initial conditions were 2 (0) : - 1,

given hy
x(t) - cos kt,
y(t) - sinkt,

The parameters which were varied for the different cases
were the step size T and the nnmber of hackward differ-
ences of the aceelerations enrried,

In the sccond-sum Adams-type predictor-corrector
nmerieal integrator wsed, the predictor and eorrector
formmlns for the solution & are, respectively,

Hi

Poa, h( S m\/')'i',.
1.

) YT ...._l_, u...,‘_
o I

"
C Xnii h'.!( 2: b‘v‘).:é.:nl
i.-2

w1V v e oy

1 .
7T A ')-‘t‘:..n (2)

with cquivalent formulas for y,,,. These formulas v.ill be

said to be of index m if the highest-order difference vsed
is V™%,

A solution was also obtained for the first derivative of

» and y. The predictor and corrector formulas for % are,
respectively,

. 1 5
- . N7 - - \/1
P x,,”—-h(l Vats VitV
9 . y
+§ZV + ---)x,,, (3)
. . 1. 1.
C ?\'nn“-:h(l'\/"""ﬁ G““'l_é !
1 * s
g Ve ')x;.”, (4)

with similar formulas tor #,,,. There was no oceasion to
use Eq. (3) in this study. The values of £ and ¢ obtained
using Fq. (4) were of the same accuracy as the values of
the solutions x and y and will therefore not be discussed
further here.
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The solntion ervors are computed at each integration
point as the magnitudes of the differences hetween the
computed solutions & and g and the frue values of the
solntions computed in extended precision (70-hit evalu-
ation of sinkt and coskt), At /27 - 01,02,08, + ++ | p
(every 0.1 eyele up to p eyeles), the maximum crror ob-
served in each of these quantities up to ¢ rad was ontpnt.
Figs, 1-5 indiente these comulative maxtimm errors for
a specific number of eyeles and step size and for the
nmnher of backward differences earried,

2, Analysis of Results

Trimeation ertor i8 dedlned ¢s the difference hetween
the exnct solution of the differenes eguations which ap-
proximte the differentinl equations and e exant soln-
ton of the differentinl equations themselves, Roandof!
error {8 defined ag the difference between the compuated
solution and the exact solution of the difference eguations,
The influence of truneation error is usually promisent
when a large valve of b s used, while the ivlluence of
roundoff error is not prominent arti! a greater nunher
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of steps have heen taken, usually occurring when a
smidl value of b is nsed, For example, a typical crror
curve obtained in this study is shown in IMig, 1. The
predictor- corrector schieme used was index m: 9, and
h-24v2: .. 9w The ordinate of Fig, 1 can he
interpreted as the number of correcet digits in the com-
puted solntion,

The portion of the plot where b is large represents the
truneation region, Truncation error here is deterministie,
and the slope of the error curve as h deerenses is com-
pletely determined by the truneation error, As I continues
to decrense, roundoff hegins to affeet the error, and a
transition region is enconntered, Here the error can very
well attain a minimmn and usually does, This may bhe
partially explained by noting that the ronndoff and tronea-
tion errors may be of equal magnitnde, but of opposite
sigms, ‘I'he curve in Fig, 1 does not represent variability
in the transition region as sharply as other curves for index
m/ 9 As h decreases still more, roundoff error becomes
dominant, and the slope is completely determined by the
roundoff error; henee, this region is ealled the roundoft
region. In all of these observations, it is assumed that we
arc in the stahility region. For has large as 2 ', instability
is immediately a problem for index m > 2.

Fig. 2 represents the same type of crror curves for
m::1 to m:=-15 for 2 cycles of integration, i.e., twice
around the circle. As the number of differences retained
increases (i, as index m increases), the number of digits
of accuracy increases until a maximum is reached for
m = 14. This is in the truncation region of Fig. 2. As h
deereases, roundoff beging to influence the error, and we
enter o transition region and pass on to the roundoff
region where roundoff error dominates. Here, approxi-
mately the same accuracy is attained for index m = 3 to
m o 15, If I decreases still further, roundoff error is com-
pletely dominant and, for all m=>1, the same accuracy
is attained, It should he noted that carrying high-order
differences, such as for index m - - 15, does not in any
way adversely affect the integration; however, for inte-
grations using a valuc for h:72% it would be more
ceonomical to retain only three or four backward differ-
eneces as far as storage space is concerned, with a slight
decrease in running time also,

In Figs. 3-5, similar curves are represented at points
further along in the integration: for 5, 10, and 20 cycles,
respectively, The over-all effect is to shift all the curves
upward, i, a gradual Toss of accuracy, The instability of
some of the higher-order differences is shown by the
nearly vertical error slopes obtained when ™22 In
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indicating possible uses for these plots, the following
remarks are pertinent: In searching for an cconomical
way to compute a highly acceonrate orbit of many revolu-
tions about a hady, it was desired to ascertain whether
or not a step-hy-step numerical integration would he
cconomical, In Fig, 5, for h = 2% and 2 * (which corre-
sponds to approximately 50 to 100 steps/eyele), indices
m = 14 and m = 12 attained the highest aceuracy. Al-
though m - 12 was of higher accurncy, m =~ 14 would
reguire half the number of derivative evaluations and
was therefore chosen, The integration was earried over
500 cycles and maintained an aecuracy of almost 11 digits
(8SP8§ 37-31, Vol, 1V, pp. 17, 18). As indicated hy the
abrupt change in the curve for m 14 at h = 2%, the
tegration is as near instability as possible and yet is
not in any way affeeted hy it

3. Conclusion ond Indication of Work in Progress

The main conclusion resulting frome these studies in
double~precision  step-by-step  integration scems to be
that high-order differences shonld be retained in the
interests ¢f cconomy und accuracy. They are not affected
by rvoundoff and allow full use of double-precision
arithmetie,

Similar studies over an ellipse are now in progress; all
indications arc that, depending on the eccentricity, the
same results will foliow, with a slight decrease in step
size, for the same accuracy. Further study is being di-
rected toward the economy of a predictor-only mzthod
versus that of the predictor—corrector method and the
use of antecedent values of the accelerations in place of
backward differences. A study is also under way to deter-
minc how satisfactory the method of integrating forward
and backward is in checking the accuracy of an integra-
tion, and whether this method may be used to indicate
the error when no true solution is known.

B. Computer Subroutines for
Contour Plotling

C. L. Llawson, N. Block, and R. D. Garrett

In studying a function of two variables, say z - - f (x,y),
certain propertics of the function are most conveniently
displayed by plotting the loci of points in the xy-plane
associated with selected fixed z-values. Such loci are




referred to as contonrs. When  mechanizing  coatour
plotting using a computer system, the problem can he
separated into two independent parts: (1) the produe-
tion of strings of xy-coordinate pairs representing ordered
points on a contour, and (2) the translation of these strings
into the code peculiar to the plotting equipment and their
transmission to the plotting equipment,

Computer subroutines accomplishing (2) are in gen-
cral use on the JPI, IBM 7094 computers; however, a
general subrontine to accomplish (1) has not previonsly
been available, Such a sulnoutine, called CONTUR,
has recently heen completed, It was written in the
FORTRAN 1V programming language, The approach
used in CONTUR and some of its features and limita-
tions are deseribed here,

1. Proceduie for the Construction
of Con’our Strings

It is assumed that the xy region of interest is a rectangle
defined by XMIN :Zx: = XMAX and YMIN :Zy <2 YMAX.
Over this rectangle is superimposed a grid consisting of
NX vertical lines at a uniform horizontal spacing of
(XMAX — XMIN)/(NX -~ 1) and NY horizontal lines at
a uniform vertical spacing of (YMAX — YMIN)/(NY — 1),
Fig. 6 shows such a grid with NX = 6 and NY = 7. The
function f(x,y) is cvaluated at cach of the grid inter-
scetion points. The number of such points is NX » NY. Let
Z,Z, + 7y, denote the Z-values for which contours
are desired. For vach value Z; and cach pair of horizon-
tally adjacent or vertically adjacent grid points, a test is
made to determine whether or not Z; lies between the

YMAX
26 27 28 29 30
2i 22 23 24 25
[ 17 18 (9 20

o— >
i1 i2 13 14 i5
J-——-——(r e & SEm &)

6 7 8 9 10
| 2 3 4 8

YMIN

XMIN AMA X

Fig. 6. Grid used by CONTUR for the case NX - 6
and NY : 7 {(numbers indicate order in which
grid cells are processed)
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valnes of f at the two grid points, In ease Z; cquals a
value with which it is being compared, the decision is
made as though Z; werereplaced by 72, 1 2, When Z; does
lie hetween the values at adjacent grid points, a coordi-
nate pair between these two grid points is computed hy
lincar interpolation, Such a coordinate pair represents the
approximate point of intersection of n Z; contonr with the
particular grid line segment and will he called o Z; con-
tour point,

There remaing the problem of orgamzing all 7; contonr
points into distincet ordered strings representing ordered
points on distinet eomtour ares, A few simple and some-
what arbitrary rules were used.

Constdering - single grid cell and a single contour
value Z;, lincar interpolation assures that cach of the
four sides of the cell contains, at most, one Z; contour
point, The convention regarding Z; -1 ¢ ensures that the
mumber of sides containing Z; contour points is cither
0, 2, or 4. If the number is 2, the two points will be con-
nected; if the number is 4, a further test is made and the
points arc connccted cither from Side 1 to Side 2 and
Side 3 to Side 4, or from Side 1 to Side 4 and Side 2 to
Side 3. (The terms and symbols used in describing an
individual cell are defined in Fig. 7.)

The test is based on the assumption that f can be de-
fined by double lincar interpolation throughout the cell.
In this case, its graph would be a hyperbolic paraboloid

% _’g:ffl'__-’a) y SIDE 4 ﬁ,?z, =f (xp,55)
SIDE | SIDE 3
Zoz2Flx, ») |
¥ — 277V Nt

SIDE 2 {P"r f (x3, yy)

e — — O

|
|
;

Fig. 7. Terms and symbgis used in describing
an individual ceil
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with exactly one saddle point in the open cell, The ver-
tical and horizontal lines through this saddle point will
he contonr lines of the hyperholie pavaboloid, The Z,
contonr points are conneeted so that the conmecting lines
do not cross these vertieal and horizontal lines.

Analytically, the yelative vaine (0 -2 £ <)) of the a-
eoordinate of the saddle point is given by

i (20~ =)
.E (z" i z'.!) (zl ;,',;‘)

Then, if (4 2)/(z, - z) £ the conneetions are
made from Side 1 to Side 2 and Side 3 to Side 4; other-
wise, the coonmections are made in the other mamer.,

2. Subroutine CONTUR

i the subroutine CONTUR, the above procedure is
ordered hy grid eells as shown in Fig, 6, The contribution
of cach cell is completed for all contour values hefore
procecding to the next cell.

An array of (NX 1 2} words is used to save, tempo-
rarily, the function values computed for the upper side
of cach cell, so that these values will not have to be
recomputed when they are later needed for the lower
side of a cell in the next row. The cight grid points en-
circled in Fig, 8 indicate the points whose function values
would be preserved while cell 12 is being processed. Note
that, in progressing to cell 13, the previously saved value
associated with the lower left corner of cell 12 can be
discarded, and the function value for the upper right
corner of cell 13 must be evaluated and saved.

The structure of the strings constructed by CONTUR
will be illustrated by the following example:

Example I: Let f(x,y) = (x4 y)* 1 9(x — y)* Let the
grid be defined by XMIN = —3, XMAX =3, NX =4,
YMIN = -3, YMAX = 3, and NY = 4, Let the desired
contour values be 7, == 25 and Z, = 90. CONTUR places
its results in arrays called A, B, and C. The data con-
figuration produced by CONTUR after processing the
first two cells of this example is shown in Table 1; Table 2
shows the final status of these arrays,

A triple of the form A(J), B(J), C(}) will be called a
list clement with iedex J. The meaning of the data in
Table 2 becomes clear when the list clements are arranged
as in Fig. 8 and compared with the associated graphic
display in Fig. 4. The minus signs on the A and B words
in the are directory lists signify that the ares are com-
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Tahle 1. Contents of arrayc A, B, and C after
procassing first two cells of Example 1

J Al A €
i 25,000 3 2
2 90.000 7 0
K] 6 5 0
4 1.000 - 1.A75 5
5 1.6875 --1.000 0
6 0,3125 1,000 4
7 -8 9 0
a - 0,208 - 3,000 9
9 1.000 - 1.964 0

Table 2. Contents of arrays A, B, and C at

completion of Example 1

J Al o cin
1 25.000 3 2
2 90.000 12 0
3 17 22 0
4 1,000 ~-1.875 5
5 - 1.875 --1.000 N
6 0.312 1,000 4
7 —8 - 18 0
8 —0.208 —3.000 9
9 1.000 —1.964 10
10 1.964 —1.000 18
11 —1.000 0.312 15
12 —13 —21 7
13 -+~ 3.000 --0,208 14
14 —1.964 1.000 9
15 0,312 1.000 20
16 1.000 —0.312 6
17 1.875 1.000 16
18 3.000 0.208 0
19 —1.000 1.964 21
20 1,000 1.875 22
il 0.208 3.000 0
22 1.875 1.000 0

plete, cither due to having end points on the grid bound-
ary or due to the contour in question being a closed curve.

3. A Nontrivial Example

In the study of the restricted three-body problem in
celestinl mechanics, it is of interest to determine surfaces
of zero relative velocity (Refs. 2 and 3). Applications to
lunar-spacceraft-mission plinning inay be seen in Ref, 4,
The function treated in Example 2 below is one whose




CONTOUR VALUE LIST

] 3&5}1 3 12| ARC DIRECTORY LISTS

]___., 3,| ,,TL?ég]'?" ARC POINT LISTS
|7

[ L8754 | LOOO |18

6] 1LOOO [-0.312 | 6
6| 0312 | -1.00O | 4
4] -1,000 | -1,876 | 5

5| -1.878 | -1.000 | 1

I -1.000 [ 0,32 | 156

185 -0.312 | 1,000 | 20

—— -

20| 1.000 | 1.876 |22

———» 22| 1875 | 1000 | O

* [Boo] 1 [o]
|—> 12 E_ré_'}'?zi | ?]

L] e 13300 -0 | 1a

14| -1.964) 1000 | 19|

l T ~|.Voo'o+ 1.964 | 21
7

» 21| 0.203! 2.000 | O

[-u 18] 0
Ll = 8[-0208]-3000] 9
9| .ooo | -1.964 | 10
10| 1.964 | -1.000] 18

—e 8] 3.000 { 0.208 | O

Fig. 8. List structure represented by Table 2

contours are traces of zero-relative-velocity surfaces in
the xy-plane.

Example 2:
9

f(ﬁ"; X, y) = (1 — p.) {-[-'(;CT_ = T 4 (x— wjt 1 1 2}

2

! Ju'{[(x 1= ) 4yt b=t yﬂ}

where p =03, XMIN = YMIN = —2, XMAX = YMAX
=2, NX=NY =101, and NF = 10. The 10 requested
contour values are given below:

A 3.050000
B 3.200000
C 3500000
) 3.501350
[ 3.600000
1y 3.760413
> 4,000000
i1 4,130149
1 5.000000
) 10.0000)
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Fig. 9. Contour graph for Examplo 1

Fig. 10 {8 an woretonched reproduction of the microfiln
picture produced by the Stromberg-Carlson (8C) 4020
high-speed microfihm recorder, The SC 4020 also produces
the graph on an 8- X 8-in, page. For this example, the
function f was evaluated 10,201 (<2 101 X 301) timos,
The total excention time for Examples 1 and 2 on the
IBM 7094 computer was 1 min, 48 sce.

For Example 2, the lists constructed in the A, B, and €
arrays consisted of 3460 list clements and thuy  occeupicd
10,380 words of computer storage. Space for 4000 list
clements was made available to the program. If less space

ey . . i : ] .
-t -1.090 X (] (X

Fig. 10. Contour yraph for Example
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had been available, the program would still have com-
pleted the joly, beeause pravision has been made for the
rotrieval of space in the A, B, and € arrays by trans-
mitting partially completed contonr lists to the plotting
subrontines,

4. Conclusions

A general-purpose FORTRAN 1V subroutine for com-
puting cantonr strings for arbitrary functions of two vari-
ables has heen deseribed, The subrontine has the follow-
ing characteristies:

(D) 1 is independent of the sperifie plotting equipment
and, therefore, ean he used with basie plotting sub-
roatines for any cyuipment, 1t could also be nsed as
part of & computer program for purposes other than
plotling, e, maximnm secking,

() Vsage s simple, The new programming needed to
obtain a contour graph of a new function consists
of little more than the code to evaluate the function.

(3 A gridescanning appronch is used rather than a
curve-following method. Resolution depends en-
tirely on the fineness of the grid specified by the
nser. Since u curve-following method must include
some form of scuming to avoid missing isolated
curves, it is believed that the approach used here
is more efficient than curve-fotlowing when graphic
display is the desired end-product. For spplications
requiring  extreme  precision, the  contours pro-
duced as above could be refined Ly gradient meth-
ads or by reapplication of CONTUR, using a finer
gricd on smaller regions containing the curves of
interest,

(#} The number of function evaluations, NX X NY, is
fixdd by the user’s specification of NX and NY
and, in particular, is independent of the number of
different contowr values requested,

(3) 1t is not necessary to he able to store the entire
matrix of NX X NY grid values simultancously. An
array of (NX 1 2) words provides all the space
needed o save values at grid points.

(6) The construction of contour  strings  wses  list-
processing techmiques, so it is nol necessarvy to
anticipate the mumber of distinet contour curves
or the number of points per curve, If the storage
available for the contour strings becomes  ex-
hausted, the subroutine interrupts processing so
that the stiings can he sent 1o the basic plotting
subroutines boefore processing is resumed,
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C. Paraboloid Fitting to Minimize
Path-Length Error

C. L. Lawson

In $PS 37-31, Vol. IV, pp, 1821, C denotes a flxed
vz coordingte system, The Svector b specifies an
elliptical paraholoid as follows: The first two coiponents,
D, and b, specify a rotation to obtain a new X-Y-% co-
ordinate system €7, and the rem:ining components of b
are cocfficients of a polynmnial function speelfying an
clliptieal parnboloid whose axis is paralle] to the Z-axis,
A function R (h, p) is defined which expresses the distance
measured paratlel to the Ze-axis hetween o data point p
(represented in the € system) and the paraboloid assoei-
ated with b, The purpose here is to obtain an expression
for the radintion path-length ervor and appropriate partial
derivatives to pesmit the computation of pavaboloid fits
minimizing the sum of squares of path-length errors,

A FORTRAN 11 program for this purpose, deseribed
in Ref. 5, has been suceessfully used at JPT. The wethod
in Refl. 5 makes essential use of the assumption that the
data points heing processed differ only very slightly from
a paraboloid of kaown focal length and axial orientation.
Thus, the treatment of changes of axial orientation is valid
only for infinitesimal changes, and one solves for the
change of focal length only after all other chauges are
fixed rather than simultancously, This program has been
modificd by IL Christiansen of Phileo Corporation to
solve simultancously for the foeal length,

The computational procedure deseribed in 8PS 37-31
and extended in this article has the following propertics
which distinguvish it from the above-mentioned programs:

(1) The solution obtained is independent of the co-
ordinate system in which the data are expressed.

(2) The computation is iterated until the nonlincar
least-squares problem is solved, instead of accept-
ing the solution of a lincarized version of the
problem.

(3) Becanse of (2), the procedure does not require a
precise initial guess for the solution,

1. Derivation of Equations for Path-Length Error
and Appropriate Derivatives
for the study of path length, it scems appropriate to
fit only with circular, rather than clliptical, paraboloids

“so that a well-defined focus will be available, Thus, a

single quadratic term of the forin by (X -1- Y*) will be
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used in place of the terms involving by, by, and b, in
SPS 37-31. ‘The formula defining the parabola in the €7
system will therefore he

Z: b:s + bJX B th 8 hi' (X"‘ i Y'.!) (l)

It will he convenient to have an alternate parameteri-
zntion of the form

a1 W) 1|; (Y- )] (2)

Here it is seen that f denotes the foeal length, (e, a., a,)*
is the vertex of the paraboloid, and (a,, @, ay |- f)* is the
focus, By matching coellicients of like terms in Kgs. (1)
and (2}, one obtains

g '(j::;,ﬂ.)‘ 2hf

a: ‘(93};)' 2:f

o by 'i(“')? by (31 D)
- m

For later use, we give the matrix of partial derivatives

0 o 0  daf

a (““ u-_g, “;;, ) ) 0 0 cT 2f '4“-._.f
a (I):], b-h l).r,, ’)i!) N l a, a.

1
i 1“
A W

ai-loai

0o 0 0 4

(3)

Let 0 denote the angular scparation between a data
point (X,Y,Z)* and the vertex (a,, ¢s, a,)* as subtended
at the focus (@, ¢y, @y 1 )% The path-length error of the
data point is given approximately by

Q: (1 cosd)R

where R is the 7 cerror of the data point. [Note: The
normal distance N from the paral:aloid to the data point
(X,Y,7Zy is related to R and @ by the cquations
N:-Rcos(0/2) and Q 2N cos(0/2).]

Lot ¢ denote cos 0, Then ¢ is the thivd component of
unit vector direeted from the data point (X, Y, Z)* to the
foens (ay, 4., a, 1 f)* Lo,

oo [ 2
’l

whera

pooWay - X024 (ay VY0 (ay L f - 2]

Irom e#p* - (a1 - Z2) 0, there follows,

cpde et (a, - XY (day - dX) | e (0n - Y)Y (day - - dY)
| (l:'.'! C .I) ((l,-; | [ ’ Z) ((I"n | f’[ (’Z) : 0

and, therefore,

e e e(Xow)

f)(l, X ' ’;"' O

oe eoe(Yo-a) .

e - Y p'“' e

o e oo (¢t D72 -ay )
v R : e
p(l;; ("A n,( (r'p" '

2, Organization of the Above Results
for Computation

To incorporate the above results into a computational
procedure having the same structure as the procedure
specified in 8PS 37-31, it is appropriate to separate the
computation into three parts as follows:

a. Quantities depending on b but not on p. Compute
the matrices A, A,, and A, as in SI'S 37-31.

1

a, 2 f
a, - --2b.f
(bi 1 bR) f

a,y - b;;

[ei;] - E - - matrix given: in Eq. (3)
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b, Path-length function Q (b, p), Compute X, Y, 7, and
R oas in SIS 97-31,

X X iy

‘i: Y .

7 4 a, |

P I.%:e | .T‘:.- i £“/“:-.e]u
7.

P A
p

(- (11 )R

e. Partial derivatives of Q. Let Q, denote 8Q),ch,,
£ 1,908,459,

™~
oN
o
i
h.-f
)
’lll v v
: P'..-
T
(¢ 1)7Z
‘l.l S J..:_'T". —a
("l“
O I
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3, Covariance Matrix for a,, a., a,, and f

N ;
Loth = (b, b by by b D) amd 8 (B, by, a, e it ),
Lot T denote the 6 0 matrix

I O
0 1
whore
| (0
|
0 1

A\
and E s the 4374 4 matvix of K. (3), Then, di - Vo,
The covariancee matrix of oft, and thus of @, is given by

Compute X;, Yi,and 7,8 L2 and R, i::1,2,3,4,5,9, T [cov (f))l T "The compattation of cov
as in 8PS 37-31, 8PS 37-31
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