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I. INTRODUCTION

1.1 General Remarks

The eye, long recognized és_being interdisciplinary in nature, has
traditionally been examined only with regard to its biological, physio-
logical, and optical behavior. Recently it has been realized that many
of its functions and disorders (e.g., retinal detachment) are mechanical
and should be analyzed as such. Nickerson and his collaboratorsl studied
the damaging effects on ocular structures by rectilinear sinusoidal
forces applied to the whole body of normal dogs. They determined the
fundamental frequency of the eyes of these dogs to be 32-35 cycles per
second, depending on the direction of the oscillatory force, and also
found that these vibrations temporarily reduced the intraocular pressure.
No guantitative results were reported but qualitatively they observed that
larger stresses were accompanied by greater tissue damage. Anliker,
Hayashig, and Silvis3 investigated the feasibility of using dynamic
loading (e.g., vibrational, rotatory, and centrifugal) to resettle
detached retinas. Their experimental results indicated that certain
rotatory and centrifugal force fields considerably improved the normal
resettling times.

Space flight has placed man in a hazardous dynamic environment
which is pushing the limits of his tolerance level. It has been found
that the low frequency, high-g vibration level that is associated with
large boosters may be a major constraint in the exploration of the solar
system. Short-time testsu of human tolerance to sinusoidal vibrations

from one to fifteen cps indicated that the lower levels of tolerance was




found to be between one and two -g at three to four cps and seven to
eight cps. The Highest tolerance level of seven to eight -g was found
at fifteen cps.

The intraccular pressure is a significant diagnostic parameter in
clinical ophthalmology. It is the primary parameter used in diagnosing
glaucoma, a major cause of irreversible adult blindness, presently
afflicting about two per cent of all people over 40 years of age. Glau-
coma 1s an ocular condition in which the intraocular pressure is so
elevated as to Jeopardize the cellular integrity of the retina upon which
vision depends. The pressure level that may be tolerated without damage
to the eye varies widely among individuals but it is agreed that a nominal
value of 20 mm Hg is normel for a healthy eye. Instrumental measurement5
of the intraocular pressure began about one hundred years ago with the
impression tonometer of von Graefe. Since then, many tonometers have
been devised using mainly the principles of indentation or applanation.

Maklakov, in 1885, invented the first applanation tonometer. This
device is still in use today. It consists of a cylindrical weight with
a flat base of opal glass. If the footplate is coated with a thin film
of dye and the tonometer is made to rest on the cornea, a white ring is
produced which corresponds to the area of the flattened corneal surface.
In clinical use, the Maklakov tonometer gives readings which are as
valid and of the same order of accuracy as those given by most other
tonometers. The most commonly used contemporary applanation tonometer
was invented by Goldmann6. It is used in conjunction with a biomicroscope
to measure the force required to flatten a segment of the cornea that is

3.06 mm in diameter. (This 3.06 mm diameter corresponds to an area over




which 1 gram applied load is equivalent to an average pressure of
10 mm Hg.)

The Schiotz7 tonometer (Fig. 1.1) is the most popular indentation
tonometer which is used today. Heré, the intraocular pressure is esti-
mated by the depth of corneal indentation which a plunger of known
weight produces. Because of the complicated geometric shape of the
indentation, a reasonable ahalytical description of this device is not
in evidence, and since its inceptién the conversion curves (from tono-
meter reading to pressﬁre) have been changed several times.

The Mackay-Marg8 applanation tonometer is one of the most recently
developed instruments. With this device, the cornea is flattened by a
guard ring and a sensitive, centrally located transducer measures the
radial force produced by the intraocular pressure.

With all of these instruments, except the Mackay-Marg tonometer, it
is necessary to anesthetize the cornea so that the patient can tolerate
the apparatus which is placed in contact with the eye. This anesthesia
may affect the measurement. Also, these instruments are inherently
inaccurate.

If it is assumed that the natural frequencies of the eye are a
function of the intraocular pressure, then it should be possible to make
use of the vibrational modes to infer the intraocular pressure. In
addition, it should be possible to excite the eye without contacting it
by making use of pressure or sound waves, and detect the osci}latious
optically. A device of this sort should eliminate many of the disadvan-
tages of the eye-contacf instruments previouély described. It would also

have the advantage that ocular contact and anesthesia will be unnecessary.




The former is extremely important since an instrument that requires
ocular contact necessitates operation by an ophthalmologist. If the
ocular contact constraint is removed the intraocular pressure could be
measured by any moderately trained individual. This makes it extremely
attractive for space use, that is, measuring the effects of spéce flight
on the ocular system. It should also be noted that by making use of the
eigenvibrations of the eye it should be possible to study the effects of
the surroundings of the eye (e.g., muscles, optic nerve, etc.).

The object of this dissertation is to study the dynamic behavior of
the eye both analytically and experimentally. The analytical investigation
consists of developing a simple dynamic model of the eye from which the
eigenfrequency dependence on intraocular pressure can be oObtained. In
addition, experiments were performed to validate this model and to give

insight into possible modifications to the model.

0
1.2 Anatomy of the Eye9’l s

There are four basic coats on the eyeball (Fig. 1.2):

a. The fibrous tunic consists of the sclera or "white tunic"
posteriorly and the cornea anteriorly. The sclera occupies
about 5/6 and the transparent cornea about 1/6 of the horizontal
circumference of the eyeball.

b. The vascular tunic or uvea consists of the choroid, the ciliary
body, and the iris.

c. The pigment epithelium of the retina.

d. The retina.




The sclera is a dense, fibrous, relatively avascular structure.
Anteriorly it comprises the "white" of the eye. Its thickness (Fig. 1.3)
varies from approximately 1.0 mm at the posterior pole toabout 0.l to 0.5 mm
at the equator. It is only 0.3 mm thick below the tendons of the rectus
muscles. The sclera is made up of three ill-defined layers called (1) the
episclera, (2) the sclera proper, and (3) the lamina fusca.

The episclera is the outermost superficial layer. It is composed of
loosely intertwined fibrous tissue strands connected to Tenon's capsule.

The sclera proper is composed of bundles of connective tissue and
elastic fibers. The bundles are randomly arranged except around the
optic nerve where they are more circular.

The lamina fusca is the innermost layer of the sclera and is very
rich in elastic fibers. It is this layer which might well control
(elastically) the dynamic behavior of a vibrating eye.

The eyeball is not exactly a sphere but is a very good approximation

(see Fig. 1.4). It is slightly asymmetrical and this asymmetry is called

htemporal bulge.'

The vitreous body is a transparent, avascular, gelatinous material
which fills the vitreous cavity between the lens and the optic nerve.
The vitreous body is 99.8% water.

The bony orbits are the sockets which contain the eyeballs, the
extraocular muscles, connective tissue fascia and ligaments, fat, blood
vessels, and nerves (Fig. 1.5). The eyeball occupies only 20% of the
orbital volume. It is situated anteriorly in the orbit Jjust within the

fascial attachements, and Tenon's capsule, with an extramuscular fat pad.



The intraocular pressure of the normal eye is about 20 mm Hg, a
higher pressure than is found in any other organ of the body. This
pressure depends upon the volume of the contents of the eye and the
elasticity of its coats. The maintenance of the normal intraocular
pressure depends mostly on the amount of aqueous humor present at any one
moment in the eye. The aqueous humor is constantly being formed, and
constantly being eliminated so that a quasi-equilibrium maintains a con-
stant intraocular pressure in a healthy eye.

From the aforementioned description of the eyeball and its surround-
ings, a simple mathematical model can be conceived in the form of a
spherical shell (cornea-scleral membrane) containing an incompressible
liquid (vitreous body) and surrounded by an incompressible liguid (fat,
muscle, etc.). The viscosity of the vitreous body will be neglected
(see Appendix C). The variation in the diameter and the variation in the
thickness of the cornea and sclera will also be neglécted.

With this description in mind the eye was first treated as a
spherical droplet held together by surface tension. This was refined
slightly by adding an external medium to simulate the surroundiﬁg tissue.
Elastic properties were then added to the sclera and, still in the one-
degree-of -freedom realm, the effects of bending were examined. Continuing
along this vein two-degree-of -freedom membrane (elastic) and later shell
(bending) models were examined. And finally the complete shell model
with internal and external media was constructed. At every step the
newest effect was examined, evaluated, and compared to the less refined
models. Thus the three-degree-of -freedom shell model of the-eye has, in

effect, evolved from a water droplet.
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II. BASIC EQUATIONS

2.1 Fluid Mechanics

For any fluid (assuming that fluid is neither created nor destroyed)

the equation of continuity is

g% +9 - (pg) = 0, (2.1.1)

where p 1is the fluid density, t dis time, and a is the fluid velocity.

If it is assumed that the fluid density is constant then from (2.1.1)
V-g=0. (2.1.2)
If it is assumed that the flow is irrotational, this implies that
VXgqg=0, (2.1.3)
and therefore a may be expressed with the aid of a potential as
Q= - W : (2.1.4)
In addition the incompressible equation of continuity reduces to
Veg=-V-W=-%0-=0, (2.1.5)

that is, the velocity potential satisfies Laplace's equation.
For an invicid fluid Euler's equation can be written as (neglecting

body forces)

N

WG -Wa=-2%, (2.1.6)

O

where p is the pressure.

By making use of the identity

—

(@ 9a =593 9 - ax(Vxa, (2.1.7)

7




and the assumption of irrotationality (V X 5 = 0), Euler's equation
becomes

—

%%+%V(E-€)=-%Vp. (2.1.8)

If it is assumed that the flow velocities are small (q? ~ 0) and when

making use of the velocity potential, (2.1.8) becomes

v gi. - .g] _ 0. (2.1.9)

Integration of (2.1.9) produces
dd
P=p5 (2.1.10)

where the integration constant is absorbed in 9.
The kinematic boundary condition of a fluid may be expressed in

general by
D
-D-E’ (6,9,t) = 0 , (2.1.11)

where S = 0 is the equation of the bounding surface and

+q - V. (2.1.12)

O/'O/
ct

o
Dt
@ 1s the colatitude measured from the pole, and ¢ 1is the longitude.

2.2 Equation of Motion/Dynamic Boundary Condition

Consider an element of the surface of the eyeball acted upon by an
internal pressure p,, an external pressure Pys and a radiel body
force F (per unit area). Let the stress resultants in the principal

directions be Nl and N2 and the associated radii of curvature Rl




and R2. Then the radial D'Alembert equilibrium equation can be

written as
N

+§§_F. (2.2.1)
2

In all cases treated F will be an inertia force.

2.3 Geometry

When considering only infinitesimal radial disturbances { from the
equilibrium position at r = R, the equation of the surface of the eye-

ball can be written as
S(I‘,Q,(p,t) =r - [R + g(e:@;t)] =0 . (2.3.1)

By applying the kinematic boundary condition (2.1.11) to (2.3.1)

we get
L, vs-0. (2.3.2)

On linearizing and making use of (2.1.&), the kinematic boundary

condition becomes

% - %% , (2.3.3)

Consider12 a surface whose principal radii of curvature, at a point

on the surface, are R, and R2. Rl and R2 are positive, if the surface is

1

concave. When the surface undergoes an infinitesimal normal displacement

8, the elements of length dﬂl

directions change in length by the amounts (SQ/Rl)dﬁl and (SC/Rz)dZ2 respec-

and dﬂg on the surface in its principal

tively. It should be noted that dﬁl and dzz are elements of the



circumference of circles with radii Rl and R2 respectively. The

area of the surface element before displacement may be written as

dA = dfildil2 ’ (2.3.4)
and after displacement as

dA = al 1+§ as 1+i . (2.3.5)

1 R 2 R
1 2/

If (2.3.5) is expanded and linearized it yields

dA = 1+§’£ + ar. aL,. , (2.3.6)

Rl R2 1772

and therefore the change in surface area due to the displacement is

5A =f5§<%l- +—1]§)GA . (2.3.7)

In spherical coordinates the area of a surface can be written as
21 %

_ 2, for 2 L1 (or 2 s .
A Of(;/ [r (E) sinze(a;) :] r sin 8 dfdy . (2.3.8)

When making use of the equation for the displaced surface of the eyeball

(2.3.1) the area becomes

21 1«

A =ff[:(R + £)? +(%)2 4+ —2 (%)ZT/Q(R +t) sin 6949 .
S o sin29

(2.3.9)

On expanding the square root term in a Taylor series about the

equilibrium position (§{ = O0) and linearizing, (2.3.9) becomes

10




N

.3.10)

21 n
{jR+§)_ "2 [Kg%) ' sin 9 :[}Slned@de . (

The variation of the area 8A when { changes is

2n n

BA L/ijr[j 2(R+t )8t + gg SSC iize gé %E aé] sinfdfde . (2.3.11)

If the second term is integrated by parts with respect to 8, and

the third term by parts with respect to ¢, (2.3.11) yields

2n n

2
BA = k/1[[2(1’%@ 51n6 5— (51 2 C) Singe g@g:]sg sinf dPdy .

(2.3.12)

In addition, when we divide (2.3.12) by R(R+2{), expand in a Taylor

series, and linearize, it can be shown that

2n n

. 2
2 2t 1 1 aJ . at 1 d7¢

SAsz —-——-———_———(51n9 )+ _]}
g {R R2 R2 sing o8 6 sin26 8@2

{%(R+2§)sin9 d@d%} 8t . (2.3.13)

From (2.3.10) a linearized element of surface area can be written as
dA = R(R+2{)sinf d6de . (2.3.14)

By comparing (2.3.7) and (2.3.13), while we make use of (2.3.1k), we find

that

-—Q (2.3.15)

5in°6 8¢

1,1 _2_ 20 111 3 (.4 )
R, "R. R 2 " g2 |sinf 36 /"

or

11




2 2
.l_ + _l_ = i[ - .]_‘ ot + cotb 9 4.8—g + Csc29 a_C}] . (2.3.16)

2.4 Laplace's Equation in Spherical Coordinates

Laplace's equation in spherical coordinates is

2

1 93 2 oY 1 d . O 1 0P
Vg“‘egf(r §> *T@(Sm@sa) MR
T r~sing rTsind oP

(2.4.1)

A solution to this equation can be obtained by a separation of

variables of the form
¥(r,0,9) = R(r)e(6)x(e) . (2.4.2)

On making use of (2.&.2), Laplace's equation reduces to three ordinary

differential equations of the form

2
e R, or ar _ n{n+l)R = 0 , (2.4.3)
2 dr
dr
2
g—g + meh =0, (2.4.4)
do
and
2 2
99 4 cote Lifnma) -2 —le=o0, (2.4.5)
2 a6 ;
dé sin @
where n(n+l) and -m2 are separation constants.
Equation (2.4.3) has as solution
R(r) = c.r’ + ¢ r-(n+l) . (2.4.6)

1 2
Equation (2.&.&) is a linear homogeneous equation with constant
coefficients and its solution is

12




X(op) = cseim‘p + che'im“’ . (2.1.7)

Equation (2.4.5) is Legendre's equation and has solutions of the

form (see Appendix A)

e(e) = C Pﬁ(cos g) + CéQ:(cos 8) , (2.4.8)

>

where Pz(cos 6) and Qﬁ(cos 6) are associated Legendre polynomials of
the first and second kind respectively.

An examination of these solutions permits some of the constants to

be determined by the physical nature of the problem:

(a) Cc = 0 since Qz(cos ) is not bounded at 6 = O,n.

(b) n must be zero or a positive integer to maintain Pz(cos 8)
finite at the poles.

(c) For continuity and periodicity of the exponential function,
which is necessary for the eyeball, m must be zero or an
integer.

(d) By the definition of P:(cos 8), m < n (see Appendix A).

(e) For internal problems r-(n+l) is unbounded at r = O and
therefore C2 = 0.

(f) For external problems r" is unbounded at r = » and therefore
Cl = 0.

By making use of these observations, the complete solution can be

written as

n o]
(IJ(I‘;G)CP) :;1 Zcmnelmcprn}?g r <R

n=0

=]

o]

(continued)

13




n ©
¥(r,6,9) =z > ¢mneimq)r'(nﬂ)P;1 rzR |. (2.4.9)
m=-n n=0

It should be noted that the notation used requires that

Pr=p™. P|m|.

n n (2.4.10)

1k




IIT. SIMPLE MODELS

3.1 Droplet Model

As the simplest model the eye will be considered to consist of a
liquid core surrounded by an infinite liquid. The interface material
between the core and the surroundings will be under a constant tension
T = Nl = Ng‘ The liquids will be considered as imcompressible and
invicid, and the flow will be irrotational. Gravity will be neglected.

When making use of (2.2.1), (2.1.10), and (2.3.16), the equation of

motion can be written as
+ o0 - 0. ==|2-2{2t +cot o
P1o " P1%14 " Poo ~ Poat TR R cot 8 5 + Lgg

+ cscoB CCP(P}] + ugtt s (3.1.1)

where P10 and Pso are the internal and external equilibrium pressures,

and p. the internal and external densities, & and @, the

1 e

internal and external velocity potentials, t 1is time, and p is the

Py 2

surface density of the cornec-scleral membrane. Subscripts of 8, @,
and t represent differentiation with respect to these variables.

(3.1.1) implies that the equilibrium (¢ = 0) Pressure distribution is

27
Pig - Ppp = P =R - (3.1.2)

ONp is referred to as the intraocular pressure. If we differentiate
(3.1.1) with respect to time and make use of the kinematic boundary

conditions (2.3.3), we find that

15




B .
P94t " Pl = 2R (| 2%yt COt8 Oyp * 90

2
+ csc o q’quxp] - (3.1.3)

It should be noted that the equation of motion (3.1.3) should in
fact be satisfied at r = R + { but since second order ¢{-terms have
consistently been neglected, (3.1.3) may be validly satisfied at r = R.

To obtain the solution of the equation of motion a space-time

separation is attempted:

i t
CIJl(I‘,Q,(P,t) = Wl(r)e:q))el\/?

(3.1.%)

iNot
®2(r:9;¢:t) = IIIE(T,G,(P)elJ?

where 0 1is the eigenfrequency squared.

A substitution of (3.1.4) in (3.1.3) yields

- _
°E’1“’1 A “er] = 3R |Vt cOt8 Vi * Virg0

+ csc2e\ylrw]. (3.1.5)

In reference to Laplace's equation in spherical coordinates (2.4.1),

if it is differentiated with respect to r and rearranged, it becomes

2 2 -
{} @;] + cotd ¥ o+ U .+ csc ewrwm =0 . (3.1.6)

Since ®1 and ®2 satisfy Laplace's equation w and We do

also. Therefore (3.1.6) can be used in (3.1.5) to produce

"{“’ P¥p + My )= 2R{2wlr [ 11:] } (3.1.7)
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In addition, the solutions for Laplace's equation inside the eye

(for wl) and outside the eye (for Wz) can be written as

- 3
\’fl(r:e:q)) =Z chmnelm(pranl r =R, e
m n

g (3.1.8)

¥, (r,0,0) = Z Zc2mneim‘pr'(n+l)1>‘§ r > R,
m n v,
and aslso
¥ (x58,0) =Z ZClmnelm’nrn']‘f”fl1 , (3.1.9)
m n

and

[: ‘1’11] ZZ 1M 21 41y, 0 ]?m (3.1.10)

It should be noted that the thickness of the sclera (corneo-scleral
membrane) is considered to be constant, that is each part of the sclera
is assumed to move with its corresponding middle surface point. There-
fore an important boundary condition across the sclera is that the
normal velocity be continuous. This may be written as

oy A,
= =5- a r=R. (3.1.11)

This implies, from (3.1.8), that

¢, Lo ¢, (n1)r ()

1mn omn (3.1.12)
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or

C . (3.1.13)

n 2n+l
) R 1mn

C2mn =T (n+l

By making use of (3.1.8), (3.1.9), (3.1.10), (3.1.12), and (3.1.13) in

(3.1.7) at r =R we obtain

imp_n-1_m n

}z }jclmne R Pn [?ul{}lR sy p2R + u{}
m n
+ 8¢ o - n2(n+l) =0 . (3.1.14)

2R
The linear independence of the functions requires that

n Lp =

S 1 %3+Iﬁlp§i+mﬂ t5E D 2-1ﬂmiﬂ =0 (3.1.15)

or

o - Ap(n+2)(n-1)n ) (3.1.16)

m 2 n o
2R [%1 ol P2 TR

A similar solution has been obtained (shell inertia not included)

before and may be found in the books by Lamb13 and Rayleighlu among
others. Although it is not new some comments about the results bear
repeating:

(a) The eigenfrequencies are independent of m. This means that
for a given n there corresponds 2n + 1 different eigenfunctions.
Thus each of the eigenfrequencies correspond to 2n + 1 different
oscillations.

(b) The eigenfrequency is zero for n = 0. This corresponds to
radial oscillations. On physical grounds for an incompressible fluid,

radial oscillations are impossible.
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(c) As the external fluid density decreases the natural frequencies
increase. This 1s to be expected since less mass is being moved during
oscillation.

Figures 3.1, 3.2, and 3.3 show curves of eigenfrequency
squared (omn) versus intraocular pressure for this spherical droplet
model with various side conditions.

These curves were plotted using the nominal values of R = 1.3 cm,

= 1.0 gm/cm3 and pn = 0.1 gm/cma. Figure 3.1 treats the spherical

Po

droplet problem with no side conditions. Figure 3.2 adds the inertia

Py

of the shell. And Figure 3.3 adds the external medium. In comparing
the three curves, it can be seen that each additional condition lowers
the eigenfrequencies. This may be explained by the fact that each
addition increases the apparent mass of the system. It should be noted
that since the shell depends entirely on the internal pressure to retain
its shape when the pressure goes to zero so do the natural frequencies.
At the nominal intraocular pressure of 20 mm Hg the lowest mode (n = 2)
exhibits eigenfrequencies of 40, 37, and 30 cps for the three cases

mentioned.

3.2 Elastic (Membrane) Model

This model differs from the flexible model in that the tension in
the sclera will no longer be considered as constant but account will be
taken of its elastic propertieé. That is the sclera will be treated as
a membrane and the membrane assumptions — only in-plane stresses, plane
sections remain plane — will be used. Again only radial displacements

will be allowed.
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As in the case of the flexible model the stress resultants due to

the intraocular pressure 4p, can be written as

NlAp = Ngﬁp = 5599 . (3.2.1)

In addition, the stress resultants due to a radial deformation can be

obtained from Hooke's law as

i
=
|
o] Vo
I
b=
e
—
W
Mo
I\\D/

A== (3.2.3)

E 1is Young's Modulus, v is Poisson's ratio, and h is the thickness
of the corneo-scleral membrane. By superposing (3.2.1) and (3.2.2), the

total stress resultants are

_y B ¢
N, = N, === +hAZ. (3.2.4)

When making use of (3.2.4), (2.1.10), and (2.3.16) in (2.2.1) the equation

of motion becomes

- i} _(B& Y1), 1
P1o ¥ P1®%1y T Pop T P00 ( > TAR)R x|

+cote L, + €, ., + csc29§ + pug . (3.2.5)
6 " ~66 P tt

From which equilibrium requires that
- = . 3.2.6
P, - P, =L ( )

If we differentiate (3.2.5) with respect to time and make use of the

kinematic boundary condition (2.3.3), we obtain
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- - - _2A Lp
P10y = PPy = T MOy T 5 %1 TR [%1r t Prpe O 4

2
+ 000 T 9 csc 6:] . (3.2.7)

On attempting the space-time separation as in (3.1.4), (3.2.7) transforms

into

. 20 4p
o (%1W1 LA P “wlr:} T2 Vir * 2R {%er * ¥y, cotd

* V.00 * ‘ylrtpcp cscze} =0 . (3.2.8)

By applying (3.1.6), (3.1.8), (3.1.9), (3.1.10), and the continuity
of the normal velocity across the sclera (3.1.11), and (3.1.13), (3.2.8)

yields

imp_n-1_m n 2An
zzclmne R ]-Pn [Unm{“n+le+p2R n+l}_R2
m n

+ % n{2 - n(n+l)}:] =0 . (3.2.9)

The linear independence of the functions requires that

D 2An , 2p _
o [Ln + PR + p R n+€] - 2 t3R D [% - n(n+l):] =0 (3.2.10)

or

5 - LAn + RAp(n+2)(n-1)n

mn 3 . n un -
SR Py * P57 R

(3.2.11)

Some observations about this result are now in order:
(a) from a comparison of (3.2.11) and (3.1.16) it can be seen

that the elastic model is in reality a linear superposition of the droplet
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model and a term due to the elasticity of the sclera (corneo-scleral
membrane);

(b) as in the droplet model the eigenfrequencies are independent
of m, and

(¢) (3.2.11) shows that radial pulsations cannot exist, since
this would imply that the fluid was compressible;

(d) Figure 3.4 shows a graph of o . Versus intraocular pressure

1l

for the one degree of freedom membrane model, for n = 0,1,...,6. This
curve was plotted using the nominal values of R = 1.3 cm, h = 0.1 cm,

7.0 X 106 dynes/cmg.

I}

Py = 92 = 1.0 gm/cms, w=0.1 gm/cme, v = 0.5, and E

In comparing Fig. 3.4 with Fig. 3.3, it is seen that the eigenfrequencies
of the elastic model do not vanish at &p = 0. It should also be noted
that the slopes of the corresponding modes are the same for both models.
At the normal pressure of 20 mm Hg the elastic model exhibits a frequency
of 193 cps for the lowest pressure dependent mode (n=2). This increase in
eigenfrequency (from 30 cps for the droplet model to 193 cps for the
membrane model) is due entirely to the elastic forces which are considered
in the elastic model. In the tonometers now in use the difference in
elastic properties from eye to eye is normally neglected, but as can
M%e seen from the comparison of Figs. 3.3 and 3.4, elasticity has a

large effect;

(e) in the elastic model the n = 1 mode exists and is pressure
independent. If all three orthonormal displacements were considered
this mode would be a linear translation which is obviously independent

of the intraocular pressure. If only radial displacements are taken

into account (as is presently the case) then this mode (n::l) becomes
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a constrained translation (nodes at n/2 and 3n/2). In reality this

constrained translational mode cannot exist and therefore can be ignored.
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Iv. SHELL MODEL AND SPECIAL CASES

4.1 Equations of Motion

The shell model differs from the elastic model in that bending
stresses and the & and ¢ displacements are not neglected. Since
bending is small in the first few modes the elastic (membrane) model is
probably a good approximation but i1f higher modes are to be considered
bending must be taken into account.

The equations of motion are obtained by making use of the Fligge

15

equations for a spherical shell and adding the D'Alembert forces due

to the shell and internal and external liquids. The equations of motion

can be wriltten as
(1+k)(1+v)[u' + Vv sin @ + v cos 6 + 2w sin 6] - k[U' - &' cotd
1 2 tm 2 "‘ . . .
+u'(3 + cot™@) + ucscTO + ¥V sin 6 + 2V cos 6 - Vv cotf cosh
+ v(3 + cotge)cos 6 + v" cscO + v" cotd cscB] + k[W sin 6

+ 2% cos 6 - (1L +v + cotge)ﬁ sin 8 + w(2 - v + cotge)cos )

- 2(1+v)w sin 6 + 2W" cscB - 2w" coth cschd + w'(3-v + L4 cot29)

1"

csch + w'" cscse] - P[ow +W+wcotf + w cscge]sin 9

2
Tw . B
+ [mS +m o+ m2] —% sin 6 = 0, (k.1.1)
Jt
(1+k) [Klgz) u'o- (éél) u' cotd + V sin 6 + v cos 8
2 . 2
v cos 6 T v sin 6 " 1l-v v" csco + (l+v)ﬁ sin 6
sin 96 2
(continued)
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- k[ﬁ sin 6 + W cos O

+ w(l - cotge) sin 6 + w" cscH

- 2w" cotf cscf] -m_ —= sin 6 = 0 , (4.1.2)
s 3 2
t
and
l-V (N : . 2 . "
(1+k) ) Usin 6 + 4 cos 6 - u(cot“6 - 1)sin 6 + u" csco
+ (EEX) v+ (éél) v! cotf + (l+v)w{] - k[w' + W cot 6
+ 2w+ w"esco0] - m du sin § = 0, (k.1.3)
s S 2
t
where
2
k = Kg - ._h_2 , (h.1.4)
IR 12R
Eh Eh3
D=—%, K = 5 (4.1.5)
l-v 12(1-v7)
_ R
P =55 (4.1.6)
2 2 2
R R R
mg=HTMg s My =P Hps My = Mg (&.1.7)
and
M o=m_ +mo+m, . (4.1.8)
u, v, w are the displacements in the @, 8, and r directions, D is
the extensional rigidity, K 1is the flexural rigidity, “s is the

surface density of the shell and ul and M

of the inner and outer liguids.

2
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(4.1.9)

.2 Solution

To solve equations (4.1.1), (4.1.2), and (4.1.3) a space-time

separation of the following form will be attempted:

Wo't
e

w(@,(P,t) = W(GJCP)
v(6,9,t) = eifghav(e,w) (Lh.,2.1)
w(6,0,) = et u(e,9) .

If the space-time separation is used in (4.1.1), (4.1.2), and

(4.1.3) we obtain

Lll(w) + ng(v) + Lls(u) + M oW sin 6 = O (4.2.2)

L21(w) + L22(v) + L23(u) +m oV sin 6 = 0 (4.2.3)
and

LSl(w) + L52(v) + Lss(u) +m ol sin 6 =0, (h.2.k4)
where Lik (i;k = 1,2,3) are linear differential operators as defined

from (4.1.1), (4.1.2), and (4.1.3).

The space variables W(6,9), V(6,9), and U(6,9) can be expanded as

m
w(8,9) =§Z }:Amn cos mP Pn(cos )
m n

(continued)
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[AV)

v(6,9) =Z Zan cos my g—e P:(cos ) (k.2.5)
m n

. m
u(e,) =Z Zcmn sin mp csch Pn(cos 9)
m n

A differentiation of U(6,p) with respect to 6 produces

% u(e,e) =Z Zcmn sin mp |- cotf csch P + csch %5 P :] (4.2.6)
n

and
8__ u(e,) Z ZC sin mo [i(cscse + cot26 cch)Pm
8 . mn n
d m d2 m
- 2 cotb csc® =—=P + csc6 — P . (4.2.7)
da® " n 2 n
ae
Let
d m _ am d .m __m' ’
where
n =cos 6 . (k.2.9)

By making use of (4.2.5), (4.2.6), (4.2.7), and (4.2.8), in (k.2.2),

(4.2.3), and (%.2.4), the equations of motion become

Z § {A [2(l+k)(l+v)Pm +k [[’P’“# 2Fcots - B {1 + v + coto
mn n n n n
m

+ 2m2 csc26} + f’rrrll cot9(2-v + cot29 + 2m2 cscge)

+ p" {-— 2(1+v) - m2 csc29(3-v + 4 cot29) + mb' csc%}]
n ) (continued)
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- p(2P" + £ 4 B cotf - mop™ csc29) -Mo Pm:]
n n n n n mn n

m - m m om
+B [j(l+k)(l+v) (=0 + P cote ) - k{Pn + 2P cote
-isz(cotze + csc26) + Prrxi cot8(3 + coto6 - m° cscge)}]

+C [:(l+k)(l+v)m cse® P® - km csc2e<§m - 3 cote PV
mn n n n

+ cscee(h-me)P:}]}cos np =0, (%.2.10)
Z X {A k sin 6 [i':‘m + B coto + P(1 - cot?8 - m° cscd
. ] mn n n n
m n
- (1+k)(1+v) /k) + 2m P cotd cscze:] - B (1+k) [i"’m sin @
n mn n
2 *m 2 rn2 2 mscmn
+Pn cos B -Pn sin 6 { cot @ +-2—-csce - T
m2 2 m ‘m
- v (2— csc O - l) - Cmn(l+k)(l+v) > csch Pn(l+v)
-4 P: cot@]} cosmp = 0 , (4.2.11)

and

{A km [Pm + P® coto + (2 - n° csc29)Pm
§ E mn n n n
m 0

m m| sm m £m
- (l+k)(l+v)Pn/k:] - B3 [:Pn + 3P cotf + v(Pn

2

2 m m ‘m m .
+ (m) mscmnPn - V(Pn - Pn coté + 2Pn)]} sinmp =0 .

- P° cote)] (14k) + ¢ (E—li)[iv'm ~cotd P* 4 2(1 - o csc6 )P"
n mn n n n

28




4.3 Apparent Mass Terms

For an incompressible fluid under irrotational flow, continuity

requires that

Vo =0 . (4.3.1)

In addition,as was previously the case, the solution to Laplace's

equation for the internal and external liquids are

PR
o) =Z ZelJUtD rn cos mp " r <R A
1 mn n
m n
and g (4.3.2)
0] =X Zel\/?tE r-(nﬂ")cos mp " r=R.
2 , mn n
m n

J
The kinematic boundary conditions require that
S 8<I>l a¢>2
Ez_ér_=-¥- at r=R. ()4’-3'3)

By making use of (4.3.3), (4.2.1) and (4.2.5) in (4.3.2) and the

orthogonality of the cos mp's and P:'s , we find that
) _ n-1 _ -(n+2)
iJoa = - D R =E_(ntl)R . (4.3.4)

A rearrangement of (4.3.4) produces

1 J3 )
5 Amn
nR
and : P (4.3.5)
E = i_.‘/_? Rn+2 A .
mn n+l mn
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Ir Ky and H, are defined by

2
2 3o
Jw 1 3
M, — = - p at r =R
1 atE 19t
and > (4.3.6)
2 1)
Qv 2
My ™= =P at r =R
252 P23t *

when using (4.3.5) in (%.3.6) we obtain

o, R o.R
.1 -2 '
b= My =y (1.3.7)

In addition Mn becomes

2 o-R  p.R :
R 1 2
= — + — it — . . d
Mn D [us n n+l] (4.3.8)
Rather than continue with the complete. solution at this time, it is

better to treat several special cases which are'easily attacked from this

point. The complete solution will be treated in section 4.7.

4.4 Special Case 1l: One Degree of Freedom Shell Model

Consider that the shell has only one degree of freedom, that is,

the displacement can oﬁly be radial e.g.

A =A
mn mn

(L.4.1)

B =C =0.
mn mn

If use is made of the orthogonality of the cos mp terms and

(4.4.1), equation (4.2.10) reduces, for each value of m, to
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o . o)
;:zx {%(l+k)(l+V)Pm + k[:Pm + 2B™ cotd - PN(1+v + cot®6 + 2m° csc?9)
, mn n n n n ) )
n

. 2
+ Prrrl1 cotB(2-v + cot29 + 2m2 cscO) + P: [:—2(l+v) - m2 csc29(3
- v+ 4 cotge) + mu csc%]] - P(E‘PZ1 + Prrrl1
m 2.m 2
+ P coth - m"P csc@) - Mo P}=O. (4.4.2)
n n n mn

By making use of (8.3.3), (8.3.4), (8.3.5), (8.3.6) in Appendix

A, define Il as

=
1

Prrrll + 2Prrrl1 coth - [l + cot26 + 2m2 cscgej] P:

+

cotb [2 + cot29 + 2m2 csc29] Prnn - [2 + m2(3 + b cot29)csc:26

2 mt i 1"
ot cscué] P: = (1-7°) Pﬁ - 8n(l—n2)P2 + [}5n2 -5 - 2m2:]P§

+

onp® - [% L mg(mg-h):JPm : (b.k.3)
n 2 2.2 n e
1-1 (1-1%)

When using (8.3.12) and (8.3.10), (4.4.3) reduces to

I, = [%2(n+l)2 - n(n+l) - 2:}P: . (h.b.k)
Similarly define I2 as
T = - B% " coto - P2 - me csc29)
2 n n n
- ()P 2Pt - (2 n” " (4.4.5)
R S LA n - B 1-112 n ' e

Legendre's equation, reduces (4.4.5) to

I, = (n+2)(n-l)Pz . | (4.4.6)
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The use of (4.4.4) and (4.4.6), permits (4.4.2) to be rewritten

ZAmn{e(hk)(lw) + k [ng(nﬂ)2 - n(n+l) - 2 + v(n+2)(n-l)]

P(n+2)(n-1) - Mnomn} P: =0 . (4.%.7)

1

By making use of the orthogonality of the Pﬁ s, this reduces to

the requirement that
2 2
2(1+k)(1+v) + k [% (n+1)° - n(n+l) - 2 + v(n+2)(n_1{]

+ P(n+2)(n-1) + Mo = o, (4.4.8)

from which omn is found to be

o . { 2(1+k ) (1+v) + k(n+2)(n-1) [ n+l)+(1+v) + P/K:]}/ (4.4%.9)

Or, from the previously defined symbols of (3.2.3), (4.1.6) and (4.3.8),

a becomes
mn

n {M\(lﬂc) + Rop(n+2)(n-1) + %{ (n+2)(n-l)[’n(n+l)+(l+vﬁ}
R

g .
mr K n
3 n s
2R ["1 *P i TR J (4.%.10)

When comparing this result to that for the droplet and membrane models

it is seen that

(a) the one degree of freedom shell solution is a linear super-
position of the droplet model and terms due to the membrane and bending
stresses;

(b) even for this shell model the eigenfrequencies are independent

of m (in the one degree of freedom case) ;
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(c) the radial (n=0) mode vanishes due to the nature of the
apparent mass term. This is an obvious consequence of the assumption
that the fluid contained in the shell is imcompressible.

Fig. 4.1 shows a graph of 0. Vversus intraocular pressure for the one
degree of freedom shell model for n.= 0,1,...,6. The physical constants
used are the same as for the previous models. ,

At a nominal pressure of 20 mm Hg the lowest pressure dependent
eigenfrequency is 193 cps.

Fig. 4.2 shows a comparison between the one degree of freedom

droplet, membrane, and shell models. From this figure it can be seen

that

(a) only for n =z 4 do the membrane and shell models differ
appreciably. For n = 3 the frequency difference is approximately 1%.
Even for the n = 4 mode the frequency difference is only about 3%.
This is as one would expect since bending terms are only important for
the higher modes;

(b) the marked difference between the elastic models and the droplet
model indicates that the elastic properties play an important part in the

dynamic behavior of the eye.

4.5 Special Case 2: Axisymmetric Modes

If m is set equal to zero, (v, u no longer neglected) in (L4.2.10),
(4.2.11), and (4.2.12) it is found that the equations of motion separate
into twé groups:

(a) equation (4.2.12) becomes independent of A end B and

therefore describes a completely torsional oOscillation. Since this
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oscillation is independent of pressure (no pressure terms appear in the
equation) it is uninteresting with regard to the originally stated
objectives and so will not be discussed further;

(b) equations (4.2.10) and (4.2.11) interconnect A and B
(and are independent of Cmn) and therefore describe a motion which is
partly radial and partly tangential.

A similar condition was discovered by Lamb16 in which he considered
the problem of a vibrating spherical membrane. He referred to these
separate vibrations as vibrations of the First and Second Classes. His
problem will be discussed in section 4.6.

If m =0 and use is made of the orthogonality of the cos mp terms,

equations (4.2.10) and (4.2.11) reduce to

Z A [2(1+k)(1+v)P + k@ + 2P cotd - P (1+v + cot29)
n n n n n

n

. 2 . .
+ P cotb(2-v + cot“0) - 2Pn(l+v)) - P(2Pn +P + P cotf)
-MoP ] + B [:(1+k)(1+v)(i5 +P cotd) - k{j&; + 2P cotf
nnn n n n n n

- ﬁn cotoo + én cot8(3 + COtEQ{}:] =0 (4.5.1)

and

Z{A k[i5 + B cot + D (1 - ot - M)] - B (1+k)['é
n n n n k n n
n
. . 2 mson
- - = . .5.2
+ Pn cotb Pn<cot 6 + v Tk )] 0 (k.5.2)
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If use is made of (4.k.4), (4.4.6), (L4.5.4), (4.5.6), (4.5.8), and

(4.5.10) in (4.5.1) and (4.5.2), this produces

Z{An [2(1+k)(l+v) + k(n+2)(n-1) l[n(n+l) + 1 +v + P/k]]- Mnon_J

n

- B, [+(l+k)(l+v)n(n+l) + kn(n+1)(n+2)(n-1)]} P =0 (L.5.11)

and

Z{Ank [(n—l)(n+2) + ﬁv—i@*—k)]- Bn(l+k) [(n-l)(n+2) + (1+v)

m o
- likn]}(n+l)E]Pn - Pn+l:] =0 . (k.5.12)

By using (8.2.7), nP - P ., becomes

n
"Ph " Phel T Znel [Pn-l } Pn+l] ‘ (k.5.13)

When differentiating (h.S.lS) with respect ot 7 we obtain

d n d
an e, -F n+l:] T 2n+l dn [Pn—l - Pn+l_}
S < N [ L
T on+l [Pn—l Pn+l] = - 7P . (L.5.14)

If we differentiate (4.5.12) and apply (4.5.13) and (4.5.14), we find

that

X {Ank [(n-l)(n+2) + £1+_V12(_1+L)] - Bn(l+k) [(n—l)(n+2)

+ (1+v) - r;i;n:]}n(nH_)Pn =0 . (4.5.15)

* . ! - [ = . .
Note: P ., - P (2n+l)Pn, (see reference 18, p. 136)
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In conjunction with (8.3.3), (8.3.4), (8.3.5), and (8.3.6), we define

13, Ih’ IS, and 16 in the following manner:
. A . o) . 2
I_=P + 2P cotd - P_cot™® + P cotf(3 + cot8)
3 n n n
= (l—ng)ZP;" - 8n(l-n2)P;'+ A(Sng—l)P; . (4.5.

with (8.3.12) and (8.3.10), this becomes

I = n(n+1)(n+2)(n-1)Pn . (Lk.5.
Also

_ . . B ) 2 " ) .
I, =P, +P cotd = (1-7 )Pn CUIA (4.5,
Legendre's equation reduces this to
Ih = - n(n+l)Pn . (4.5.
In addition

o . . ) .
I. = [% + P cotf - P cot %] sin 0
> n n n
—_ _ - 2 _ 2 " _ n _ [
= - (1-1 )[:(1 1 )Pn knp? Pn]. (4.5.

When combining (4.5.7), (8.3.11), and (8.3.9) we obtain

5 (n+1)[(n—l)(n+2) Jf 1] [ﬂPn - Pn+l:] ' (-5

= én sin 8 = - (l—ng)P£ . (4.5

=
i}

Let

[
[9))
I

With (8.3.9) this reduces to

= - (1) | P - Pn+éj : (&.5
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Since the P,'s are orthogonal functions, (4.5.11) and (4.5.15)

require that
A [:2(1+k)(1+v) + k(n+2)(n-1) {n(n+1) + (1+v) + P/k} - Mnon]

- B [(l+k)(l+v) + k(n+2)(n-l)] n(n+l) = O (4.5.16)

and

A k [(n-l)(n+2) + -(3'—112(1—”‘)] - Bn(l+k) [(n—l)(n+2)

mson
¢ (1) - 220, (h.5.17)

The fact that these are linear homogeneous algebraic equations for
each value of n implies that solutions for the constants, An and Bn’
exist only if the determinant of their coefficients is zero. This

requires that the frequency equation be

[2(l+k)(l+v) + k(n+2)(n—l){n(n+l) + (1+v) + P/k} - Mnon]

m O

[(n-l)(n+2)+(l+v) - likn (1+k) - k[:(n-l)(me)

+ ———f———(l*"}){ l+k)]Elﬂc)(lw) * k(n+2)(n-l)] n(n+l) =0 . (4.5.18)

This may be rewritten as
80> - bg_ +c = O (4.5.19)
n n ?
where

a=mM
s n

o
i

+ (Mﬁ + gms)(1+v)(l+k)+(n+2)(n—l)[%h(l+k) + msk {}1(n+l)

+ (1+v) + P/lﬁ (continuéd)
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c = (l+k)[(n-l)(n+2)+(l+v) 2(1+k)(1+v) + k(n+2)(n-1) {n(n+1)
+ (1+v) + P/k}] - n{n+1)] (1+k)(1+v) + k(n—l)(n+2)]2 . (4.5.20)

It should be noted that the frequency equation (4.5.19) is a
quadratic which implies that for each value of n there are two
independent eigenfrequencies. It follows therefore that there are also
two independent eigenfunctions or mode shapes (see Appendix D). Since the
product 4ac is small compared to b2 (from (4.5.16)) these two frequencies
(corresponding to each n) differ by about an order of magnitude.

Fig. 4.3 shows a plot of the eigenfrequency squared versus the
intraocular pressure (calculations were based on the nominal values
previously discussed). It should be noted that the high frequency
modes are almost pressure independent (for the n = 2,3,4%,5,6 modes the
frequency changes less than .01% from O to 4O mm Hg). The low frequency
n = 0,1 modes both have zero eigenfrequency. These correspond to radial
pulsation and translation (see Appendix D) the first of which is clearly
impossible, and the second having no restoring force has no oscillation.
The frequency for nominal pressure of 20 mm Hg for the first observable
mode (n = 2) is 85 CPpSs.

Fig. 4.k compares the one degree of freedom and two degree of
freedom shell models. It should be noted that the frequencies for
corresponding modes are lower for the two degree of freedom model than for

the one degree of freedom model.

4.6 Special Case 3: Two Degree of Freedom Membrane Model

The results of section 4.5 permit a comparison between the two

degree of freedom models to assess the effects of bending. By setting
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k =0 in (4.5.16) and (4.5.17), the effects of bending are eliminated
and the solution is valid for the two degree of freedom membrane model.

The frequency equation with k = O Dbecomes

8t - bo +c =0 (4.6.1)
where

a=mM

b= (M +2m )(1+v) + (ne2)(n-1)[M + mSP] (4.6.2)

(¢]
i

[(n-l) (n+2)+(l+v):][2(l+v)+( n+2)(n—l)P] - n(n+1) (l+v)2

If the internal and external liquids and the pressure terms are
eliminated, this reduces to Lamb's16 solution for a vibrating membrane.

Fig. 4.5 shows a graph of Un versus intraocular pressure for the
n=1,2,...,6 modes for the two degree of freedom membrane model. (All
calculations based on previously mentioned nominal constants). The modes
shown are the low frequency modes (Note: there are two eigenfrequencies
and mode shapes for each value of n since the frequency equation is
quadratic) which are the most pressure dependent and therefore the most
interesting for the problem being considered. At a nominal intraocular
pressure of 20 ﬁm Hg, the lowest mode (n =2) corresponds to a freguency
of 84 cps.

Fig. L.6 compares the one and two degree of freedom membrane models.
As predicted by theory the two degree of freedom model exhibits lower
frequencies than the one degree of freedom model. It should also be

noted that the corresponding slopes for the two degree model are the
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same as for the one degree model. Camparative frequencies for n = 2

at 20 mm Hg are 193 and 84 cps for the one and two degree of freedom
models respectively.

Fig. 4.7 compares the two degree of freedom membrane and shell
models for n = 1,2,...,6. As was the case with the one degree of
freedom models the curves do not differ appreciably until n = 4. This
is to be expected since the modes exhibit little bending until n =4
(see Appendix D for mode shapes). It should also be noted that the slopes
of the corresponding curves are exactly the same. This could have been
anticipated by examining equation (4.5.20) which shows that the pressure

term is unaffected by bending.

4.7 The Complete Shell Model

A brief discussion describing the solution of the complete equations
of motion (4.2.10), (4.2.11), and (4.2.12) will now be given. A more
detailed description can be found in Appendix B.

By rewriting equations (4.2.10), (4.2.11) and (4.2.12) the
orthogonality of the sin m@Q, cos mp, and Pz terms can be taken
advantage of to "reduce' the equations of motion to three algebraic
equations for each value of m and £. These equations can be written

as (£ has replaced n as the axisymmetric mode number)

L 5
Am,ﬁ—h Jiﬂ * Am,£-2 Jiﬂ * Am,z Jiﬁ * Am,z+2 Jﬁﬂ * Am,£+h oy
+ 6 + B J7 + B J8 + B ?

Boa-h Yme ¥ Bu,zo2 Tme T B, Tme T B, see T

0
Bm,£+h ml

1 12 3
+ + Cm,£-2 Jiﬂ +C o, T C 72 -0 , (4.7.1)

m, £+2 “m#




L 5 6 1
An g3 Jiz * AL a1 J;z T A e Jiz A g+ Jﬁﬁ

Jl8 J19 + B J20 + B J21

B, -3 B2-1 me T B, z41 T T By ues T
2 3
Cn,2-1 J2 * Co, 041 Jiz =0, (4.7.2)
and " c
> 7 8
Am,2-2 Jﬁl * A J2 + A m, L+2 Jiﬂ m,ﬁ -2 Jiﬂ m,ﬁ Jiz
729 e PBlig 32 20, (4.7.3)

m,Z+2 mb m,2—2 mp m,, “mf m, £+2 “ml

where the A's, B's, and C's are the expansion coefficients defined in
(4.2.5) and the J's are defined in Appendix B.

Equations (4.7.1), (4.7.2), and (4.7.3) each constitute an infinite
set (one equation for each value of £, with £ = 1,2,...) of linear
homogeneous algebraic equations for each value of m (m = 0,1,...,£).
In order for a nontrivial solution for the A's, B's, and C's to exist,
the determinant of their coefficients must vanish. This determinantal
equation constitutes the frequency equation for each value of m.

A solution is not possible unless the determinant is truncated at
some finite order. Although the solution obtained by truncating the
determinant is not exact, a nearly exact solution can be obtained by
considering enough terms. In order to solve these equations for the
eigenfrequencies a digital computer program was developed that computes
the Jiﬂ's (i = 1,2,...,32) for specified values of m and £,
evaluates the truncated determinant for varied values of 0, and plots

the value of the determinant as a function of o. The curve crosses

the abscissa (determinant equals zero) at the eigenfrequencies.
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Truncating the determinant at £ = 6, equations (4.7.1), (4.7.2),
and (4.7.3) have been solved for m = 0,1,...,5.

Figures 4.8 through 4.12 are graphs of the eigenfrequency (in cps)
versus pressure (in mm Hg) of asymmetric vibrations for 2 = 2,3,4,5,6
respectively. Each figure shows curves for m = 0,...,£4, that is those
asymmetric modes which exist for each calue of £. These curves were

plotted using the following nominal physical values:

R=1.3cm
h = 0.1 em
E=T7X 106 dynes/cm? 5

with the other constants being taken as previously. It should be noted
that these curves all show the same general characteristics (except

Y/

6), that is, all of the curves lie within an envelope bounded by the

m

I

O gand m =1 curves. The fact that for m > 1 the curves approach
(decrease towards) the m = O curve seems to defy the principle that
the eigenfrequency should increase monotonically with increasing con-
straints, as reflected by nodal lines and points. In reality this is not
true since the m = 1 mode actually has the most nodal lines and

points. This can readily be seen if the displacements are examined

for various modes. Taking for example the / = 2 modes, it is

found that for m = O, v vanishes at cos 8 =0, 1 and w vanishes
at cos 6 = % l/fé . (These are not really nodes but pseudo-nodes in
that not all components of the displacement vanish at these points. Nodes
only exist at the poles and never occur for the m = 0,1 modes). For

m =1, u vanishes at cos 8 = 0, ¥1, v vanishes at cos @ = fl/JE s
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and w vanishes at cos 6 = 0, fl. For m = 2, u vanishes at
cos 6 = 1, v vanishes at cos & =0, *1l, and w vanishes at

cos 6 = 1. Figure 4.13 shows these nodal lines and points.

As can be seen the m = 1 mode does have more points constrained
than either m =0 or m = 2. But it should also be noted that the
m = 2 mode involves less constraints than the m = O mode. This would
imply a lower frequency for m = 2 than for m = 0 which does not
appear in the frequency pressure curves. This discrepancy may be attrib-
uted to the fact that the expansions for the displacements were truncated
after six terms. An expansion with more terms might give better agree-
ment. Figure 4.12 shows that the £ =6, m = 5 mode has a lower fre-
quency than the £ =6, m = O mode which would seem to substantiate this

premise, .since the m ='0 mode is more constrained than the m =5

mode. 'This explanation does not consider the .strength of the constraints.

The m = 0 mode may have weaker constraints than the m = 2 mode which
would account for its lower frequency.

At a nominal intraoeocular pressure of 20 mm Hg the asymmetric
vibrations exhibit -eigenfrequencies .of 136 cps for the n =2, m = 1
mode and 100 cps for the m =2, m = 2 mode. In comparison .the axi-
symmetric mode (n =,2, m = 0) ‘has-a natural frequency of 84 cps and
the one degree of freedom model .has a corresponding eigenfrequency of
193 cp;'at 20.mm -Hg.

The asymmetric vibrations were -also examined with respect to the
influence of E -and h. Figures 4.14, ik.15, and 4.16 -show curves of the
eigenfrequencyf(in'cps),versus.the:intraocular.pressure (in mm Hg) of

asymmetric vibrations for ¥ = 2,3,4 with Young's.modulus equal to
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7 X lO5 dynes/cmg. As can be seen, these curves have the same general

appearance as in the case of E = 7 X 106 dynes/cme, except that the
frequencies are lower for corresponding modes, and the dependence on the
number of nodal lines (m) is less pronounced. For n =2, m = O the
eigenfrequency at 20 mm Hg is 38 cps.

Some qualitative results which may be extracted from this analysis
and the numerical results are:

1- the square of the eigenfrequency appears to be a linear function
of the intraocular pressure. That is, the frequency-pressure relation

may be written as

dcmz .
= B+ (%) (1.7.8)
dcmﬂ

where gl(R) and gg(ﬁ) are functions of R and £ respectively.

It should be noted that dcmﬁ/dP is independent of m but d.Joh£VdP is

not. The latter is obvious since (Uo)mn is a function of m.
3- (co)mz may be described by
(o), = szl = E G (h,R,£,m) (4.7.5)
P=0
=~ Eh G2(R,£,m) for £ <k, (4.7.6)

where Gl and G2 are functions of the variables shown. For the low
frequency modes £ < 4 bending does not play a major role. dqnﬂ/dP can

be obtained in closed form from the one degree of freedom model and is
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approximately valid (better than 2%) for all models. From (k.L.10), it

can be written as

4oy n{n+2)(n-1)

= . (4.7.7)
¥ gRe["l + p2(n_2i> * %{]
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V. VARIATION OF PHYSICAL CONSTANTS

Since it is obvious that all eyes are not identical, it is necessary
to examine the effects of variations of the constants associa%ed with the
corneo-scleral membrane. It has been assumed that the nominal constants

associated with the eye are

R=1.3cm
h =0.1cm

6 2
E = 7.0 x 10° dyne/cm
g =0.1 gm/cm2

3

PL =Py = 1.0 gm/cm
v=.5.

The effects of small variations of these constants on the freguency
(and therefore the intraocular pressure determination) will be examined
using the axisymmetric shell solution (4.5.19). Since this solution has
been obtained in closed form results can be obtained fairly readily.

Figure 5.1 shows the effect of radius variation on the freguency-
pressure relation. Here the equilibrium radius was varied * 0.1 cm
(+ 7.7%) from a nominal value of 1.3 cm. At 20 mm Hg this radius
variation corresponds to a 21.4% variation of frequency in the n = 2,3
modes, 21.7% in the n =4 mode, 22.9% in the n = 5 mode, and 2L4.4%
in the n = 6 mode.

Figure 5.2 shows the effect of a variation of the effective 'scleral
thickness on the frequency-pressure relation. Here the effective thick-
ness was varied ¥ 10%) from a nominal value of 1.0 mm. At 20 mm Hg this

thickness variation corresponds to an 9.1% variation in the n = 2,3
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modes, 9.9% in the n = 4 mode, 11.6% in the n = 5 mode and 13.6%
in the n = 6 mode.

Figure 5.3 shows the effect of a variation in the modulus of
elasticity on the frequency-pressure relation. Here E was varied
T 0.5 x 106 dynes/cm2 (f 7.1%) from a nominal value of 7.0 X lO6 dynes/
mn? At 20 mm Hg this variation in Young's modulus corresponds to a 6.3%
variation in the n = 2 mode, 5.6% in the n = 3 mode, 5.1% in the
n=».4 mode, #.9% in the n = 5 mode and 4.8% in the n = 6 mode.

This problem has also been examined with regard to variations of the
scleral density, vitreous density and external tissue density. In each
case a variation of ¥ 5% was assumed. Here frequency variations at
20 mm Hg amounted to only 0.5% for the n =2 mode and 1.2% for the
n = 6 mode for variation of the scleral density; 2.5% for the n =2
mode and 2.0% for the n = 6 mode for variation of the vitreous density;
and 1.7% for the n =2 and n =6 modes for variation of the external
tissue density. Since these variations were so small they were not
graphically illustrated.

A goal of this analysis is the determination of Young's moaulus and
an effective thickness of the corneo-scleral membrane by comparison with
experiment. Since the scleral thickness varies appreciably (from 0.3 mm
to 1.0 mm in the human eye) it will be necessary to introduce an effective
thickness. Recent experiments at Ames Research Center by AnlikerlT
indicate that the elastic properties of blood vessels in dogs may vary
by as much as an order of magnitude depending on the stress imposed on

the animals. This indicates that the value of 7 X 106 dynes/cm2

considered here is at best an estimate of the order of magnitude of E.
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Figure 5.4 compares the n = 2,...,6 modes for values of the
modulus of elasticity differing by a factor of 10. Note that lowering
E Dby an order of magnitude radically changes both the slope and the

frequency. At 20 mm Hg the n = 2 mode exhibits frequencies of 85 and
5

38 cps for E = 7 X 106 and E 7 X 10 dynes/cm2 respectively.

Figure 5.5 compares the n 2,...,6 modes for values of the

effective thickness, of the sclera, differing by a factor of 10. Com-
paring this with Fig. 5.4 shows that decreasing either E or h by an
order of magnitude produces almost the exact same effect for the n =

> dynes/cm2 and

2,3,4 modes, that is, the curves for E = 7.0 X 10
h = 0.1 mm are almost coincident. But the n = 5,6 modes do show
substantial differences. This is not surprising since bending effects
are insignificant for n < 4.

This similarity in varying E and h for n £ L4 implies that the
modulus of elasticity and the effective thickness can only be determined

from the frequency spectrum if we also admit modes corresponding to

n >,
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VI. EXPERIMENTAL PROGRAM

The objective of the experimental program was to obtain preliminary
data concerning the dynamic and static behavior of the eye in order to

validate the theoretical considerations described in the previous chapters.

6.1 Dynamic Experiment

The original experimental concept was to excite vibrations of the
eye using a sound source (e.g. audio speaker) and determine the resonance
frequencies by monitoring the surface deflection optically. Figure 6.1
shows the arrangement of the experimental apparatus devised for this
purpose.

The deflection was measured using an MTT KD-45 Fotonic Sensor with
a resolution of ten microinches. The instrument employs an 1/8 inch
diameter fiber optics bundle to illuminate the object and to conduct the
reflected light to a photocell, the output of which 1s a measure of the
relative displacement between the sensor and the reflecting surface.

The frequency response Of this instrument is d.c. to 60 kc. The signal
from the Fotonic Sensor was fed into an oscilloscope whose maximum
sensitivity was .00l volt per centimeter. The intraocular pressure was
measured using a water column and a hypodermic needle (sizes ranging
from #19-25).

The experimental procedure was:

(1) select the infusion pressure by raising the level of the water
column;

(2) wait approximately two minutes to allow for a steady state
pressure equilibrium;
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(5) activate the excitation device (e.g. spezker);

(h) vary the freguency until resonance is observed.

The difficulties encountered in & feasibility experiment on ne
eye of an anesthetized dog demanded that for an iritial study enucleated
eyes should be used.

Several experiments were performed with a Jensen 120-W woofer as &
sound source. However, it was found that much of the vibratory energy
was dissipated in the Fotonic Sensor and its support meking it extremel:
difficult to detect the ocular resonances. By locating the apparaiiu
on a concrete floor, orienting the speaker to maximize the energy trans-
mission to the eye and applying maximum power to the speaker (~ 30 watts)
a signal of approximately 15 millivolts could be obtained, with a signal
t0 noise ratio of 3.

Since it was decided that verification of the theory was of primary
concern the speaker was replaced by a mechanical vibrator obtained on
loan from the Ames Research Center of the NASA. The vibrator consiste
of a magnesium tube connected to a ferromagnetic core which was driven
by an a.c. excited coil. With the vibrator directly contacting the eye,
the amplitude of the exciting vibrations could be controlled so that an
adequate resonance signal could be obtained. It was also necessary ©o
limit the vibration amplitude so as not to distort the eye. A measure of
the distortion is the change in intraocular pressure when the vibrator
is removed from contact with the eye. This was usually about 3 mm H20
at a nominal pressure of 97 cm HEO'

Figure 6.2 shows a graph of o versus the intraocular pressure for
a typical set of data obtained by this method. The data will be discussed

in the next chapter.
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Some experimental observations are:

(1) The material surrounding the eye (fat, tissue, etc.) has
extremely good damping properties and must be thoroughly removed to
assure a sufficiently strong signal.

(2) In most of the experiments performed the eye was excited near
the optic nerve in order to excite axisymmetric modes and make use of
a scleral reflecting surface.

(3) The sensitivity of the Fotonic Sensor is a function of the
reflectivity of the surface; a better signal was obtained when the sensor
was positioned over the sclera rather than the cornea.

(4) Fastening the pressure connection (hypodermic needle) with
respect to the eye-support seemed to have little -effect on the resonance
values.

(5) The resonance frequencies seemed to be lower when the
excitation amplitude was increased but no quantitative data was obtained.

(6) To assure that the resonance frequency observed was that of
the eye and not that of the eye-vibrator system, the fundamental frequency
of the vibrator was examined and found to be higher than 40O cps.

(7) It is very difficult to decrease the pressure in the eye
because of the nature of the vitreous. Therefore in all experiments the
pressure was increased monotonically.

(8) The eyes used in the experiments were from zero to nine days
old (after enucleation). Older eyes showed external decay in spite of
refrigeration. Internal decay was visible after about 3 days when a
black substance could be observed through the cornea. Dissection showed

this to be the decaying retina.
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(9) The resonance frequency was measured to an accuracy of ¥ 1.5 cps.

All pressure readings were within *1 mm H, O and assumed steady state

2
conditions.

(10) The output of the Fotonic Sensor is a function of the refiectivity
(color, surface finish, etc.) of the object and its orientation and
distance from the sensor.

(11) 1In using this experimental apparatus only the lowest pressure
dependent mode could be detected.

It should be noted that this experiment does not simulate the in

vivo support of the eye.

6.2 Static Experiment

The purpose of the static experiment was to measure the distensibility
of the eye. By assuming the eye to behave like an elastic spherical
shell with a uniform wall thickness, Young's modulus could then be
calculated. That is, if the geometric parameters (R and h) are known,
an effective modulus of elasticity can be determined by measuring either
the change in diameter or change in volume associated with a change in
intraocular pressure.

To obtain the diameter change the eye was placed on Bausch and
Lomb optical comparator of magnification 62.5, and the pressure was
varied using a water column. The diameter was measured across the
equator of the eye. Whenever the intraocular pressure was increased the
equatorial diameter decreased initially and then began to increase
continuously after approximately 6 minutes. The diameter continued to

increase for more than two hours. The opposite behavior could be observed
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when the pressure was decreased. This peculiar phenomenon can be
attributed in part to an initial change in shape caused by a transient
pressure gradient in the polar direction, and in part to the visceoelastic
behavior of the sclera. With older eyes the shape change was not very
pronounced.

Due to the transient geometric alteration it was decided that the
volume would be a better parameter in measuring the distensibility of
the eye. Figure 6.3 shows the appratus used to measure volume changes as
a function of intraocular pressure and time. The Kontes syringe is
accurately ground and gas tight. All members of the hydraulic circuit
have much higher values of Young's modulus than the eye so that the
corresponding volume change should be negligible.

The experimental procedure was:

(l) the pressure is increased by injecting a known volume of water
into thé system using the Kontes syringe;

(2) the corresponding pressure rise is measured and held constant
by continually injecting more fluid into the system and recording the
volume injected as a function of time. By accounting for the volume
added to the water column, the change in volume of the eye can be
determined.

Figure 6.4 shows a graph of the volume change of the eye versus the
time (creep curve) in a representative case at various pressures. The
data will be discussed in the next section.

Some noteworthy experimental observations are:

(l) By constantly checking all system joints the leak rate was

found to be negligible.
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(2) The capillary diameter was non-uniform but the variation was
only *24. This allowed volume changes in the capillary to be measured
to *19% with pressure changes of 10 cm H20.

(3) The Kontes syringe allowed measurements of volume input to
t.02 me.

(4) The pressure could be measured to *1 mm H20.

(5) The eye is obviously viscoelastic and continued to change volume

for at least 90 minutes.

6.3 Geometric Parameters

Both external and wall thickness dimensions were measured. The
external dimensions were measuréd using the previously menticned optical
comparator with magnification of 62.5. Of the approximately 20 dog eyes
examined the equatorial (scleral) diameter varied from a minimum of
2.136 cm to a maximum of 2.313 cm with a variation in a single eye of
about *.051 cm. The polar (corneal) diameter varied from a minimum of
2.217 cm to a meximum of 2.438 cm. The corneal diameter was more diffi-
cult to measure accurately because of the protuberance due to the optic
nerve.

Wall thickness measurements were made by dissecting the eye in half
through the cornea and measuring the wall thickness using a micrometer.
The equatorial (scleral) walls varied between .036 cm and .051 cm with
a single eye variation of t.005 cm. The south polar (near optic nerve )
walls varied between .036 cm and .056 cm. The north polar (corneal)
walls varied between .089 and .140 cm. Figure 6.5 shows a typical eye

and its dimensions.
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VII. RESULTS AND DISCUSSION

7.1 Comparison of Theory and Experiment

The free vibration analysis of eyes, described in the earlier
chapters, predicts that the frequency squared (omn) should be approxi-
mately linear with respect to the intraocular pressure irrespective of
the excited mode. This theory also predicts ﬁhat the slope (dcmn/dP)
should be independent of m and only a function of n and R. In fact,
the slope appears to be independent of the model chosen (to better than
2% from O to 100 cm HQO). That is, for a fixed R and n the values
of doﬁn/dP for the one, two, and three degree of freedom models is
the same, allowing us to obtain a closed form relation from the one
degree of freedom model. Therefore, by making use of the slope obtained
from the experimental data and assuming a value for n, R can be
calculated and compared to its measured value. In addition, the experi-
mental data can be extrapolated back to P = 0 to determine (c:o)mn
and from this (by using (4.7.6)) m and Eh can be obtained. It should
be noted that at least two modés must be detected in order to determine
both m and Eh. Also to calculate E and h separately an additional
mode is necessary, the symmetric mode number (n) of which is greater
than four.

In examining the data graphed in Fig. 6.2 it can be seen that Gmn
is linear with respect to 2Ap (P is a dimensionless value of Ap) to
about 35 cm H20. At higher pressures the slope decreases and the curve
becomes non-linear, Since the normal pressure for a healthy eye is about

25 cm H20, it can be seen that under normal physiologic conditions the
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eye operates in the linear (or elasﬁic) region. In the nonlinear domain
the eye is overpressured and glaucoma occurs. In this experiment and
the others to be discussed the vibrator was oriented along the symmetry
axis (as closely as possible) in order to attempt to excite axisymmetric
modes.

In analyzing this data the slope (dcmn/dP) was calculated (from
the linear portion of the curve), a value for n was assumed, and with
p2 = 0, R was calculated from simple theory (h.?.?). It was then
assumed that the excited mode was axisymmetric (m = O), and by extrap-
olating the data curve back to Ap = O to obtain (Go)mn. and using
the measured value of h, E could be calculated.

Figures 7.1, 7.2, 7.3, and 7.4 show data curves for dog eyes
enucleated on 9/13/66 (both from the same dog). The data ol Figures 7.1
and 7.3 were obtained five days after enucleation while that of figures
7.2 and 7.4 were obtained 8 days after enucleation. The similarity
between the curves should be noted. In figures 7.1, 7.2, and 7.4 the
data is somewhat irregular at pressures below about 12 cm H20. This 1is
probably due to the fact that at these low intraocular pressures the
eyes had areas of negative curvature.

Table 7.1 compares the measured and calculated values for the four
experiments. An error analysis has been performed to give the bounds
shown. The value of Rm shown is an average radius (based on four
measurements) measured at the equator less one half of the wall thickness
(the middle surface radius). The value of hm shown 1s the average

thickness of the sclera (obtained from three measurements) and does not

include the corneal thickness. It should be noted that the calculated
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value of R is always (within experimental error) within the accuracy
of the measured value when n = 2 (ellipsoidal mode).

If it is assumed that the eye is a hollow, elastic, incompressible
sphere subject to static internal pressure, Young's modulus can be

calculated (using membrane theory2l) from
r
- o] 9 2p
E = “ro[:h -3 AVo , (7.1.1)

where To is the external radius and ANO is the change in volume of
the sphere (e.g. the liquid that goes into the eye). Second order h/rO
terms have been neglected.

For a viscoelastic material (7.1.1) can be considered as describing
a function that is proportional to the reciprocal of the strain under
the condition of constant stress. Figure 7.5 shows this time dependent

behavior (experimental) compared to an exponential decay of the form

/e = e, - 62(1 - e_t/T) (7.1.2)

1

where € and e2 are functions of the intraocular pressure and € is

the strain. € and €, can be calculated from the values of 1/e¢ at
t =0 and t > 1. The time constant, 1, associated with this
behavior is 20 minutes for all of the curves shown.

If Young's modulus is considered to be frequency dependent of the

form

E=E - 0E_ , (7.1.3)

where El is a constant as obtained from the elastic considerations

(and the experimental data) and Eo is a function of the intraocular
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pressure, the simple one degree of freedom (u=v = o) elastic
analysis can be extrapolated to the axisymmetric (u = o) case and
permit comparison with the experimental data. That is, by substituting

(7.1.3) in (3.2.11) we obtain

hAln + Rop(n+2)(n-1)n
o

= .1.4)
mn 3 n Hn . 2Agn (7
2R [:pl+p2n+l+R +R5J

If EO is taken to be of the form

where 7N 1is a physiologic constant and 4Ap is in cm HEO’ (Y.l.h) can be

used to describe the dynamic behavior of the eye. Figure 7.6 shows a

1.2 X 106

8.0 x 10'6,-

comparison of the extrapolated curve from (Y.l.h), with El

]

1l

dynes/cm2 (as determined from the data of Fig. 7.3) and 1

and the vibrational data of Fig. 7.3.

7.2 Comparison with Other Investigations

In 1961, Mackay23 published data obtained from experimental studies
on vibrating rabbit eyes. The eyes (five) were vibrated by placing each
in contact with a core driven by a coil fed from an ac source. Mackay

hypothesizes that the pressure-freguency relation can be expressed as

_ R4
£ =\ (7.2.1)

where f is the fundamental eigenfrequency, R 1is the radius of the

eye and M is the mass of the plunger. Based on this he obviously

feels that this is a "system" (eye-vibrator system) resonance rather
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than an ocular resonance that is being measured. Figure 7.7 shows a
simple model that might represent this system. kv and ke represent
the effective spring constants of the vibrator and eye respectively.

M and m, represent the effective masses of the vibrator and eye
respectively. For thié system the naturai frequency squared may be
written as

k +'k
v e
o]

. ' (1.2.2)

“TM+m
e

From this Mackay concluded that

k =0

v .
m, = 0 (7.2.3)
k, = 2R Op

When rewriting, (7.2.2) becomes
1+ kv/ke

g = Ce i—%— ) (7.2)4)

where
o, =k/m_ . (7.2.5)
By differentiating (7.2.4) with respect to Ap we obtain

do
do  _ 1 €
a(&p) " T+ M/m, a(ap) ’

(7.2.6)

assuming that only ke is a function of Ap.




This implies that 1 + M/me acts as a scale factor which relates
the rate of change of resonant frequency with respect to the eye-vibrator
system to the ocular system.

It should be noted that if M me and kv = 0, then

og=0_ . (7.2.7)

Figure 7.8 shows a comparison of Mackay's data, his hypothesized
theoretical curve, and a curve calculated from the axisymmetric model
(see section 4.5), assuming that n = 2, R = 0.60 cm and Eh = 1.6 X lOu
dynes/cm (e.g. E = 7 X 10° dynes/cm2 and h = .023 cm). Since the
theoretical curve based on section 4.5 does not take into account
frequency dependent elastic effects, we can assume (since there is such
good agreement with the experimental data) that there is some coupling
between the eye and the vibrator. In fact, if the eye-vibrator coupling
were strong enough the data might actually sho@ a vibrator resonance as
influenced by the eye. It should be pointed out that Mackay's publication
made no mention of the magnitude of the geometric parameters of the

experimental rabbit eyes, and therefore the values used in this analysis

have been assumed.
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7.3 Conclusions

A model has been developgd to analytically describe the dynamic
behavior of a vibrating eye. This model treats the eye as an elastic
shell surrounded by and filled with an incompressible, invicid, irrota-
tionally flowing fluid. Eguations have been developed which consider
both the symmetric and asymmetric vibrational modes and a closed form
solution has been obtained for the symmetric case. A frequency dependent
elastic model has been proposed and has been directly applied to the one
degree of freedom (u = v = 0) vibrating system. This model permits
extrapolation to the axisymmetric (u = o) and asymmetric systems.

Both static and dynamic experiments have been performed on
enucleated dog eyes. The static experiments emphasize the viscoelastic
behavior of the sclera, while the vibration experiments indicate that the
elastic properties (i.e., Young's modulus) are frequency dependent. The
dynamic experiments prove that there exists an intraocular pressure range
in which linear elastic theory, as used in the models chosen, describes
the dynamic behavior of-the eye to within experimental accuracy. This
pressure range includes the normal intraccular pressure of a healthy eye
but does not seem to extend much above 35-40 cm H20.

The static creep experiments imply that there is a time constant
associated with the volume change caused by a state of constant stress.
This time constant is of the order of 20 minutes.

The dynamic vibration experiments indicate that Young's modulus

for the sclera is freguency dependent and may be written in the form

E=E -Eo. (7.3.1)
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This model when extrapolated to the symmetric case shows agreement

within experimental accuracy if Eo is described by

B = n(ep)? (7.3.2)

where 17 1is a constant depending on the physiologic state of the sclera,
and j is approximately 2 or 3 (also depending on the physiologic state).

If one considers the vibration data in light of the structure of the
sclera (see section 1.2) a possible explanation appears. That is, at low
pressures the lamina fusca, rich in elastic fibers, governs the dynamic
behavior of the eye and the experimental data agrees well with linear
elastic theory. At higher pressures the sclera proper and episclera,
composed of loosely intertwined bundles of connective tissue and few
elastic fibers, are added to the dynamic system with their associated
frequency dependent elastic properties. It is interesting to consider
the possibility that the onset of the nonlinear dynamic behavior might
coincide with the onset of glaucoma.

Based on the preliminary experiments discussed here it would seem
that the postulated theory, when used in conjunction with the proposed
frequency dependent elastic model, may well describe the dynamic behavior

of the eye to a first approximation.

7.4 Recommendations

Some suggestions for future study are:
(1) The experimental technique should be modified so that the
vibrational studies can be performed in vivo. This is very important

since the elastic properties in vivo may be very different from the in
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vitro elastic properties discussed in this paper. In addition, the
damping properties of the surfoundings must be taken into account.

(2) Toward this end the use of sound waves as attempted (see
section 6.1) might be pursued. Methods of fécusing these waves should

be examined such as using an inverted speaker or going to close range

small systems using piezoelectric crystals or magnetostrictive materials.

(3) Attempts should be made to experimentally determine the mode
shape. This may be done by using multiple Fotonic Sensors to map the
surface of the eye during vibration.

(4) A mechanical vibrator should be designed which is force
independent, that is, which delivers constant amplitude vibrations
independent of external force or frequency. In this way any chance of
coupling between the eye and the vibrator would be eliminated.

(5) Attempts at detecting higher modes should be made. This is

important since it will allow a firm determination of E and Eo as

1
a function of pressure. This can possibly be done by using the more
- sensitive Fotonic Sensor (sensitivity of 10-6 inches) in conjunction
with appropriate filters and amplifiers.

(6) More extensive static experiments should be performed to

determine ¢ € and T as functions of pressure. The experiment

1’ "2

might be extended so that both ANb and Aro were measured simultaneously

to provide a cross check. This data could then be compared to the work
of Schwar’czzlL where only Amo was measured. Measuring only Aro does
not take into account shapé changes (which were discovered in this
program and are mentioned in sectionl6.2) and therefore may produce

erroneous results.
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(7) The eye should also be examined with regard to the effects of
vibration excitation amplitudes and ocular support (such as surrounding
the eye with liquid).

(8) The frequency dependent elastic considerations should be
extended to the multi-degree of freedom systems and consideration should
be taken of the dependence of EO on 4Ap.

(9) More sophistication might be added to the analytical mogdel
such as viscosity, nonsphericity, attachments (nerves, muscles, etc.),
elastic outer material, multilayered sclera, effects of the cornea and

lens, and effects of the ocular support.
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VIII. APPENDIX A

ASSOCIATED LEGENDRE POLYNOMIALS OF THE FIRST KIND

8.1 Legendre's Equation and Solution

Legendre's equation may be written as

2 d2 d, m2
{1-77) ——% - 2y al + [%(n+l) -—5ly=0. (8.1.1)
1
an 1-n

To obtain a solution, consider first the equation with m = O.

Assume a series solution of the form

y(n) =ZG n® . (8.1.2)

By using (8.1.2), (8.1.1) becomes

z{s(s-l)(lsTF’"2 + [n(n+l) - s(s+l)]GST]S} =0 . (8.1.3)

Since the ns terms are linearly independent, each coefficient must

equal zero separately. This produces
(s+l)(s+2)0‘.S+2 + [n(n+l) - s(é#l)]as =0 (8.1.4)

or

-(s+1)(s 2)
Gy = (i—:)(g+:+l7as+2 . (8.1.5)

From (8.1.5) it can be seen that G-l and G, are zero if G, and

01 are finite. Also if GS = 0 then Gs_ = Gs-h = ... =0, so0 that

2
all negative powers of 1 vanish for finite GO and Gl. ir Go =1,

the even powered series becomes
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+ - 4
p =1 - o) 2 n(-2)(n)(nts) b (8.1.6)
n 2% Lt
It Gl = 1, the odd powered series becomes
n-1)(n+2) _3 n-1)(n-3)(n+2)(n+k4
o - - ) 3 (D)) 5 g
The complete solution to (8.1.1) with m = O can then be written as
y=Ap *+Ba for Sl <1, (8.1.8)
By rearranging and normalizing (8.1.6) and (8.1.7) the Legendre
polynomial of the first kind is defined by a finite series as
k .
. YR s
P (n) =Z(-1)J _(2n-2))! g7 (8.1.9)
= 2°(34)(n-3) 1 (n-29)!

which 1s valid for n equal to a positive integer with k = % n or

%(n—l), whichever is an integer. This can be expanded to give the more

familiar form

1 a 2 n
P (1) = — (0" - 1) . (8.1.10)
n 2™nt an™t

The second solution of Legendre's equation is also defined from

(8.1.6) and (8.1.7) by the infinite series as

o0
_ oo\ (n+3)i(nweg)! -(n+25+1)
Q) =2 ST : (8.1.11)
J=0
This series diverges for |n| = 1 and therefore this part of the

solution is only useful for problems which exclude the poles. For this

reason it will not be discussed further.
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(8.1.10) then is the solution to (8.1.1) with m =0, If (8.1.1)
(with m = 0) is differentiated m times, and letting x = dmy/dnm,'

(8.1.1) may be written as

2 ‘
(1-7°) & dx - on(u+1) gj]ﬁ + (n-m)(n+m+l)x = O . (8.1.12)
an

When using (8.1.13) in (8.1.12) we obtain

2
2y d7z dz m _
(1-n%) —3 - 21 a—; + [:n(n+l) - 2:]2 =0, (8.1.1%)

dn 1-1

This is identical with (8.1.1) Legendre's equation, and a solution

is therefore

m/2 d
an™

2 m/2X

y =2 =(11%) = (1-n P (n) . (8.1.15)

Or the associated Legendre polynomial of the 1lst kind may be defined as

Let
z = (1-7 )m/é (8.1.13)

m
Pl(n) = (1972 S (n) . (8.1.16)
dn
18,19,20

8.2 Basic Recurrence Relations

Without proof some useful recurrence relation will be given.

2\1/2_m-1 _ m m
(m+n)(1-17) P = Pn+1 | A (8.2.1)
A 2mn(1-n2)'l/2P$ - (m+n) (n-ms1)E0

(continued)
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8.3

and

2)-1/2

[(ntmt1)nE] - (n-m+1)P] o 1(1-n

= [(m-n)T]PIITll + (m+n)P:_l](l_n2)-1/g
P:-l } npﬁ = (m-n-l)(l-ne)l/épz-l

(2n+l)nP2 = (n+m)P" . + (n-m+1)P"

n-1 n+l
m+l  m+l 2\1/2_m
Pn+l R P (2n+1)(1-1%) P,
m+1 m+l 2y1/2_m
PP ™ < (men) (10P) 2T
Differential Relations

m

daP
*m _d om __ndn . m
Pn) =@ B (n) =g = -sin0 B
1 = cos 6
> 2y1/2_m'
P o= - (Ln7)77p
m 4 o2m m' 2y m"
P =35 P =-n0 + (1-n7)P
mod smo_ 2\1/2_m! 2\1/2_m" 2y /2.m"
Fo=gg B = (1n%)7°p ) +om(2-n") P - (1-07) 7P
cm o d ofmo om'_m' 2 m" 2\m"
Py =35 P = "B, =TP + (M7 - WP - 6n(1-n7)P]

nit
+ (1-n2)2P§ .
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(8.2.3)

(8.2.4)

(8.2.5)

(8.2.6)

(8.3.1)

(8.3.2)

(8.3.3)

(8.3.4)

(8.3.5)

(8.3.6)




From the definition of Pi(n) (8.1.15)

m' d .m d 2\m/2 " 2y 2 a°
P (n) ==—P =——[(l-n) —P]=—um(l-n) — P
n dn n an dnm n . dﬁm n
m 1
= mtl -
2,2 4 _ -dm_ om 2y 2 m+l
+(1n7)° =g P =—5 P + (1) TP . (8.3.7)
dn 1-1
If use is made of (8.2.5) in (8.3.7), we find that
2,.m' m m
(1-n")P = - nnP_ + (w)P (8.3.8)
or
2,.m! m m
(1-7 )Pn = n(n+l)Pn - (n-m+1)Pn+l . (8.3.9)

A useful relation for the second derivative of the associated
Legendre polynomial can be gotten directly from Legendre's equation.
That is
" . 2
(1-n2)P§ - 2nP§ + [%(n+1) L PE =0 . (8.3.10)

l-n2

Differentiation of (8.3.10) produces

2
2 mlll mll m m| 2 Tl m _
(1-m )Pn - hnpn + [}n+2)(n—l) -—>|P, -am —>5=P =0.
1-1 (1-1%)
(8.3.11)
It we again differentiate, (8.3.11) becomes
2 2 mlm 2 mxu 2 m2—’4 mll
(L-07)°P" - 8n(1-07)P_ + 2(1-17) [n(n+l) - 7 - —5|P
n 2'n
1-1
m' 2 2 2m?{n(n+1)-11
- b [n(n+1)-1 | P + [n"(n+1)" -
n 2
. 1-q
2, 2
4 BAD -2 (me-g)}ﬁ =0. (8.3.12)
(1-n7)




8.4 More Recurrence Relations

By making use of (8.2.14), other useful recurrence relations can

be written as

2,m 1 m _ _ m
B = rvs] [i(m+n)Pn_l (m n—l)Pn+l]

_ (m+n)(m+n-1) _m . (n-m+1) (n+m+1) (m+n)( m) o
(2n+1)(2n-1) “n-2 | (2n+1)(2n+3) (‘h+1)(2n 1)

(n-m+1)(n-m+2) _m
(2n+1) (2n+3) n+2

1 1 m
= 8B, + 8P + S . (8.4.1)

_ m+n) (m+n-1) (m+n-2) _m L (mn (n+m-1)(n-m-1)
L P %§i+1)12n 1)(2n-3) ‘n-3 (2n+l) {k22-17(2n—37

N (n-m+1) (n+m+1) . (n+m)(n-m) o
(2n+1)(2n+3) (en+l)(2n-1) |'n-1

n-m+1\| (n-m+1) (n+m+1) . (m+n)(n-m)
(2n+l ) (2n+1)(2n+3) (2n+1)(2n-1)

(n m+2 ) (n+m+2) o (n-m+1) (n-m+2) (n-m+3) P
(2n4‘)(’n+5) n+l  (2n+l)(2n+3)(2n+5) n+3

m 1 i m
= S, 5 * 8P * 8P * 8P s (8.4.2)

n+l 7 n+3

b m m+n-3\ (m+n){m+n-1)(m+n-2) _m
nE, = <2n-5 ) (Zo+1) (2a-17(2n-3) Tn-b

+{(n—m—E)(m+n)(n+m—l)(n+m-2) . (n+m-l) (m+n \an-l)(n—m-l)
| (@2n-5)(2n+1)(2n-1)(2n-3) 2n-1 J \ 2n+1/{(2n-1)(2n-3)

. (n-m-1)(n+m+1) . (m+n)(n-m) ]}
(2n+1)(2n+3) (2n+1)(2n-1)

+{(n—m)(n+m) [(nﬂn-l)(n—m—l) . (n-m+1) (n+m+1)
(2n-1)(2n+l) | (2n-1)(2n-3) (2n+1)(2n+3)

(continued)
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. (m+n)(n-m) N (n+m+1) (n-m+1) | (n-m+1)(n+m+1)
(2n+1)(2n-1) (2n+3)(2n+1) (2n+1)(2n+3)

. (n+m) (n-m) . (n-m+2)(nﬁn++2{]}Pm
(2n+l)(2n-1) = (2n+3)(2n+5) n

. (n-m+2)(n-m+1) | (n-m+1)(n+m+1) . (n+m)(n-m)
(2n+3)(2n+1) (2n+1)(2n+3) (2n+1)(2n-1

(n-m+2)(n+m+2) . (n-m+2) (n-m+3)(n+m+3)(n-m+1 )} o
(2n+3)(2n+5) (2n+1)(2n+3)(2n+5)(2n+7) n+2

(n-m+1) (n-m+2) (n-m+3) (n-m+4 )

(2n+1)(2n+3)(2n+5)(2n+7) P

n+h

m

= SgP ), + 8 P’E_ +5, P"+s P" 4 i (8.4.5)

9 n-2 10" n 11 n+2 SlQPn+h )

8.5 1Integral Relations

The two orthogonality relations relating Legendre polynomials of

different degree and different order may be written as

1
m _m 2 (£+m)}
L/ﬂPn Fpan = 3731 (2-m)! ®n (8.5.1)
-1
and
1. m 28
P P
n n _ (n+2)!
Jf M = 37 O (8.5.2)
1-7m
]
where
5, =0 L #n°
£n } (8.5.3)
=1 £ =n .

When meking use of (8.4.1), (8.4.2), (8.4.3), (8.2.1) and (8.2.2) some

useful integral relations may be derived.
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I(n)/n2 Pl;ll PIZ dan

i
H
—

o
~
n
g

1 n-2 3" n+2

J(2) ety lss +8.8 _ + 8.5
28+1) (4-m)" 17 £4,n-2 2 4,n 37L,n+2

- (=) 5 [I(M)Ql F (), + I(fz-e)qu (8.5.4)

m m m
+
S,P. + S,P ]PZ dn

where I(n) is some function of n and

9 = Slbﬂ,n-E

(m+4 2) (m+4 l)
- B (8.5.5)

(4+m)(£-m) £-m+1) (£+m+1)
% = (2;T1§(2z-1) ¥ %2z+$7(2213; (8.5.6)

4-m)(4-m-1)
3 = %2£-3§(2£-1) : (8.5.7)

1
I(n)fnsPr;l PIZ dan
)

1
1 m m m m
I(n)b/‘[%uPn_S * 8P L+ 5P+ SYPn+3:JP£ dn
-1

2 (£+m)!}
= (2z+1) (Zm)? {:I(n)[:susz,n-s ¥ 85%,n-1 * 5%, ne Srsz,n+é]:}

) (2i+1) ((ﬁ’fg% [1(“3)% + T(441), + T(2-1)Qg + I(z—s)ng o
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where

o = (£+m+3) (L+m+2) (L+m+1)
b7 (24+7)(28+5)(2£+3)

_ (£+m+1) [(Eﬂn)(z-m) . (£-m+2)(4+m+2)
24+3 (2£+1)(22-1)  (22+3)(24+5)

(2+m+1)(2-m+1)
(2£+3)(22+1)

o = (ﬁ m ) (4-m)(£+m) . (£4m-1)(£-m-1)
6~ \2£-1/| (22+1)(24-1) = (2£-1)(2£-3)

(£-m-1)(£-m+1)
(28+3)(2£+1)

q _ (£4-m-2)(£-m-1)(£-m)
" (2£-5)(2£-3)(24-1)

1
n)k/PnuP PP g
-1

[}

* 5098 e 81282,n+1+]}

- (3 ) | (ssk)ag + 1(ae2)eg + 1(a)ag

24+1) (£-m)!

+ I(ﬁ—E)Qll + I(z-h)Ql%]

where

ag ~ (84m+1) (L+m+2) (£ +m+3 ) (L+m+h )
T (2£+3)(22+5)(2£+7)(24+9)
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I(n)b/\ [%BPn-h + 8P 5+ S10Pn * S11Pmsn *
-1

2 (£+m)

(8.5.9)

(8.5.10)

(8.5.11)

(8.5.12)

12 +4] Py dn

(8.5.13)

(8.5.1%)




(£-m)(2+m) (£+m+1) (L+m+2) . (2+m+1) (L+m+2) [ (f-m+1)(£+m+1)

Q T (2r-0)(22+1) (2£+3)(22+5)  (22+3)(2£+5) (2£+1)(24+3)
L+m+2) (L-m+2) . (L+m+3) (£-m+3)
* %22?2)(2z+5) * (2Z+;)(2z+7; (8.5.15)
_ (£-m)(£+m)(£+m-1)(£-m-1) . (£+m+1) (L+m+2) (L-m+1) (£ -m+2)
0 (22-1)%(24-3) (2041) (20+1)(2£+3)2(2245)
(4-m) (£+m) (o+m+1) (2-m+1))° ,
* [k2ZTl)(2§—l) * (éﬁ+1)(2z+3; (8.5.16)
_ (£-m)(£-m- 1) (£+m-2)(£-m-2) (z+m 1)(£-m-1)
11 (20-1)(26- 5) (2£-5) (22- 1)
(£-m)(£-m-1) (£-m) (£ m) (£+m+1) (£ -m+1)
* (eE-3)(22-1)(22+1) (20- 1; (50+3) - :] (8.5.17)
o = (4-m)(£-m-1)(£-m-2)(4-m-3) . (8.5.18)

12~ (22-1)(2£-3)(24-5)(26-7)

A useful formula that will not be proved generally, may be written

as
1 1
u/\nanP$dn =u/\naPm+l j (8.5.19)

-1 -1

where a 1is a positive (or zero) integer. As an example let a = k4.

Then from (8.4.3)

b om m m m m m
NP = 88(n)Pn_u + Sg(n)Pn_g + Slo(n)Pn + sll(n)Pn+2 + Sle(n)Pn+u
(8.5.20)
and
L_m m m m m
NPy = Sg(ntl)P o+ S(n+l)B ; + S)o(ntl)P ., + 8, (0 )P
m
+ 812(n+l)Pn+5 . (8.5.21)
7h

B )




On multiplying by Przdn and integrating from -1 to +1 we obtain

1

f 2'2elan = (gjﬂ) s [:Se(n)az,n_h ENCLI
-1
* SlO(n)sﬂ,n * Sll(n)aﬂ,n+2 * SlE(n)SZ,n+%]
- (E%Ii) %%;g%% [%8(z+u) + sg(zfe) y 5,0(4) + 5, (2-2)
+ Slg(z'“)] (8.5.22)

and

hm m. [ 2 (£+m)!
f" FraFedn = (2z+1) EDE [5'8(n+l)62,n-3 * S9(n+_l)5,e,n-1

+

SlO(n+l)6,e,n+J_ + Sll(n+l)62,n+3 + Sl2(n+l)6£,n+5j

- (&) G2y [%8(z+u) v 5(842) + 5,0(4)

+

sll(z-e) + slg(z-u)] . (8.5.23)
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IX. APPENDIX B

DETAILS OF THE COMPLETE SHELL MODEL SOLUTION

The complete equations of motion (4.2.10), (4.2.11), and (L4.2.12)
will now be examined. First it is best to define separately many of the
terms contained in the equations and eliminate the derivations with
respect to 6. When using (8.3.3), (8.3.4), (8.3.5), (8.3.6), (8.3.9),

(8.3.10), (8.3.11) and (8.3.12) the following terms can be defined:

I = B" + 2P" cotd - ﬁm(cotge e csc29)
7 n n n
+ fﬁ cot8(3 + cot?e - m° csc29)
" m 1"
= (1-n9)P" - 8n(l-n2)P$ + [129° - m(m-l)-h]P;“
! m m2 m
+ 2m(m—l) —E—E-PE + 5 [%(n+l) -— Pn
1-1 1-1 1-n"
hmg(n+2) m2(n+l)(n+h) m
= - + n(n+l)(n+2)(n-1) | P
2.2 2 n
(1-n7) 1-n
2 n m
- 4m™ (n-m+1) —>5 P - (9.1.1)
(1-1%)
‘m o m 2,.m" m' 0 m
- = - - = | — - . .1.2
Ig =P +P cotd = (1-7 )Pn 2nP l-n2 n(n+1) P (9.1.2)

I, = {Pm - 3cotd P-4 (Lt-me)cscge Pm}
n n n

2
1" 1 =
= (l—nE)Pm + 2Pt o+ hom o
n n l-ﬂ2 n

(continued)
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10

11

12

13

{]:L(p+2) (n+l)(n+h{} P: - 4(n-m+1) ———E-Pn+%} . (9.1.3)
1-n

§§ sinf + ﬁ: cosf + P: [%in@(l - cot29) - csc%}

+ 2m?P: cotf csch

=-1n)[i1np-unp'-—mg—Pm'-§£”—-—Pm]
n l-ﬂ2 n (l_n2)2 n
= (n-1)(n+2) [(nﬂ)nP‘;‘ - (n-m+1>P‘§+l] : (9.1.4)

em . _ 2yom'
- Pn sind = (1-7 )Pn

m m
(n+l)nPn - (n—m+l)Pn+l

(2211)[En+m)P2_1 B E%ﬁi%§£l P2+£] . (9.1.5)

. . 2
ém sinf + ﬁm cosf - Pm(cot29 sin 8 + mn csc@)
n n n 2

It 1" 2 ]
- (1-79) [(1- o S T {1 - —m——} Pm:]
(1-n NP nP o+ )

2
{(n+l)[(n-l)(n+2)+l} - m_(n_+g_)} T]P:

2(1-1%)

. , -
- (n-m+1) [(n-l)(n+2)+l - ;(—?___fFSJP:+l . (9.1.6)

csch {};n(l+v) - 4Pt cot%]
n n

1l
|
]
+
<
d
]
Lae)

(continued)
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Ty

15

116

17

118

)

n

1}

|1}

]

~ [m2+2(n+l) }
1-7°

Il

i}

I

"

-En+5)+v(n+lﬂ —3—5 P: + (1+v) (n-m+1) .
1-n

P" o+ P" cotd + (2—m? cscge)Pm
n n n

1" ]
(1-n2)P: - 2nP: + (2 . (-
1-q
- (n+2)(n—l)P§
B 4 3P cotd = (1-72)P"
n n m

n--2(n+l) _ (n+l)(n-2)} p

l—ng

ﬁm - P" cotd = (l-n2)P
n n

B" - P coto + 2(l-m2
n n

1-1

ml
- thn

(n-m+1)

(n+l)(n+2)] Pg - 2(n-m+1)
. 1-m

csc29)Pm
n

2

2 ) -
P
n

1"
(l-ng)PE + 2 (1 -

[J__n+l - n(n+3) :] Prrr]1 - 2(n-m+l)

ﬁm - ém cotf + 2Pm
n n n

2y.m" m
(1-7 )Pn + 2P

[m2+2(n+l (n+3 ):]

1-n

1-7°

N
1-1

2

P

Pn+l

A pf

n+l °

m
n+l

(9.1.7)

(9.1.8)

(9.1.9)

(9.1.10)

(9.1.11)

(9.1.12)




By rewriting (%4.2.10), (%.2.11), and (4.2.12) using the previously
defined I, (i =1,...,18) and by making use of the orthogonality of the

sin mp and cos mp terms we obtain, for each m,

Z{Amn [:{2(1+k)(1+v) - Mncs}}:->’r’1l + k{Il

n

+

12(v+P/k)}:]

+ an[(1+k)(1+v)18 - kIY:]

oot - )
X Amn[kllo + (l+v)(l+k)Ill:]

2
- Byp(1+k) [112 - I {"(m * T ]
_C [m(___l__*'k) I ] =0 (9.1.14)
mn 2 13 il

Z { [:ka - m(1+v)(1+k)P ]

1+k
- an (T) IIIE[:L5 + VIl6:]
* G [(ig—k)(l'ﬂ B VIIS) + msgpfi]} =0 (9.1.15)

Since the final objective is to reduce these equations of motion to a

I
(@]

(9.1.13)

series of algebraic equations, the next step is to put these equations
into a form in which the orthogonality of the Pi’s can be taken

advantage of. This requires reducing all of the terms to forms which

19



can be integrated simply after being multiplied by P? dn. T
it is necessary to multiply (4.7.1) by (l-ne)2 and (4.7.2)

to produce

(1-1°)2 {[Il + T (v+p/i) T + [2(14) (14v) - Mnc]PE}

2 4L | _m
= [Ll + L2n + L3n JPn

where
L = 2(1+k)(1+v) - Mo+ (n+2)(n-1) [n(n+1)+(1+v) + P/k]k
L, = - 2L,
Ly =L
(1-0°)P1g(14k) (1) = [Lh ¥ L5n2 + L6”LLJ P
where
L, = [m° - n(n+1)](14k) (1+v) )
Ly = [en(n+1) - n® 1(1+k) (1+7) &
Lg = - n(n+1)(1+k)(1+v) y

2 2 L | m m
(1-n7)1, = [7 * Ign * Lgh ]Pn * I0Pnee
where

L, = bm? (n+2) -me (n+1) (n+h )+n(n+l) (n+2) (n-1)

- hmg(n-m+l)(n+m+l)/(2n+3)
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o do this
by (1-n9)
(9.1.16)

(9.1.17)

(9.1.18)

(9.1.19)

(9.1.20)

(continued)




- P (n+1) (n#k)-2n(ns1) (ne2) (n-1) )

L8 =
L9 = n(n+1)(n+2)(n-1)
L = - b (n-m+1) (n-m+2)/(2n+3)

J
2 m 2 m m
(1-n )mE“k)(l”)Pn - kIg] = [Lll A Ll2] Pyt LiaPhee
where

L, = m(1+k) (1+v) - km[4(n+2)-(n+1l)(n+4)

- 4(n-m+1)(n+m+1)/(2n+3)]

L, = - m(1+k)(1+v) - km(n+1)(n+k)
L5 = bkm(n-m+1)(n-m+2)/(2n+3)
2 m 3_m 2 m

(1n")Tyy = LBy Iy By 7 (L16 A Ll?)Pn+l
where

Ly, = (n+1) (n+m)/(2n+1) A

L15 = -(n+1) g

Lig = - n(n-mfl)/(2n+l)

L17 = n-m+l . )

2 m 3_m 2 m
(1-17)1, = LygP) g + Ligh P * [Lzo * Logn ]Pnﬂ
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.21)

22)

.23)

.25)

.26)




where

2 B
Lg = (m+n) [}n+l){(n—l)(n+2)+l] - g- (n+5):]/(2n+l) A
Lg = -(n+1) [(n-1)(n+2)+1]
> @ (9.1.27)
Lyg = (n-m+1)[g—(n-u)-n{(n-l)(n+e)+1}]/(2n+1)
L21 = (n-m+1)[{(n-1)(n+2)+1] . )
(1T 5 = TpoPy 1 + TPl (9.1.28)
where
L22 = -(n+n) [(n+5)+v(n+1) ]/(2n+1)
(9.1.29)
Lyg = (n-m+)[n{1+v)-41/(2n+1) .
(l'”2)115 = {%2& * nngé}PE * L26P2+2 (9.1.20)
where
. _ni(entl)-(n+1)((2n2)(n-1)+n) |
o 7 2n+3
L25 = (n+1l)(n-2) 5 (9.1.31)
Lyg = 2(n-m+1)(n-m+2)/(2n+3) )
(1-n2?116 = [%27 + n2L28:}P§ + L29P‘r’11+2 (9.1.32)
where
2
Ib7=[m(2n6)4nﬂJ0H@]ﬂ2m5ﬂ
(continued)
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L28 = (n+l)(n+2)
L -2(n-m+l)(n-m+2)/(2n+3) .

29

]

2 2 m m
(1-17)1, = [%30 0 L3l:}Pn *LaoPhio

where
Lo = [2(n+1)(n+2)-n(n+3)(2n+3) -n° (2n+1))/(2n+3)
Lo, = n(n+3)
Ly, = -2(n-m+1)(n-m+2)/(2n+3)

2 2 m m
(1-17)I.g = [%33 = Lsh:]Pn * LasPhio

where
L, = [n°(20+5)+2(n+1) (n+2) -n(n+3) (2n+3)/(2n+3) )
Ly, = n{n+3) >
Ly = -2(n-m+1)(n-m+2)/(2n+3) . P

(Ln?)[krnlll+ - m(1+v)(1+k)P::] = L (107 )E0

where

Lye = -km(n+2)(n-1)-m(1+v)(1+k)

(1-q2)[k1 ot (1+v)(1+k)I. . ]

1 11

m S.m 2 m
= Pyrtnoy T lagh Byt [%59 o Luéjzpn+1
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(9.1.33)

}_l

(9.1.35)

(9.1.36)

(9.1.37)

(9.1.38)

(9.1.39)

(8.1.40)




where

Lz = Dyahyy )
Ly, = k(n-1)(n+2)+(1+v) (1+k)
Lsg = Iyl g
Lyg = byalig
Lo = Dyatyy

J

(l-ng)I {v(—mi—— - 1) + mic}
1\ "\o(12) T+

m 3.m 2 m
=Ly Fhus Byt [Luu A LhS]inLl

where

where

Lh6 = -m[k(n+2) (n-1)+(1+k)(1+v)] .

8L

(9.1.41)

(9.1.42)

(9.1.43)

(9.1.44)

(9.1.45)




In making use of (9.1.16) to (9.1.39), the equations of motion become

(for each m)

Z A [(1-2n2 + nu)LlPr;:] +B [{(LLL - kLY) + (L5 - kL8)n2

4\ m m 2
+ (L6 - kL9)n}Pn - kLlOPn+2] + Cmn[(Lll + 1 ng) P

+ L13P +2] =0, (9.1.46)

m 3m 2 m
Z Ann [LSYPn-l * Liggh Pt (L39 A LLLO) Pn+l]
n

m 3. m
" Pon [(“k) {(L18 - Iy ¥ (Lyg - Iyn'E

m 2.m
* (Lpg = Ly )Py + (B - Lus)" Pn+l}:]

-C__ [m(:euk) {LQEP L,sP n+]}] (9.1.47)

and

z Aun [Lu6<1'“2)f’ rr{]
n

m{ 1+k) m 2.m
an[ > {(Leh ’ VEy )Py + (Iys ¥ VLg )N Py

m
+ (L26 + vL29)Pn+2}
em o
s )T]EPm

rc [[EEN (L vL +2qu P+ L L., +
|\ "2 30 ~ YM33 T 14k | °n 31 7 VM3, T TEk n

m
f (L32 - vLSS)Pn+2}] =0 . (9.1.48)
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The equations of motion are now in a form such that if they are multiplied
by PE dn and integrated from -1 to +1, the integrals can all be
obtained in closed form by making use of (8.5.1) through (8.5.19). The

equations of motion are thereby transformed into

3 L 5
Am,l-MJiﬂ * Am,ﬂ—EJiﬂ * Am,ZJﬁﬂ * Am,£+2Jm£ * Am,£+th£

6 7 8 9 0
B ewme T B s2%me T B, a%me t B, peedme Bm,z+uJiz

1 12 13
* Cm,ﬂ—EJiz * Cm,ﬂJﬁﬁ * Cm,£+2Jm£ =0 (9.1.49)
where

Jiz - QlELlBZ,n+M

Jiz = (@) - 20)L.8, s

J3 = (1 -2Q. + Q ~)L.8

mé 2 107717 4,n

g = (Q, - 2Q,)L.3

mé 9 1'7174,n-2

P - QL. &

ns 871 4, n-U

J'6 = (L, - kL.)Q. .5

me 6 97/%127 ¢, n+h

r }

Ty = I - Kglag + (L - KLg)Qy; - KLygls,

J8 = [L, - kL, + (L_ - kLy)Q. + (L, - kL.)Q..]®

me L 7 5 87 %2 6 9/%10°"4,n

9 _
e = [(L5 - kLS)Ql * (L6 - kL9)Q‘9]6£,n-2 (continued)
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and

where

gl

O

}_J

(Lg - kL9)Q85

(L5085 + Ly5)8

13°7°¢,

Z,n-4

n+2

(Lo, + Lqp)8,

= D0 ,n0 0 (9:3:0)

3 mlz * Am,z 1 r]ri * Am,£+lJrﬁ * m,£+3Jran m,ﬁ 3 IJIS

-1 mﬂ z+1J20 * By /3+3Jgl *e -1J§§ * m,z+1Jij =
(9.1.51)

= [Lag@, + LoR308, | .5

= [Lgg + LggQp + Lo 10, | g

= [L37 + LogQg * Lthllaﬂ,n_l

= LagUbs,n-3

= (1) [(1,4 - L19)Q7 + (Lu5 1)@ 518, ni3

= ()L, - Doy + (Tyz - Dl + (Tys - Ly)Q 08, )

= (1+k)[Ll+2 - Lg + (L43 - Ll9)Q5 + (L45 - L21)Ql]5£)n_l

= (1)(Iy5 - LgQB, | o (continued)
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722 m(1+k)

me - T2 L2s%,n
3 m(1+k)

i < 5 Lop®p,n-1

and
“ 5 6 7 8
Am;z-eJiz ¥ Am,zJiz " Am,z+2Jiz * Bm,z-zJiz * Bm,EJiz
9 30 31 20 ~

+ %n)ﬂ-gJiZ + Cm,z-esz + cm,ﬂsz + Cm)£+2Jﬁ£ =0 (9.1.53)

where

L
Jiﬂ = ‘Lu6Q363,n+2
5
6
Jiﬂ = - D% no
7 m(1+k)
Jiﬂ = =5 g + VLyg + QglL,o + Log) 18, Lo
8  m(l+k)
Jiz = T Dy, VI, + QT VL28)]aﬂ,n
9  m(l+k)
Jﬁﬂ = =5 [y (Lyg +vg)le, |
70 - (& L. + Qu(L L+ sm )
me = V3 MEap - Vhgg + Qgllgy - VDg oy 2,nt2
2m © 2m o
31 1+k s S mn
T = (Glgy - Vhgs + 1y + (Tay - Vhg), + =) 18,
3 1+k 2O
It = ('E‘)Ql(le - Vhg t TR )Bﬂ,n-2 (9.1.54)
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Equations (9.1.49), (9.1.51), and (9.1.53) each constitute an
infinite set {one equation for each value of £, with £ = 1,2,...) of
linear homogeneous algebraic equations for each value of wm(m = 0,1,...,£).
In order for a nontrivial solution for the A's, B's, and C's to exist,
the determinant of their coefficients must vanish. This determinantal
equation constitutes the frequency equation for each value of mn.

In order to solve these eguations for the eigenfrequencies, a

computer program was developed. This program computes the J

mt s

(i = 1,2,...,32) for values of m and £, evaluates the determinant
for varied values of ¢ and plots the value of the determinant as a
function of o. The curve crosses the abscissa (determinant equal zero)
at the eigenfrequencies.

The previous description is, of course, not workable unless the
determinant is truncated at some finite order. And, in fact, to calculate
the first £ <frequencies requires the continuous evaluation of a deter-
minant of order 34.

As an example of a calculation the £ =1 and £ =2 modes will
be examined. It should be noted that the £ = 1 eqguations are only valid
for m = 0,1 and to examine the m =2 mode (for 4 = 1,2) it is
necessary to eliminate the £ = 1 equations (in the determinant) and
replace them by the £ = 3 equations.

The equations for £ =1 and £ =2 can be written as

3 L 5 8 9 10
A 1%m1 T A, 3%m1 T A s%m,1 T B, T B, 37n1 T B, 5%m, 1
> 3
* Cm,lJi,l * G, T © (9.1.55)
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m,2Ji? * Am,hJi?

m,lJi? m,SJi?

* Cm,3 i?l =0

Am,QJi,E * Am,hJ;,

f Bm,6Ji?2 m,2Ji?

Am,l i?Z Am,s m,2
m,SJii m,lJi?

5y 2J12n? * A Jﬁfe
Cm,HJi?2 =0

0
m,QJi, * Bm h

J28
m,l m, 1l m,3

5
+ A 6Jm, + Bm,2
3
+ C MJi,
JlY
m,5 m,2 m,l
3
m;3 m)2 =0
J28
2°m,2 m,h

If we neglect the terms for which £ > 2,

minant may be written as

8
Jml 0
0
8

90

l 23

m,1 * Cm,2 m,1 0 (9.1.56)
9 31
m.1l * Cm,lJﬁ,l
(9.1.57)
8 9
m,2 * Bm,hJ
(9.1.58)
19 0
m,2 * Bm,2 m,2
(9.1.59)
9 31
J2 * Cm,2 m,2
(9.1.60)

the 6x6 frequency deter-

2
O
3
0 o
31
o 0

(continued)




2 7 2 o

m,2 m,2 m,2

5 8 31
0 Ji,z 0 Ji,z © Jm,2 * (9.1.61)

(@)
(@)

It should be noted that every alternate element of this determinant
vanishes, which means that the 6x6 determinant reduces to the product
of two 3X3 determinants. This is true of any even determinant whose
alternate terms are zero. That is, under these conditions, a 2i X 21i
determinant reduces to the product of two i X i determinants.

By rewriting (9.1.61) as the product of two 3x3 determinants we

obtain
B i ma A R
Jﬁ?l Ji?l Ji}l % Ji,z Ji,e Ji?e (9-1.62)
e Tme  Tas 2 R T
Ji,l’ Ji}l, Ji?2, Ji?l, J§,2’ and Ji}z contain ¢ -terms, and

therefore must be evaluated for each value of o0 Dbefore the determinants
can be evaluated.
Equations (9.1.49), (9.1.51) and (9.1.53) have been solved using
£ =1,2,...,6 and m = 0,1,...5, that is for each value of m an
18x18 (in reality two 9x9 determinants) had to be evaluated several

hundred times.
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X. APPENDIX C

VISCOSITY CONSIDERATIONS

To give some idea as to the effect of viscosity a simplified
analysis will be presented. In following the analysis by Lambls, the
velocity potential of the inner medium for any fundamental mode may be

written as

n m
@lmn(r,e,@,t) =D T cosmpP cos Jcmn t . (10.1.1)

For an incompressible, irrotationally flowing fluid the kinetic

energy contained in a sphere of radius r may be written as

pl]:/l < r ey (10.1.2)

where ¢ denotes the solid angle. By making use of (10.1.1) in (10.1.2)

we find that

T = - ——I/ 0° roP Ly o8 m(p(PIrrll)g cos” «/cmn‘t ay . (10.1.3)

Since the system has been considered to be conservative, the energy
must be constant which implies that the potential energy may be written

as

V=- ——V[y\ 2 2n. n cos2 m,cp(Pr;ll)2 sin? Jcmn t ay. (10.1.4)

The dissipation in a liquid sphere, of viscosity , based on the

assumption of irrotational flow is
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2
3 2
ED = - p.f "_a';L r d'Y = - [.LI‘ arﬁq d’Y (10.1-5)

The kinetic energy of the fluid contained between two spherical
surfaces of radii r and r+dr can be gotten from (10.1.2) and from

the definition of kinetic energy. By equating these, we obtain

pl[ffq r d'yJ &r pl[é—ﬂ o d'y] 5r (10.1.6)

which implies that

od
1
ﬂqzdy = g—r/:/@l Br_l Pay . (10.1.7)
r

If use is made of (10.1.1) in (10.1.7), we find that

I[quy = - n(2n+1)b[/D2 PN mcp(Pm)2 cos® Vot ay .
. na n mn (10.1.8)

And from (10.1.5) the dissipation becomes

- 2un(2n+1)(n-1)ﬂbfnnr2n'l mcp(P 08° J—‘t dy .

(10.1.9)

Or the mean value per unit time may be written as

= ;_m(2n+l)(n-l)j] 0P ret -l os? mcp(PI;ll)Qd'y ; (10.1.10)

If it is assumed that the effect of viscosity may be represented by

a gradual variation of the coefficient Dmn’ then

a
Ep = 3% (T +Vv) . (10.1.11)
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Or by making use of (10.1.10), (10.1.3) and (10.1.4) in (10.1.11)

produces, for a sphere of radius R

d _u (n-1)(2n+1)
at P T o T 2 Do s (10.1.12)

the solution of which may be written in the form

D =D e-t/T

mn mn
o}

’ (10.1.13)

where Dmn is a constant and T 1s defined by
o
2
el 1
ko (n-1)(2n+1) °

.= (10.1.14)

This result indicates that if the vitreous body is considered to have a

dyne—sec)

viscosity approximating water (b~ .01 ; then a spherical

cm
liquid mass, of radius 1.3 cm and density 1.0 gm/cms, will have a decay

time for the fundamental (n=2) mode of
T = 33.8 sec

This implies that even if the viscosity of the vitreous body is two
orders of magnitude greater than that of water the decay time will still
be of the order of .35 seconds which corresponds to 35 cycles (assuming
a natural frequency of approximately 100 cps).

While it must be realized that this is only a very elementary model
of the viscous effects (and does not include the viscous effects of the
external tissue), it does imply that in this early model viscosity can

be neglected.
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XI. APPENDIX D

MODE SHAPES

The mode shapes for n = l,2,3,ﬁ for the axisymmetric shell model
will be examined here. From (4.2.1) and (4.2.5) the radial and tangential

displacements for any axisymmetric mode can be written as

_ 1 Von t

wn(e,t) =A e Pn(cos 6) (11.1.1)
- iNop,t d_

vn(e,t) =3B e 3 Pn(cos 9). (11.1.2)

The Legendre polynomials for n = 1,2,3,4 are

Pl(cos 6) = cos 6 (11.1.3)
1 2

P2(cos 0) = > (3 cos“® - 1) (11.1.4)
1 3

Ps(cos 0) = 5 (5 cos™6 - 3 cos 6) (11.1.5)
1 L 2

Ph(cos 0) = g (35 cos & - 30 cos @ + 3) (11.1.6)

and their derivatives with respect to & are

Py
5 = - siné@ (11.1.7)
Py
% = - 3sin @ cos 6 (11.1.8)
ap
3 3 . 2
% = - 5 sin 6(5 cos“® - 1) ] (11.1.9)
ap
59—1‘ = - g sin @ cos 6(7 cos o - 3) . (11.1.10)
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Using the nominal physical constants R = 1.3 cm, h = 0.1 cm,

E=7.0X 106 dyne/cmg, and v =0.5 at P

N
I

I

the first four mode numbers (n

are

o) = 0 and 9.328 X 106 )
6 6

g, = 0.3128 x 100 and 31.87 x 10 &
6 6

oy = 0.5522 x 100 and 65.50 x 10
6 6

c) = 0.8418 x 107 and 110.2 x 10 .

0, the eigenfrequencies for

1,2,3,4) as computed in section (4.5)

(11.1.11)

To obtain a relation between An and Bn we make use of (h.S.lS)

An[2(l+k)(l+v)+k(n+2)(n-l){n(n+1)+(l+v)+ P/k) - Mnc]

- B [(1+k)(1+v)+k(n+2)(n-1) In(n+l) = O .

N

A and B are related as
n n

o=
1]

B for o, =0

1 1 1

B, = - 7.984A. for o, = 9.328 X 106
1 1 1 ’

B, = 0.27604A,. for o, = 0.3128 X 106
2 2 2

B. = - 5.587A. for o. = 31.87 X 106
2 2 2

B, = 0.1433A, for o, = 0.5522 X 106
3 3 3

B, = - 4.242A, for o, = 65.50 x 106
3 ) 3 3
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(11.1.13)

(11.1.1%)

(11.1.15)




6

n

B, =+ 0.07798Au for o) = 0.8418 x 10
(11.1.16)
- 3.398ALL for ¢, = 110.2 X 106 .

B,

By making use of (11.1.13), (11.1.14), (11.1.15), (11.1.16), and

the Legendre polynomials and their derivatives in (11.1.1) and (11.1.2),
we obtain for the radial and tangential displacements
wl(e,t) = A cos ]

c =0 (11.1.17)
vl(Q,t) = - A sin 9

wl(G) = A, cos © )

¢ = 9.328 x 10 (11.1.18)
vl(e) = 7.98&A1 sin 0
A
w2(9) = 52 (3 cos20 - 1)
: ¢ = 0.3128 X 1o6 (11.1.19)
v2(6) = - 0.8280.1\.2 sin 6 cos 6
A
w2(9) = 52 (3 cos0 - 1)
: o = 31.87 x 106 (11.1.20)
v2(9) = 16.76 A, sin 0 cos O
A
ws(e) = §§ cos 9(5 cos 0 - 3) '
o = 0.5522 X 106
v,(8) = - 0.2150 A, sin 6(5 cos°6 - 1) (11.1.21)
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A

w3(9) = éé cos 6(5 cosoo - 3)
o = 65.50 X 10° (11.1.22)
v3(9) = 6.363 A, sin 8(5 cos?0 - 1)
A
w, (8) = 4 (35 cosue - 30 cos0 + 3)
L 8 6
o = 0.8418 x 10
v,(8) = - 0.1950 A sin 6 cos 8(7 cos®8 - 3) (11.1.23)
A
w, (8) = 4 (35 cosue - 30 cos“0 + 3)
4 8 6
o = 110.2 X 10
vu(e) = 8.494 A, sin 6 cos 9(7c0526 - 3). (11.1.24%)

It should be noted that w. and v, for ¢ =0 are time independent

1 1

which implies a continuous linear motion.

In order to obtain an effective plot of these mode shapes, the
Calcomp plotter associated with the B5500 computer was used. By making
use of the Stanford University Computation Center Library Program No. 159
the graphs of the mode shapes were obtained. 8ince the Calcomp plotter
only understands cartesian coordinates it was necessary to transform the
aforementioned relations. This was done as follows:

A point on the equilibrium surface of the sclera (circular cross-

section) can be written in vector form as

— A A
R=Rsinb i +R cos 8 k (11.1.25)

A A
where i and k are unit vectors in the x and 2 -directicns

respectively.

The displacements in vector notation can be written as
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w ing T + e'zl 5

w o =w sin i W, cos (11.1.26)
and

- A . A

v, SVycos0i-v sin®k . (11.1.27)

The displaced surface (2-dimensional) is then

E&n -F + Jn v (11.1.28)

or using (11.1.25), (11.1.26) and (11.1.27)

g = 3 e ’-\
Ry, [(R + wn) sin & + v _ cos 811

+ [(R +w ) cos 6 - v_ sin o1k . (11.1.29)

When making use of (11.1.17) through (11.1.24) in (11.1.29), the
displaced surfaces for each mode may be written as:

for o, =0

1
— A A
R, =Rsin8® i + (R cos 8 + A, )k (11.1.30)
d; 1
6
for o) = 9.328 x 10
R. = sin O[R + 8.98 A, cos 9]3
a 1
1
2 a
+ [R cos 6 + Al(l - 8.98 sin"8) ]k (11.1.31)
6
for o, = 0.3128 x 10
— . 2 A
R. = sin 6[R + A_{0.67 cos“® - 0.50}]i
a 2
2
+ cos B[R + A2{l.00 - 0.67 sinae]]ﬁ (11.1.32)
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for g, = 31.87 x 106
= . 2 A
R, = sin 6[R + A_{18.26 cos6 - .50} ]i
d2 2
. 2
+ cosd[R + A,(1.00 - 18.26 sin 0} Tk (11.1.33)
6
for 65 = 0.5522 x 10
— 2 N
Ry = sin O[R + A5 cos 6{1.43 cos™@ - 1.29}]i
3
L 2 A
+ [R cos 6 + As[l.MS cos 6 - .21 cos™@ - .22}k (11.1.34)
6
for oy = 65.50 x 10
- P A
Ry = sin B[R + A3 cos 0{34.32 cos™0 - 7.86}]i
3

+ [R cos 9 + AS{SH.SE cosue - 39.68 c0529 + 6.63]]@ (11.1.35)

for o, = 0.8418 x 10°

= . L 2 A

Rdu = sin B[R + Au{S.Ol cos B8 - 3,17 cos™6 + .38} ]1i

N 2
+ cos B[R + AA{S.Ol cos @ - 1.80 cos™@ - .21]]% (11.1.36)
6

for dh = 110.2 X 10

= . L 2 A

R, = sin 8[R + Au[63.h3 cos B8 - 29.23 cos O + .38} ]i

a4
L 2 A
+ cos 9[R + Au{63.h3 cos 6 - 88.69 cos™@ + 25.86) ]k . (11.1.37)
By examining the o, = O mode equation (11.1.30) and comparing it
to the equilibrium equation (11.1.25), it can be seen that the difference

A
between the equations is a displacement Al in the k -direction. That
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is every point of the equilibrium surface is displaced a distance Al

in the ﬁ -direction, or more simply, this describes a translation in
the ﬁ -direction.

Figs. 12.1a through 12.1h show the mode shapes for the first four
mode numbers (n = 1,2,3,4). These figures depict the maximum and
minimum displacements during oscillation. The low frequency modes are
the most familiar. That is, for n =1 a translation is observed, and
for n = 2,3,4 the familiar two, three, and four lobed figures are seen
to emerge.

The high frequency modes though are not at all familiar. An
examination of them shows very sharp bends (although the bends are
greatly exaggerated in the figures in order that they show up distinctly)
which would seem to account for the high frequencies associated with

these modes. The sharp bends are due to the large tangential displacement

associated with the high frequency modes.
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FIGURE 1.1. SCHIOTZ TONOMETER
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n=1, f =486 CPS
v (e) = -A SIN6 vl(e) 7.98 A SING
wl(G) = A coso

. v, (6) = A COSO
FIGURE 12.1 a FIGURE 12.1 b

n= 2, = 89 CPS ::

v,(6) = - 0.83 A, SINg COS g 2, £ = 899 CPS
—16 76 A, SIN cos
w,(6) = 0.50 A, (3c0s?6 - 1) v (9) , SING COS9
FIGURE 12.1 ¢ wz(e) 0.50 4, (3 cos?g- 1

FIGURE 12.1. MODE SHAPES FIGURE 12 1d
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n =3, £=1283 CPS
n-= 3, f = 118 CPS v (9) = 6.36 A S]'_Ne(s Cos 6 l)
v,(8) = -0.22 A, SINGB (S cos 8-1) 3
3(6) 0.50 A €os 6 (5 cos? 6 -3 v (9) = 0.50 4, COS6(S cos? 9-3)
= . 0 -
w3 3 ‘ FIGURE 12.1 £
FIGURE 12.1 e

OO

=4, f = 146 CPS 4, £ = 1670 CPS
4(8) = -0.20 A4 SINGCOSGU COS 6 3) v4(9) 8.49 A& SING COSG(7 COS 9 -3)

w4(9) 0.13 A (35 COS 6-30 COS 6 +3) w4(9) = 0.13 A4 (35 COS 6 -30 COS 0 +3)
FIGURE 12.1 g FIGURE 12.1 h

FIGURE 12.1 (CONTINUED). MODE SHAPES
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4 6
EiﬁDNO' d"é dP ; 10 1Roarc Boanc® 10 REas hvEAs
B RAD®/SECSZMM Hg| CM DYNES/CM cM oM
(= 2) (SCLERAL)
1 +0.025 +0.09 +0.4
s pavs | 04340 063 |195.0703 | 90 s 1.1140.05 | 0.048+0.006
1 +0.019 +0.12 +0.8
6 oavs | 0348 0 0nr 217000 | L20) 1.1140.05 | 0.048+0.006
2 +0.010 +0.11 +0.7
s pays | 040070 07e 1111005 | 1200y 1.1140.05 | 0.046+0.006
2 +0.050 +0.08 +0.5
8 oavs | ©4% 0 05 (09870 0s | 100075 1.1140.05 | 0.046+0.006
TABLE 7.1. COMPARISON OF THEORY AND EXPERIMENT
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sclera) filled with (vitreous and agueous) and surrounded by (tissue and fat) incom-
pressible, inviscid, irrotationally flowing fluids. Its dynamic behavior has been
investigate& by meking use of the Fliigge shell equations and the appropriate inertia
terms. The' axisymmetric case has been solved in closed form, and the asymmetric case
has been solved numerically. Some qualitative results for physiologically meaningful
parameter values are -

S e ghem @
on = T3P P+ (oo)mn (1) = - &1 82(R 2
1 , ) 1 i
(Uo)mn:= (U)mnl ' = E Gl(h,R,m,n) =~ Eh G2(R,m,n) n<i (3)
P=0 ‘
where g is the eigenfrequency squared, P is a dimensionless intraocular pressure,

g1’ 32, gn, and GE’ are functions.of the variables shown, E 1s the effective Young'F-
modulus, lhris'uuemeanseleial'ﬂﬁbhness, R is the middle surface radius, n 1is the
symmetric mode number, and m 1is the &symmetric mode number: .

Static’and dynamic experiments were performed on enucleated dog eyes. The static
experiment measured the change in volume of the eyes as a function of time at various
pressures. |The results of this experiment indicated that the eyes were viscoelastic
with an associated time constant of approximately 20 minutes.
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L ,
DD 21473 - o UNCLASSIFIED

Secunty Classification




DOCUMENT CONTROL DATA - R & D

UNCLASSIFIED 13. Abstract (continued)

The dynamic experiments measured the fundamental frequency as a func-
tion of the intraocular pressure. The results of that experiment indicated
that the n = 2 (axisymmetric ellipsoidal mode) was excited. At intra-
ocular pressures below 40 cm Hy0, the data were in agreement with the
theoretical analysis within experimental error. At higher pressures o
vs P curves became non-linear with decreasing slope. If Young's modulus
exhibits a frequency and pressure dependence of the form

where E, 1is a constant obtained from linear elastic theory and E_ is a
function of P, it is possible to explain the non-linear behavior of the
vibration data. The dynamic results seem to imply that the inner elastic
layer of the sclera governs the dynamic behavior of the eye up to a certain
critical intraocular pressure. Above this critical pressure the outer
layer conceivably contributes to a frequency-pressure dependent elastic
behavior.
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