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Preface

The Space Prograris Summary is a six volume, bimonthly publication designed to
report on JPL space exploration programs, and related sup.~orting research and
advanced development projects. The subtitles of all volumes of the Space Programs
Summary are:

Yol. I. The Lunar Program (Confidential)
Vol. I, The Planetary-Interplanetary Program (Confidential)
Vol. lil. The Deep Space Network (Unclassified)
Vol. IV. Supporting Research and Advanced Development (Unclassified)
Vol. V. Supporting Research and Advanced Development {Confidential)
Yo!. VI. Space Exploration Programs and Space Sciences (Unclassified)
The Space Programs Summary, Yolume VI consists of an unclassified digest of

appropriate material from Volumes I, I, and lll and a reprint of the space science
instrumentation studies of Volumes | and Il.

Beginning with the Space Programs Summary 37-27 series, the Space Flight Opera-

tions Facility development progress, previously reported in Volume VI, will be reported
in Yolume lil. The scope of Yolume Ill is being expanded to incorporate the activities of

'he Deep spuce Nefwork.
(4 .
Cd

/

W. H. Pickering, Director
Jet Propulsion Laboratory

Space Programs Summary No. 37-27, Volume IV

Copyright © 1964, Jet Propulsion Laboratory, California Institute of Technology

Prepared under Contract No. NAS 7-100, National Aeronautics & Space Administration
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SYSTEMS DIVISION

l. Systems Analysis

A. A Geometrical Interpretation
of an Optimal Trajectory
C. G. Pfeiffer

Recent work in the calculus of variations has been
dirented toward the optimal final-value control problem,
which can be described as the task of controlling the
irajectory of a point mass so as to achieve a desired final
state while at the same time minimizing (or maximizing)
a given function of the final state variables. In Ref. 1
some properties of an optimal trajectory were discussed,
leading to the development of necessary and suffi-
cient conditions which must be satisfied if the trajectory
is to be minimizing. In this paper we shall augment
that analysis by describing necessary and sufficient con-
ditions from a gcometrical (functional analysisj point
of view, and discuss the concept of abnormality.

The problem analyzed here will be somewhat simpli-
fied in order to facilitate the exposition. Thus, it will
be assumed that the final time is fixed, that there is only
one control variable to consider, and that the control

variable is not bounded. In the perturbation analysis
we shall limit ourselves to considering only small devi-
ations in the control variable. By this restriction we are
dealing with what is called a “weak” variation in the
terminology of the classical calculus of variations.

The notation used is as follows: The independent vari-
able is t, which may be thought of as time; T is the
(fixed) final time; other capital letters are matrices; col-
umn vectors are denoted by a bar (-) over a small letter;
and the transpose of a vector or matrix is indicated by
the superscript *. The notation (t) will occasionally be
omitted in equations in order to simplify the notation.

1. Formulation of the Problem

Let the rate of change of the state of the system be
given by

g,-f=7(f.y,t> 1)

where

"-"" :(xhxll v ’xl)
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is the state vector of the system (such as the position
and velocity coordinates of a rocket vehicle); y (t) is the
continuous control function which is to be determined
(such as the steering angle of the rocket vehicle); and
f(%,y,t) is a known vector function of ¥ and y, and is
differentiable up to third order with respect to these
quantities. Given some iuitial condition ¥(0), the prob-
lem is to choose the control variable y () in such a way
as to minimize at some fixed final time T the function
B. (%), subject to the r distinct constraints g8; (%) = 0.
The g, (x) will be called the “houndary functions,” where
i=0,1, - - - ,r. Without loss of generality it can be
assumed that the 8; (%) are linear functions of the final
state T. This is the well-known Mayer formulation of the
optimization problem in the calculus of variations, which
includes the case of minimizing a functional of T(t) and
y(t) and/or of applving integral constraints.

A geometrical interpretation of the optimization prob-
lem is afforded by censtructing an r + 1 dimensional
boundary function space (Fig. 1), where the ith coordi-
nate of a point in the space is given by

83‘ {i) = Bi (T) - ﬁi (il-)lmminal

fori=01---,r

The B: (T)ucmiva: is the value of the ith boundary func-
tion on a nominal (reference) trajectory, attained by
applying the nominal control function. The 88; is the
variation in this boundary function resulting from per-
turbing the control by some arbitrary 8y (), where

8y (t) = y(t) - y(t)lmminnl

Thus a point described by 88 represents the mapping
of the function 8y (t) to the boundary function space,
and the coordinates 88; are functionals of 8y(t). The
analysis of optimal trajectories from the geometrical point

A —ENVELOPE OF REACHABLE
S C/ POINTS

=B,

Fig. 1. The boundary function space

of view consists of studying the envelope ot points reach-
able by applving arbitrary control variations, as will
be described be’ow.

2. The Variation of the Boundary Functions

We suppose that a nominal trajectory (not necessarily
optimal) exists, and construct a Taylor series expansion
ot Eq. (1) in terins of the 8x; and 8y. It is shown in Ref. 1
that variation in the ith boundary function can be written

88; —/1 m(t)sy(t)dt+%/r £ (1) 8y* (1) dt

+ %[T [T ki(t,7) 8y (t) 8y (v)dtd+ 2

+ higherorderterms  fori=0,1, - - - |r
where =, (t) is called the influence (Green’s) function,
& (t) is called the weighting function, and k; (¢, ) is a real
symmetric kernel. The term containing 8y (t) is said to be
the first variation of 8;, and the terms containing 8y° (¢)
(with the factor 12 deleted) are said to be the second
variation of 88;. If we consider only small (weak) varia-
tions 8y (), the higher order terms in Eq. (2) may be
dropped and the resulting expression is then a second-
order functional expansion of g;.

3. The First Necessary Condition

Suppose the nominal trajectory pretends to be an cpti-
mal trajectory, and we seek to test it by applying the
special control perturbation

W= 3 ne=7 07 3)

where the ¢; are arbitrary numbers. We take the ¢; to be
very small, and consider

878 (first variation) = / ’ )7 (®))edt = Pz 4)

0

where P is an r + 1 by r + 1 matrix with elements

mzfﬁmmmm (5)

If the trajectory is optimal (minimizing) it is necessary
that the P matrix be singular, for otherwise it would be
possible to invert P and find an # which would attain a



smaller value of g8, while preserving the conditions
88, =0fori=1,2 - - - ,r. Thus we have

The First Necessary Condition for optimality. The in-
fluence functions must be linearly dependent, that is,

S (v =0 ®)

i=0

where the v; are constants not all equal to zero.
This statement is verified by recognizing that P is a real
symmetric matrix, and hence there exists an orthonormal

r + 1 by r + 1 matrix L such that

LPL' = P* = diagonal )

where the elements of P* are given by

p = [wmoae § 0ETT @
and
7 (t) = Ly (t) )
If P is singular then
[Pl =[P =@ @) - - (p,)=0 (10)
where | - - - | indicates the determinant of a matrix. Thus

at least one p}; =0, and from Eq. (8) we conclude that
this is true if and only if the corresponding 7% (¢) = 0 over
the interval (0,T). Eq. (6) is now verified, where the v;
are elements of a row of the L matrix.

It is interesting to note that the obvious statement

|P| = |P*|=0 (11)

is a generalization of the well-known Schwarz inequality,
as may be verified by carrying out the expression for |P|
for the case of only two influence functions.

4. Abnormality and Uncontrollability

The first necessary condition states that the rank of the
r+ 1 by r + 1 matrix P must be at most equal to r. If

JPL SPACE PROGRAMS SUMMARY, NO. 37-27, VOL. IV

the rank is less than r the trajectory is said to be abnormal
(Ref. 2, p. 210), where

Definition: A trajectory is said to be “abnormal of order
q" if there are q + 1 elements p°, of Eq. (10) equal to
zero.!

The abnormal case presents difficulty for the analysis to
follow, so we shall henceforth assume g = 0.

Abnormality is related to the concept of uncontrolla-
bility introduced by Kalman in Ref. 3. Treating only the
linear perturbation equations (the first variation) and with
the final time fixed, we say that an initial state deviation
3%(0) is controllable if there exists a control signal 8y (t)
defined over the interval (0, T) such that §x(T) = 0. Con-
sider a 8% (0) and some 8%, where

[gradﬁ?][%z%] 5%(0) 0 (12)

The 8% (0) is uncontrollable if »}(t) =0, for then the
control 8y (t) has no (first order) effect on the projection
of 8x(T) onto the 8° direction, and the final state cannot
be driven to zero. Thus it can be said that an optimal
trajectory is uncontrollable of order ¢ + 1 if it is abnor-
mal of order gq.

5. The Second Necessary Condition

Let us rotate the boundary function coordinate system
(Fig. 1) by the transformation L [Eq. (7)], to get

88* = L3f (13)
We rearrange the functions 88% such that (only) 38% has

an influence function 5% (t) = 0 (recall that we are assum-
ing the trajectory to be normal). Thus

1 T
B =4 / £ (8)8y* (1) dt

+—;'[)1/;1k:(t,'r)sy(t)sy(r)dtd'r

+ higher order terms (14)

'It has recently come to our attention that the relationship between
the rank of the P matrix and the abnormality of the trajectory has
also been noted by W. G. Melbourne and F. D. Faulkner. The
notion arose during Melbourne’s review of an unpublished paper by
Faulkner dealing with techniques for computing optimal trajec-
tories (presented at UCLLA Conference on Computing Methods in
Optimization Problems, January 30-31, 1964).
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T
o= [(w@d  i=1.
+ higher order terms (15)

Assuming that the projection of the g} axis on the g, axis
is positive (otherwise we choose —g3), we have

The Second Necessary Condition for optimality (min-
mality). The zeroth weighting function must be greater
than or equal to zero, that is

£)=0 (16)

This is the classical Legendre condition. The statement is
verified heuristically by imagining a positive impulse of
control at the time ¢, immediately followed by an iden-
tical negative impulse. In this case the first term on the
right-hand side of Eq. (14) dominates all other terms in
Egs. (14) and (15), and the second necessary condition is
established.

For the following discussion it will be convenient to
consider only “strictly nonsingular” extremals, where

Definition: A strictly nonsingular extremal is character-
ized by £ (t) > 0 everywhere in (0, T).

The more general case suggested by Eq. (16) will be
discussed in a future work.

6. The Reachable Envelope for Stricily Nonsingular
Extremals

Let us simplify the subsequent analysis by assuming
that there is only one boundary condition to be met (the
more general case is developed in Ref. 4), and introduce
the control variation

55(t) = [ £(8)]%5y (1) (17

The corresponding influence function becomes

20 =1£®1% 9 (1) (18)

and the symmetric kernel becomes

R =& @k (19)

The A quantities are now substituted into Egs. (14) and
(15) and the first term on the right-hand side of Eq. (14)
is simplified by having £ () = 1.

Seeking an equation for the envelope of points reach-
able for small variations 80(t) (Fig. 1), we delete the
higher order terms in Egs. (14) and (15) and find the
extremal value of 88%, subject to the condition 38} = b.
The b is an arbitrary parameter which will be varied to
trace out the envelope. Thus we extremalize with respect
to 8{;\ (t) the functional

p=88; +v(3B1—b) (20)
where the v is a Lagrange multiplier. It follows that

o=af+ 3228 1 50 (21)

i=1

where «; are characteristic constants and ¢; (¢) are the
characteristic functions (Refs. 5, 6) of the symmetric ker-
nel 1c\(t, 1), and

o = [ " (0850 dt (22)

Multiplying Eq. (21) by 83'} () and integrating, we have

0=258" + 88" (23)

Multiplying Eq. (21) by ¢; () and integrating, we have
0= C; (1 + l/wg) + vdi (24)

where
d; = ] ROLY (25)

Multiplying Eq. (21) by £(t) and integrating, we have

© C;’di T )
e=3p + .2—;——+v/ () dt (26)
If there are no »; = —1, Eqgs. (23) to (26) can be com-
bined to yield

84 (extremum) = —é—[-@-’f—z] (27)

where 38* = b is the specified value, and
T » d?
p=/; F@de - Doy (28)



Considering 88*% as a parameter which takes on all real
values, Eq. (27) defines the parabola which either envel-
opes the reachable points or represents the locus of inflec-
tion points. The p is the radius of curvature at the origin.

We assert without proof the following

Theorem: Suppose there are no «; = —1, then a neces-
sary and sufficient condition that the optimal trajectory
be minimizing is that Eq. (27) define a lower bound of
the reachable points. Thus

88, [arbitrary 8{/‘(t)] — 88, [corresponding extremal value]

=%U's£,‘==(t)dt + f[ fll‘l(t,f)8a(t)86(f)dtd1]

(i}

_ %[ [ "8 ) de +§l'c‘? (ﬁi)-l]é 0 (29)

where the modified kernel is
A 1
ﬁ@ﬂ=ﬂm%~;ﬁ@ﬂﬂ (30)

The &, are the characteristic constants of this kernel,
and & is defined analogously to Eq. (22). From Eq. (29)
it can be shown that 7 (t,r) can have no characteristic
constants between 0 and —1.

The sufficiency statement of the theorem follows im-
mediately, but the necessary condition is not obvious.
We shall discuss this point more fully in work to be
reported in this journal.

7. Geodesics on a Sphere

To apply the above results, let us examine the curve
of minimum arc length on the surface of a sphere which
connects the point (0,0) with the point (T, 0), where the
coordinates are, respectively, longitude and latitude
(Fig. 2). Letting the coordinate ¢ be the independent
variable, the derivative of arc length is

% = (y* + cos* 1 )% = fo (x,,9) (31)

JPL SPACE PROGRAMS SUMMARY, NO. 37-27, VOL. IV

dxg = dxtz + coszx, ar?

Fig. 2. Motion on the unit sphere

where the control function is

dx _

E=y=h( (32)

The nominal trajectory is obviously the great circle arc
between the given initial and final points.

Applying the theory described above we find that
2() =1 and the symmetric kernel is

fort =+

A _f-T)
k(t,r) = {(1’ -T) forr >t (33)
The characteristic constants are
0 = — 4”—1,2 (2i — 12 (34)
and the characteristic functions are
G \%
¢ (t) = (T) cos (—wi)%t (35)

Thus (see Titchmarsh, The Theory of Functions)

-1~ S 1 (2)e-v])
= tanT — (36)

The radius of curvature p (T) is plotted versus T in Fig. 3.
The modified kernel is

mn =k - —:,— (37)

which has characteristic constants @; given by

(—@)htan(~@H T = p(T) (38)

PREESTNEY
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Fig. 3. Radius of curvature versus arc length

Upon applying the theorem we conclude that the tra-
jectory is minimizing if and only if T is less than =.
Notice that p(x) =0 corresponds to the “conjugate
point” (Ref. 2).

8. Discussion

We have presented here a new approach to the analysis
of optimal trajectories which extends and augments the
material of Ref. 1. Still to be done is a rigorous estab-
lishment of the theorem stated in Sect. 8, and a treatment
of abnormal points and a more general class of extremals.
Such work will be reported in a future volume of this
journal.

B. Error Analysis of Multiple
Planet Trajectories

F. M. Sturms, Jr.

It has been proposed (Refs. 7, 8) that trajectories using
the gravitational perturbations of intermediate planets
be used in order to achieve exploration of the solar
system with launch velocity requirements significantly
lower than are needed for direct trajectories. Typical
uses of these lower velocity requirements might be to
travel to remote planets with smaller launch vehicles
or to extend the launch period available for the closer
planets. This report gives the results of an initial feasi-
bility study, and derives equations for examining the

effects of errors associated with missions to a target planet
along a trajectory passing near an intermediate planet.
Numerical results are presented for two typical missions
in 1970: an Earth-Venus-Mercury trajectory and an
Earth-Venus-Mars trajectory. Both of the selected tra-
jectories use the 1970 Venus launch opportunity.

1. Intermediate Planet Hyperbola

Using the heliocentric conic trajectory program
(HECON), described in Ref. 9, the Earth-intermediate
planet, and the intermediate planet-target planet trajec-
tories are chosen such that the asymptotic arrival and
departure speeds at the intermediate planet are equal.

th = Vh3 (1)

The right ascension and declination of the arrival and
departure asymptotes are then used to determine the
components of unit vectors along the asymptotes.

$= (cos ¢ cos @, cos ¢ sin @, sin ¢) 2

At this point, a rotation may be performed to express
the components in an ecliptic referenced system

S = (cos B cos A, cos B sin A, sin 8)

1 0 0 A
= 0 cose sine }S 3)

) —sine cose

and wherever /S\ appears in the following equations, either
or both the equatorial or ecliptic referenced vector may
be used, depending on the requirements of the user. The
semimajor axis of the encounter hyperbola is given by

S

A unit vector normal to the encounter hyperbola tra-
jectory plane is given by

A5, x8

2 X 9

=TT < 5
w '2X3| ()

The inclination to the reference plane is then found from
cosi=W, (6)

and the longitude of the ascending node from

W,
tanQ = — W, (7N



The turning angle between the arrival and departure
asymptotes is found from

sin¥ = |§, X S;] (8)

Eccentricity is found from

w|'6
C

L
— =sin
e

and the impact parameter from

b= —a(e*— 1)% (10)
Fig. 4 illustrates the encounter hyperbola in the vicinity
of the intermediate planet. The arrival impact parameter
vector, B,, is shown in a plane perpendicular to S;. A
reference axis is defined in this plane parallel to the
reference plane (either equator or ecliptic) and a unit
vector T, is defined along the reference axis. To com-
plete the right-handed system,

A A A
R=8SXT (11)
A
The angle measured from T to B may be found from

sini cos (0, — Q)
cosi

tan g, = (12)

COS ¢,

TRAJECTORY PLANE

REFERENCE PLANE

Fig. 4. Intermediate planet hyperbola
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and similarly with a subscript 3 for the departure asymp-
tote, [Actually, ¢ and @ should be replaced in Eq. (12)
by 8 and A, respectively, if the ecliptic reference is being
used.] The components of B in the T-R plane are often
used in conjunction with the ecliptic reference.

BT =bcosd

B+*R = bsing } (13)

Table 1 presents a summary for the two sample tra-
jectories of parameters taken from HECON results and
computed from the above equations. The Mercury tra-
jectory was chosen to illustrate the reduced launch ve-
locity requirement. The minimum launch hyperbolic
excess speed required for a direct Mercury trajectory

Table 1. Nominal conic trajectory parameters
for two typical missions

Earth-Venus-Mercury Eorth-Venus-Mars
Parameter Equo- i Equa-
toricl cliptic torial Ecliptic
Launch date, T, July 29,1970 OPU.T. | Aug. 12,1970 O"U.T.
Vh km/sec 3.724 3.309
@, deg —22.94 — 16.83 —
8y, deg 242.01 _— 240.84 —_—
ATy, days 120.0 130.0
Arrival at Venus Nov. 26, 1970 0" U.T. | Dec. 20,1970 0" U.T.
V,.z = V,.a km/sec 7.168 5.526
@2, B2, deg —35.20 —1572 | —65.77 —50.62
83, Az, deg 232.48 238.87 219.70 245.21
3, B, deg —25.18 —3.64 | —11LOV 1.59
B3, Az, deg 294.79 292.35 211.31 212.97
a, km —6320.9 —10639.2
. 2.2056350 2.0306745
b, km 12426.4 18803.6
¥, deg 53.92 59.00
i, deg 35.89 17.21 93.31 113.24
2, deg 335.32 304.20 | 210.66 213.65
8, deg 352.52 7.10 99.62 128.47
BT, km - 12331.2 - — 11696.8
B8R, km —_ 1535.1 —_ 14722.8
93, deg 26.46 16.83 93.37 113.25
BT km — 11894.0 —_ —7422.4
B Ry km —_ 3598.3 — 17276.7
ATu 57.0 175.5
Arrival ot torget Jor. 22,1971 O"U.T. |June 13,197V 12°U.T.
V,“ km/sec 13.935 7.052
%4, deg 4.96 — —24.10 —
9y, deg 343.48 - 230.20 -
Venus gravitational constant u?= 324769.5 km1/sec?
7
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in 1970 (a particularly bad year) is 6.85 km/sec as op-
posed to the typical (not minimum) value of 3.724 km/sec
shown in Table 1. (These correspond to injection ener-
gies, C;, of 46.9 km?/sec? and 13.9 km?/sec?, respectively.)
The Mars trajectory was chosen to illustrate the use of
the Venus 1970 launch opportunity in order to go to
Mars at a time other than the normal opportunities for
direct Mars flights occurring in 1969 and 1971.

2. Partial Derivatives for Encounfer
Hyperbola Errors

It is convenient to describe the errors in the arrival
and departure conditions at the intermediate planet in
terms of the following six parameters, arranged in a
column matrix, where T is the time of closest approach.

(14)

N e S

Errors in the arrival conditions are mapped to first order
into errors in the departure conditions by the 6 X 6
matrix B

3Y, = B8Y, (15)
where the elements of B are the partial derivatives of

the departure parameters with respect to the arrival
parameters.

Ay i=1---,6
Lo
Ba) ayi2 (,: 1’ « .. ,6) (16)

It is immediately seen that, since V,, b, and T are the
same for both arrival and departure,

EVA — abs _ aTS
aV;,z - abg - aTg

=1 a7)

and

3 i=1,4,6
s o (f=1,"',6) (18)

2 oy
= e

The remaining partial derivatives are most easily
expressed in terms of intermediate partials of the param-

eters u,, , 0, and ¥. From Fig. 4 and spherical trigo-
nometry, we have

_ tang,
tanu, == (19)
c0s{ = COS ¢; €05 0, (20)
_ )= Siné:
tan{e; — Q) = tan 6, (21)
and from Eqs. (4), (9), and (10)
b*vs
2 —a 1
k.
Therefore, from Eq. (19),
U, _ Ou, o, 0w,
oVa,  d©; ob, oT.
au. _ Sin 02 (1 + tan’ ¢g) (23)
94,  sin®f, + tan® ¢,
ou,  —cosf,tan¢,
30,  sin®4, + tan® ¢,
From Eq. (20),
o _ o _ 0 _ @
oVa, 00 b, T,
0i  tané,
0¢:  tami (24)
% _ tand,
602 - tani
From Eq. (21),
0 _0 o0
aVbz - abz - aTz -
o
%,
, (25)
2 sin2(e,—0Q)
0p: 2tan ¢,
0 _ sin2(e;, — )
%,  sin20,




From Eq. (22),

¥ vy o ¥ _
ops 08, 8, oT,

o¥ —4(e* — 1)%

0

Vi, = Viet (26)
0¥ —2(e*— 1%
ob, be

The remaining partial derivatives of the B matrix may
now be formulated. From Fig. 4 and spherical trigo-
nometry, we have

sin ¢; = sinisin (u, + ¥) 27
n (6, — o) = 208
sin(@; — Q) = i (28)
tanf; = tanicos(u, + ¥) (29)
Then, for j=1,---,6, the remaining partials are
given by,
o  tang; [ ou, , 0% tan ¢, [ @
dy;, tan(u,+¥) dy;, oy, tani | dy;,
(30)

00, =[ oQ ]+ 2tan(@s — Q)[ a¢,]
0y, ay;, sin2p; | dyy;

2tan(8; — Q)[ o
- sin 2i Lay,z] (31)
065 - 2 24 ;a}.._
a—y;: = CO§ Gs{sec icos (u, + ir)[ 3y13]
— tan{sin (u, + ¥) [7:;—, + 'a?:,—]} (32)

The previous Egs. (14) to (32) are given for the equa-
torial reference; however, the form is identical for the
ecliptic reference, and may be obtained by merely replac-
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ing ¢ and @ by 8 and A respectively, and properly inter-
preting the remaining parameters with respect to the
ecliptic rather than the equatorial plane. Table 2 gives
the elements of the B matrix for both equatorial and
ecliptic reference planes for each of the two sample
trajectories specified in the previous section.

3. Effects of Errors at intermediate
Planet Encounter

The errors in the arrival conditions at the intermediate
planet will propagate along the encounter hyperbola into
errors in the departure conditions as described by Eq. (15)
of the previous section. The effects of these errors on
the postencounter trajectory may be examined in two
respects. First, the departure errors will, if uncorrected,
result in sizable errors at the target planet. Second, the
departure errors may be used to represent the size of a
postencounter midcourse maneuver.

The second consideration may be easily seen if we
consider the first postencounter midcourse maneuver to
be that which nulls the errors in the departure asymp-
totic velocity. The errors in the departure velocity are
expressed in polar form by the upper three elements of
the vector matrix, 8Y, [Eqgs. (14) to (15)]. The velocity
errors may be obtained in Cartesian components by the
following matrix multiplication.

BV,. cosgcos®, —V.singcos®, —Vicosgsin®\ /sV,
(5".'): cosgsin®, —Visingsin®, Vacosgcos® 3¢
3 3

8V, /., \sing, Vicos g, 0 Y]
(33)
Then the midcourse velocity is
8V = (8VE, + 8V}, + 8Vi)% (34)

The size of the postencounter midcourse maneuver may
be used to compare the sensitivity of various trajectories
to arrival errors. This may also be done from a statistical
viewpoint, as discussed in the next section.

Let us uow examine the effect at the target of depar-
ture errors. The output of the heliocentric conic trajec-
tory program (Ref. 9) includes “differential corrections”
which, among other quantities, list the values of the
partial derivatives of B*T, B*R and T at the target
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Table 2. Partial derivatives (B matrix) of departure parameters with respect to arrival parameters

Earth-Yenus-Mercury (equatorial reference)
V.’ s o, by L Ts
Y., 1.0 0 0 0 0 ')
'3 —0.100475 0.464687 0 ~—2.89788 X 10°° 0.723561 0
e, —0.223085 —0.416295 1.0 —6.43419 X 10" 0.397913 0
by 0 0 0 1.0 0 0
2 —0.0949145 —0.978451 ) —273751 X 10°° 0.419388 0
A 0 ) ) 0 0 1.0
Earth-Venus-Mercury {ecliptic reference)
vﬁ, B As b [ Ta
v, 10 0 0 0 0 0
B: —0.0653160 0.595106 0 —1.88384 X 10°° 0.773573 0
As —0.216277 0.0511208 1.0 —6.23784 X 10°° ~0.234564 0
by 0 0 0 1.0 () 0
o —0.0137300 ~0.805270 0 ~3.96000 X 10°* 0.573994 0
T, 0 ] 0 0 ) 1.0
Earth-Yenus-Mars (equatorial reference)
vgz b2 6, b; A Ts
v, 1.0 0 0 0 ] 0
by —0.309756 0.989290 0 —4.55073 X 10°° —0.0504538 0
o 0.0186065 0.0283888 1.0 273354 X 10°° —~0.871755 0
by 0 0 9 1.0 0 0
8 3.55347 X 10°* 0.148647 ) 5.22053 X 107" 0.348504 )
T, 0 0 0 0 0 1.0
Earth-Venus-Mu:s {ecliptic reference)
v"‘} p: Al bﬂ 02 T?
v, 1.0 0 0 0 0 )
B —0.205094 0.845856 o —4.18841 X 107 —0.338421 0
A 0.122551 —0.0147945 1.0 1.80044 X 10°° —0.787367 0
ba 0 0 0 10 0 o
2 —3.39770 X 107" 0.533629 0 —4.99168 X 1077 0.536835 0
T 0 0 0 0 0 1.0
Units: km, rad, sec
£ with respect to C,, ¢, and @ at the departure planet. BT, oB-T, oB-T, oB-T,
The quantities b and ¢ at departure are not pertinent oV, Oy 004 oT,
in the conic approximation, but the time o'f departure' is. sB-R, oB-R, oB-R, oB*R,
Therefore, it is planned to add to the multiplanet version K= W 3 v T (35)
of HECON, the partials of B* T, B+R and T at the target ks b 3 3
3 with respect to departure time, With the above described oT, oT, oT, oT,
partials, then, we can construct the matrix oV, 0ds 00 oTs

10
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where the first column is obtained from the change of
variable

0 9
P 2V"ﬁ (36)
Now define the miss vector at the target planet
'8B-T,
sM = sB-R, 37
3T,
and we have
$M = (KB') 8Y, (38)

where B’ consists of the first, second, third and sixth
rows of the B matrix. Eq. (38), then, maps the errors in
the six arrival parameters into the three miss coordinates
at the target planet. The elements of the 3 X 6(KB’)
matrix indicate the sensitivity of target errors to errors
in the arrival parameters at the intermediate planet, and
would thercfore be useful for comparing selected tra-
jectories.

Before giving numerical results, it is useful to simplify
the problem by isolating the more important parameters.
Experience has shown that for expected injection and
midcourse errors, the errors in Vi, ¢;, @, and T, are
small in comparison to errors in b, and 6,. Preliminary
numerical results show that the target errors resulting
from expected errors in b, and 4, are from 10 to 100
times larger than from expected errors in V,,, ¢, and @,.
Let us then examine only the errors in the impact
parameter components. Define

, _(8B-T,
M _(m,&)

, _{ 8b:

= g ) (39)
e (3B°T:

By = (8B R )

Then, from Eq. (13),
cosf; sind;
3Y; = —sinf#; cosd; 8Y;' (40)
bg bg

= R’ 8Y¢
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Then, defining K’ as the appropriate 2 X 2 portion of
(KB’), we have

$M’ = (K’ R’) 8Yy = R3Y? (41)
where
°B* T; oB* T‘
oB-T, oB'R,
R= (42)
oB'R, 0B°'R,
BB . T: aB . R!

The numerical values of the elements of R are given in
Table 3 for the two sample trajectories to Mercury and
Mars.

Table 3. Impact parameter error sensitivities (R motrix)

Earth-Venus-Mercury {ecliptic reference)

BT, B*R;
[ 13 A 528.8 3485
SR, —161.6 —760.5

Earth-Venus-Mars {ecliptic reference)

BT, BeR;
BT, —123% -— 2607
BeR ~ 4046 3904

The R matrix is useful for targeting of multiplanet
trajectories on the Space Trajectories Program: The pro-
cedure is as follows. For the initial search, select the
aiming point values of B+ T, and B R; that are obtained
from the conic approximation. The resulting miss at the
target planet may then be used with the inverse of
the R matrix to generate increments in B+T. and
B R, that will remove most of the target error. Whether
or not this process converges for successive trials with
the same R matrix has not been determined. However,
the first iteration does yield trajectories which pass very
close to the target planet, as indicated by the results in
Table 4 for the Earth-Venus-Mars sample trajectory.

4. Statistics ¢/ Encounter Errors

Since actual vu'+es of arrival errors are not known
in advance, it is usefui !» examine the statistical nature
of the errors, based on the exg »oted distribution of arrival
errors. Let Ay, be the 6 X 8 covarui..re matrix of expected
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Table 4. Earth-Venus-Mars trajectory on
space frajectories program

Corrections
Parameter HECON | 15t Search h."':;',' for | 20d Seareh
nu=0
Launch
V.‘ ken/sec 3.209 3.2059626 3.2959626
Cs, km'/sec’ 10.949 10.863419 10.863419
@, deg 16.82 16.484351 16.484955
9, deg 240.84 241.25110 241.25090
Z.,deg 90 90 90
R, km 63674 6567 .4 6567.4
Y, dog 20 20 20
LA 8/12/70 8/12/70 81470
o*u.r otuT. ot u.r.
ATy, doys 130.0 129.508464 129.598841
Venus
V,‘2 km/sec 5.526 5.5250332 5.5250049
¢, deg —60.77 | —69.541426 —69.542074
6y, deg —219.70 220.13314 220.13184
BeTy km 11697 | —11698.334 +87.89 | —11603.263
B8Ry, km 14723 14724.085 +114.45 14837.774
@1, deg —1.01 —~10.809301 —10.865752
8y, deg 21N 211.41984 211.80882
ATy, doys 175.5 175.734447 176.941396
Mars
V.. km/sec 7.052 7.035959% 6.9600939
@4, deg —24.10 —24.173786 —24,159954
8, deg 230.20 230.11903 229.6842)
BT, km 0 406936.32 —11062.911
BeR, km 0 —91264.984 12517.591
8, km 0 417044.92 16705.630

arrival errors, which may be determined from a variety
of analyses.

AY==1852518i2; (43)
Then from Eq. (15),
Ay, =BAy, BT (44)
The covariance matrix of the departure asymptotic ve-
locity components may be obtained from the upper-left
3 X 3 part of Ay, and the 3 X 3 matrix of Eq. (33), which
we shall denote by the symbel, A. Then
Ay, = AAy AT (45)

and the one-sigma value of the rms postencounter mid-
course velocity is the square root of the trace of A},

12

A number of different sets of Ay, matrices could be
generated based on a variety of assumptions concerning
the number and accuracy of pre-encounter maneuvers
and the associated orbit determination. An analysis has
been conducted with an assumed approach guidance
system for the Earth-Venus-Mars trajectory. A complete
description of the assumptions involved is not included in
this report (see Ref. 10). Basicaily, the approach guidance
system tracks the Sun, the planet and a star in order to
determine the approach trajectory. Based on current
~stimates of the accuracy of such a system and the exe-
cution errors of two approach maneuvers, a Ay, matrix
was generated following the second maneuver. Mappings
similar to those of Eqgs. (44) to (45) were performed, with
a resulting one-sigma, rms, postencounter midcourse
velocity of 50 m/sec.

A similar mapping of covariance matrices to the target
planet may be determined from Eq. (41). Let

As = BT "
A, = ERTTNY (46)
Then

A.=RA,RT (47)

Eq. (47) maps the distribution of impact parameter errors
at intermediate planet arrival into the distribution of
impact parameter errors at the target. It is instructive
to evaluate Eq. (47) for a circularly distributed unit error
(1 km) in the intermediate planet arrival impact param-

eter. Then
ol 0
N0 1

and the target errors for the two sample trajectories are:

_ { 0.40108 X 10° —0.35049 X 10°
A‘M(rcury - —0.35049 X 10°

0.60447 X 10*
A _f 83219X10* -5.1773 X 10°
‘wers T\ —51773 X 10¢°  31.6111 X 10¢

A diagonalization of the A, matrix gives the principal
axes of the one-sigma error ellipse in the T-R plane and
the angle of the major axis from the T-axis (Ref. 9,



Table 5. Principal axes of target error eliipse for 1 km

cireular error at arrival

Earth-Venus-Mercury tarth-Venus-Mars
Semimojor anis 900.6 km 5719 km
Semiminor axis 441.0 km 2688 km
Angle of major axis 143 deg 102 deg
trom T-axls

pp. xvii-xviii). These values are given for the two sampie
trajectories in Table 5.

Results such as are presented in Table 5 serve as a
means for comparing the sensitivity of various trajectories
to a standard uncorrelated, unit error at arrival. However,
a more meaningful comparison would result if the A,
natrix for each trajectory reflected the comparative accu-
racy obtainable at intermediate planet arrival. The target
coordinate uncertainty due to orbit determination track-
ing errors is such a A, matrix, since it represents the
limiting accuracy that can be obtained as midcourse
correction errors approach zero. Therefore, Eq. (47) has
been evaluated using a A, taken from the orbit determni-
naiion accuracy group of the heliocentric conic trajectory
program output. From Ref. 9, therefore, we obtain the
values in Table 6.

The resulting A, matrices are:

A _{ 0.07409 X 10* 0.01575 X 10**
iMercury 0.01575 X 10 0.07978 X 102
A _ 5225 x 102  —10.924 X 10**
wan =\ 10024 X 107 25774 X 101

It can be seen from the above results that the one-sigma
rms misses at Mercury and Mars -are 0.4 X 10° km and
5.6 X 10° km, respectively, if no approach or post-
encounter maneuvers are made.

Table 6. Orbit determination target accuracy

from HECON
Eorth-Venus-Mercury Earth-Venus-Mars
or 702.1 km 370.6 km
ox 433.4 km 995.4 km
Pra —07716 —0.7231
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A more complete statistical description of the target
errors is obtained from Eq. (38)

A= <3H$ zgﬂ)’ = (KB')“Y,HSL;’(KB')T
48)
= (KB’) A, (KB")" (

No numerical results are presented for Eq. (48), however.

5. Discussion

The results of this iimited study show that the accuracy
of multiplanet trajectories should not be a serious ob-
stacle to their use in future missipns. Certainly, post-
encounter maneuvers will be necessary, and also probably
one or two approach maneuvers dictated by an approach
guidance system. An analysis, in some depth, of prom-
ising missions is warranted, and the equations developed
in this report should serve as a partial basis for compar-
ing and selecting nominal trajecturies. A multiplanet
version of HECON is being developed, and many of
the error equations of this report will be included as
subroutines.

Other considerations must be investigated, of course,
and will affect the total feasibility of these types of tra-
jectories. It was noted in the course of the analysis, for
example, that neither of the sample trajectories pass
through a region during the Venus encounter such that
the Earth, Sun or Canopus is occulted. However, there is
no freedom to choose the aiming point at the intermedi-
ate planet, and it may be found that other trajectories
pass through regions such that an important reference
body is occulted. The two sample trajectories also had
distances of closest approach at Venus that were greater
than average for these type missions (Ref. 7). Closer tra-
jectories may have difficulty meeting constraints on prob-
ability of impacting the intermediate planet. Since a
successful midcourse maneuver considerably lessens the
probability of impact, it would be beneficial to improve
the reliability and accuracy of the midcourse correction
operation.

Other missions, such as out-of-ecliptic and solar probes,
have been proposed which also use the gravitational
perturbation of an intermediate planet. These missions
have less stringent targeting constraints than those hav-
ing a planetary target, and should be seriously consid-
ered. It may prove possible to accomplish these missions
without the need for approach guidance or correction;
that is, using only two or three midcourse corre«tions.

13
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GUIDANCE AND CONTROL DIVISION

. Spacecraft Electrical Power

A. Power Sources
P. Rouklove and D. W. Ritchie

1. Solar Energy Thermionic (SET) Electrical
Power Supply Development

The development of the SET I and II electrical power
supplies is continuing with emphasis on converter and
generator development under JPL contracts with Electro-
Optical Systems, Inc., (EOS) Pasadena, California and
Thermo-Electron Engineering Corporation, (TEEco)
Waltham, Massachusetts. The Missile and Space Division
of General Electric Company is studying, under contract
tc JPL, the thermal energy storage properties of various
materials and their possible application to an advanced
thermionic generator.

The converters manufactured by EOS and TEEco are
to be incorporated into a 4-converter generator for use
with a 5-ft-D mirror (SET I) and a 16-converter generator
in conjunction with a 9.5-ft-D mirror for a SET II system.

a. Tests of TEEco Converters VIII-P-1 and VIII-P-2(a).
Two converters, manufactured by TEEco, were tested at
JPL. These converters are the prototypes of a series of

converters which incorporate several iinprovements, such
as high power density, novel aad improved attachment
system, better resistance to vibration and shock, and
lower cesium vapor pressure. Four of these converters of
the new design will be assembled in a SET generator now
in the design phase. Both converters have a 2-cm? rhe-
nium emitter and a molybdenum collector. The emitter
of Converter VIII-P-1 was obtained by pyrolitic vapor
deposition of rhenium on a tantalum substratum using
rhenium pentachloride, while Converter VIII-P-2(a) used
a rhenium emitter, pressure-bonded to a tantalum slug.
The pyrolitic deposition of rhenium on tantalum presents
difficulties and the resulting bonding is unreliable,
pressure-bonding appearing to be a better process. The
radiator in the prototype Converter VIII-P-1 was made
to the same size as used in previous SET converters, and
it was found that this radiator was insufficient for the
high current densities obtained. To achieve the optimum
collector temperature of approximately 950°K required
in a rhenium-molybdenum system operating at an emitter
temperature of 2000°K and at high current densities, the
radiator used in Converter VIII-P-2(a) was increased by
110 cm?, The measured temperature of the collector face,
operating at 40 a.ap®/cm?® and with an emitter tempera-
ture of 1700°C, was 960°C. To reduce the large thermal
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drop from the collector face to its base, the cross section
of the collector used in VIII-P-2(a) was increased to a
maximum compatible with the size of the converter
envelope. The results of the performance tests of Con-
verters VIII-P-1 and VIII-P-2 together with the results
of converters of Series VII, built at the end of 1583, are
presented in Figs. 1 (a) and (b).

b. Tests of EOS converters. The effort of the coaverters
built by EOS was mostly directed toward an improve-
ment of the resistance to vibrations and stress expected
during the launch period of the thermionic generator.
The converters were tested, using sinusoidal vibration.

As the main goal in the test of the prototype converters
is to obtain design and analytic information, this mode of
vibration was applied, as opposed to random vibration
testing. The sinusoidal mode imposes greater stress on
the converter as a greater energy density is applied to the
structure than with a random scan. The advantage gained
by observing at all times the frequency, the applied load,
and the possibility of immediate observation of auy
resonance effect favored the vibration sinusoidal test.
The converters were tested at frequencies varying pe-
tween 0 and 2000 cps in two steps, 0 to 500 ¢ps, and
500 to 2000 cps, and in the x-y and z-axis at a peak load
ofuptol0g.
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Fig. 1. Output current and power vs output voltage for SET converters
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During the tests, the following observations were made:

Prototype 1. Resonance of the collector flange at 1050
cps resulted in a “chatter” between emitter and collector
surfaces. This observation led to a redesign of the con-
verter structure.

Prototype 2. Resonance observed at 475 cps (5-g peak)
of the cesium reservoir tubulation resulted in displace-
ment of approximately % in. It was felt that the reservoir
heater wire may have acted as an off-center weight. Once
the reservoir was tied down, the resonance disappeared.

Prototype 3. A resonance observed at the tip of the
radiator heater wire resulted in material shaken out of
the sheath. This resonance was observed at 1800 cps 10-g

peak load.

Prototypes 2 and 3 were performance-tested by the
manufacturer before and after the vibration test. No
adverse conditions were observed. Prototype 2 was shaken
twice without ill effects.

These converters are characterized by a one-piece
collector radiator obtained by a drop-forge method from
a solid bar of molybdenum. It was postulated that such
an approach will greatly increase the resistance of the
converter to environmental vibrations and eradicate a
possibility of failure in the brazed section between the
molybdenum collector and the copper radiator.

¢. Development of 9.5-ft-D electroformed solar concen-
trator. The 9.5-ft-D miiror replica obtained from the
9.5-ft-D nickel master was tested at Table Mountain, The
results of the test were reported in Ref. 1. To reduce the
amount of available energy to a quantity equivalent to
the one available from a 60-in.-D mirror in space, and to
remove the effects of the damaged peripheral zone, the
mirror was shadowed to reduce its effective diameter to
7.5 ft. This shadowing reduces the area from 70.882 ft*
to 44.179 ft2, The effects of the area reduction are pre-
sented below.

Calorimeter aperture 1 in. 75D 9.5-ft D
Power input

(standardization to 90 w/f¢*), w| 2460.4 3298.3
7,% 61.88 51.70
Ares, ft* 44.179 70.882
Shadow, ft 3.129 3.598
Shadow factor i 0.92017 0.94025
Reflectance EM/SF 0.666 0.5446
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The results of the test of the mirror for both areas are
presented graphically in Fig. 2. A 60-in.-D mirror per-
formance is presented for comparison purposes.

2. Development of Photovoltaic Standards

a. Introduction. Measurements of photovoltaic devices,
either individual or complete arrays, have been obtained
by comparing the photovoltaic cell output against a total
energy measuring device, Terrestrial measurements using
such methods can result in errors ranging from 5 to 15%.
The development of photovoltaic standards directly cor-
related to proven high-altitude balloon flight standard
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cells eliminates the requirement for total energy measur-
ing devices and provides extrapolated space short-circuit
current with an accuracy greater than +2%.

The design of the standard cell is in accordance with
specifications set forth by the Selar Working Group of
the AIEE. The calibration methods presented herein are
compared to actual high-altitude balloon flight measure-
ments. The standardization methods incorporate both
boron and phosphorus diffused silicon solar cells.

b. Description of calibration method. The method pre-
sented here for the calibration of the short-circuit current
of standard cells is based on comparative measurements of
the cell to be calibrated with solar cells whose short-
circuit current in space is known. Such space standard
cells have been obtained by JPL. The calibration in-
volved simultaneous measurements of the short-circuit
currents of the space standard cell with the standard cell
to be calibrated under a uniform source which varies in
spectral distribution and intensity. Such measurements
are performed in sunlight at Table Mountain, California.

c. High-altitude balloon flight measurements. Since
June 13, 1962, the Jet Propulsion Laboratory has success-
fully launched three high-altitude balloons for solar cell
calibrations. The balloon flights have been correlated to
one another and repeatability of measurements is better
than 0.5%.

The balloon flights have provided space standards for
solar panel measurements of the Ranger and Mariner
programs, as well as for the development of NASA stand-
ards. A total of thirty-eight such space standard solar
cells are maintained at JPL for balloon correlation
measurements and standardization development.

d. Solar cell design. The solar cell used as standard is
of a special design and is manufactured under normal
production techniques. The bulk material is doped for a
desired resistivity of 7 to 10 Q-cm. The p-doped crystal
is sliced to size and polished. The polished wafer is
shallow-diffused using phosphorus gas. The resistive con-
tacts on the cell are vacuum-deposited silver-titanium.
The polished cell was not coated with the silicon mon-
oxide layer normally used on n-on-p type solar cells. The
silicon monoxide coating is mainly used to increase the
efficiency of the solar cell,but, for this application, cell effi-
ciency is not important.
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e. Standard cell package. The solar cell standards hous-
ing has a brass water-cooled heat sink. The solar cell is
soft-soldered to a Kovar base which attaches directly to
the water-cooled base. The Kovar cell substrate will
allow the standard cell to be used at various temperatures
without damage to the cell from thermal exparsion. The
complete standard cell housing is encapsulated with an
optical polished fused quartz window 'is in. thick. Prior
to hermetically sealing, the complete unit is purged sev-
eral times and then filled with diy inert gas.

The locating holes in the bottom of the housing are
designed for accurate solar cell positioning when used in
an artificial test source. A thermocouple is physically
connected to the n-contact of the solar cell for accurate
cell temperature measurements. The complete housing
assembly is shown in Fig, 3.

f. Use of developed standard cells. The developed
standard cells can be used for obtaining space short-
circuit current values in solar arrays using terrestrial
measurements. Such standards could reduce present
problems with solar cell procurements and could provide
correlation of photovoltaic power systems.

The short-circuit current output of solar arrays can be
calculated using such standards if the spectral response
of the standard cell is established to be similar to that of
the test panel. If the standard cell is attached directly to
the solar array being tested, and the two units “see” the
same effective total energy, the use of the “collimation”
system is not required.

Fig. 3. Photovoltaic standard cell
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lll. Guidance and Control Analysis and Integration

A. Satellite Orbit Determination
Accuracy Using On-Board
Instruments
R. A.Virzi and R. V. Morris

1. Introduction

A future mission of interest will be to put a spacecraft
in orbit around another planet such as Mars or Venus.
Such an orbiting spacecraft can be used to take direct
observations of the planet or to relay information from
experiments on the planet surface. Many experiments
that an orbiting spacecraft may perform will require
accurate satellite orbit determination for the following
reasons:

(1) For orbital control to obtain optimum data gather-
ing conditions, such as for photographing surface
features where lighting and contrast conditions are
important.

(2) For the mapping of location-dependent data, such
as curface features, magnetic fields, and particle
densities.
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In addition, the satellite orbit determination can be used
to obtain the mass of the planet.

A satellite orbit is determined by seven independent
parameters. One set useful for our purposes is the orbital
period T, the eccentricity e, the time of periapsis passage
Tp, the planet gravitational constant GM, the argument
of periapsis w, the inclination i, and the argument of the
ascending node Q. Some of these are illustrated in Fig. 1.
These seven parameters give a complete time description
of the spacecraft orbital motion. Therefore, the accuracy
of this time history may be derived from the accuracy of
estimates of the parameters.

A study of the accuracy to which on-board instruments
can determine a satellite orbit is currently being per-
formed. In this study, accuracy is being determined as a
function of the following factors:

(1) The spacecraft orbit.
(2) The distribution of measurement times in an orbit.

(3) The types of measurement taken at each measure-
ment time,

(4) The measurement error model.
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(5) The total measurement time or the number of orbits.
The results to date of this study are describer! below.

2. Measurement Types

In this section, on-board measurements useful in satel-
lite orbit determination are resolved into categories, and
the characteristics of these categories are discussed.

a. Measurement types using on-board instruments.
There are many different types of measuring instruments
which can be carried by a spacecraft. The measurements
by these instruments give information which will fall
into one, or a combination, of the following categories:

(1) Angle information, the information on the angle sub-
tended at the spacecraft between the central planet
and a reference body, e.g., the Mars—spacecraft-Sun

angle.

(2) Range information, the information on the distance
from the center of the central planet to the space-
craft. Measurements which contain only range
information are angular diameter and altitude. Both
measurements require knowledge of the planet
radius.

(3) Rate information, the information on the rate of
change of position relative to the central planet.
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Measurements which contain only rate information
are orbital rate and range rate. The orbital rate
measurement requires knowledge of the planet
center direction. The range rate measurement may
also require the planet center direction.

(4) Event time information, e.g., times of occultations,
and times of a given angle measurement.

In the present study, measurements containing infor-
mation in the fourth category are not considered. All
following statements in this report apply only to the first
three categories.

b. Orbit determination properties of measurement
types. The orbit determination properties of measure-
ment types depend on the motion of the spacecraft. If an
inverse-square central force field is assumed, then the
spacecraft motion is planar and follows Kepler’s laws, in
which case the following statements can be made®:

Angle measurements, Category (1), are the only meas-
urements which can give information about the orien-
tation of the spacecraft orbit. The orientation of the orbit
cannot be determined unless the spacecraft is able to
make angle measurements with respect to at least two
known inertial directions. This can be done by using two
reference bodies or by using a single reference body
having angular motion relative to the planet. Further-
more, angle, range, and rate measurements, Categories
(1), (2) and (3), can be used to determine the size and
shape of the orbit and the location of the spacecraft in
the orbit. (In this report, size is determined by the orbital
period and planet gravitation constant, shape by the
eccentricity, and in-plane location for a given time by
the time of periapsis passage, period, and eccentricity.)
The measurements in Categories (1), (2) and (3) can always
be expressed in terms of the four in-plane coordinates:
true anomaly, range, range rate and orbital rate. There-
fore, the in-plane orbit determination properties of meas-
urements can be obtained from the properties of the four
in-plane coordinates.

Some important orbit determination properties of true
anomaly, range, range rate and orbital rate measurements
are:

(1) True anomaly—gives no information of size but al-
ways gives information of shape and in-plane
location.

*Deviations due to oblateness, etc., which may be encountered at a
planet such as Mars, will cause perturbations in the spacecraft
motion. These perturbations can be handled in orbit determination
as varjations in the orbital parameters.
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(2) Range—always gives information of size and shape,
and gives information of in-plane location except
for circular orbits.

(3) Range rate—always gives information of shape, and
gives information of size and in-plane location
except for circular orbits.

(4) Orbital rate—gives no information of size but al-
ways gives information of shape and in-plane
location.

The above orbit determination properties apply when
only measurement data is used without making use of
prior information (a priori knowledge). In practice, prior
information may be available that may allow determi-
nation of size, shape or in-plane location when it is not
possible with measurement data alone.

Because of the periodic nature of the spacecraft orbital
motior, very accurate determination of the orbital period
can be obtained if the measurement used has a periodic
variation, All the above four measurements are peri-
odic except for circular orbits when only the true anomaly,
i.e., the central angle, has any variation.

3. Study Description
The following is a description of the work performed.

a. The spacecraft reference coordinate system. A space-
craft reference coordinate system is necessary for defin-
ing spacecraft based angle measurements. In this study
the reference system is an inertial right-hand Cartesian
coordinate system with mutually orthogonal axes labelled
X-Y-Z. It is centered at the spacecraft, and its coordinate
aves are determined by two reference bodies. The posi-
tive Z-axis is directed from the spacecraft toward the
primary reference body. The XZ-plane contains the sec-
ondary reference body in the 4-X half-plane. The Y-axis
completes the right-hand coordinate system X-Y-Z. This
coordinate system, centered at the planet, is illustrated in
Fig. 1.

b. The spacecraft orbit. The spacecraft is assumed to
move in an elliptical orbit. The orbital plane is inertially
fixed and contains the planet center of mass. The orien-
tation of the orbital plane in the reference coordinate
system is illustrated in Fig. 1. The orientation of the
plane is defined by two angles. They are the argument of
the ascending node © and the inclination angle i. The
in-plane orientation of the ellipse is given by the argu-
ment of periapsis », which is the angle from the ascending
node to periapsis, measured in the direction of motion
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of the spacecraft. The size (i.e., semimajor axis) of the
ellipse is determined by the orbital period T and the
planet gravitational constant GM. Its shape is determined
by the eccentricity e. The location of the spacecraft in
the orbit at a given time is determined by the time of
periapsis passage T, the period T, and the eccentricity e.

To date only two orbits (about Mars) have been
studied. These orbits, identified as Orbits 1 and 2, are
described in Table 1. The angles which describe the
orbital orientation are referred to a spacecraft coordinate
system based on the Sun and the south ecliptic pole as
primary and secondary references, respectively. Although
the spacecraft reference system is not inertial (i.e., it
rotates at the planet’s orbital rate) when the Sun is used,
the accuracy results should still be valid because of the
short time durations considered in the study. If the effects
of the planet’s motion about the Sun and its finite dis-
tance were included, it is expected that they would
improve the orbit determination accuracy results for
long time periods.

¢. The measurement types. Measurements are made of
both the cone and clock angles of the central planet in
the spacecraft reference system at each measurement
time. The cone angle g8 is the angle from the positive
Z-axis to the planet direction (0 < g = 180°). The clock
angle a is the angle from the positive X-axis to the pro-
jection of the planet direction on the XY-plane. The
positive sense of a is a right-hand rotation about the
+ Z-axis. The angles B and a are related to the angles
B’ and a’ (shown in Fig. 1) as follows:

B =180° — ¢ (1)
a = 180° + o @)

Table 1. Parameters of two satellite orbits about Mars

Orbital parameter Symbeol Orbit 1 Orbit 2 Units
Gravitational constant | GM | 42977.8 42977.8 km®/sec’
Orbital pericd 27390.568 13094.296 | sec
Eccentricity e ]0.42001 001 ...
Time of periapsis

passoge T» |0.0 0.0 sec
Semimajor oxis A |9347.5 5715.0 km
Periapsis range Rr |5412.0433 5657.85 km
Apoopsis range Ra | 13281956 577215 km
Argument of periopsis w —142.51455] 177.08134 | deg
Inclination ] 32.314388 32.48401 | deg
Argument of the

cscending node 1] 1.9102133 47.68956 | deg
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where B and a are the cone and clock angles of the
orbiter-to-planet direction, and 8’ and «’ are the cone
and clock angles of the planet-to-orbiter direction.

d. The measurement error model. The measurement
error model assumes that each measurement has an
independent random error of 0.266 nrad, 1 o. A fixed
bias in the cone angle measurement was assumed and
was estimated as an auxiliary parameter of the orbit.
A fixed bias in the clock angle measurement and an error
in the argument of the ascending node 0 have identical
effects on the measurements. Therefore, no auxiliary
parameter is necessary to account for the bias. If prior
information of either is available, the bias and the error
in @ may be separated.

e. Measurement times. Cone and clock angle measure-
ments are taken every 5 min, starting at the nominal time
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of a periapsis passage, The total measurement period is

4. Results

Accuracy results have been obtained at intervals of
40 measurement times (200 min) and plotted in Figs. 2(a)
and (b). They give the standard deviations, without prior
information, of the argument of the acending node Q, the
inclination angle i, the argument of perapsis «, the eccen-
tricity e, the orbital period T, and the time of periapsis
passage Tp. The plotted points are connected by straight
lines only for ease of identification, and do not represent
the true accuracies for intermediate times.

Several conclusions that may be drawn from the results
plotted in Figs. 2(a) and (b) are:

(1) The accuracy of all the estimated orbital elements
increases with measurement time. The rate of im-
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Fig. 2. Standard deviations of elliptical orbit elements vs measurement time
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provement after the first orbit is about the same for
all the elements except for the orbital period T,
which has a greater rate.

{2) The accuracy of determining the orientation of the
orbital plane, i.e,, the angles @ and i, appears to be
relatively independent of the size and shape of the
elliptical orbit, e.g., at 10 hr, +; = 0.0354 and 0.0346
mrad, and o, = 0.0713 and 0.0834 mrad, respec-
tively, for Orbits 1 and 2.

(3) The accuracy of determining the orbital period
appears to depend more on the number of orbits
than on the total measurement time, e.g., at about
2.65 orbits, elapsed time =20 and 10 hr, and
or = 0.0784 and 0.0808 sec, respectively, for Orbits
1and 2.

(4) The accuracy of determining the eccentricity e
appears to be independent of the orbit, e.g., at
10 hr, o, X 10¢ = 0.0152 and 0.0156 for Orbits 1
and 2, respectively.

(5) The accuracy of determining the argument of peri-
apsis » and the time of periapsis passage T, appears
to decreasc with decreasing eccentricity e. This
conclusion is not strictly supported by the data
presented, becausz of the large changes in other
parameters. Other unpublished studies do support
this conclusion.

Orbital size cannot be determined from the measure-
ment data alone because the measurements depend in
time only on the true anomaly 4 (see Fig. 1). Size can be
obtained from the orbital period T if the gravitational
constant GM is known. The effects of the accuracy of
prior knowledge of GM are discussed below.

The standard deviations of the periapsis range R, and
the apoapsis range R, for Orbit 1 are presented in Fig. 3.
Both R, and R, are functions of T, GM and e, and there-
fore, contain size and shape information. Errors in R,
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Fig. 3. Standard deviations of R, and R, for Orbit 1
vs measurement time for different valves of oy

and R, result from errors in 7, GM and e. Since GM
cannot be obtained from the measurement data, the
standard deviations of R, and R, wiil be dependent on,
and be limited by, the prior knowledge of the standard
deviation of GM. The limiting standard deviations of
R, and R, are given by Egs. (3) and (4).

R
orp (Lu llit) = _—3631 oo (3)
. . R,
Tra (Lumt) = 3CM O (4)

In Fig. 3 most of the curves terminate at times less than
50 hr, because the computation used to obtain the co-
variance matrix (i.e., the second moment matrix of the
errors) seems to become very sensitive to digital compu-
tation roundoff. The values at early termination points
are found to be very close to their corresponding limiting
values,
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IV. Guidance and Control Research

A. Optical Physics Research

T. Tomotsu and A. R. Johnston

1. Correlation Between Optical and Dielectric
Properties of the NaNO, Crystal

a. Introduction. In 1958 it was discovered that NaNO,
was ferroelectric below the transition point of 163°C
(Ref. 1); since that time, many detailed investigations
have been carried out on its various properties, such as
its dielectric (Refs. 2, 3, and 4), thermal (Refs. 5 and 6),
optical (Refs. 7 and 8), and other properties (Refs. 9 and
10). Above the transition point, its crystal structure (Refs,
11 and 12) is nc.polar and belongs to the orthorhombic
system, space group D3 — I mmm. Below the transition
temperature, the crystal structure is still orthorhombic,
but is polar along the b-axis, space group Cz2 — I mm.

The NO; ion, a symmetric nonlinear group, lies parallel
to the b plane, as shown in Fig. 1. The bisectrix of the
angle O-N-O is aligned parallel to either the +b-
or —b-axis with equal probability above the Curie point,
whereas it is aligned along, say, the + b-axis in a single
domain below the critical point. This is a kind of order~
disorder transition brought about by thermal agitation.
This change of the long-range order with temperature has

recently been investigated (Ref. 4). The disorientation of
the NO; group at the transition my occur through: (1) the
oscillation of the NO; ions around the a-axis, (2) the oscil-
lation of the NO; ions around the c-axis, or (3) the tunnel-
ing of the N atoms between the two O atoms.

SHADED ATOMS ARE AT 1/2 g

N-O DISTANCE = 1.23 A;

O-N-O ANGLE =116 deg (REFS. i1 AND 1Z2)
ag:355A

b:=556A

c=%938 A

Fig. 1. Crystal structure of NaNO;
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Sato, et al. (Ref. 9) supported Process (1), based upon
their observation of polarized infrared absorption. The
absorption of the fundamental v, of the nitrite ions in the
NaNO, crystal has a peak at about 830 cm™* and is effec-
tive for light polarized with its electric vector E along the
bisectrix of the O-N-O angle. The absorption spectra were
investigated over the temperature range between 25 and
190°C with polarized infrared radiation. The intensity of
absorption for light polarized in the b-direction became
smaller and that in the c-direction became larger with in-
creasing temperature, whereas that along the a-direction
did not show significant change. These results supported
Process (1), i.e,, vibration of the NO; ion around the a-axis.
No evidence could be found to prove the existence of
Process (3).

b. Proposed experiments. The purpose of the work
reported here was to confirm the above-mentioned proc-
ess by means of an investigation of the ultraviolet absorp-
tion of NaNOQ.. The absorption spectrum of the NaNO:
single crystal and its polarization were investigated in
detail (Ref. 8). NaNO., has an absorption band at around
350 my. This is due to an electron transition within the
NO; ion and is mainly polarized in the direction of
the a-axis; i.e., polarized light with E along the g-axis is
absorbed. Therefore, it is expected that information about
the behavior of the NO; ion might be obtained from the
change of the polarized absorption; i.e., if Process (1) is
the actual one, there will be no significant change in the
a-polarized absorption, but if Process (2) is the actual
one, the absorption in the b-direction should become
larger. In the case of Process (3), presumably there will
be a large change in the absorption in every direction.

For measurement of optical absorption, the apparatus
shown in Fig. 2 was constructed. The high-intensity

N
O3

L S P

JARRELL-ASH
GRATING SPECTROMETER

TUNGSTEN—IODINE LAMP

SAMPLE HOLDER (RCTATABLE OVEN)
POLARIZER

PHOTOMULTIPLIER

goor

Fig. 2. Optical apparatus for measurement of
absorption spectrum
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tungsten—iodine lamp (General Electric Company airport
lamp, Model 6.6A/T3Q/ICL) is adequate as a near-
ultraviolet continuous light source (300 to 400 my). The
sample crystal is put inside a rotatable oven capable of
maintaining constant temperatures up to 180°C. Under
various conditions of crystal orientation and temperature,
the polarized absorption spectrum is measured with a
Jarrell-Ash grating spectrometer and detector system hav-
ing a 1P28 photomultiplier. A Glan-Thompson prism is
used as a polarizer. The measurement of polarized ab-
sorption is of special interest in a narrow temperature
range around the Curie point, because anomalous dielec-
tric properties have been reported there (Ref. 4).

Since the NaNO, crystal is a new ferroelectric material,
its electro-optical properties have not yet been investi-
gated. Another purpose of this work is to get new data
on the electro-optical properties of NaNO, crystals using
a polarimeter method (Ref. 13).

c. Crystal growth. The elements of the Bridgman
furnace (Fig. 3) constructed for growing single crystals
of NaNO. are as follows: (1) innermost is the heater
assembly which is vround of Nichrome wire, spaced to
produce a specific temperature gradient; (2) enclosing
the heater assembly is a glass Dewar to provide thermal
insulation for the heater assembly; (3) outermost is a
cylinder of Lucite tubing to protect the glass Dewar
from breakage.

The furnace was made transparent in order to visually
monitor the crystal-growing process. Occasionally, the
crystal growth will be started and will have many inclu-
sions which are visible. Rather than having to let the
crystal grow to completio~ (70 to 80 hr), the inclusions
can be detected early in the growing process, the crystal
re-melted, and the process started anew.

A typical temperature distribution of the furnace is
shown in Fig. 4. Temperature is controlled by a propor-
tional temperature controller (Winsco proportional tem-
perature controller, Model 4053-1) at the melting point of
NaNO, (277°C). Temperature fluctuation was less than
0.1°C over a period of 2 to 3 days.

The crucible is drawn from Pyrex glass tubing, a hook
is formed on the upper end, and the lower end is slowly
tapered to a point. Although the lower tapered end is
essential to start the crystal growth from a single nucleus,
the shape of the taper does not appear to be important.
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The crucible is suspended in the furnace by a thin wire
cable; the upper end of the cable is wound on a spool
which is mounted on the shaft of a synchronous motor.
The crucible is lowered in the furnace when the cable
unwinds from the rotating spool. In order to achieve vari-
ous lowering rates, the motor was pulsed on and off by
means of a percentage timer, a time-switching device
which has an on-time variable from 4 to 96%. It was
possible to obtain lowering rates from 2 to 20 mra/hr
using this system. In most cases the rate of 2 mm/hr,
corresponding to 0.5°C/hr, was used during the recrys-
tallization process. After complete crystallization, the
lowering rate was increased up to a factor of 10. The
NaNO, crystals have a singular expansion coefficient (Fig.
5); i.e., the crystal expands in the direction of the c-axis
when the temperature is decreased, especially near
165°C. Therefore, some cracks will appear near that
temperature, but, since the fragments are still large
enough for this experiment, no precautions have been
taken to prevent crystal fractures.

The NaNO. used was first purified by means of re-
crystallization and was outgassed at 80 to . .0°C for sev-
eral hours. The crucibles were not sealed off during
crystal growth. In most cases the crystals grew with the
c-direction roughly vertical.
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Orientation of samples could be conveniently accom-
plished because the single crystal has cleavage planes
along (101) and (101). The angle between these two
planes is 67 deg, with the b-axis being the intersection of
these two planes. The c-axis is the bisector of the angle
between the two planes, and the a-axis is perpendicular
to the b- and c-axes (Fig. 6).

Since the absorption of NaNO, at 360 my is very
strong, unusually thin samples (< 0.1 mm thick) are re-
quired for the absorption measurement. The crystal can be
cut by a wetted thread-string saw as thin as 1 mm. Then,
thin plates are polished on filter paper moistened with
alcohol containing a small amount of water. By this
method it has been possible to make a 0.07- X 3- X 3-mm Fig. 6. Relationship between the crystal axes and
plate of NaNO.. cleavage planes

CLEAVAGE PLANES (I101) AND {101)
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ENGINEERING MECHANICS DIVISION

V. Materials

A. Effect of Plastic Deformation
on Preferred Orientation of
Synthetic Carbons

D. B. Fischbach

The easy mode of plastic deformation of graphite and
turbostratic (disordered stacking) carbons is generally
believed to be shear on the layer planes. Shear on a single
set of slip planes causes these planes to rotate toward
the tensile axis. Tensile deformation, then, may be ex-
pected to produce an orientation texture in which the
layer planes tend to lie parallel to the tensile axis. Obser-
vations have been made of the effect of high-temperature
heat-treatment alone, and high-temperature tensile de-
formation on the preferred orientation of three types of
carbon: (1) glassy carbon [a vitreous ungraphitized mate-
rial which is nearly isotropic (Refs. 1, 2)], (2) conven-
tional pitch-coke composite carbons (fairly well graphi-
tized with an initial orientation texture determined by
the fabrication parameters), and (3) pyrolytic carbons,
commonly called pyrolytic graphites (initial ungraphi-
tized, transversely isotropic “wrinkled sheet” structure).

The preferred orientation texture was investigated by
two techniques. For the pyrolytic carbons, an X-ray dif-
fraction method (Refs. 1, 3) was used. The normalized

orientation density distribution of the layer plane normals
is determined as a function of the angle » measured with
respect to the normal to the deposition plane. The func-
tion cos"» is fitted to the distribution and n employed
as an index of preferred orientation. While preferred
orientation is easily determined by this method in pyro-
lytic carbons, X-ray techniques are more difficult for
the more nearly randomly oriented glassy and conven-
tional carbons and were not used for them. For all three
types of carbon, measurements of the diamagnetic sus-
ceptibility x, were employed. The susceptibility of turbo-
stratic carbons and graphite is highly anisotropic. For
single crystal graphite the susceptibility measured per-
pendicular to the layer planes x. is about 21.5, while
parallel to the layer planes y, it is only 0.32 (all suscepti-
bility values are reported in units of —10-¢ emu/g). The
single crystal anisotropy ratio x./x. is 68. Therefore, mag-
netic susceptibility measurements in various directions in
a polycrystalline sample provide a sensitive method of
detecting preferred orientation.

It is well established that y. is a function of the struc-
ture of the sample (crystallite diameter and layer stacking
order). Although x, is expected to be insensitive to struc-
ture, this has not been firmly established experimentally.
Therefore, care must be used in interpreting the results.
The structure dependence of the susceptibility may be
monitored by observing the total (trace) susceptibility x»

29




JPL SPACE PROGRAMS SUMMARY NO. 37-27, VOL. IV

(sum of the x values measured in three orthogonal direc-
tions), which is independent of anisotropy. For single crys-
tal graphite yr =22.1. For pyrolytic carbons yxr of
as-received materials may be as high as 34. It decreases
with increasing layer ordering to a minimum vaiue of
about 20 and finally recovers to the graphite value in
well-ordered material. The pyrolytic carbon used here
had been heat-treated for a half hour at 2800°C prior
to testing and was in the minimum susceptibility condi-

tion. For glassy and conventional carbons yxr is initially .

low and increases with increasing crystallite diameter.
There is sometimes a slight maximum (= 22), but no
minimum and xr levels out at a value less than that of
graphite (usually in the range 19-21).

The preferred orientations of samples taken from the
undeformed butt sections were compared with those of
samples from the corresponding gage sections of tensile
specimens. Since both butt and gage samples had under-
gone heat treatment during deformation, measurements
were also made in some cases on as-received samples
to determine the effect of heat treatment alone. The sus-
ceptibility was measured parallel to the tensile axis and in

two orthogonal directions at right angles to this axis.
The samples were not, in general, isotropic in the plane
perpendicular to the tensile axis, so maximum and mini-
mum values in this plane were determined. Two ani-
sotropy ratios were computed from these data: A,, the
ratio of the maximum susceptibility perpendicular to the
tensile axis to the susceptibility parallel to this axis, is a
measure of the tendency of the layer planes to lie parallel
to the tensile axis. A,, the ratio of the maximum suscepti-
bility to the minimum susceptibility, both measured per-
pendicular to the tensile axis, measures any tendency
for the layer planes to lie parallel to a particular plane
(such as the deposition plane in pyrolytic carbons) con-
taining the tensile axis. For the X-ray diffraction meas-
urements on the pyrolytic carbons, rod-shaped samples
were cut perpendicular and parallel to the tensile axis
in the deposition plane. The perpendicular samples yield
n, and the parallel samples (ithe type used in previous
investigations) yield n, where the significance of the sub-
scripts is similar to that for the A’s.

Representative results are given in Table 1. While heat
treatment alone affects the total susceptibility, it produces

Table 1. Effect of heat-treatment and tensile deformation on the preferred
orientation texture of various carbons and graphites

Deformation
Pretest heat- T
Type of carbon Sample _ X A A n n:
treatment, °C Temp, °C | Elongation, % 10° emu/g * 2 !
Glossy 2000 As rec’d —_ —_ 9.0 1.02 _ — —_
Butt 2700 —_— 124 1.01 - —_ f—
Gage 2700 24 14.6 1.82 —_— _—
Pitch-coke B 2200 As rec’'d —_ _ 19.8 1.20 1.14 —_ —_
Butt 2700 —_ 20.3 118 1.14 —_ —_
Gage 2700 30 20.0 1.45 1.01 — —_—
As rec’'d _— —_ 19.2 1.26 1.23 —_ _
Butt 2475 —_ 20.3 1.23 1.23 _ —
Gage 2475 7 20.% 1.29 117 —_ —_
Az rec’d —_ —_ 20.3 1.23 117 — —_
Ruil 2475 —_ 200 1.23 117 —_— —_
Geoue 2475 ~1.5 20.2 1.23 1.16 — —
Pitch-coke C 2500 As rec'd —_— —_— 19.0 0.81 1.0 —
Butt 2700 — 204 0.82 1.03 —_— —
Gage 270C 45 20.5 1.34 1.01 —_ —_
As rec’d — — 19.2 0.86 1.03 _— —_
Butt 2475 — 20.2 0.88 1.04 — —
Gage 2475 15 20.5 1.02 1.01 — —
Pyrolytic {regenerative) 2800 Butt 2900 — 19.8 8.3 _ 12 —_
Yy hr Gage 2900 100 217 4.3 111 3400 29
Bult 2700 —_— 20.2 8.2 — —_ —_
Gage 2700 17 214 424 9.6 1150 18
Butt 2500 — 20.4 8.0 —_ -— -
Gage 2500 6 203 19.8 1.3 200 18.5
Butt 2200 —_ 19.9 8.6 — _ —
Goge 2200 ~2.7 20.2 9.0 8.4 12.5 1.5
Scrap _— ] 20.6 7.8 —_— 12.5 —_
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little change in the preferred orientation for the glassy
and conventional carbons. This is also true for the pyro-
lytic carbon used here, which had a regcnerative micro-
structure. However, in all cases, tensile deformation of
& 5% elongation produced a definite change in preferred
orientation which increased with increasing deformation.
The deformation-induced orientation consisted of a ten-
dency for the layer planes to align parallel with the
tensile axis, as expected. Frequently, deformation also
increased xr.

The glassy carbons were initially nearly isotropic, but
deformation produced anisotropies as high as 1.8. The
marked increase in xr is probably a result of crystallite
growth. The pitch-coke materials had a definite initial
preferred orientation resulting from the uniaxial pressure
used to form the blocks prior to baking. The layer planes
tended to the oriented perpendicular to the pressing
direction. Samples in Group B were cut with the tensile
axis perpendicular to the pressing direction (parallel to
the layer planes), so that A, > 1. The C samples were
cut with the tensile axis parallel to the pressing direction
(perpendicular to the layer planes) making A, < 1. Ten-
sile deformation increased the existing preferred orien-
tation texture in the B samples. In the C samples,
deformation tended to rotate the preferred orientation
axis by 90 deg, making A, approach and finally exceed 1.0.

The behavior of the pyrolytic carbon is especially inter-
esting. The structure of the undeformed material may
be represented by a stack of wrinkled layer planes. It is
transversely isotropic in the plane of the deposit, and
the tensile axis lies in this plane. The magnetic and X-ray
determinations of preferred orientation are in good quali-
tative agreement at small elongations. However, above
15% elongation the A values show little change, whereas
the n values continue to increase rapidly. The reason
for this is not known, though in this range n is a much
more rapidly increasing function of preferred orientation
than A is. Both types of measurement show that tensile
deformation is much more effective in dewrinkling the
planes in a direction parallel to the tensile axis than per-
pendicular to it. The structure of the deformed gage
sections might therefore be represented by a stack of
corrugated layer planes with the corrugations parallel
to the tensile axis. Less extensive tests on a pyrolytic
carbon with a substrate nucleated structure gave quali-
tatively similar results, though the n values were some-
what higher. Although this anisotropic effect of tensile
deformation might have been anticipated on the basis
of the present understanding of the structure and defor-
mation processes in pyrolytic carbons, this appears to be
the first experimental demonstration of it.
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Because of the strong anisotropy of most of the physical
properties of graphite, the degree of preferred orientation
is an important factor in applications of this material. The
present results demonstrate that qualitative information
on preferred orientation can be obtained rather easily
from magnetic susceptibility measurements. However,
before this technique can be employed confidently for
quantitative work, a more detailed understanding of the
dependence of the principal susceptibilities on crystallite
size and layer stacking order is required. The results
reported here on the effect of tensile deformation on
preferred orientation in glassy and conventional carbons
are consistent with the hypothesis that basal plane shear
is an important component of the deformation of dis-
oriented carbons and graphite. For pyrolytic carbons the
results may be explained more conveniently in terms of
dewrinkling (removai of tilt boundaries), though basal
plane shear is probably also involved.

B. Growth and Perfection
of Crystals

P. J. Shiichta

1. Comparison of the Phase Rule, the Crystallo-
graphic Contact Rule, and Euler’s Boundary Rule

It has recently been discovered (Ref. 5)* that, when a
crystal structure is considered as a space-group array of
rigid spheres in contact, the relationship

F=P-C+1

holds, wherein F equals the number of degrees of free-
dom of the structure in parameter space, P is the number
of variable parameters (atomic-radius ratios, unit cell
axial ratios and angles, and atomic position parameters),
and C is the number of contact modes. This “Contact
Rule” bears a close resemblance to Gibbs’ Phase Rule

F=C—-P+2
wherein F is the number of degrees of freedom of the

system in composition-temperature-pressure space, C is
the number of components in the system, and P is the

*A more detailed exposition is in preparation.
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number of phases present. Moreover, Euler’s Boundary
Rule,

F=E-C+2

wherein F, E, and C are respectively the number of faces,
edges, and corners of any polyhedron, has a similar form.
These sum rules are much simpler than the relationships
generally encountered in mathematics and physics, and
it seems appropriate to determine whether their super-
ficial similarity is indicative of a generic relation.

The Phase Rule and the Contact Rule are, in fact,
special cases of a trivial axiom of mathematics which
might be termed the Simultaneous-Equation Sum Rule,
namely that for n single-valued equations involving m
variables, the number of independent variables is equal
to m — n. The Centact Rule is mnerely an expression of
the fact that, for each contact mode in the structure,
there exists an equation stating that the sum of two atomic
radii is equal to the distance between their centers. Simi-
larly the Phase Rule rests on the assumption that, at
equilibrium, the chemical potentials of all phases present
are equal (Ref. 6); hence there must be P equations of
the form

K—_—ILD(CI’CZQCH e CCaT,P)

The constants in each of these rules stand for implicit
variables: temperature and pressure in the case of the
Phase Rule and volume expansion (i.e., @,/R,) in the
case of the Contact Rule.

A sum rule of the simultaneous-equation type is pos-
sible in any physical or mathematical system involving a
set of simultaneous equations, each of which denotes the
existence of a member of a class of enumeratable entities.
Most of these, however, are probably too trivial or of too
little utility to merit expression.

[N

Euler’s Boundary Rule, however, despite assertions to
the contrary (Ref. 7), is generically unrelated to the
simultaneous-equation sum rules. Not one of the many
derivations of this rule involves simultaneous equations
(Ref. 8). There is no term corresponding to degrees of
freedom and the constant cannot be equated to any im-
plicit variables. Euler’s Rule is in fact the special three-

dimensional case of a more general n-dimensional relation
(Ref. 9)

S Ne(=1)f=1— (=1
d=0

32

so that even the superficial resemblance to simultaneous-
equation sum rules is merely coincidental.

The conceptual uniqueness of Euler's Rule is of some
significance in connection with its application to other
sum rules. Any simultaneous-equation sum rule can be
represented diagrammatically as an n-dimensional space
divided into polytopes. Therefore any such sum-rule dia-,
gram must obey some form of Euler’s Rule. For example,
the contact diagram of a two-parameter crystal structure
may be regarded as a polyhedron in which the area out-
side the border of the diagram counts as a face, the seg-
ments of the border proper to each contact field count
as edges, and all line intersections count as vertices.
Moreover, since (with a few special exceptions) all ver-
tices are trihedral, a special case of Euler’s - .ule holds

2F=C+4

Therefore, if the number of contact modes is known, it is
possible to predict the number of triple points that will
be found within the diagram.

Another possible joint application of Euler’s Rule and
the Contact Rule involves those complex metallic crystal
structures which can be interpreted as the packing of
spheres into successive shells of concentric polyhedra.
By a suitable choice of assumptions (e.g., that each sphere
constitutes a corner (or face) of a polyhedron, that each
intralayer contact constitutes an edge, that each sphere
must be in contact with at least three atoms in the shell
beneath it, etc.) it may be possible to use the two sum
rules to determine those sets of polyhedra which corre-
spond to optimal packing.

C. Graphite

W. V. Kotlensky

1. Glassy Carbon

In the previous summary tensile results were presented
for two lots of glassy carbon, one reported by the manu-
facturer to have been heat-treated at 2000°C (Lot 228)
and the other at 3000°C (Lot 229). The strengths of these
two lots over the range from room temperature to 2900°C
were not markedly different. The ductility of Lot 228, on
the other hand, was appreciably greater than Lot 229.




To test the effect of annealing, Lot 228 specimens were
heat-treated for 1 hr at 3000°C in a graphite, resistance
tube furnace, cooled to room temperature, and then
pulled to fracture in the tensile testing apparatus. The
resuits of tests made at 2500, 2700, and 2800°C are given
in Table 2. The tensile data are in fair agreement with
Lot 229 reported in the last issue. The lack of ductility in
glassy carbon which has been heat-treated at 3000°C
cannot be explained on the basis of thermal annealing
alone. Unannealed Lot 228, tested at 2900°C, shows
considerable ductility, and the difference observed can-
not be attributed to the 100°C higher heat freatment.
Other factors, such as crack formation during cyclic heat-
ing, may contribute to the lack of high ductility in glassy
carbor Lot 229 and Lot 228 heat-treated at 3000°C.

Pitch-coke graphites show a decrease in bulk density
and an increase in porosity with tensile deformation
(Ref. 10). Recent structural studies on the gauge section
of deformed specimens show that glassy carbon under-
goes a similar change in bulk density and porosity. Such
data for glassy ~arbon, as well as Knoop microhardness
and unit cell height (C,) and width (a,) are given in
Table 3. The density data for Lot 228 may be interpreted
to indicate that pore formation accompanies deformation
and that the pores which are formed are open pores.
The lack of appreciable density change for Lot 229 is
due to the low deformations in this material.

Hardness measurements on carbon and graphite are
difficult to make because of the resiliency in these mate-
rials. One method which has been widely used involves
the spraying of a thin layer of paint or plastic on the
surface and relating hardness to the imprint left in the
coated surface. This method has the disadvantage that
the coating is often too thick, irregular, and leads to
erroneous values. In the present method, a thin flm of
silver approximately 1000 A thick was flash-coated in a
vacuum onto the gia sy carbon surface. This method was
found to give better reproducibility than the painted
surface method.

The Knoop microhardness data (Table 3) show that
both lots of glassy carbon become softer with deforma-
tion, reaching a limiting hardness number of approxi-
mately 114. A decrease in hardness in graphite has been
associated with graphitization. Glassy carbon, as indi-
ca-ed by the unit cell dimension, does not graphitize.
Franklin (Ref. 11) has reported that carbons showing
a limiting unit cell height (C,) of approximately 6.88 A
are nongraphitic and contain appreciable crosslinking,
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Table 2. Tensile properties of glassy carbon Lot 228,
heat-treated at 3000°C for 1 hr prior to testing

Test Ultimate Recorded
tamperature, strength, elongations,”
*C pol %
2500 11,400 0.5
2500 17 400 4.1
2700 20,200 47
2900 16,900 8.7
sCorrected for deformation in the flileted regions. Strain rate 2 X 10-*in./in./sec.

Table 3. Structural properties of glassy carbon

Density, g/cm’ Knoop

t micro- Co, [
¥ ont Bulk True® hardness | A A
v rue {100 g)

Lot 228
As received 1.50 1.68 192 7.00 243
Heated to 3000°C 1.50 1.66 127 6.87 244
13.5% strain at 2200°C] 1.41 .7 145 &N 2.44
23.5% strain at 2700°C 1.28 1.76 117 6.90 2.44
33.6% strain at 2700°C{ 1.29 1.82 114 6.84 2.43
23.6% strain at 2900°C 1.37 1.74 112 6.87 2.44

Lot 229
As received 1.50 1.68 127 6.86 245
1.1% strain at 2200°C 1.54 1.65 —_ 6.86 2.45

2.2% strain at 2500°C 1.46 1.66 119 6.87 245
5.5% strain ot 2700°C 1.44 1.66 116 6.86 244
4.8% strain at 2900°C 1.44 1.65 15 6.87 245

M. d by k

The change in hardness with heat-treating and deforma-
tion of glassy carbon may in some way be associated with
the extent of crosslinking.

2. Pyrolytic Graphite

To the writer's knowledge, no report heretofore has
been made of any maximum in the strength of pyrolytic
graphite as a function of temperature. Tensile tests are
reported to have been made at temperatures as high as
3056°C (Ref. 13) without showing any dropoff in strength
with temperature. Recent improvements in the graphite
tensile testing apparatus has made it possible to extend
the test temperature from a previous maximum of 2760
to 2000°C. Preliminary tensile tests on pyrolytic graphite
made at temperatures up to and including 2900°C indi-
cate that the strength parallel to the substrate definitely
decreases at temperatures above 2700°C.
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D. Properties of Tungsten at

High Temperatures
J. L. Taylor

Study of the high temperature tensile behavior of
tungsten (Refs. 13, 14) has continued.

The effect of grain size and impurity level on the ten-
sile strength and ductility of powder-metallurgy tungsten
was determined by comparing recrystallized coarse- and
fine-grained undoped tungsten and recrystallized fine-
grained doped tungsten. Tests were conducted in vacuum
at a strain rate of 0.02/min from 2500 to 5000°F. Both
fine-grained materials, about the same strength, were

stronger than the coarse-grained. Ductility for the doped
fine-grained tungsten (higher impurity level) was lower
than for the undoped fine-grained tungster in which
stress-induced grain growth occurred more readily. Stress-
induced grain growth correlates in a general way with
ductility measured by either reduction in area or elonga-
tion. High and low values of stress-induced grain growth
are associated with high and low values of ductility,
respectively. In the intermediate temperature region be-
tween approximately 50 and 85% of the absolute melting
point where a ductility minimum occurs, grain boundary
sliding and its effects, void nucleation and growth, and
intercrystalline fracture appear to predominate to lower
ductility in both fine-grained materials. A detailed dis-
cussion of this recently completed work appears in Ref. 15.
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VI. Applied Mechanics

A. Thermochemistry and Normal
Shock Program

T. Horton

Current studies of the feasibility of planetary entry at
high velocities have created a need for rapid solution
techniques of aerothermodynamic problems involving the
high-temperature properties of gas mixtures. Although
most problems in the field of aerothermodynamics are
characterized by large pressure, chemical composition,
and temperature gradients (and thus by nonequilibrium
phenomena), there are many processes of interest for
which either the gradients disappear or the reaction rates
are sufficiently fast to justify the assumption of chemical
equilibrium. The thermodynamic properties and chemi-
cal composition of multicomponent, high-temperature,
real gas mixtures which satisfy the conditions of chemical
equilibrium, have been used in investigating normal
shock, hypersonic flow field, communication-blackout,
convective heat transfer, and radiative heat transfer
problems.
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Several numerical techniques have been adapted to
the high-speed digital computer for the calculation of
chemical equilibrium composition properties of gas mix-
tures. A survey of these techniques is given in Ref. 1.

From the aerothermodynamic point of view one of the
most important, yet simplest, applications of the chemical
equilibrium calculation is the normal shock problem.
In the past, for air calculations, the procedure has been
to generate thermodynamic data and use it for a sepa-
rate calculation of normal shock parameters. However,
because of the diversity of gas mixtures proposed for
planetary atmospheres, and the need for data both in
shock tube experimentation and free-flight entry calcu-
lations, a completely mechanized normal shock and
chemical equilibrium scheme was required.

The JPL Normal Shock and Chemical Equilibrium
Program is such a scheme which is programmed in
Fortran for use on the IBM 7090 computer. The program
is capable of calculating chemical equilibrium proper-
ties associated with traveling, standing, and reflected nor-



mal shocks with the initial gas mixture, temperature, and
pressure easily varied. The program can also be used
to generate Mollier thermodynamic data and chemical
composition at selected temperatures and densities. The
program can handle mixtures of gases in which both
dissociation and ionization are important in the tempera-
ture range of 2000 to 20,000°K. The constituents of the
gaseous mixtures are limited to the 38 species (Table 1),
for which molal free energy and molal enthalpy (Yief. 2)
are tabulated in the program library. (The range of tem-
perature and number of chemical species are limits of
the available library data and not the program.)

The chemical composition which satisfies the criterion
of chemical equilibrium is obtained by solving the familiar
mass balance and mass action equations using a Newton-

Table 1. Chemical species listed in the program library

Molecular Heat of formatien
Ne. Formula taht keal/mole ’
1 CN 26.019 109.0
2 NO* 30.008 234.8
3 co 28.011 —27.202
4 NO 30.008 21.477
5 NO: 46.008 8.766
é N:O 44.016 20.309
7 €0 44,011 —93.9643
s N 28.016 0
[ O 32.000 0
10 e 12.0094 2095.69
1 c* 12.0099 991.689
1}] c 12,0108 429.537
13 c 120115 1410
4 co* 28011 295977
15 C:Ns 52,038 73.4
16 G 24.022 196.3
114 G 36.003 1880
18 N 14.0064 222425
19 N 14.0069 1130.22
20 N* 14.0075 447.564
2 Ny* 28.016 359.206
22 o'+ 15.9984 2449.47
23 o+ 15.9089 1182.60
24 o’ 15.99905 372.942
25 o 16.00055 25.1935
26 o 32.000 —23.00
, 7 o 32.000 277918
x 28 O 48.000 34.639
‘ 29 At 39.9423 1943.49
30 AT 39.9428 1000.28
3t A 39.9434 363.348
32 c 120110 169.99
2 N 14.008 112.507
34 o 16,000 58.9728
s . 0.000549 0
3 A 39.944 0
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Raphson procedure similar to that of Ref. 3. This numeri-
cal procedure for obtaining chemical composition is
incorporated into the equilibrium block of the program,
as shown in Fig. 1, so that it can be used to supply
Mollier and chemical composition data or be used in
an iteration loop to obtain normal shock solutions. As
programmed, this procedure requires less than 2 sec to
yleld solution concentrations for a mixture containing
36 constituents.

Two normal shock options are available. One option,
the moving normal shock case, yields the velocities, ther-
modynamic properties, and equilibrium chemical compo-
sition behind the normal portion of the bow shock of a
high velocity body. The other option, the combination
normal shock case, supplies the velocities and thermo-
dynamic properties associated with both the normal por-
tion of the standing bow wave of a test model mounted
in a shock tube, and the reflection of a shock from a
plane surface, such as the end wall of a shock tube.

The results of the standing and reflected shock calcu-
lation are useful in interpreting convective heating and
thermal radiation experiments performed in a shock tube.

READ LIBRARY DATA

READ CASE DATA

Q=

[ EQUILIBRIUM 8LOCK

SOLVE
MASS ACT!%DEWAT!ONS
MASS BALANCE EQUATIONS

MOVING NORMAL SHOCK
EQUATION

D

Iﬂu A NEW j"fqi! EQUATION
DENSITY ] SATISFIED

Fig. 1. Flow diagram of the thermochemistry
and normal shock program
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B. Thermal Scale Modeling:
Arthur D. Little Contract

J. M. F. Vickers

The third phase of the work carried out by Arthur
D. Little, Inc., of Cambridge, Massachusetts, under Con-
tract No. 950252, to demonstrate the feasibility of thermal
scale modeling in steady state, has now been completed.
This phase completes Contract No. 950252.

The Phase 111 tests were performed in three steps,
using: (1) the full- and half-scale models of Phase II
(Ref. 4), under modified input power conditions; (2) the
Phase 1l models after physical modification; and (3) a
new model (Ref. 5), built at half scale from Armco Iron,
the prototype material, in order to check the materials
preservation technique discussed in Ref. 6.

The first tests carried out in Phase III used the proto-
type and half-scale models of Phase II, but with a power
distribution designed to produce large thermal gradients
within the model. These tests have been designatad the
“forced gradicnt” t-sts. The same total power input was
used as for the full power in Phase I1, that is about 165 w
into the prototype. In Phase III, however, no power was
supplied to Box A (originally the box carrying approxi-
mately two-thirds of the total power input to the model),
while the power was divided between the other two
boxes so that the power into Box 4 was twice that into
Box C. Since Box A was totally black, while Boxes B
and C were gold-plated and only partially black, this
meant that a considerable thermal gradient was devel-
oped within the model; the temperature difference be-
tween the closest thermocouples on the faces of Boxes A
and B was approximately 65°C.

The second tests carried out in Phase III were made
after the prototype and half-scale models of Phase 1I
were modified. The medification consisted of milling out
approximately 75% of the material forming the twelve
tabs which were used to connect the three boxes of each
model to the frame members. These tabs were simulating
a relatively high joint conductance between boxes in
Phase I, and this was reduced to about one quarter of
its previous valne for Phase III. Since the paint pattem
on the models was designed for approximately isothermal
conditions, the tests were carried out using the forced
gradient power distributions, so that the etfect of de-
creased joint conductance on modeling could be ex-
amined. The net effect on the junctiore hetw.en -the
boxes was to decrease the conductive heat flow between
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boxes by about 25%, as shown by a decrease in tempera-
ture drop across the frame, and to increase the tem-
perature drop across the tabs themselves by about a
factor of two.

The third tests carried out in Phase 111 were on a new
model, Model 4, which was built at approximately one-
half scale of the same materials as the prototype. This
provided a check on the materials preservation technique
proposed in Ref. 6. With this technique, the model oper-
ates at a temperature considerably above that of the
prototype, the absolute temperature at any point in the -
model being equal to that of its homologous point in
the prototype multiplied by the inverse of the scaling
ratio to the one-third power. In this case, for the exact
scale used (determined in Phase II by the ratios of the
thermal conductivities of Armco Iron and SAE 4130),
which was 1/1.78, the absolute temperature of the model
was 1.212 times the absolute temperature of the proto-
type. The total power input to the model was 0.68 times
the total full power input to the prototype, since the
model laws state that the power into the model should
be equal to the power into the prototype times the scaling
ratio to the two-thirds power. For comparison, the model
temperatures were reduced to those which the model
predicted for the prototype; these predictions were then
compared with the results obtained with the prototype
during Phase II using the full-load power distribution.

These results from Phase III and the relevant results
from Phase II (Ref. 5) are shown in Table 2,

Several important points should be noted here. First,
for all three tests in Phase III it was possible to obtain
satisfactory results with thermal modeling. The average
error, and the errors in the maximum error regions and
minimum error regions, are all higher than for Phase II,
but the increase is not great considering the increased
gradients experienced in this phase. Under forced gradi-
ent conditions the maximum-to-minimum temperature for
a given model was 100°C, which is considerably greater
than the range encountered in the bus portion of present
spacecraft. Second, the test using the materials preserva-
tion technique experienced difficulties with the model
running too cold, by about 4.8°C on the average. A sub-
sequent error analysis by the contractor accounts for
3.6°C, approximately, from systematic sources, while ran-
dom variations in surface emiitances could account for
a further 1.5°C, so that it is considered that this tech-
nique is actually better than the results in Table 2 indi-
cate. It should, however, be pointed out tha theoretical'y
the materials preservation technique is 2 %jc0d one at
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Yable 2. Half-scale results, Phases Hl and Il

il tead Twice Three Forced Reduced tob Materials
full load dimensional gradient conductance preservation
Average total error, <7 0.9 24 1.7 33 35 44
Total error, % 0.31 0.67 0.55 1.02 1.09 1.39
Maximum error area
{16 thermocouples)
Average error, *C 1.8 47 3.t 67 73 47
Error, % 0.58 1.28 1.03 2.1 2.2 1.6
Minimum efror area
{32 thermocouples)
Average error, °C [/ X 1.3 0.9 1.5 1.6 49
Error, % 0.17 0.37 0.31 0.48 0.49 1.32

half scale, but runs into considerable difficulties at smaller
scales, as indicated in Ref. 6. Third, the so-called maxi-
mum error area, consisting of the sixteen thermocouples
in the vicinity of the comer where the two gold-plated
portions of Boxes B and C meet, gives very much worse
results under forced gradient conditions, which is to be
expected, since the error is due to the thermal conduc-
tivity of the plating (Ref. 5). The increased conductance
heat flow in these models, where the over-all thermal
conductivity is incorrectly scaled, would be expected to
lead to increased errors. Fourth, in the materials preser-
vation technique model, where the siw thickness of
plating was used on Armco Iron, a considerably more
conductive material than SAE 4170, the so-called maxi-
mum error area is a misnomer. The difference in be-
havior between this ara and the thermocouples in the
rest of the model is not sign:ficant, since this model is far
less affected by the thermal conductivity of the plating.

In summary, this contract demonstrated that it was
possible to model successfully, at one-half scale, a single
material prototype under vacuum and cold-wall condi-
tions, (1) for two-diinensional flow at various power set-
tings and power distributions; (2) for two different values
of simulated joint conductance; and (3) for 3-dimensional
flow, using both the temperature preservation and the
materials preservation techniques. It has been possible
to account for most of the discrepancies that occurred
in the experiments by systematic error analyses.

Tests will also be carried out, in-house, on the nodels
developed in Contract No. 950252, using solar simula-
tion. A new centract, No. 950789, has now been initiated
with Arthur D. Little, Inc., to build :nq test, at steady
<tate and with solar simulaticn, a c..-uh,ilf scale model
of the Mariner C Temperature Control Model.

C. Development of Radio Fre-
quency Transparent Energy
Absorbing Structural
Elements
R. K. McFarland

The first phase of a contract effort with the General
Electric Company to develop fiberglass-reinforced plastic
honeycomb energy-absorbing elements has been com-
pleted. The objective of this phase was to develop and
test honeycomb elements which have a capability to
develop high specific energy values with low electric
attenuation in the S-band radio-frequency range.

Preliminary tests indicated that phenolic or polyester
honeycomb possessed the ability to develop a controlled
and repeatable mode of collapse when subjected to an
axial loading, thus denoting a potential for use as energy
absorbing elements.

A number of test specimens were fabricated using
p enolic aud polyester resins, with various fiberglass cloth

%2.es and lavups._ and in various cell sizes and resin con:

tents. The purpose being to determine the variables waich
>
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affect the energy-absorbing characteristics of the plastic 20 |
honeycomb elements. Axial static and dynamic tests were P %4 /16-in.
performed on the specimens, along with a determination . Rt CELL
of radio-frequency attenuation through the specimen. o P -
7
; Test results indicated that the phenolic honeycomb - R , “i/a
| possessed the great-st energy-absorbing capability. It is PR e
‘ of primary interest to note that the fiberglass reinforce- 2 7 // 3/16
} ment type or layup had little or no effect on the energy- . )id e P
| absorbing capabilities, and that the resin type, resin e L A 7 1/a
content and cell size are the primary variables. : L/ 7 / /
5> ;r/ S <
Referring to Fig. 2, the relation between specific energy & 7 /
' and unit weight is shown for plastic honeycomi: with §
different cell sizes, for phenolic and polyester resins. © /] /
Tests are presently being conducted to determine the 3 / L~
upper limit on these curves. Results tend to indicate that g d
the plastic honeycomb elements, when optimized, will 8 —
be able to absorb approximately 20,000 tc 22,000 ft-Ib —_— A —=—"T3/
of energy per pound of honeycomb.
1] ——t—
Efforts are presently being initiated to develop tech- 38 POLYESTER RESIN
niques for forming the plastic honeycomb in singly or PHENOLIC RESIN — — —
doubly curved arrays, for possible application to antici- % 5 : 5 s L =

pated planetary capsule landing systems. In addition,
tests are being performed to determine the effect on
nonaxial loading on plastic honeycomb elements. Fig. 2. Specific energy versus honeyzomb density

UNIT WEIGHT, 1b/?
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ENGINEERING FACILITIES DIVISION

VIl. Technical Facilities

A. An Intense Magnetic Field .
Facility

R. Rust

“pos

A high magnetic field facility is nearing completion 90
at JPL. This project was initiated by the Physics Section
of the Space Science Division. Engineering responsibility
for the magnet design, fabrication, and subsequent lab-
oratory completion was vested with the Technical Facility
Engineering Group. This report gives descriptive infor-
mation summarizing major systems design considerations
and recent progress toward making the facility oper-
ational.
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The first and most important item in a magnet labora-

tory for investigation of superconducting materials is ‘.
the choice of a stable power supply. Magnets producing
field strengths of 100,000 gauss cannot contain any fer-
ritic types of materials. In order to produce continuous
fields near the above strength one must use about 2 Mw

of DC power (Fig. 1). Considerations of the design S A1 e+ - O S S
of continuously operating magnets having such feld ) To0ee Wm0 e %
stretx;lgthf indic?tc;1 that input pt:wir Ishouldl:)e avaxla:)}:e tor— () g0z & w2 4% w0
in the form of heavy currents at low voltage, so the

resistance of the magnet must be low. Preferable total oL ‘ L . = ‘ 30°
magnet resistance is of the order of 220 uQ, as this mini-
mizes the temperature requirements placed on the elec-
trical insulation spacers between the coil turns. Fig. 1. Magnet performance data
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For this installation a new unipolar motor generator
set developing 24 Mw is used. The high-frequency volt-
age ripple stability is constant to one part in 10", The
test room containing the magnet is visible for communi
cation from the control panel of the motor generator
set, since it is not in the same room. The magnet is kept
as near to the generator as possible to minimize the
amount of copper required for electrical busses to Carry

approximately 95,000 amp at 21 v, during operation.

An existing closed loop system using clean (distilled)
water is used. The complete system contains the magnet,
a cooling tower, pumps, and a heat exchanger. The cost
of water pumps was saved by proper choice of the lab-
oratory site in the vicinity of the wind tunnel facilities.
Water pressure gages and an orifice flowmeter are
mounted near the instrument control panel where the
operator has them under observation at all times.

Since the noise level of this machinery is excessive,
the generator was fully enclosed in a separate room. An

-
-
-
.
.
.
-
.
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appreciable magnetic field due to magnet and bus bars
will penetrate nearby buildings about 30 ft in depth.
This stray field will amount to several hundred gauss
just outside the magnet, and one must be careful to
remove any iron which might be attracted to the magnet.
Attraction forces are very large when one moves inside
the air core of the magnet. It is generally assumed that
exterior magnetic fields have no biological effect on the
occupants of the laboratory.

1. The Power Supply

The central item in the power supply is the unipolar
motor generator set (Fig. 2). The direct cuirent generator
nominally puts out 1800 kw. It has a novel liquid metal
(Nak) current collection system replacing conventional
de generator brushes. The Nak reduces internal energy
dissipation so that power output can be increased from
1.8 to about 2.4 Mw. A 2500-hp induction motor oper-
ating with 140% load factor on three-phase current, at
4160 v, is capable of delivering about 3500 hp continu-

Fig. 2. Motor generator set power supply
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ously. The motor turns at 1800 rpm and is physically
attached to the unipolar generator via a 1:4 speed in-
crease gear box all attached to a common bedplate. Elec-
trical controls are interlocked with such necessary items
as water flow to the magnet and magnet-bus, Nak flow
and temperature in the generator, over-temperature, lube-
oil flow and temperature, to bearings.

2. The Water Supply

Distilled water is pumped through the magnet and
the heat exch.:nger at a rate of about 430 gal /min. The
capacity of the cooling circuit is of sufficient size to keep
the maximum distilled water temperature between 100
and 120°F, depending on initial water temperature. This
will be sufficient to keep the maximum temperature of
the copper in the magnet to within a few degrees of the
boiling point of the water.

In order to keep the magnet near any particular aver-
age bulk temperature the following volume flow rates
are required for water h. -ing the temperature differen-
tials stated below.

Average magnet 300 gal ‘min, | 600 gal min,
temperature, “C C C

25 (77°F) 26 15

50 (122°F) 21 12

75 (167°F) 1S 10

The water contains from 500 to 1500 ppm sodium
nitrite for corrosion control. The low voltage magnet
system can tolerate such contaminants without very great
electrical losses as follows:

S e "W i - "7‘T - T
Water sample | Resistivity, . EOwer l)m“,.r
[ ohm-cm | loss, kw loss, %
Pure | 20000 | 0036 | 00024
City water \ 4,000 0.179 | 0.012
.“,.)“.l)].ﬂll sodium | 238 3,02 & 0.20
nitrite |
\'
400 i
14 ) ppm sodium 200 3.46 0.24
nitrite

The magnet is designed so that a pump must maintain
a pressure of about 120 psi in order to circulaie the
required amount of water. The distilled water circnit

JPL SPACE PROGRAMS SUMMARY. NO. 37-27. VOL. IV

and cooling tower circuit contain pressure switches which
cut the excitation for the armature circnit of the DC gen-
erator, when the water pressure falls below 100 psi

3. The Magnet Solenoid

The magnet is intended to give high magnetic field
strengths for continnous operation over indeftnite periods.
The magnet (Fig. 3) is mounted with its axis vertical. The
central tube for the magnet is 2-in. 1D,

Since the magnet has to dissipate 2.0 Mw, the coil is
about 17-in. OD and provision must be made for internal
cooling. This is done by forcing water radially throngh
0.025-in.-high spaces between successive turns of the
coil. These passages are maintained by spacers in such
numbers as to allow removal of heat generated in their
immediate vicinity at the rate of about 200 w cm® ol
cooling surface. Thus, the temperature at the inner por
tion of the magnet can be held below the boiling point
of water. The flow of water is turbulent. The Reynolds
number is a million, hence well above its eritical value,
The resistance of the magnet is about 200 Q. and the
field constant is just over 1 gauss amp.

Fach of the copper turns of the magnet is 0.318-in.
thick and forms a continuous solenoid of 27.2 turns. The
solenoid and electrical insulation spacers are held to
gether simply by mechanical pressure. Only the end turns
of the solenoid are backfilled with copper sheet and
attached to heavier copper plates which are bolted to
the bus. Micarta gaskets keep the coil from touching the
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Fig. 3. Solenoid and bottom bus
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inner tube, or the outer case, and allow water to circu-
late over the surfaces of the coil. Holes 0.75-in. in diam-
eter penetrate the coil near its outer edge. Micarta tubes
in these bolt holes prevent the turns of the coil from
moving or touching each other, These tubes have holes
machined in cross-section to allow water to circulate and
prevent local burning. The present design for an average
heating rate of only 200 w/cm? is quite safe from the
conditions for forming a steam layer at the cooling inter-
faces. The surface heating rate at the inner radius posi-
tion of the solenoid is calculated to be about 1,200 w/cm?.
This is about one-fourth of the heating rate for forming
steam layers. Other magnets could be designed with
much less cooling surface if one were willing to go to
higher operating temperatures. An upper limit heating
rate of about 5,000 w/cm? might be obtainable before
steam layer formation would cause the magnet to
blow up.

The design parameters for the solenoid are as follows:

Current I = 95,000 amp

Power W = 2,0 X 10¢ w

Inside radius r, = 1.25 in.

Outside radius r, = 8.5 in.

Turn thickness (¢ + ¢,) = 0.343 in.
Voltage V =21 v

Resistivity = 2.0 X 10-° ohm cm
At 80°C p = 7.85 X 10-7 ohm in.

Coil length L = 10 in.
Plate thickness ¢ = 0.318 in.
Water channel ¢, = 0.025 in.

Parametera = r./r, = 8.5/1.25 = 6.8 Eq. (1)
Parameter 8 = L/2r, = 10/2(1.25) =4.0 Eq. (2)
Tums N = [L —-2(t+¢)] /(t + ) =272 Eq. (3)

Space factor A =t/(t +¢,) =0.318/0.343=0925 Eq. (4)

Current density (J,) at inner radius position, with (r,)
given in centimeters.

Ji = (4=BIna)*% (W/pArd)% = 18,000 amp/cm?* Eq. (5)
The total effective magnet resistance R,.

R, =2mp[L—2(t+ t,)]/t(t + t.) In(ry/r)) = 219 pO
Eq. (6)

First axial field strength equation (H) with (r,) given in
centimeters.

H = G(Wa/pr,)% = 101,000 gauss Eq.(7)

Dimensionless Fabry factor G used with Eq. (7).

- (3) wmrn S e
Eq.(8)

Second axial field strength equation (H) with coil height
(L) in centimeters.

H = 4=NI1R/10 L = 102,000 gauss Eq. (9)
Dimensionless shape factor R used with Eq. 9.

1+ [1+ (2r,/L)*]%
R=1— (logry/r.))* log{l T {1 T 22:151‘;2}*} = 0.802

Eq. (10)

Solenoid axial compression force (F,) at the inner
radius (r,).

- [ 7Nnl? joules [ 107 dyne cm
F,=2x10°| =7 ] ul [ £ ]
r2.25 X 10-¢1b
dvne
F, = 2 X 10-° 7 (27.2) (1.25) (95,000 amp) }?
’ ! (10)
(107) (2.25 X 10-%) = 46,3001b

Eq.(11)

This 23-ton axial compression must be supported by the
dielectric spacers placed radially throughout the coil
30 deg apart. These spacers are made of silicone-fiberglas.
They are %s in. wide at the inner radius, 0.50 in. wide
at the outer radius, and 0.025 in. thick. No deformation
of the spacers was observed.

Solenoid radial stress (F,) at the inner radius {r,).

F. = (14.7 X 10-%) (H gauss)?/8= = 5,850 Ib/in.?
Eq. (12)

No permanent set was observed for the copper coil near
the spacers for either of these two stresses just computed.

w




4. Cryogenic Magnet Dewar

A commercial cryogenic Dewar was modified for use
with the electromagnet. This Dewar has a nitrogen-
cooled shield enclosing a heliura container. The exterior
of the tail section of the Dewar forms the wall of the
air core magnet as shown by Fig. 4. The entire Dewar
is removable by unseating an O-ring gasket water seal,
on the tail section of the Dewar and removing the cover-
plate bolts at the top of the magnet.

The cryogenically cooled magnet test section shown
in Fig. 4 is 14 in. long and has an inside diameter of
1.5 in. reaching to the center of the magnet. The helium
container has a radiation shield cooled by 4.7 1 of liquid
nitrogen. A vacuum pump is mounted on the roof of
the laboratory and will be used to supercool the helium
volume so that experiments can be carried out below
4°K. This vacuum pump will be operated continuously
during such tests. The helium-filled tail section mentioned
above is supplied with 2.25 1 of liquid stored in the
upper portion of the container. The Dewar forms an
integral part of the magnet and can be used to simul-

AIR CORE
"MAGNET
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taneously test materials under intense magnetic fields
and cryogenic temperatures.

5. Magnet Facility Use Program

This facility will be used first for low temperature
research. Specifically, the current density versus magnetic
field will be measured for superconductors in the vicinity
of 100 kilogauss.

The availability of a 100 kilogauss field of fairly large
test volume suggests a number of experiments in the
demagnetization region for calorimetry, supercondue
tivity, ete. Such a high field also offers an opportunity
for measurements of time resolved nuclear magnetic
resonance.

The facility could be used for cyclotron resonance
investigations of new materials. Fundamental informa-
tion about basic electronic properties can be obtained
which would not be possible at lower magnaetic field
strengths. Experiments in solid-state physics with inter
metallic compounds of the Types 1I-V, and 11-VI hold
promise in high magnetic fields.

Fig. 4. Dewar, magnet and electric bus assembly
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PROPULSION DIVISION

VIIl. Solid Propellant Engineering

A. Low-Pressure Combustion
Studies

L. D. Strand

1. Influence of Aluminum Coarseness on
Low-Pressure Unstable Combustion

Two modified versions of JPL-540 propellant are being
used in the transparent motor studies of low-pressure
unstable combustion. In the JPL-540 Modified 1 propel-
lant, aluminum of 31-p average particle diameter has
been substituted for the 16% of 7-x aluminum additive
in the regular propellant formulation. JPL-340 Modified
2 propellant contains aluminum of approximately 15- to
17-u average particle size. Vacuum system test firings at
an initial propellant temperature of 80°F have been con-
ducted with these propellents in standard 3-in.-D test
motors. By comparing test results with similar unmodi-
fied JPL-540 test firing data, an attempt has been made
to determine any changes in low-pressure unstable com-
bustion characteristics resulting from the change in alu-
minum particle size. The fu:lowing is a brief summary
of the findings.

Figs. 1 and 2 are K,-P, log-log plots for the two modi-
fied propellants, obtained from the 3-in.-D motor firing
data. For comparison, the unmodified propeltant K,-P.
plot is shown as a dashed line. The curves for the modi-
fied propellants are nearly identical, and as will be seen,
tk~ unstable combustion characteristics also scem to be
approximately the same.

Fig. 3 shows a log-log plot of the motor L* values
plotted versus the mean chamber pressures at the time
of the combustion extinction for the three propellants.
The L#* value after extinction of combustion has previ-
ously been shown to be a emrelating parameter for low-
pressure combustion extinction (Ref. 1). The data points
for the two modified propellants appear to fall un the
same correlation curve, within experimental scatter. The
curve has a smaller negative slope than that for )PL-540
propeliant and lies in 2 lower pressure region. A log-log
plot of the pressure oscillation frequency prior to com-
bustion extinction versus the mean chamber pressure at
combustion extinction for the three propellants is shown
in Fig. 4. Again the data points for the two modified
propellants appear to fall on a straight line of smaiier
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slope and in a lower pressure region than the curve for
JPL-540. The K,-P. graphs predict a slight change in the
slope of the modified propellant curve in Fig. 3 and pos-
sibly also in Fig. 4 (change in burning rate pressure

\
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Fig. 3. Log-log plot of L* versus mean chamber pressure
at combustion extinction

exponent) at a pressure of approximately 54 psia. Not
enough data points are available in the higher pressure
region to substantiate any such changes in slope and
therefore none are shown in the figures.

The shifts in the modified propellant curves are in the
direction of similar curves for more rapid burning pro-
pellants of low alumirum composition, and this is felt
to be a possible explanation of the test results. Due to
the incomplete low-pressure combustion of the coarser
aluminum in the modified propellants, the propellants’
burning characteristics approach those of a non-
aluminized propellant. As a check on this postulation,
small motor firings are being planned with these three
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Fig. 4. Log-log plot of pressure oscillation frequency
versus mean chamber pressure at combustion
extinction

propellants to determine the c* efficiencies at low oper-
ating pressures.

2. Pressure Oscillation Amplitudes of Low-
Frequency Combustion Instability

As was reported in Ref. 2, in a majority of the experi-
mental test firings that have and are being conducted in
the investigation of low-pressure combustion the propel-
lant charges are regressive in burning nature. These
charges ignite in the stable operating pressure region,
burn regressively with decreasing pressure into the un-
stable pressure region, and ultimately cease burning. In
a majority of test firings, low-frequency, low-amplitude
oscillations in pressure occur prior to extinction of com-
bustion. The oscillation amplitudes will at first increase
linearly at a slow rate with decreasing chamber pressure.
With continuing pressure decrease the pressure oscilla-
tion amplitudes begin to grow at an increasing rate of
increase and continue to do so until combustion ertinc-
tion occurs. The base pressures and oscillation ampli-
tudes were measured from oscillograph records at several
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poirt- over the time span of linear amplitude increase for
a number of test firings. The purpose was to see if any
relationship between the oscillation amplitudes and base
pressures existed over the range of base pressures meas-
ured. Figs. 5, 6, and 7 are graphs of the oscillation
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Fig. 5. Amplitude of pressure oscillations versus mean
chamber pressure, JPL-534 propellant
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amplitudes (AP) plotted versus the mean chamber pres-
sures for several test firings of JPL-534, JPL-540, and
JPL-540 Mcdified 1 propellants, respectively. Over the
narrow span of base pressures measured, the range of
oscillation amplitudes for the test runs seems to be inde-
pendent of base pressure for the three propellants. The
linear rate of increase in amplitude with decreasing
mean pressure seems to vary randomly among the test
firings. The conclusion drawn is that the amplitudes of
low-frequency combustion instability do not appear to
be an inherent property of the propellant and its pres-
sure of combustion, as is the oscillation frequency.

B. Silicone Propellant Development
for Heat Sterilization

L. C. Montgomery

In consonance with the requirements for a heat steri-
lizable propulsion unit, JPL has undertaken the develop-
ment of a propellant using high temperature silicone
resins.

Resins were selected from those now commercially
available. Physical tests of the resins were made and a
candidate resin for a propellant system was selected.
Ammonium perchlorate (AP) was selected as the oxidizer.

With extreme safety precautions small laboratory sam-
ples of the binder and oxidizer were mixed by hand.
Impact tests were run on these crudely mixed samples.
These tests indicated a sensitivity of the propellant to
the impact of a 2-kg steel ball when dropped from a
minimum height of 27.9 cm onto the Y%:-in. thick pro-
pellant sample located on a steel base. This sensitivity
did not indicate any greater safety hazard than other
ammonium perchlorate propellants.

It was then acceptable to mix the propellant in the
small sigma mixer. From 1000-g batches made in the
sigma mixer other tests of impact sensitivity, burning
rate, and physical test specimens were made. Tests of
these specimens indicated a lesser impact sensitivity
(30.5 cm for the ball drop). The burning rate tests were
run at 80°F and on propellants containing 70% and
80% oxidizer. The burning rates of the 70% mixture
were 0.28 in./sec at 250 psig, 0.38 in./sec at 500 psig,
and 0.59 in./sec at 1000 psig. The burning rates of the
80% mixture measured 0.46 in./sec at 250 psig, 0.61 in./
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sec at 500 psig, and 0.90 in./sec at 1000 psig. Density of
the propellant was not measured for the 70% oxidizer
propellant, but it has averaged about 0.0547 for the 80%
batches. Typical data from the small sigma mixer batches
is given in Table 1. It should be noted that sterilization
treatment does cause a slight increase in tensile strength
with associated reduction in elongation. The Censity is
not measurably changed by the sterilization treatment.

Before charges were made for rocket motors an inves-
tigation was made of liner materials for case b ;nding the
silicone/AP propellant. No material was fouud to which
the propellant would bond, with or without the recom-
mended primers. However, it was found that RTV 11, a
General Electric Corporation product, would adhere to
the cured propellant and to most other surfaces and
would maintain a high tensile strength and high elonga-
tion even under sterilization temperature cycling.

15- and 30-1b batches of the silicone/AP propellant
have been made in the 5-gal Planetex mixer. Initially,
dummy batches were made to checkout the mixing pro-
cedures. From the first live batch of propellant two
cartridge charges were made by casting into 4%-in.-ID
teflon-coated sleeves with a tapered 2-in.-D mandrel for
the center perforation. After curing these charges at
250°F for 2 hr (other samples used this same cure tem-
perature), they were trimmed to a 5-in. length and pre-
pared for static test. One charge was inhibited on both
ends and outer surface with the silicone binder and then
wrapped with glass tape around the outer cylindrical sur-
face. The charge was then secured in the chamber by
clamps and static tested. The second charge was potted
in the chamber with RTV-11. Both static tests were suc-
cessful and gave a higher performance than was expected.
The charges gave an average C* (calculated from head
end pressures) of 4652 ft/sec and 4625 ft/sec, respec-
tively. Data from the physical specimens from this batch
indicate the propellant to have the same physical char-
acteristics as that made in the smaller batches.

Two 30-1b batches of the silicone/AP propellant have
been made and from each of these batches four propel-
lant charges were cast. These charges are to be used to
evaluate the effect of the three sterilization cycles on
integrity of the charge and/or motor performance.

After a minimal evaluation program of this propellant
in a rocket motor under sterilization conditions, its devel-
opment will be carried along only as necessary as a
backup program for sterilizable propulsion systems for
Mars landing missions.
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Table 1. Data from tests of the small sigma mixer batches

Batch Oxidizer, Sterilization Density, Yensile strength, Elongation,
number % treatment Ib/in? ! Ib/in? %
§-2176 70 None - 111.6 68.2

123.3 73.6
116.8 73.9
118.4 73.6
$-2180 80 None 0.05984 87.1 69.6
0.05968 87.3 70.3
0.05971 87.2 64.0
84.7 66.5
89.6 69.0
87.8 68.1
$-2183 80 300 *=8°F for 0.05997 90.1 60.7
36 hr left in 0.05985 89.4 58.8
mold 0.05971 88.8 57.5
89.5 57.4
88.6 58.0
84.1 53
S-2184 80 None 0.05977 79.6 75.5
0.059.90 78.7 74.6
0.05980 81.6 79.0
75.3 69.8
81.3 80.7
84.4 75.5
S$-2185 80 300 *8°F for 0.05970 90.5 57.7
36 hr; 0.05957 85.7 53.3
removed from 0.05980 91.0 é1.0
mold; wrapped 88.8 59.9
in aluminum foil 87.2 57.0
87.7 56.2
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IX. Polymer Research

A. Compatibility of Polyethylene
Oxide and Poly-B-
Vinylnaphthalene

J. Moacanin and E. F. Cuddihy

Previously, properties of blends of poly-g-vinylnaph-
thalene (PVN) and polyethylene oxide (PEO) have been
discussed (Ref. 1). It was found that these two polymers
exhibit limited compatibility under certain conditions.
New studies on these systems have included dynamic
measurements of mechanical properties and some exam-
inations of polymer morphology by phase-contrast micro-
scopy (Ref. 2), In addition, a more detailed study was
made of a graft copolymer.

For this study, a torsional pendulum constructed ac-
cording to a previously reported design (Ref. 3) was used
to obtain the damping given in log decrement. Test speci-
mens (2X% in; 0.05-0.08 in. thick) were prepared by
compression molding at 1000 to 4000 psi. The molding
temperature was 55°C for the polyblends, and 40°C for
the graft copolymers.
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The results of dynamic measurements for the 50-50
blend are shown in Fig. 1. The transition at 54°C is due
to crystalline melting of PEO, and the broad shoulder
between 85 and 120°C corresponds to the region of slowly
increasing Young's modulus (Fig. 2); whereas the peak
at 138°C coincides with the dilatometric T, for PVN.
After having been heated above 120°C, the damping
constant exhibited a continuous gradual increase from
about 40°C until the peak at 138°C was reproduced.
The loss component of the dynamic modulus which can
be calculated from dynamic data may resolve the shoul-
der for the initial sample into a separate peak, as can be
seen by considering the shape of the Young’s modulus
curve (Fig. 2). Additional results are needed to more
accurately resolve this point. For the “heated” specimen,
however, the loss component should have the same
appearance as the damping curve.

The broad shoulder for the damping constant (Fig. 1)
is consistent with the idea of phase changes taking place
over the temperature range of the “well” (Ref. 1) until T,
of PVN (138°C) is -eached, and irreversible microphase
separation has taken nlace. The gradual rise in the damp-
ing constant with increasing temperature for the reheated
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Fig. 1. Log damping constant vs temperature for a
50-50 polymer blend of PVN and PEO

polymer may be due to localized changes taking place
at the microphase boundaries.

Phase-contrast micrographs are shown in Fig. 3. The
granular structure and the changes with temperature in
the relative content of light versus dark regions are
noticeable, most of the change taking place after heating
from 25 to 90°C, ie., the temperature region for the
“well.” Also, it is to be noted that the specimen heated
above 120°C retained its appearance when cooled to
room temperature, consistent with the irreversible
changes in behavior which are observed for heated
specimens.

A different situation should exist for the graft co-
polymers in which one end of the PEO chain is attached
to the PVN backbone. The modulus curve for a 20%
PEO copolymer was depressed relative to pure PVN.
The graft copolymer having the composition of the “com-
plex” (46% PEO, Fig. 4) was transparent, rubbery, and
had a glass transition temperature below —20°C. Fur-
thermore, it retained its rubbery properties after being
heated beyond 120°C. An additional interesting property
is the existence of a plateau extending from about 60 to
180°C characteristic of a crosslinked or very high molec-
ular weight polymer. Yet this material is readily soluble
in most aromatic and ether-type solvents. This behavior
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may originate from entanglement of the PEO side chains
of adjacent molecules.

Another graft copolymer with the same composition,
but presumably somewhat shorter PEC sid:: chains (prob-
able molecular weight of side chains is 5 to 6,000), had
the same transparent appearance and low T',. The modu-
lus, as well as dilatometric data, exhibited a hysteresis
loop between —20 and 60°C. These results as well as
X-ray data indicate presence of some crystallinity in
contrast to the first completely amorphous copolymer.
For given composition the relation between the size of
the side chains and their ability to crystallize is not
clear yet.

Both Young’s modulus and damping constant curves
for this copolymer are shown in Fig, 5. During the first
heating cycle (dashed lines), the sharp drop in modulus
between 40 and 54°C coincided with the peak for the
damping constant, the transition being due to crystalline
melting. For several subsequent heating cycles, the upper
modulus curve was followed on heating and the lower on
cooling. The peaks for the damping constant for both
heating and cooling are displaced to a lower tempera-
ture; the heating curve exhibiting a shoulder. These curves
doubtless are also due to crystalline melting, their shapes
depending on distribution of crystallite size, In either
case the absence of a transition corresponding to T, of
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Fig. 3. Phase-contrast photomicrographs of a 50-50 polymer blend of PVN and PEO

PVN (135°C) is to be noted. The dilatometer data (Fig. 6)
parallel the dynamic measurements; following a slightly
different path on initial heating (dashed line), a repro-
ducible hysteresis loop in the melting range was followad
on subsequent heating c;cles. The specific volume at
25°C was 0.564 to 0.869 ¢cm'/g. The presence of crystal-
linity at 43-54°C was corroborated by X-ray measure-
ments. Again, the transition at 138°C is absent.

The position of the damping maxima shows that the
melting temperature of the PEO crystallites was de-
pressed. It is interesting to note that the “heating” curves
were followed only if the specimen was first cooled
below 207 C; otherwise the cooling curve was followed
for both descending and ascending temperatures, irre-
spective of rate (the slowest rate was "1“C/min). Doubt-
less this behavior is due to a large increase in the rate of
below

nucleation a critical temperature which seems

necessary to complete the erystallization process. Curi-
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ously enough, this temperature of —20°C coincides with
the secondary peaks in the damping constant, suggesting
a change in the nucleation mechanism associated with a
polymer transition. This transition may be due to
freezing-in of the side chains, since it is known that T,
for PEO of molecular weight 1,000 to 10,000 is approxi-
mately —20°C (Ref. 4).

The observation that T, for PVN has disappeared, as
can be seen by examining both the damping constant
and the dilatometric curve, gives unequivocal evidence
that the identity of PVN has been lost and that the whole
copolymer behaves as an entity. The specific volume
values for temperatures in the amorphous region (above
60°C) show that additivity of volumes for the two com-
ponients is not followed, but that a contraction of about
2% has taken place. Using molecular models it is ap-
parent that one can readily entwine PEO and PVN
chains. Optimum spacing is obtained with three ethylene
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oxide to one naphthalene moieties, namely the “complex”
composition. Thus, here as in the case of polyblends, the
importance of conformational behavior coupled with
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favorable but probably weak energetic interactions is

Phase-contrast micrographs show that initially the
graft copolymer exhibited layers (Fig. 7) which were
perpendicular to the direction at which pressure was
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Fig. 7. Phase-contrast photomicrogroohs «f a graft copolymer of 54 wt % PVN and 46 wt % PEO
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cooling to 20 C, the structure shown in Fig, 7 (lower

right) was formed. For ”l('1"l”’l'\lllll the granular stroe-

frre |'I,||;I\ teristio of ]Hl]\')ll |||l\ 18 .|l!\l nt. Morcover ”u'

rather unitorm appearance achieved once the graft had
heen heated remained unchanged upon further tempera

ture oveling This offers additional evidence that at
hierl

|
e

Evidentlyv, fon \vv]m"\!iltl\ the existence of the homo-

gencous Ccomplex” phase is an equilibrivm property
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cr temperatures H!MIH|1'\,|~< separation cannot take

Any offects resulting from the history of specimen prep-
aration (micrographs and dashed lines in Fig. 5) arc
climinated by annealing. In contrast, for lnn]\'rlt'lulx the
\nlnl).llllv'n' [lll.l\« is a4 metastable state which can exist

under restricted conditions

In summary, our studies have shown that graft co
polvmers of PYN with PEO form homogencous, rubbery
materials. The properties of copolvmers having low PEO
content remain to be inve stigated in order to assess the
potential of using PEO as an internal plasticizer. Also
the effeet of the size of side chains will have to be

( Ull\l‘]1 H'Il.




B. Kinetics of the Anionic
Polymerization of
Acenaphthylene

J. Moaconin and A, Remboum

We have observed that chain transfer occurs during
the auionic polymerization of acenaphthylene in a man-
ner similar to that reported recently for 9-vinylanthracene
(Ref. 5). The polymerization rate of acenaphthylene in
tetrahydrofuran was sufficiently slow to permit conven-
tional dilatometric mocedures to be used to study
kinetics (Ref. 8). Furthermore, since chain transfer may
apply to the anionic polymerization of other systems
{Refs. 7, 8, 9), we have derived theoretical kinetic ex-
pressions based on the reaction mechanism given below.
These expressions could be readily adapted to other
similar mechanisms.

From the present study three important facts emerged:
(1) the over-all rate was found to follow pseudo first-
order kinetics; (2) the activation energies, as compared
to othcr anionic systems, were high, and the propagation
rates wer. exceptionally low; (3) the highest molecular
weight which could be obtained was about 8000; electron
spin resonance (ESR) measurements showed that the
acenaphthylene radical anion initiator was the sole
radical species which could be observed, and that its
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concentration remained nearly constant during the poly-
inerization. In order to account for these ohservations,
we postulated a slow rate determining initiation step,
followed by fast dianion formation, and a chain transfer
to monomer mechanism which competes with the propa-
gation step, according to the following scheme:

Initiation

A+ A .fi, "
oyt ur

Propagation

LIS

Arak A

AT+ A

Chain transfer
AT+ A "_’, A+ A

A+ A .E_t) Ay 4 A
where A is the monomer ra-lical anion, A the monomer,
and A, A7, and A, are the “dead,” moncanion, and
dianion j-mer, respectively. The alkali metal counterions
are not shown in the scheme.

The results of this study are summarized in Fable 1,
and in Table 2 a few results on the free raciical poly-

Table 1. Anionic polymerization of acenaphthylens

Temparature, Initiel mwl Pelymar, Rote constont K, Melecuiar weight®
Initiater *< melefltes® ) % ylaid titar/mele-soe X 10 Moasred Colcsloted
Lithivm 498 0.096 o8 2.5 2.540 4,000
0.120 s 4.1
0.150 96 5.4 1,300 2.‘&
748 0.073 93 3] 2,430 5,200
0.135 *0 2 1,180 1,800
”s 0.036 ” i 4,740 10800
0.071 93 34 L0 5,400
0.096 84 84 1.400 4,000
Sodivm 499 0.054 93 0.14 1,900 7.200
L ] 0.034 1 &.5 1.260 11,400
0.043 2% 7.5 2.0 9000
0.05¢ 94 &5 2,230 6300
0.157 a8 3.0 1,346 2.400
118 0.03¢ o7 14 3.870 12,405
0.047 9?5 ;g 2,940 3,100
0.041 s 3 2.460 $.400
sThe initial sconaphihyions sonceniration was 1.27 meles/liter.
Siossured by of Mashroinh (Mavnteinview, Celifornia) vapor p ter; coicuisted = 1R (1.273/41,.
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Table 2. Free radical polymerization of acenaphthylene

—
Benzoyl Temperature, | Yield, Time, Molecular
peroxide b ; Selvent % hr wit*

\ 100 ! - 67.5 | 24 285,000

\ 125 - | 74.3 | 24 1 335,000

\ . 150 - |860 | 24 180,000

\ ’ 100 |Tetrahydro- | 46.0 24 160 000

furan

= | 100 - a2 | 96 | ~2,000.000

- ; 12s | - 65 | 96 820,000 |

— | 150 - 78 96 160,000 |

- \ 00 | - 82 ! 96 140,000
sEstimated from intrinsic viscosity determinations in benzene, using the

relationship [7] =35.3 X 103X M" * (Ref. 14).

merization are given for comparison. The kinetics data
were obtained from dilatometric measurements, which
were carried out using the usual vacuum techniques
(Ref. 106). The concentration of “living ends” was deter-
mined by both methyliodide and alkali metal titrations.
The linearity of the monomer concentration versus time
semilog plots is illustrated in Fig. 8.

The observed pseudo first-order kinetics and the upper
limit for the polymer molecular weight are both con-
sistent with the postulate of chain transfer to monomer.
The exact mechanism by which it takes place cannot be
ascertained on the basis of cxisting experimental results,
but it seems quite certain that electron transfer to mon-
omer, probably coupled with hydrogen abstraction from
solvent, must occur. Also, the detection of the acenaph-
thylene radical anion ESR spectrum when butyl lithium
is used to initiate the polymerization is consistent with

10
08 . -
osfd— T, g ) :
. —
o 04} — — =-0034
N s
<
02 A - i —
= 1
a
|
: ) v
ol b | | | i
0 10,000 20,000 30,000
TIME 7, sec

Fig. 8. Sodium-initiated polymerization of
acenaphthylene at $5°C (; is the initial
initiator-to-monomer ratio)
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the postulated mechanism. Disproportionation of two
anionic chain ends is ‘mlikely, because such mechanism
would lead to a continuous depletion of growing centers,
and this is contrary to the observed kinetics.

The solution of differential equations' corresponding
to the above reaction scheme leads to the following ex-
pression for the monomer concentration as a function of
time:

A —1_ ki (1 + 2x,) - (1 + x¢r — i)
sl lal g g ==y { T+ 20,) (6 + &)
X [1- e]} (1)

where A, is the initial monomer concentration; and
xi = ki/k,, ¢, = ki /k,, and p is the initial initiator-to-
monomer ratio. The auxiliary variable = was introduced
to linearize the differential equation (Ref. 11) and is
defined by dr = k, A dr. The conditicn for first order
kinetics in the monomer consumption is

(d/dr) (A/A..) ey P(l + 2“tr)/(1 + ker/xi) (2)

which can be rewritten as 2 {function of time as

dA/dt — kdrA:A. (3)
where
kdr - kp (1 + 2“,)/(1 + K:r/x;)

In practice this condition will be satisfied if at low con-
version the exponential term in Eq. (1) becomes neg-
ligible.

Again neglecting the exponential term, the reciprocal
of the number-average degree of polymerization Py for
complete conversion is given approximately by

(1/Py — 4) = xe/2 + p/[21 + xe/ei)]  (4)

The constant 4 enters these expressions because, accord-
ing to the mechanism, polymerization starts with the
tetramer dianion. A plot of the left-hand side versus p/2
should be linear, the intercept giving x,,/2, and the slope
1/(1 + x¢,/xi). On the basis of the present experimental
data, «,, is approximately ' and the slope is definitely
positive, indicating that «,,/x; < 1; otherwise the slope
would tend to vanish. A direct measure of this ratio can
be obtained from analyses of the initiator radical anion
concentration, since A;/AL = 1+ x;,/'x;,. Attempts to
quantitatively interpret the ESR spectra as well as chem-
ical determinations of the initiator content are underway.

'Moacanin, J., and Rembaum, A., unpublished results.




Accepting tentatively that «,, < x; and «;, =~ 0.1, we
conclude that k, is approximately equal to k., =~ 10°*
(liter/mole-sec). This is on extremely low alue in com-
parison to the magnitude of the polymerization rate
constant reported for other systems. Even if we allowed
for our data x,,/x; = 10, the value for k, would still be
several orders of magnitude smaller than that for styrene

(k, ~ 600) (Ref. 12).

A change in the counterion from sodium to lithium
(Table 1) resulted in an acceleration of rate. There
apoears to be some increase in molecular weight at
115°C, but the interpretation of results at elevated tem-
peratures is complicated because of the probable occur-
rence of free radical reactions. A control run showed,
however, that in absence of initiator no polymerization
takes place up to 95°C. Examination of Table 2 shows
that very high molecular weights can be obtained by free
radical methods. With increasing polymerization temper-
ature, however, molecular weight decreases rapidly.

A study of the temperature effect indicates an over-all
activation energy of 11-22 kcal/mole, presumably repre-
senting mainly the propagation step. This is a very high
value in comparison to ~ 1 ke¢al/mole repo:ted for sty-
rene (Ref. 12). The estimation of the relative contribu-
tions of initiation and chain transfer must await further
results. The activation energy is of the same magnitude
as that observed by Imoto and Soematsu (Ref. 13) for
the acenaphthylene polymerization by a Ziegler catalyst
(~ 15 kcal/mole). Intrinsic viscosity values indicate low
molecular weights for tlieir polymers; their osmotic pres-
sure data, which suggest high molecular weights, appear
to be in error (Ref. 14). It is of interest to note that the
activation energy for the anionic polymerization of 9-
vinylanthracene is also high (8-15 kcal/mole) (Ref. 5).

Surprisingly, powder X-ray patterns for the polyace-
naphthylenes prepared by either anionic, cationic, or free
radical methods exhibited crystallinity, although the
polymerization conditions used normally do not lead to
stereospecificity. This result indicates that the placement
of tlie monomer is controlled by the geometry of the
monomer unit (Ref. 15). Examination of molecular
models suggests that acenaphthylene should add in the
trans position relative to the penuliimate monomer unit,
the cis addition being sterically impossible. Furthermore,
for the trans configuration, isotactic placement appears
more likely than syndiotactic placement. Trans-isotactic
chains should favor helical conformations of reasonable
flexibility. These speculations are consistent with our
studies on the solution properties of polyacenaphthylene
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(Ref. 14). For low molecular weight polymers there is
evidence of the existence of the trans-syndiotactic con-
figuration.®

*Story, H., private communication,

C. Kinetics and Mechanism of
the Cyanoethylation of
1- and 2- Propanols
S. H. Kalfayan

Some rate studies on the cyanoethylation of 1- and 2-
propanols in p-dioxane (Dx) were reported previously
(Refs. 16 and 17). It was noted then that precipitation
of the catalyst, sodium propoxide or sodium isopropoxide,
started to take place when the reaction was about half
complete. Up to the point of catalyst precipitation, the
kinetic data fitted first order rate expressions. It is de-
sirable, however, to follow the reaction well over 50%
conversion. Cyanoethylations were, therefore, carried out
in absence of Dx. When the initial molar ratio of alcohol
to acrylonitrile (AN) was 1:1, the catalyst still precipi-
tated before equilibrium was attained. This, however,
occurred when the reactions were 70-75% complete. At
higher dilutions (2:1, 3:1) the catalyst remained in solu-
tion during the entire course of the reaction. Kinetic data
obtained show a first order rate dependence on ihe
acrylonitrile concentration and a first order dependence
on the catalyst concentration. The rates are independent
of the alcohol concentration. Energies and entropies of
activation are reported. A mechanism for the cyanoethyla-
tion of alcohols is proposed.

1. Experiments

The gas chromatographic equipment used during the
present analyses was described previously (Ref. 16).
Columns were made of 12-ft X Yi-in. aluminum tubing
packed with 20% nonpolar Ucon fluid on Chromosorb
“W.” Column, injection port, and detector temperatures
were set at 100, 120, and 265°C, respectively. The bridge
current was 150 ma and the helium flow-rate was
86 ml/min. Peak areas were measured by a voltage-
to-frequency type integrator (Infotronics Corporation,
Houston).
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For kinetic studies, calculated amounts of alcohol and
AN were placed in 50-ml glass-stoppered volumetric
flasks and thermostated for a minimum of 3 hr before
addition of the catalyst. Hallikainen low-temperature
baths, capable of controlling the temperature within
+0.05°C, were used. Samples were chemically quenched
prior to analysis by gas chromatography. The quenching
procedure consisted of drawing samples from the re-
action flask into a 1-ml graduated syringe which con-
tained a measured smount of dry HCl in Dx. Neutral-
ization of catalyst was thus rapid and temperature
changes during sampling were minimized. 1-ul samples
were introduced into the gas chromatographic apparatus.

2. Results and Discussion

a. Apparent rate constants. Cyanoethylation of 1- and
2-propanols are represented as follows:

CH.CH.CH.OH + CH.=CH~CN = CH,CH.CH.OCH.CH.CN
(a)

(CH,).CHOH + CH.=CH—CN & (CH,):.CHOCH.CH.CN
(b)

The rates of both Reactions (a) and (b) were deter-
mined at several initial reactant ratios, catalyst concen-
trations, and at two different temperatures. The solvent
Dx was omitted. The alkoxide catalysts, sodium propox-
ide and sodium isopropoxide, are practically insoluble in
Dx and their solubility in the corresponding alcohol is
limited. When the initial molar ratio [alcohol]/[AN]
was 1:1, the catalyst still precipitated before equilibrium
was reached. This occurred when the reaction was well
over 50% complete [75-80% for Reaction (a) and 65-
70% for Reaction (b)]. Up to these extents of reactions
the standard deviations for the apparent rate constants
were less than 4% . When the initial ratios were 2:1 or
3:1, no catalyst precipitated for the entire duration of
the reaction and apparent rate constants could be cal-
culated with standard deviations of less than 4%, up te
90% reaction.

The rate constants were calculated from the fellowing
integrated first order equations:

_ 2303, A,
k = ; log A, (1)
2303, A, — A,
=L . - y 5
k=k + k-, : l“i"A, — (2)

where k = apparen: first order rate constant, k, and k.,
are the first order rate constants for the forward and
reverse reactions. A,, A,, and A, are the normalized
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(against Dx) peak areas of AN at ¢ = 0, ¢, and ¢ at
equilibrium.

Fitting the kinetic data into Eq. (1) gave consistent
apparent first order constants with less tnan 4% devia-
tion to about 75% completion (excluding the 1:1 molar
ratio). Beyond this range there was a downward drift.
Equilibrium was attained at about 95 and 94% conver-
sions for Reactions (a) and (b), respectively.

When the same data was fitted into Eq. (2), which is
the integrated expression for a first order forward step
and a first order reverse step, apparent rate constants
could be calculated with standard deviations less than
4%, to about 90% conversion.
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The apparent rate constants given in Table 3 were
calculated according to Eq. (2). Some of the first order
plots are shown in Figs. 9 and 10.

It is seen from Table 3 that the rates of both Keactions
(a) and (b} are catalyst dependent, first order in AN, and
independent of the alcohol concentration.

Both Reactions (a) and (b) were slower when carried
out in Dx (Ref. 17). Reaction (b) was slower than (a) in
presence of Dx. The reverse is observed in absence
of Dx.

Plots of log k at 5.9°C vs log C (catalyst concentration)
for initial mole ratios of 1:1, 2:1, and 3:1 are shown in
Fig. 11. These are linear with slopes of 1.0 and 0.80 for
Reactions (a) and (b), respectively. This suggests that
the rates are first order with respect to catalyst coricen-
tration.

b. Energy and entropy of activation. Activation ener-
gies AE* were calculated from Arrhenius plots. Values
obtained were 18.0 and 15.7 kcal/mole for Reactions (a)
and (b), respectively. Consequently, the enthalpy AH*
and entropy AS* at 5.9°C were 17.4 kcal/mole and —5.5
cal/mole-deg for Reaction (a) and 15.1 kcal/mole and
—12.4 cal/mole-deg for Reaction (b). These values were
obtained from the following equations (Ref. 18):

AH* = AE* — RT
BT o5 o
k-—-N—he e

where R is the gas constant, h is the Planck constant,
and N is Avogadro’s number.

Entropy values could have been calculated using the
activation energies AE* since the numerical value of the
RT term in the enthalpy equation is about the same (or
less) than the uncertainty in the AE* values.

3. Mechanism

Since the cyanoethylations of both 1- and 2-propanols
are independent of alcohol concentration and are first
order in AN and first order in ca-alyst concentration, a
likely mechanism for these reactions is as follows:

RO~ + CH.=CH-CN 3low ROCH.~CH-CN

—CH — fast ‘H.—CH;—CN + =
ROCH.—CH—-CN + ROH ROCH.—CH;—CN RO
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Table 3. First order rate constants for the
cyanoethylation of 1- and 2-propanols

. Catalyst Initial ratio o
omp:rﬂ'uro, concentration, [alcoho!] / k ‘g' pe
¢ mole/liter X 10’ [AN] el
1—propanol
—4.4 4.0 2:3 0.250%| 0.010
16.0 2:1 0.866* | 0.02
+5.9 4.0 2:1 0.886*=| 0.01
8.0 2:1 1.79% 0.07
11.2 3:1 2.275 0.09
16.0 2:1 3.15% 0.10
2—propanol
—4.4 4.0 2:1 0.572* | 0.02
+5.9 4.0 1:1 1.74=% 0.05
4.0 2:1 1.73% 0.04
8.0 2:1 2.98% 0.10
11.2 3:1 3.69% 0.10
16.0 2:1 4.74F 0.15
16.0 1:1 4.77% 0.15
L
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Fig. 11. Alcohol and catalyst dependence
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Thus, the rate-controlling step is the addition of the
alkoxide anion to the @« — 8 double bond of acrylonitrile.

Ogata et al. (Ref. 19) found the cyanoethylation of
methanol at very low concentrations of AN, with sodium
methoxide catalyst, to be a pseudo-first-order reaction.
Their proposed mechanism is similar to the one above.

The extent of conversion is not changed in the ab-
sence of solvent, about 4.5% of the alcohol remaining
unreacted. Therefore, hydrolysis of the cyano-ether gives
the corresponding carboxylated product contaminated
with the alcohol. Preliminary efforts have indicated that
the alcohol and undesired hydrolytic side-products can
be removed by isolating the carboxylated product as an
insoluble salt.

D. Polymer Chemistry: C'* Distribu-
tion in Labeled 2,4-Toluene
Diisocyanate (TDI)

E. F. Kopka and J. D. Ingham

1. Introduction

Well-characterized polyurethanes prepared from TDI
labeled with C' in the isocyanate groups are extremely
useful for the study of polymer degradation mechanisms
(Refs. 20 and 21). The unique feature of tracer applica-
tions is that, because of the high sensitivity of radio-
activity measurements, very small extents of bond scission
can be detected.

However, for an unsymmetrical diisocyanate such as
TDI, the distribution of C'* in the isocyanate groups
depends on the kinetics of isocyanate formation and on
the method of preparation. Ideally, the relative C'* activ-
ity in the 2- and 4-positions should be equal, or at least
known, to reasonably interpret results of degradative
studies. One potential method for determining the C'
distribution is the subject of this report.

2. Reaction of TP with 2,6-Dimethylaniline;
Subsequent Hydrolysis and Methanolysis

The C'* distribution in isocyanate-labeled TDI can be
established by following a sequence of reactions in which
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the carbon atom of one isocyanate group is removed
exclusively followed by specific radioactivity determina-
tions of TDI and its derivative. Such a reaction sequence
is shown in Fig. 12. The work presented here is a study
of these reactions and an attempt to establish the yields
and purity of the products using unlabeled TDI. Subse-
quently, labeled TDI will be employed; from its specific
activity and the specific activities of I, and either 11, III,
or IV, the C' distribution can be calculated. Obviously,
yields should be nearly 100% for valid determination of
the distribution.

Previous work (Ref. 22) has shown that equimolar
amounts of aniline and TDT react to give ~70% vyield
of 4-methyl-3-isocyanatocarbanilide (V), which is the
same as I but without the methyl groups in the 2’ and
6’ positions. For the present work 2,6-dimethylaniline
was used to increase the probability of exclusive reaction
at the isocyanate group in the 4-position. The yield of
a product believed to be I was ~87%. The melting
point of I was 207-209°C; however, II, III, and IV have
melting ranges >250°C, which is above their decompo-
sition temperatures, so that sharp melting points for them
were not obtained. A sample of the tentative product [I]*
has been submitted for elemental analysis. Since infrared
and thin-layer chromatography indicated the presence of
some undesired side-products, possibly resulting from
reaction of the free isocyanate, and since past experience
has shown that isocyanates are difficult to count in the
scintillation spectrometer, a sample of [I] was treated
with methanol to give the methanolysis adduct [VI] in
94% yield. Samples of [I] were also hydrolyzed to give
[II] and [IV], as shown in Fig. 12, in ~98% and ~47%
vield, respectively. Possibly the low yield of [IV] can
be increased by scaling up the reaction; only ~0.1 g of
product has been prepared thus far.

3. Thin-Layer Chromatography of Carbanilide
Products

Since the melting points of derivatives such as II and
IV were near or above their decomposition temperature,
they could not be used as evidence that substantially
pure products were prepared. Therefore, thin-layer chro-
matograms were obtained; a single spot under resolving
conditions should indicate a single major compound in
any reaction product. By trial and error it was found
that a binary solvent mixture, consisting of 80:20 by
volume of benzene:pyridine, was a good developing

'Elemental analyses of the products are not yet available. To indi-
cate tentative identification, brackets are used: [I] for I, etc.
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Fig. 12. Reactions of 2,4-toluene diisocyanate with 2,6-dimethylaniline and subsequent hydrolysis
and reaction with methanol

system. The spots could be observed by spraying with
ninhydrin solution and heating the plates at 100°C. A
better method was found to be simple heating at 100°C
and observation under ultraviolet light. A typical plate
is shown in Fig. 13. The products used and correspond-
ing R, values are given in Table 4. A comparison of
the first two chromatograms shows that [I] is not stable
in chloroform so that its initial purity could not be

established directly. Apparently [I] is hydrolytically or
otherwise transformed from a product that is mainly re-
tained at the origin to one with an R, value of 0.6 in this
solvent system. The third chromatogram of Fig. 13 was
a minor product reinoved from the filtrate after isolation
of [I]. It appears to be a mixture of the compositions of
the first two chromatograms. The two remaining chro-
mategrams (Fig. 13) were products obtained by placing
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Fig. 13. Thin-layer chromatoplate of carbanilide products on silica gel
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Fig. 14. Proton NMR spectrum of 4,2’,6'-trimethyl-3-aminocarbanilide (3% in pyridine)
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Table 4. R, values from thin-layer chromatographs
of carbanilide products

Product (chloroform solution) R/ values®

[1] TDI + dimethylaniline Origin: very strong

0.29: weak
0.43: weakest
0.63: weaker
[1] TDI + dimethylaniline Origin: weak
(solution aged 12 days) 0.27: weak
0.61: strong
TDI + dimethylaniline 0.29: weaker
(reaction time 3 days; solution 0.63: weak
aged 12 days)
[1] soxhlet; refluxing methanol 0.50: strong
6 days; recovered from thimble 0.58: strong
[1] scxhlet; refluxing methanol 0.49: strong
6 days; recovered from flask 0.57: strong
0.66: weak

4 Developed with benzene: pyridine (80:20 by volume; solvent front 100 mm
from start) (data from Fig 13).

a sample of [1] in a soxhlet extractor and extracting with
refluxing methanol for 6 days. This was the first attempt
to obtain the methanolysis adduct VI. Apparently methz-
nol did add to convert the isocyanate to methvl urethane
but, because of the relatively harsh conditions, metha-
nolic cleavage of the urea bond apparently occurred to
give the two intense spots observed.

The methanolysis adduct [VI] (mentioned in Part 2,
above) was obtained by refluxing [1] in methanol for
30 min. The yield was 94% and only one strong spot
(R; = 0.61) was obtained by chromatography with a
faint spot occurring at R, = 0.69; this is very good evi-
dence that [I] is indeed the desired 4,2’6'-trimethyl-
3-isocyanatocarbanilide and [VI] is the corresponding
methyl urethane. Thin-layer chromatography of the
hydrolysis product [IV]also showed an intense spot (R, -
0.26) and a faint spot (R, = 0.35), indicating that [IV]
is primarily one product, presumably 4.2’6"-trimethyl-
3-aminocarbanilide.

4. Proton NMR of the Product IV:4,2",6'-Trimethyl-
3-Aminocarbanilide

To prove that [IV] was 4.2",6-trimethyl-3-aminocar-
banilide, its proton nuclear magnetic resonance (NMR)
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Table 5. Integrals of NMR signals from the proton
resonance: ot amino and methyl protons in
4,2’,6'-trimethyl-3-aminocarbanilide

Integration Amino" ' 2',6'-dimethyl" | 4,2°,6'-trimethyl’
number protons protons protons
1 1 3.12 4.05
2 1 3.24 4.11
3 1 2.98 3.83
Average 1 3 4.00
Calculated 1 3 4.5
“At & = 4.98 ppm, area ratic normalized so thct amino area is 1.
PAt & = 2.29 ppm.
At & = 2.29 ppm + signalatd = 2,12 ppm.

spectrum was obtained with the Varian A-60 spectrom-
eter. Initially, spectra of deuterated chloroform solutions
were obtained; however, the solubility was limited to
~0.5% and the amino proton signal was not observed,
possibly because of deuterium exchange from a trace
amount of deuterium oxide or deuterated methanol that
may have been present in the solvent. Although the solu-
bility was limited to ~3% in pyridine and the aromatic
protons were obscured by the solvent, pyridine solutions
gave satisfactory spectra (Fig. 14). Electronic integration
of the signal areas gave the results shown in Table 5. The
ratio of amino protons to 2/,6’-dimethyl protons is 1:3
in IV. The average ratio found experimentally was 1:3.11,
which agrees quite well. However, the ratio of amino
protons to the total number of methyl protons in IV
is 1:4.5, whereas a ratio of 1:4.0 was found because of
the relatively small integral from the resonance signal
assigned to the 4-methyl protons. It is tentatively be-
lieved that the 4-methyl chemical shifi assignment is
correct and that [IV] is the desired 1426 -trimethyl-
3-aminocarbanilide. A possible explanation for the low
apparent 4-methyl proton integral is that a systematic
integration error resulted from the low concentration and
resulting high noise level.

More complete characterization of the urethane deriv-
atives should be obtained from their elemental analyses.
Experimental procedures have been sufficiently estad-
lished for the reaction sequence shown in Fig. 12 and
will be applied to determinations of the C'* distribution

in labeled TDI.

67




JPL SPACE PROGRAMS SUMMARY NO. 27-27, VOL. IV

68

References

. Cuddihy, E., Moacanin, J., and Rembaum, A., ''Some Unusual Properties of Blends

and Grafts of Poly-A-Vinylnaphthalene and Polyethylene Oxide," SPS 37-22,
Vol. IV, pp. 100-104, Jet Propulsion Laboratory, Pasadena, California, August
31, 1963.

. Cuddihy, E., and Moacanin, J., ‘‘Phase-Contrast Microscopy Studies on Hetero-

geneous Polymer Systems,'" SPS 37-25, Vol. IV, pp. 67-70, Jet Propulsion Labora-
tory, Pasadena, California, February 29, 1964,

. Koppelmann, V. J., Kolloid-Zeitschrift, Vol. 144, p. 12, 1955.

Read, B. E., Polymers, Vol. 3, p. 529, 1962.

. Eisenberg, A., and Rembaum, A., Journal of Polymer Science, Part B, Yol. 2, p. 157,

1964,

. Moacanin, J., Rembaum, A., and Adler, R., ‘‘Kinetics of Anionic Polymerization of

Acenaphthylene,” SPS 37-23, Vol. IV, pp. 94-98, Jet Propulsion Luaboratory,
Pasadena, California, October 31, 1963.

Litt, M., and Szwarc, M., Journal of Polymer Science, Vol. 42, p. 159, 1960.

8. Zilkha, A., Barzakaz, S., and Ottolenzhi, A., Journal of Polymer Science, Part A,

1.

12.
13.
14.

15.
16.

1,

19.

Vol. 1, p. 1813, 1963.
Koral, J. N., Makromolekulare Chemie, Vol. 62, p. 148, 1963.

. Tobolsky, A., Rembaum, A., and Eisenberg, A., Journal of Polymer Science, Vol. 14,

p. 1735, 1963.

Ginell, R., and Simha, R., Journal of the American Chemical Society, Vol. 65, p. 706,
1943.

Szwarc, M., Advances in Chemical Series, Vol. 34, p. 96, 1962.
Imoto, M., and Soematsu, I., Bulletin of the Chemical Society of Japan, p. 34, 1961.

Moacanin, J., Rembaum, A., and Laudenslager, R. K., American Chemicai Society,
Polymer Preprints, Vol. 4, p. 179, 1963.

Dall'Asta, G., and Mazzonti, G., Makromolekulare Chemie, Vol. 61, p. 178, 1963.

Kalfayan, S. H., and Havlik, A. J., "Polyoxyalkylenes Terminated with Different
Functional Groups: Rate and Equilibrium Studies of Cyanoethylation," SPS 37-22,
Vol. IV, pp. 91-94, Jet Propulsion Laboratory, Pasadena, California, August 31,
1963.

Havlik, A. J., and Kalfayan, S. H., '"Cyanoethylation—Propanols and Polyoxy-
propylene Glycol," SPS 37-23, Vol. IV, pp. 84-86, Jet Propulsion Laboratory,
Pasadena, California, October 31, 1963.

. Frost, A. A., and Pearson, R. G., Kinetics and Mechanism, John Wiley and Sons,

N.Y., p.96, 1956.

Ogata, Y., Okano, M., Furuya, Y., and Tabuski, I., J., American Chemicol Society,
Yol. 73, p. 5426, 1956.




20.

21.

22.

References (Cont'd)

Rapp, N. S., and Ingham, J. D., ''Polymer Degradation Mechanisms: C'*-Labeled
Polyoxypropylene Glycol-Toluene Diisocyanate Polymers," SPS 37-23, Vol. IV,
pp. 104-108, Jet Propulsion Laboratory, Pasadena, California, October 31, 1963.

Ingham, J. D., and Rapp, N S., ''Polymer Degradation Mechanisms: C'*-Labeled
Polyoxypropylene Glycol-Toluene Diisocyanate," SPS 37-25, Vol. IV, pp. 70-75,
Jet Propulsion Lahoratory, Pasadena, California, February 29, 1964,

Simons, D. M., and Arnold, R. G., ''Relative Reaciivity of the Isocyanate Grouos
in Toluene-2,4-diisocyanate,"" Journal of the American Chemical Society, Vol. 78,
pp. 1658-1659, 1955.

JPL SPACE PROGRAMS SUMMARY NO. 37-27, VOL. IV

69




JPL SPACE PROGRAMS SUMMARY NO. 37-27, VOL. IV

X. Liquid Propulsion

A. Advanced Liquid Propulsion
System

R. N. Porter, H. B. Stanford, L. K. Jones, L. H. Peebles,
W. F. MacClashan, Jr.,and W. H. Tyler

1. Introduction, & N.Porter

The Advanced Liquid Propulsion System (ALPS) pro-
gram is investigating selected problems generated by
spacecraft operational requirements for propulsion sys-
tems capable of high inherent reliability, long-term stor-
age in space, multiple start in free fall (zero gravity), and
engine throttling. The solutions proposed to satisfy these
requirements have been incorporated in the ALPS.

Periodic reports in SPS, Vol. 1V, follow the progress of
work on the various AILPS projects. The following para-
graphs present accomplishment of significance which has
occurred during the last reporting period. This includes
the simultaneous expulsion of both propellants hydrazine
(N.H,) ard nitrogen tetroxide (N.O,) from a single tank
using metal diaphragms as the expulsion device, two
successful firings of a 2000-1b, free-standing pyrolytic
graphite uncooled rocket chamber, and a graphic demon-
stration of hypergolic propellant streams blowing apart
upon contact within a plexiglass rocket chamber.
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2. Diaphragm-Type Expulsion Device
Development, H. 8. stonford

Existing slosh and expulsion test equipment in use at
JPL was described in Ref. 1. This equipment was de-
signed for use with test tanks 18 in. in diameter or
smaller; and for reasons of compatibility and limitations
on propellant handling, it was intended to be used only
with water as the expelled fluid. Obviously, in a program
to develop expulsion devices for use with rocket pro-
pellants, it eventually becomes necessary to conduct both
slosh and expulsion tests using the actual propellants in
quantities which the end objective may require. For this
reason, a contract was let to Lockheed Aircraft Services
of Ontario, California, to design and faliricate a device
capable of supporting and sloshing (oscillating) tank
shapes up to 64-in.-D spheres weighing as much as
6,000 Ib, cembinea weight of tank and propellant. The
support stiucture is a cage of heavy construction in the
general shape of a tetrahedron with a circular mounting
ring at the center. It pivots at the lower end on a mono-
ball joint and is laterally driven at the upper end by an
eccentric arm from a controlled power source. The equip-
ment is capable of oscillation frequencies of 0 to 16
cycles/sec and linear amplitudes up to +4 in. at the
support ring, but is not intended to withstand accelera-
tion forces in excess of 2 g. Weight measurements for the
determination of expulsion efficiency are obtained by




means of a load cell mounted beneath the monoball joint.
A spider-type adaptor ring is required to install tanks
appreciably smaller than the 64-in.-ID mounting ring.
Such was used to mount the 18-ir.-D stainless steel tank
used in the initial expulsion tests.

Three slosh and expulsion tests, using the described
equipment and live propellant, have been conducted.
The expulsion devices used were uniform thickness
0.015-in. aluminum diaphragm, 18 in. in diameter (Ref.
1). In all of these tests sloshing was conducted at a
linear amplitude of -+1% in. and a frequency of 128
cycle/min or approximately 1 g. These conditions had
been determined in previous tests with the small slosh rig
to be the most severe (Ref. 2).

The first and second tests were conducted with each
propellant individually so that techniques for filling,
purging, and general propellant handling could be
worked out separately before attempting to handle both
propellants at the same time. These first diaphragms were
not of tiie nesting variety so they were backed up by a
divider plate which is a physical barrier but i: Lot gas
tight. This divider allows the use of one diaphragm at a
time without the danger of 6l pressure extending the
diaphragm the wrong way. Tiiling was accomplished
through the outlet ports by venting the top of the pro-
pellant compartments. In the case of N.H,, filling was
done the day before the rua so that an inspection for
leakage could be made after a ~onsidei.ble storage time.
Nitrogen tetroxide was remotely filled immediately be-
fore running. In al! cases expulsion pressure was provided
by a single source of N, at 250 psi. Weight readings were
taken from the load cell befoic and after expulsion to
determine expulsion efficiency.

Some diificulty was encountered during the first two
runs because of a faulty installation of the monoball
mounting bolt and because of excessive friction at the
slosh rig guide rails. Both of these defects affected weight
readings and consequent determinations of expulsion
efficiency. In both cases, however, expulsion was con-
ducted in approximately 90 sec without incident under
sloshing conditions as previously explained.

The third run, which involved both propellants simul-
taneously, was handled ‘n the manner described above
with N,H, being filled the day before and N,O, being
filled, remot=ly, immediately before expulsion. In this run
a mutual start switch failed to open the oxidizer valve.
20 sec later the oxidizer flow was started by manual over-
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ride, allowing approximately 70 sec of simultaneous
expulsion time. No other difficulties were encountered.

Examinations of the diaphragm after expulsion re-
vealed the characteristic patterns caused by traveling
creases (Ref. 2) but no damage that could be attributed
specifically to the expulsion of live propellants.

A second dual propellant expulsion test was made at a
later date under similar conditions. No difficulties were
encountered and no leakage through the diaphragms
occurred.

Dual propellant expulsion tests will be made with
nesting diaphragms without a supporting divider as soon
as necessary hardware has been obtained and fll tech-
niques have been worked out.

3. Expulsion Control Device Development, L K. Jones

Positive expulsion devices capable of meeting the 1- to
3-yr space environment storage specifications of the ALPS
must be completely compatible with and impermeable to
voth hydrazine (N.H,) and nitrogen tetroxide (N,O,).
To date only certain metals, metal foils, and composite
materials containing metal foils tested in a static con-
dition have met these fundamental requirements. The
basic reason for an expulsion device is of course tc sepa
rate the pressurizing gas from the fluid t be expelled.
To do this adequately, the material trom which the expul-
sion device is made must be capable of eiither conforming
to or controlling a movable liquid surtace and of even-
tually assuming the contour of the containing vessel in
order that high cxjulsion efficiency may be obtained.
Experience has shown that failures, such as tears and
pinholes, in metal expulsion device materials occur within
the first few expulsion cycles when the device is allowed
to collapse or expand in a random fashion. Studies are
being made of methods to control the folding modes of
various expulsion devices; it is hoped the control methods
will eliminate the random bends and creases that result
in material failure, The initial phases of these studies on
the bladder configurations are heing conducted, using
both compatible and non-compatible polymeric inaterials.
Studies on the diaphragm-type expulsion device will
generally use metals.

Fig. 1 shows one method of conwolled expulsion col-
lapse of a hemispherical bladder. This method makes use
of the fact that the hemispherical bladder is a portion of
a surface of revolution. The flat surface of the bladder
folds along the diameter perpendicular to the direction
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EDGE
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FILLED EXPELLING EMPTY

Fig. 1. Hemispherical bladder during controlled
expulsion

of propellant discharge. As the top half of the flat,
circular surface rotates about its fold axis, it “sweeps”
the inside of the hemispherical bladder wall. Ideally, the
rotating flat surface pulls the hemispherical surface be-
hind it in a continuous, rolling motion. A smooth, rolling
motion is not nearly as destructive to bladder walls as
random creasing, especially if the rolling radius is rela-
tively large. The final configuration shows the upper half
of the hemisphere inverted within the lower half, a
position capable of high expulsion efficiency.

An 18-in. hemispherical Teflon bladder was stiffened to
induce the expulsion collapse control mentioned above.
The lower half of the hemispherical surface was bonded
to an aluminum shell with epoxy. The flat side of the
bladder was stiffened with two semicircular j:iates, leav-
ing an unstiffened “hinge” along the fold axis. Stiffening
these surfaces prevents them from becoming distorted
and interfering with the collapsing walls. The upper half
of the hemispherical surface was left unstiffened to allow
it to roll through 180 deg during expulsion.

The stiffened bladder was filled with water and expul-
sion tested, using the equipment described in Ref. 1.
During expulsion, the upper semicircle rotated as desired.
However, the upper half of the hemisphere collapsed and
wrinkled ahead of the rotating semicircle, instead of
being pulled behind it. At the end of expulsion, the top
half of the bladder was correctly inverted within the
bottom half. A second expulsion test, with induced slosh-
ing, revealed the strengthening and damping qualities of
the stiff, rotating semicircle. Bladder motion was greatly
reduced from that of unstiffened bladder expulsion tests.

Methods of temporarily attaching the upper half of the

hemisphere to the inside of the propellant tank wall are
being studied. Rather than collapsing ahead of the rotat-
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ing semicircle, the unstiffened wall would adhere to the
propellant tank until it would be pulled off by the down-
ward motion of the semicircle. For recycling capability,
the surface should re-adhere during refilling.

Hemispherical bladders with other types of expulsion
control and stiffening are being fabricated for testing.

4. Heat Exchanger Development, L. H.Peebles

Two heat exchangers are used in the ALPS to cool the
gases from the monopropellant gas generator to a tempera-
ture compatible with the propellant tank environment.

The fuel heat exchanger, which is fabricated from
Type 347 corrosion resistant steel, to withstand the initial
1500°F gas inlet temperature, has co-current fluid flows
with nucleate boiling over a large fraction of the transfer
area at nominal flow conditions. The oxidizer heat ex-
changer, which is downstream of the fuel heat exchanger
with respect to gas flow, is fabricated of 6061 aluminum
and is designed to operate in the range of 250°F. It is
of multipass, radial crossflow configuration with nucleate
boiling over a small portion of the heat-transfer area.
This flow sequence was selected to capitalize upon the
high allowable heat flux in fuel (N.H,) boiling, and the
lower boiling point of the oxidizer (N.O,). Typical ALPS
heat exchanger assemblies are shown in Fig. 2, in which
the directions of gas flow are indicated by arrows.

Fig. 2. ALPS fuel and oxidizer heat exchanger
assemblies




Two heat exchangers of each type were assembled for
test purposes, with enough spare parts available to build
additional assemblies as the program advances. Proof
and leak testing revealed minor leaks in some weld joints
which were later repaired by rewelding. The propellant
passages were flow-tested with water to determine pres-
st = drop as a function of flow rate, and the gas passages
were flow-tested with gaseous nitrogen. Hot gas testing
is planned for the future.

5. Propellant Fill Valve
Deve'opmen" W. F. MacGloshan, Jr.

Two goals of the ALPS component development pro-
gram have been the accomplishment of weight saving
through unique design concepts, and reliability through
simplicity. A propellant fill valve under development for
some time has achieved some success in these respects.

These valves, which weigh approximately 1 oz, consist
of a floating ceramic ball that seats on a sharp edge
orifice. Each valve is in two parts, a flight portion and a
ground portion which may be connected or disconnected
by means of a threaded coupling. They have been made
in '2- and Y%-in. sizes with flow rates of 1.0 and 0.2 Ib/sec,
respectively. Working pressure for the '-in. valve is 300
psi, and for the '4-in. valve the pressure is 1500 psi.

To date four of these propellant fill valves (which ma -
also be used for gas fill) have successfully passed proof,
pressure drop, handling shock, and low temperature and
humidity tests. Two leaked after the high temperature
and humidity test and one after a salt fog test. The
seats of the valves that leaked were coined wider than
normal due to pressure from the ball. It is assumed that
reduction in unit pressure on the seat was responsible

for the leakage.

From these failures it can be deduced that seat pres-
sure is a critical factor with this component. Work is
continuing to determine what this pressure should be
and how to improve the general reliability of the valve.

6. Combustion Device Development, W.H.Tyler

Pyrolytic graphite (PG) is i investigated as a
promising material for use as the ALPS <ystem radiation-
cooled thrust chamber material.
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Successful demonstration tests with a 100-1b thrust
injector and free-standing PC chamber assembly were
reported in Refs. 3 and 4. The ie.ults of these tests indi-
cated a problem of nonsymmetrical local erosion of the
chamber, apparently due to the arrangement of the 10
pairs of orifices in the test injector assembly. This orifice
arrangement places the orifices in rows across the cir-
cular face of the injector rather than in a circular sym-
metric pattern. To reduce the nonsymmetrical heat and
mass distribution, a new injector assembly was designed
and fabricated with 10 doublet e¢lements and long orifice
(L/D = 100). Six elements were circularly spaced around
four elements in two rows in the center area of the
injector.

Short duration testing of this new water-cooled injector
assembly with nitrogen tetroxide hydrazine propellant
combination has yielded a characteristic velocity of 5500
ft/sec at a mixture ratio (w./w,) of 1.17 to 1.21 and a
chamber pressure range of 145 to 151 psia. Preparations
are being made to test this injector with an ablative
thrust chamber. The resulting erosion pattern will be
compared with the results of a similar test made with
the original 100-1b injector before firings in a PG cham-
ber are attempted.

Two short duration tests have been conducted with
the ALPS Mod III pyrelytic graphite chamber assembly
at the 2000-1b thrust level. These tests were run with a
21-element splash plate injector assembly using a pro-
pellant combination of nitrogen tetroxide and 50-50 fuel
blend of unsymmetrical dimethylhydrazine and hydra-
zine. The duration of the tests was limited by the fact
that the heavy-weight mild steel injector face and splash
plate were uncooled. Test duration was sufficient, how-
ever, to obtain steady-state combustion

Both tests were run at 148-psia chamber pressure, at
a mixture ratio of 1.52, and produced c* figures of ap-
proximately 5500 ft/sec. The duration of the first test
was 2'2 sec and that of the second test was 4'2 sec. After
this total firing time of 7 sec, there is no obvious erasion
of the chamber wall nor damage of any kind to the
chamber assembly.

Tests with longer duration firing times are anticipated

and will be conducted as soon as an adequately cooled
splash plate and injector are available.
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Xl. Advanced Propulsion Engineering

A. Liquid MHD Power Conversion

D. Elliott, D. Cerini, D. O'Connor, and E. Weinberg

The long lifetimes required of electric-propulsion
powerplants make nonrotating cycles attractive. A non-
rotating powerplant under investigation at JPL is the
liquid magnetohydrodynamic (MHD) system shown
schematically in Fig. 1. In this cycle a fluid, such as
cesium, circulates in the vapor loop and causes a liquid
metal, such as lithium, to circulate through an MHD
generator in the liquid loop. The cesium leaves the radiator
as condensate, flows through an electromagnetic (EM)
pump to the mixer, vaporizes on contact with the lithium,
atomizes and accelerates the lithium in the nozzle, sep-
arates from the lithium in the separator, and retarns to
the radiator. The lithium leaves the separator at high
velocity (typically 500 ft/sec), decelerates through the
production of electric power in the MHD generator, and
leaves the generator with suff:- ient velocity (typically 300
ft/sec) to return through a diftuser to the reactor where
the lithium is reheated.

Results of nozzle, separator, and diffuser tests with
nitrogen and water, and of generator tests with NakK,
were reported in Refs. 1-5. The initial phase of feasibility
evaluation has now been completed with the achieve-
ment of closed-loop operation and constant-pressure
power generation.

PUMP " RADIATOR 3
VAPOR LOOP
DIFFUSER
' VY o |
MHD [:]f
MIXE EPARATOR} GENERATOR
LIQUID LOOP
REACTOR

Fig. 1. Liquid MHD power conversion cycle
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Fig. 2. Modified separator cone

Closed-loop operation was obtained with the addition
of a secondary flow return slot and annular diffuser to
the straight conical separator described in Ref. 4 (Fig. 2).
Fig. 2 shows the separator cone with these two modifica-
tions. The secondary injection slot reinjects the flow from
the secondary capture slot, and the converging-diverging
annular diffuser provides the pressure for returning the
primary liquid flow to the injector of the two-phase
nozzle.

1. Secondary Injection Theory

The reinjected secondary flow enters at less than 20
ft/sec. This reduces the velocity of the main flow, but
by less than the percentage of injected flow, since skin
friction is also reduced. The actual reduction to be ex-
pected can be calculated by applying the momentum
equation to the situation illustrated in Fig. 3. A two-
phase jet of velocity V,, and liquid flow rate m, impinges
at angle # on a truncated cone of projected area A,.
Liquid of flow rate m, and velocity V, is already flowing
along the cone. The velocity V, of the combined flow
m, + m, leaving the cone is to be determined.

Fig. 3. Nomenclature for conical separator analysis

At a particular projected area A along the cone the
velocity is V and the flow rate is m. The surface area
for a further increment dA of projected area is dA/sin 6.
Hence the retarding force on the liquid due to skin
friction in this increment is

CyPV:
b=
d 2 sin @

dA (1)

where C; is the skin friction cocfficient and p is the liquid
density.

The momentum of the flow entering increment dA is

v+ m, V, cos 04

M, = w A @)

The momentum of the flow leaving increment dA is
Mout = (rh + ——~dA>(V +dv) @)

With no pressure variation along the cone,
."Iin = Alo"l = (IF (4)

Substituting Eqgs. (1), (2), and (3) into Eq. (4), the
differential equation for the velocity variation along the

cone is
(%) (i)
HAL R SR i
sinf\V, Va =t m,
where
(erVnAn
Q = 2 ﬁl,, (6)




Integration of Eq. (5) yields the following expression
for the separator exit velocity V.:

_Al—a)V,+ (Vo + ar) V,

Va= aVo+a+(1—a)V, Q)
where
7;71 (1+4Q/tan o) "2
= (mIT m> ®)
A= V;S‘é“’ [(1 + éﬁ’) + 1] 9)

__ V,siné6 40 \" _
¥y = —2—Q—[<1 + —tanO) 1] (10)

It can be seen from Eq. (7) that the separator exit
velocity with no initial flow (a« = 0) is simply V..

2. Secondary Injection Tests

The separator velocity reduction with secondary in-
jection was determined experimentally from the small
changes in thrust of the liquid leaving the capture slot
as secondary flow was injected. Fig. 4 compares these
reductions with the values calculated from Eq. (7) for
nozzle liquid/gas mixture ratios of 20, 40, and 62. Both
the theoretical and experimental results, which agree
within the accuracy of the data, show that the velocity
reduction is 50-70% of the secondary injection fraction.

]
|

THEORY
ml/my =62

S

|
MEASURED
my/mg
u] a 20

a 6 o 40
A o 62

\

o

O
o
o

15 20 25
SECONDARY INJECTION FLOW m/my, %

SEPARATOR VELOCITY REDUCTION (15,-15)/V5 %
o
D \
X
n
o

Fig. 4. Comparison of experimental and theoretical
velocity reduction due to secondary injection
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Injection of an equal volume of nitrogen with the
secondary flow had no significant effect on the separator
velocity.

3. Annular Diffuser Performance

The annular diffuser was adaed by machining a con-
verging section, throat section, and diverging section into
the existing capture slot (Ref. 4, Fig. 2). One wall of the
diffuser is visible in Fig. 2. With the capture slot inlet
set at a 0.1-in. gap the diffuser had a contraction area
ratio of 0.75 and a throat length/gap ratio of 15, values
found in previous tests of rectangular diffusers (Ref. 4)
to give the best efficiencies at the desired inlet gas/liquid
volume ratiocs.

Fig. 5 presents the measured efficiency of the annular
diffuser (ratio of maximum discharge pressure to inlet
isentropic stagnation pressure) as a function of inlet gas/
liquid volume ratio. The data was obtained at inlet
velocities between 220 and 300 ft/sec, liquid flow rates
between 100 and 180 lb/sec, and inlet slot widths of
0.1 (contraction ratio = 0.75) and 0.121 in. (contraction
ratio = 0.82). As shown in Fig. 5, the efficiency depended
mainly on inlet volume ratio, varying from 75% at 0.9
to 57% at 3.4.

For comparison, Fig. 5 also shows the efficiencies of
the best rectangular diffusers tested previously (Ref. 4)
and the efficiencies reported in Ref. 6 for volume ratios
near zero. It is seen that the best two-phase diffuser
efficiencies obtained to date can be represented by a
straight line from 5 = 0.86 at a volume ratio of zero to
7 = 0.50 at a volume ratio of 4.0. These efficiencies are
satisfactory for early conversion system operation, but an
increase of 1 or 2 percentage points in cycle efficiency

09 T T = 7
O ANNULAR DIFFUSER
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Fig. 5. Two-phase diffu<er efficiencies
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would be possible if diffuser efficiency could be main-
tained at 80-85% out to a volume ratio of 2.0. Diffuser

studies aimed at such an improvement are continuing.

4. Closed-Loop Operation

The discharge pressures with the annular diffuser ex-
ceeded the liquid injection pressure of the two-phase
nozzle at all mixture ratios from 20 to 62. The margin
was greatest with a 0.1-in. capture slot and a mixture
ratio of 20; at this condition the diffuser discharge pres-
sure was 288 psia and the nczzle injection pressure was
168 psia. With a 0.121-in. slot the discharge pressure was
250 psia, and when secondary flow return lines were
added for returning the 2.3% secondary slot flow, the
discharge pressure dropped to 241 psia. This provided
a 73-psi margin for returning the main flow to the in-
jector. (In a conversion system the generators upstream
of the diffuser would reduce this margin to about 10 psi.)

The system was then connected for closed-loop opera-
tion, as shown in Figs. 6 and 7. Six 1.5-in. return lines
were connected from the diffuser outlet to the injector
inlet through check valves to prevent back-flow during
starting. The main pump provided starting flow through
three 1.5-in. lines with check valves to prevent back flow
after starting. A throttling valve was provided for dump-
ing the diffuser discharge flow prior to switching to
closed-loop operation. Makeup water flow (about 1.0
Ih/sec) to compensate for the water lost with the nitrogen
exhaust was provided from an auxiliary pump through a
pressure regulator.

To start the system, the makeup pressure regulator was
first set to the desired starting pressure (about 85 psia),
and the auxiliary pump was started, providing about 5
Ib/sec of water flow through the open regulator. The
nitrogen was then turned on full flow (typically 4.3 Ib/sec
corresponding to an operating mixture ratio of 30), and
the starting water flow rate was set at 60 Ib/sec, the
lowest value permitting closed-loop operation. The
throttle valve was then closed gradually until the dif-
fuser discharge pressure exceeded the injector inlet pres-
sure, causing the return line check valves to open. Further
closing of the throttle valve, accompanied by reduction
of the main pump flow, caused an increasing proportion
of the injector flow to be supplied from the return lines.
Finally, the throttle valve was fully closed, the main
pump was turned off, the start line check valves closed,
and closed-loop operation was established at partial flow.
To reach the desired operating point (typically a water
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Fig. 6. Piping arrangement for closed-loop tests

flow rate of 130 Ib/sec and mixture ratio of 30) the pres-
sure regulator was reset to 150 psia. This caused the
makeup flow to exceed the liquid loss until enough water
inventory had been added to establish the new oper-
ating point. The water inventory at the operating point
was about 120 Ib.

Operation under closed-loop conditions was found to
be smooth and stable, and any operating point within
the closed-loop range could readily be reached by vary-
ing the nitrogen flow rate and the makeup feed pressure.

The system is now being modified for closed-loop tests
with NaK.

5. Constant-Pressure Generator Test

The cycle of Fig. 1 requires approximately equal inlet
and outlet pressures from the MHD generator. Power is
derived from deceleration of the liquid. To confirm the
feasibility of this mode of operation, a NaK generator was
tested which was identical to the generator described in
Ref. 5 except that the flow channel was divergent, with
an area ratio of 2.0, instead of straight. In preliminary
tests an output power of 3.0 kw (10,000 amp at 0.3 v)
was obtained at zero pressure differential with 207 ft/sec
NaK inlet velocity. The efficiency (ratio of electric output
power to fluid kinetic power change) was 46%, 4 per-
centage points below the theoretical value.

A failure of the insulation coating occurred when a
higher power level was attempted. The generator is now




THROTTLE
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/

being modified to minimize heating of the insulation and
to eliminate a pressure peak near the inlet which may
have reduced the efficiency.

6. Electrical Conductivity of Two-Phase Mixtures

Because the separator does not remove all of the vapor,
the MHD generators in a conversion system will employ
a two-phase mixture. This is desirable as well as neces-
sary because the conductivity of the two-phase mixture
to reduce

can be varied through void fraction changes

shunt end losses.

The conductivity of two-phase NaK-nitrogen mixtures
has been measured at the velocities and void fractions
of interest, using the apparatus shown in Fig. 8. NaK
was injected into a 1.58- X 0.56-in. duct through a bundle
of 150 hypodermic tubes at a velocity of 260 ft/sec.
Nitrogen was injected between each tube to provide a
two-phase mixture of 0.69 void fraction. The electrical
conductivity of the mixture was determined by passing
a 40-amp current in the 0.56-in. direction between
1.0-in.-D copper electrodes flush with the insulated duct
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Fig. 8. Two-phase conductivity apparatus

walls. The voltage difference between the electrode faces,
corrected for induced emf’s, gave the mixture conduc-
tivity. After leaving the first conductivity cell, the mix-
ture entered three narrower cells wherein the mixture
was successively compressed to void fractions of 0.61,
0.50, and 0.29.
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The measured ratio of mixture condactivity to liquid
concuctivity is shown as a function of void fraction ia
Fig. 9 and compared with the theoretical values of Ref. 7
derived for a cubical array of spherical gas bubbles up
to closest packing. Also shown are nitrogen-water con-
ductivity values obtained with the same apparatus using
1000-cps ac voltage. With both water and NaK the con-
ductivity appears to follow the theoretical curve to
closest packing, beyond which the conductivity drops to
less than 10% of the liquid conductivity at the highest
void iraction employed.

An additional effect was observed at the two higher
void fractions where increasing the nitrogen flow rate
(raising the conductivity-cell pressures but not the void
fraction) lowered the conductivity. Values at two different
nitrogen flows are indicated in Fig. 9.

7. Solubility of Cesium in Lithium

The solubility of cesium in lithium up to 2100°F has
been determined under JPL contract by MSA Research
Corporation (Ref. 8). The method of measurement was
the same as employed for the lower temperature mea-
surements reported in Ref. 9 except that Cb-1% Zr
capsules were used. Fig. 10 shows the combined result
of both studies. It is seen that the results are favorable
for the operation of a Cs-Li conversion system in that the
solubility is only about 7.5% at 2000°F,
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MSA also investigated the solubility of potassium in
lithiuin. Their measurements indicated that potassium is
about 10% soluble in lithium at 1500°F and about 15%
soluble at 1800°F, values too large to make this com-
bination of interest.

8. Estimated Cycle Efficiency and Weight

The new Cs-Li solubility values permit a refined esti-
mate of the efficiency of a 300-kw Cs-Li powerplant with
2000°F nozzle inlet temperature. The estimate, shown in
Fig. 11, is based on the same assumptions discussed in
Ref. 2, p. 115. Two of these assumptions are 85% diftuser
efficiency and 70% generator efficiency, representing im-
provements over the values obtained to date. Fig. 11
shows a peak efficiency of 5.7% at a radiator temperature
of 1250°F.

The variation of isothermal radiator area with radiator
exit temperazure, for an emissivity of 0.9, is shown in
Fig. 12. The isothermal area is the area obtained when
the radiating temperature is everywhere equal to the
local fluid temperature; a minimum-weight finned radia-
tor is 25-50% larger. The areas in Fig. 12 include the
effect of lithium condensation and cesium vapor cooling
in parts of the radiator hotter than the exit. It is seen
that the radiator area reaches a minimum of 3.0 ft*/kw(e)
at about 1400°F.

Weight estimates were made for a powerplant deliver-
ing 300 kw at 5000 v dc using a de-to-de converter with
20-v input from the MHD generator. The latter voltage
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is about the highest that a series arrangement of dec MHD
generators can be expected to achieve with 70% effi-
ciency. Induction ac generators are promising with liquid
metals but are not considered in the present estimate.

The studies reported in Ref. 10 indicated that a 20- to
5000-v converter would have an efficiency of 86.5% and
a specific weight of 8.3 Ib/kw. Hence the input power
required for this application is 347 kw and the converter
weight is 2500 1b. This and the other weights are sum-
marized in Table 1.

A weight analysis of the conversion systen (nozzle,
separator, diffusers, cesium EM pump, piping, and gen-
erators, including magnets «nd bus bars) yielded a
weight range of 2000-3500 lb, using Cb-1% Zr with
1000-psi maximum stress, uncooled copper bus bars and
magnet windings, and iron magnet poles. This weight
cannot be better defined until further generator work
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Table 1. Estimated weight of a 300-kw(e) liquid MHD
powerplant (unshielded)

Weight, Specific weight,
Componant b lo/ kwie)
Dc-to-dc converter 2500 8.3
Conversion system 2000/3500 6.7/11.7
Reactor 1500/3500 50/11.7
Radiator 2300/3900 7.7/13.0
Total 8:00/13,400 28/45

has been done, and both values are given in Table 1
representing upper and lower estimates.

With 5.7% cycle efficiency, the required reactor power
is 6100 kw. It is estimated that a lithium-cooled reactor
of this size specifically designed for the high-burnup
requirements of electric propalsion, such as the one de-
scribed in Refs. 11 and 12, would weigh 1500 1b. It is
estimated that a more conventional design would weigh
about 3500 lb.

The isothermal radiator area from Fig. 12 is 3.3
ft*/kw(e), or 1150 ft* in the present case. Two estimates
of rediator weight were used, a value based on the
advanced spuacecraft design described in Ref. 13 and a
higher value based on the more conservative design of
Ref. 14. Ref. 13 employed 2 minimum weight radiator
for which the actual area was 1.5 times the isotherinal
value; the corresponding area in the present case is 1720
ft*. The radiator weight in Ref. 13 was 1.35 Ib/ft*, giving
a weight of 2300 Ib here.

Ref. 14 employed a radiator of 1.26 times the isothermal
area, corresponding to 1450 ft* for the MHD system. The
Ref. 14 weight was 2.7 Ib/ft* (after subtracting NaK
inventory, since direct condensing is assumed here),
yielding 3290 Ib in the present case.

Adding these weights, the total unshielded powerplant
weight would lie between 8300 1b [28 Ib/kw(e)] and
13,400 1b [45 Ib/kw(e)]. The shield weight depends
strongly on the spacecraft configuration and would be
20004000 1Ib for integrated neutron and gamma doses at
the payload of 10" n/cm* and 10" ergs/g (c), respec-
tively.

9. Insuiator Compatibility Tests

After a 590-hr exposure to lithium at 2000°F, four
Cb-1% "x capsules containing Y.O,, Sm.O., CaO, and
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ThO., respectively, were opened. The Y,O, sample
showed a minor amount of dissolution. Microscopic ex-
amination of + sample cross-section indicated no change
in its crystalline structure when compared to an unex-
posed sample, but showed a small number of voids at
its outer edges.

A cross-sectiom of Sm.O, revealed outer and inner
layers of material. Nicroscopic examination showed large
voids and changes in the crystalline structure of the
outer layer. The inner layer, however, seemed unchanged
when compared to a cross-section of unexposed material.
The inside of this test capsule was blackened. From
these results, it was concluded that mass transfer had
occurred, a'though this has yet to be confirmed by chem-
ical analysis,

Results of a microscopic examination of the ThO.
sample are not available as yet. Visual examination, how-
ever, indicated no dissolution since all the corners and
edges of the sample remained sharp. The inside of the
test capsule appeared clean, indicating that no mass
transfer had occurred, although this also remains to be
confirmed by “hemical analysis.

Of all the samples tested, only CaO disintegrated. It is
impossible to determine, at this point, whether this was
caused by the lithium or by water vapor which acci-

dentally entered the welding chamber and came into
contact with all the samples for an extended period prior
to the closure welding of the test capsules. All the sam-
ples were darkened considerably during exposure to
lithium. These tests will be repeated with heated and
evacuated samples to determine whether this discolor-
ation is caused by the reaction of the lithium with the air
and water on the surface of the sample or by "thium
attack.

10. Separator Erosion Test

In order to simulate the erosion caused by a stream of
high velocity lithium droplets at 2000°F impinging on a
Cb-1% Zr separator, a small separator cone, made of an
aluminum alloy having mechanical properties at room
temperature that are similar to those of Cb-1% Zr at
2000°F (e.g., yield strength, ultimate strength, and hard-
ness), was placed in a jet of 450-ft/sec water droplets.
The cone initially had a 0.375-in.-D flat tip. This shape
was used since previous tests had shown that a cone tip
having a sharp point was flattened rapidly by ercsicn
until a “critical diameter” was reached beyond which
erosion proceeded at a much slower rate. After a run of
430 hr, the mass loss with the blunted tip was 0.085 g.
if this rate were to continue for 10,000 hr, the total loss
would be about 2 g, an acceptable amount.
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SPACE SCIENCES DIVISION

Xll. Space Instruments Development

A. A Gas Chromatograph for the
Analysis of the Martian
Atmosphere

C. Josias, L. Bowman, and H. Meriz

In anticipation of future missions providing capsule
entries into the atmosphere of Mars, a two-phase
program for the development of atmos| heric analysis
instrumentation using gas chromatography has been un-
dertaken. The initial phase is the development and con-
struction of a scientific feasibility model applicable to a
Mars mission. This model is currently under construction,
and after its completion and evaluation, its performance
will be reported in one of the forthcoming issues of the
SPS. The second phase requires the formulation and
construction of an engineering model of a flight-type
instrument.

R e I

This report describes electronics for the signal process-
ing and sequencing sections of an instrument proposed
for use in a Mars’ atmosphere capsule mission. The in-
strument proposed' was described as a device to be
used in a Mariner 1966 mission, should this mission
utilize a capsule. The scientific feasibility mode! presently
under development will justify and prove premises stated
in the submitted report and will be followed by develop-
ment of an engineering model of an instrument whose
electronics will be patterned after those described here.

The basis upon which the referenced instrument was
proposed was a set of informal and highly speculative

1Lipsky, S. R. (Yale University Medical School), Bentley, K.,
Bowman, L., Josias, C., Mertz, H., Wilhite, F., “Mariner B 1966
Mission: Analysis of the A*4nosphere of Mars by Gas Chroma-
tography Instrumentation,” proposal submitted to Space Sciences
Division by S. R. Lipsky, November 15, 1963.
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guesses on mission constraints. Probably the most perti-
nent, and at the same time most restrictive, assumptions
were that (1) analysis time for the case of fastest descent
would be less than 60 sec, and (2) total capsuic data
returned to Earth for the same descent condition would
be 150 bits, 50 of which were to be allocated to this
experiment. The following aspects of a Mars atmospheric
chromatograph are presented in this report with the
associated requirements imposed by the two basic as-
sumptions:

(1) Instrument design parameters
(2) Signal processing electronics
(3) Programming

(4) Data considerations

Since the low data volume problems encountered
by the chromatograph would similarly be encountered by
many spectrographic instruments with the same data
restrictions, special attention is called to the section of
this report on data, where a methcd of wide-range data
compression for spectrographic outputs is proposed.

1. Electronics for Programming, Signal
Processing and Data Handling

In remote applications of gas chromatography such as
the one described here, in which severe data restrictions
are imposed, one cannot rely upon customary visual
analytical techniques for identification of constituents
and measurement of their values. If data capacity is
insufficient to reconstruct the chromatogram, the output
peaks must be described by such minimal information as
retention time and peak height or peak area. The follow-
ing sections will discuss some factors and parameters
which affect the design of the electronic portions of a
chromatographic instrument and will also indicate the
capabilities of available elements.

a. Design parameters for signal processing

Dynamic range. This section is concerned with range
requirements for those electronics performing quantita-
tive measurements.

(1) Detector range. The cross-section detector has ap-
proximately a five-decade current rangs such that

1040 < o < 10

Iy,

86

where I, = signal current
where I, = baseline current

and upper and lower limits are determincd by
100% concentration and noise conditions, respec-
tively. The minimum electrometer range require-
ment for linear reproduction of all detector peaks
is therefore five decades.

(2) Effects of sample pressure. If the chromatograph
maintains its strictest resolution requirements over
a specified range of sample pressures, the chromato-
gram will then be most accurately described by
integral measurements. Consider, then, the quanti-
tative dynamic requirements produced by a pres-
sure range of 30:1 (a 10:1 spread in estimates of
surface pressure extended by a factor of three to
account for initial samples being taken ac scale
height). If this were the case and the instrument
were designed to accommodate the lowest expected
sampling pressure (i.e., the minimum surface value
divided by 3), the usable integrating range should
be larger than the linear detector range by a factor
roughly equal to the ratio of acceptable pressures.
An electronic integrator would consequently require
a minimum dynamic range of 6.5 decades.

Noise and standing current. The noise content of the
detector or detectors supplying current to an electrometer
determines the threshold sensitivity required, if it is
desired to measure signals just discernible in the noise.
If sensitivity were equated with noise, the electrometer
instability as described by its summing-point voltage
drifts, input leakage currents, amplifier noise, and drifts
in baseline compensation should be no greater than 10
amp, the noise estimate for a single representative cross-
section detector at a bandwidth of 0.1 cps.

The standing current (baseline) and its variations are
principal parameters upon which the design of corrective
stabilization electronics is based. Consider the example
of two dual cross-section detectors each having baselines
of 10* amp and thermally induced drifts of 0.02% /°C.
If temperature were the only consideration in baseline
drift, the aggregate variation over 100°C for two iden-
tical detectors would be 4%, or 4 X 10-'" amp. Allocat-
ing half of the electrometer system instability to the
baseline compensation, it is seen that a corrective factor
of 800 must be applied during the analysis cycle.

Form factor. The form factors, or variations in geom-
etry of peak waveforms, provide important requirements
tor the electrometer and the signal-processing electronics.
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Fig. 1. Peak-height measurement system

The speed of response ~equuc.nent, for instance, will be
determined by the n. Towest predici2d peak. The widest
peaks determine dif rentiating gain and eventually the
threshold currents at which automatic retention time and
peak-height readings are made. The maximum and mini-
mum values of peak width at half-height that wili be
used for the prototype design will be 1 and 12 sec,
respectively.

b. Description of signal processing electronics

Peak height. To measure peak height, as shown in
Fig. 1, the chromatogram is first developed in the
baseline-stabilized, automatic range-switching electrom-
eter. The signal is then differentiated and transferred to a
discriminator where zero crossings are extracted (Ref. 1).
The discriminator uses a controlled hysteresis charac-
teristic in such a way as to exclude differentiated noise.
Firing is set at moderately regulated nonzero levels and
reset occurs precisely at zero. The timing pulse thus
obtained is used to simultaneously trigger the time-base
measurement and initiate the analog-to-digital (A-to-D)
conversion. Circuitry will be provided to exclude

false peaks produced by scale changes, and electrometer
scale readout will occur even if the peak occurs immedi-
ately after scale change and the peak is still not read
out. Elements shown in this block diagram that are
usually associated with data systems mey actually appear
at either side of the instrument-data-system interface. Of
prime importance though, is the desire to quantize and
read out values to storage bufters on instrument command.

Peak integration. Fig. 2 illustrates generally how the
electrometer amplifier would be used in an integrating
application. Were there no scale changing, the mecha
nization as shown would be adequate with few embel-
lishiments. The diagram omits many of the automatic
pulse-timing electronics shown in Fig. 1, which are also
implicit in the integration method. Also required are
logic elements to prevent readouts during scale-switching
transients.

c. Sysiem elemenis

Electrometer for linear reproduction of the chromato-
gram. The electrometer system proposed for this instru-
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Fig. 2. Partial block diagram of peak-integrating electronics

ment is of the dynamic capacitor variety. It utilizes a
carrier-type DC amplifier and is similar to units flown on
Rangers 1 and 2 and Mariner 2 (Ref. 2). Some of its
characteristics are as follows:

Input leakage current, amp 10
Voltage stability, uv/°C 70
Rise time (10 to 90%), msec 100
Rate limit, v/sec 100
Absolute DC accuracy

(with perfect feedback elements), % 0.1

Automatic range switching of three resistors (Fig. 1) is
accomplished by a scale factor device (Ref. 3) whose
switching thresholds are as follows:

Electrometer | Corresponding
: Dropout Dropout
output input oltage urrent
Resistor voltage, eurrent, voltage, current,
v amp
v amp
10" 0.01% to 10 10 ¥ to 10" « &
10° 0.1to 10 10" to 10" 0.05 5x 10"
10° 0.1to 10 10*to 10°° 0.05 5 X 107"
* Electrometer threshold
"Not applicable
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Baseline stabilizer. Two methods have been developed
for compensation of baseline drift. The first technique
maintains constant linear servo control of the electrom-
eter against changes in detector baseline (Ref. 1). This
is especially effective with short-term drifts such as
might occur with limited temperature control during the
transient conditions of atmospheric entry. The second
technique performs linear feedback control up to the
start of analysis, at which time the baseline compensa-
tion is supplied by a pre-analysis stored voltage (Refs. 4,
5). This kind of operation assumes negligible drift in
detector baseline during the analysis period.

Both systems have the capacity for correction of drifts
up to 10% of the nominal baseline current. The linear
feedback method as presently constructed can compen-
sate for maximum drifts of 10 '" amp/min. Its undershoot
error due to rate-limited integration of chromatographic
peaks is also 10" amp/min. The gated-capacitor storage
system has a storage decay corresponding to 2 X 10-*
amp/hr. During linear pre-analysis control, it reduces
baseline drift by a factor of 1000.

Integrating electrometer. The principal factor deter-
mining the feasibility of a Miller-type integrator in this
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Fig. 3. Leakage diagram of Miller integrator

application is the ability of the circuit to retain accu-
rately the integrated information. Consider the integrator
in Fig. 3. The total discharge current is given by

In=1 +1.+ 1.

The discharge due to capacitor leakage resistance (I.)
can be approximated for the worst case by integrating
an equivalent rectangular chromatogram having a width
of 20 sec. The decay in this idealized case may be ex-
pressed as follows:

5
Decay = G-
where Tr == C',’RI.

A specification that decay not exceed 1% of the ideal
integrated value at the end of 20 sec requires a minimum
capacitor time constant (r;) of 1000 sec, a modest re-
quirement for high-quality Teflon dielectric capacitors.

The following table illustrates the effects of a constant
aggregate leakage current (I, + I.) of 10-'* amp on a
20-sec integration:

Cf, f AV.,, v
10 2 X 10~
10 2 X 10
10-10 2 X 10~

Sequencer and programmer. A sequencer will be
needed to activate the chromatograph, initiate the cali-
bration functions, and coordinate these functions, where
necessary, with the capsule data conditioning system. A
programmer will be used to initiate the repetitive func-
tions required in the chromatographic analysis sequence.

JPL SPACE PROGRAMS SUMMARY NO. 37-27, VOL. IV

The sequencer and programmer events will occur ap-
proximately as follows:

Sequencer

(1) Sequencer reset command

(2) Read electrometer output

(3) Initiate programmer sequence
) Inhibit sample valve

4
5) Activate peak simulator

7) Activate carrier flow

(
(
(6) Open gas vent
(
(8) Activate oven
(

9) Activate calibration sample after equilibrium is
attained

(10) Initiate programmer sequence
(11) Inhibit sample valve
(12) Initiate programmer sequence for first sample run

(13) Repeat initiate programmer sequence

Programmer Sequence

(1) Read out column-detector temperature
(2) Zero electrometer

(3) Open baseline compensation loop

(

4) Activate sample valve

A command from the capsule data system will be re-
quired to start the sequencer when capsule power is
turned on (Fig. 4). Another command will tell the se-
quencer when to begin the sampling sequence. The clock
that operates the logarithmically compressed binary
scaler will also be used as the time base for the
sequencer and programmer

d. Data

Format. The allocation of data within this experiment
is shown in a first-guess form in Table 1. It has been
arbitrarily assumed that the compositional experiment
will be assigned 50 of the 150 data bits available after
acquisition of phase lozk in the minimum time-to-impact
case. The distribution of data bits includes temperature,
identification, parity, electrometer scale, peak amplitude
(height or area) and retention time.
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PROGRAMER
> RESET COUNTER
EE—
MATRIX | g
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SEQUENCER
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MATRIX  —p COUNTER
LOG-BINARY SCALER >
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CLOCK SCALER # COUNTER
I M)
RESET J
CALIBRATE ELECTRONICS
GAS CALIBRATION
BEGIN SAMPLE SEQUENCE
Fig. 4. Gas chromatograph sequencer and programmer
Table 1. Possible allocation of bits for first analysis (worst case)
Column-detector Identification Electrometer
No. of 3 Amplitude, Time,
temperature, ond parity, range, bit Y% Total
pabiks bits bits bits .
4 5 5 2/pk (8) 4/pk (16) 4/pk (16) 50
3 5 5 2/pk (6) 6/pk (18) 5/pk (15) 49

Data quantization accuracy. Since it is imperative that
maximum efficiency be made of data capacity, nonlinear
quantization is proposed for both the A-to-D converter
and the time-base system. An exponential program simi-
lar to the one recommended in Table 2 was indeed used
in the electrostatic deflection system in the Mariner 2
solar plasma instrument (Ref. 2). Accuracies of both
nonlinear and linear quantization systems are shown in
Tables 2 and 3, respectively, and the conventional linear
technique does not compare favorably.

Table 4 shows accuracy figures for an exponentially
quantized time base. The time base could be provided
by a D-to-A converter or by a precision ramp generator.
The time-base voltage is then digitized into the required
number of bits (4 or 5 as suggested in Table 1) when
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Table 2. Three-decade (0.01 to 10 v) exponential
unalog quantization accuracy

. . 3-decade
" Quantizing Quantizing quantizing
levels levels/decade uncertainty, %
7 15 5 *23
. 3N 10 *11.5
y 127 42 =3
8 255 85, =14

the A-to-D converter is commanded by the peak-sensing
electronics.

Data priority. It is proposed that all peaks be read into
a buffer storage in their sequence of acquisition by the
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Table 3. Two-decade (0.1 to 10 v) linear quartization (2) Data not be commutated to the telemetry link until
accuracy the analysis is complete,
(3) Three or four peaks be read out after the first
Quantization 1v, % 0.1v, % analysis
Bits imtrvol, v 10v, % v, % A v, % y S,
4 g 2y g — (4) Peaks be read out in amplitude priority basis, and
5 0.32 f"" f;‘ - (5) Additional peaks be transmitted on subsequent
6 0.16 *0.8 = - T 2
s 2168 4 = sag analysis if time permits.
8 0.04 0.2 *+2 +20 ) ) o
e. In-flight electronic calibration

A certain amount of useful information about the
instrument can be acquired during interplanetary cruise.
Electronic calibration may be performed by generating

Table 4. Two-decade (0.5 to 50 sec) exponential
quantization of time base

S dnenils triangular current waveforms against which amplitude
Bits Quantization Quantization Jusilizeten and time measurements can be made. The health of de-
levels levels/decade | | ortainty, % tector ionization sources can also be determined by
measuring detector baselines. This measurement can be
; ;': I: i';i made in either the presence or zbsence of carrier gas.
6 63 32 + 3.5
7 127 64 + 1.8
8 255 128 + 0.9 2. Summary

The capabilities of the electronic circuits described
here have been demonstrated in the form of refined,
experimental breadboards. These circuits, which are key
elements in the instrument, have been successfully
adapted to the gas chromatograph, and are capable of
handling the fast, wide-range analyses that would be
(1) The buffer storage have the capacity to store at available from the column-detector system described in

least six peaks, the submitted proposal.

chromatograph and on command from the instrument at
the time of peak acquisition. Since the first analysis
should be completed at least 150 sec before earliest
impact, it is suggested that
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Xlll. Space Instruments Systems

A. Carrier Collection and Spectral
Response of Rudiation Detectors
R. Y. Wong

During early phases of the Marinex Mars 1964 program
it became evident that a more complete understanding
of the parameters affecting the performance and char-
acteristics of radiation detectors would be of assistance
in defining the various parameters of the detectors re-
quired for performing the specified tasks. This summary
describes a portion of the work performed in this area.

When radiant energy is incident at the surface of a
p-n junction semiconductor detector, photons of the
proper energy levels penetrate the device to generate
electron-hole pairs. Diffusion of the electron-hole pairs
due to density gradients and the collection of minority
carriers near the junction give rise to a current flowing
across the junction. Not all of the minority carriers gen-
erated are being collected by the junction; only carriers
created within the diffusion length are capable of con-
tributing to the output current. Other carriers diffuse
away from the junction and recombine at the surface or
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deep inside the detector. The fraction of carriers being
collected determines the collection efficiency of the de-
tector; i.e., the ratio of collected carriers to the total num-
ber of carriers generated.

1. Collection Efficiencies

To derive the expressions for collection efliciencies, a
model of the p-n junction detector is shown in Fig. 1,
with the junction depth as a and the depth of the bulk
layer as b-a. The appropriate equaticn for the minority
electronic carrier n in the p layer has the form of:

~|
=

S5 e f+ D,divgradn + pu, E - grad n
Tn
1)

where the first term of the right-hand side denotes
the recombination rate of the minority carrier in excess
of the equilibrium density and the second term repre-
sents the volume-density excitation rate of carriers pro-
duced by the radiation. The third teria is the diffusion
rate into or out of the layer and the fourth texm is the
drift rate of the carrier due to the built-in electric field.




INCIDENT
RADIATION

p -LAYER
N -LAYER

—
|

Fig. 1. Analytic mode! of the detector

If the detector is examined under those conditions for
which the volume generation of minority carriers can be
considered to be uniform, a one-dimensional analysis can
be used. This one-dimensional model is valid if the de-
tector length and width are large compared to the diffu-
sion length for the minority carriers. If the detector is
operating at a sufficiently low input energy level, the
electric field generated is small and the drift rate of
minority carriers due to this field is negligible when com-
pared with that due to diffusion. It is further assumed
that the space charge neutrality law applies and the
detector is operating in the steady-state. With the above
conditions taken into consideration

:.t = 0, div grad _-%'l . E=0,
and therefore Eq. (1) becomes
szn+f—-—":0 @)
where
D, = ditfusion coefficient of the free electrons
. = lifetime of the electrons

f=a(A)Noexp [—a(A)x]

a(A) is the absorption coefficient as a function of the
wavelength of the incident energy, and N, is the current
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density of the incident photons. The general solution for
Eq. (2) has the following form:

exp [—a(A)x]

3)
where
Ln — (Dn Tn)%

L, = diffusion length of free electrons

Similar equations can also be obtained for the hole, p,
in the n-layer with D, in place of D, and L, in place of
L,. The coefficients (i.e., A and B in Eq. (3)) can be
determined from the boundary conditions. At x — 0,
surface recombination is taking place with S = surface
recombination velocity. At x = a, the junction is a sink
for the minority carriers

dn\ |
Dn (W)

n(a) = 0 (5)

= SN(0) (4)

ro

The diffusion current flow across the junction is

- gD, (Z—Z) I, (a) (6)
dp\|  _

tq D, (W) =1, (a) (7)

n(b) = N, (8)

Applying the boundary conditions, the electronic cur-
rent can be obtained by solving Eq. (3):

gN,

u(/\)I:l —(L—i(ﬁ):l

I.(a) =
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where

/311 s

[h+a®] cxp( - Li) = (h & ,L) exp [~a(r)a]
@) ()

Yn ©

[” - 1}"]“‘1’ [-a@a] = [h+aW)] exb(— LL)

o de]on() [ & ool £)

(11)

h= -DS—" (12)

Similarly, the hole current is

where

By -

a
a(M exp — [l_ + a
g

Te . )
2 ) a
—cosh| —- - —
j I:L,, L,:|

(15)

To derive the expressions for the collection efficiencies
of the p-layver (v,) and n-layer (5,), the maximum current

qN..

which can be obtained from the photons is I,,,,
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Therefore,
inla
™= -,W) (16)
Il
=P a7)

It is seen from (9), (13), (16), and (17) that the collection
efficiencies of the p-layer and n-layer are a function of
the detector’s electronic and geometric parameters as well
as the absorption characteristics of the device. Therefore,
the approprizte efficiencies as a function of incident
energy wavelength may be obtained by the proper selec-
tion of the electronic and geometric parameters.

2. Numerical Analysis of Collection Efficiency

To show the effects of the various parameters on detec-
tor performance, Eqs. (16) and (17) can be evaluated by
the substitution of numerical values for these parameters.
Silicon p-n junction detectors have been selected for
evaluation in this report, but similar evaluations can also
be made for other p-n junction devices.

The diffusion length L, is the average length of the
path the minority carriers travel before recombination
takes place. The diffusion length is a function of the
diffusion coefficient D, and the lifetime r, of the carriers

L, = (Dy7)* (18)
L, = (Dar)* (19)

The diffusion coefficient is related to the mobility u of
the carriers by the Einstein relation

e

By = IT D, (20)

_ e

where K is the Boltzmann constant, T is temperature in °K
and e is the electronic charge. KT/e has a numerical value
of 26 X 10" v at room temperature. Experiments per-
formed by . C. Cronemyer, E. M. Conwell, M. B. Prince,
and G. Backenstoss (Refs, 1, 2, 2, and 4) indicated
that the approximate numerical value of the mobility
wn is 1200 cm*/v-sec for the p-type, and the mobility u,
is 500 em?*/v-sec for the n-type. The body hfetime is on
the order of 10-° sec for the electrons and 10 sec for the
holes. Therefore, the diffusion length, when calculated
by Eqgs. (18) and (19), should have the limiting range of
values 10* to 10-* e¢m for the purpose of numerical eval-
vation. The selection of these values for this analysis is




considered appropriate since more recent measurements
performed by V. S. Vairilvo, L. S. Smirnav and
V. M. Patskevitch (Ref. 5) indicated that the diffusion
length is on the order of 5 X 10-* ¢m for silicon.

The surface recombination velocity S, depends on the
dimersions and the surface properties of the detector
since the free carriers must diffuse to the surface before
recombination. As indicated by E. M. Conwell (Ref. 2),
S has been found ranging fiom 10* em/sec to 10* em/sec.
The high value is obtained on sandblasted surfaces. If
the surface is polished smooth and etched, the value of S
may decrease to 5 X 10? cin/sec. Chemical treatment of
this polished and etched surface may reduce S further
to 1 X 10° em/sec. By chonsing j, of the p-layer to be
1200 em*/v-sec and S to be 1 X 10* em/sec, h is on the
order of 300 cm™' where h = (e/KTS)/p.

Theories have been developed (Ref. 6) which relate
the optical abserption coefficient to the parameters of the
band structure. The numerical values of absorption co-
efficient as a function of wavelength have been calculated
theoretically in Ref. 7 and measured experimentally
(Ref. 8) for silicon. Fig. 2 shows the numerical value of
the absorption coefficient a(A), as a function of wave-
length.

To obtain the numerical values of 4, and 4,, Eqgs. (16)
and (17) were solved for a number of cases using tne
IBM 7094 Computer. Fig. 3 shows the resulting p-layer
collection efficiency 7, as a functior of wavelength with
a detector thickness of 5 X 10-* ¢m and various junction
depths as the parameter. It is noted that 4, starts to rise
at longer wavelengths for a deep junction than for a
shallow junction. Therefore, a detector with a deep junc-
tion utilizes the infrared radiation more efficiently. How-
ever, the over-all efficiency decreases as the junction
depth increases. For a deep junction, a considerable per-
centage of electron-hole pairs are generated near the
surface and away from the junction. These minority
carriers are not capable of contributing to the junction
current because of the recombination process taking
place at the surface and inside the p-layer.

Fig. 4 (dotted curves) shows the n-layer collection
efficiency 7, as a function of the wavelength with a detec-
tor thickness of 5 X 10 em and the various junction
depths as the parameter. The dotted curves were deri ed
by assuming the diffusion length of the holes to be
10-* em. It is seen that quite a large number of carriers
are created in the n-layer. These carriers are created by
radiation penetrating through the p-layer. Therefore, a
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Fig. 2. Absorption coefficient of silicon as a function
of wavelength
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Fig. 3. Collection efficiency for p-layer, ;, as a function
of wavelength

high percentage of the total junction current is being
collected in the n-layer. To see the effects of the diffusion
length and lifetime of the carrier on the n-layer collection
efficiency, the curves in solid lines were generated on
Fig. 4. The values of these curves were calculated by
assuming the diffusion length of the holes to be 10 ' em
instead of 10 “ em. It is seen that the collection efficiency
is considerably reduced due to the decrease in diffusion
length. To obtain high collection efficiency, therefore, the
diffusion length of the n-layer must have a reasonably
high value (on the order of 10* cm).

95



JPL SPACE PROGRAMS SUMMARY NO. 37-27, VOL. IV

L1072 cm

A = 300
0:05u =k b:=5x%x102cm
08+ 0= l.0pu - "4""‘\\\ :
a=30pu— - N\ l
B | '& ,N\
\

0.8
WAVELENGTH, u

Fig. 4. Collection efficiency for n-layer ,, as a function
of wavelength

3. Detector Collection Efficiency and
Spectral Response

The analysis in the preceding section indicated that
both the p-laver and n-laver are capable of contributing
carriers to create junction current. Therefore, the detec-
tei collection efficiency 4, is the sum of the p-layer and
n-layer efficiencies. Fig. 5 shows the detector collection
efficicney as a function of wavelength with various junc-
tion depths as the parameter. Again, it is obvious from
these curves that a detector with a deep junction is
capable of using energy in the infrared region more
efficiently while a detector with a shallower junction has
a higher over-all collection efficiency. Since these curves
are plotted as a function of incident energy wavelength,
the shape of each curve represents the spectral response
of a detector having the specified electronic and physical

—
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Fig. 5. Detector ccllection efficiency as a function of
wavelength

parameters. For an energy source of known spectral
distribution, it is therefore possible to select the various
parameters of the detector to match its spectral response
to that of the source. Such a detector is capable of detect-
ing the incident energy most effectively.

4. Conclusion and Discussion

In this summary the carrier collection and spectral
response were analyzed and numerical values of the
detector collection efficiency were evaluated using the
various parameters of silicon p-n junction detectors. This
method can also be used for the analysis of junction
detectors of other types.

As seen from Figs. 3 and 4, the p-layer is most sensitive
to radiation in the violet and low visible spectral range.
Photons in the longer wavelengths penetrate and transmit
through this laver due to insufficient photon-electron
interaction. These photons, after transmitting through the
p-layer, penetrate and create electron-hole pairs in
the n-layer. Incident pl.otons having an energy spectrum
exceeding 1.0 or 1.1 ¢ will transmit through the detector
without interacting with the structure at all.

The p-layer should be made as thin as possible for high
collection efficiency in the short and medium wavelength
regions. However, the series resistance of the p-layer
increases as the junction depth decreases, resulting in a
reduction in the efficiency improvement. A deep junction
is required for high efficiency in the long wavelength
region. With deep junctions, the achievement of large
diffusioa lengths becomes important for high over-all
efficiency.

In this summary, only the efficiency due to minority
carrier collection by the junction was considered. To
obtain the over-all detector radiation collection efficiency,
a number of factors need to be considered. When the
radiation is incident upon the detector, some is reflected
without entering the detector. When the photons ab-
sorbed have more energy than is necessary for the
generation of electron-hole pairs. the excess energy is
wasted aad contributes to lattice vibration and is dissi-
pated as heat. The energy needed for the photon-¢clectron
interaction is a furnction of the energy gap of the material.
For every value of the energy gap, an absorption band
edge is obtained beyond which the photon energy is nct
sufficient to create electron-hole pairs and the detector
will be transparent to these photcus. The over-all detec-
tor radiation collection efficiency is given by:

7(A) = [1 = R(6)] [1 — exp(— a(d)b)] p(r) ne(r)




where R(f) is the reflection coefficient as a function of
radiation incident angle and (1 — exp [ — a(A)b]) is the
factor accounting for incomplete absorption. p(A) is the
relative spectrum distribution of the radiation source and
ne(A) is the detector collection efficiency which has been
discussed in this summary.

B. A New Head for Recording
Twenty-Four Tracks on
Quarter-Inch Magnetic Tape

W. G. Clement

1. Current Tape Utilization Practice

Two factors determine the tape utilization efficiency of
amagnetic tape recorder as applied to digital data storage.
These are the number of data bils per lineal tape inch,
and the number of data tracks per inch of tape width.
At the present time it is a routine accomplishment to
pack 10° bits per lineal inch, provided reasonable care
and thought is given to matching the head and tape
characteristics. Densities up to 1500 bits/in. have
been reliably achieved through the utilization of special
pulse and data reconstruction schemes (Ref. 9). With
regard to transverse track density, it is also routine at
present to record 32 tracks per inch of tape width. Track
density depends primarily upon the ability of the head
manufacturer to fit together the individual transducers
as closely as possible in the head stacks while preserving
sufficient electrical and magnetic isolation to ensure low
cross-talk. Thirty-two tracks per inch reflect the present
capability of manufacturers to fit 16 channels/in. in one
head stack without compromising head design integrity.
The alignment of two such head stacks so that the
channels interlace provides 32 equally spaced tracks on
1-in. tape.

2. Goals and Implications of the Study

A study is being conducted to determine the feasibility
of recording bits at 10,000 per lineal tape inch and
trecks at 100 per inch of tape width. If this goal, which is
equivalent to 10° bits/in., can be achieved, the impli-
cations are far reaching. For example, the length of
0.50-in. tape required to store 20 TV pictures, as planned
for the Mariner C program would be only 10 in. as
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opposed to the 300 ft of 0.25-in. tape required by the
Mariner C recorder. It would then become likely that
the traditional methods of tape handling would be
inappropriate. Moreover, the present design concepts of
tape recorders for flight data storage might require dras-
tic modification in order to utilize this new dimension of
the storage medium with its attendant benefits in size,
weight, and power. A 107 bit recorder for a space capsule
might well assume the size of a cigarette pack, the mini-
mum size being dictated principally by the drive motor.

3. Tzchnical Problems Associated with
High Track Density

Some work on lineal bit density has been reported
previously (Ref. 10). Further effort toward higher lineal
densities involving record head design is currently in
progress and will be reported at a later date. Since this
report is concerned with the achievement sc far realized
in increased track density, subsequent discussion will be
limited to this aspect of the problem. The two most
important effects to be considered in increasing the track
density of a magnetic recording system are  nal level
and cross-talk. Signal level decreases in direct proportion
as the track width is decreased. and cross-talk increases as
the spacing between tracks is decreased. These two major
effects combined with numerous lesser effects establish
the signal-to-noise ratio (S/N) which in the final analysis
determines the information storage capacity of the sys-
tem. In applying information theory to magnetic record-
ing systems, Eldridge has shown (Ref. 11) that the
information capacity per unit area of tape is greatest
when the tracks are made as narrow as possible. Eldridge
and Baaba have shown (Ref. 12) that the S/N varies as
the square root of track width and that, theoretically,
with presently available tape and head-core materials,
the minimum attainable track width is 0.001 in., at which
value the signal-to-tape-noise ratio would be 30 db. This
track width represents at least onc order of magnitude
beyond present practice. The practical significance of
the conclusions reached by Eldridge and Baaba dimin-
ishes somewhat for a digital system in which other noise
sources, such as cross-talk, tznd to overshadow tape noise.

From a cross-talk standpoint, track spacing may be
reduced until the output from any reproduce head in-
cludes the maximum permissible fraction of the signal in
an adjacent track. One portion of the cross-talk signal
increases with recorded wavelength and relates directly
to the distance between tracks on the tape. Another
portion of the cross-talk signal increases with frequency
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and relates to the transformer action between core wind-
ings within a head stack. This latter source of cross-talk
can be reduced by employing a multiplicity of head
stacks and staggering or “interlacing” cores and tracks.

In brief, factors mitigating against higher track den-

Sities are:
(1) A reduction of signal level.
(2) An increase in cross-talk.

(3) The difficulty of construction as thinner and thinner

head cores are placed closer and closer together.

(4) Increased drop-out susceptibility from tape detects
ind loose dirt duce to the smaller area of tape being

scanned at one time.

(5) The need for more precise tape guidance for proper

track registration.

4. A New HTD (High Track Density) Head,
Description and Test Results

Two head stacks, one record and one playback, have
heen manufactured to JPL specifications by the Applied
Magnetics Corporation. These head stacks (Fig. 6
embody the traditional ring-core construction but reflect
advanced techniques in coil winding. machine-slotting,
fixturing and assembly. Twelve channels are packed into
cach stack assembly. Two such stacks. interlaced, provide

Fig. 6. High track density head assembly
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Fig. 7. High track density head half-block assembly

24 tracks on 0.25-in. tape, e.g., 96 tracks/in. Each track
is 0.006 in. wide, while the pitch, or distance from
track to track, is 0.020 in. The gaps are 0.25 mil (record)
and 0.055 mil (playback). Fig. 7 is a view of the “half-
block” assembly showing the 12 half-cores in place.
Some idea of the size can be gained from the fact that
the wire wound on the half-cores is No. 50 /0.001-in. D)
and the pigtails connecting the half-cores to the terminal
board are No. 35 (0.006-in. D) wire.

Inductance, AC resistance, and output data were meas-
ured channel-by-channel in order to determine the uni-
formity factor. This factor usually reflects the degree of
manufacturing control over the fabrication and assembly
operations. Table 1 is a compilation of these measure-
ments. Similar measurements were made on a standard
four channel head (0.025-in. track width and 0.060-in.
track pitch) made by the same manufacturer, and Table 2
is a similar compilation of these measurements. Table 3 lists
the variations in these factors expressed as percentages
of the average for both the HTD head and the standard
head. As expected, the variations are significantly greater
for the HTD head, although part of this increase may be
attributed to the greater gquantity of channels measured.
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Table 1. Inductance, resistance and output data for HTD head

turns peak

Table 3. Comparison of parameter variations between
HTD and standard head

Variation, %
Measurement Standard High track
heod density head
100-ke inductance 6.7 20.0
100-kc resistarnce i4.0 23.2
500-kc inductance 7.3 20.0
500-kc resistance 8.7 22.0
Output signal 20.5 31.0

It is interesting to note that there is no significantly
greater variation in 500-kc parameters than in 100-ke
parameters for either the HTD head or the standard
head. It may be noted in Table 1, record channels 1 and
12 of the HTD head are significantly lower in induc-
tance and resistance than the other channels. This is
attributable in cach case to the absence of one adjacent

100 ke* 500 ke
s Output
Channel Record — Leg 1 Record — Leg 2 Play — Total Record — Leg | Mv, P-P
L R L R L R L R
1 121.05 36.0 129.05 37.0 1175 803 65 140 0.56
2 138.75 42.8 148.50 44.4 1214 843 73 160 0.60
3 | 145.44 45.3 150.15 45.6 1194 794 77 170 0.60
4 ' 14v.07 455 147.82 45.0 1032 512 79 170 —
5 148.70 44.4 144.94 43.9 1204 824 80 170 0.60
6 145.30 445 136.72 43.3 1016 737 77 167 0.52
7 148.64 44.6 142.52 44.0 1267 847 79 174 0.62
8 145.73 43.7 148.16 44.6 1280 841 77 170 0.60
9 147.95 45.2 145.55 448 1316 860 79 170 0.60
10 143.60 443 147.64 43.6 1257 826 75 170 0.56
11 146.64 44.4 —_— - 1234 814 79 167 0.52
12 123.05 35.5 124.21 35.5 1236 848 67 138 0.46
{ “Lin microhenries and R in ohms measured with Boonton Electronics Madel 63C Bridge
l " Qutput at 7.5 ips, Memorex 621 tope, 2-kc square wave recorded at 4.amp turns peak
Table 2. Inductance, resistance, and output data for ZOOI [] ' '
standard 4-channel head
: T ’| 150+ -
Channel 0k 300 ke | Output® | 5 | INDUCTANCE +—
L R L R My, P-P o |
<ZI 100}
1 47 11.7 | 29 49 l 5.0 O
2 44 1.1 27 46 | 6.2 S
3 44 10.3 L 27 45 L 6.0 . . | | | i
4 44 10.2 27 45 6.2 | AC (EFFECTIVE) ——
4 RESISTANCE
@ | in microhenries and R in ohms, measured with Boonton Electronics model -_/
63C Bridge 0 i S | | |
» Qutput at 7.5 ips, Memorex 621 tape, 2-kc square wave recorded at 4-amp 100 2 a4 6 10! 2 a 6 102 2 4 6

FREQUENCY, kc

Fig. 8. Inductance and resistance versus frequency

for HTD head

aor* T—— T T 7171 T
|
60}’—‘ g :,-:,—u—‘\ - o + —
1| INDUCTANCE —— P
= | |
Z &0 +
(&)
o
A=) |
20t - —_— B — i
| AC (EFFECTIVE )——
l RESISTANCE
\
oL = = | | I 1 |
10¢ 2 4 6 10 2 4 6 2 4 6

FREQUENCY, kc

Fig. 9. Inductance and resistance versus frequency
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channel which would by its presence lower the magnetic
reluctance, thereby increasing the magnetic permeability
of these two channels.

Figs. § and 9 are plots of inductance and AC resistance
versus frequency for the HTD head and the standard
head, respectively. It is instructive to compare the two
sets of characteristics in terms of slope, e.g., rate of
change with respect to frequency. The change in AC
resistance between 10 and 500 ke is about the same per-
cent for both heads; however, the inductance of the high-
track density head at 500 ke has decreased to 31% of
that at 10 ke, whereas the inductance of the standard
head has only decreased to 44% of that at 10 ke. The
lesser degradation of inductance (with increased fre-
quency) of the standard head may be attributable to its
core being made up of 3-mil laminations, whereas the
core of the HTD head consists of 3- and 4-mil lamina-
tions. The generation of eddy currents with attendant
reduction of effective permeability may therefore be
greater in the HTD head. In any case it is not apparent
that this effect is related to the HTD density aspects
of the new head.

Fig. 10 indicates S/N attainable with the HTD head
for given values of record current. Noise here is, by defi-
nition, limited to that contributed by cross-talk and in-
complete erasure of previously recorded pulses. The latter
may be a significant source of noise in nonreturn to zero
(NRZ) systems where no separate erase function is pro-

‘In determining the operating record current on a characteristic
curve such as shown in Fig. 10, an important consideration not
indicated is that recorded pulse spreading and consequent loss of
resolution accompanies an increase in record current (Ref. 13).
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Fig 10. HTD head S/N versus record current
Memorex 62L tape at 15 ips
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Fig. 11. HTD head characteristics

vided. Fig. 11 indicates these two noise sources as well as
signal output separately, with record current as the inde-
pendent variable. Figs. 12 and 13 indicate, for compari-
son, the same characteristics of the standard heads.
Output curve shapes for the two heads are about the
same, indicating equal recording efficiency. Cross-talk
Curve A in Fig. 11 was made with the original version
of the HTD head (as shown in Fig. 6) with no record-
stack interchannel-shields. Subsequently, 4-mil slots were
milled into the face of the head stack between the record
channels and “tip” shields inserted. Cross-talk Curve B
resulted, and the signal-to-noise ratios in Fig. 10 reflect
this improved version. Cross-talk measurements were
made by recording a 10-kc square wave in one channel
and reading the amount of 10 ke in the adjacent channel.
In view of the relatively short recorded wavelengths
involved it seems reasonable to assume that most of the
cross-talk in the HTD head resulted trom cross-coupling
in the head stacks. To the extent that this cross-coupling
resulted from simple transformer action, the level would
be expected to increase with frequency up to a rate
corresponding to the limiting bit-packing density. This
was the case only to a very minor extent, e.g., the increase
of cross-talk with frequency was barely discernible up to
about 10 ke, above which point it diminished rapidly.
From this and other experimental evidence, it appears
that a significant amount of interchaninel coupling in the
HTD head occurs by a process other than simple trans-
former action.
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Fig. 13. Standard head characteristics

A factor of possible significance in comparing the
erased signal curves for the HTD head and the standard
head is that the HTD record tracks are 8 mils wide, thus
providing a 1-mil margin each side of the 6-mil playback
tracks which would minimize the effects of any track mis-
alignment due to tape “skew.” The standard record and
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playback heads are of equal width and thus provide no
such margin.

Another point of interest with regard to S/N compari-
sons is suggested by an examination of Tables 1 and 2.
It may be noted that the standard head output is about
12 times that of the HTD head. The obvious factors of
track width (4X) and turns (1.8X) do not completely
account for this differerce. The remaining factor of 1.7X
may be attributable to the shunting effect of the inter-
channel shields which for the HTD head are separated
from the main core structure by only 0.005 in. as con-
trasted with a separation of 0.020 in. for the standard
playback head.

5. Conclusions

With regard to three of the five previously enumerated
factors mitigating against higher track density, the fol-
lowing statements can be made:

(1) 6-mil heads spaced 20 mils apart can be physically
constructed at least in a quantity of 12 in one stack,
thus providing, in an interlaced set, 24 tracks on
0.25-in. tape.

(2) Signal levels of 1.0 mv peak-to-peak at i5 ips are
attainable.

(3) Cross-talk at a reasonable record level can be held
to 34 db at 15 ips when considering the interaction
of two adjacent channels.

C. A Multi-Instrument Data
Conditioning, Storage and
Retrieval System for Planetary
Spacecraft
D. W. Slaughter

A system is described which is capable of storing and
playing back, from a single tape transport, the data
generated during planetary encounter. Preliminary to a
discussion of the system developed, the characteristics
of the telecommunication channel and tape storage sys-
tems are assessed as to their effect on science data
recovery. Their characteristics are compared and con-
trasted with the data output from scienti/ic instruments.

101



JPL SPACE PROGRAMS SUMMARY NO. 37-27, VOL. IV

It is shown that the manner in which the tape transport
is utilized constitutes the heart of the functional design
of a planetary data system when a large amount of
storage is required.

1. Telecommunications System Interface

The science data system may have interfaces with a
telecommunication system which has the following
characteristics:

(1) Provides a single binary channel.

(2) Transmits at a synchronous rate under the control
of a stable clock (oscillator).

3) Rate changes may be required as a function of
distance, trajectory, power availability, or other
factors.

(4) Channel capacity may be time-shared with space-
craft performance information, and for two-way
doppler and ranging information.

While item (1) may create difficulties in sequencing the
science data, a single binary channel is in the best inter-
ests of science data retrieval if it provides the greatest
total bit rate, and the best over-all reliability.

The channel capacity projected for the 1966 Mars
opportunity is 8's bits/sec. Other missions may provide
lower rates, while rates of 1000 bits/sec or more may be
possible for some missions in the 1970s.

2. Instrument Data Characteristics
The on-board data acquisition system must accept data
simultaneously from a variety of instruments. A payload
group may possess the following characteristics:
(1) A wide range of data rates.
(2) A binary data which is necessarily asynchronous
with a spacecraft clock.
(3) Intermittent data (in bursts with extensive quies-
cent intervals).
(4) Require the introduction of data identification.
(5) Produce data at a rate which exceeds the telecom-
munications channel capacity for various intervals
of time.

Item (5), the production of data at rates which tempo-

rarily exceeds the capacity of the telecommunications
channel, dictates the use of data storage devices. For the
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storage of millions of bits (bulk storage), the magnetic
tape transport is currently in use. Other mechanisms,
such as electrostatic and thermoplastic recording are
currently under investigation. Below one million bits,
interest in coincident current magnetic matrix storage
increases. However, this report describes the develop-
ment of a system which uses a tape transport for bulk
storage in combination with buffer (magnetic matrix)
storage, as required by the recording characteristics.

3. Tape Storage System Characteristics

The recording data format characteristics are a func-
tion of the playback mode. On Mariner C, the bit sync is
locked to the telemetry clock (8's bits/sec) during play-
back. The motor speed is servo-controlled in order to
maintain lock. The input characteristics of this machine
are thus the same as that of the telemetry channel, i.e.,
synchronous, except that the data rate is higher by the
ratio of the record to playback tape speed. If there are
any gaps in the data, communication time is used up;
that is, data zeros are transmitted. The machine may be
started and stopped during recording, but no provision
exists for removing the zeros which are recorded during
tape acceleration and deceleration.

The difficulty of utilizing a single tape transport with
synchronous input rates becomes readily apparent if a
group of instruments having the following characteristics
(refer to Sect. 2) is assumed:

(1) Widely variant data rates.
(2) Asynchronous sources.
(3) Intermittent data.

(4) Data identification required.

The following techniques may be utilized in matching
the data sources to a recorder of the type previously
discussed: Intermittent data may be smoothed into a
continuous flow by using coincident-current magnetic
matrix “buffer” storage. The read-out rate from the buffer
may be made constant, while the amount of data stored
increases during data bursts, and decreases during instru-
ment quiescent intervals. The limitation on this technique
is the quantity of bits in each burst, which determines
the size of the buffer. An attempt may also be made to
interleave or “fit” two intermittent data sources so as to
improve the smoothness of data flow; however, oppor-
tunities for using this technique are very limited. Asyn-
chronous sources may also be converted into synchronous
sources by passing the data through a buffer. Utilizing




this technique, the synchronous clock frequency is set
higher than the highest average rate of the asynchronous
source, Should the average rate of the asynchronous
clock drift lower, then zeros are added to the data flow,
usually at intervals determined by the buffer data
capacity. Having widely variant rates from several instru-
ments poses a difficult problem. If each instrument is
provided with a buffer whose size (capacity) is propor-
tional to its data rate, then these buffers may be unloaded
sequentially. However, it is possible for the rate from a
given instrument (o change as a function of the missicn
(trajectory) profile. In addition to requiring a tap> trans-
port speed change, the format for sequential unloading
of the buffers must change.

A single instrument which produces a high percentage
of all data may profitably use its own tape transport.

SCIENCE INSTRUMENT
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These machines should be simple in design and capable
of starting and stopping rapidly in order to accommodate
bursts of data.

4. A Multi-Instrument Data Acquisition, Storage
and Retrieval System

A science data system is being developed which utilizes
a tape storage scheme capable of accepting data at
various rates from different instruments, and recording
simultaneously on independent tracks. Data gaps of arbi-
trary length are permitted on the tape. Continuous utili-
zation of the telemetry channel on playback is provided
for by buffering the playback. In this system, the data is
organized into blocks by accumulating it in buffers.
When the buffer is full, the entire block is read into the

AT ——
DATA —— DATA OUT
DATA DATA
INSTRUMENT ‘
b BUFFER
A TAPE SYSTEM
SYNC
SYNC S5YNC
A
READ
WRITE
DATA
BUFFER |DATA OUT
B
SYNC
-
WRITE READ
CONTROL SYNC GATING
% FLIP-FLCP
TRANSPOSE BUFFER
COMMAND —- |
TRIGGER CLOCK
OSCILLATOR

N A

Fig. 14. Buffer interlace
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recorder at a constant rate. In order to accept data con-
tinuously, if required, the buffer system is provided with
interlaced read-in and read-out. For the purpose of
maximum economy in the use of developmental funds,
two Mariner C buffers (Ref. 14) have been employed,
with one buffer available for loading data while the other
unloads onto the tape machine, Fig, 14 is a logic diagram
of this system. When the first buffer is full, then their
situations are reversed. These Mariner C buffers are of
the serial loading and unloading, first-in, first-out type;
and store 1320 bits each. A pair of buffers weigh 1.25 1b
and have a volume of 36 in.*; their power consumption is
about 0.50 w per pair at low data rates, increasing linearly
to 1.7 w at 100 ke. As stated previously, one entire buffer
load is recorded continuously at a fixed clock rate, inde-
pendent of the instantaneous or average rate at which
the other buffer acquires data from the scientific instru-
ment. It is intended that data gaps be inserted onto the
tape between the times when one buffer has finished its
read-out, and the other 1s fully loaded. The length of
these gaps will be an inverse function of the data output
rate from the instrument, averaged over one buffer load.
If there is but a single recorded track, then the recorder
may be stopped between blocks; however, this systen:
has been engineered to handle several instruments (or

instrument groups) simultaneously and independently on
several tracks. The number of tracks which may be
recorded simultaneously and independently is limited
only by the usual tape and head characteristics. It is
assumed that the recorder may be running continuously.
However, provisions have been made for running the
tape recorder intermittently for single buffer dumps.

During playback, the tracks are played back one at a
time in sequence. The recorder stops on data gaps; when
it is given a start command, a block of data is read into
a buffer. When the next data gap is reached, the recorder
is stopped by means of a gap detector. This system is
shown in Fig. 15. The gap detector is a device which
looks for recorded data by sensing the data sync
which marks each one or zero. When none is found for a
fixed interval of time (usually several sync pulses, so as to
allow for accidental data dropout), a gap indication is
given. When the buffer issues an indication that it is
empty, the recorder is restarted. Because the machine
will pass over the remainder of the gap before encounter-
ing data, the gap detector must be inhibited until the
beginming of the data block is sensed, after which the
gap detector may be “armed.” In practice, two buffers
have been used so that a full one is always available and

DATA —_— TAPE _— DATA
SYSTEM SYNC
SYNC =i >
RUN
MOTOR ;
1
GAP INHIBIT DATA
DETECTOR DETECTOR
BUFFER EMPTY
INDICATOR
SET _| MoTOR conTroL |  RESET
FLIP-FLOP
SET INHIBIT RESET
1 FLP-FLOP [

INTERRUPT FOR REAL-TIME
TELEMETRY

Fig. 15. Playback control circuits
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ready for telemetry, and the same buffers in the same
logical arrangement are used both for writing data onto
the tape and reading it from the tape. The switchover is
accomplished by logic gating, as shown in Fig. 16. Logic
gates for Buffer B have been omitted in the diagram.
The total cost is one dicde per and gate; the logic level
applied to these diodes enables the proper gates for the
record or playback function.

The length of the data gap required between data
blocks is a function of the motor stop-start chavacteristics.
Data identification should normally be inserted at the
beginning of each data block. A code generated by imple-
menting a suitable binary sequence (pseudonoise) is
presently being used for identification, usually followed
by a reading of a binary clock. Because of the high read-

RECORD COMMAND
PLAYBACK COMMAND
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in rate capability of the buffer (100 ke in the present
model), identification may be inserted between consecu-
tive words of lower rate sources, without any loss of data.
If desived, the instruments control system may command
a partially loaded buffer to be dumped into the recorder
at the end of some basic instrument data frame, scan, or
other operating interval. The remainder of the recorded
data block is filled out with zeros. Techniques for han-
dling variable word length are under consideration.

Fig. 17 is a functional diagram of a data-cenditioning
system which may be inserted between the instrument
and the buffer. The pulse width converter is an approach
to analog to digital conversion used on Mariner C (Ref.
15). It permits pulse signals to be coupled from the instru-
ment electronics into the data system. avoiding analog
ground-loop problems.

DATA OUTPUT
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SCIENCE INSTRUMENT |/ DATA T%JEhagETRY
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DATA DATA OUT PLAYBACK
BUFFER
A |
SYNC )
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T SYSTEM
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INSTRUMENT SYNC
SYNC
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Fig. 16. Dual use of buffers for record and playback
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Fig. 17. Data conditioning system

5. System Characteristics

Sufficient developmental work has been completed to
demonstrate the feasibility of a system having the fol-
lowing characteristics:

Data may be accepted from several different data
sources for independent recording on separate data tracks.
The record tape velocity is determined by the instrument
which produces the highest data rate (averaged over one
buffer load). More than one parallel track may be used
if this rate is twice or more higher than the next highest
rate instrument.

Lower data rates from other instruments are accommo-
dated by a2llowing proportionately larger gaps between
data blocks. Quiescent intervals in the instrument opera-
tion are accompanied by data gaps on the tape. All gaps
are removed by buffered playback.

Data identification is inserted whenever required, and
nonsynchronou: operation is accommodated by accumu-
lating the data into blocks by means of buffers and by
allowing the instrument to command the transposition of
the buffer from the read-in to the read-out (recording)
mode.

The playback of recorded data may be interrupted for
the playback of real-time spacecraft performance data or
science data at any time simply by interrupting the
telemetry bit sync to the system. However, one would
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prefer to wait until the end of the current data block so
that all data will be identified in whole blocks.

The data tracks (representing the various instruments)
may be played back in any order. A control system which
could repeat the playback of some of the tracks on a
priority basis would not be difficult to mechanize.

The playback of data will be automatically accom-
plished at any telemetry bit sync rate supplied, up to the
basic playback speed of the recorder (about 2 ke in the
system constructed). This characteristic is particularly
useful in spacecraft system testing. A two-week playback
at 8' bits/sec may be compressed to less than 2 hr.

6. Construction Progress

A breadboard system has been constructed. The
tape transport used is a reel-to-reel recorder employing
the isoelastic drive principle. This transport has been
previously reported in Ref. 16. Fig. 7 in Ref. 16 (p. 225)
is a photograph of the transport used. It weighs 2 Ib,
10 oz (without electronics), contains 500 ft of 0.25-in.
tape, and has passed Mariner C-level type-approval tests.
Automatic rewind has been incorporcted in the control
system. Tape speed may be varied by a factor of 8:1 by
changing the motor drive frequency. Speeds used 1n tests
are 15 and 15/8 ips for record, and 15/8 ips for playback.
At this playback speed, the data gap required for play-
back start-stop is less than 0.1 in. Recording at 1000
bits/in., a data block of 1300 bits is 1.3 in. Record and
playback electronics provide for recording in NRZ for-
mat. Only one track has b2en mechanized, although the
head is a 4-track unit. A gap detector and motor control
circuits are included. The system has been tested with
the dual use of a single pair of buffers as shown in Fig. 16,

The data source is a simple pattern generator. Provision
was made for reducing the block length well below the
1320-bit maximum for testing purposes. In this manner,
the transpert may be caused to go through a more fre-
quent succession of stop-starts; a procedure useful for
accelerated life testing.

The electrical transposition of the buffers is com-
manded by counting the number of data words or bits
with a binary counter. The buffers are currently being
modified so as to bring out an indication of the buffer-full
condition, It is intended that this condition be able to
command the buffer transposition.
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7. Future Work (4) The packaging of a flight-worthy prototype system.
Development is recommended in the following areas (5) De-skewing circuits for the simultancous playback !
in approximately the order indicated: of several tracks, for use in instances where parallel

recording is necessary in order to meet a high
record data rate. Otherwise, the playback of one
track at a time requires the use of a ground system

(2) A playback sync circuit which will provide sync which can reorder the data bits. This situation is
over a small interval of tape data dropout not necessarily serious, but warrants investigation.

(1) A track switching system. Common playback data
circuits will be used to the extent possible.

T ) . 5 =
(3) A data identification system which ~an read pseudo- (B) Provision for variable block length.

noise and/or spacecraft time into any data channel (7) The ability to search for data blocks by means of
upon demand. addressing.
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XIV. Chemistry

A. Effects of Ultrahigh Yacuum on
Three Types of Microorganisms
P.J. Geiger,F. A. Morelli, :-nd H. P. Conrow

Interest in the effects of ultrahigh vacuum on micro-
organisms has stemmed directly from implications to
space exploration in recent years. The vacuum of inter-
planeta: ; space is one of the important parameters to be
considered in designing spacecraft and materials for
spacecraft. In addition, it is vital to know whether ex-
treme vacuums will be important microbiologically where
travel of microorganisms from Earth to another planet
might be detrimental to studies of indigenous life. Expe-
rience with culture collections seems to show that at least
a nominal vacuum (150 ) is necessary for the best pres-
ervation (Ref. 1). Exposure to an ultrahigh vacuum of at
least 10-1° torr, however, might produce different resuiss.

Prince and Bakanauskas (Ref. 2) and Prince (Ref. 3)
described experiments that indicated freeze-dried spores
of Aspergillus niger, A. flavus, Bacillus subtilis var. niger
and B. mycoides retained some degree of viability for

31.5 days at ambient temperature in vacuums ranging
from 10-% to 5 X 10" torr.

Portner, ot al. (Ref. 4) exposed B. subtilis var. niger,
A. Fumigatus, and Mycobacterium smegmatis to ultrahigh
vacuum for 5 days at ambient temperature. At 5 days the
system indicated 3.6 X 10-'* torr. Recovery of B. subtilis
var. niger spores and A. fumigatus spores was not signifi-
cantly different from that of control samples assayed at
the start of the experiment after drying over caicium
sulfate. M. smegmatis recovery, however, was only 33%
of that of the control sample. It was concluded that these
microorganisms would survive the vacuuimn of outer space.

Brueschke, Suess, and Willard (Ref. 5, carried out a
qualitative study of the survival of spores of B. subtilis,
A. niger, A. terreus, and Penicillium citrinum at very low
pressures. Water suspensions of the spores of these organ-
isms were m xed and dried directly in tubes attached to
a manifold sealed to a high-vacuum system. After 10 days
the pressure had reached 8 X 10-* torr, anc a tube was
removed at that time. P. citrinum was not recovered from
this tube, but all the others survived. A second tube was
sealed off after 30 days of pumping, at which time the
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system had dropped to 1.2 ¥ 10* torr. No microorgan-
isms were recovered at this time or later. It was surinised
that the organisms which were used would be killed at
1.2 X 10 torr within 30 days.

Morelli, Fehlner, and Stembridge (Refs. 6 and 7), on
the other hand, showed thal about one-half of the B. sub-
tilis var. niger spores survived 35 days of exposure at
10-* torr at room temperature. Control preparations in air,
nitrogen, and a vacuum of 8 X 10! torr gave comparable
results; spores in argon and carbon dioxide atmospheres
yielded somewhat lower counts.

Davis, Silverman, and Keller (Ref. 8) in a series of
studies have sought to determine the combined effects
of ultrahigh vacuum and temperature on the viability of
some spores and soil organisms. Considerably fewer
spores of B. stearothermophilus, B. megaterium, and
Clo:tridium sporogenes were recovered than were spores
of B. subtilis var. niger and A. niger after 4 to 5 days at
53 and 60°C and 10 to 5 X 10* torr. There were no
significant differences in the recoveries of these five
organisms after exposure to 25 and —190°C in vacuum.
B. subtilis var. niger spores apparently were killed after
retention at 90°C and 107 to 6 X 10 * torr for several
days, but 10* out of an initial 10° spores survived 90°C
and atmospheric pressure for the same period. Molds and
actinomycetes in soil were particularly resistant up to
69°C in vacuum, and actinomycetes were recovered even
after exposure to 120°C.

The work reported here, which considers the effects of
ultrahigh vacuum at 25°C on three widely differing types
of microorganisms, was carried out in an attempt to
expose these microorganisms to a better vacuum for a
lenger period than had thus far been achieved. The
results are therefore made more meaningful in relation
to space exploration.

1. Experimental

a. Microorganisms. B. subtilis var. niger spores were
prepared according to the method of Davis, Silverman,
and Keller (Ref. 8). A mature culture of Mycobacterium
phlei was harvested from glycerol agar /ATCC), and cell
clumps were broken up by homogenization in a sclution
(0.4 g/liter) of Tween 80 (Difco Laboratories, Inc.,
Detroit, Michigan) for 5 min in a high-speed homogenizer
(Virtis, Gardiner, New York). Subsequent microscopic
examination revealed that the cells were well separated
and essentially free from clumping. Aspergillus niger
spores were harvested from Trypticase Soy Agar (BBL),
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washed with water, and placed in water suspension just
before use.

Water suspensions of all three organisms were placed
in aluminum combustion boats (Coleman Instruments,
Inc., Maywood, Illinois) and were dried under vacuum
over calcium sulfate the day before use. The numbers of
viable organisms were counted by the standard plate
count method both at the time of drying and subsequently
in order to assay recovery during the actual experiment.

The three organisms used were selected because they:
(1) are highly resistant to drying, (2) represent three
greatly different genera, and (3) are widely distributed
in nature.

b. Ultrahigh vacuum system. To achieve the best ultra-
high vacuum obtainable from a glass (Corning Glass
Works 7740) system, baking at high teniperature is neces-
sary. The system we employed in this work is illustrated
in Fig. 1. It was designed so that baking could be accom-
plished with heating tapes during pumping and with the
samples of microorganisms in place. All of the system
beyond the trap in the diffusion pump was baked for
1 wk at about 300°C.

The total volume of the system was small, and the re-
movable sample tubes permitted us to protect the micro-
organisms by cooling with damp wicks during baking.
Also, duplicate samples could be taken off for assay of
viability at discretc intervals.

BAYARD -ALPERT GAGE

f.

THIN GOLD LAYER%

LIQUID NITROGEN
TRAP

/—REDHEAD GAGE
il

\Z—Iiler SAMPLE
COMPARTMENT WITH
REMOVABLE TUBES

LIQUID NITROGEN
TRAPS

~—THREE - STAGE ,
80-liter / sec,
MERCURY DIFFUSION PUMP

MECHANICAL FOREPUh

Fig. 1. System for exposing microorganisms to
vitrahigh vacuum
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In order to assure the best possible exposure to ultra-
high vacuum, the aluminum boats with their samples
were moved into the horizontal arms of the chamber after
the system had been baked. Tl.s was accomplished by
attaching bits of iron wire to each boat and then moving
the boats magnetically. The boats were then moved back
into individual vertical tubes when the tubes were to be
fused off for viability assays.

Two ultrahigh vacuum gages, a Bayard-Alpert (Vacuum
Electronics Corporation, Long Island, New York) and a
Redhead (Na*ional Research Corporation, Cambridge,
Massachusetts), were used for obtaining an accurate
measure of the vacuum as well as for safety. Advantage
was taken of the high pumping speed inherent in the
Redhead gage, as well as its requirement for reading
pressures accurately in the range of 10-'° torr and below.

JPL SPACE PROGRAMS SUMMARY NO. 37-27, VOL. IV

A thin layer of gold was strategically placed in the
system to keep any mercury vapor trom reaching the
samples during baking and throughout the remainder of
the experiment.

c. Control samples. These samples were prepared as
described, but were exposed to a number of different
conditions for the duration of the experiment: air at
1 atm, nitrogen at 1 atm, air at 50% relative humidity,
and a vacuum of 5 X 10-* torr. All control samples except
those at 50% relative humidity were kept dry over
calcium sulfate.

2. Results

The performance of the system and the duration of
maintenance of ultrahigh vacuum at about 25°C can be
seen in Fig. 2. After baking and on approximately the

i
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Fig. 2. Attainment and maintenance of ultrahigh vacuum at 25°C
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tenth day, the vacuum reached well into the 10 “-torr
range. Each point on the curve is an average of two
readings taken twice a day for the 137-day period of
operation. The occasional rises into the 10 “-, and on two
occasions into the 10~ torr range represent malfunctions
of the system which, except for the last one, were easily
remedied. The curve illustrates the successful average
operation of the system in the range of 10 ' to 4 X 10"
torr for a longer period than has heretofore been achieved
in such experiments.

Fig. 3 shows the apparatus as it appeared in actual
operation toward the end of the experiment. Only the top
of the diffusion pump can be seen behind the Dewar at

Fig. 3. Ultrahigh vocuum system during the experiment,
with numerous tubes removed for viability tests

A2

the left, but the ultrahigh vacuum chamber and remov-
able sample tubes are clearly shown.

In testing the viability of the microorganisms, sample-
containing boats were removed in duplicate. Each of
these was then plated in duplicate, and, after a sufficient
growth period to ensure the appearance of colonies of
any viable cells, colony counts were made by the stand-
ard plate count method.

Fig. 4 illustrates the fate of cells exposed to dry air.
Of an initial 1.3 X 10" spores of B. subtilis var. niger,
only two colonies were recovered after the first 39 days,
at which time the first tests of viability were performed.
At each time of sampling thereafter, only an occasional
colony or two of B. subtilis appeared. M. phlei fared
even worse; no colonies from an initial 10° cells were
recovered at 39 days or subsequently. On the other hand,
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Fig. 4. Effect of dry air at 1 atm on three types
of microorganizms
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Fig. 5. Effect of air at 50% relative humidity on three types of microorganisms

A. niger retained viability throughout the experiment.
Of an initial 6 X 10° spores (right ordinate in Figs. 4
through 8), fewer were recovered with each plating, and
the general trend was toward death after a few montl.;
of exposure.

In air at 50% relative humidity, B. subtilis spores re-
tained viability after an initial drop in numbers, probably
due to drying from the washed suspension. Fig. 5 illus-
trates this ability to survive many months and perhaps
indefinitely under these conditions. The curves for
M. phlei and A. niger, however, indicate an apparent
rapid loss of viability somewhere between 0 and 39 days.

From this control, neither of the organisms was subse-
quently recovered during the experiment.

The effect of dry nitrogen on the three organisms is
clearly shown in Fig. 6. Again, after an initial decrease,
the recoverable numbers of B. subtilis reinained almost
constant, and viability apparently was preserved for long
periods. Viability of A. niger was also improved; only a
slow decrease in numbers was evident over the 4-mo
period of observation. M. phlei again suffered 4 complete
loss of viability; one colony appeared in the first sample,
but none were recovered in any of the other samples
assayed thereafter.
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Fig. 6. Effect of dry nitrogen at 1 atm on three types of microorganisms

In a moderate vacuum of 5 X 10 torr, all organisms
were preserved (Fig. 7). B. subtilis spores were evidently
quite stable, while A. niger spores showed a slow trend
downward just as they did when exposed to dry nitrogen.
A startling difference is apparent in the behavior of
M. phlei. Although there is some scatter in these data
when compared to those from conditions previously de-
scribed, the trend toward increased viability is readily
apparent. These organisms will Le preserved perhaps
almost indefinitely by a moderate vacuum.

In ultrahigh vacuum (Fig. 8), the viability of all three
orgarisms is stabilized. Clearly the curves could be
extended and would indicate viability for many months.
Although there appears to be more scatter in the data
for B. subtilis than was previously observed, nevertheless
the resultant trend seems obvious: ultrahigh vacuum does
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not kill the microorganisms selected for the experiment,
but, on the contrary, tends to preserve them, presumably
for an indefinite period.

3. Discussion

In general, the present work is in accord with the
results reported by most other authors working in this
field. Microorganisms apparently retain considerable via-
bilty when exposed to ultrahigh vacuum. Such results
have usually referred only to experiments of relatively
short duration. In addition, the reported vacuums have
been 1 te 2 orders of magnitude poorer than that achieved
here. Further, we wished to observe in our experiment
not just the survival of microorganisms at the end of a
specified period, but the trends in survival over a long
period of exposure to ultrahigh vacuum. The implica-
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Fig. 7. Effect of vacuum (5 X 107 torr) on three types of microorganisms

tions of these results to space exploration seem clear
regarding the attendant problems of contamination and
sterilization.

The results reported here are also in general agreement
with experiences in freeze-drying for the maintenance of
culture collections. For the most part, a wide range of
microorganisms shows good survivability when freeze-
dried and stored under vacuum (Ref. 1). Preservation is
frequently best when some colloidal organic substances
(serum albumin) or even certain organi. molecules (glu-
tamate or sucrose) are present. Viability usually decreases
faster if samples are stored in air rather than in vacuum,
and it decreases at some intermediate rate in nitrogen.
In addition, viability is often best preserved at low tem-
peratures, i.e., 0 to 4°C. Further, it is frequently observed
that an initial drop occurs in viable numbers of organisms
undergoing freeze-drying; then an apparent stabilization

takes place so that further losses may be small. We have
also observ: d this process in the present work.

It is important to note that an initial drop in numbers
of microorganisms may be less significant than the sta-
bility of the remaining viable numbers. A survivability
of 0.1%, for instance, may look small; however, consider
that in an initial small sample, which can contain 10"
organisms, 10* would survive.

As a result of the present work, it would seem that the
proper sterilization of spacecraft should be re-emphasized
if we are to avoid contamination of the planets by terres-
trial organisms. On the other hand, if certain organisms
can exist in ultrahigh vacuum and, as shown in Ref. 8, are
uninjured at —190°C, it is not too difficult to immagine
that cross contamination of the planets of the solar
system might already have occurred.
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B. Fluorometric Measurements of
Growth: Ill. The Interference of
Soil with the Fluorescence

of Proteins in a Neutral -

Agueous Solution
J. H. Rho
The characteristic fluorescence of proteins is sufhi-

ciently sensitive and specific that it has been possible to
utilize it in developing a quantitative assay technique
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(Ref. 9). In previous work, both qualitative and quantita-
tive assays of several different proteins and microorgan-
isms were made, and the increase in fluorescence of
consecutive samples of actively growing Escherichia coli
B (E. coli B) cultures was used as a measure of growth for
this organism (Ref, 10).

A method involving the use of native protein fluores-
cence in intact microorganisms is very attractive because
of its possible direct application to a quantitative assay
of microorganisms in their natural environment. For a
direct detection or a quantitative analysis of micro-
organisms in any natural soil, the effect of soil particle
suspensions on protein fluorescence is of utmost interest.
The presence in a soil suspension of materials which
absorb or scatter a significant proportion of the excitation
or fluorescence radiation will diminish the observed fluo-
rescence. Any other solutes present in the soil suspension
may interact with the fluorescent molecule in such a




manner as to lower the efficiency and/or lifetime of the
fluorescence process, thus limiting the sensitivity or
reproducibility of an assay procedure.

In the present study, the effect of soil suspensions on
the fluorescence of protein in neutral aqueous solutions
has been studied by adding various concentrations of soils
to two different concentrations of dilute protein solutions,
as well as a population of E. coli B culture. Increase in
the fluorescence of proteins of consecutive samples taken
from the soil-suspension medium at hourly intervals dur-
ing the growth period was used as a measure of growth
for this organism. It was then possible to measure the
growth of the organisms in the soil medium specifically
by measuring the increase of protoplasmic proteins.

1. Experimental

The source of the microorganisms, F. coli B, and the
growth medium used for the organism were described
previously (Retf. 10). The instrumental specifications of
the spectrophotofluorometer were also described in Ref.
10. Bovine serum albumin was obtained from the Sigma
Chemical Company, St. Louis, Missouri. Other chemicals
were reagent grade, The soil samples used were sandy
soils collected from the surface (% in.) of the Colorado
Desert, Riverside County, Thermal, California.

2. Results

a. The interference of soil with the fluorescence of bo-
vine serum albumin solutions. The fluorescence-emission
spectrum of 10#% bovine serum albumin solution in
0.05M phosphate buffer was determined by excitation
with radiation of 280-mu wavelength. A typical fluores-
cence spectrum of this solution is shown in Fig. 9(a),
which displays the fluorescence spectrum characteristic
of the amino acid tryptophan, with a maximum around
350 my. The addition of 1 mg of ignited soil (800°C for
24 hr) to 1 ml of this protein solution caused considerable
distortion of the spectrum, as shown in Fig. 9(b). As the
concentration of soil was increased. the distortiun effect
became more severe (Fig. 9c¢ and 9d). The original fluo-
rescence spectrum of protein was recovered after cen-
trifugation at about 500 g for 10 min (Fig. 9e).

On the other hand, the addition of an equivalent amount
of ignited soil to a slightly higher concentration of protein
produced a less severe distortion effect on the original
protein fluorescence spectrum, as shown in Fig. 10 (a
through d). The addition of 1 mg of soil to a 1-ml volume
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Fig. 9. Effect of ignited soil on the fluorescence of
10 % bovine serum albumin

of 10°% bovine serum albumin solution did not appre-
ciably change the original fluorescence spectrum with a
maximum around 350 myg, although there is a shoulder
around 320 mu (an indication of light scattering from
colloidal particles in the soil). As more soil was added to
this solution, the Tyndall effect became more prominent
and the spectrum approached that of ignited soil alone
(Fig. 10e). The fluorescence spectrum of protein, how-
ever, can clearly be observed with the maximum at
350 my, even with the addition of 5 mg of soil/ml of
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Fig. 10. Effect of ignited soil on the fluorescence of 10°% bovine serum albumin

protein solution. When these samples were centrifuged
at 500 g for 10 min (Fig. 10a’ through 10d’), the original
fluorescence spectrum of protein was restored, although
the fluorescence intensities werce slightly reduced. It was
also noted that not many light-scattering particles were
left in the supernatant selution from ignited soil after
centrifugation at 500 g for 10 min (Fiz. 10e’).

b. The effect of soil on the fluorescence of E. coli B.
E. coli B cells were harvested from the exponential growth
phase, washed with 0.05M phosphate buffer, pH 7.0, and
then made up to a population of 10° cells/ml of the
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same buffer for use in the following experiments. The
flnorescence-emission spectrum of this population was
determined by excitation with radiation of 280-mu wave-
length; a typical curve is shown in Fig. 11(a), which
resembles the fluorescence spectrum of tryptophan-
containing protein and agrees with the author’s previous
observations (Ref. 10). To the same E. coli B suspension,
varying amounts of ignited soils were added and the
tubes were shaken thoroughly. The fluorescence spectra
of these samples are shown in Fig. 11(b through f). The
addition of soil up to 1.5 mg/ml did not cause any signifi-
cant distortion of the original fluorescence spectrum of
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E coli B, although the fluorescence itensities of these
samples were reduced progressively as the concentration
of added soil was increased. At a concentration of soil
above 2 mg/ml, however, a definite soil-scattering shoul-
der began to appear around 320 mp. Upon centrifugation
at 100 g for 5 min (Fig. 11a’ through 11f} the original
fluorescence spectia reappeared. as in experiments with
10-*% bovine serum albumin samples.

¢. Protein asscy in natural soil samples. Since the
fluorometric assay of protein in a soil-suspensic:i medium
appeared feasible. a direct determination of protein
and/or microorganisms in natural soil was attempted.
First, 50 mg of sandy soil collected f-om the surface
(% in.) of the Coloradc Desert was suspended in 1 mi of
glass-distilled water, and its fluorescence-emission spec-
trum was determined by excitation as before. The same
sample was then subjected to a slight centrifugation at
50 g for 5 nin. The supernatant was removed, and its
fluorescence-emission spectrum was determined in the
same manner. The supernatant of the latter sample was
again nsed for a successive treatment, and the fluores-
cence spectrum was similarly determined. Spectra of the
samples are shown in Fig. 12. As can be seen, the original
sample shows very liude, if any, distinct protein fluores-
cence, whereas soil scattering, which coincides with that
of pure ignited soil, is ¢ivite prominent. When this sample
was subjected to further centrifugation, however, a peak
around 350 mu was retained, whereas the light-scattering
peak, which was originally prominent, diminished con-
siderably in intensity as soil particles gradually precipi-
tated from the samples.

d. Determination of the growth of E. coli B in a soil-
suspension medium. E. coli B cells were grown in 100 ml
of inorganic medium enriched with glucose as the sole
organic carbon source. To each 250-ml flask containing
this medium, various amounts of both ignited and un-
ignited soils were added together with various sizes of
inocula of E. coli B. The cultures were shaken in a
water bath at 37°C. Aliquots of 2 ml of bacterial suspen-
sion were removed from the culture flasks at hourly inter-
vals, and the fluorescence intensities of proteins in the
medium were observed. With an inoculum of 10" cells/ml
of medium to which 5 mg/ml of either ignited or un-
ignited soil had been added, no sign of growth was
detected nip to 3 to 4 hr. Beyond this period, however, a
definite shoulder appeared on the scattering peak at
about 350 mu and increased progressively as the peiiod
of growth was prolonged. With a larger inoculum of 10°
cells/ml of medium to which 2 mg/ml of either ignited
or unignited soil had been added, the fluorescence shou'-
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Fig. 12. Fluorescence spectra of proteins in sandy
desert soil

der around 350 mu was observed during the first 2-hr
period of growth. A typical fluorescence spectrum ot
these cultures is shown in Fig. 13. In Fig. 13(a), the initial
culture shows no fluorescence shoulder around 350 mp,
whereas the light-scattering peak caused by the soil
particles is prominent. After 2 hr of incubation (Fig. 13b),
however, a definite fluorescence shoulder appeared at
350 mp which can plainly be differentiated from the
control sample. In a 3's-hr period of growth, this fluores-
cence peak increased to about 150 times its initial height,
and the light-scattering peak was completely masked
(Fig. 13¢). The appearance and behavior of this fluores-
cence maximum closely resemble those of the peaks due
to protein and E. coli B bacteria in a soil-suspension
medium. Again, for a given concentration of soil par-
ticles, a more prominent fluorescence peak is observed as
the protein concentration is increased.
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Fig. 13. Growth of E. coli B in a soil-suspension
medium

When the fluorescence maxima of these cultures were
plotted against their growth periods, characteristic
growthb curves were obtained. In Fig. 14, two such experi-
ments are presented: (1) from a culture with an inoculum
of 107 cells/ml of medium in which 2 mg/ml of ignited
soil had been added; and (2) the other with an inoculum
of the same size, but with the addition of 2 mg/ml of
unignited soil. In the ignited soil-suspension medium, the
fluorescence intensity of the E. coli B culture increased
slowly for the first 2 hr and then increascd exponentially
during the following 2 hr. The rate of increase of the
fluorescence ‘'ntensity slowed down beyond a growth
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Fig. 14. Characteristic growth curves of E. coli B in
a soil-suspension medivm

period of 5 hr. In the second culture containing the un-
ignited soil suspension, the maximum fluorescence inten-
sity was reached much earlier and its height was much
lower. The fluorescence intensity started to increase
sooner with the unignited soil but stopped at 3% hr,
probably because of strong light scattering and absorp-
tion of both excitation and emission radiation by soil
colloidal particles as well as bacteria. Thus, the sensi-
tivity of fluorescence seems to be inhibited by the pres-
ence of more intact soil colloidal particles in the second
culture, as compared to those in the first culture.

3. Discussion

The quenching of fluorescence may be due to many
causes, both chemical and physical. Besides Rayleigh
scattering of the solvent, the Tyndall scattering from
colloidal particles and the scattering from surfaces of the
container are most frequently the limiting factors in
the sensitivity or reproducibility of this assay procedure.
Scattered light not only distorts fluorescence spectra, but
also decreases the measured fluorescence, since the scat-
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tering surfaces deflect the fluorescent light from the
detector as well as deflecting the exciting radiation.

When 1 mg of soil/ml of solution was added to 10-*%
bovine serum albumin solution, the fluorescence spectrum
of protein was seriously distorted, and more or less com-
plete distortion was observed with the addition of 3 mg
of soil to the solution, Since a good recovery of the origi-
nal spectrum was made by precipitation of the soil
colloidal particles, most of the distortion and the diminu-
tion of the fiuorescence spectrum may well be accounted
for by light scattering from these colloidal particles.
When the fluorophore itself is present in high concen-
tration, as in the 10-*% solution of protein but only 1 to
3 mg of soil suspension, the colloidal materials should,
of course, be diluted so as to yield little distortion due to
absorption or scattering. This proved to be the case in
these experiments. As shown in Fig. 10(a through d), the
same amount of soil ssemed to cause less distortion and
diminution of the criginal protein fluorescence spectrum
in 10% protein solution than in 10 % protein solution.
A good recovery of the original spectrum after centri-
fugation again indicates that the interference of soil with
protein fluorescence is probably due to light scattering
from the soil particles themselves. Apparently there was
very little chemical quenching, which is due to an inter-
action of the fluorescence molecules with solvent or with
other solutes in such a soil suspension.

In most natural soil samples, the protein or micro-
organisms are present in trace quantities, whereas many
other absorbing or scattering species are present in much
larger amounts. Removal or dilution of such interfering
substances is necessary in order to fluorometrically assay
the compound of interest. In natural sandy desert soil,
which was employed in this study, a light centrifugation
was necessary for detection of the fluorescence from soil
proteins. It was also observed that the proper speed of
centrifugation of lesser aiaounts of the same soil made
the protein fluorescence spectrum appear relatively clear.
Thus, the dilution of materials which absorb or scatter
the excitation or fluorescent radiation is desirable in
order to obtain a maximum signal for a given fluoro-
phore concentration.

When the fluorophore itself is of high concentration in
a given solution, of course, the fluorescence spectrum of
the fluorophore should be readily apparent despite the
presence of interfering substances. Growth experiments
were used to illustrate this here. Thus, the protein fluo-
rescence spectrum appeared rather prominent after about
2 hr of incubation, whereas the initial culture failed to
show any indication of such a spectrum,
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Halide ions, heavy metals, and inorganic as well as
organic nitro compounds quench fluorescence (Ref. 11).
The quenching is not random, however, for each instance
is indicative of a fairly specific chemical interaction.
Because of the good recoveries of the fluorescence spec-
trum of protein in aqueous soil suspensions in most sam-
ples, it is doubtful that any significant degree of chemical
interaction occurs between the proteins and other solutes
present in the soil suspensions which might lower the
efficiency of the fluorescence process.

4. Conclusion

The interference of sandy desert ~oil with the fluores-
cence of proteins has been studird with dilute solutions
of bovine serum albumin as well as with a population of
E. coli B bacteria. It was found that scattered light from
colloidal particles in the soil not only distorts the fluores-
cence spectra of proteins, but also decreases the meas-
ured fluorescence considerably. It was also learned that,
wheu the protein itself is present in 'gh concentration
or the light-scattering colloidal particles are diluted, the
characteristic fluorescence spectra of proteins are made
clearly evident. For these reasons, adequate detection of
protein fluorescence in natural desert soil first required a
slight treatment by centrifugation. The quantitative de-
termination of growth of E. coli B in a soil-suspension
medium was made by measuring the increase of protein
fluorescence intensity of the culture.

We conclude that fluorometric measurement of the
increase of protein in a soil-suspension medium affords a
good means for measuring specific growth of proto-
plasmic proteins of the microorganisms.

C. Many-Electron-Theory Ab-Initio
Calculation for the Be Atom:
I. Numerical Results and
Discussion’
M. Geller, H. S. Taylor, and H. B, Levine
In two papers, Sinanoglu (Ref. 12) has developed a

theory for calculating the correlation energy of atoms
and molecules. In this theory, the correlation energy is

iThis paper has been submitted for publication in the Journal of
Chemical Physics.




written as a sum of electron-pair correlation energies
plus a remainder. The assumption is made that the re-
mainder is small and can be neglected in calculating the
wave function. This assumption is based primarily on
data obtained from the LCAO-SCF-CI calculations by
Watson (Ref. 13) on Be and by Ebbing (Ref. 14) on LiH.

In this paper, we report the results of a calculation for
the Be atom using Sinanoglu’s formulation (Ref. 12). A
detailed discussion of the algebra needed to obtain these
data will be presented in a later paper; however, it seems
worthwhile to make a few statements here about the
mathematical consistency of the formulation, since this
question has recently been raised (Ref. 15). In Egs. (11)
through (18) of Ref. 12(a), Sinanoglu defines a pair of
operators e; and m;; which play important roles in his
theory. The definitions he gives there are, in fact, incon-
sistent. Either one of the definitions is correct, but the
two takea together are not correct. However, in his
subsequent derivation of the correlation energy, he does
not use these inconsistent definitions, but does in fact use
different and correct definitions.

In our calculations, we have used Egs. (17) and (20)
of Ref. 16 to define the operators e; and m;;. We have
then constructed effective Schrodinger equations of the
type of Eq. (27) of Ref. 12(b): one for the 1s-1s electron
pair, and one for the 25-2s electron pair. These equations
were solved by variation of the parameters of trial wave
functions. We have not explicitly calculated the inter-
shell 1s-2s corrclation energy, but instead use the value
given by Kelly (Ref. 17), ie., 4€,., = —0.004966 au,
which is based upon perturbation theory.® (Sinanoglu
suggested using perturbation theory for intershell corre-
lation energy.)

The variational pair functions used for the ls-1s and
2s-2s correlation calculations were®

%i; =Quyi; + CB(i,j), (1)

where the operator Q orthogonalizes the y;; to all the
one-electron-occupied Hartree-Fock orbitals (see Eq.
37 of Ref. 12b), and B (i, f) is an antisymmetrized prod-
uct of Hartree-Fock orbitals. (We use the compromise
SCF orbitals given in Ref. 18.) In Eq. (1), the pair corre-
lation function is

viy =S Cr éx (1) © (5 ), @)

K=

-

2Here, and throughout this discussion, we use atomic units (au)
=m=e=1; 1 au of energy equals 27.210 ev.

3The notation is that of Refs. 12 and 16.
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where

6 (1,2) = 2" [a(1) B(2) — B(1) a(2)] 8)

is the two-electron antisymmetric spin function.

The trial two-electron symmetric space functions are

$:(1,2) = i:-exp[—(r, + 1) 2],
-t % T
¢:(1,2) = f;(%) (r, + 1) exp[—(r. + 1) z],

¢:(1,2) = i—sé (r, — r,)? exp[—(r, + r,)z],
4)

and either

s (1,2) = z; 6% roexp[—(r +r:)z]  (50)

or

5
¢:(1,2) = z; 3" rir,cos yi exp[ —(n + r2) 2],
ob)

where r,, r,, and r,. are the two electron-nucleus andl the
electron—electron separations, and cos y,. == (r, * r,)/rr..

The five linear coeflicients ¢; and the nonlinear effec-
tive nuclear charge parameter z were adjusted to mini-
mize the pair correlation energies (Refs. 12 and .6) €;
for both cases. Following minimization, the wave func-
tions are renormalized by setting ¢, = 1 in each case.
(Such renormalization does not affect the energy.) The
results are given in Table 1.

Table 1. Parameter values and correlation encrgies

Parameter 1s~13)° (1s-15)® (2s—25)° (2s-2s)*
€1 1 1 1 1
¢ —0.470506 0.022534 0.121151 0.018182
[ —0.686008 —0.176592 —1.720671 0.925145
[N 0.071737 0.064263 0.060442 0.125450
cs 0.134633 —0.030282 1.067863 | --0.320297
(z)° 4.1806 5.3947 0.7513 0.9974
(E', ,)‘ —0.041259 —0.035033 —0.041960 | —0.044072
Kelly** | —0.04212 -0.04212 —0.04387 —0.04387
*Eqs. (4) and (5a); r,,-type correlation term.
*Eqs. (4) ond (5b); p-type correlation term.
°z for minimum &/, .
4Values reported hers are In av.
*Ref. 17.
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From Table 1 we see that the lowest energy is ob-
tained by using the r,.-type function (Eq. 5a) for the
1s-1s correlation, but using a p-type function (Eq. 5b)
for the 2525 correlation. This may explain the relatively
poor result obtained by Szasz (Ref. 19), since he used
ri;-type functions for all of the correlations in his cal-
culation of the energy of the Be atom. It further sug-
gests that the great amount of labor involved in making
calculations using many r;;’s simultaneously may not be
worthwhile.

In Table 2. we give the results of another calculation
in which the functions ¢,, ¢s, and ¢, were omitted. In
this case, we varic«i ¢,, €, and z so as to minimize the
energy, and then we renormalized ¢, to 1 at the end of
the calculation as before. This calculation gives a lower
energy than the 37-configuration wave function of Wat-
sou (Ref. 13). ’

In Table 3 we compare our result for the total energy
with the results of several other calculations. We see that

Table 2. Parameter values and correlation energies
(2-term calculation)

Parameter (1a=13)* (Is=1s)® (25-25)* (2s-25)*
€ 1 1 1 ]
[ 0.142016 —0.030618 0.881834 —0.325190
(n)° 4.3288 5371 0.8148 0.9958
(t" ' i —0.039488 —0,02: 889 —0.037818 | —0.042823

*Eq. (5a); r,,-type correlation term.
3Eq. (3b); p-type correlation term.
cz for minimum &, .

$¥glves reported here are In ou.

Table 3. Pair correlation energies and total energy

Term Energy, av
Hartree-Fock® —14.572956
15-1s* —0.041259
25-2s° —0.044072
15—2s* —0.004964
Total energy —14,663253
Szasz’ —14.6337
Watson {37-configurotion)’ —14,65740
Best 2-term (Table 2) --14.660233
Waiss (35-configuration)® — 14.64090
Kelly* —14,66337
Experimental —14,66745
“Using compromise SCF orbitals of Ref. 18. *Ref. 19,
Eqs. (4) and (3a); r,,-type correlation term. IRef. 13,
cEqs. (4} and (5b); p-type correlation term. oRef. 22,
“Rof. 17,
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our energy is lower than all of those of previous calcula-
tions, with the exception of the value given by Kelly
(Ref. 17). However, our value does lie within the range
of possible values that he gives; therefore, the two values
may be said to be identical within his computational
uncertainty. Thus it appears that, for Be, the remainder
term involving simultaneous pair correlations is small, as
suggested by Sinanoglu (Ref. 12), This, of course, does
not settle the question as to whether it is small in other
systems.

Some comments are appropriate here. First, one of the
“objectives of the theory” (Ref. 12a) is to use the ri;
coordinate in an N-electron problem. Szasz has shown
(Ref. 20) that this can be done without the Sinanoglu
theory, although very difficult integrals appear. Unfor-
tunately, difficult integrals (in fact, many of the same
integrals as in the Szasz theory) occur in the Sinanoglu
theory: the correlation potential m;; contains permuta-
tion operators which, when acting upon t;; (ri)), give
rise to three-electron integrals (Ref. 21). (This point will
be discussed in more detail in a later paper.)

Second, much computational difficulty is introduced
by the necessity of orthogonalizing each yi; to all the
occupied Hartree-Fock orbitals, i.e., by the requirement
that the operator Q must appear in Eq. (1). For example,
in the above Be calculation, the 4 terms of y1.-,, become
36 terms in Qy,_1,. For atoms or nlecules with N > 4,
this extra work, plus that of the above-mentioned mul-
tiple-r;; integrals, might readily get out of hand. But it is
just for the case N > 4 that the theory would be sig-
nificant.

Third, some theoretical problems arise upon extension
of the theory to larger systems. The total wave function
must be an eigenfunction of S? and either L? for atoms
or some lower symmetry group for molecules. We have
previously discussed the spin problem (Ref. 16), For Be,
the angular momentum problem is trivial (the pair corre-
lation functions must depend upon r;, r4, and r;;, but not
upon other electron coordinates). For larger systems, this
problem, or the corresponding symmetry problem ir
molecules, may not be trivial, and in any case has not
yet been solved. Further consideration of this point is
warranted.

Fourth, the double-excitation concept, which forms the
foundation of the theory, is based upon the use of a
spin-free Hemiltonian and the eigenfunctions of S and
L* (for atoms) or a lower symmetry group (for mole-
cules). (This assumes that one has clarified or extended




the theory, as indicated previously.) Such a procedure is
only valid for real systems where the spin interactions
are weak, e.g, when L-S ccupling applies in atoms.
In such a case, the spin interactions can be handled by
perturbation theory after the analysis of the spin-free
problem is completed. However, as is well-known for
heavy atoms, the L-S coupling scheme is unsuitable, and
one must use the j~j coupling scheme. In such a case, the
relative importance of double excitations may be drastic-
ally difterent, so that the theory may fail even as a con-
cept, quite aside from its computational difficulty.

Finally, the question of the magnitude and sign of the
remainder term in the correlation energy must be dis-
cussed. In our calculation, we have taken the total energy
to be the sum of the Hartree-Fock energy plus the pair
correlation energies. Thus, the numerical results indicate
that the remainder is negligibie for Be. In general,
Sinanoglu (Ref. 12) suggests calculating the remainder
from the pair functions obtained by first ignoring it. It
would be much more satisfactory if one could make a
definitive statement about the sign of the remainder
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term. In particular, if it could be shown that it is nega-
tive, either in general or in specific cases, then Sinanoglu’s
approximate energy expression

E = Eyu + Ef'” ’ (6)

i<}

would be an upper bound to the true energy in the usual
sense of the Rayleigh-Ritz variation principle. If the re-
mainder term is not negative, some care will be needed
in interpreting the energy in Eq. (6). Further work in
this area is obviously necessary.

In conclusion, we have shown that the Sinanoglu
theory is consistent in that it gives an excellent numerical
result for the Be atom. A number of problems and open
questions which call for resolution have been stated. The
present situation is that there is considerable hope for
the “many -electron theory,” but that matters are less
clear than was originally suggested. A paper outlining
pertinent mathematical details will be presented in the
near future,
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XV. Fluid Physics

A. The Structure of a Supersonic,
Low-Density, Free Jet
H. I. Ashkenas

The underexpanded supersonic jet has been a subject
of interest to low-density wind tunnel operators since
Sherman (Ref. 1) suggested the possibility of using such
a jet in place of a conventional nozzle in order to avoid
the low-density nozzle boundary-layer problem. Stimu-
latedd by Sherman’s suggestion, an atterapt has been
made to evaluate the flow parameters in a supersonic,
low-density, free jet by means of extensive pitot-tube
surveys.

1. Apparatus and Methods

The experiments were performed in Leg I of the JPL
Low-Density Gas Dynamics Facility (a conventional
wind tunnel operated by three oil-diffusion-ejector pumps
having a total capacity of approximately 10¢ liters/sec
at 10~ torr). The tunnel has been described previously
(Ref. 2). The jet which was studied issued from an ori-
fice formed by a %-in. D square-edged hole machined
in a 0.010-in.-thick stainless-steel orifice plate.

Pitot pressure measurements were mnde using exter-
nally chamfered pitot tubes in conjunction with an
unbonded-strain-gage-diaphragm pressure transducer.
The geometry of the tubes was similar, namely,

(1) 10-deg external chamfer.
(2) Ratio of OD to ID) == 1.25,
(3) Ratio of length to outside radius == 100.

The primary problem to be faced in this experiment
was that of deducing pitot-tube corrections which would
be applicable to the low-density, high M (Mach num-
ber) flow that exists in the jet. The solution adopted was
as follows:

The pitot tube corrections noted in Ref. 3 (which were
obtained in a conventional low-density nozzle flow at
M = 4) were used as a starting point for a bootstrap
procedure using three geometrically similar pitot tubes;
the small region in the underexpanded free jet between
35=<=M = 45 was systematically covered with these
three pitot tubes at stagnation pressures ranging from
0.1 to 7.0 torr. From these measurements, in addition to
the pitot-tube correcticn curve, the data shown in Fig. 1
were obtained. Fig. 1 compares the measured axial M
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with the method-of-characteristics ca'culation of Owen
and Thornhill (Ref. 4). It is noted that, for thc low-
density flows under consideration here, a small but defi-
nite reduction in cffective orifice diameter is required in
order that the measured M distribution coincide with
that of Owen and Thornhill,

35S Ms 45 DC-200 1S & DOW-CORNING
188 < 1/Opeom s 288 CORPORATION SILICONE
103} OIL WHOSE DENSITY -
I AT 75° 13 0938,
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1.O0f——————1~ » s DISTANCE DOWNSTREAM 1— =
FROM DRIFICE l |
o8 L1 {
- ST 2 4 ] 10! ? 4 Y ¥
Y STAGNATION PRESSURE, mm DC =200

Fig. 1. Relationship between measured M and
Owen ana Thornhill selutien

Thus, using the Owen and Thornhill distribution, it is
possible to calibrate pitot tubes over the entire range of
M’s available in the jet. In the present case, due to the
limited pressure ratio across the orifice (p,/p, =~ 120,
where p, and p. are the stagnation chamber and test
chamber pressures, rispictively), the maximum attain-
able M before the first Mach disk is felt is of the order
of 7. The pitot-tube correc.ion curves obtained in this
manner are shown in Fig. 2. Note that these curves were
obtained for integer M’s; linear interpolation between
curves was used in reducing data for non-integer M's.

2. Resvits and Discussion

The pitot-tube corrections having been obtained, it
was then possible to survey the jet in a radial direction
and obtain off-axis M data. It will be noted in Fig. 2
that the pitot-tube corrections to be applied can be as
large as 300%; i.e., the pitot pressure sensed by the tube
is 3 times greater than the ideal value. Such corrections
are applied with some apprehension on the part of the
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Fig. 2. Pitot-tube corrections
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author. In order to allay some of the fears attendant to
such & procedure, Fig. 3 is presented. Here, the axial
gradient computed by Owen and Thornhill is again
compared with the measured values, the measured data
being based on the interpolation of the correction curves
shown in Fig. 2. To be sure, Fig. 3 merely indicates that
internal consistency has been maintained, but, in the face
of 200 to 300% corrections, this in itself is worthy of
note.

A sampling of the data is shown in Fig. 4, where radial
M distributions for the jet in question, at a stagnation
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Fig. 4. Redial M distribution
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pressure of 1.04 torr, are drawn. Also in Fig. 4, for com-
parison purposes, M distributions arc presented which
were computed from Sherman’s (Ref. 5) analytic approx.
imation to the characteristics solution for the free jet.

Considering the approximations made in the anulysis,
together with the magnitude of the corrections applied
to the experinicntal data, the agreement shéwn in Fig. 4
is remarkable. It is noted that agreement is best. (1) on
the axis of the jet, where both the analysis and experi-
ment reflect the full chara.ieristics solution; and (2) at the
downstream stations, "vhere the analytical approxima-
tions are likely to be most valid and where the pitot-tube
data do not suffer from the effects of large cross-stream
M gradients.

The departures of the measurezients from the cakeu-
lated curves apparently do not result from any shortcom-
ing of the self-similarity approximation; the characteristics
solution shows the same general trend. Rather, it is felt
that, at the low densities under consideration, the influ-
ence of the viscous regions must tend to extend into the
flow field to a greater degree than that anticipated by
the analytical solution.

B. The Flow Between a Rotating
Disk cind a Coaxial,
Stationary Disk
T. Maxworthy

It has been observed that, when a tank of water is
rctated, the contents eventually come to a state of solid-
body rotation. When a stationary disk is then placed into
such flow, one might initially believe that the boundary
layer f3ymed on the plate can be detennined from the
solutions of Mack (Refs. 6 and 7) for a boundary layer
with solid-body outer flow. However, such layers have
one unique festure which is missing in conventional
boundary-layer solutions. The boundary layer, instead of
acting as a sink for the outer flow, actually injects some
of its fluid into the outer flow. This fluid, with its lower
angula: momentum, must alter the nature of the outer
flow in a very drastic way. Previous theorctical work by
Batchelor (Ref. 8) and Stewartson (Ref. 9; on flow be-
tween infinite disks brought to light a difSculty in decid-
ing the exact natare of this outer flow. Lance and Rogers
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(Ref. 10) with a very complete numerical solution have
found that the external flow should rotate at about one-
third of the angular velocity ~f the rotating wall.

The present experimental study is the first of several
to investigate the nature of such interactions; initially we
wish to observe the modification to the outer flow.

A long cylinder filled with water is rotated at constant
speed, with a stationary disk placed in the flow at the
open end of the tube. A thin platinum wire attached to
a micrometer traversing mechanism is stretched across
a diameter of the stationary plate. Short duration, 50-v
pulses are supplied to the wire by a high voltage,
Schmitt trigger circuit. During each pulse, hydrogen
bubbles are formed on the wire by electrolysis, and
these are swept off by the flow to mark a line of fluid
particles at a given time. By photographing this line of
particles a short time later, direct knowledge of the
tangential velocity profile can be obtained.

Fig. 5 shows a typical tangential velocity profile when
the wire is approximately 10 boundary-layer thicknesses
from the stationary wall. It is one of the unique charac-
teristics of rotating flows that motions perpendicular to
the axis of rotation tend to be suppressed, so that only
flow along vortex lines can take place easily. Such a
restriction means that flows tend to depend only on the
radial coordinate, and not on the coordinate in the direc-
tion of the axis of rotation. This characteristic can be
seen in the present flows, for the flow profiles are found
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to be independent of the axial coordinate until the end-
wall boundary layers are reached.

The dependence of the angular velocity of the central
solid-body rotation on the speed of rotation of the tank
is shown in Fig. 6. Note that these values are very close
to the value obtained by Lance and Rogers for high-
Reynolds-number flows. Any difference is due mainly to
the presence of the cylindrical tube wall, which also
diffuses vorticity into the central region and causes the
outer flow to be something other than a pure solid-body
rotation.

C. The Stability of the Compressible
Laminar Boundary Layer Accord-
ing to a Direct Numerical
Solution, Part V

L. M. Mack

In previous issues of SPS, Vol. IV, neutral stability
curves and a few contours of constant ¢; (c; = the im-
aginary part of the complex disturbance velocity, with
¢; = 0 being the contour of neutral stability) have been
presented at various Mach numbers. In this discussion
these previous results will be used to compute the over-
all amplification in the boundary layer of a disturbance
of given frequency as it progresses in the (downstream)
x-direction.

i
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The linearized stability theory is concerned with the
time behavior of a disturbance in a boundary layer (more
exactly, a parallel flow) that does not vary with time.
The disturbance is presented by

Qxyt) = Qy)expfialx — ct)], ¢))

where x, y are the space coordinates, t, the time, Q, any
flow quantity, a, the wave number, and c, the (complex)
wave velocity. All quantities are dimensioniess. Thcre-
fore, the disturbance is a sine wave in x that mcves in the
positive z-direction with speed c,. The time behavior of
the disturbance amplitude is represented by the factor
exp(ac;t). ~ his picture can be converted into boundary-
layer terms by considering a disturbance in the boundary
layer to act at a given x as if it were in a paralle] flow
with the same velocity and temperature profiles as the
boundary layer possesses at that particular x. The local
rate of amplification with respect to x can be obtained
from the time rate of amplification of the theory by
making the transformation

x*
= @

r

where an * refers to a dimensional quantity. Here the
phase velocity is used, rather than the more exact group
velocity (Ref. 11), for the sake of simplicity.

The derivation of a formula for the amplitude of a
disturbance at any x-distance follows directly from Eq.
(1). The amplitude of the disturbance (at some particular
value of y) at time t* is

A= |Q(y)| explatc ). 3)
The time rate of amplification is

%}=a*cg=A. )

The simple form of this result is a consequence of the
assumption that ail of the quantities in Eq. (3) are inde-
pendent of time. The fact that this assumption does not
correspond directly to a boundary layer leads to consid-
erable difficulties when a comparison is attempted be-
tween experimental and theoretical amplifications (Ref.
12). Integration of Eq. (4) yields

£ = exp/ c*ok dit 5)

Eq. (5) gives the growth of the disturbance amplitude
from time ¢t* to time t*. Eq. () can now be used
to convert Eq. (5) from an integration with respect
to time to an integration with respect to distance.
From the definitions of the dimensionless quantities,
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c* c¥

_ _2mx* 1
U‘,Ci_

o= T R (©)

where U#* is the free-stream velocity, A* is the wave-
length, and R is the square root of R, (the x-Reynolds
number), Eq. (5) can be written

R R
% =exp(2L %dﬂ). Q)

The right-hand side of Eq. (7) is evaluated by the
following simple procedure. From a plot of g8v/U? (the
dimensionless frequency, with v = the kinematic vis-
cosity) versus Reynolds number, the values of R at the
intersection points of the chosen frequency with the
contours of ¢; = constant are read off. Then, from plots
of a versus R and c, versus R, the corresponding values
of a and ¢, at the intersection points are obtained and
ac;/c, can be computed. In this manner, a plot of
ac;/c, versus R can be constructed for several values of
Bv/U2. Such a plot is shown in Fig. 7 for M, = 3.8 and
5.8. The area under a particular carve up to a Reynolds
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Fig. 7. Local rate of amplification vs Reynolds number
for several values of dimensionless frequency at
M,= 38and 5.8
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number R, when used in Eq. (7), then yields the ratio
of the disturbance amplitude at that R to its amplitude
at the lower branch of the neutral curve. If the chosen
value of R is downstream of the upper branch of the
neutral-stability curve, then Eq. (7) yields the maximum
amplification of the disturbance. The actual amplification
at R would be smaller because of the damping region
between the upper branch and R.

Perhaps the result of greatest interest is the frequency
response of the boundary layer at a given Reynolds
number, ie., a curve of amplitude ratio versus fre-
quency at a fixed R. The frequency-response curve is
obtained by measuring the areas under each of the local
amplification-rate curves of Fig. ! (a or b) at a given R.
From this frequency-response curve, it is easy to read off
the maximum amplification that can be obtained at the
Reynolds number of the curve and also the disturbance
frequency that results in the maximum amplification.
Four response curves at M, = 3.8 and four curves at
M, = 5.8 are given in Figs. 8 and 9, respectively. For
comparison, the two response curves computed by Lees
(Ref. 11) at M, = 0.7 are given in Fig. 10.

Observations concerning the results

(1) The over-all amplification at M, = 3.8 is much
less than that at M, = 0.7. This difference is a result of
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Fig. 8. Amplitude ratio vs dimensionless frequency for
four Reynolds numbers at M, = 3.8
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the much smaller maximum value of ac; at M, = 3.8
than at M, = 0.7. At the intermediate Mach number
of 2.2, computations not presented here show that cc;
is even smaller than at M, = 3.8, with a maximum am-
plitude ratio at R = 2500 of only 1.28.

(2) At M, = 5.8, the maximum amplification increases
sharply from the levels found at M, = 3.8. This increase
results from the presence of a second instability region
(Ref. 13), in which the maximum value of ac; is larger
than in the instability region that corresponds to the
region known at lower Mach numbers. For instance, at
R = 1500 (R, = 2.25 X 10°), the maximum amplification
at M, = 5.8 is about 20, compared to only 1.8 at
M, = 3.8 and to 620 at M, = 0.7.

(3) At R = 1500 and with a R./in. of 10°, the fre-
quency for maximum amplification is about 4500 cps at
M, = 0.7, 24,000 cps at M, = 3.8, and 42,000 cps at
M, = 58.
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Fig. 9. Amplitude ratio vs dimensionless frequency for
four Reynolds numbers at M, = 5.8
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Fig. 10. Amplitude ratio vs dimensioniess frequency for
two Reynolds numbers at M, = 0.7 (Ref. 11)

(4, The above results indicate that the boundary layer
is most stable somewhere around M, = 2.5. The insta-
bility increases slowly with Mach number until near
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M, = 5 the second instability region becomes of impor-
tance and there is a rapid increase in instability.

(5) When assessing the implication of these results for
the transition problen, it must be kept in mind that the
actual spectrum of the boundary-layer disturbances at a
given R, depends not only on their magnitude before
amplification, but also on their spectrum before amplifi-
cation. For instance, if at M, = 5.8 there is negligible
energy present at 42,000 cps compared to that present
at lower frequencies, then 42,000 cps loses its importance
as a trigger for the transition process even though it is
the most highly amplified frequency.

(6) The experimental evidence concerning transition in
a supersonic wind tunnel shows that the transition Rey-
nolds number first decreases with increasing Mach num-
ber up to about M, = 3.5 and then increases. Also, the
laminar boundary layer becomes increasingly hard to
trip with increasing Mach number. A typical result is
that the transition Reynolds number measured on a
model with turbulent boundary layers on the tunnel side
walls is about 1.5 X 10" at M; = 3.8. On the other hand,
when the tunnel is run at low pressure so that the tunnel
side walls have laminar boundary layers, the z-Reynolds
number of the side-wall boundary layer, as measured
from the tunnel throat, is 25 X 10°.

(7) All of the results strongly illustrate the fact that
almost nothing of a fundamental nature is known about
the mechanism of transition at supersonic Mach num-
bers, the influence of external disturbances such as sound
radiation, and the relationship, if any between laminar
instability and transition.
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XVI. Physics

A. Rocket Measurement of Nitric
Oxide in the Upper Atmosphere'

C. A. Barth

The identification of the nitric oxide gamma bands in
the ultraviolet dayglow of the Earth was presented in
Ref. 1. This discussion gives the results of the analysis
of 16 of the spectral scans obtained during the flight of
the NASA Aerobee 4.85. The distribution of nitric oxide
in the upper atmosphere between 75 and 125 km is ob-
tained from these spectra.

The trajectory of the rocket is presented in Fig. 1. The
rocket reached an apogee of 184 km at 230 sec. The
arrows on the trajectory show the attitude of the rocket
and, hence, the zenith angle of the direction that the
ultraviolet spectrometer observed throughout the flight.
This angle was 9 deg at 63 sec when observations were
begun, 3 deg at 100 sec, 9 deg again at 147 sec, 30 deg
at 191 sec, 60 deg at 250 sec, 90 deg at 310 sec, and 120
deg at 373 sec. The Sun was at a 60-deg zenith angle
and a 200-deg azimuth angle throughout these observa-
tions. The rocket azimuth angle was 170 deg.

1These results were presented at the Fifth International Space
Science Symposium of COSPAR, Florence, Italy, May 12-20,
1964.
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Fig. 1. Rocket trajectory

Five successive spectra obtained between 76 and 114
km during the ascent are given in Fig. 2. The altitude
and zenith angle are given for each scan. The portion
of the scan that is shown is from 1950 to 2650 A. The
spectra were obtained at 10-A resolution at a scan rate
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Fig. 2. Ultraviolet spectral scans obtained during the
ascent at a 10-A resolution and a 1000-A/sec
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of 1000 A/sec. The positions of the six most prominent
gamma bands (Ref. 1)—2-0, 1-0, 1-1, 0-0, 0-1, and
0-2—are indicated in the upper portion of Fig. 2. The
1-0 band at 2150 A can be seen in all five spectra. The
spectrum in Fig. 2(a), which was recorded at 78 km,
contains a background of Rayleigh scattering as well as
the nitric oxide dayglow. The 1-0 band is off-scale in this
high-gain spectrum. (It was properly recorded on a
less-sensitive telemetry channel) The progressive de-
crease in intensity of the gamma bands with increasing
altitude is seen in the remaining spectra of Fig. 2. It is
this series of spectra that provides the measurement of
the distribution of nitric oxide in the upper atmosphere.

Five successive spectra that were obtained late in the
flight during the scan of the horizon are shown in Fig. 3.
Once again the spectral resolution is 10 A and the wave-
length interval is 1950 to 2850 A. The rocket was far
above the dayglow layer during these observations,
which were begun at a 163-km altitude and completed
by the time a 139-km altitude was reached. As the view-
ing angle of the spectrometer passed through the horizon,
the nitric oxide bands appeared and increased greatly in
intensity. The intensity viewed toward the horizon was
much greater than that viewed in the zenith, The 1-0
band is off-scale in Fig. 3(a) and 3(b), even thougl the
scan in Fig. 3(a) was recorded with a sensitivity that was
a factor of 10 less than the sensitivity of the rest of the
scans. The spectrum in Fig. 3(a) also shows a contribu-
tion from the Rayleigh scattering of the lower atmos-
phere. It is this series of spectra, taken far above the
dayglow layer, that proves that the nitric oxide gamma
bands originate in the atmosphere and are not associated
with any local contamination of the rocket.

A spectrum obtained at 4-A resolution and a scan rate
of 325 A/sec is shown in Fig. 4. This spectrum was re-
corded when the rocket was at an altitude of 141 km
and the instrument zenith angle was 97 deg. This high-
resolution spectrum, besides displaying the capabilities
of the instrumentation, clearly shows the dayglow fea-
tures to be spectral bands of approximately 15-A half-
width.

The emission rate of the 1-0 gamma band at 2150 A
is given in Fig. 5 as a function of altitude. These data
were taken from spectra obtained during the ascent
when viewing the zenith, The first five of these were
shown in Fig. 2. The emission rate of the 1-0 gamma
band is converted into the total amount of nitric oxide
above the rocket by dividing by the appropriate g-factor
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Fig. 4. High-resolution vltraviolet dayglow spectrum
obtained at a 4-A resolution and a
325-A/sec scan rate
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Fig. 5. Emission rate of the 1-0 nitric oxide gamma
band as a function of altitude

from Table 1, p. 171, of Ref. 1. The column density of
nitric oxide is given in Fig. 6 as a function of altitude.
The change of nitric oxide density with height, or the
slope of the curve in Fig. 8, gives the volume density
of nitric oxide in the upper atmosphere. This final reduc-
tion of the flight data is presented in Fig. 7. The density
is 8.2 X 107 molecules/cm? at 75 km; it remains more or
less constant until 80 km when it begins to drop off,
reaching a value of 6 X 10° molecules/cm?® at 125 km.
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B. Improved Efficiency Calculations
for the Fission-Electric Cell
J. L. Shapiro

Previous calculations (Ref. 2) of the efficiency of the
fission-electric cell have employed a model assuming
mono-energetic fission fragments, It was also assumed
that a fragment’s electric charge remained constant as
the fragment passed through the fuel layer. These ap-
proximations have been modified as follows:

It is assumed that each fission releases one light frag-
ment and one heavy fragment. The light fragment has an
initial charge in the fuel layer Z{ = 21 and an initial
energy E9 = 100 Mev. For the heavy fragment, Z = 23
and Eg = 65 Mev. Furthermore, it is assumed that the
charge of the light fragment varies as (velocity)*, while
that of the heavy fragment varies as the velocity itself.
Although there is little information concerning the ranges
in solids for each fragment, on the basis of measurements
reported in gases (Ref. 3), it will be assumed that the
respective ranges are proportional to the initial energies.

Finally, the linear energy-loss model originally used
has been replaced with the assumption that the fission
fragment velocity decreases linearly with penetration.
Thus, the equations presently being used for calculating
efficiency become (compare with Ref. 2, p. 21), for the
cylindrical case:

6 @ rmd'
=B Y [P f ™ da [ (1—r)¢ cos? acos 8 dr,
E =], o .
where
d
1-— v =
cos?a (1 - -E;- sin? 8)
fmas is the smaller of z s
_ T
©0s a cos §
2 \%
COS” Omar = R? ’
1- —R‘Z sin? §
2
Ba-v
§in? 8 mq, is the smaller of { ’
1

and ¢ = d = 1 for the heavy fragment, while ¢ = % and
d = % for the light fragment.




In these equations the voltage V is in units of E,/¢’,
where E, is the initial fragment energy and ¢’ is the initial
fragment charge. Similarly, the fuel layer thickness r is
in units of fragment range. Therefore, for a given actual
voltage and thickness, separate calculations must now be
made for the light and heavy fragments and their results
combined to yield the actual efficiency.

Machine computations are now under way which will
show the effect of this more realistic efficiency deter-
mination,

C. Local Measurement of
Gravitational Fields
H. Wahlquist and F. Estabrook

One useful feature of the dyadic formulation of gen-
eral relativity (Ref. 4) is its physical interpretability. The
dyadic equations are written directly in terms of local,
proper 3-vector and dyadic quantities, which are shown
to be exactly those quantities usually operationally de-
fired and experimentally measured. The equations are,
therefore, immediately applicable to the analysis of grav-
itational experiments.

As an example of this, we have derived two equations
which show how, in principle, 14 components of the
Riemann tensor may be locally measured by an arbitrar-
ily moving observer who compares the relative accelera-
tion and precession of two adjacent inertially oriented
test particles. To interpret the equations, one may think
of an arbitrarily moving laboratory (Earth-based, satel-
lite, or other), small enough so that within it space is
Euclidean, equipped with %, y, z Cartesian axes and
equipped everywhere with standard clocks. The clocks
cannot, however, be synchronized because of the arbi-
trary motion of the room.

Consider, then, two inertially oriented test particles or
“stable-platforms” in this laboratory. Take one of these
to be fixed at the spatial origin and the other to be at r.
The second may, move arbitrarily about the room,; i.e.,
r+£0. Each of these stable platforms will, in general,
precess with respect to the Cartesian axes: we denote the
angular velocities of precession as —w and —w,, respec-
tively. Each of these is measured using a standard clock
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at the point of measurement. Next, consider two accel-
erometers, coincident with the stable platforms and
similarly measuring accelerations a and a,, respectively.
The operational equations relating these measurements
are shown to be:

a=a(l—a'r)+r+20Xr
+@0 X(@Xr)+toXr+Qer (1)

0= (- @)(1-asr)

+aX(r+wXr)—Ber+tXr (9

The first of these is a quasi-Newtonian equation: the
usual centrifugal, Coriolis, and angular acceleration
terms will be recognized. A special relativistic clock-rate
correction factor [1 —(a * r/c?), where ¢ =1 in our units]
is but another manifestation of the Doppler shift pre-
dicted by special relativity for accelerating frames and
recently verified ‘s iocal, terrestrial experiments using
the Mossbauer effect (compare Ref. 5, p. 411). The term
Q * r is the general relativistic term expressing the tidal
acceleration effect of the space-time curvature. In con-
tradistinction to all other fields in physics, it is charac-
teristic of t+~ gravitaticnal field that it is observable not
as a force or torque on single test particles, but rather
as a differential or tidal effect between two or more
adjacent test particles. If the test particles are free
(m, = a == 0), the first equation reduces to the equation
of geodesic deviation of Synge (Ref. 5).

In the second equation, all terms leading to a differ-
ence between the stable platform angular velocities —w,
and —w are of special or general relativistic origin. We
again find a clock-rate correction factor. The second
relativistic term is the differential Thomas precession.
These two terms can be derived from the usual Thomas
precession formula in the differential limit, provided care
is taken to express all precession rates in terms of local
proper times. The terms —B *r and t X r again express
the effects of other components of the Riemann tensor,
i.e., the space-time curvature or gravitational field.

According to Einstein's theory, t is to be identified
with the local density of momentum, as seen in the lab-
oratory x, y, z system. The quantity B is a traceless
dyadic involving five local coraponents of the Weyl
tensor, while Q involves the othcr five components of
the Weyl tensor (in a traceless dvadic A), the local stress
tensor T. and the local nass density p as follows:

Q2A+T+%h—2nﬂl (3)
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If the laboratory is sensibly empty, t, T, and ; must all
be negligible. The gravitational terms will then involve
only the dyadics A and B, which represent the local
gravitational field produced by external matter and stress
systems. In flat Minkowski space-time, A and B will also
vanish., The details of this local interpretation of the
Riemann tensor are given elsewhere.’

“Estabrook, F., and Wahlquist, H., “Dyadic Analysis of Space-
Time Congruences” (To be publishad).

D. Derivation of the Master Equa-
tion with the Wigner-Weisskopf
Formalism for Radiation Damping

O. von Roos

The so-called “master equation” (Ref. 68) expresses the
time rate of change of the occupation probability P. of
a state |a > by means of the following irreversible
equation:

Pa= 2; [Wae Py — Wap Pa]. (1)

It is our aim to derive this equation from Schrodinger’s
equation by means of two assumptions: (1) the random
phase assumption, and (2) the validity of the Wigner-
Weisskopf perturbation treatment. The first assumption
means that, in a double sum over probability amplitudes
Y e c}, only diagonal terms have to be retained; i.e.,
o8

2 0005 = Tlel (@

As to the second assumption, the derivation given below
will clarify this assumption amply.

Starting from Schrodinger’s equation for a many-body
system:

(Ho + H) g = ihy, (3)

we find, with
Ho!ﬂ> =E.!ﬂ> (4)
v= z.c.(t)exp(—-g E.);n>, 5)
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that
- [enlt)] = Soeult)exp (tay) < B Hia >
(6)

This equation is still exact. We now propose to solve
Eq. (6) in first-order perturbation theory, assuming for
the expansion coefficients c. at ¢t = 0;

aut) ~cu0) exp (= 3Tt Y

(i.e, the Wigner-Weisskopf hypothesis). By inserting
Eq. (7) into Eq. (6), we can integrate immediately:

exp[,(h,,-.;.r)] -1

, 1
iy --2-P 8

&

eolt) = g5 . cx0)

X < B|Hi|a> +¢:p(0)exp(—%l"t).

Obviously,
lca(t) |* = Pa(t) (9)

is the probability of occupancy of the state |8 >. Taking
the square of Eq. (8) and applying the random phase

assumption, Eq. (2), yields:
Pa(t) = Ps(0) exp (— Tt) + %1_32 P.(0) ﬂ(ﬁ_:fg)_—_}‘z

X | < B|H |a>]? (10)

In crder to determine T, we simply insert Eq. (8) into
Eq. (6) and obtain:

- ﬁz-l:- ¢s(0) exp (— -é—l‘t)
exp[t (‘o.‘, -1 I‘)] ~1

2
-
a-"""fr

= SHZe O

X < ajH,|o' >exp(in,,) < B|H.|a>.

(an

Multiplying Eq. (11) by c$(0) and applying again the

random phase assumption yields (neglecting the small
quantity I in the exponentials):

1- fte
- %I‘ = %Z———e—_%—”-z]<a|1‘l||ﬁ>l’.
[ Pa (12)




In the limit

r »t» "’pa—l ’ (13)

i.e., in times large compared to characteristic frequencies
of the system but small compared to any times compsra-
ble to measurement times (macroscopic times), we have
from Eq. (12):

ReT = 2L 5 2 (w,) [ <alH8>],  (14)

ImT = 0, (15)
Eq. (10) gives, in the same limit:
Pg(t) = Po(0) (1 — Tt)
+ 2258 (0| < BIH|a > [ Po(0). (16)

Eq. (16) together with Eq. (15) then yields:

Pg(t) — Pp(0) _ dPg(0)
t dt

O
= r ; 8 (w”)
X | < B|Hi|a > [* {P.(0) — Pg(0)},
a7

which is just Eq. (1) with the well-known expression for
the transition probability

Wp.=W.p=§2;8\m.)‘<ﬁ!H1[a>|’. (18)

Since the Wigner-Weisskopf theoty is only a special case
of the genera! damping theory by Heitler (Ref. 7), an
application of the latter theory is of great interest in
nonequilibrium statistical quantum mechanics, a fact
which thus far has not received any attention. Work
along tnese lines is in progress.

E. Internal Automorphisms of a
Two-Particle System

1. §. Zmuidzinas

This discussion supplements a previous onc on rela-
tivistic many-particle states (Ref. 8). As was shown there,
the relativistic two-particle states are specified by 12
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quantum numbers, 8 of them pertaininy o the center-of-
mass characteristics of the two-particle system and the
other 8 describing the “internal structure” of this system.
A typical state is

mspa;mysy Aymys, A > M

with obvious slight changes in the notation of Re’. 8. As
we have shown,

A‘ == W(l) .P(’,/p"‘Pli

where p, =2 m and p are the total center-of-mass energy
and momentum, respectively. It is readily verified that

1
|p| = 5~ at (m}, m}, m?),

Aa,b,c) = a* + b* + c* —2(ab + bc + ca),
so that
A = 2W - PA) A-i (m2, m2, m?),

The three masses and I, = W + P are invariants
under all transformations of P!, and hence so are A, and
A.. The internal quantum numbers m,, s, A, M-, 3,
and A;, being eigenvalues of invariant operators, are
not affected by an arbitrary inhomogeneous Lorentz
transformation (a, A):

Ula,A) |mspA; mis A mas; A; >

=ete Yy DY, (R(A,p)) [ msp N misi Aimy 8,0,
AI

@

where pf, = A% pv, R is the Wigner rotation operator
(Ref. 9), and D3, are the matrices of the (25 + 1)-dimen-
sional representation of the three-dimensional rotation
group. Eq. (2) holds for the case m, p, > € of physical
interest. The natural question arises whether there exist
some unitary transformations of the states (1) generated
by the operators P{¥, M), 1 = 1, 2, which mix the
internal variables A, and A; (m,, 8, m,, s, are aecessarily
fixed within the framework of the Poincaré group) and
yet leave the “external’ quanturn numbers m, s, p, A
unaffected. Clearly, such transformations must be
built up from invariants which commute with all
Py =P + P and Mw = M) + M of the external
Lie algebra. set of all such invariants is denoted by
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Cin:. We have found all of them, omitting details, they
are as follows:

m = (PO, pe = (P,
o, = (Wp, o = (W),

p = P epm, 0= WM .Wwe,

= W epo, A= W@ . po, (3)
= Whew, X = W W,

v = (W), a= [P® PO WO W],

B = [Wpwm P™], B: = [WPW® p=],

where

Wp - —;" €pvpo Mve Pd,

[ABCD] = €uvpo A* BY CP De.

The fourteen Hermitian internal invariants form a basis
B of Cin: in the sense that every other element of
Eine can be written as a linear combination of invariants
of the form x, x*y, (x°y)*z, ---, withx, y, 2, - inB,;
the Jordan product x+y is defined by

1
xry=5(y+yz) =y x=(x-y)*

and it reduces to the ordinary product 2y = yx whenever
x and y commute. If Xel,,r, then E(§) = exp (—i¢X),
£ real, generates a one-parameter (Abekia:s* group of uni-
tary transformations or automorphisms of the two-particle
Hilbert space .%4‘®, the closure of the set of all linear
combinations of states (1). The states transforrn as
follows:

E. (¢ ?mspl\;mlslAlmzszo\z >

=K NNIEA() | MmA > |mspa; mys N, m, s A, >
AN

One would like to characterize all internal automorph-
isms of .4{® in the hope that knowledge of them may
lead to an understanding of the dynamics of particles.
After all, the S-matrix is a Lorentz-invariant automorph-
ism of (=, the Hilbert space of an infinite number of
particles. As a first step in this program, one must know
the commutation relations of the basic internal invariants
(3). We first note that u;, g, @1, 02, g, and v commute
with themselves and all the other invariants and may
therefore be considered constants. The commutators be-
tween the remaining eight invariants A, », x,.2, B1.2, o, and
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» have been computed, but will not be reproduced here
because of their length; they have the general form

[X,‘, Xj] = i.C” "Xg . X; (C,S real), (4)
with X;, X;, --- in B. The elements of B obviously do not
form a Lie algebra. One hopes *hat, by suitably enlarg-
ing the basis B with elements of €., one can arrive at a
closed system of invariants forming a finite-dimensional
Lie algebra of internal symmetries of the two-particle
system. This hope is substantiated by the fact that
the Jordan product in Eq. (4) is always of the fonn
I-X, = X;,x, * Xj, or & * X;, and by the fact that rela-
tions exist between certain Jordan products. We are at
present investigating this problem.

F. Two Variational Principles for
London’s Equation
M. M. Saffren

London (Ref. 10) proposed two equations which, to-
gether with Maxwell's equations, should govern the
electrodynamics of superconductors. For stationary states
of the superconductor, only one of these equations is
germane, namely,

V X wfr) = — mic B(r), (1

where ¢, m, and v,(r) denote the charge, mass, and
velocity field, respectively, of the superconducting elec-
trons, and B(r) is the magnetic field. It is perhaps inter-
esting, though not surprising, that this equation can be
made to follow from a variational principle. In this
discussion we describe two such principles.

Of course, aside from any intrinsic interest it may
have, the casting of London’s equation into the form of
a variational principle has the value that approximate
solutions of London’s equation can be defined and the
“best” approximation having a prescribed form can be
obtained; this can be quite useful when the geometry of
the superconductor is sufficiently complicated to forestall
an exact solution.




One of the principles is that the magnetic field realized
in a superconductor be such as to render the energy of
the superconductor a minimum. This energy is comprised
of the kinetic energy of the superelectrons and the
energy stored in the magnetic field present in the super-
conductor. The second variational principle, while it is
not as easily described, has an important advantage over
the first principle. Unlike the first principle, the second
includes the fields outside the superconductor as well as
those inside; in this sense, the second is more complete.
Moreover, we show this principle to be a natural gener-
alization of the well-known variational principle that
holds for static magnetic fields when superconductors
are absent.

We now proceed to derive the first variational principle.
We suppose that superelectrons find themselves in a
lattice whose velocity field we denote as v; (r). We also
suppose that the magnetic field at the surface of the
superconductor is given. The lattice motion and external
field may be thought of as “sources” of the velocity field,
v,(r), of the superconducting electrons.

The essential step is to express the kinetic energy of
the superelectrons in terms of the magnetic field present
in the superconductor. To do this, we use the Maxwell
equation

VXBz%j, @)

which holds for stationary fields. We now write j as
ep (r) v. (r) — epi(r) v: (r),

where e is the charge on the electron and ep, (r) and
ep; (r) are the charge densities of the superelectrons and
the lattice (here defined as the rest of the solid), respec-
tively. For simplicity we assume

ps (r) = p; (r) = p = constant.

Then, if m is the electron mass, the kinetic energy takes
the form

1 1 . 1 ?
é-m/; (pvs)“dT:E/{Ava+%w;vl(r)} dT ’

©)

where A* = mc?/4mpe®. The total energy in the super-
conductor, E, is thus

.

(4)
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By setting the variation of this expression equal to
zero, we now show that we are led to London’s equation.
The variation is

%[{(szn)-x[w xa+%v,(r)]

+ 5B~ B} dr.  (5)

Integration by parts yields

1 Y
:fsB-[A-VX VXB+IET X v, (1) + B]dr

1 ~
+;fsn-[n><ﬁ\7xn+%v,(r)]da, (6)

where 1 is the unit normal. Since §B in the interior of
the superconductor is arbitrary, then in the interior

AV X VXB+%‘7Xv,(r)+B:0, )
if the variation of E is to vanish.
This is nothing more than
%EVXva(r)=*B, 8)

which, as we see, holds independent of the motion of
the lattice.

How we handle the surface terms in the surface in-
tegral depends upon how B is prescribed at the bound-
ary. If B is prescribed at the boundary by requiring it to
be continuous with some fixed external field, then, of
course, 8B = 0 at the boundary. If B at the surface
is free to take on a value that makes the energy a mini-
mum, then

’ﬁx[,\ZVXBJr%v,(r)]:o 9)

on the surface, since A* V X B + (mc/e) v; (r) is nothing
more than (mc/e) v, (r). The demand that the energy in
the superconductor alone be a minimum is seen to re-
quire that v, (r) vanish on the surface of the supercon-
ductor. However, this condition may give rise to external
magnetic fields, and, therefore, the total energy of the
system comprised of the superconductor and its external
fields is not a minimum, even though the energy of the
superconductor is. In this variational principle the fields
external to the superconductcr enter only to supply
boundary conditions for B on the surface of the super-
conductor. Because the external field does not enter
directly into the principle, we must be sure when we
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supply the boundary fields that they do come from some
solution of V * B = 0, V X B = 0, which are Maxwell’s
equations for B in free space.

We now set up a variational principle that frees us
from this constraint. This principle also determines the
field external to the superconductor and so allows us to
use approximate instead of exact fields not only inside
the superconductor but also outside. This permits us to
guess the entire field configuration throughout all space.
The principle consists of making stationary, with respect
to variations in A, the functional

. 17 me 2
all space superconductor
- b%'gw, (r)] }df, (10)

where w; (r) is the transverse part of v; (r). The condi-
tions on A are that it be continuous across boundaries
and that, unless there is a magnetic field at infinity, A
vanishes there. The field A is the vector potential; ie.,
B = V X A. Variation of A leads to the requirement
that, if A (r) makes the functional stationary, then the
tangential components of ¥V X A are continuous across
boundaries (not surprising), and

V X V X A =0 in space; (11a)
AV X VXA +-"e—‘°w,(r)+A=0
in the superconductor. (11b)

On taking the curl of the last equation, we obtain Lon-
don’s equation.

If there are external sources or a field at infinity, the
principle must be modified. When B, is the field at
infinity, one replaces

[(V x Ay ds
by
JI(V X A = (£ X B.)+ V X A] d.
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More interesting is the case where there are external
transverse currents, j..,, which act as external sources of
the field, then,

[(V x Ay dr
all space
must be replaced by

[ [(v X Ay - Srdes ‘A]dr.
all space

In fact, if we put the current due to the lattice motion
into j..:, we can write the variational principle quite
generally as:

f[(v x Ay —det. ) g, 4 fil?mdf.

all space superconductor

(12)

Actually, in this form the variational principle is easily
seen to be proportional to the negative of the total mag-
netic energy in a system comprised of sources and super-
conductors. To see this, we write the above expression as

8=, ¢ Awg],
[{w xar =2l - g B -ab e
all space (13)

where

A — A inside the superconductor
ad 0 outside the superconductor

However, since in the superconductor

i _Cc A
e v (14)

we see that our variational principle is

/{(v XA)Z——%"—j°A}dr, (15)

a well-known expression, except-—and this is the essential
point—we have replaced v, by —(e/mc)A. Thus, part
of j takes part in the variation, whereas in the usual
expression j is regarded as {ixed and is not varied.
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TELECOMMUNICATIONS DIVISION

XVIl. Communications Elements Research

A. Low Noise Amplifiers

C. T. Stelzried, W. V. T. Rusch, R. Brantner,
and R. Clauss

1. Millimeter Wave Work, c.1. ste'zried and W. V. T. Rusch

a. Summary. The objective of the millimeter wave work
is to investigate millimeter wave components and tech-
niques to ascertain the future applicability of this fre-
quency range to space communications and tracking. This
involves the development of instrumentation for accurate
determination of insertion loss, VSWR, power and equiva-
lent noise temperature of passive elements, and gain and
bandwidth of active elements at millimeter wavelength.

In order to bring together state-of-the-art millimeter
wave circuit elements and evaluate their use in a system,
we have built a radio telescope consisting of a 60-in.
antenna and a super-heterodyne radiometer. The radio
telescope was used to observe the 90-Gc temperature of
the Moon during the December 30, 1963 eclipse (Refs. 1
and 2). This experiment was a joint effort by personnel
from JPL and the Electrical Engineering Department of
the University of Southern California.

b. Recent work.

90-Gc radiotelescope observations. The 90-Ge radiom-
eter is currently undergoing improvements and modifi-
cation. Lunar observations were made from the JPL Mesa
antenna range during the period April 13 to 27 in order
to determine the present measurement capability in the
field.

Prior to the observation, the antenna was refocused
(Fig. 1) and antenna patterns were made [Fig. 2(a)

Ly O]

/ \

3 - vx 5
¢ /° N
3 \
& -2 /
¥ / o\\g
=
< ]
E J TOWARD HORN «w—{—e= AWAY FROM HORN
" | I
[+1:.] [X¢] 0.08 [+] 005 0.0 [+1}.] 0.20 025
POSITION, in.

Fig. 1. 90-G¢ antenna subreflector focusing
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2 Se—1r—»N Wea——a E
-}
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and (b)]. The patterns were measured on a 0.8-mi-long
range using a 10-mw continuous wave (CW) klystron
source. Considerable difficulty was experienced with
instability while attempting to take patterns using the

Fig. 2. 90-Gc antenna patterns: (a) declination and (b) hour angle

radiometer receiver. This was due primarily to klystron
frequency instability in conjunction with the narrow
bandwidth radiometer (10 Mc). In order to resolve
the frequency instability trouble, the klystron was modu-

GAS TUBE
HTS'K
COMMENCE DRIFT CURVE ON MOON rl\ -‘-,4
LOCAL TIME: 19:51:30
ZENITH ANGLE: 46.25° F \
N \
e W / \
SKY /./' 4 s SKY
b an | \ .
-] 14 3 12 1] 10 9 B
TIME, min
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HORN 1

REMOTE CONTROLLED
WAVEGUIDE SWITCH
Ly

XHOT TERMINATION 7 O.75¢ db
‘T > l - TO RADIOMETER
W

3 in, —-twt— |5 in, ——o»|

4y L AMBIENT
0.94 db~ete——— 0703 db-— TERMINATION 7

Fig. 3. 90-Gc radiometer waveguide calibrations

lated at 1000 cps, the received signal v.as video detected,
and the 1000-cps signal amplified in a narrow-band ampli-
fier. With this arrangement it was possible to obtain
10 db of dynamic range with better than 0.5-db reso-
lution. A rotary vane attenuator in the transmitter line
was used to calibrate the relative power.

The manual waveguide calibration switch has been
replaced with a remote controlled waveguide switch, and
the waveguide has been recalibrated as shown in Fig. 3.
The losses to the hot load are high, because of the un-
plated stainless steel waveguide (approximately 0.313
db/in. at 90 Gc). Plating techniques are being tested.
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When a suitable technique is available the hot load guide
will be plated; this will reduce the loss and inaccuracy.

As shown on Fig. 3, the equivalent noise temperatures
are denoted by a double prime at the output of the wave-
guide switch and the antenna temperature by a single
prime at the horn input. Using the method of Ref. 3, we
have, at the waveguide switch output, the reference
temperatures

L -1
1) 92303 L, (db) L.L,
= (T4 - T:)(0.76) 1)

(T4 = To)=(Tw —

Using this calibration, the measured Moon temperature
defined at the waveguide switch output must be multi-
plied by the loss L, (0.751 db) to refer to the horn input.

During a large percentage of the time during the 2 wk
of observation, it was either raining or cloudy and over-
cast. The antenna was not set in the position of a polar
mount for these measurements. The measurement tech-
nique consisted of optically setting the antenna to the
center of the Moon and letting the Moon drift out of
the antenna patterns giving % a normal drift curve. A
typical curve taken in this manner at 19:44:00 local time
on April 16, 1964 is shown in Fig. 4. The sky was cloudy.
The radiometer had 10-Mc bandwidth and a recording
time constant of 10 sec.

~ 1\ A °

COMMENCE ORWFT CURVE
ON MOON

LOCAL TIME: 19:44:00

q

/ \

ZENITH ANGLE: 45° )
AN o -3

[
ANALOG OUTPUT, orbitrory units

M“w A "l

-—2%
<

s 4
TIME, min

Fig. 4. 90-Gc radiotelescope Moon drift curves (April 16, 1964) from JPL Mesa
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Attempts have been made to operate the unit at vary-

t
. j ing supply voltages but at B-+ voltages in the 8- to 12-v
., oo - range, both the bandwidth and gain decreased substan-
@ wl”zf'."{é'z?"ﬁ‘a" r' 3875 400 | 40 deg— 747799977 tially. Consequently, tests are being made using a power
W ' ol * '  input of 18 v at about 40 ma. Under these conditions,
2 sl o——or L, = all RCA Type TA 2330 FETs now on hand have been
& tested in the input stage for over-all NF and first-stage
§ gain, The results are as follows:
% Y] 193 1958 187 199 . . :
LOCAL TIME, hr Characteristics Minimum | Average | Maximum
Fig. 5. 90-G¢ Moon temperature measured at Over-all NF, db 59 8.5 13.6
horn input (April 16, 1964) First-stage gain, db | —0.7 58 7.8

Some failures have been experienced with the 90-Ge
mixer crystals, With the present unmatched diodes, the
receiver equivalent noise temperature is approximately
20,000°K. The theoretical rms stability for a Dicke radi-
ometer with square wave modulation is approximately

2

aT= [(10 sec) (10 M)

]" 20,000°K = 3°K  (2)
The reduced Moon temperature data calibrated to the
horn input is shown in Fig. 5 for eight drift curves. The

average temperature over the measurement period is
84.5°K with a standard deviation of 6.5°K.

2. Solid State Circuits, r. 8-antner

a. Summary. An intermediate frequency amplifier using
field effect transistors (FET) is being studied for possible
application as a low noise amplifier where space and
power requirements preclude use of vacuum tube ampli-
fiers. Experimental models of a 10-Mc amplifier have
been built and tested.

b. Recent work. As reported, a first model of the ampli-
fier was built and tested. Results indicated the need for
much better shielding and inter-stage signal isolation.
Accordingly, a carefully shielded unit was constructed
incorporating precision n:echanical construction for ade-
quate shielding and very efficient RF filtering in the
power distribution lines. Using this unit, careful meas-
urements indicate that part of the very high gain previ-
ously reported can be attributed to regeneration between
stages. In the new 1nodel, the amplifier proper has been
set for a gain of approximately 30 db and a bandwidth
of approximately 3.5 Mc. The input matching network
was then adjusted for a bandwidth of 1.0 Mc; at this
setting, the gain was 52 db and the noise figure (NF)
was 6.0 db.
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The majority of the FETs on hand have a gain between
4.5 and 7.0 db, with over-all NF between 6.6 and 10.1 db.
A significant point is that many FETs have the same
gain but produce as much as 2.8- to 3.0-db variation in
the NF. This indicates the necessity of selecting FETSs
for both gain and NF until units of far more uniform
characteristics are available. All units gave essentially
the same bandwidth of 1.0 Mc.

Since a gain of 30 db would be adequate for use in
a low noise preamplifier, the main difficulty, at present,
is in broad-banding the input matching network to obtain
a usable bandwidth with a good NF. Work is proceeding
along these lines. Also, studies are in progress which
may make possible greater amplifier bandwidth, with no
sacrifice of gain, by using modified interstage coupling
networks. All tests to date have been performed using
a 50-ohm source and 50-ohm load. Past experience with
IF amplifiers indicates that broad-band inputs are far
easier to achieve with the 300- to 400-ohm source im-
pedance of a diode mixer. This is another area of investi-
gation in the improvement of the FET IF amplifier.

3. Microwave Noise Source, c.1. steizried and R. Clauss

a. Summary. The principal requirements on a gas tube
noise source for calibrating a microwave receiving sys-
tem are: low insertion loss, good short- and long-term
stability of the injected noise, long life, and ease of
operation. Present techniques used at JPL utilize a noise
tube on the side arm of a directional coupler to inject
a noise pulse of the desired amplitude. The excess noise
added to the system by the unfired source adds a fair
amount of noise (from 3 to 0.75°K, typically) which leads
to very large decoupling factors, up to 26 db. The net
result is a noise pulse which is sometimes too small for
proper system calibration. Short-term instability of the




excess noise from commercial microwave noise sources
has been measured (Ref. 4). Short-term instability can
be traced to changes in environmental temperature,
mechanical vibration, and voltage supply. Electrode and
gas impurity and previous history such as electrical over-
loads contribute to long-term instability. In an opera-
tional configuration, long cable runs between the noise
source and its power supply are sometimes necessary.
As a result, difficulty has been experienced with the high-
voltage pulsing required to excite the noise source. Some
noise sources have had a notable short life under opera-
tional conditions.

A commercial neon bulb Type NE-2H has been used to
fabricate an experimental noise source. Preliminary
measurements indicate a low insertion loss and a possible
application in future receiving systems.

b. Recent work. A commercial neon bulb Type NE-2H
has been used to fabricate an experimental WR 430
waveguide noise source (Figs. 6 and 7). In this design,
the tube is inserted directly in the waveguide. The small
tube has the advantage that a high-voltage pulse is not
needed for excitation due to the proximity of the elec-
trodes. Laboratory measurements were made at 3 ma
of current using a 180-v battery with a series dropping
resistor. With the bulb inserted 0.33 in. into the center
of the waveguide E-field, the excess noise at 2295 Mc
was approximately 20°K—a useful value for use in a
very low temperature system. The VSWR was 1.02, and
the insertion loss with the tube not fired was 0.0066 db
(which would contribute less than 0.5°K to a receiving
system noise temperature). The insertion loss without
the tube installed was about 0.005 db. Firing the tube
resulted in an increase in the insertion loss of 0.007 db.
The insertion loss L through a gas relates the equiva-
lent noise temperature T, of the gas to the equivalent
excess noise temperature T, by

1
T.- = T,,(] L) o Tu

This indicates an approximate equivalent noise tempera-
ture for the gas in a NE-2H tube with a 3-ma current of

L (db)

4343 (1)

4.34:
33 6200°K

T, ~20°K§ 607

The excess noise in this arrangement was measured to
be almost directly related to the tube current, so that a
well regulated power supply is needed. A 1% excess noise
stability therefore requires better than 1% power supply
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Fig. 6. Experimental WR 430 waveguide noise
source showing location of noise source

Fig. 7. External view of experimental WR 430
waveguide noise source

current stability. Commercial pewer supplies are avail-
able with stabilities better than 0.01%.
Future work on these noise sources will include meas-

urements of leakage and output stability. Also, designs
to minimize insertion loss and VSWR will be studied.
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B. Optical Communications
Components
J. Siddoway and J. Maserjian

1. Lasers, J. siddowoy

a. Summary. A modification of the traveling wave laser
(TWL) amplifier has increased the gain by about 0.7 db
at the 1.15-x wavelength. The amplifier is still lossy at
0.8328 4, although considerable improvement in the gain
of the gas is observed.

b. Recent work. Performance characteristics and analy-
sis of the TWL amplifier for three spectral wavelengths
were reported in Ref. 5. The major points in the analysis
were:

(1) The gain of the gas in a He-Ne system depends
upon the radius of the tube (= 1/r).

(2) For very high-gain wavelengths (such as 3.39 p),
a lincar single-pass amplifier is simpler and more
efficient.

(3) For very low-gain wavelengths (such as 0.6328 ),
the gain is limited by the number of passes one
can obtain with the optics.

(4) The TWL amplifier is best suited for wavelengths
(e.g., 1.15 1) where one can obtain several percent
net gain per pass.

Gain measurements reported previously were 40 db for
12 passes at 3.39 p, 7 db for 58 passes at 1.15 p, and
—3 db for 40 passes at 0.6328 ..

The TWL amplifier has been modified by the insertion
of a longitudinal spacer to decrease the narrow dimen-
sion of the tube. Fig. 8 shows the gain curves before
and after the modification for the 1.15-4 wavelength.
Gain of the TWL amplifier at this wavelength has been
improved by about 0.7 db for 44 passes. This is now
the maximum pumber of passes obtainable before the
TWL amplifier begins to oscillate due to diffraction cou-
pling. The amplifier is still lossy at the 0.6328-. wave-
length,although the measured net loss is now =0.5 db for
48 passes versus 3-db loss for 40 passes before modifica-
tion. Performance characteristics for the 3.39-x wave-
length, since modification of the amplifier, are not yet
conclusive. The narrow dimension of the TWL amplifier
is now comparable to the diameter of the laser oscillator
tubes; further improvement in gain characteristics may
result from the use of bundles of small bore tubes as
discussed in Ref. 5.

8
///
. Zz
a
b4
zZ ¢
g 24-uw INPUT
e BEFORE
MODIFICATION
- e AFTER
2 MODIFICATION
0
0 18 32 48 [ 1]

NUMBER OF PASSES

Fig. 8. Gain versus number of passes for
1.15-u wavelength in He=Ne
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2, Superconducting Bolometers, .. Moserjion

a. Summary. Work on a superconducting bolometer
utilizing a vacuum deposited film of tantalum has been
described in previous reports (Ref. 8). Inn order to make
a fair appraisal of the feasibility of such a device for
infrared detection, one should consider only an optimized
design. The design theory depends upon the thermal,
optical, and electrical properties of the device. The ther-
mal and optical properties can be treated in a general
way independent of the specific electrical properties and
will be the subject of this report. It is anticipated that
electrical measurements in progress will provide the
necessary information for completing the device evalu-
ation in a subsequent report.

b. Recent work.

Thermal considerations in the design of superconduct-
ing bolometers. The traditional design of bolometers
attempts to achieve a high degree of thermal isolation
for the bolometer element, as might be obtained with
only radiation exchange of energy. This provides the
maximum sensitivity of the bolometer, but only at ex-
tremely low modulation frequencies of the radiation
(typically much less than 1 cps). For reasonable fre-
quencies essential for communication applications, the
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thermal transfer may in general be described as a solu-
tion of the thermal diffusici: squation satisfying a given
geometry. That is,

%{" = xVT (1)

It is tacitly assumed that thermal convection is avoided,
since it will contribute to excessive noise and reduce
the thermal response. The usual treatment is to assume
parallel heat flow in which the thermal diffusion length
is short compared with the length of the conducting
medium attached to a heat sink so that only a fixed
thennal conductance K need be considered (Ref. 7). In
this report, the general solution is presented for a
harmonic iesponse assuming paralle! heat flow into a semi-
infinite medim. This solution predicts the optimum con-
ditions required for maximum response at a given
frequencv.

The assumption of paralicl heat flow follows from a
requirement believed esscntial for superconducting bo-
lometers and is not merely a mathematical simplification.
It is essential that the superconductor be at a uniform
temperature (isothermal condition) in order to avoid
movement of boundaries between the normal and super-
conducting state along temperature gradients. Indeed the
nonisothermal case has been the subject of a special
kind of superconducting bolometer (Ref. 8). However,
because of the instabilities believed inherent in boundary
movement and the associated excess noise (Refs. 9, 10),
the isothermal requirement appears most reasonable. In
the situation where a superconducting film is deposited
on a flat surface, the isothermal condition at the film is
equivalent to a requirement of parallel heat flow into
the substrate medium. The geometry may then be as
shown in Fig. 9 where the superconductor film of thick-
ness I, [region (1)] is at the end of a long cylinder
[region (2)] of area A attached to a heat sink. The cyl-
inder, if placed in a vacuum, would experience negligible
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radiation loss compared with heat conducted along the
cylinder.

if the radiation absorbed at the fllm is Q, + Qsinut
and the film is maintained at some temperature in the
superconducting transition region T', by means of a heater
bias (Ref. 6), the average power Q, may be ignored,
incorporating it into the heater bias. We then solve for
the harmonic steady-state response at tire surface. It is
assumed that [, is much shorter than the diffusion length
in region (1); that is,

L << (/w4 (2)

where «, = k;/p:c,, and ¢, p, k are the specific heat, den-
sity, and conductivity, the index referring to region (1),
so that the entire film may be considered at a uniform
temperature T, + AT,. Applying the boundary condition
Qsin ot = Q, + Q,(where Q,, Q, are the harmonic com-
ponents of heat flux flowing into regions (1) and (2),
respectively) to the steady-state solution of Eq. (1) given
for region (2) alone (Ref, 11), we obtain,

AT, = 4T cos (ot — ) 3)

where
¢ = tan* [1 + (2u/w0)%]

_ Q/A
aT= ¢ [(1 + 200/w) % + (co/w)]% @
- ktc! 2
g = Cip (5)

C: = ¢,p:l,, the heat capacity per unit area of region (1).

The amplitude of the harmonic temperature response
AT described by Eq. (4) is plotted in Fig. 10 for an
arbitrary Q/A, C,, wo. (The solid curve represents re-
sponse of long rod; dotted curves (a) and (b) represent

VACUUM

(1)
Ty

O + 0 sin w!

(2) &""——"D TO HEAT SINK

=z

Fig. 9. Bolometer geometry assumed in thermal calculations
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Fig. 10. Temperature response of bolometer

response of rods with length [, indicated.) The asymptotic
forms are

__O/A Q/A ‘
AT = lom)n = Tawpys ° *<<= ©
AT = .QC/’: ) o> o (7)

Eq. (6) is the limiting case where the heat capacity of
the film region (1) is negligible compared with diffusion
into region (2). Eq. (7) is the limit where only the heat
capacity of the film is important. The transition frequency
«, represents the condition where the energy stored in
the film equals the energy stored in region (2).

Clearly the temperature response is always higher at
lower frequencies. However, let us assume that we desire
to operate near some frequency which we call w,. Then
the best we can do is to use the minimum value of k:c.p.
applicable to the bolometer and insist that v, = ;. From
Eq. (5), the latter condition requires that C, < (k:C.p./w:)%
which is easily met with thin ilms at moderate frequen-
cies. If we assume C, to be the minimum value applicable
to the bolometer, then o, represents a practical upper
frequency limit on the bolometer without making an
excessive sacrifice in response.

The solid curve shown in Fig. 10, if considered to rep-
resent the minimum applicable values of C, and k.c.p,,
will envelop all pcssible response curves based on differ-
ent parameters. Most significantly, this includes any
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response with a short conducting medium, which is the
case usually considered. This case is illustrated by the
dotted curves (a) and (b) where the same parameters
are assumed except that the length L of region (2) is
shortened. In curve (a), I, equals one-fourth the diffusion
length at «,, ie,

C,

L = Y% (x;/w0)% = I’

and in curve (b), I, equals four times the diffusion length
at o, 1.€.,
4C,

L = 4 (ke /w0)% = PzT

The plateau is given in each case by Q/A/?ce/lz. Clearly
the optimum response can only be achieved with a
conducting rod a few times longer than the diffusion
length at the operating frequency. An additional advan-
tage of a Jong rod is the greater isolation of the bolometer
from the thermal fluctuations of the heat sink (helium
bath). This will be discussed further in a subsequent
report which will consider bolometer noise.

An upper limit on the rod length I, is determined by
the gradient that can be supported between the super-
conductor and heat sink. This is given by

_ kz (Tl — To)
(ohnes =078

where T, is the bath temperature and Q, is the average
absorbed radiation. In practice, at low intensity levels,
this limit would impose no problem.

It is of interest to calculate values of f, = w,/2r for
some typical parameters. The parameters at 4.2°K along
with the result are given below:

Conducting Joules' _
medium kaCape oo ome deg? fos cps
Sapphire 1 X 16-* (estimated) 6 X 10°
Glass 5 X 107 3 X107

The value used for C, is 5 X 16* joules/deg cm? for a
1000 A film of tantalum. The values of f, are seen to be
quite large and would not be exceeded by any reasonable
operating frequency. This permits us to increase C, if
necessary without decreasing the response at lower fre-
quencies. This is usefu) in considerations for optimizing
absorption of the radiation described briefly below. Glass
was chosen as a possibility because it has one of the



P

lowest values of k,c.p, at 4.2°K and may be applicable
as a substrate for the tantalum film. However, the use
of ultra-high vacuum techniques would be mandatory in
this case and is presently being investigated. Sapphire
has been used in previous samples because it permits
use of a conventional vacuum system in the preparation
of the films (Ref. 6). However, the thermal response >f
sapphire is more than one order of magnitude less than
that of glass (» < o). An additional incentive for investi-
gating the use of ultra-high vacuum techniques and glass
substrates is based on expected improvements in the
electrical performance of the bolometer.

Optical considerations in the design of superconduct-
ing bolometers. No mention has been made of the area A.
Clearly, the smaller A can be made for a given Q, the
larger the response. A practical lower limit is considered
to be the order of 1-mm diameter. This is a reasonable
limit when one considers problems involved in focusing
of the incident radiation, as well as the physical size
requirements on the electrical resistance of the element.

'The radiation impinging on the bolometer should
ideally be completely absorbed. Interference methods
for accomplishing this have been described previously
(Ref. 12). Although the discussion in Ref. 12 describes
only partial interference from an anodized film, the
method can be carried to the limit of complete absorp-
tion by suitably adjusting the surface reflectance at the
oxide-air interface. This can be done, for example, by
coating the oxide with a partially transparent film of
metal. The interference method. will increase the total
value of C, used in the previous analysis; but as pointed
out this will not matter until the transition frequency f,
approaches the operating frequency. This is extremely
unlikely in this case,since the change in C, would at most
be only about a factor of two.

C. Antennas for Space
Communications
P. D. Poter

1. Antenna Feed Research: Spherical Wave
Functions

a. Summary. In the previous reportings, the theory of
spherical waves was reviewed and applied to paraboloidal
antenna feed systems. Members of a class of physically
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realizable feed system radiation patterns were expanded
as finite sums of spherical wave functions; this class of
patterns has the property of resulting in azimuthally sym-
metrical aperture illumination with no cross polarization.
The maximum realizable order N of the wave functions
and the corresponding maximum achievable paraboloid
performance were presented in terms of the paraboloid
diameter in wavelengths.

The problem considered in this reporting is that of
utilizing the spherical wave formulation to provide an
analytical synthesis technique for nonoptical Cassegrain
subreflectors with maximum possible performance. The
synthesis formulation is presented, and preliminary nu-
merical results are compared with a previous empirically
derived, nonoptical Cassegrain subreflector. The method
presented is a rigorous boundary value solution to the
problem.

b. Recent results. Fig. 11 shows the assumed geometry
of the Cassegrain-type paraboloidal antenna feed system.
For the antenna system to operate efficiently, the wave
from the feedhorn must be transformed by the subre-
flector into a wave which is essentially spherical in the
vicinity of the paraboloid. It is generally (and incorrectly)
assumed that, because the desired wave scattered from
the subreflector is essentially spherical at the paraboloid
surface, it must be spherical at the subreflector surface.
This is, in fact, only true in the limit of vanishing wave-
length. In this reporting, a general equation for the de-
sired surface is obtained; for the case of a spherical wave
from the feedhorn and vanishing wavelength, the surface
equation reduces to that of a hyperboloid.

The total vector field,! E,, in the vicinity of the sub-
reflector is the sum of the incident field, E,, from the
feedhom and the scattered field, E..

A general horn pattern, E,;, is assumed as follows:

E.a — [Fuy(y)sin fay + Fue (v) cos £a]
H= kr

X exp{—ik[r—Za—E#]} (2

'The harmonic time dependence, e'**, is suppressed throughout
this reporting.
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Fig. 11. Feed system geometry
where E, 2 F(R,y) (sin fay + cos ¢ag) (3)

F .y (y) = feedhom polar radiation pattern

Fu¢ (y) = feedhorn azimuthal radiation pattern
k = free space propagation constant
a = a geometrical constant

84 (y) = feedhom phase pattern, assumed tn be azi-
muthally symmetric

The scattered field, E,, is now set equal to the sum of
spherical wave functions. The coeflicients of these waves,
drin, have been previously determined (Ref. 13) by fit-
ting the sum to a desired far-field feed system radiation
pattern. Because of the orthogonality of the waves, the
scattered field, E,, may be uniquely expressed in all re-
gions of space (except the origin) in terms of its far-field
value. Thus E,, in the region of the subreflector, is a
known quantity.

where

) P dp:

where
Z, = 120z ohms
argn = wave coefficient
p=kR
h, (p) = spherical Hankel function

P! (y) = associated Legendre polynomial of the first
kind
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Eq. (3) is based on Egs. (5) and (8) of Ref. 13, p. 198,
which show that a symmetric far-field remains symmetric
in the region p > > 2n. This region turns out to be
physically reasonable for the subreflector.

Eq. (4) may be expressed as a quasi-spherical wave
as follows:

F(R,y) 2 —F@ e-11p-8(R, %)) (5)

The unit vectors in Egs. (2) and (3) are geometrically
related as follows:

ay =agsin(y +y) +aycos(y + ) (6)
Combining Egs. (1), (2), (3), (5), and (6),

Rl

X F”—kyr(y—)-sin (¢ + y)sinéag

+ {__F" (R.y) e-Ip-8R W] _ —F”,zr(Y)

[4]
X exp{—ik[r - 2a— —s"k(ﬁ]}[ cos (¢ + 7)]}
i M _ilp-8(RT — FH&(Y)
X sin fay +{ » e ilp-8(R.11 —=

X exp{ —ik[ r—2a— E_”_k(Y_)]}} cos {ag (7

The boundary condition at the subreflector surface re-
quires that the surface normal, n, have no component
perpendicular to the total field, E;. Thus,

nXE, =0 (8)

The restriction is now imposed that the subreflector be
a surface of revolution. This restriction considerably sim-
plifies the problem and results in a polarization diverse
solution. Since, under this condition n has no azimuthal
component, E; must have no azimuthal component. From
Eq. (7), two equations result:

Ful) =R By = FBy)  (08)
8 (R, )
R——(kl)=r—2a—# (9b)
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These two equations, together with Eqs. (4) and (5),
determine both the reflector surface and the required
horn azimuthal pattern. From geometrical considerations,
r may be eliminated from Eq. (9b), and the result is the
polar equation of the required subreflector surface:

o _[a _ MR, ¢>4; as~<y)]=
R= X (B,9) — A3a (y)
4x

(10)

ccosy +a—

In the limit of zero wavelength, Eq. (10) reduces to the
polar equation of an hyperboloid:
. _ c2 — aZ
P_’_’:R_ ceosy +a (1)
The polar component, Fyy(y), of the feedhorn may
be determined from the boundary condition (8). The
result is:

) +psin(y + y)‘f—dg (12)

i1 T
1.0
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Fig. 12. Deviation of synthesized subreflector
from an hyperboloid
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where dR/dy is evaluated on the surface.

The two polar angles are related geoometrically as
follows:

= sin™! siny
Y c 2 c %
[1+4(F) ~4(&)e]

An abbreviated machine program for evaluating
Egs. (10), (5), and (9a) has been used to synthesize an
N = 20 subreflector for the 85-ft Goldstone antenna oper-
ating at 2388 Mc. Fig. 12 shows the deviation of the
subreflector, AR/A, in wavelengths, from the optical case.
The surface which was empirically designed for use at
2388 Mc in the planetary radar system consists of an
hyperboloid with a conical beamshaping flange (Ref. 14),
as shown in Fig. 13. Fig. 14 shows the difference between
the optimum (calculated) hyperboloid-flange combination
and the computed reflector surface. It can be seen that
this simple system is an almost perfect fit to the ideal

(13)

surface. Unfortunately, this case of « = 21.5 deg was not
experimentally evaluated when the 2388-Mc system was
designed.

Fig. 15 shows the scattered field function F,(R,y) at
the ideal reflector surface, the far scattered field, and the
ideal far field. Although the formulation considered in

03 | | T I
< FREQUENCY = 2388 Mc
g 02 c=1l4in
) o = 75.267in.
< N =20
\g ot FLANGE ANGLE,a = 215 deg
T of>~ b
% N \7;=2oan
-0l {
[+] 10 20 30 40 50 60 70 80 90
V¥, deg

Fig. 14. Deviation of synthesized subreflector
from an hyperboloid—flange
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Fig. 13. Beamshaping flange geomeftry
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Fig. 16. Synthesized horn radiation pattern

this reporting generates a subreflector surface of infinite
extent, it is clear from Fig. 15 that the fields are extremely
small in the outer region of the surface. It is therefore
felt that the ideal surface may be truncated without sig-
nificant reduction of performance. The effect of trunca-
tion will be investigated on the Arbitrary Reflector of
Revolution Scattering Computer Program (Ref. 15).

JPL SPACE PROGRAMS SUMMARY NO. 37-27, VOL. IV

The required azimuthal horn radiation pattern is shown
in Fig. 16, together with the dual-mode horn (Ref. 16)
pattern which was used with the 2388-Mc experimental
system. It can be seen that the required pattern is quali-
tatively a sector beam which, in principle, may be physi-
cally realized by a suitable multimode feedhorn.

A request has been submitted for a comorehensive
computer program to synthesize subreflectors and the
corresponding horn patterns. It is expected that this pro-
gram will be available in 2 to 4 mo.

D. RF Techniques

T. Otoshi and D. White

1. H-Band Rotary Vane Attenuator,
T. Otoshi and D. White

a. Summary. This report presents results of prelimi-
nary calibrations made at 8448 Mc on a precision H-band

rotary vane attenuator. Accurate measurements were

made of attenuation values as low as 0.02 db and as
high"as 40 db. This rotary vane attenuator will serve
as a JPL interlaboratory attenuation standard traceable to
the National Bureau of Standards and will permit inter-
comparison of the accuracies of various 8448-Mc insertion
loss test sets used at JPL. This attenuator should also be
useful in the calibration of standard noise sources for
the experimental 8448-Mc antenna system at Goldstone
(Venus site).

b. Recent work.

Theory of operation. A rotary vane attenuator essen-
tially consists of two end sections which are rectangular-
to-circular waveguide transitions, and a center section
which is a circular waveguide free to rotate between
the end sections. A thin resistive card is placed across
each section of waveguide to absorb tangential electric
fields. If there are no discontinuities and if the resistive
elements completely absorb the tangential components
of the electrical field, then the attenuation in decibels
is given by:

A - _20 logxo 00320

where ¢ is the angular displacement of the card in the
rotor with respect to the cards in the stator. The accuracy
to which this angular displacement can be determined
is usually the principal factor in limiting the over-all
accuracy of such an attenuator.
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Fig. 17. H-band rotary vane attenuator
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Desian description. A photograph of the calibrated
attenuator may be seen in Fig. 17, This attenuator is a
Hewlett-Packard H382A model which was modified to
permit readout of the rotary vane angle position in de-
grees, minutes, and seconds. The readout exhibits a range
of 0 to 90 deg with a minimum resolution of 1 sec of arc.
The maximum backlash between the position of the cen-
ter vane and the “seconds dial” on the readout mechanism
is less than 10 sec of arc. If the drive shaft is turned in
the same direction, the resetability of the vane angle
is believed to be within + 2 sec of arc.

Fig. 18 is a photograph of the gear assembly of this
precision attenuator. The circular waveguide rotor is

CIRCULAR
* WAVEGUIDE.
ROTOR

Fig. 18. Top view of gear drive assembly (attenuator cover off)
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driven by a Hewlett-Packard worm gear. Also mounted
on the worm gear shaft is the principal gear of a gear
train which drives the readout dials. All gears belonging
to the gear train for the readout dials are Class Precision 3
gears. The gear train and readout system were designed
by the Measurement Specialties Laboratory, Inc,in Van
Nuys, California.

Preliminary tests.

(1) D-deg vane angle setting. If the center vane is
not correctly aligned relative to the end vanes at the
indicated 0-deg position, then a systematic angular
bias error will occur at other vane angle settings. One
method for determining this systematic error was de-
scribed by. Wilbur Larson of the National Bureau of
Standards (Ref. 17). Ai various dial settings, deviations
of measured and theoretical attenuations are converted
to estimated vane angle errors. The average of these
estimated vane angle errors is used to make the correc-

OUTPUT BOLOMETER
MOUNT

DIRECTIONAL
" COUPLER, 10 db

/—KI.YSI’ION POWER SUPPLY

INSERTION LOSS TEST SET
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tion necessary to establish the new O-deg dial setting
Using this method, good agreement Letween measured
and theoretical attenuations was obtained.

(2) Measurement system. The ac ratio transformer tech-
nique, described in Ref. 18, was used to calibrate the
rotary vane attenuator. Detection is accomplished by
means of a dual channel bolometer system. Attenuation
power ratios are compared on a precise ac ratio trans-
former. The ac ratio transformer test set and H-band
insertion loss measurement svstem may be seen in Fig, 19,
The source and load assemblies of this measurement sys-
tem were matched to VSWRs of less than 1.02 at S448 Mce

As stated in Ref. 18, the principal limitations on the
accuracy of this measurement technique for insertion
loss measurements are the deviations from square law
response of the bolometers used. A bolometer is said to
have square law characteristics it its detected ac output

NULL INDICATOR

INPUT BOLOMETER
MOUNT

-DIRECTIONAL | g
COUPLER,

10 db ‘

Fig. 19. H-band rotary vane attenuator and measurement system

T S s T
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voltage is proportional to the microwave input power.
The bolometers and bolometer mounts used for the meas-
urement system were the Sperry 821 barretters and
Hewlett-Packard Model H485B detector mounts, respec-
tively. These barretters are rated to operate at 200-ohm
resistance with an 8,75-ma de current applied.

Bolometer deviation from square law characteristics
(also referred to as bolometer nonlinearity characteristics)

can be determined approximately by experimentally
measuring fixed attenuastion differences, each time with
the bolometer operating at a new RF power level. The
following describes the procedure used to determine
bolometer errors of the measurement system.

With the vane angle set at the 0-deg vane angle set-

ting, the RF power levels into the input and output
bolometers were adjusted to 0.2-mw average power. The
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Fig. 20. Measured attenuation dependence on RF operating levels of bolometers
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attenuation differences relative to the 0-deg setting were
then measured at the nominal 3-, 5- and 10-db vane angle
settings. This procedure was then repeated at other RF
power levels. The range of RF power levels into the
bolometers for these tests was between 0.2- and 0.04-mw
average power (or 0.4- to 0.08-mw peak power since the
Klystron was square wave modulated). Fig. 20 shows
the results of the bolometer tests. For the bolometer pair
tested, it appears that if the bolometers are operated at
RF power levels less than 0.2-mw peak power (0.1-mw
average power), then the deviations in measured attenu-
ations, for a 10-db attenuation measurement, should be
less than 0.005 db. At these RF power levels and oper-
ating conditions, the bolometers should very nearly be
operating as square law detectors (Ref. 19).

For attenuation measurements greater than a 10-db
step, resolution and precision of the ac ratio transformer
becomes somewhat critical. A loss of =1 dial division
of resolution on the particular ac ratio transformer being
used (ESI Model DT-45) wouid result in errors of ap-
proximately =+0.0005 db, +0.005 db, and +0.05 db for
10-, 20-, and 30-db step attenuation measurements,
respectively.

Calibration results.

(1) VSWR versus vane angle. Fig. 21 shows the VSWR
of the rotary vane attenuator measured as a function of

o [

& — - LOOKING INTO ARM A WITH SLIDING

®

LOAD ON ARM B
O—O LOOKING INTO ARM B WITH SLIDING
LOAD ON ARM A
VSWR OF SLIDING LOAD: 1.003
f = 8448 Mc
1,018 R Lo -
x 1010
; - s - - -~
n | G
> L — . -
1008} i i
000 20 S0 40 60 € 70 8 90 100

INDICATED VANE ANGLE, deg

Fig. 21. VSWR versus indicated vane angle setting
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vane angle. The maximum VSWR measured was 1.012,
and the maximum VSWR difference was less than a
factor of 1.004. For this measurement a tuned waveguide
reflectometer system operating at 8448 Mc was used. The
accuracy of this VSWR measurement is estimated to be
within a factor of 1.0G5.

(2) Attenuation versus vane angle. For the calibration
of the rotary vane attenuator, the measurement method
used was to measure attenuation differences between
indicated and reference vane angles. The maximum at-
tenuation difference measured in one step with the ac
ratio transformer test set was 20 db. At the reference
vane angle settings, the RF power levels into the input
and output bolometers were set at approximately 0.06 mw
(average power).

Table 1 gives a comparison of measured and theoretical
attenuation differences. The resetability of the rotary
vane angle at a particular setting may be seen from the
repeatability of the measured data.

Table 2 shows attenuation differences using the 0-deg
sctting as the reference position for all readings. This
table was compiled from the results given in Table 1.
It may be seen that the theoretical and average measured
attenuation values agree to within +0.005 db for attenu-
ations up to 8 db and +0.015 db for attenuations up
to 20 db. At the nominal 40-db setting, the average
measured deviation was +0.066 db.

Error analysis.

(1) Calibration errors. The accuracy of the calibration
method is dependent upon the resetability of the rotary
vane to within :+2 sec of arc. Other measurement errors
would be bolometer nonlinearity error, external mismatch
error, and uncertainties in the accuracy of the insertion
loss test set. Accounting for cumulative errors of the
calibration method, it is estimated that the accuracies
of values given in Table 2 are better than +0.02 db at
10 db, +0.04 db at 20 db, +0.07 db at 30 db, and
+0.10 db at 40 db.

(2) Attenuator errors. Four principal errors causing
deviations from theoretical attenuations would be trans-
mission error, alignment error, internal mismatch error,
and angular readout error (Ref. 20).

The transmussion error is an =rror caused by incom-
plete attenuation of the tangential electric field com-
ponents by the resistive cards. For most rotary vane
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Table 1. Thecretical and measured 8448-Mc¢ attenuation differences between
indicated and reference vane angle settings

Part A. Arenvation differences between indicaied and 0-db Part B. Attenvatien differences between indicated and 10-db
reference vane angle seftings reference vane angle seftings
Indicated Theeoretical indicated Theoretical
vane ongle attenvation Meosured values, db vane angle attenvation Measured values, db
setting relative to setting relative to
the 0-db the O-db

deg | min | sec | sotting,db | 1 2 | 3 [averege dog | min | sec| sotting,éb | 1 2 | 3 |averss:
Og 43 5: 202 0.0196 .‘.:).l':; 9 ':g“g 0.0197 35 146 | 36 100 '.”'“: :“ “"”‘":7 0948
03 | 53|12 0.04 o'oaw ;.om o'c’;.:; o'o:'m Wl Dol BN 120 1972 | 1. ! X
o4 |45 | 33| o00s | ooser| 0os77 | oosm| o.0580 6128 108 140 39910 | 39917 | 3.9924 | 39917
o5 | 20| 40 0.08 00779 | oo77s | 00777 | 00777 66 | 32 | 24 16.0 59762 59752 59775 59763
o6 los| m 0.10 0.0085 | 0.0983 0.0983 0.0084 69 |13 ] 03 18.0 7.9846 79842 7.9887 7.9859
o8 | 40 | 39 0.20 0.1984 | 0.1978 | o.1985 | 0.1982 71| 33 | 54 200 99870 | 99887 | 90898 | 9.9885
12 114 | 54 0.40 0.3997 | 0.3988 | 0.3998 0.3994
14 | 58| 20 0.60 0.4019 | 06008 | 06017 | 0.6015 Part C. AMenuation diffsrences between indicated and 20-db
17{151 19 0.80 0.8036 | 0.8018 | 0.8024 } 0.8026 reforence vane angle seMings
19 ] 151 18 1.0 1.0034 1.0020 1.0038 1.0001
;6 58 | 09 20 2.0005 2.0000 2.0006 | 2.0004 71 33| 54 20.0 Refersnce satting
3; ;: ;; :-g :'g:;“’ ::l: ;:‘;:; ::‘;;: 73| 37 | 48 220 20199 | 20190 | 20191 | 20193
a1 | 25| o8 50 49985 49968 4.9992 49982 751 27 | o8 24.0 4.0352 40323 40319 4,03
aa | 85| ss 6.0 60107 | 60096 | son2| s0105 77103 j 48 260 6.0448 | 60438 | 6.0420 | 6.0435
48 | 03] 38 7.0 70131 | 70128 | 70147 7.0035 78|29V 280 8.0453 | 8.0442 | 80429 | 8.0445
50} 521 45 8.0 800001 80088 | 80009 8.0095 79| 45 | 4 0.0 10.0461 | 10,0470 | 10.0435 | 10.0455
53] 26} 25 9.0 9.0146 | 9.0141 | 90158 9.0148 82] 20112 350 150489 | 15.0481 | 15.0449 | 15.0473
551 46| 56 10.0 10.0108 { 10.0108 | 10.0105 ] 10.0107 841 151 39 40.0 20.0663 | 20.0676 | 20.0676 | 20.0672

attenuators, this error is usually not significant for attenu-
ations below 40 db. One method of evaluating transmis-
sion error is to measure the attenuation of the resistive
card in the rotor when the center vane is set at 90 deg
and,using this measured value,to calculate the transmis-
sion error (Ref. 20). The attenuation at 90 deg was not
measured for this rotary vane attenuator because a suit-
able receiver required for this measurement was not
aviilable.

The effects of internal mismatch error and alignment
error were not considered to be serious and were not
calculated.

The major part of the deviation between the theo-
retical and measured attenuations shown in Table 2 is
believed to be principally due to angular readout errors.
This belief is based on further analysis made of the
deviations between measured and theoretical attenua-
tions. If the db deviations are converted into estimated
readout errors in degrees (using the method described
in Ref. 17) and plotted against the indicated vane angle,
it may be seen that a periodicity exists in the plotted
curve (Fig. 22). The variations in the readout error appear
to repeat every 29 or 30 deg of indicated vane angle.
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Fig. 22, Estimated readout error of the H-band
rotary vane attenuvator

It was later discovered that the worm gear shaft is de-
signed to turn one complete revolution for 30-deg rotation
of the rotor. Since both the worm gear (which turns the
circular waveguide rotor) and the principal gear of the
readout gear train are mounted on the worm gear shaft,
it is reasonable to conclude that the readout error is a
function of worm gear shaft rotation. The major part
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Table 2. Calibration of the H-hand rotary vane
attenvalor from O to 40 db at 8448 ‘A¢°

1 2 3 4 s
Theoretical
indicated | attenvation | Average Average Estimated
vane angle®| correspond. | Mmeasured measured readout
6, deg ing to aftenvation deviatien error”
indicated An, db Ao — A, db 6., deg
vane angle
A, db
2749 0.02 0.0197 =—0.0003 —0.021
.07 0.04 0.0382 —2.0018 ~0.088
4.759 0.06 0.0580 —0.0020 —0.080
5.495 0.08 0.0777 —0.0022 —0.078
6.142 0.10 0.0984 —0.0016 =0.049
8.678 0.20 0.1982 —0.0018 —0.039
12.248 0.40 0.3994 ~-0.0006 -—0.009
14.972 0.60 0.6015 +0.0015 +0.019
17.255 0.80 0.8026 +0.0026 +0.028
19.285 1.0 1.0031 +0.J031 +0.02¢
26.969 20 2.0004 +0.0004 +0.003
32.712 3.0 3.0022 +0.0022 +0.011
37.408 4.0 3.9671 —0.0029 -—0.013
41419 5.0 4.9982 —0.0018 —0.007
44.932 6.0 4.0108 +0.0105 +0.2°*
48.061 7.0 7.0135 +0.0135 +0.040
50.879 8.0 8.0095 +0.0095 +0.025
53.440 9.0 9.0148 +0.0148 +0.036
55.782 0.0 10,0107 +0.0107 +0.024
59.921 12.0 12.0075 +0.0075 +0.014
63.469 140 14.0024 +0.0024 +0.004
66.540 16.0 15.9870 ~0.0130 —0.019
69.218 18.0 17.9966 —0.0034 —0.004
71.565 20.0 19.9992 ~=0.0008 ~—0.001
73.630 220 220185 +0.0185 +2.519
75.452 24.0 24.0323 +0.0323 +0.0.8
77.063 26.0 26.0427 +0.0427 40.033
78.49 280 28.0437 +0.0437 +0.030
79.757 30.0 30.0447 +0.0447 +0.027
82.337 5.0 35.0468 +0.0468 +0.01
84.261 40.0 40.0664 +0.0664 +0.022
SMeasured doto wos compiled from Toble 1.
Yindicated vane angle settings of Table 1 converted to degrees.
cSee NS Technical Note 177 (Ref. 17).

of the angular readout error is thought to be caused by
the worm gear because it was not designed to be used
for ultra-precise positioning of the rotary vane.

The curve shown on Fig. 22 shou!d be useful for pre-
dicting the attenuations which would be measured at
indicated vane angle settings not calibrated. The meas-
ured attenuation values closely follow the relationship:

Am = _40 logln CcOos (0, + 0;)

where

8; = indicated vane angle, deg
0.

estimated readout error, deg
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In order to establish this attenuator as a reliable attenu-
ation standard, the attenuator should be calibrated
independently, preferably using ancther accurate meas-
urement technique. An arrangement has been made with
the National Bureau of Standards to calibrate this pre-
cision attenuator using their modulated sub-carrier tech-
nique of meastring microwave attenuation,

2. AC Ratio Transformer Insertion Loss Set, 0. white

a. Sunimary. This report discusses recent tests and
modifications made on the ac ratio transformer insertion
loss set described in Ref. 18. Two major changes made
were replacement of the type of bridge transformer used
and iemoval of the shiel balance circuit.

b. Recent work. Since the development of the S-band
rotary vane attenuator described in Refs. 21 and 22, §
has been possible to resolve very small differences be-
tween the measured values of insertion loss obtained
from two ac ratio transformer insertion loss sets of the
type described in Ref. 18.

The precision rotary vane attenuator was used to com-
pare the two insertion loss sets operating at 2388 Mc.
Measured values were obtained at indicaied attennator
settings of 1, 5, 10, and 20 db, respectively. As shown
in Table 3-A, there was a small but definite difference
in the measured values obtained from the two insertion
loss sets. The cause of this discrepancy was traced to
the output bridge transformers of the insertion loss test

Table 3. Comparison of the two ac ratio transformer
insertion loss test sets

Part A. Befors modification
Indicated rotary Average measvred Average measured
vane attenvator foss using Unit Ne. 1, lost using Unit Ne. 2,
setting, db db db
1.0018 1.0002
5 5.0057 5.0002
10 10,0130 10.0074
20 20.0433 20.0364
Part B. After modification
1 0.9993 0.9990
5 4,.9995 4.9993
10 10.0073 10.0065
20 20.041 20.0389
Netes: Due te & small errer in the readeut tystom of the retery vene atteavsier,
the indicated retary vone attenvator setting vields en insertion less velue that
is slightly high {s00 Ref. 23 for detalls) ond b lally icoabl
valves abeve § db.
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Fig. 23. Diagram of ratio transformer insertion loss set before modification

<70 1GOO-cps
—( AMPLIFIER DETECTOR

.-..
me

!

TO O S 4

REFERENCE; | DECADE
BOLOMETER | | CAPACITOR —
N
AR
gt L «
h 10K g — | H,
i} 3 " r ) o TesT
3 3 i1, BOLOMETER
< ¥ Y
GERTSCH ST-100 3 10k N
DOUBLE-SHIELDED 3 .
BRIDGE TRANSFORMER
DC BIAS HIGH-PRECISION DC BIAS
SUPPLY RATIO TRANSFORMER SUPPLY

Fig. 24. Diagram of ratio transformer insertion loss se! after modification

sets. In construction of the two units, the output leads
of the bridge transformers (ST-248, as shown in Fig. 23)
were arbitrarily reversed with respect to each other. It
wes found that, when the bridge transformers of the

Table 4. Comparison of the ac ratio transformer insertion
loss test set with and without shield balance

Unit No. 2: Unit No. 2:
lndu:u!:::':o::rz average measured loss avtwr:::m:'-:v:ir:: '::“
vano': :h o vsing shield balance wiper of ratio

e, operation, db Omlmomor db
5 4.9993 4.9997
10 10.0065 10.0050
20 20.038¢9 20.0394
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two units were hooked up identically, the measured inser-
tion loss values compared almost identically between
units. It was finally determined that the ST-248, being
a single shielded transformer, is subject to capacitive
ground loops that become apparent when working with
low-level voltages. When the ST-248 transformers were
replaced with double-shielded transformers, the ground
loop condition was eliminated and the two insertion loss
sets agreed favorably regardless of the polarity of the
output leads of the bridge transformer. (See Table 3-B
and Fig. 24.)

A significant improvement in the operation of the
insertion loss set was also made possible when the double-
shielded bridge iransformer was installed. When the
shield-to-winding capacitance ground loop was elimi-




nated, it was found that the wiper arm of the ratio
transformer could be tied directly to the primary shield
of the bridge transformer without any noticeable loading
effects (Table 4). It was now possible to replace the shield
balance potentiometer with a fixed 10K resistor and elimi- the reference signal (Figs. 23 and 24).
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nate a step in the operation. The shield balance potenti-
ometer was used to drive the shield of the bridge
transformer to the same potential as the primary winding
of the bridge transformer with a minimum loading on
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XVIIl. Communication

A. Signal-to-Noise Monitoring

C. E. Gilchriest

1. Statistical Properties

a. Résumé. Two systems for determining signal-to-noise
(S/N) from measurements are analyzed for efficiency
(minimum number of samples or equivalently minimum
time) for inclusion in the DSIF for advanced planetary
communications systems. Our system is based on the
S/N estimator from a linear system. The probability
density function is determined along with confidence
intervals. The secund system is based on a decision device
which determines the bit error rate estimator. The proba-
bility density function is determined along with confi-
dence intervals. Charts of confidence intervals for various
numbers of samples are given for both systems. The con-
clusion is that the S/N estimator method is by far the
most efficient.

b. Recent work. The communications system perform-
ance monitor function during actual spacecraft missions
is an extremely desirable one in that it lends confidence
to real-time spacecraft operation decisions based on the
communication system. It also allows some correction of
detected system degradation during spacecraft operations.

JPL SPACE PROGRAMS SUMMARY, NO. 37-27, VOL. IV

System Development

With this general preamble, we shall restrict this study
to a particular facet of the problem; that is, we shall
study a system for monitoring the signal-to-noise ratio
at various points in the receiving system.

There are two major points in the system which need
to be monitored; these are:

(1) Output of the receiver itself in regard to carrier-
power-to-noise-power.

(2) Output of the data system or the data subcarrier-
power-to-noise-power.

The first of these can be monitored reasonably well
through existing hardware at the DSIF. In particular,
elaborate calibrations are available for both received
carrier power (automatic gain control) and the noise
power (system noise temperature). Unfortunately, these
have nonlinear calibrations, and the measurements are
operationally difficult to present in engineering units at
the necessary operations locations. For the second, noth-
ing exists, but may only be derived indirectly through
calculations involving the modulation index. A degrading
modulation index is basically the parameter which we
would like to monitor through the data channel signal-
to-noise measurement in combination with the RF carrier-
power-to-noise measurement.
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Proposed systems for monitoring the data and carrier
channel signal to noise should have the following fea-
tures:

(1) 1t should be readily and accurately analyzable.

(2) It should be efficient (minimum number of samples
and minimum time for processing).

(3) It should not require manual operations.

+NOISE

[

Requirement (1) restricts one to systems which are linear
and Gaussian, since they are the easiest to analyze and
have the most information available. Requirement (2) will
be the main concern in the analysis which is to follow.
The basic problem is how many samples are required to
obtain a certain confidence in our answer. Require-
ment (3) dictates that the processing should probably
be digital, but should not be so elaborate that it coulu
not be done at the DSIF with a small special-purpose
processor. Since the Digital Instrumentation System (DIS)

DIGITAL INSTRUMENTATION SYSTEM
(DIS)

>

|

cos w/ SYNC

TELEMETRY DEMODULATOR

BANDPASS MATCHED ANALOG-TO-DIGITAL
toos o ,' FILTER _‘@_" FILTER _"_' CONVERTER ~——®| PROCESSOR _]_"

~ Fig. 1. Subcairier signai-to-noise estimator system

+cos 2w/
BANDPASS SQUARE LAW BANDPASS | +NOISE MATCHED DECISION
n————— . O . e e sy
LIMITER DEVICE LIMITER FILTER DEVICE
*cos wt
+NOISE 'y f
cos 2w/’ SYNC
TELEMETRY DEMODULATOR
A
7 CEQUIVALENT  fe—d , ERROR |
- ACCUMULATOR

SIGNAL TO NOISE

Fig. 2. Subcarrier bit error estimator system
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DIGITAL INSTRUMENTATION SYSTEM

(DIS)

COHERENT AGC

MATCHED ANALOG-TO-DIGITAL
UNFILTERED FILTER CONVERTER

':h>

p—eer—eft  PROCESSOR

Fig. 3. Carrier signal-to-noise estimator system

will be operational at all DSIF Stations in CY 1965, this
offers no difficulty.

A system, which at this time appears to satisfy these
requirements best in relation to some of the fixed system
constraints (unenumerated except that future telemetry
systems will largely be digital), is shown in Figs. 1 (an
alternate proposal to Fig. 2), 2 ( an alternate proposal
to Fig. 1), and 3; all systems, however, will be analyzed.
Because the data is plus or minus in the digital sub-
carrier channel, the output is not Gaussian. This difficulty
is easily circumvented if the range of valnes of interest is
restricted. First of all, the specification on the allowable
bit error rate of the svstem has been set at 5X 10-3
which means that ./o, where p is the average signal
and o is the average noise value, is > 2.58 = 8.23 db at
the matched filter output. Fig. 4 shows what this means
in the output probability density function. What is pro-
posed is that the samples of the system are taken without
regard to sign yielding the probability density function
shown in Fig. 5, where the dotted line shows the Gaussian
distribution which has the same area tc be used as an
approximation in the analysis to follow. Consideration
of the above indicates that g will be higher and ¢ lower,
thus giving an increased answer for u/o; but this effect
should be small even for the worst case. Because of this
problem, the system was chosen as outlined so that the
p/o could be as large as possible.

In the system outlined, the basiz problem is to make
a statistical estimate of the signal-to-noise ratio from n
measurements {X;,X;, ' * + ,X,} of the output universe.
Since the universe average p is the signal and the uni-
verse standard deviation ¢ is the noise, the estimate of
the signal to noise is the ratio of the estimates of . and ¢
or % and G (estimators). These estimators are random
variables which depend on the measurements {X,,
X;, + - ,X,)}. The signal-to-noise ratio is then a func-
tional relationship between two random variables and
is itself a random variable.

piX)

2p
20 = 331

: £ ;
- : I X

Fig. 4. Worst case probability density function
for matched filter output

AREA = 5 X 10"3FOR
WORST CASE
S -
e 1
1 X
»

Fig. 5. Probability density function of worst case
without regard to sign

There are a number of different estimators of 4 and ¢
covering different circumstances and efficiencies, but for
» we shall use the estimator
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and for ¢ we shall use

Xy =ny

n—1

W MM

%=

which is an unbiased estimator depending upon the esti-
mate 4 of s, where we might have used any one of the
following:

A S (Xi-hy
ol = "—’-T‘—— (a biased estimator)
A 2 (Xi—n)
ag — =1
n—1
A p (Xi — n)
o} == p (a biased estimator)

(By ar unbiased estimator, we mean that the ensemble
average of the estimate is equal to parameter that is
being estimated. Biased, of course, means the opposite.)

The measurements {X,,X;, * * - ,X,)} are made from
a universe which we have assumed to be Gaussian and,
because of the nature of the matched filter, we can
assume that the X; are independent. 2 then is function-
ally related to the X; by the previous relation, and thus
will have a probability density function which we can
calculate. Proceeding then, because of the independence,
the multivariant distribution is then (Ref. 1)

pOK X0 = Ml gy e =5 ]

i=1

Now, making the transformation

1
i=— 3 X
n i=1

it can be shown that
INEALE —n(}— uy
pG)—(z,,) —exp—5;

‘X then is a random variable with the above probability
density function; we can not say with certainty what
w is at all. We can now calculate to see if 4 is unbiased.
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By inspection of p(p'I) it is obvious that
E[u] =
Therefore, it is unbiased.

So far we have examined only a small part of the
problem. What we are ultimately going to do is take
a ratio of 2 and

]
>

A
R

where ﬁ is an estimator for u/¢ = R and what we need
is the joint distribution p (£, 3). In the calculation for &,
we had several choices for the estimator and

1
”—1,'

v=aoT 2 K- Py

was chosen. &' was chosen in this calculation because
we would not know u with any certainty. The distri-
bution which we get for p(R) will involve both » and ¢
which are both unknown. Now it can be shown that
(Ref. 2)

_2_* —1\(s-1)/2

p(m=2i2"),,_(:2 ) @
r(250)

Xexp[_ n(ﬁ—»rz:(n—n?r*]

which is the sought-after joint probability density func-
tion for £ and 5. Notice that p (%) = p () p (5) which
shows the independence of 2 and ¢. A word of caution
should be injected here. The probability density function
for % is not unbiased while the probability density func-
tion for * is. We shall get the square for our ultimate
distribution which will eliminate this problem; but we
should still check for bias in our estimator R* = u?/e%.

The variable was R = %/6 where G > 0 so that cer-
tainly the ratio exists and the range for Ris ~oo <R < 0.
R can be interpreted as a line emanating from the origin
in the positive & direction.




To get p (ﬁ) we must calculate (8/8?1) P (ﬁ = ﬁ). Now
o o (i85 A A n
PR<R=[ [ p@tiapas

which is the sector between the —7 line and the R line
as shown in Fig. 6. Use the following identity for cal-
culating the derivative under the integral:

= teode= "L teods
+f(q.c)%q-f(r,c)%€-
so that ’
p(B)=PR<R)
°R
® ﬁ:%
= [ 27 ey dpas
[} aﬁ ~a0

-_-/" [0+p="R566—0]ds

=/°° p(a=HRo2)5ds
0

pL,G)

Fig. 6. Joint probability density function p (£, )
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Therefore

-n_ % .1.:_1. (n-1)/2
p(f) = 2(2’;2,, ,2)"“)

y fc--xexp[ @/ -+ (n— 1)3']&

2

2*

Expanding the exponent, we obtain

n (RS — u) + (n— 1)

20°

_ nll\l’:’ —2nﬁp,?+ np? + (n — 1)?’
- 20*
_ 2’(73(/1\{’ +1)—1)— 2n?l;$ + nu?
- 20°

Now

() ()
A 2r 2
p(R) = e

r("gl)w

sz,_, exp[_ ot (n (R + 1) — 1)—2:31#3]&

20°

which is a form of the non-central student ¢ distribution
(Refs. 8, 9), but (Ref. 3)

[ emz" e Y-y =

a- k72 2(&-1)/:[ I‘( k ';' 1 ) ,Fs

2\% k \ k 3 b
() () rTE)]

where
k=n~-1
b= —2NRu/2*

a=(n(R+1) - 1)/e
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Therefore
(__n_ " (ﬂv i 1)(”-1)/2
A
pR)=""721V, 4 e
r(£5 )(n(a= +1) =1y

X [r('g“)‘”(%% 2«=(n<§§=1) =

nf (2)% n+1
+%<n<ﬂf+1)—1>*r( ] )

X lF,("_2H ’%i %z(n(lgﬂf-?zl)—l))]

”N
Because we are really interested in Rz and not R, we
now make a functional transformation. Since

ﬁtz _ ﬁz
dRe = dR: _ dR:
=T @
Then, provided that the probability that R<ois very

%

)(n R + 1) — 12 (Reys

e—ny’/zcﬁ

X [r(%) ACES- Wgﬁ;) =)

n+l 3 p? nRe
X‘F*( 3 '2’W(nm=+1)—1))]

This is the relation for p(ﬁz) which we needed.
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The function that we have obtained now for p (ﬁ*) is
in unknown terms R? = u?/¢%, which is the parameter
we are trying to estimate. Let us now write p(R)? as
p (R% R?) mentioned before; there is really nothing we
can say about &2 for certain. The usual way of handling
this problem is through confidence intervals. If R® is
known, we have probability function for various R} as
shown in the sketch below:

(42 R?)

AZ

If experimentally we obtain a value ﬁ", we can say that
if R, is the true parameter, then B2 will not exceed A2
with probability greater than a specified amount (P,).
We can also say that if Rj is the true parameter then R
will exceed R’ with probability greater than a specified
amount (P;). These two specified probabilities need not
be equal. We can say that the range R? to R} (called the
confidence interval) will cover the true value R? with
a probability of (1 — P, — P;). It is obvious that P, and
P, can be chosen in an infinite number of ways. What
we try to do is select P, and P; so that R — Ri is the
shortest length. If p (R? R) is symmetrical, then P, = P,
yields this circumstance; but in the unsymmetrical case,
it is difficult in general to obtain the best values for
P, and P;. In practice, P, and P; are chosen equal be-
cause of this difficulty, but the increased range of R: to
R} is not affected appreciably in the majority of cases.
The problem now is one of determining the following
integrals for R, and R..

Fes A A A
_ p(R:,Ry)dRe

R7

3!3 A A
f p(R4,R})dR* =P, =P, =

For any particular ﬁ” we can plot the values R} and R}
as shown in the second sketch:




At

ﬁ:l

From this sketch then, if we obtain ﬁ" experimentally, we
can read the confidence interval by drawing a horizontal
line to intersect the curves and project the intersection
to the abscissa to obtain the confidence interval R? to R:.

In order to reduce the range of the confidence interval,
the only parameter we have control of is the number
of samples. Obviously, as n is increased, the confidence
interval decreases,and we have more assurance of obtain-
ing a better answer. One of the main problems outlined
in the beginning of this treatise was that of determining
the rumber of samples. This is extremely important to
the operation because of time required to gather a large
number of samples, because the parameters could change
over such a large time, and because of the amount of
equipment required to process a large number of samrles.
Figs. 7 through 9 show the confidence intervals for vari-
ous numbers of samples.

So far, only one system has been analyzed which gives
us no measure of the efficiency (minimum number of
samples for a given confidence interval) of that system.
One other system which has been suggested (Fig. 2) to
measure signal-to-noise ratio is that of measuring the
bit error rate which is functionally related to signal-to-
noise ratio (Refs. 10 and 11). This device essentially uses
the probability function shown as the dashed line in
Fig. 5 and makes a decision whether the function is
X > 0 or X < 0. The relation between the signal-to-noise

ratio is
=1 (1-en($)")
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and the samples {X,,X,, * - - , X,} will be discretely dis-
tributed with parameter g (Ref. 1)
p(xq)=q¢"(1—qr* 2x=01

The maximum likelihood estimator for q is

Y
n

>
]

where
n
y=2 x
i=1

which can have the possible values 0,1,2, - - - ,n. Now

L »
X

X 1-
P(xnxz:xa; tt Xu; Q) = q - (1 - Q) =

The only possible values for § are 0,1/n, 2/n, - -
and the probability density function for § is

i) (oo

ol
n n

S |~

In an analogous manner to that of the continuous case
above for the confidence intervals when we experiment-
ally get a §¢’ =k/n, we find a g, and a g, from the
following

,éo ( ;) 4t (1 - g =P,

= yzk(:\) g, (1—q)"*=P,

For small n, hand trials can be used for the solutions
¢: and g, but for intermediate values of n, the incom-
plete beta function can be used. The cumulative beta
distribution is

(a + 8+ 1)

F(X;aB) = ol B

/ﬂx (1~ ) dt

which, with integration by parts, yields

F(X;af) = — ‘go(a +€+1

; ) Xi (l —_ X)ﬂ#ﬂd»l—‘ +1
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Therefore

k

E(Z)qz(l—q,)'--v: 1-F(gikn—k-1)=P,

v o
and

5(3) et -arr=Flask-La-B =P

=k

The incomplete beta function may be found in Pearson’s
tables (Ref. 7 or Refs. 4 and 5). For values beyond these

JPL SPACE PROGRAMS SUMMARY NO. 37-27. VOL. IV

tables, approximations must be made. For n large and ¢
around 0.5, the normal approximation to the binumial

should be made

1 = Vi e
F(gs; k—1n— k)——(Q:‘h/; I WH:’ 2

When q is small, the Poisson approximation should be
made (Ref. 12)

F(g:k—1,n—k) = § -(-'—lﬂ;ﬂ

7 k
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Figs. 10 through 15 show the confidence intervals corre-
sponding to the bit error rates.

Conclusions as to the eficiency (number of samples
required) of the systems depend largely upon the 1cgion
of S/N that is experienced. At high ST/N/B = 10 (corre-
sponding to a bit error rate of about 10*), about 10
samples are needed by the bit error estimator method
to have a 90% confidence interval less than +1 db, while

thc S/N estimator method would require only about 10°
(confidence initerval proportional to 1/n* when n is above
50). At ST/N/B = 1.0 (corresponding tc a bit error rate
of about 10!), the two methods are comparable. Since
the higher S/N will be prevalent during most of any
mission and since 10° samples would require 3% hr at
8% bits/sec (Mariner bit rates) while 10° samples would
require 6 min, it would seem that the S/N estimator
method would be the most practical system.
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Fig. 11. 95% ccafidence intervals for bit error rotes
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XIX. Communications Systems Research

A. Coding Theory

R. C. Titsworth, G. Solomon, and E. C. Posner

1. Random Numbers Generated by Linear
Recurrence Module 2, ».c. Titsworth

a. Introduction. Many situations arise in various fields
of interest for which the mathematical model utilizes a
random sequence of numbers, events, or both. In many
of these applications it is often extremely advantageous
to generaie by some deterministic means a sequence
which appears to be random, even if, upon closer and
longer observation, certain regularities become evident.
For example, electronic computer programs for gener-
ating random numbers to be used in Monte Carlo experi-
ments have proved extremely useful. This article describes
a random number generator of this type with several
cutstanding properties. The numbers are generated by
modulo 2 linear recurrence techniques long used to gen-
erate binary codes for communic tions.

- b. Maximol length linear recurrence modulo 2. Let
a = {a:} be the sequence of 0’s and 1's generated by
the linear recursion relation

Oy = Cil5-y + oz~ + Calli-n  (M0d 2)

for any given set of integers ¢;(i = 1,2, - - - ,n), each
having the value 0 or 1. We, of course, require ¢, = 1,
and say that the sequence has degree n.

The pericd p of such a sequence is clearly not greater
than 2* -- 1. The necessary and sufficient condition that
p = 2" — 1 is that the polynomial

f)=1+ecx+ecat+ - - +x°
be primitive mod 2 (Ref. 1).

We shall assume in the remainder of this article that
f(x) is a primitive nth degree polynomial mod 2; the
sequence a is then a maximal length linearly recurring
sequence mod 2. These sequences have been studied and
used as codes in communications and inforniation theo-
retic studies (Refs. 2, 3, 4). The properties of interest
to us at present are the following:

P
M 3 a=Elt=o
k=1

(2) For every distinct set of (0, 1) integers by, b,, - - - , by,
not all zero, there exists a unique integer
v(0=v < p — 1), independent of k, such that

by + baag_, + - -+ + budi_n = 0k, . (mod 2).
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This is often referred to as the “cycle-and-add”
property.

(3) Every non-zero (0, 1) binary n-vector (e, €5, * * * , €a)
occurs exactly once per period as n consecutive
binary digits in a.

We shall, in what follows, find it convenient to use a
slightly different version of the sequence a. Let us define

ay = <—1)°“

Under this transformation, we see that if g, takes on
the values 0 and 1, then a; takes the values of +1 and
—1, respectively. The properties (1), (2), and (3) are
then transformed into

1) 3 a=-1
k=1

(2) For every distinct set of (0,1) integers b,, * * - ,ba,
not all zero, there exists a unique integer
v(0=£v < p — 1) such that

b‘-l a)?'—'.- e “:-—n = Qs

(3’) Every =1 binary n-vector (e, es, * * * ,€a) €xcept
the all-ones vector occurs exactly once per period
as n consecutive elements in a.

¢. The Boolean transform. Let g(x) be a +1-valued
Boolean function of (0,1) variavles x,,x,, - * * ,xa. For
any s = (8,8, * * * , ), & = 0 or 1, define

B (s,x) = 2™z (—1)nmer e raamn

These 2" functions of x, the Rademacher—Walsh func-
tions (Ref. 5), form an orthonormal basis for 2*-space.
Relative to this basis g (x) has components G (s) given by

G(s) =272 ? g(x) ¢ (s, x).

That is, G(s) is the projection of g(x) on ¢(s,x),
normalized so that

Similarly, we have

g(x) =223 G(s) ¢(s,x).
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Consider the effect of setting x; = ax_; in g(x). As a
function of k, a binary =1 sequence {y:} =y is gen-
erated:

= 3 G (e

= EG(S)ﬁi‘_x agt, gt

Note in the above equation that the coefficients G (s)
are determined by the logic alone, and that, by (2’), we
have fourth property basic to our analysis:

@) n=G(0) + §°G<3)ak+u(n

where the mapping v (s) of all binary non-zero n-vectors
onto {0,1,2, - - - ,p — 1} is one-to-one.

d. Random number generation. Let a = {a;} be the
(0,1) sequence generated by an nth degree maximal-
length linear recurrence modulo 2, as described previ-
ously, and define a set of numbers of the form

Yx =0~aqk¢r—laqk¢r-z O Qgkar-n (basez),

where r is a randomly chosen integer, 0=<r < 2" — L.
That is, y; is the binary expansion of a number whose
binary digits are n consecutive digits in a, yi spaced g
digits apart. For reasons essential to the analysis, we
restrict ¢=n, and (¢,2"-1)= 1.

We can also write

»
Y = E 2-'aqk+r—!-
t=1

These all lie in the interval 0 < y; < 1. Because of con-
dition (2), the randomness of the choice of r is equivalent
to the statement that the initial value y, is a random
choice.

e. Analysis of the generator. We shall find it convenient
to work with a transformed set of numbers wy rather
than the y,. Specifically, let « = {a;} be the +1 sequence
corresponding to a = {a;}, and define

"
wy = 2 2-¢ Qgk+o-t»

t=1
We see that y, and wy are related by

There is thus an easy translation between w; and y;.




By property (3), it is recognized that every one of
the possible binary expansions of a number occurs exactly
once per period, except that giving y, = 0. Hence, for yx

2 Ly L] -2

and for wy
—]1 42 =w,=<]1-—3:2"

We generally may assume, merely from the application
to which we wish to suit the numbers, that n is mod-
erately large, so that the numbers y, and w, are ex-
tremely numerous. For example, if n = 35, there are
3.43 X 10* of them. We wish to consider only a portion
of the total number of these, say N of them, and to dis-
cover, for moderately large N, how these are distributed.

f. Correlation properties. The mean value of wj is
easily found

E("’k)—?z u’k—_z 2-¢ 2 Rgk+r-t

rx0 p t=1 r=0

= -—2'”

a number verv nearly equal to zero. This produces
E(w) =%
Define the sample autocorrelation function 'l\{(m)
of wy by
A 1 2
R (m) = w‘ E Wil + m
k=1
A
The expected value of R(m) is the true autocorrelation
R(m) function of the process

R(m) = E [R (m)]

and the value R(0) is the variance o* of the process w.

p-1

] »
_2 2-(tew) 2 Qgk+r~t Agksvr-ur
p i=1u =l r=0

The last sum is —1 if ¢ = u and p if t = u, by (2'). Hence

This shows that w; has essentially the same variance
as a uniformly distributed process.
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A
Now consider R(m), m 0. First, its mean value is

R(m) = E[R(m)]

l N » » p-1
=_N' 2 2 E 2-them 2 Qoksr-t Agikamisr-u
p k=1 =1 %=1 r=0
1 L] n p-1
'_"; 2 2 2-t-w 2 ArAregmet - -ue
t=1 u= r=0

The last sum is again —1 unless gm + ¢t — u is a mul-
tiple of p. Obviously,

gm—n+l1=gm+t—u=qgm-+n—1

Hence, if g=n and m=(p — n)/q, we see that

O<gm+t—u<yp

so gm + t — u can never be a multiple of p. These con-
ditions we shall now assume to be in effect as one of

our hypotheses. The mean value of R(m) is then
R(m) = —-—l(l — 2)
p
—_ — _P_ — 2-:» _ 2-n‘

(p+1)

The mean behavior of the process shows essentially no
correlation between wy, and wy.. for any m(m =1,

»[(p = n)/q]).

The sample autocorrelation function is itself a random
process, and its mean-squared value for m£0 is

EfRRm))=3 3 3 3 2

=1t u=3 i=1 §=1
where p.y; is defined by

Reuij =
1 N N p-1

2 Qrikg-t Are(kem)g-wXreslg-1@re(lem)g-§»
170

pNz kgx ]

Now since we have restricted g=nand 1<=m=(p—n)/q,
there exist v, and v, su-h that

Qrigi-t Arikgekm-u — Qrip,

Arslg-4 Arelqelm-§ — anv‘
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For fixed values of t, u, {, and {, there is at most one value
of | for each k such that v, = v,. Hence

1
Meuij é";‘ﬁ?[N(P + 1) — N?]

produces the result

Efemi=a -2y (Bt 5)  me0) .

and the value of the variance of ﬁ (m) is likewise bounded

var [R (m)] < (1 --)‘( p;l - i)

1 1
< "ﬁ( 1+ —p') .
This indicates that the deviation of the sample autocor-

relation function from its meam value is very smadl, and
decreases proportionately as N increases.

g. The di®ribution properties. We have showr‘ that
w; (and consegyently, y;) has essentially the same mean
and variance as a unif>rm distribution. Now consider
actual distributions of N values of y, on (0,1). To do
this, we consider an arbitrary interval of length L < 1,
and observe what percentage of the N values of y; lie
in this range.

Since we are considering binary expansions of num-
bers, intervals of width 2-¢ are most conveniently con-
sidered, and these will surely be sufficient to our needs.
To do this, we consider the first d positions of the vectors
representing yx for k=1,2, - - - | N, and count the num-
ber of these having a specified pattern. This is equivalent
to forming a Boolean function on the first d positions of
Yx, whose value is, say —1, if yx has this initial patter:
and +1 otherwise.

More specifically, let (e;, e, - - - , e4) be the initial pat-

tern of ones and zeros we seek as a prefix to yi. Then
define the (1) Boolean function g(x) by

g(x)={—}

A
The relative number of times T that a number y, falls
in the specified interval is

B Y
B 2N[N_k=217k]

ifxl = €y, X3 = €y, "
otherwise,

Y- 7 Rl -7
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where y, has been previously defined; its value is

"= G(O) + "20 G(‘) Digsrevis)

N
by the Boolean transform. The expected value of T is

T=E[T) + -};;

r= %{ 1-G(0) + —Eoc(.)]

=_;_[1..,(P+1) W+ EG(;)]

But it is easy to see from its definition that

g(0)= 2 Gs)

and thar

G(0)= 2" Tg(x) =2(2*—2:2"9)

=] — 24+

Hence, we have

S GIEIERS

()25

Thus, the y; are equidistributed in the mean.

The variance about this mean can also be bounded.

First, however, we compute

1 p-1 XN N N N 1
—2 23 uwn=32 2 2 ZCGEGCU—
P r-0ok=11=1 k=11=1 5§ wu 14
p-1
X Z ek, et an A,
=1

t=q(-k)

If s 0, and us£0, then there exist integers v, and v,
such that

&y e 4 o
a, ast ., Crivy

{71 s Uy o
pit-1 Xeston Qrev,




and for each k there is at most one ! such that v, = v,.
Using this fact and the Schwartz inequality, we see

wew{en(i+3)-3)
+N(1+-;1’-)

This calculation then places a bound on the variance of ?,
1 1 3 1 1 :
var?=TE{-E,'E 7,,—(1 +-,-’—) G(0) +? g(O)}

s%{ — [ +G ) —;< 1+ %)

+%(1 +-:;)g(o)c(o)+%(1+—;-)}.

If the negative terms are omitted, the inequality is
stronger,

varT < — i(1+ p){N 2g(0)(1—24n)}

D)

and again, the deviation from expected behavior de-
creases as N grows larger, independently of e.

h. Summary. The conclusions reached by this analysis
are stated in the following:

Theorem. It {a} is a (0,1) binary sequence generated
by an nth degree maximal length linear recursion rela-
tion modulo 2, if for (¢,2"—1)=1, and g=n,
Y = 0.8kq-18xg-2 * * * 8-, is the binarv expansion of a
real positive number in the interval (0,1), and if wy is
a real number in the interval (—1, +1) related to yi by
wy = 1 — 2y, — 2-*, then averaged over all possible (as-
sumed equally likelv) initial values y, (or w,), then

(1) The mean value u of the sequence wy is
= 2"‘

and variance o?

1 72
=“s"\:~:—2")
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(2) The sample autocorrelation function, defined by
N 1
R(m) = -N— 2 Wirtt) . m

has as its mean value R(m), given by
R(m) = 2™ — 2

form=1,2, - ,[(2— 1 — m)/q]. The variance
of R(m) about R(m) is bounded by

verfiim) < 3] 1+ oy ]

(3) The relative number of times T that yx falls in the
interval for which the first d positions of the binary
expansion are fixed, i.e., a neighborhood of length
2-4 in the interval (0, 1), has mean

T:E[f]==2-‘[l+-(—27l_—l-)-]

+ 180 - 1(557)

for any number N of points ys. The variance of T
is bounded by

var [T] <',i—[1“* @Tl_"ﬁ][%+(272——17]

i. Primitive polynomials. In order to implement the
generator, it is necessary to find a primitive polynomial
f(x) over GF (2). These have been tabulated up through
degree 34 and appear in Peterson (Ref, 6); others appear
in Watson (Ref. 7). The form easiest to implement is
that in which the recursion relation has fewest terms.
Golomb, et al. (Ref. 8) have found primitive trinomials
for most degrees through degree 36. A degree 35 poly-
nomial f(x) = x% + x* + 1 is very useful for generating
numbers on an IBM 70084, wh.se numerical register con-
tains 35 digits. The period p = %** — 1 is relatively prime
to 35, and so g may be set equal to 35. Preliminary experi-
mental results indicate that the bounds given here are
indeed valid for arbitrarv sample sequences y:. These
tests and experimental properties will be discussed more
fully in a subsequent article.
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2. A New Decoding Procedure for Bose—
Chaudhuri Codes, G. sclomon

a. Introduction. The decoding procedures presented by
Peterson (Ref. 3, Sects. 9.4 and 9.5) for Bose—-Chaudhuri
(B-C) codes involve matrix inversion, determination of
linear inlependence, and the finding, by trial and error,
of roots of certain polynomials. While the procedure
outlined is algebraic in nature, it does not take full
advantage of the structure of these B-C codes nor does
it use the full power of the later Mattson-Solomon poly-
nomial representation and new treatment of the subject
(Ref. 10). We present here a complete algorithm for the
correct decoding of these codes using the full carabilities
of the Bose—Chaudhuri codes. This algorithm ‘s highly
algebraic in nature and involves a series of computations
of coefficients and substitution of these coefficients in a
set of formulae. The end result is the decoded word.
This decoding procedure will be used on Deep Space
Network interstation teletype links for command veri-
fication.

b. (2* — I,m) Bose-Chaudhuri cyclic code. We treat
for simplicity of discussion only the special case in which
the recursion polynomial for the code is primitive, ie,
has one of its roots primitive of degree k. Thus, let A
be a B-C code of length 2* — 1 and dimension m. Then
following Ref. 10, there is a polynomial f(x) dividing
x*-1 + 1 of degree m over the field F of two elements
which serves as the recursion rule via the shift register
for the code. For example,

f(x)= Zuix', wue€F,
i=o0
can be written as the product of r irreducible polynomials
over F:

f= n fr, (),

where f;, denotes the irreducible polynomial over F with
B! as a root. B¢ is the smallest integral power of 8, which
is a root of f;,, where B is a fixed primitive root of f(x).
If A is e-error-correcting, then by Ref. 10, we know that
f(x) does not contain the first Z¢ + 1 negative powers
of B as roots. But here “e-error-correcting” is taken to
mean that the e errors are corrected because of the B-C
theory; extra errors that are corrective are not correctable
by this (or Peterson’s) procedure.

Corresponding to this fixed choice of 8 and a cor-

respondence of the coordinates of the code vector with
the powers of 8 for each code word a = (a;) in A, there

190

is a polynomial g, of degree at most 2! — 1 — (2¢ + 1)
of the following form:

8(x) = Seat,

Cai = cf’

c;eGF (2%

such that g, (8°) = a; (Ref. 11). The coeflicients of these
£a are given by the Reed inversion formula, in terms of
the coordinates and the (2* — 1) roots of unity:

2k-2

a= 2 apt
i=0

We note that a necessary and sufficient condition for a
received word to be a code word is that ¢; =0 for all
positions ! such that 8 is not a root of the generating
polynomial f(x). Call this set of positions S. Thus, since
¢2; = ¢}, there are r + e independent coefficients to com-
pute, of which e at least must be zero. Using the formula
(or an alternate method to be presented later), the c; are
computed. Using certain of the ¢’s, an algorithm can be
devised, with the aid of the Newton formula relating
power sums and symmetric functions of elements, which
will ield the correct word.

c. Structure of the c’s. Let us examine the c’s. For
clarity, we relabel ¢, _; = c_; as d; for all those ¢ which
should be zero in the event of 2 correctly received word.
Thus, the rule remains that d; be zero for all i. There
are at least e independent such d; if we are to assume
the B-C bound gives us minimum distance 2¢ + 1. In
particular, d;,i =1, - - - ,2¢ must be zero.

To see where we are headed, let us assume one error
has been made in the jth position. Then we have.

dxzpf’ dazﬁ”; c’1=01+ﬁ-‘_

We note ¢, =c; + (1/d,), where ¢, is the correct co-
efficient.

We note simply thatd, = d3, d,= d3,d;, = d’, 1-£3,5.
If we add the reciprocal of d, to ¢, and the appropriate
powers of the reciprocal to the other ¢, we end up with
a correct set of ¢’s which give the correct word.

Let us now assume that ¢ errors, t=:¢, have been
made. If y,,y,, - - - ,y: are the powers of 8 correspond-
ing to the coordinate positions at which an error has




been made, then d. is the sum of the mth powers of
Yo ot Lyel

]
du= 247,

and a correct ¢; can be obtained by just adding to the
computed ¢ the Ith powers of the reciprocals of the y;.
Since we can compute the d; directly and d; are power
sums of the error positions, all we need to do is relate
the power sums of the reciprocals of the errr positions
to these and we are done.

d. Use of symmetric functions. We introduce the sym-
metric functions of the above y;. For t elements, define
o (t,i) to be the sum of ¢ elements multiplied i at a time.
We note that o(,1) is just the sum of these elements
one at a time and is equal to d,, o(t,t) is the product
of all of them, and o (t,{) for j > t is 0. We can compute
the ¢ from the d; via the Newton formulae relating the
power sums to the symmetric functions. Thus, the ¢ are
given directly from the computed d; (or at least the first e
of them). We need only now note thatthe y;',i =1, - - - ¢,
have a set of symmetric functions easily obtainable from
the ones just computed. For, if y., y:, y:, are the roots
of a polynomial with coefficients given by the symmetric
functions

t

> ot i)xt-t.

i=0
the reciprocal polynomial with the y;*, y;!, - - - ,v;! as
the roots, is given by

a(t,i) .
2own "

Thus, the symmetric functions r(¢,1) for these is just
o(t,t — i)/o(t,1).

Now to obtain the power sums of these elements, we
simply use the Newton formulae again, but this time
substituting in the 7. Once these are computed, we simply
add the results obtained to the already calculated ¢’s,
and we are done. This need only be done for the inde-
pendent set of ¢’s.

From our representation we have ensured that the first
2¢ + 1 power sums are obtainable, and the ordinary sym-
metric functions can be computed from these (Ref. 9,
p. 178). In the computation of the symmetric functions,
the exact number ¢ of errors made is determined and
this is used for the reciprocal formulation.
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In Peterson’s procedures, the exact error location posi-
tions are determined fiom the polynomial of the sym-
metric functions. This can only be done by the trial and
error method and involves substituting all 2 — 1 values
in the polynomial.

Even though the calculation given by the Reed
formula seems lengthy and involves finite field opera-
tions, it is not necessary to actually compute ‘he ds this
way, as will be shown. We need not even use the poly-
nomials for finding the error vector.

¢. Mechanizations of the computations for decoding.
Let A be a (2¢ — 1, m) code of the type described above.
To affect algebraic decoding, we must mechanize the
field operations of GF (2%). Let f (x) = f. (x) be the primi-
tive polynomial of degree k, with 8 as root. We set up
an isomorphism between binary k-tuples and GF(2¥)
in the following manner. Consider the polynomia’
x+2+x+, -, + 2" Form the vector B=(b;),
i=0,1,2, - - ,2% — 1, where b, is the value of the poly-
nomial for x = g°. To the element 1 in GF (Z*) we cor-
respond the initial k-tuple of this vector, ie., (bo,b,,
b, - - - ,b,). To B! we assign the k-tuple (b,
bi.s, - - - ,bi.x-1). Addition of the k-tuples is the usual
point wise addition of coordinates, and multiplication
by a power m of 8 is the k-tuple obtained by a shift of m
positions (to the right) along the sequence. This sets up
an algebraic isomorphism between the binary k-tuples
and the field GF(2%) (Ref. 12). Any initial non-zero
k-tuple would serve, but this particular choice also sets
up a direct correspondence between GF (2*) and the k
information bits of a code word belonging to the maximal
length shift register code generated by f,. For example,
if ceGF (2¥), then our representation both as a k-tuple
and as the values of the polynomial

k-1

2 Czix:u

=9

atthe gi fori = 0,1,2, - - - |k — 1, are exactly the same.
This will be our field GF (2*), and on these k-tuples, sub-
ject to these rules and field operations, we shall do our
computations.

f. Calculation of the d's. If ¢ errors are made in trans-
mission, we need compute d,,d., - - - ,d., and plug them
into the Newton formulae. Since the d; are k-tuples,
we shall need ek operations on the received vector
a = (a;) and on the above defined and stored B. (In
reality, only the first k bits of B need be stored and the
rest generated by a shift register device.) Let us com-
pute d,. From the Reed formula, d; = Za; 8;. By the
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above representation, this corresponds to the k-tuple
(Saib;, Za;bi.\, Saibi.,, '+ - ,3a; bi,x-,). Defining
the dot product a+B = 3a; b;, and T/B as the jth shift
of B to the right, then d, is given by (a*B, a*TB,
a*T*B, - - - ,a*T*'B), a set of anding and summing
operations. Mechanically, one may envision the received
vector B as it is shifted along the shift register.

To compute d,., we note that d. = 3a; g™, which
corresponds to the k-tuple
(20 bim, 20 i1, 38i bim.z, -+, 20i Dimary).
Thus, if we speed up the shift register of B by a factor
of m, and take the received vector @ = (a;) and and it
with the speeded up B, we obtain the second coordinate,

and so on. Thus, for e errors, we have a total ek such
anding and summing operations.

g. The (63,18) Bose-Chaudhuri code. We apply the
results of this report to the (63, 18) Bose-Chaudhuri code
considered in Posner-Solomon (SPS 37-26, Vol. 1V),
which will be used in DSN interstation telemetry. This
new decoding procedure simplifies the one presented in
SPS 37-26 which otherwise would have been used. The
ccde is a 10-error-correcting co<: > generated by the recur-
sion polynonsial

fRy=x®+xc+tax+ 202+ "+ + 2 +x2+ 1

=(x*+x+D)Ex+x*+x2+x+1)
X (2% 4 1) (x* + 22 + 1).

For our decoding computations, choose 8 a root of
x*+ x + 1. Then to the code word a is associated the

polynomial

corTexteixr+ - ot et e+ -

+ ¢¥x* + ¢x® + cix’® + cix3 + cox® + cZ xtt

The Reed formula gives the values of ¢’s and d's for
each code word a = (a;), where the computations are
performed in GF (2¢). For a code word to be received
correctly, the d’s must all be 0 (d, =d;=d;=d,;=d,,=0):

62 . 62
Cj — 2 a 8‘”, d,' = z (Iiﬁj.
iz i=0
In order to perform the computations, we sci up the
correspondence of Part e between the 6-tuples of 0's

and I's and GF (2¢) in the following fashion: To 1 ¢ GF (2°)
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is associated the 6-tuple (0,0,0,0,0, 1) corresponding to
the values of the polynomial

2+ 27+ 20+ o0 e 2

at the values

l,ﬁ’ﬁz, PR ’BS.

To B is associated the 6-tuple (0,0,0,0,1,0), which is
simply a shift along the code word length 63, generated
by the recursion polynomial x* + x + 1, using the 6-tuple
associated to 1eGF (2¢) as the first 6 bits.

As in Part e, multiplication by the jth power of 8
is simply the 6-tuple obtained by shifting j positions
along this code word from the 6-tuple to be multiplied.
Thus, d, say is given by the 6-tuple (¢*B, a-TB,
a*TB, - - - ,a*T*B).

The first coordinate of d, is obtained by starting with
B and shifting 3 times as fast as usual and dotting with
the received vector a. The second coordinate of d; is
obtained by shifting B one position and again dotting
this speeded-up vector with a, and so on. In general, to
obtain the first coordinate of d,, we speed up the vector
B a factor of e times and dot it with a. For the second
coordinate of d., B is shifted one position and then
speeded up e times and dotted with @, and so on.

h. Correction of t errors in the (63, 18) code. Let us say
that ¢t errors have been made in the received vector a.
Then, using the computed values for d,,d;, - - - ,d; and
plugzirg them into the Newton formulae, the symmetric
functions

01,02, " " " ,Ce

are obtained. Using the results of Part d, the sym-
metric functions r of the reciprocal roots are obtained.
Plugging these values back into the Newton formulae,
the power sums of the reciprocals of the error positions
are obtained. In particular, the first, fifth, ninth, and
twenty-first are obtained. All the others are computable
and known from the c’s. For example, if 8, = 1,2, - - - ,¢
are the error positions, and if

T,=38,




then
T3=d‘|5) T‘I =d%) Tllzd‘u)

T =d}$. Ts= d‘;, T..= T‘:; T =d:1,
and the T; are determined as above for i = 1,5,9,21.
To the vector a is added the vector ((h,(8%)), where

he(f) = x+ Tox + Tix? + T30 + Tox® + T + - - -
+ T3x3t + Tox® + Tix'® + Tix*® + T, x'T3,x%2.
Since we are only interested in the information bits
we need only compute the first 18 coordinates of this

vector and add these to the first 18 received coordinates.
The result is the correct 18 information bits.

i. Example for triple errors, t = 3. Let us suppose
three errors have been made on unknown positions g,,
B:, Bs. Then we have

dn=ﬂx +B: + B,
d,=p8 +8 +83,
do = £ + B + B

Using Newton’s formulae, and defining o, = 8, + 8. + 85,
o2 = ﬂlﬂz’ + BIBL’ + ﬁxﬁa + Bzﬁs; o3 = B]ﬂzﬁs, we Obtain

01=d1§
_ d§d3+d5.
2T "d+d,
_dids +di + did, + d‘,‘.
7= d: +d, ’
also,
0, = 05 = 0g = (),

Defining now

n=87+8 A,
12 = (B1Ba) + (B1Bs) + (BBs)™
5 = (B1B2Bs) ",
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we have, very easily,

) -0 — -t
T~ y T2 =" T3 — 05 .
g3 (4]

Letting T; = 8;! + 87 + B; we have, again using the
Newton formulae,

re=15=71=0, 1>5.
T, =7, Ti=Ty;
Ts=Tery + Tire + 75 =0;
T,=T}

T5 + TQTl + T;Ts + T11‘4 + Ts = 0;
Tr + TQT; + Tg‘l‘z + T;Ta + T;‘l" + T51'5 + TQTQ + T — 0.

We compute T,, T, T, T, very simply since everything
else is known:

T2

T1=Tl=a—3; Ta=d‘,5;
T5 = T? + T372 + 73T¥;
3 1 o
T9=0_§+2T3+_0—;,
g, o3 o3 O3

T2 = Tyory + Trora + Tisra

The h, (8%) are then computed and added to the received
word to give the correct word.

3. Coding for the Binary Asymmetric.Channel as

Applied to Ranger Block Ill Command Detector,

E. C. Posner

a. Summary. The Ranger Command Detector studied
in an article on extreme value theory (Sect. XIX-C-1
of this report) has in its present design the property
that a 1 can be mistaken for a 0, but not a 0 for a 1. The
channel that results is called the binary asymmetric chan-
nel. This short note introduces the mathematical study
of such channels, and shows how a simple code can
reduce the error probability in the Ranger Command
Detector from high to low values, and with a minimum
of equipment.

b. Preliminaries. In the theory of error-correcting codes,
the binary symmetric channel has usually been consid-
ered. In this channel, there are two symbols, “0” and
“1,” and an error probability p. This error probability is
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the probability that a transmitted 0 is received as a 1, and
also the probability that a 1 is received as a 0. Thus, the
name “symmetric.”

A (systematic) (n, k) code with k information bits and
n — k check bits is often used on the binary symmetric
channel. These codes consist of words of length n. The
first k are the k information bits to be sent, and the last
n — k are the so-called check bits. These check symbols
are Boolean functions of the k information bits.

It is well known that if one is using an (n, k) code on
the binary symmetric channel, and one wishes to correct
all single errors in transmission, then the code must have
minimum distance at least 3. That is, every two code
words in the code must differ in at least three positions. It
will now be shown that minimum distance 2 often suffices
in the binary asymmetric channel.

For example, consider the (2,1) code consisting of the
two code words 00 and 11. That is, 0 is coded as 00 and
1 as 11—the information symbol is merely repeated twice.
This code does not correct all single errors in the binary
symmetric channel. For, if one receives the codeword 10,
one cannot tell whether the word 00 was sent, with an
error in the first position, or whether 11 was sent, with
an error in the second position.

However, the same (2,1) code does in fact correct all
single errors in the binary asymmetric channel, even
though the minimum distance of the code is 2 instead of 3.
To see this, note that the only possible error changes a
linto a 0, not a 0 into a 1. Thus, if 00 is sent, 00 is received
with certainty. If on the other hand 11 is sent, then 11 is
received if no errors occur in transmission. But if a single
error is made, the received word is 01 or 10, depending
upon whether the single error occurs in the first or second
position,

Thus, the (2,1) code on the binary asymmetric channel
is decoded as follows: if 00 is received, then the informa-
tion bit is decoded as 0. On the other hand, if the received
word contains a 1, the information bit is decoded as i.
Now let us see how the use of the (2, 1) code on the binary
asymmetric channel reduces error probability.

c. Error probabilities. We shall examine the improve-
ment obtainable with the (2,1) code. Let r be the prob-
ability that 1 changes to 0. Then an information bit is
decoded incorrectly if and only if the bitis a 1 and a
double error occurs in transmission. It can be assumed
that 0 and 1 are just as likely for the information bits, so
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that the probability of a 1 information bit is %. And the
probability of a double error is 72, when the 11 word is
sent. Thus, the output information bit error probability
is r2/2,

By the same reasoning, the uncoded bit error probabil-
ity is r/2 = p say. So an input bit error probability of p
yields after coding an output bit error probability of
2(r/2)? = 2p*. The price paid is that the information rate
is cut in half.

An improvement is effected if p <%, since then
2p* < p. (But note that if p > %, the usual option of
interchanging 0 and 1 to get p < % does not work in the
binary asymmetric channel. The case p > % would have
to be considered separately.)

Of course, one is usually interested in r much less
than 1. For example, in the Ranger Command Detector,
the specifications call for a bit error probability of less
than 10-5. If the (2,1) code is used, this specification de-
mands that 2p? < 1073, or, p < 2.236 X 10-2. Then the
probability that a 1 changes to a 0, that is,.r, which is 2p,
must be less than 4.47 X 10-2.

Now 4.47 X 103 is considered a rather high error prob-
ability. So this value could be easy to obtain. But to obtain
r < 2 X 10-5, which is the value for r necessary if the
specifications are to be met with no coding, can be much
more difficult.

That is, by using the (£,1) code, a “bad” detector can
be made into a “good” one with a loss of only 50% in rate.
For a command system in which rate is not as vital as
low error probability, one would choose the coded sys-
tem with lower rate. That is, in the present form of
command detector in which the transition 0— 1 can be
assumed not to occur, the (2,1) code can be used to
obtain detectors that meet the error probability speci-
fications.

d. Implementation of (2,1) code. In applications of
error-correcting codes to the binary symmetric channel,
one big problem present is that to obtain a dramatic
decrease in output bit error probability, the decoding
process quickly becomes complicated, and requires a big
decoding machine. Such big machines are not necessary
for the (2, 1) code used on the binary asymmetric channel.

For, one takes advantage of the fact that the transition
0-> 1 does not occur. Then one decodes the information
bit as a 1 if and only if one of the two symbols in the




received word is a 1. Otherwise, the information bit is
called a 0.

The decoder for the (2,1) code, then, consists of a
buffer of length two (Fig. 1). A nor gate with two inputs
is connected to the two flip-flops of the buffer. Every
other symbol period, the output of the gate is read. If
the buffer contained two 0’s, the output of the gate is a 0;
if the buffer contained one or two 1’s, the output of the
gate is a 1. These indeed are the outputs required by
the decoding scheme.

It will be seen that the decoder, as shown in Fig. 1,
requires a minimum of extra logic over the method using
no coding. In fact, the only =xtra logic required is two
flip-flops for the buffer, one nor gate, and one flip-flop
to read the output of the nor gate every other symbol
time as required by the system clock. The (2,1) code is
therefore entirely feasible and can be used in the Ranger
Command Detector in its present fo.m. The same code
can be used for error-detection allowing repeat-requests.

e. Areas of research. The binary asymmetric channel
offers many interesting areas of coding research:

(1) Relate combinatorial properties of a given binary
code to its binary asymmetric error-correction and

ST

DETECTOR

-detection ability.
BU+ ER

\VaVY
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Fig. 1. Implementing the (2, 1) code

OUTPUT
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(2) Define “close-packed” for the binary asymmetric
channel, and study the combinatorial structures
that this definition implies.

(3) Find codes and decoding procedures that take
advantage of the peculiar properties of the binary
asymmetric channel.

(4) Consider the use of linear binary cyclic codes on
the binary asymmetric channel. Find the improve-
ment in decoder simplicity attainable with the
binary asymmetric channel.

{5) Estimate the way error probability drops with code
length.

It is conjectured that the binary asymmetric channel
yields huge decreases in decoder complexity.

B. Detection and Filter Theory

W. B. Kendall, W. C. Lindsey, J. J. Stiffler,
and R. C. Titsworth

1. A Comparison of Some Exact Results for the
Biased Square-Law Sequential Detector to the

Corresponding Approximate Classical Results,
W. B. Kendall

a. Introductior.. Sequential detectors are devices which
detect the presence (or absence) of a signal in a noise
background by sequentially observing an input waveform.
At each instant, the sequential detector’s output consists
of one of thrze possible outputs (or decisions):

(1) No signal is present (dismisse;l).
(2) Signel is present (alarm).
(3) Continue making observations.

The biased square-law sequential detector, which we
will consider here, uses samples y; of the envelope of
the received waveform to calculate the sums

5= 3 [k - bl

where the bias b and the multiplier k are abitrary non-
negative constants which can be adjusted to suit the
application. The sums x;, i = 1,2, - - - are sequentially




JPL SPACE PROGRAMS SUMMARY NO. 37-27, VOL.. IV

compared to two thresholds until an x; is found which
is less than the lower threshold B or greater than the
upper threshold A. Then, if x; = B it is decided that no
signal is present (dismissal), and if A=1x; it is decided
that signal is present (alarm). For the y; having the
Rayleigh probability distribution f(y) = yexp — y2/2,
i.e.,, for the received waveform consisting of Gaussian
noise alone, the author (Ref. 13) has obtained exact
expressions for the probability of (false) alarm and for
the average number of observations required to end
this test.

It is well known (Ref. 14) that the (optimum) sequen-
tial probability-ratio test for the incoherent detection of
a sine wave in Gaussian noise requires that the sums

5= 3 [-%@) + I (o))

be compared to two thresholds A and B where B < A.
Here a?/2 is the signal-to-noise power ratio when the
signal is present, ie., it is the “design” signal-to-noise
ratio. When a is sufficiently small it is usuaily satisfactory
to approximate In I, (ay) by a constant plus the first term
of its power series,

Inl, (ay) =~ % (a*y®) — B.

The constant 8 =0 is usually taken to be a*/8, which
is the expected value of the next term in the power series
when no signal is present (Ref. 14). Use of this approxi-
mation yields

v 3 lava)y = (8 +a/2)
which suggests that for small g, and with k and b given by
k=a?/4
and

b=g+a/2

the author’s exact results should approach the classical
results for sequential probability ratio tests. In the fol-
lowing parts of this article, we will show that this is
indeed the case.

b. Probability of false alarm. In Ref. 13 it is shown ihat,
for the biased square-law detector, the probability of
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(false) alarm when no signal is present, which we shall
denote by P, (0), is given by

0BG [—-DB, Db]
et -8+ G ID (A — B + b); Db]

P,(0) = B<0<A

where A and B are the thresholds, b is the bias, and

k=wa%*/4

D = (2/a*) exp { —2b/a%}
= 2/ (a%a)

a = exp {2b/a*}

and

Go=1+ 3 8-

: c=nc=x=(n+1)c
i=1 11

It is also shown in Ref. 13 that for x/c =2, the function
e G (x; c) is given to three or more decimal places by

1 1
edl‘( . P (e-y)e
(x’c)~(1—-yc)e § (ac—l)

c<l/e
y<e<fa

where « and y are the two real roots of s = ¢*¢. (Thus,
Ina = ac and Iny = y¢.) This approximate exgression for
e G (x; ¢) can be used in the evaluation of P, () as long
as —B/b=2 and the inequality

Db = (2b/a*) exp { —2b/a*} < 1/e

is satisfied. This inequality is satisfied as long as 2% /a% -~ 1,
or, for b = B + a?/2, as long as B % 0. Use of this approx-
imation yields

1-— [_l__.l_nl] el{lna-iny)/b1B

Inae—1
[(na-Iny)/bl(A+D) — e[(lna-lny)/b]ﬂ

BH0
3—ﬁéa’+2ﬁ

P,(0)= .

The two factors in square brackets in this equation can

be written as
1-lny —l_izi
Ina—1|" 2[3
and

(2/a%) [(48/a) — ¢)
1+ 28/a?

[(Ine — Iny)/b] =




where e is defined by

eldlny — 1+ 28/a®
< (28/a*) — [1 — eDb]*%
= (28/a%) — [1 — (1 + 2B/a%) e*#/*']%
< (28/a%)/8.

Thus, we have ¢ < < 28/a* when 28/u* < < 1, so in this
case P, (0) can be further approximated by

1 — g88/a98
! (0) = e(8B/2%) (A+B+a%/2) _ p(8f/a9)B
B0
—-B=g*+ 28
28/a* << 1

It has been pointed out by Bussgang and Middleton
(Ref. 14) and by Bussgang and Mudgett (Ref. 15) that
the best biased square-law approximation to the optimum
incoherent detector for small design signal-to-noise ratio
a?/2 is obtained by letting B = a*/8. For this case we get

_ B=a'/8
Pq(O)z;_e; —-B>g?
a2 <<l

which agrees with Wald’s (Ref. 16) classical result for
sequential probability ratio tests. In Fig. 2 this small-
signal approximation is shown along with the exact re-
sults for design signal-to-noise ratios of 5, 1, and 0.01.

c. Average test duration. For the biased square-law
sequential detector in the absence of signal, the average
test duration M,(0) has been shown by the author
(Ref. 13) to be given exactly by

M, (0) = e-®® H [ DB; Db]
+P,(0) {1 — e224-3+» HID (A — B + b); Db])

where the function H (x;c) is given by

H(x;c)=(n+1)e™>

n j-1 — )i
_3REen ) cmzrz(mt )
J=1 i=0 "a
and the other notation is the same as that used above.
Also given in Ref. 13 is an ar proximate expression for
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Fig. 2. Probability of alarm for the biased square-law
sequential detector when the signal it not present
{exact and small signal approximation)

e** H (x; ¢) which has the same accuracy and validity as
that given above for G(x;c). It is

e*H (x;¢c) =~ — (1 -lyc)(a . Y)e"'Y”

pe) i

c< /e
y<e<La

Use of this approximation yields
M,(0)=[—-B—P;(0)(A—B)+E]/B

B#0
—B=a*+28
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where
at 2ﬁ 2 2ﬁ 1 —%+'
EW{”(‘«F) -no(1+3) t e _aw
88

X [P2 (O) e[(lna-ln’{)/“(A-B«-b) — e-[lnd-an)/l)l]}

and where the above definitions and relations for ¢ have
be:n used. The term E is due to the “excess over the
bounds,” i.e., it is due to the fact that, at the end of the
test, we have either x;, = B or A = x;, rather than simply
x; = B or x; = A. However, if the probability is high that
x; changes only a very small amount at each observation,
then this excess is negligible, and we have simply

M, (0= 2P OMA-B) ﬁf%éa’ +28
T A E<<-B

The condition for this last approximation to be applicable
is that both the mean and the standard deviation of the

random variables
x—x.,=(a*/4)yt — b

are »~rligible compared to the values of the thresholds
A and B. These gnantities are given by

<xi —~Xiy)=—8

At UPPER THRESHOLD 5
£+ LOWER THRESMOLD

Yg:-0 \
' 1 1

o 02 04 06 o8 ! 2 « 6 810
DESIGN SIGNAL-TO- NOISE RATIO, 02/2

and
<(x; - %X, + /8)')* = g*/2
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Fig. 3. Average test duration for the biased square-
law sequential detector when the signal is net
present {exact and small signal
approximation)

where the pointed brackets denote expected values. Care-
ful examination of the above expressions for E and P, (0)
shows that indeed E — 0 when both 2 and a* individually
become very small, yielding the classical result (Ref. 16)

[P,(0)] A+ [1 — P,(0)) B 0£8<<1
(x; "1‘59 a2l

M, (0)=

This small signal approximation is compared to the exact
expression for M, (0) in Fig. 3.

2. Frequency Demodulation, w.c.usdsey

a. Introduction. In Ref. 17 we considered the follow-
ing problem: A unit-variance random time-series m(t)
was used to frequency modulate a transmitter, resulting
in the emitted waveform

£ (1) = (2P)sin [ut + 8, (1)) )
where m (t) possessed the spectral density
Swl) = g ®

6,(t) = K, [ " m(r)ds.

The waveform { (t) was assumed to have been corrupted
in passing through the channel by additive, white
Caussian noise with a single-sided spectral density of
N. w/cps. Demodulation of the observed data {(t) at
the receiver was accomplished by means of a phase-
locked loop (PLL) followed by an appropriate output
filter. The loop filter F(s) of the linearized PLL model
was chosen such that the mean-squared phase crror ¢
was a minimum, while the output filter F, (s) was selected
such that the mean-squared frequency error was a mini-
nium. In particular, it was found that the pole-zero plot
of the optimum filters depended upon the signal power P,
the modulation index m, = K,/a, and the noise spectral
density N,. Since these filters are, in general, dificult to
implement, two altemnate approaches for accomplishing
the demodulation process were considered:

(1) The PLL was preceded by a bandpass limiter. The
pole-zero configuration of the loop and output fl-
ters was “fixed” such that the system would operate
optimally under the worst channel conditions
expected,




(2) The same “fixed” PLL was preceded by an auto-
matic gain control (AGC) amplifier. The perform.-
ance characteristics were derived and graphically
compared with those of the optimuin demodulator.

Here we consider the same problem; however, the
demodulator model will be modified so as to take into
consideration the nonlinear element existing in the for-
ward path of the “exact” PLL model. The sinusoidal
nonlinearity will be taken into consideration by means
of Booton’s (Ref. 18) so-called describing function method.
We shall compute the performance characteristics for all
three demodulators and compare these results with those
obtained in Ref. 17 for the linear model. Finally, we
present the performance characteristics of a single-
sideband or double-sideband amplitude-modulated sys-
tem which operates in the presence of the same channel
disturbance; ie., demodulation is accomplished at the
receiver by coherent-frequency translation of the observed
data, and the result smoothed with a realizable Wiener
filter.

b. Quasi-linear receiver model. The quasi-linear model,
introduced by Develet (Ref. 19), is based on Booton’s
{Ref. 18) idea that any nonlinear device subjected w a
Gaussian process may be replaced by an equivalent gain
K. The concept is simple and may be briefly described as
follows. Denote the input and response of an amplitude-
sensitive element by x, and x,, respectively. Let the output
x, be written in the form

X, = f(xi)

where f is the describing function of the element. Then
for a particular input process, we select that value of K
for which the mean-squared emor

[z, — Kxi)* = [ (x:) — Kx,]? 3

is a minimum. (The bar signifies an average taken in the
statistical sense.) For the problem at hand, f=sin[ ]
Assuming the input ¢ (f) to the nonlinear element is a
zero-menn Gaussian process, Develet (Ref. 19) shows that

K = exp [~ (o1/2)]

where ¢ is the mean-squared value of the phase error
o (t).

In passing, two comments are important. In order to
use this gain, one further assumption is necessary, ie.,
the process ¢ (t) must be frst-order stationary. Otherwise
the gain K,, hence the over-all receiver, of the element
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is time-varying. Second is the fact that the nonlinear ele-
meat is a part of the feedback system and, even though
the input to the PLL may be Gaussian, the operation of
a nonlinear element on a Gaussian process is, in general,
non-Gaussian, These remarks should be kept in mind
when employing the quasi-linear modcl; however, if we
are going to take into consideration in the design the
nonlinearity at all, this approximation secms to be as
simple and mathematically tractable as any. As a matter
of fact Viterbi (Ref. 20) shows that, for the first order
loop and no modulation present, Develet's approximation
is quite good so long as o3 < %.

The equivalent quasi-linear model is depicted in Fig. 4.
For reasons which will become obvious later, we define
the following transfer functions, i.e,

_y@ _Kels) 409
HO =G lO0 =00 o ©®

Referring to Fig. 4, it is obvious that

Fu(s) = ——f}’ff (‘:)’ ©)

Further, the closed-loop transfer function { the quasi-
linear PLL may be written by inspecti:=1 from Fig. 4,
namely,

KK, (PsFls) 7
Ho(s) = [t + KoK, (P)5 F (3)] {7
where
Ke = ﬂp(_d'{z}
'._m — M8} T
m.m/!r, e
a'lr)
) i
8.(') [ ’x. N i) fa") yals!
Gzlﬂ
r,/i gir)

Fig. 4. Quasi-linear phase-leck receiver
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and the loop filter F (s), obtained from Eq. (7), is

p(o - KKelEN ety ®

From Eq. (5) we see that the output 4, () of the PLL is
proportional to the amplitude of the input 6, (f). Thus,
the closed-loop response of the PLL is a function of
both the amplitude of the transmitted signal and the
phase error {Egs. (7) and (8)].

Before leaving this discussion pertaining to the quasi-
linear model we point out that the noise component n’ (¢)
of Fig. 4 may be referred to the input and designated
as n; (t), a stationary, white Gaussian noise process with

a single-sided spectral density
No N, K2
Ny =-p-exp(ed) =—p— ®)

Thus, the noise which the equivalent receiver sees is now
a function of the mea. -squared phase error and the
transmitter signal power.

c. The optimum filters. It is clear from Fig. 4 that there
are two types of errors which are made at the receiver.
One is the phase error ¢}, due to the receiver VCO’s
inability to follow exactly the incoming phase 4, (£). To
ensure proper operation of the PLL, i.e., make the loop
operate as linearly as possible, it is necessary to minimize
o} by selecting the loop filter F (s) properly. The other
error is the frequency error ¢}, i.e., the total modulation
errcr. For the receiver to reproduce the modulation wave-
form m(t) as faithfully as possible, and for the PLL to
follow the observed data as closely as possible, it is neces-
sary that we simultaneously minimize ¢7 and o3.

It mmay seem, at first, that it is impossible to' minimize
the phase and frequency errors simultaneously; however,
since the system is linear, the filter He (s) [hence the loop
filter F (s)] may be determined so as to minimize o}, and
the over-all receiver filter H (s) may be adjusted to mini-
mize of. Having determined that loop filter F (s) which
minimizes ¢4 when H (s) is fixed, the ability to carry out
the optimization procedure in this manner is a result
of the quasi-linear receiver model.

The optimum filters derived in Ref. 17 are applicable
Liere in that one needs only to replace N, (Ref. 19) appear-
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ing in the individual filter functions by N,exp(ei), ie,
(Fig. 4)

_ at{y — 1)ts
Hs) = 3x; (8 + ays + a%0) (10)
where
y=(1+28)% 3= mKe(R)%
my = Kg/ﬂ; R= P/aNo
The individual loop and output filters become
—Ds+aly+1
P = (P Rk [ S22l 23]
___aly—1PK,
O =R —Ds+al @
d. The output signal-to-noise and receiver threshold

characteristic when the loop is preceded by an AGC
amplifier. The output “signal-to-noise” ratio p,, i.e., the
reciprocal of the mean-squared frequency error, is com-
posed of two parts: the signal distortion S, and the error
due to the additive noise. Using the results given in
Ref. 17, S¢ is

_438(3+a) +48B(e*— K) + K (a + 1)

e BB+ 1) (5T o) — 6]

(12)

where

a=1+8(y—-1)
K=B(y-1)—-(—-1¢

ok — of
ﬁ=exp( ) )

and o, is the total phase error resulting in the fixed loop;
as is the phase error at the design values.

Similarly, that portion of the total phase error due to
the additive noise is

_ N (y—1p
= Nealy = I

where N, is the actual spectral density of the additive
noise process and N, is the spectral density of the noise
for which the loop was designed. Thus, p, becomes




1
A ¥ PV |
Set 7[«(7 + 1)']
[P aN,\ _R,
E=\aN,J\'P ) R
R, is the input design signal-to-noise ratio in a band-
width of a/2= cps at the greatest communication range
expected, and R is the actual input signal-to-noise ratio
(due to changing channel conditions) referred to a band-
width of a/2x cps. As a novel by-product of the analysis,

the signal-to-noise ratio for the optimum receiver is
obtained when R = R,; ie.,

(13)

_G+1y
Popt 4,7

This agrees with a result of Viterbi's (Ref. 17).

(14)

Further, the threshold locus of the PLL is given by

- 2m 28— 1 +y—1]
] R B

for the suboptimum or fixed receiver structure. Letting
s =1, we obtain the desired threshold locus

o emp
SV T 16)

In Part h we will have more to say about the constant C.

e. Receiver performance for reception of a signal
whose power is different from the design level. From
Eq. (10) it is clear that the closed-loop transfer function
of the PLL depends on the received signal power P. In
this part of this article, we wish to determine the effects
on receiver performance when the transmitter power,
say P,, differs from the design level P,. We shall assume
further that the noise spectral density is N, w/cps, and

remains fixed.

Since the closed-loop transfer function of the PLL
varies with the received signal power, it is necessary to
determine the new transfer function when subjected to
the true signal power P,. Contrary to the linear case
(where only the error due to noise affected the perform-
ance), we find that a change in signal power affects both
the noise and signal error. This is, of course, due to the
changing closed-loop transfer function which occurs in
both of the error expressions.
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From Eq. (7) we may rewrite, for an arbitrary signal
power P,, the quasi-linear PLL receiver transfer func-
tion as

KK, (P.)%F (s)
s+ KK (P)%F (s)

He (S) = (17)

where
K, = exp(—¢i/2)

and of is the mean-squared phase error for this power
level. Substitution of the fixed loop-filter F (s) [Eq. (11)]
evaluated at design levels into Eq. (17) and rearranging
gives

Blay—Ds+a(x+1)]

B = o+ B - D + ol + DA OO

where

() w(35Y)

At 8 = 1, He(s) reduces to He (s) as it should. The over-
all fixed FM receiver filter is obtained from Egs. (5) and
(11), namely,

’ _ ﬁaz (7 — 1)8 .
H'(s) = 2K [s* +a{l +B(y — 1)} s + a*88) (20)
The actual signal distortion is
, _ 4888 +a)+438(e — k) + (et 1)
§a= 28 [« + 1) (8 + o) — 86] 1)
where
a=1+B(y— 1)

«=B(F -1 -1y
and g is defined by Eq. (19).
On the other hand, the variance of the noise error is

_ =1y
0,2'; - a(y + 1)2 (22)
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Hence, the actual signal-to-noise ratio p} is

1
0 =— 23
4 aly + 1)

which is the required result.

The actual phase error ¢f which results from a change
in received signal power may be written as

1 [i= ,
ot -—2;[_jms.l(s)|1 — Hi(s)|2ds

1 [i= s
+§Lm S (s) | Ha (s)] 2 ds (24)

and becomes, upon carrying out the necessary integration,
o
af(y* — 1)

f. Receiver performance when the PLL is preceded by
a limiter and bandpass limiter. In Part d, we investigated
the demodulator performance when the PLL is preceded
by an AGC amplifier which holds the signal level con-
stant and the loop filter is designed in accordance with
the signal power P and noise power N, expected under
worst channel conditioning. In this part, we again fix
the loop filter as in Parts d and e and insert a band-
pass limiter ahead of the PLL. Since the optimum demod-
ulator requires the use of complex auxiliary servo loops
which must be capable of continually adjusting the pole-
zero configuration of the demodulator, it behooves the
design engineer to seek means and ways of mechanizing
the receiver so as to have it perform near optimally with-
out the use of the exact equipment indicated by the
deceptively simple adaptive filter equations. It appears,
from an experimental standpoint, that the bandpass lim-
iter may be an excellent engineering approximation to
the complex servo system which we require for optimum
performance.

2 —
o] =

2By — 1ty -1
(-1 ] @)

The appropriate filter functions required in the deriva-
tion are given by Egs. (18) and (20). As a matter of fact,
we may make use of the results obtained in Part e for
the signal distortion term. That portion of the error due
to the new noise N, is
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The actual phase error which results from a change in
received signal and noise power is found from Eq. (24).
Appropriatcly substituting and integrating gives

2m} [1_*_&(23()’—1)2'*'}'2—1)]
aB(y* — 1) N, -1

@n

when Eq. (18) is substituted into Eq. (27) and the inte-
gration performed.

Thus, in order to obtain the resulting signal-to-noise
ratio, we must relate the ratios N,/N, and P/P, to the
input-output signal-to-noise ratio relationship of the lim-
iter. This, however, requires analyzing the limiter and
we shall present this next.

g. Signal-to-noiz - ratios in bandpass limiters. In Ref. 21,
a general analysis has been made relating output signal
and noise powers for bandpass limiters having odd sym-
metry in their limiting characteristics. Assuming that the
gain of the bandpass limiter is adjusted such that the
output signal-plus-noise powers are those values for
which the optimum loop was designed, one may show
that (Ref. 17)

- 9
N, 1+R (28)
P R/{1+R,

_— 2
7= TFF) e

where

R = input signal-to-noise ratio of the bandpass

limiter
R, = input signal-to-noise ratio for which the loop
was designed
P, N, = bandpass limiter output noise and signal lev-

els, respectively

P,, N, = signal and noise levels for which the loop
was desig::ed

Thus, Egs. (28) and (29) may be submitted into Egs. (21)
and (26) to yield the output “signal-to-noise” ratio, i.e.,

s 1
s (FR[EEY]

(30)




-

where Sj is given by Eq. (21) and

a=1+8(y—1); K=8(*-1)—(y—1)
R RD
ﬁ=[—,§;(%i+—,;-) exp(az—aﬁ]” (31)

This is the required result.

h. Graphical results for the linear and quasi-linear
demodulators. In Fig. 5 we have illustrated graphically
the performance of the linear FM demodulator for three
different receiver configurations: (1) the optimum phase-
locked loop demodulator, (2) the phase-locked demodu-
lator (designed to be optimum for the most deleterious
channel conditions) preceded by a bandpass limiter, and
(3) an automatic gain control amglifier. For all three
demodulators the threshold constant C has been set equal
to unity. Experimental evidence supports this assump-
tion. From Fig. 5 it is quite evident that the optimum
demodulator outperforms either of the other two realiza-
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tions; however, the “fixed” phase-locked loop, when pre-
ceded by the automatic-gain control-amplifier, is superior
to the loop preceded by a bandpass limiter. The amount
of superiority, however, becomes smaller as the modu-
lation index m; increases. In either of the two sub-
optimum systems, the signal-to-noise ratio p becomes
asymptotic (for large R) to the reciprocal of the signal
distortion S; initially designed into the system. For com-
parison purposes, we indicate the performance of an
amplitude-modulated double-sideband or single-sideband
suppressed carrier system which demodulates the noisy
received data by coherent frequency translation and
smoothing the resulting waveforin with a Wiener filter.
The improvement obtained by using FM is clear.

Figs. 6 and 7 illustrate the performance of the same
three systems when the quasi-linear receiver models are
used. Fig. 7 has been prepared under the assumption that
receiver threshold occurs when the total phase error
equals %2 rad, i.e., C= 16, and Fig. 6 illustrates the per-
formance of the three models for C = 8. Notice the higher
threshold characteristics for the situation where C = 16.

24 I T
AMPLITUDE MODULATION
(DSB OR SSB) - —
20 > "
//
G ]
C=8 /"—F-«/ L
my =1000 /
6l OPTIMUM FILTER A A =
— —— AGC FILTER — //

— -— BANDPASS LIMITER

Fig. 5. Performance characteristics for the linear demodulator
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Fig. 6. Performance characteristics for the quasi-linear demodulator

The “dipping” behavior for either of the suboptimum
quasi-linear systems may be explained as follows. As
before, the asymptotic behavior (for large R) is ulti-
mately determined by the signal distortion S; designed
into the system. For the linear receiver models, this value
of S; was constant for all R=R,. In the quasi-linear
receivers, however, the signal distortion S; is a function
of the initial design parameters and the phase error, and
is a minimum at threshold (worst channel conditions
expected). As R increases beyond R, the signal distor-
tion increases until the phase error is so small that S;
is again determined by some function of the signal-to-
noise ratio existing in the channel. These curves show the
importance of keeping the system operating optimally.
In fact, for C <16 it has been shown that the quasi-
linear model specifies fairly accurately the performance
of a phase-locked loop. As before, the “fixed” loop, when
preceded by an AGC amplifier, outperforms the “fixed”
loop preceded by a bandpass limiter.

Comparing Fig. 5 with Fig. 7, the linear system thresh-

old characteristic is slightly lower than that of the non-
linear receiver. These results should prove beneficial to
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engineers faced with the problem of designing second-
order, phase-locked loop frequency demodulators.

3. Performance of a Class of Coherent
Detectors, w.c. tindsey

a. Introduction. In Ref. 22, we derived (in considerable
generality) the output statistics of a coherent receiver
which combines nonlinear functions of M samples taken
from the output of both a set of matched filters and
follow-up envelope detectors (Fig. 8). This receiver
coalesces the two types of reception (commonly referred
to as coherent and noncoherent) as extreme cases. For
scatter-like chanuels the receiver operates on the envelope
of the observed data, and the reception is usually termed
noncoherent reception. For channels which do not scatter
the transmitted waveform, the receiver operates coher-
ently, while for the class of channels which lie some-
where between (the so-called “scatter-specular” channels)
the receiver operates as a partially coherent detector.
It is interesting to note that the structure for the partially
coherent receiver is also optimum (with minor changes
in the weighting of the output samples) for a problem
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Fig. 7. Performance characteristics for the quasi-linear demodulator

considerably different from that considered here. Neglect-
ing the detailed resemblances, it is sufficient to say that
this optimum receiver structure arises when a coherent
tracking device (known as a first-order, phase-locked
loop) is used at the receiver for providing the receiver
with a replica of the transmitted carrier.

Here we present the performance characteristics for
the receiver of Fig. 8 and compare these with those
of an easier implemented suboptimum square-law com-
biner. This receiver is in operation when switches S2
and S3 are open (Fig. 8). The results may be used as
a guide when it comes to the engineering design of
receivers and serve to point out the increase in system
reliability obtained by inserting redundancy into the
system.

Finally, the results may be applied to the following
special problem. Suppose one desires the probability
with which a command detector located in a spacecraft
receives the wrong command upon approaching a cer-
tain planet. The waveform which the command detector

processes is composed of a direct-wave from the Earth-
based transmitter and multiple reflections from the
planet. The strength of these reflections depends on the
reflectivity of the planetary surface, while the phase shift
depends on the round-trip distance from the spacecraft
to the oncoming planet, and the spacecraft antenna de-
sign. The model presumed depicts this situation in that
the direct-wave from the Earth-based transmitter is of
fixed strength while the planet serves as a Rayleigh-
scatterer of the direct wave. We treat this problem, as a
special case, ie, M =1,

b. Results and conclusions. We briefly restate the prob-
lem. One of a finite set of known equiprobable signals
{& (), k=1,2,- - - N} of limited time duration is
transmitted through a random multichannel C resulting
in a waveform of y (t) that is further corrupted by addi-
tive white Gaussian noise v (t) of single-sided spectral
density N, w/cps before being available as a waveform
Z(t) to the receiver. The optimum receiver (in the
Woodward sense) computes the set of a posteriori proba-
bilities {p (& 2)}. We specify the probability that the

receiver errs in making its decision, and compare the
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Fig. 8. Defection system

results with a more easily implemented, suboptimum
receiver.,

The strength and phase shift of each channel are con-
sidered random and are postulated to obey the “Rice”
probability density. Physical justification for the use of
this distribution is given elsewhere (Ref. 23); briefly, it is
sufficient to describe the fading phenomenon as being
composed of a specular component of fixed strength «,
phase shift 8§, and a scatter-component with Rayleigh-
distributed amplitude of mean-squared value 2¢%, com-
pletely random phase. A parameter of importance in the
final results is 2%y = «/0. For y = 0, the channel fading
is Rayleigh, for y > 0 the fading becomes approximately
Gaussian; whereas for y =« there exists no fading.
Hence, the fading model is sufficiently general to include
several types of propagation media.

Assuming that the receiver knows a priori or as a
result of measurement «, 8, N,, o, and on the basis of
the preceding hypotheses, it may be shown (Ref. 24)
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that the ideal receiver conjectures that the transmitted
signal was the one for which

_ Uz’Pmklz/No + 2aumk
A= 2 TN,0 R @

is the largest. In Eq. (1), # = 2¢°E/N, and E is the com-
mon signal energy; B8 is thus a measure of the received
signal-to-noise ratio. The operations which the receiver
must perform on the received data { are expressed by
the complex p’s in Eq. (2), namely,

o = / " roa@d @)

Physically, the p’s may be computed by cross-correlation
techniques and p is twice the envelope of the physical
cross-correlation function.
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Under the foregoing assumption it is possible to show
that the probability of correct reception is given by the
rather general result (Ref. 22)

p= [ p(wwwu“"’”p(ndr]“ ®

where the variables W and Y are non-central chi-squared
variates of 2M — 2 degrees of freedom (Ref. 25) and
possess non-centrality parameters Ay and Ay

A= (14 B Ay A= (—2- b} y:-:.)" 4

(See Ref. 22.) Several interesting system performance
characteristics may be deduced from Eq. (4), e.g., sys-
tems which transmit orthogonal codes through random
and specular channels, etc. For the binary case (i.e.,
N = 2), it may be shown, using a result of Price (Ref. 25),
that the error probability is given by

Ps () = 0 (s ) —exp — [ L5 |

X {1:'_~7'2 L (“’ e) + (r —=r) m§=1 Culn (F‘) E)}
(5)

where Q(u,¢) is the well-known, tabulated Marcum
Q-function, I, (2) is the modified Bessel function,

M-1

Cm= z

j=m+bmy

(r+ry) (6)

and r=(1+B)%, p=2A; [(1 +7)%]"Y, e=ray [1+77)]
Eq. (5) is valid for M > 2, .50, ¢0, and 8 is the
Kronecker delta function. For M =1, C,, is zero for all
m, and w obtain a well-known Turin result.

Eq. (5) has been evaluated for equal-strength fixed
components and plotted in Fig. 9 versus total average
received signal-to-noise ratio for y* = 2 (typical for spread
F-echoes) and various values of M. For comparison pur-
poses we present results for a more easily implemented
noncoherent receiver which utilizes only the squared
envelope detector outputs (Ref. 23). This receiver has
the distinct advantage of obviating the need for measur-
ing the channel parameters a, 8, o, and N,. Consequently,
the system implementation problem is not as complex. In
fact, if all specular components are zero and the expected
power received from each channel is the same, the opti-
mum combination rule for the M samples is square-law
envelope detection (Ref. 24).
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From the foregoing analysis and graphical results, the
following conclusions are evidenced. As expected, multi-
channel reception increases the reliability of communi-
cating through a noisy-fading medium. Improvement is
quite noticeable for values of M up to about 3; thereafter,
improvement is not as drastic. As the channel noise
No,— o0 or 8-> 0, the receiver operates as if there were
no scatter components and almost all of the information
is conveyed to the receiver via the specular components.
For small B, the error probability approaches that of
coherent reception in the face of white Gaussian noise.
For large B, i.e., scatter channels, most of-the information
is conveyed to the receiver via the specular components,
and the error probability approaches that of noncoherent
square-law envelope detection. Thus, the error rate
changes from that obtained when coherent reception is
used and the channel is purely specular to that obtained
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when the channel is purely random and noncoherent
tquare-law reception is used.

If, in designing a particular system, where y* =2,
requirements were such that the bit-error probability
must remain less than 10-* (as is the case for most telem-
etry and command systems), the curves of Fig. 8 lead
one to the practical conclusion that a system, which is to
operate through a channel containing specular and ran-
dom components, will be essentially optimum if it is
designed to use square-law detection exclusively.

4. Phase-Locked Synchronization With
Sinusoidal Signals, 1. .. siittier

a. Introduction. The synchronization problem in a
communication system, in essence, involves the estab-
lishment of coherence between the transmitter and re-
ceiver clocks. In general, not only may the clocks not
simultaneously record the same time instant, but they
may actually be running at different rates. It is necessary
to determine at the receiver both the rate and the time
instant of the transmitter clock. Since these two quantities
translate themselves into the frequency and phase, respec-
tively, of a periodic time function, one synchronization
scheme is to transmit such a function and to track it at
the receiver with a phase-locked loop. Recause of the
possible frequency discrepancy between the two clocks,
a second-order loop immediately suggests itself (Ref. 26).
This summary considers some of the problems encoun-
tered when the periodic function is a sinusoid and a
second-order loop is used at the receiver.

In Part b of this article, it is shown that the timing
error in seconds is inversely proportional to the two-
thirds power of the frequency of the sinusoid and that,
consequentiy, the largest possible frequency should be
used, 1t is observed, however, that the time ambiguity
increases as the frequency increases, a factor vhich im-
mediately places an upper bound on the frequency of
the sinusoid. Because of this trade-off between ambiguity
and accuracy, it is of interest to consider a multiple-loop
scheme in which low-frequency sinusoids are transmitted
to eliminate any ambiguities, and higher frequencies
simultaneously transmitted to increase the accuracy. This
method is investigated in Part c.

It might be supposed that an arbitrarily high accuracy
could be obtained by using more and more sinusoids of
higher and higher frequencies, each frequency enough
higher than the previous so as to increase the tracking
accuracy without introducing any new ambiguities. It is
shown, however, that if the total available power is con-
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strained, the number of sinusoids which can profitably
be used in this manner is sharply limited. This is because
the total power must be divided among more and more
signals causing an increase in the tracking error of each,
and thereby counteracting the above-mentioned tendency
for the error to decrease through the use of higher
frequencies.

b. Tracking a single sinusoid. In this part of the article,
a second-order loop is to be used to track a sinusoid.
Suppose the transmitter frequency is f, cps, but that
the transmitter and receiver clocks are running at differ-
ent rates. If during r sec transmitter time, during which
for cycles have been transmitted, the apparent elapsed
time at the receiver is rr sec, the received frequency is
for/re = fo/r cps. Thus, the difference in the two fre-

quencies is
-1
Af=fo(’ - )cps ()

and, for a given discrepancy in the clock rates, is directly
proportional to the transmitter frequency f.. (One of the
causes of such a phenomenun might be a doppler shift
due to the relative motion of the transmitter and the
receiver.) If the maximum value of r, and hence the
maximum frequency transient, is specified together with
the signal-to-noise ratio, only two parameters remain to
be chosen: the frequency f, of the transmitter sinusoid
and the loop bandwidth. Some observations relevant to
this selection follow.

It will be supposed that it is important that the loop
does not temporarily lose lock. In certain rather special
situations, this may not be so important but, in general,
loss of lock even temporarily, will mean the introduction
of possible synchronization errors which are not easily
eliminated. Thus, it is required that neither the rms error
due to noise nor the transient error approach the value
#/2 rad. The standard deviation of the error due to the
noise is well known to be

on = (%)“ B rad @)

where P, is the carrier power, N, the noise spectral
density, and B,, the loop bandwidth. The transient error
e(t) at any given instant due to a frequency step Aw at
time ¢ =0 can also be readily determined:

1 = A Ao
e(t =EL (1= Y (@) Srerds =g

X g Bet/2% sin—zB-;—t , t=>0 (3)




where

2% B,s -+ B}
§*+ 2% B,s + B}

Y(s) =

is the loop transfer function and

= 42

B,
2“ AAM Ao )
( (No%
is proportional to the noise bandwidth B, of the loop
(Ref, 26). The maximum transient error evidently occurs
at time ¢t = 7 (2)%/4 B, and is emer = (Aw/B,)e-*/* rad.

Consequently, one condition which must be satisfied
is that

emae + koy <5 (4)

where k is chosen so that the probability that the instzu-
taneous error exceed =/2 rad at any given time is satis-
factorily small. Uf Gaussian statistics and complete
linearity are assumed, the probability of loss of lock at
the instant of maximum transient error is just Pr (loss of
lock) = % (1 — erf k). The optimum value of B, can be
determined by differentiating the expression

3Aw

mas + ko = 1048,

et + k(%’f)“ B (5

with respect to B, and equating the result to zero, yield-
ing the condition that:

39-1/4 %
Bu = [ 2(2)%k (N, /Pc)%] (Aw)% =k, (Aw)% (6)

The frequency step is, of course, propo:tional to the
signal frequency o.

So far as synchronization is concerned, it is not the
error in radians that is significant, but the error in seconds.

Since
( N°) —=-sec
and
mar = Taé“% sec M
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both errors are proportional to

Ak 1
 ~ (8)

Consequently, it is advantageous to use the maximum
practical frequency subject to the condition that the error,
in radians, is bounded by =/2:

3 Bet  No (r—1) %
2(2)% ( r )"’]

NoB ”
=_(T) <z ®)

where r designates the ratio of the two clock rates.

Emes + kon =

The disadvantage of this approach is readily apparent.
As the frequency is increased beyond the reciprocal of
the period of ambiguity T, » > 2#/T, there is more than
one positioz. at which the loop may lock. In other words,
referring to Fig. 10(a), it is seen that there is only one
stable lock-in position each period. (The other zero cross-
ing is an unstable position since the operation of the loop
is to shift the phase of the VCO in the direction indi-
cated by the arrows.) But in Fig. 10(b), there are a num-
ber of lock-in positions in each period, resulting in an
ambiguity which must somehow be resolved.

(0) ws 2w/T STABLE NULL
| [
sin w/t 1 1
[ |
| I
’
] |
| ]
' |
|
| |
le— r ol
() w>2w/T STABLE NULLS
sin w/!

]
Fig. 10. Lock-in points in time T: (a) o = 27/T

and (b) » > 2=/7
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c¢. Multiple loop systems. This trade-off between accu-
racy and ambiguity suggests another approach to the
synchronization problem. Instead of a single sinusoid,
the waveform

)= % a; cos it (10)

is used where 2r/u, = T, the period of uncertainty. The
receiver consists of m phase-locked loops, one centered
at each of the frequencies ;. The first loop centered
at o, then provides an unambiguous, though somewhat
crude, reference. The following loops successively refine
this synchronization estimate. It would be supposed that
the error of the estimate would be less than that using
a single loop alone, since the higher frequency loops
provide greater accuracy at the same signal-to-noise ratio.
The accuracy attainable with multiple loop systems will
be the subject of this part of this article.

It was shown in Part b that, when the bandwidth was
optimally chosen, the parameter

%
enes + ko = 3k N.,BL)

AW (11)

This parameter is related to the probability of loss of
lock. (Note that the linear approximation to the phase-
locked loop, on which this analysis has been based, ceases
to be acceptable as the loop approaches loss of lock.
Nevertheless, if the system parameters are such that
€nar + ko, < < /2, it is clear that the linear approxi-
mation is valid, and that the probability of loss-of-lock
is directly related to the value of k.)

Suppose that the ith loop is operating so that

”

(emu <+ kG”)( = k‘

(12)

for some satisfactorily large value of k. Then, clearly,
the center frequency w,.; of the (i + 1)** loop can be as
great as k;o; without introducing any ambiguity. Further,
as long as k and k; are large enough, the probability of
loss of lock in the ith loop is negligibly small and the
tracking error is essentially that of the (i + 1)** loop. Let

Sn [ 3e-7/¢ , r—1 %
K“T[w)*“"‘( r )]
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where the terms are as defined in Part b. Then, from

Egs. (9) and (12),
LAY (T
?(h) "k

where P, = a1/2 is the signal power at the ith loop, and
oo = kio; = KP% % (13)

If m such loops are used, each related to the previous
in this way, then the over-all error is given by

%
em = (emas + kop)m = %(—;—:) rad
_= 1
= —K— P’,‘.‘”’: sec
_n 1
~ KPE [KPp.i]%[KPp-.]%"
< 1
[KPy_,] %" - - - [KPK] W™ o000 (14)

Since K is determined by the physical parameters of the
problem, and since o, = 27/T is fi-ed by the period of
the ambiguity, the only parameters which can be varied
are the terms P;. It is desired to allocate the power such
that the error [Eq. (14)], is minimized subject, of course,
to the restriction that the total power is limited:

S P, =P, (15)

This optimum power allocation can therefore be deter-
mined by equating to zero the derivatives with respect
to P, of the expression

m-1 m-1
IT[P% 1% +A 3T Pms (16)
i=0 i=0

This establishes the condition for an extremum (which
is clearly a maximum) that

m-1 %
P ={ —am1a@er T 12x 10} an)

i=0

But

’ m-1 %
P.=3 P..-v={ - Ir g } 3 @/
v=0 & | £ %]

(18)




and hence

i1 %
~Tiee e * _pa-eme,
§=p 3A - - 1 — (2 l‘/m/! ¢

Consequently, the optimum power division is that in

which

and the ratio of the center frequency of the (v 4+ 1)t loop
to that of the vth loop may be written, after some
manfpulation,

- 211'[ 1= (@34 7% /a)m-nis L '_’ic__)"

T3 LT=@nme N.B,
(20)
where
3e—'/. Amv 7 %
Bv = No %
[ 204k(3:)" |

would be the sptimum bandwidth of vil: loop if all the
power were used at that frequency only. The 1 lvop
error, in seconds, becomes

== a-[(m+8)/2 1-—(2/3)y~2711-t")
en =g = - [3/2]-tmemm [__1 - (2/3)%]

k/x 301 - (5]
X [(P;/_N.,B,)*] (21)

and decreases as m increases so long as

€m-1

if P. \% _(3/9)mene
% N_B) =M= = @amw

v {[1 — @R 2[E3/2)m - — (2/3)]}
(1= (2/3)=-»71[@/2)- — 1]

(22)

The expression on the right f (m) is plotted as a function
of m in Fig. 11, It is noted that f(m) increases very
rapidly with m. Note that

(N‘:I;,,)“ = '51- (23)

where o} is the phase variance when only one loop is
used at the same signal-to-noise ratio. Typically, this
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Fig. 11. f{m) versus m [see Eq. (22)]

might be on the order of /40 rad; and with k = 5, for
example, this requires f(m)=8/» or m=7 and the
error [Eq. (21)} is reduced from T/80 to T/778, or by
a factor of nearly 10.

The results of this part of this article appear to be
limited to the assumptions concerning the type of loop
compensation required. Specifically, it was assumed that
second-order loops were used, optimized so as to keep
the transient error within bounds while minimizing the
phase variance due to the noise. But, in general, it may
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be said that the contribution to the phase error due to
the additive noise will be proportional to B, %/« sec, while

that due to the phase jitter at the source will be pro- °

portional to 1/B, sec. (Consider, for example, the respec-
tive errors when the loop is optimized to compensate for
a random frequency jitter of the source.) Consequently,
a trade-off between the two types of error does occur
and a condition not unlike that obtained here will limit
the number of loops which should be used. The param-
eter k, in fact, provides a useful weighting between the
two types of error.

It is dubious that a multiple loop synchronization
scheme would be practical in most communication
situations. The slight advantage would generally be
counteracted by the additional complexity of equipment
necessary to lock onwo several sinusoids as well as to
combine the information from the different loops. In
many systems it is necessary to use several loops, one
for carrier synchronization, perhaps another for subcar-
rier synchronization, and even a third for symbol or bit
synchronization. Nevertheless, the difference between
frequencies will generally be so great that the knowl-
edge of one type of synchronization cannot effectively
be used to estimate or to improve the estimate of the
others.

It is interesting to note that what has been said con-
cerning synchronization is also applicable to ranging,
since the two problems can both be solved by the accu-
rate determination of the phase of a received signal
Ranging systems, in fact, have been de-.gned which do
use this technique for improving the range accuracy.

5. Optimization of Radar-Radiometric Cycle,

R.C. Titsworth

a. Introduction. This article investigates the radar-
radiometric cycle used in lunar and planetary radar sys-
tems, with a view of optimizing the cycle parameters so

that the maximum possible signal-to-noise ratio occurs
at the output. In particular, it is found that the “receive
S + N” portion of the cycle should be shorter than the
“receive N portion.

b. The radarradiometric cycle. Consider the general
cycle shown in Fig. 12. The transmitter is on for a time a,
the receiver recovers for a time r, noise is received for
a time b, signal plus noise for a time g, and noise again
for a time c. We normalize time so that the cycle is
based on a round-trip time of one unit.

We should point out that the cycle need not neces-
sarily look exactly like that in Fig. 12, For example,
transmission may be distributed in any fashion desired
on (0,1), but the total transmission time is a, and the
total recovery time is r.

The detector output we shall assume is

n(f) 1-b<t1
D{t)=< p+n(®) 1<it<l+sa
n{t) l+a<t<l+a+c

where p is some mean value we wish to estimate, and
n (t) is some noise term. The detector output is averaged
over three intervals:

A=%11Dm&=m
1-%

l 1+8

a ),

1+@+C
1

+6

g r b c
RECOVER RECEIVE RECEIVE RECEIVE
A TRANSMIT
TRANSMIT AND IDLE NOISE SIGNAL PLUS NOISE
NOISE
o a o+r | i+a 1+a4c
g ONE CYCLE TIME —>

Fig. 12. Radar-radiometric cycle

212




The noise variances are, for any detector, approximated
by (Ref. 27)

K
K
vam,=-a-
K
varn, = —

K and K’ are slightly different due to the presence of
signal in the detector, for that case. The estimate of u is

I?= kA, + kA, + kA,

We choose k; to make u unbiased and minimal variance.

In order to simplify things, we shall assume weak signal
conditions so that K=K’ and E (n;) = E (). Then for
1 to be unbiased

k:=1
k=kx=_(1+k3)
and for £ to be minimum variance by adjustrient of k,

b

k=‘b+c

so that the minimum variance of £ is

1
o’=minvar£=K[% +m]

If several cycles are considered, say N, the variance is
o*/N. Thus, in a time T = N *(cycle length), the squared-
mean-to-variance ratio is

A= wT . 1
“ K(l+a+o) _1_+ 1
a b+c

This is clearly monotone increasing in b, so b should be
made as large as possible, b =1 — a — r, where r is the
minimum receiver recovery time. Then

_ pTa(l—a—r+c)
" K(l+a+co)(l—-r+c)

A
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We wish to choose a and ¢ to maximize this ratio. For
convenience, set

_AK _ a(i+tc—-r—a)
P=wT ~ (1+c+a)(l+c—1)

If 3p/%a = 0, we have the condition
(A+ey—r(l+c)—2a(l+c)—a*=0
On the other hand, if 9p/0c = 0, we have

—(l+c)r+2r(l+c)+2a(l+ec)+at—ar—r=0

Hence, the point at which both derivatives vanish is

r(l+c)—ar—r=0

The cases of interest involve r > 0, so the zero slope
point satisfies

r+a—c=1

But c is positive, and a + r < 1, so this last equation does
not have a solution as far as we are concerned. The con-
clusion here is that the maximum value of p must appear
for values of a and ¢ along the boundary.

The bounds on @ are 0=a=1 —r, and clearly the
maximum is at the value a =1 — r, rather than a = 0.

With this value of g, there is a value of ¢ which gives
the maximum p, namely that positive value which satisfies

l+cf—2(1+c)—1+3r—r=0
This value is
c=[1-nNE2-n)
and, for a = 1 — r, the value of p is

_ (1—-nc
P @—-r+c)(1—r+0)

c. The standard cycle. The common radar-radiometer
cycle now in use uses the parameter values

a=b=c=r=—;—
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This gives the value p, for the “standard” cycle

d. Comparison of the optimum and standard cycles.
Let us define ¢ = p/p, as the cycle enhancement ratio, or

v=28
The maximum enhancement occurs for r = 0, and this is

=8 2%
Ymaz = S 2T @I + 9]

=14db

The value of ¢ for which ¢y = 1 is

1
c=— (5—6r
or a value of r, since c is a function of r, of

3 (9 17\*%
r=——\—F3—%5

4 16 32
1 %
= r( 8- ?)
= 0574

e. Conclusion. The ¢ aum cycle parameters a, b, c,
and r are related as follows:
a=1-—r
b=0
c=[1-1(2—-n]%

The cycle is shown in Fig. 13. For any value of r set
by the receiver, the enhancement of the optimum over
the standard cycle is

‘r', =
8l—-nfl-nE@—nl*%
@-r+{1-nNC-nNPHA -9+ [1-r)E@—-n]%)

RN

N

i.4

N
.

0.6

CYCLE ENHANCEMENT FACTOR, ¥

0.4

0.2

(¢} |
0 0.2 0.4 0.6 0.8 1.0

MINIMUM RECEIVER RECOVERY TIME, 7

Fig. 14. Enhancement factor of optimized cycle,
as a function of receiver recovery time

[(l—r)(z—r)]%

t=r r =
MINIMUM
RECEIVE SIGNAL
TRANSMIT RECOVERY
1
(o) l=r I 2=~r 2‘/"'[“-—,)(2-,)]2

ONE CYCLE TIME

-

Fig. 13. Optimum radar-radiometric cycle
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This function, shown in Fig. 14, is the ratio of the
variance of the standard-cycle-estimator to the variance
of the optimum-cycle-estimator. The figure shows 1.4-db
improvement in the estimate at r = 0 and a break-even
at r = 0.574.

6. Conditional Frequency Uncertainty in
Spacecraft Acquisition, e.A.Yermon

a. Summary. Assuming that the transmission frequency
of a signal from a spacecraft is known, uncertainties in
the spacecraft’s velocity and position make it necessary
to search in both frequency and angle in order to acquire
the signal. This frequency uncertainty is proportional to
the uncertainty in the radial component of spacecraft
velocity due to the doppler effect. The purpose of this
study has been to determine the effect on the uncertainty
in this velocity and on its nominal value when the antenna
look angles are used to condition the radial component
of velocity. The results indicate that the length of the
frequency uncertainty interval, at injection, can be re-
duced by a factor of about two for a representative tra-
jectory. Furthermore, the conditional mean of the radial
velocity can be expressed as a linear combination of the
values of the look angles. The conditional means of the
remaining three unconditional variables are also linear
combinations of the values of the look angles.

b. Introduction. Consider the model for obtaining the
standard error in the radial component of spacecraft
velocity at injection by transforming the assumed multi
normal error distribution in the geocentric coordinates.
These coordinates are 8x, 8r, v, 8r, 8z, 82, where x is
the great circle distance traversed in the thrust plane,
r is the radial distance in the thrust plane, v is the mag-
nitude of the thrust plane velocity, r is the angle between
the thrust plane velocity vector and the local horizon,
z is crossrange distance measured in the appropriate
direction, and z is crossrange velocity (Ref. 28). The
error distribution is transformed to the corresponding
multinormal error distribution in station-centered spheri-
cal coordinates. This method is an alternate to the method
of Ref. 28, and gives additional information. The advan-
tage of using spherical coordinates is that the resultant
shift in the expected value of g, due to conditioning,
can be determined as well as the decrease in standard
deviation of p. In this new coordinate system, p is the
radial distance of the spacecraft while 6, ¢ are the look
angles (Fig. 15). The remaining three coordinates are
the components of spac-craft velocity along the unit
orthogonal vectors e, e, ¢, respectively. Other param-
eters of interest in Fig. 15 are the distance from the
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LAUNCH PAD

SATELLITE AT
INJECTION

PROJECTION OF

SATELLITE ONTO
THRUST PLANE

DSIF SITE‘/ /
THE ANGLE 8

Fig. 15. Station centered spherical
coordinates (p, §, ¢)

NOMINAL SATELLITE
AT INJECTION

tracking station to the projection of the spacecraft onto
the nominal thrust plane, 7; (the thrust plane of an orbit
is the plane in which the orbital motion takes place);
the radius of the Earth, r,; the distance from the center
of the Earth to the projection of the spacecraft onto the
thrust plane, r; the perpendicular distance from the space-
craft’s position to the thrust plane, z; the great circle
distance traversed in the thrust piane, x; and, finally,
the distance from the spacecraft to the receiving antenna
site zenith in the plane orthogonal to the zenith that
passes through the spacecraft’s position and its projec-
tion,a. By virtue of this transformation, it will then be
possible to obtain the resultant conditional uncertainty
in frequency (the conditional standard deviation of 8p),
as well as the conditional mean frequency, directly from
the conditional multinormal error distribution in the
coordinates 8p, 8p, 8 (o sin ¢), & (p¢), when knowledge
of 9, ¢ is used at an arbitrary time. (Once the multinormal
error distribution in station-centered spherical coordi-
nates is determined at injection, then the multinormal
error distributions corresponding to arbitrary post-
injection times can be obtained by mapping ahead in
spherical coordinates by means of linear transformations.)

c. Determination of transformation. We now proceed
to the determination of the transformation matrix, D, by
which an error vector 3Z7 = (8x, 8r, 8v, 8+, 82, 82) can be
tran.sformed into an error vector 8ST = (8p, 86, 8¢, 8p,
8 (o sin ¢), 8 (pd)) at injection, i.e., 8S = D 6Z.
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In Ref. 28, the following transformations were obtained:

~ %
p= [r” + 15— 2rrocos(100° -—ri)+ z’] ;

[}

# =sin! % >
[z” + r? sin’(100° - —)]
%
[z= + r2sin? (100° - 3—)]
VAN

= sin? ;
¢ = sl >
. L] x » . x .

tr — 1o cos(100° —f—) - rxsm(100° _T)+ zz]
. 0 [\ .
p . 3

1 z [zé + 17 sin? (100° 2 Lsm 2(100° - i):‘

0’ — s _ fo 2 o 1‘0 .

[r sin(100° - __x_)] z? + r*sin? (100° - —)

fo To
. .. x r’x x

. 1 zz+rrs1n’(100°—’_—o ——Q-'Tsm2(100°— fo)

= s )

0

x \ %[ . . . x . . x
[zz + r? sin2(100° - —)] [zz +rr— rorcos(100° - ——) — rxsin{ 100° — —)]
. 1‘0 l 1'0 ro

2

p

Since the time derivations p, 0,¢ are functions of #, 7, %,
7, 7, %, and the Z coordinate system uses the variables
x, 1,0, 7, %, %, it is necessary to find x and r as functions
of v and r. By Fig. 18, it is seen that

r=wvsinr,
s ToUCOST
x r

Hence,

x .
(OSinf)[f— rocos(100° —‘i)]— o0 cos 7 sin{ 100° —-;—) + 2z

%o o

P

z| 2z + rvsin r sin? 100°-—-x—)——1-rvcos-rsin2 1000__3:_
é 1 . 7o 2 To

[r sin (100o — i)] z2 + 12 sin’(100° - —:-t—)
To 7o
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1 zi+rvsinrsin’(100°—i)—lrvcosfsin2(100°—-x-)
To 2 1o

¢:=-; x
rcos{ 100° —— ) —r,
To

0

[ z* + r*sin® (100" - -:j‘:—)]’6

2z + rosinr — rov sin r cos 1000__75_ — 1,0 €OS 7 sin 100°--—i 22 + r?sin? 100°—-£- *
1 1

0 To

LAUNCH PAD

7/
/
7/

7 LOCAL HORIZON

INJECTION POINT

Fig. 16. The quantities V and ~ in the thrust plane

d. The new covariance matrix. The transformation
matrix, D, which is a linear approximation to the exact
transformation for small displacements, can now be com-
puted and is given in Fig. 17 for the example trajectory
considered in Ref. 28. If the covariance matrix of the
Z-error coordinatcs at injection is V, then the covariance
matrix of S-error coordinates at that time can be readily
shown to be

V = DvVDr.

This matrix is given in Fig. 18 for the representative
case considered. The variance of 8p is seen to be
1.23 X 10-2 km?/sec?.

e. The covariance matrix and the regression line. The
4X 4 covariance matrix B for the random variables
8p, 8p, 8(pfsing), 8 (p¢) is given in Fig. 19 for the pre-
injection trajectory in question. It is obtained from V
by assuming that § =6, and ¢ = ¢, at injection. This
new covariance matrix defines a conditional multinormal
distribution in the variables p, 3, pd sin ¢, pé. The variance

e

of 8p is seen to be 3.80 X 10-*km?/sec?. This means that
the reduction, due to conditioning, in the square root
of the variance of 8p is by a factor of

35.14m/sec 1
19.51 m/sec 8.

This ratio is in agreement with the results obtained by
a somewhat different method considered in Ref. 28. In
addition, the numerical values of velocity are very near
those previously obtained (a decimal point was mis-
placed in the above-cited reference).

An explanation will now be given of how the condi-
tional covariance matrix B and the regression lines are
obtained. The multivariate normal distribution has a
density given by

f(X,,Xz, v

: ,Xk, =

where the matrix (¢'/) is positive definite, the covariance
matrix of the distribution is (o;;) = (¢'/)-?, "and the §;
represent the means of the random variables X;. The
conditional density function

f(xth, v axr Xr+19 tee ,Xk)

defines a multivariate normal distribution in the variables
X.(a=12, - - - ,r) with mean values given by ¢ + m,
where

r k
m=-3 3 TFad”(X,— &)
b=1 P

z=r+1
and the covariance matrix of the conditional distribution

is equal to (5.5) = (¢°%)-1 (Ref. 29, Chapt. 9). Hence, the
mean value of each unconditional variate, X,, is a linear
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% _ K e _ % _ D _ % _
<5 = o8 = = 03123 7o =0 =0 =0 5 =0
L L 28 8 _ LA - o8
= =0 o 0 0 -0 ar 7z~ 00003kt z 0
 _ . 28 _ . e _ 2 _ 2 o _
<2 = —00001km = = 00003 km! 2o £ -0 £ -0 % =0
%o - B ! B 2 5 & _
= 00002 sec =~ = 0.0011 sec? £ = —08441 = = 3729 km/sec —=0 =
2(pfising) _ o dpdsing) _ o ebsing) _ g efsing) _ o 2phsing) _ o onoosecs  2BESRS) oooon
ox or v or 0z oz
2Ue#) _ 04947 sec 2od) _ 0009 sec 2e8) . o503 20 - jogpskmysec 2Bl g Uet) _
ox or v or 0z 2z
Fig. 17. The matrix D
352k 0 ~231 X 10°km  0.633km?/sec 0 — 148km*/sec
9.4% X 10-° 0 0 1.14 X 10-*km/sec (1]
386X 10°  —5.80 X 10 km/sec 0 8.60 X 10-* km/sec
1.23 X 10- km?/sec? 0 —0.259 km?/sec?
Symmetric 1,68 X 10-* km?/sec’ 0
62.7 km®/sec?
Fig. 18. The covariance matrix V
Substituting in the required numerical values —(¢*/)=V-!
192 km® 0.268 km?/sec 0 —86.7km?/sec and (Fab) =B,
3.80 X 10~ km?/sec” 0 —0.121 km?/sec”
278 X 10-*kan’/sect 0 m, = — (0 — 6,) {(2.6839807 X 10-* km?/sec) (0 km-?)
Symmetric 39.1 kmm?/sec®

Fig. 19. The conditional covariance matrix B

function of the fixed variates, X,, and defines the regres-
sion lines. Using this regression, the receiver changes
the center frequency of the frequency search. Further
details are given in Sect. XIX-B-7 of this volume.

f. Example calculation. We consider the general ex-
pression for the conditional expected value of p where
the unconditional expected values of 4, ¢, and p are
denoted by 6., ¢, and p,. From the results of Part e of
this article, the conditional expected value of p is p, + m,
where

m=- 3 Z nd” (X, — ),
b=1,4,5,6 p=2,3

m, = — 2 G ["M (0 - 00) + o (¢ - ¢0)},
b=1,4,5.8

my=—=(6-0, 3

o0 b — (4’ - tﬁo) 2 O o,
b=1,4,5,8 b=

1,4,5,8
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+ (3.8047093 X 10-*km?/sec?) (0 sec/km)
+ (0km?/sec?) (4.3215158 X 104 sec/km)
— (1.2098310 X 10-* km?/sec?) (0 sec, km)}

— (¢ — ¢o) {(2.6839807 X 10-* km?/sec)
X (1.8265267 X 107 km™)

+ (3.8047093 X 10-* km?/sec?)

X (6.4017175 X 107 sec/km)

+ (0 km?/sec?) (0 sec/km)

— (1.2098310 X 10~ km?/sec?)

X (4.0722258 X 107 sec/km)}

me = — (8 — 8) {0} — (¢ — o) {0.01407 X 10°km/sec)
m, = — (¢ — ¢) {14.07 km/sec}.

This result indicates that the conditional expected value
of p, at injection, is independent of the conditioning
value of 4. This fact is predictable, since variations in

o = 0 have second-order effect on the value of g and
the analysis has been, rightly, to first order. Hence, it is
unnecessary to determine the value of the angle § when
calculating the new expected value of ¢ at injection times
because the resultant shift due to conditioning the look
angles 6, ¢ is a function of the deviation (¢ — ¢.) alone.




If it is assumed that the tracking equipment is looking
at the nominal injection point at the time of injection,
then ¢ = ¢, so that m, = 0 and the conditional expected
value of p is po. In those cases when other positions are
to be considered at the time of injection, the value of ¢
can be obtained from the antenna coordinate converter
and the new expected value of p computed. Once this
has been done, the receiver frequency will be offset from
the conditioned mean frequency by @ suitable amount,
and a frequency search initiated with fixed look angles.
(See Sect. XIX-B-7 for further analysis.)

Finally, let us consider the frequency search interval
for the unconditioned and the conditioned case. Assume
a two-way transponder S-band system with carrier at
2388 Mc. Let the ¢-offset be one beamwidth of an
85-ft disk antenna, or 0.1 deg. This offset is 0.0017 in
radians. The change in p due to conditivaing is then
(0.0017) X 14 km/sec, or about 24 m/sec. Since 1 m/sec
at two-way S-band corresponds to about 16 cps, the offset
is about 382 cycles.

More significant is the width of the frequency interval.
The unconditioned standard deviation of p is 35 m/sec.
Assuming a 5¢ search, as in Section XIX-B-7, the
width of the frequency interval is 2786 cps. Using con-
ditioning, the width is only 1/1.8 X 2786 cps = 1548 cps.
Thus, not only does conditioning reduce search time. but
it also can allow for construction of narrower band re-
ceivers, and, hence, improved signal-to-noise ratio. Thus,
incorporated into receiver design, the conditioning will
result in still further savings in search time.

7. Frequency Uncertainty as a Function of
Offset from Nominal, &. a. vermon

a. Introduction. The standard procedure now used to
acquire a signal from a spaceciaft requires search in
angle and then a search in frequency. The frequency
search proceeds by sweeping the receiver VCO from the
low end across a predetermined frequency uncertainty
band. The sweep rate is determined by receiver param-
eters as the maximum constant rate at which lock can
be achieved with certainty when the receiver frequency
reaches the actual signal frequency. Thus, the search
time is a proportionality constant times the frequency
difference between the actual received frequency and
the lower end of the frequency uncertainty band. In
Sect. XIX-B-6, p. 215.and Ref. 30, it was shown that the
uncertainty in signal frequency is reduced and the nomi-
nal value of signal frequency shifted when knowledge
of the look angles at a given time is used. There was
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an unconditional normal distribution whose mean may
be considered zero without loss of generality, and an
unconditional standard deviation o,. Also present was
the conditional normal distribution of signal frequency,
conditioned by the look angles, with mean n and stand-
ard deviation ¢, with . < o,. Given a required a priori
probability a of acquiring the signal frequency, one de-
termines the parameter k>0 such that a symmetric
search interval of the form (—ke,, +ke,) is required in
the unconditioned case. A symmetric search interval of
the form (x — ke., u + ke.) is required for a priori proba-
bility « in the conditioned case. The purpose of this
article is to compare the expeeted values and variances
of the time to find the signal frequency, when using
the a priori unconditioned distribution, as a function
of the conditional mean p which is not being used. The
analysis also gives the probability of picking up the signal
frequency as a function of the offset in the nominal
value, u, when using the a priori distribution instead
of the conditional distribution. The analysis makes use
of certain properties of the truncated normal distribution.

b. Moments of the truncated normal distribution. We
generalize the results given on pp. 247-248 of Ref. 31.
Consider a random variable Y that possesses a normal
distribution with mean m and standard deviation o. This
implies that the random variable Z =Y — m/o has the
distribution function

‘I’(Z)=(—2i—)g[:e"’/’dt, (—w <2< +o).

Now, let W denote a random variable with truncated
normal distribution function

@(w;m)—«b(ﬂfﬂ)

OEE )

and let

(wo < w < w,y)

f”'w‘dtb(w_m-
wo 1 3

w,—m Ww,—m
-

= E(W') = q)(

It follows that

ay =m+0(l\1_xg)
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and

a. = m? 4+ o), (Wo + M) — oA (W, + M) + o*

where

and

and variance of the random variable X + ko, with respect
to the conditional distribution function

o(£2) - o(=22)
GO = 7%, = “Foa— g\’
o(Fet) -+ (=57)

(—kag < x< +koy)

and computing the expected value and variance of the
random variable X — u + ke, whose distribution func-
tion is given by

Az of =™ o Lo=m : ol — )—@(——k)
- [4
¢ e H(x) = YAETIE) , (p—kee <x < o+ koo).
c. Expected values and variances of search times. The Define

results of Part b of this article are used throughout this o —kou—n
part. Let us assume the conditioned frequency random ® (“_;:‘—')
variable X to be normally distributed with mean » and M= y—— y yp———
standard deviation o.. We now proceed to the determi- Q(—"c——) - Q(——v———)
nation of the expected values and variances of the time ¢ ‘
required to find the signal frequency when searching at
the constant sweep rate the intervals (—ko,, +ko,) and & (M)
(# — koo, p + ko) assuming that the spacecraft is actu- A = Ll
ally present at the given look angles/Fig. 20). However, : o kay — ) _ & —ka, — M) ’
this problem is equivalent to finding the expected value o oc

.o

NORMAL DENSITY (0, o)

0.81—  ——— NORMAL DENSITY (4, g,)
> B ko, #t ko,
[d 0.6 — CONDITIONAL
= l—————— SEARCH ——— 0
< INTERVAL
[ <]
g 0.4 o~

/ \
7/ \
0.2 / N
7 ~
-~ ~
o e A K ST~ X (FREQUENCY)
1 1 ¥
-4, 0 tha,

UNCONDITIONAL
SEARCH
INTERVAL

Fig. 20. The intervals to be searched
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The following results are obtained: ¢ denotes the event
that the satellite is present at the given look angles, and
P¢(u) is the probability, given ¢, of finding the signal
when the offset is u, and the a priori distribution is used.
Note that the probability of finding the signal when the
conditional distribution of mean u is used is always ex-
actly a for any u. Also, P¢ (u) averaged with respect to u
is exactly a by definition.

) +hay
E(X + kou|8) = L (x + koy) dG ()

ko,
= [ xdG (x) + ko,
-*

Ty

EX+ kaulf) = p + koy + 0c (A, — A2),
V(K+ ko) = V(I = [

= o+ oc(f— )P

+ko,
x?dG (x)

o,

V(X + kou|£) = o2 [1 = (A, — A;)%]
+¢7¢~[_}L(Ax - Az) - kcu(kl - Az)]’

EQ=nthodg) = [ (6= ot koo dH (2

u-ko.

p+koe
=f xdH (x) — p + ke,
M

~ko.

E(x—,:,+koc|£)=p.+o¢(11—73)—p,+kac=koc,

+ko.
V(X =+ koe|§) = V(X) = f” 2 dH (2) — o,

n-koe
V(X =+ koe|§) = o [1 ~ k(y: + v2)].

In order to compare these expected search times and
the related variances, we define the ratios

E(4) = E(X'\"kaiﬁ) _p.+k0'u+cc(h“la)
MW=EX—p+ko|t) ko,
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and
— V(x+k‘7u'f>. —
VO = VR w kel

0e [1 = (A = A7) + [=n (A = A) = kvu (A +A2)]
o [1=k{n +v3)]

E{(y) is a measure of the loss (or gain) in the expected
time to acquire the signal frequency as a function of u
if the interval (—koy, + ko,) is searched rather than the
interval (x — ko, u + ko.), when in fact the signal fre-
quency is normally distributed (u, o). Similarly, V () is
a measure of the relative size of the variances in these
search times, In Part d, sample calculations of E(u),

V(u), and P¢(u) are made for a representative case
(Ref. 30 and Sect. XIX-B-6).

d. Comparison for a representative case. Assuming
that the prescribed probability « is 0.9999994, the sym-
metric search intervals of interest are ( —50,, +50,) and
(# — 5S¢, p + 3a.), i€, k=5. Let oy/o. =2, as is typical
in Ref. 30 and Sect. XIX-B-8 of this volume. Substituting
these values we have

ol _vp )
«p( 10 W)
M= A ’
<b(10——"—)—4>(—10——)
Cc Oe
¢'(10—-“—)
Oc
A, = N
q»(lo—i) —¢(--1o—i)
T Oc

e =)
MENTeE e (-5

1
E(p)=5’%+2+g(x, - ),

and
Vp) =

(1.000015)[1 = (A= A= 10(A, +20) — ;“:(/\1 - é\z)] .

E(u) and V(u) are plotted in Figs. 21 and 22 for the
case under consideration where 0 =y < o since similar
results would be obtained if the offset » were negative
(pp. 164-168 of Ref. 32; Refs. 33 and 34). E(n) is
strictly monotone increasing as u varies from zero to
infinity, due to the fact that the average loss in time due
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Fig. 23. P;:{u), the probability of finding the signal
vsing the unconditional distribution

to searching {—S5e,, +50,) instead of (¢ — 5o, u + Bo.)
under the assumption that the frequency has the con-
ditional normal distribution becomes greater with increas-
ing p. In fact, E(p)—> + 20,/0. as u— + . Although
V (u) is strictly monotone decreasing with increasing u,
it is clear that V (u) is nearly one for 0= u==7q.. But
as u— + oo V(u)-»0. The reason is that as p recedes
from 0, the probability of finding the satellite in fre-
quency given ¢, approaches zero, with all probability
concentrated toward the left end.
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The probability Pe(u) of picking up the true signal
frequency when searching the interval (—ke,, +ke,) if
the frequency is assumed to have the conditional normal
distribution is given, in general, by

P (p) = q»(l‘-"-i‘f_‘i) - ‘I’(j(:,—hi)

and, in the example.

Y = 2V -10-2
Pg(u)-—¢(10 O‘c) @( 10 Gr)

P¢ () is very close to one for 0 = u =70, and then drops
off very quickly so that P¢ (u) is effectively zero for large
offsets in the conditional nominal value p (Fig. 23).

C. Information Processing
E. C. Posner and |. Eisenberger

1. Extreme-Value Statistics for Estimation of
Error Probabilities in Ranger Block Il
Command Defector, E.c.roiner

a. Summary. This article applies the statistical theory
of extreme values (Refs. 35 and 36) to the problem of
estimation of probability of error in the Ranger Com-
mand Detector' and in other communication systems.
The method applies whenever errors are caused by large
(one-sided) fluctuations of a random quantity, such as
a voltage, for example. The basic idea is to use a short
stretch of fluctuation data to estimate how long it would
take for a random fluctuation to be so large as to cause
an error. The technique is to be used whenever one
must identify very low error probabilities and, in addi-
tion, the time or expense of taking sufficient data to
estimate these probabilitics by the law of large num-
bers is prohibitive. A hlock diagram of a proposed testing
system is included.

b. Review of Gumbels theory. E. J. Gumbel enunci-
ated his theory of extreme values in Refs. 35 and 36.
Since the applications to date have been in fields such
as civil engineering and actuarial science rather than

John C. Ashlock, “An Introduction to the Ranger Command Sub-
system,” private communication.




in communication theory, a brief review of his theory
is in order.

Let z;,1 ={=n, be n independent samples from a
continuous distribution of exponential type on the left.
That is, the density function f(z) is less than a constant
times e**, for some k>0, as z— — . For n large,
consider the minimum of the z;, call it z,;,. Then the
distribution of x = -2, for n large is the so-called first
asymptotic (cumulative) distribution function

F(x) = exp(—exp(—a(x — u))),

where «,u are positive parameters (which depend on n,

but n is fixed; Ref. 38, Chapt. 5).

Now let x;,1=i{=N, be N independent samples from
this F. Let xm),1=m=N, denote the x; ordered by
X P22 2> - 22y, Graph 2.y, versus y=log(N+1/m).
Then the N observations fall on the “Gumbel” line,
y = a(x — u). That is, x = u + (y/a), if x is large. For
then e-*-% js small, and exp (—exp (—a (x — u))) is ap-
proximately by 1 — e-2¢*-%_ Here m/(N + 1) corresponds
to 1 - F(x). And we have (1 — F(x)) =~ e-*%*-%, which
explains the equation.

In this theory, « and u depend on the original unknown
f(z), but these two parameters need not be determined
in advance. The parameters depend on f at large values
of z, rather than cn any central values of £, as is reason-
able for a theory of extreme values.

¢. Need for Gumbel line method. The Ranger Block 111
Command Detector uses a frequency shift keyed (FSK)
input signal, but is essentially a “signal present” detection
system that uses a tuning fork filter for its frequency-
sensitive device. Any given bit is called a “1” bit if the
envelope of the voltage out of the filter goes above a
certain quantizing voltage at the time it is sampled; other-
wise the bit is called a “0” bit. The quantizing level
used at present in this detector is such that the proba-
bility of bit errors when transmitting a “1” and when
transmitting a “0” are drastically different. In fact, in
practice, never has a “0” been transmitted and observed
to be received as a “1”; any error that is made is always
a “1” transmitted and received as a “0.” Thus, the chan-
nel is a so-called binary asymmetric channel. A com-
panion article (Posner, Sect. XIX-A-3, p. 183 of this
volume) discusses this channel with relevance to the
Ranger Command Detector.

Specifications call for an error probability of less than
10-* at various temperatures and signal-to-noise condi-
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tions. It is desired to test the dutectors to see if they
meet this specification. In the first place, the fork filter
should be tested only by transmitting a “1”; the error
probabilities obtained will be multiplied by % to take
into account the fact that 1's and 0's are transmitted
with approximately equal likelihood. Also, although each
bit in actual operation lasts 1 sec, the mechanical prop-
erties of the fork are such that samples of voltage 0.1 sec
upart are indeperident. The tests will use 10 samples
per sec to take aZlvantage of this fact by obtaining ten
times as much data.

Now, an event with probability less than 10-° is at
issue. The number of test conditions required is such
that to test each detector for, say, 250,000 symbols would
involve prohibitively much time. Each test would then
take about 7 hr, so that weeks would have to be used
to get a good estimate of the error probability at all the
various test conditions.

The Gumbel line method takes advantage of the physi-
cal nature of the low probability event whose probability
is to be estimated. Namely, the event is the event that a
certain numerical random variable exceed a certain value.
Extreme value theory is then applied to give an estimate
of the error probability.

d. Plan of use. At present, there are available on meg-
netic tape 5-min recordings of the output of the tuning
fork filter in the “signal present” condition, for a number
of conditions of temperature and signal-to-noise. This
corresponds to 10 X 5 X 60 = 3000 independent samples.
The plan is to take the 3000 samples, the z;, and break
them up into 30 blocks of 100 z; each. Thus, n = 100,

which should be !arge enough to have the asymptotic

theory work. The value cf n can be increased if neces-
sary, but this reduces N = 3000/n. However, even for
N = 30 or even less, the Gumbe! line gives good agree-
ment with theory in a wide variety of applications, as
Ref. 40 indicates.

The x,, 1=j=<3000/100 = 30, are defined as the — 2z,
for the 30 blocks of 100 z; each. These x; are then ordered
into %), 1 éméao, where I(n‘n‘-’—{ Xim)e Then Xm) is
plotted on the vertical scale against log [(N+1)/m] on the
horizontal scale. A straight line is then fitted to these
30 points.

To estimate the error probahility, the value z.,., ob-
tained from the system parameters us the value of z below
which the detector outputs a 0, that is, at which an
error occurs, is indicated on the vertical axis, and a line
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4 CRITICAL LINE

~Zeyis /_#

LOG (N +1) LOG w3' 1OG w™!

Fig. 24. The Gumbel line

drawn through —z.;: parallel to the horizontal axis
(Fig. 24). This z.,; can be less than all the z;, 1 =j=23000.
That is, —z.ri: can exceed all x;,1 =i ="30. (In fact, the
advantage of the Gumbel method shows up best in such
situations.) The Gumbel line is extended, as usually will
be necessary, until it intersects the “critical line.” The
value of the horizontal coordinate for that intersection
is determined.

This value vields the estimate ¢ of the error probability
as follows. Let the intersection coordinate be log i, w.
Then w is the estimate of the probability that the random
variable x exceed --z.,i,.

However, since n = 100 of the —z;’s have the x; as
their maximum, w is the probability that at least one out
of n independent z; is less than z.,;;. If e denotes the error
probability in the system, so that e/2 denotes the proba-
bilitv that a 1 is mistaken for a 0, then 1 —w=(1—(e/2))".

For e small, then, we obtain &= 2w/n, the required
estimator.

A functional block diagram of a test system is shown
in Fig. 25. The system samples the incoming voltage from
the command decoder at 10 times per second and converts
this signal to a digital value. These z; are read sequentially
into a comparator which picks the smallest z; of the 30
by comparing each z; with the previous minimum z;.
If the now z; is less than the previous minimum, the
previous minimum is replaced with a new minimum.
Otherwise, the previous minimum stays. After 30 sam-
ples, the —z.;, = x; is read into a buffer.

After all thirty of the x; are stored in a buffer,
the x.., are computed by arranging the x; in decreasing
order in a sorter. An arithmetic unit then finds the line
of best fit, and computes the intersection of this line
with the critical line. In this way, w, and ultimately the
estimator € of e is found. The actual Gumbel line data
is also outputted for visual checking purposes.

e. Confidence intervals. The estimate of the probability
obtained above is of little use without an estimate of
the reliability to be attached to such estimates. One
source of unreliability is the failure of the asymptotic
theory to hold exactly for n samples z;. This effect can
only be found experimentally. Even assuming the asymp-
totic theory to hold for 100 samples, as has been found
true in other disciplines, we still face the problem of
assigning a confidence to the estimator € of e.

This confidence interval shall be found by assigning
a confidence to the estimate of w, and translating the
confidence interval to €. What is wanted is a cone-sided
confidence interval. That is, given a desired confidence
coefficient y (close to 1), find a w, > w such that the
true value of w is less than w, with probability y. Then

DETECTOR |

i  SAMPLER |
TAPE INPUT

_| ANALOG-TO-DIGITAL
CONVERTER

2 “Zavin
—o COMPARATOR

X
l—— BUFFER |

SORTER 0> UNIT

X=-Y PLOTTER
GUMBEL LINE
CONFIDENCE LINE

X(m) ARITHMETIC | ®0o

QUTPUT

Fig. 25. Gumbel line error test system
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the true e will be less than the corresponding e, also
with the probability y; e, is naturally larger than the
estimate €. Thus, € might be 10-4, e, might be 10-2, for
a given y such as 0.95. We then say that with probability
0.95, the true e is less than 10-%,

The way this one-sided confidence region for w is
obtained is as follows. In Fig. 24, a y confidence line above
the Gumbel line is shown. This confidence line is con-
structed by one of several available techniques so that
the true Gumoel line lies below the y confidence line
with probability y. The intersection of the y confidence
line with the critical line gives the w,, and thus the e,.

The system of Fig. 25 should then also compute e,, or,
in fact, should compute e, rather than 2. The test on the
detector would then work as follows. Choose a y, say
0.99; run the 5-min test and then compute e,. If 2, is
greater than 10-3, reject the command detector and
return it to the shop for rework. Otherwise, accept the
command detector subsystem.

If the possibility of more testing on the detector exists,
the above procedure can be turned into a sequential
procedure. Thus, if e, is in a region of doubt, more tests
would be called for. Some detectors would be rejected
after just one 5-min run, and some accepted after just
one run, but others would require a random number of
runs before being accepted or rejected. However, in the
initial use of the test system, the possibility of using a
sequential test will not be present, since the voltage out-
put records on magnetic tape will have been previously
obtained before any tests. Therefore, 5 min of such
data are all there will be to work with under each of
the various test conditions.

f. Conclusion. A preliminary test system has been
described above for estimating low error probabilities
in the Ranger Block III Command Detector when only
short samples of output are present. The system can be
used to estimate error probabilities on all sorts of other
systems where a 0 or 1 is detected by a voltage crossing
a threshold. The system will be incorporated into the
existing test system by J. Ashlock o Section 334.

‘We close with the remark that the previous uses of
extreme value theory have not been to estimate error
probability. Rather, the method has been used to deter-
mine for example how large a dam to build to cope
with maximum floods. In the previous applications, the
“threshold” was to be set in effect after determining the
maximum voltage. In those previous applications, “thresh-
old” corresponds to size of dam to be built, and “voltage”
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to amount of water in the flood. In the present applica-
tion, we are given a “dam” and must examine a short
record of floods before accepting the dam. Due to this
different nature of the use of the theory, there are there-
fore new areas of mathematical and statistical research
to be investigated before the maximum benefit of this
theory for error-probability testing can be achieved.

2. Statistics of Data Sources, . cC.Posner

a. Summary. In a recent issue of Volume III of this
Summary (Ref. 37), a random pulse generator was de-
scribed, to be used as a data and noise source in-advanced
engineering projects. Several output options are available,
which yield data sources with different statistics. This
note discusses the statistics of some of the options avail-
able with the random pulse generator. Such information
is needed in order to interpret the results of experiments
involving data compression and coding,

b. Introduction. In Ref. 38, a random pulse generator
was described. The basic element of this machine is a
36-stage maximum-length shift register generator corre-
sponding to the known primitive polynomial x3¢ + x1* + 1.
The pseudorandom events that are to be called “pulses”
are available in four options:

(I) A given length I, 1=1=7, is selected. Also, a
sequence of 0's and 1’s of length [, called a win-
dow, is chosen. The window is allowed to have
“don’t-cares.” A pulse is defined whenever the
chosen window of length ! occurs in the output
of the pulse generator. After occurrence of the
special sequence, the search begins afresh with
no memory. Thus, if 11 is the special sequence,
then the input 011100 records a pulse after the
second 1, but not after the third 1.

(II) A given number I, 1 =1=7, of cumulated 1’s
constitutes a pulse. After a pulse, the counter is
reset. Thus, if three 1's are sought, the input
sequence 00111*01000101*1001 results in pulses
before the stars.

(I1I) A length I, 1=1=7 is chosen, and consecutive
disjoint windows of length | are considered. A
window of length [ is chosen, which is allowed to
include “don’t-care” positions. Pulses are defined
whenever the given window occurs.

(IV) The same as (III), including “don’t-cares,” but,
instead of looking at non-overlapping windows,
the window shifts by only one position each time.
Thus, if the window 10 constitutes an event, then
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the sequence 0110*110* yields pulses at the stars.
The difference between (I) and (IV) is that (IV)
does allow for memory.

As stated in Ref. 37, the statistics of option (I) are
handled by the theory of recurrent events, and Ref. 37 de-
scribes them in such fashion. The same comment applies
to option (II). Option (III) is even easier to describe, as
the binomial distribution applies. It is in option (V) that
new theory must be developed, for the theory of recurrent
events does not apply. For example, if a pattern of four
consecutive 1’s is sought, then, once a run of four 1's
has occurred, the probability of a pulsc on the very next
bit is %. That is, the system does not start over at each
pulse, as it did start in option (I). The purpose of this
note is therefore to derive the formulas for the mean and
variance of the number of pulses E, in n bits under
option (IV) with an arbitrary window of length 1, includ-
ing “don’t-care” positions.

¢. Construction of the random variable. Following
Ref. 37, we represent the random variable E,, the number
of pulses in n bits, in the following fashion. Define a set
of n random variables Y; such that Y; = 1 or 0 according
as a pulse occurs at bit i or not. Then, since E, is the
number of pnlses in n bits, the random variable E, can be
expressed as:

E.= S Y, (1)

i=1

Note that Y, =Y, = - - - =Y,;_, =0, where [ is the
window length, since no pulse can occur until the Ith bit
(more or less by definition and construction of the ma-
chine). Since the case n large is primarily of intercst, this
end effect could be ignored.

Let us say that the window of length ! has I — I* “don’t-
care” positions, and I* conditioned positions. Thus, if [ =5,
the window 11 X 0 X has conditioned positions 1, 2, 4,
and “don’t-care” positions 3, 5. For [<i<n,

1
pr(Yi=1) =3z,

since there are I* positions forced by the window when a
pulse occurs. Hence, E (Y;) = 12" 1=<i=n; E(Y,) =0,
1=i{=1[- 1. Since

EE)= 3 B,
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Eq. (2) below is established as in Ref. 37:

n—1+1

E(E) =2 @

More difficult is finding the variance of E,, Var E,, and
it is to this direction that we now turn.

d. The variance of E,. To find the variance of the
number of pulses in n bits (where n=1), we shall find
E (EZ%), and subtract (E (E,))%. Now, since

En = é Yiy
i=1

it follows that

R

VarE,= I3 Cov(Y;Y;). 3)

i, 4=1

An unfortunate property of the set {Y;} is that the Y;
are not independent. Thus, as in Part b of this article, we
observed that when a pulse occurs, the probability of a
pulse on the very next bit is affected. Therefore, the
covariance of Y; and Y; is not necessarily 0 for i .

Instead, we proceed as follows. For i or <1,
Cov (Y;,Y;) is of course 0. For i =j=],

Cov (Yi,Yj) = Var Yi =E (Y?) - (E (Yt))c
=pr(Yi=1)— (pr(Y;=1))
1 1 2 —1

B T o

The difficult case is Cov (Y;,Y;) with [=i <.

Let § — i = k=1. First observe that Cov (Y;,Y;.x) is
a function of k only, since the joint distribution of Y;
and Y., for i=1, is independent of i. This follows from
the fact that the occurrence of a pulse at a given position
depends only on the present position and the previous
I — 1 positions. Thus, define f(k), for k=0,as Cov(Y;,Y;.x).
Eq. (3) becomes

VarE, = 33 f(K), (4)
i=l k=0
or, rearranging the above sum,
n-1
VarE,= 3 (n—1—k+ 1)f(k) (5)
k=0

Ny
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Since f (0) = Var Y; was calculated above as (2™ — 1)/22%*,
we need f(k), 1 =<k=n-—1

First let k=1 We claim that Y; and Y., are then
independent. For the occurrence of a pulse more than
I positions in the past does not affect the occurrence of a
pulse in the present, since the length of the pulse-
determining window is l. Then Cov (Y;,Y.x) =0, k=],
so that f (k) =0, k=1. Formula (5) can then be written

min(l-1,8-1)

VarE,= 3 (a—l-k+1fk. (6

We thus turn our attention to evaluating f(k) for
1=k=1-1.

e. Calculation of f(k). We use the formula

Cov(Yy,Yi.x) = E (YiYi+k) —E (Yi) E (Ym;),

where i>1 Since E(Y;)=E(Y;.x) =1,2"* we need
only find E (Y;Y;.x). Now

EYYi ) =pr(Yi=1Yix=1)
=pr(Y; =1)pr(Yi,x = 1]Yis,),

where pr(A|B) denotes the conditional probability
of A given B. Thus, the crucial computation is
pl'(Y“k = ].IY, - 1)

This conditional probability is computed as follows. If
Y; =1, then the window of length I ending at position i
was the window . The hypothesis is thus that the win-
dow ¥ ends at position i. How does this effect the occur-
rence of a pulse at position i + k? The effect is one of
twou possible ones. Consider the overlap of % and %;;
l — k positions are involved.

Namely, let W be the window of length [ that actually
occurred at i; W is not ¥ if % has “don’t-care” positions.
Consider W;_;, the window of last | — k positions of W.
If one of the positions of W,_; contradicts ¥ in a condi-
tioned position, a pulse cannot occur at i + k. Let W,_;
not so contradict A. Then the probability of a pulse at
i + kis 1/2'+*, where I denotes the number of conditioned
positions in the last k positions of %.

Thus, given that a pulse occurred at i, and that W was
the window causing the pulse (if % has no “don’t-cares,”
this extra condition is vacuous, as then W is always %),
the probability of a pulse at i + k is 1/2"* times 0 or 1
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according as there is or is not a contradiction in W;_;
with the first I — k positions of . Write this as

1
pr (Y = 1|W) = 57 D (W), (7)

Now we have

pr(Yiax=1|Y;=1) =3 pr(W|Y; = ) pr (Yi,x = 1{W).
W
®

and pr(W|Y; =1) =1/2'-™ for all 2'-™ possible W’s.
Hence

1 1
pr(Yie=1{Y;=1)= o1~ 1% 3 D(Wy.). (9)
w

20w
But the sum

% D(W;_x)

is the number of W not contradicting ¥ in its W,_. Let
g (k) =1 or 0 according as there is or is not at least one
such W, that is, according as there is or is not a contra-
diction between %1,,_; and 9. Define by as the number of
unconditioned positions among the last I — k positions
of N that are also unconditioned in the first I — k posi-
tions of Mi. Define ¢, as the number of unconditioned
positions in the first k positions of %. Then the number of
W not contradicting % in W, _, is g (k) 2%+, so that

2 D(‘V[-k) = 2t"+b". (10)
w

Formula (9) can now be written

pr(Yi = 1[¥, = 1) = g(k) 2-d+e-t-nbo. (1)

Consequently,
E(YiYi.) =pr(Y: = 1) g (k) 2 ¢ +hr-tr-tfe-bo
=g (k) 2—(l+lk*—t1—h),
and

Cov (Y, Yi.) = g (k) 2 (F+lex-ta-b — 9-2l%,

We have finally

f(k) = g (k) 2-(h+bx-ta-bo) — 9-2i%,
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the required expression. Here g(k) =1 or 0 according
as there is no contradiction between % and its translate
by k, and

(a) It is the number of conditioned positions in
the last k position of ¥;

(b) t is the number of unconditioned positions
in the first k positions of ¥; (1)

(¢) by is the number of jointly unconditioned
positions in the last I — k positions of % and
the first I — k positions of ¥ shifted to the
right by k.

f. Simplifications in special cases. This part of the
article considers the simplifications available in special
cases. If “don’t-cares” are not allowed, then the following
simplifications occur in Eq. (13): I} becomes k, ¢, becomes
0. Also, I* is the same as l. Then Eq. (12) becomes

f(k) =22 {g (k) 2!-* ~ 1}. (14)
Eq. (6) now becomes

min{l-1,n-1)

VarE, = 22! >

(n—1—k+1){g(k)2-*—1}.
(15)

Now consider the simplification in which “don’t-cares”
can be allowed, but no tail of the basic window of length
k is a head of length k,1=k=n — 1. That is, let
g(k)=0, 1=k=n-—1. Then Eq. (6) becomes (if
n—1=1—1 to avoid trivial complications):

VarE, =2 {(n—14+1) - 2-*(1—2)(n - %( - 1))}
(16)

We remark that in the above case, the theory of recur-
rent events applies.

Now consider the opposite case, in which g (k) =1,
1=k=n — 1. That is, the window contains all 0’s and
“don’t-cares,” or all 1’s and “don’t-cares.” For simplicity,
no “don’t-cares” are allowed in the below formula, and
n—1 is assumed =] —1:

VarE, = 2”{(2’” —1-2(n—1 +l(—12+—1)}

(17)

(As a check, let I = 1; Var E, then is %, which is the
known answer for the binomial distribution.) The mean
E(E,) for Eq. (17) is (n— 1+ 1)/2.
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Note that the variance is higher in the case of Eq. (17)
than in the case in which the theory of recurrent events
applies, that is, when each pulse starts the process over
[option (I)]; this assertion can be checked using formulas
from Ref. 38, Chapt. XIII. Of course, the mean mum-
ber of pulses is also higher, (n—1— 1)/2! versus
n/(21+1 — 2). These facts are reasonable in advance of
any calculation. Also for ! large, asymptotically in n, we
have n%2¢+1)/2 for option (I), n% 2-¢+1/2 for option IV,
as the ratio of mean number of pulses to standard devi-
ation of the number of pulses. These formulas are a
precise measure of the greater dispersion attained in
option IV.

Finally, let us consider the asymptotic formula for
Var E,. That is, let n— o in Eq. (6). We obtain

VarE, ~ 22“{ 2 (g (k) 2-C+h-ta-ba-z19) — 1)}
in the general case;

(18)
n l- 2
VarE, ~ = { (g(k)2!-* — 1)
k=
with no don t-cares”;
(19)
VarE, ~ o (2101 = 1 - 9),
for the all-1’s word length 1.
(20)

Note that in Egs. (18) through (20), the variance of E,
does increase linearly with n, as can be predicted in
advance.

g. Asymptotic distribution of E,. We have found the
mean and variance of E,; now let us consider its asymp-
totic distribution. In the recurrent event case, observe
that Ref. 38, p. 297, has the following theorem: the num-
ber E, of pulses in n bits is asymptotically normally dis-
tributed. The same theorem holds for all cases considered
in this paper. The proof is complicated by the fact that
the random variables representing waiting times between
successive pulses are not independent. Thus, the tech-
nique of Ref. 38 for proving the asymptotic normality
theorem cannot be directly applied. However, it can be
seen that the waiting time between the r* and (r + 1)
pulse is almost independent of the waiting time between
the st* and (s + 1)** pulse, if s is sufficiently greater
than r. This fact can be put in sufficiently quantitative
form to make the proof of the above theorem hold.
Details are omitted. It is to be noted that the asymptotic
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distribution of E, is not as important for many purposes
as is the knowledge of how the pulses bunch. Thus, a
window of all 1's tends to produce bursts of pulses,
although the asymptotic distribution of E, does not

imply this property.

h, Sample calculation. We shall calculate the relevant
values for the window 1 X 0 of length 3. Here l =3,
=2, sothat E(E,)=(n~2)/4. We next need f(k), 0=<k=2.
Note that g(0) =1 as always, g(1) =1, g(2) =0. To
see that g(1) = 1, ncte that the sequence 110 yields a
pulse, as well as the sequence 100. Hence, 1100 yields
two successive pulses, so that g(1)=1. And g(2) =0,
since, if 1 X 0 occurs, no pulse can begin with the 0.

Also,l:',=0,to =0,bo= 1;l:=0,t1 =O,b1 =0; l'2= 1,
t. = 1, b, = 0 (but these last values are not needed, since
g(2) = 0). Then

g S

f(o)_z(s 0-0-1) —_ O-4 =— 16
F(1) = garo-o-0 g =
16°

1
f(2)=0—2+*= -6
We conclude that, for n — 3=1, i.e., for n=4,
VarE, = (n—2)f(0) + (n — 3)f(1) + (n — 4) f(2)

= (=9 g (=9~ g (n—4)

3n—-35

VarE, = 6

Thus, E(E,)/(Var E,)% ~ n*%/3. As n—> o0, the distribu-
tion of [E, — (n/4)]/[(3n)%/4] tends to the unit normal.
For n=23000, we conclude that E, is approximately normal
with mean 750, standard deviation 25. For comparison
purposes, a binomial distribution with n = 3000 and mean
750 would have probability of success p = !%; hence,
standard deviation [np(1—p)]%=3000¢%+3%)%=25 also.

3. An Almost Uniformly Most Powerful Test
USiﬂg Quanﬁ'es, I. Eisenberger

a. Summary. The use of quantiles for data compression
of space telemetry has been considered in Ref. 39; a
mechanization of a quantile system has been considered
in Ref. 40. Further work is necessary in order to study
the uses that caa be made of telemetry in the form of
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quantiles. This article discusses one such use--the test
of hypotheses, or, more accurately, the discrimination
of one hypothesis from another.

Ref. 39 gave quantile tests for discriminating between
means of normal distributions with the same known vari-
ance. In this report, quantile tests are given for discrimi-
nating between variances of normal distributions with
the same known mean. More precisely, the problem of
testing the simple null hypothesis

Hy: g (x) = g, (x) = N (p, o)

against the simple alternative hypothesis
H;: g(x) = g.(x) = N (p,02)

is considered, where ¢, > ¢, (0. < @,), u is known and
the test is based on one, two, or four sample quantiles.
Here, N (u, o) denotes the normal distribution with mean
w and variance ¢*. In each case the power function is
derived and the efficiency of the test is determined when
the sample size, n, is assumed to be large. The power
is surprisingly large.

b. Review of quantiles. To define a quantile, consider
a sample of n independent values, x,,%., - * - ,x, taken
from a distribution of a continuous type with distribu-
tion function G (x) and density function g(x). The pth
quantile, or the quantile of order p of the distribution,

denoted by ¢, is defined as the root of the equation
G () = p, that is,

p:/::dG(x)‘—:/j g(x)dx

The corresponding sample quantile, Z,, is defined as
follows:

If the sample values are arranged in ascending order
of magnitude

Xy <Xy < ' <Xy

then x;, is called the ith order statistic and
Z,= Xinpyon
where [np] is the greatest integer = np.
If g(x) is differentiable in some neighborhood of each

quantile value considered, it has been shown that the
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joint distribution of any number of quantiles is asymp-
totically normal as n— o and that, asymptotically,

E (ZP) =L
Var (Z,) = %l,

where p,. is the correlation between Z, and Z,,, p; < p..

c. The test for one quantile. Now, assuming the lim-
iting distribution and moments of the quantiles, denote
by F (x) and f(x) = F’ (x) the distribution function and
density function, respectively, of the standard normal
distribution, that is,

Fm=[7ma

where f(x) =1/(2x)%e %", and let Z be the sample
quantile of order p, ¢ the corresponding population quan-

tile under H, and ¢’ the corresponding population under
H,. Then one has

(L-1)/0y (' -n)/oe
v= fwde= [ pwar
so that
{—p _L—n
(421 [+
or
C=—(—m+ue
and
1 (L~
él(g)“alf( . )
! PR S Al AR | —u
w @)= 1(552) = A

Hence, under H,:

E@Z) =& Var(Z) = ol
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where

and under H,:

E(Z)=2(—w+m

(4]

Var (Z) = oia®.

If the test is now based on the value of the statistic Z,
the best critical (or rejection region) is determined by
the likelihood ratio inequality

L@Z|H) 7P [

_1f(Z-8Y
| 2 01a ) ]
L(ZIHI) o exp[ —L(Z'—C,)z] <k
2 o.a

which, by taking logarithms and completing the square
in Z reduces to

(Z— - M)2 > k2, foro, > 0, 2

o, + o,

as the region providing the maximum power. Here, k is
determined such that, under H,, the probability of the
inequality (2) occurring is equal to e, the significance
level of the test. The power of the test, P, is determined
as follows.

Under H,:

op + ol

P(—k+ <z<k+"—“ﬁ—“‘i§-)

a t oo, gy t+ o

ot ol o optel
= <k+ 0’1+¢72 C)-F( k+ 01+0’2 C>
o4 oa

—




P

Under H;:
p(_k+ﬂiﬁ<z<k+ﬂiza€)
o, + o, o, + o
T2
=F[«hab+c—ul &—w M]
[\ 21/

_Flioxac-f-i—%f'(é—#)—#:l

[ 21/

= p[ib_ _Cl(l _3.)]
[ 2 (i 27/) [:

=1-P,. 3

Theoretically, the values of b and ¢ depend upon the
parameters of g, (x) and g.(x) as well as upon . How-
ever, a few simple calculations show that for all practical
purposes one can determine b by the relation F (b)=1—¢
and neglect as negligible the second term of the left-
hand side of Eq. (3). With this simplification, P, will be
maximized if the order of the quantile is chosen to maxi-
mize { — p/o.a. Setting equal to zero the derivative of
this quantity with respect to { — p/0,, one finds hat this
maximum occurs at p = F({ — p/e1) = 0.9424. For this
value of p, { — p/0, = 1.575 and a = 2.019/n%. Inserting
these values, one obtains as the optimum single quantile
power function

P,=1- F[ﬂb - 0.78(n)%(1 —ﬁ)]
T2 [+

d. Efficiency for one quantile. If one defines the effi-
ciency of the test as the ratio of P, to P;, the power of
the best test using all the sample values, it is of interest
to determine P, in order to see how “good” the quantile
tests are compared to what can be achieved using the
entire sample. Now the likelihood ratio inequality in
the case of the entire sample gives as the best critical
region

z = >k (o> 0),

but it is more convenient to express this as

y=[2 é(x‘—w]“w,
i=1
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since it is shown in Ref. 41 that, asymptotically, y is dis-
tributed N [o,(2n)%,0,] under H, and N [a.(2n)%, o;]
under H,. Hence, assuming the limiting distribution,
which is a very good approximation for large n, one has

Under H,:
k — 0 (2")%
ply<k)=F(— —— =F(b)=1—¢
Under H,:

ply<k) = F[ﬂ b- (2n)'é(l - 3‘—)] =1-P,
oy o,

Fig. 26, for n = 200, ¢ = 0.01, shows the power and
efficiency of the test using one optimal quantile. The effi-
ciency is never less than 35% for any o:/0,. Furthermore,
as in Ref. 39, the efficiency approaches 1 as ¢;/0, ap-
proaches 0 or . Under these conditions,

b =232, k=03320 + LI
[:5] + On
Thus, if
. 1.2430, (o, — 1.5340,) <Z< p+ 19070,

o, + o,

accept H,. Otherwise reject H,. The test is to be made
at a significance level of 0.01.

1.0 ! 1 //O—{r" -0
— EFFICIENCY
08 / /’

POWER
bQ?Oﬂ | |
Hot glx) s g (x) 2N (p, o))

02 n*200 o,>0, -
M Hy gln) s gola) = Nip, o) €001

ol | 1 l l l

10 ] 12 .3 ) 15 8

vz/o|

Fig. 26. Power and efficiency of test
using one quantile
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e. Two quantiles. Now let Z, and Z, be two sample
quantiles of orders p, and p,=1—p, > p, and let
x=2Z, —Z,. Then

Under H,:

E(x) =2(u—¢{), Var(x) = 20ia*

where

Under H;:

E(x) =%: (r — &), Var(x) = 203a®.

Simplifying the likelihood ratio inequality results in the
best critical region given by

[x - 3’-’—(—C—)] SK, (0> )

o, + [+ £
Under H,:

202(#_C1) ( Cl)
P(—k+—m+a2 <x<k+ T )

202(l~‘~_£1)_ -
=F[k+-—¢—1—+—‘-7:— 2(n {,)]

2% o

202(#‘(1) . .
_P[ R Rt g)]
2%010
=1 g
Under H,:
( k422l O gy 2O
(71 [+ 23 C1+01
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Again determining b such that F (b) = 1 — ¢, the orders
of the two symmetric quantiles which maximize P, are
p, =0.0859, p, =0.9341. For these values, (u —¢{1) /o, =1.508,
a = 1.869/n% so that the optimum power function is

given by
=1- [F—b — 1,141 (n)% (1 —2)]
[4]

We are considering only symmetric quantiles and we
conjecture that this is the optimum procedure to adupt.

For n = 200, « = 0.01, Fig. 27 shows the power and
efficiency of the test using two quantiles. For this case if

3.016q, (0, — 0;)

01+U2

_0.434101 +

< x < 3.4500]

accept H,. Otherwise reject H,. The efficiency never
drops below 67%.

f. Four quantiles. For the four quantile case, let
Z;, i=1, 2, 3, 4 be four sample quantiles such that
P <pP.<Pps<ps and p, + p, = p, + ps = 1. The test
will be based on the linear combination

x=a(Z,—Z,)+B(Zs— Z,)
determining a and B as well as the orders of the quantiles
so as to maximize P..

0.8
r/’7L EFFICIENCY
0.6
/:f\m
04

HO gl{x)s I (l)‘”(ﬁ. ")
ns200 o520,
H| glx)s go{x)sN(u,e3) «=0.01

EFFICIENCY AND POWER

[=]
»
\n

.o 1l 1.2 1.3 1.4 1.5 1.6
"z/'a

Fig. 27. Power and efficiency of tes?
using two quantiles
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Under H,:

E(x)=2a(#“Cx)+2ﬁ(u—Cz)

Var (x) = 203 [a?a} + B%a3 + 2af 4,10, (p12 — p1s)] = 20iy®

where
F(Cx—l")[l_F({i_M)]
a,l_,___ [} [+ 1
()
oy
(522 1-r(i2)]
al = (14} (41
: {2 —
(2
()1 (5]
ai= [:31 (4}
: 2 ‘C1 B
o (B5)
az = (51 ['4]
()
L4
pi; = the correlation between Z; and Z;.
Under H,:

E(x)=2a> (=) + 287 (u — &)
Var (x) = 20iy*.

Omitting the details, one obtains finally

2259 (52

e, o)) ()
o Y
=1-P,

As in the previous cases, we determine b such that
F (b) = 1 — . Moreover, from previous investigations in
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the use of quantiles in estimating the parameters of nor-
mal distributions (Ref. 42), it is known that for

« =0.116 8 = 0236
p, = 0.023 p, = 0127
p. = 0977 p, = 0.873

P, will be a maximum. Hence, the optimum power func-
tion is given by

Po=1- F[ﬂb - 1.234(n)»4(1 ~ﬂ)J.
a3 [+ 7

For n == 200, « = 0.01, Fig. 28 shows the power and
efficiency of the test using four quantiles. For this case if

o [1.001 (ﬂ)] — 0.12830, < x < 1.12950,,

0)"*’0’1

accept H,; otherwise, reject H,. The efficiency in the four
quantile case never drops below 82%.

g. Conclusion. In each case, since the lower limit of
the acceptance interval depends on o. as well as on o),
strictly speaking the tests are not uniformly most power-
ful among quantile tests. However, in each case the

i.2 T

/" EFFICIENCY

N

0.8} $

J‘ \— POWER
08—~ /
os}

) Ho: glx)s g (x)sN{p, o)

EFFICIENCY AND POWER

02 n =200 gy20,
Hy glx) = golx) = Ny, o,) €001
I
° J 1 |
1.0 [N 1.2 +.3 14 15 16

o2 /o

Fig. 28. Power and efficiency of test
using four quantiles
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probability that the test statistic will actually fall below  reject H,; otherwise, accept H.. *
the lower limit is practically zero even when H, is true,

so that the test is essentially one sided. Since the upper For four quantiles: i
limit depends on the parameters of g, (x) only, then, for
all practical purposes, the tests are uniformly most pow- - o — o\ Ny |
erful among quantile tests. If e:| 0.1283 ~ 1.001 o + o, <x < 0.87290, |

If v, > o, is specified instead of ¢, > ¢, a similar

o s . 'h h i ¥
analysis provides the following criteria, refect H,; otherwise, accept H,. In each case the optimum

orders of the quantiles remain the same. If it is not
known whether o, is greater or less than o,, the test can
be modified slightly. The power is reduced of necessity.
Details are omitted.

For one quantile:

_ 1-243@1 (01 = 1.53402>

If I < Z < u+ 12430,

ot o, Figs. 268 through 28 show that the efficiency of this

reject H,; otherwise, accept H,. test drops at first as o./¢, increases, and then increases

agsin to 1. The minimum eficiency for one quantile is

For two quantiles: about 35%, 67% for two quantiles, and 83% for four quan-

tiles. Thus, the four quantile test is quite good uniformly

_ 30160, (0, — aJ) in o;/0,, even when compared with the optimum test

If 043410, o, + o; < x <2582, using all the samples.
|
|
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