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REPRESENTATION THEOREMS AND WEAK COMPACTNESS ( 4 2  p p . )  

D i r e c t o r  o f  Thesis :  Ji.irgen B a t t  

L e t  S b e  a compact Hausdorf f  s p a c e ,  and C(S,E) t h e  

Banach s p a c e  of  c o n t i n u o u s  E-valued f u n c t i o n s  d e f i n e d  on 

S, where E i s  a Banach space .  The main problem of  t h i s  

p a p e r  i s  t o  e s t ab l i sh  an  i n t e g r a l  r e p r e s e n t a t i o n  f o r  t h e  

bounded l i n e a r  t r a n s f o r m a t i o n s  o f  C(S,E) i n t o  F, F a l s o  a 

Banach s p a c e .  I n  t h e  g e n e r a l  s i t u a t i o n ,  F b i a g  and S i n g e r  

have deve loped  a Gowurin i n t e g r a l  r e p r e s e n t a t i o n  f o r  t h e s e  

t r a n s f o r m a t i o n s  t h r o u g h  a Bore1 measure p h a v i n g  v a l u e s  i n  

L(E,F**) .  

m e t r i c  s p a c e  and F i s  weakly comple te ,  p takes  i t s  v a l u e s  

i n  L(E,F) ;  and t h e  r e p r e s e n t a t i o n  i s  s t r o n g .  

Our p a p e r  shows tha t  i n  c a s e  S i s  a compact 

A s  a n  a p p l i c a t i o n  o f  t h i s  r e s u l t ,  w e  answer t h e  q u e s t i o n  

as t o  t h e  weak compactness o f  bounded l i n e a r  t r a n s f o r m a t i o n s  

o f  t h e  s p a c e  C(S,E) i n t o  F, where S i s  a compact Hausdorf f  

s p a c e  and E ,  F a r e  Banach s p a c e s ,  posed  by  B a t t  i n  1 9 6 0 ,  

w i t h  our Theorem: I f  E i s  r e f l e x i v e  and F i s  weakly comple te ,  

t h e n  e v e r y  bounded l i n e a r  t r a n s f o r m a t i o n  T:C(S,E)+F i s  

weak ly  compact.  
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REPRESENTATION THEOREMS AND WEAK COMPACTNESS 

1 

I 

1. I n t r o d u c t i o n .  The p u r p o s e  o f  t h i s  p a p e r  i s  t o  

s t u d y  bounded l i n e a r  t r a n s f o r m a t i o n s  of  t h e  s p a c e  C(S,E) 

i n t o  F where S i s  a compact m e t r i c  s p a c e ,  and E ,  F a re  Banach 

s p a c e s .  One aim of o u r  i n v e s t i g a t i o n  w i l l  b e  a g e n e r a l i -  

z a t i o n  of t h e  famous theorem due t o  F .  R i e s z ,  a c c o r d i n g  t o  

which e v e r y  bounded l i n e a r  f u n c t i o n a l  on t h e  s p a c e  C[O, l ]  o f  

c o n t i n u o u s ,  r e a l - v a l u e d  f u n c t i o n s  d e f i n e d  on t h e  u n i t  i n t e r -  

v a l  [0 ,11  can  b e  r e p r e s e n t e d  by a S t i e l t j e s  i n t e g r a l .  

I. Ge l fand  181, i n  1938 ,  f i r s t  approached  t h e  problem o f  

r e p r e s e n t i n g  such  t r a n s f o r m a t i o n s  by l e t t i n g  S b e  a c l o s e d  

and bounded i n t e r v a l ,  and t a k i n g  E t o  be  t h e  r e a l  f i e l d .  

H e  found t h a t  t hese  t r a n s f o r m a t i o n s  have a Gowurin i n t e g r a l  

r e p r e s e n t a t i o n .  The r e s u l t  o f  Ge l f and  has been  s u c c e s s f u l l y  

g e n e r a l i z e d ,  n o t a b l y  by R .  G .  B a r t l e ,  N .  Dunford and 

J .  Schwar t z ,  by J .  Bat t  and H .  Kanig,  by N .  D incu leanu ,  and 

by C.  Fo iag  and I .  S i n g e r .  S h o r t l y  a f t e r  t h e  p a p e r  of Rat t  

and Kanig [3]  appea red  i n  1959, Foiag  and S i n g e r  [71 announced 

t h e  r e s u l t  t h a t  a bounded l i n e a r  t r a n s f o r m a t i o n  T:C(S,E)+F,  

S a comapct Hausdorf f  s p a c e ,  c o u l d  b e  r e p r e s e n t e d  by t h e  

Gowurin i n t e g r a l ;  t h e  r e p r e s e n t a t i o n  i s  t h r o u g h  a Bore1  

measure h a v i n g  v a l u e s  i n  L(E,F**) .  The s e q u e l  shows t h a t  

by making s p e c i f i c  assumpt ions  on S and F ,  v a l u a b l e  i n f o r m a t i o n  

1 
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can  b e  o b t a i n e d  from t h e  measure p. We found t h a t  i f  S 

i s  a compact m e t r i c  s p a c e  and F i s  weakly comple t e ,  t h e  

measure  p takes  i t s  v a l u e s  i n  L ( E , F ) .  Moreover ,  t h e  r e p r e -  

s e n t a t i o n  of  Foiag  and S i n g e r  does  n o t  g i v e  t h e  v a l u e s  o f  

T b u t  r a the r  t h e i r  images unde r  f u n c t i o n a l s  y* E F*; i n  

c o n t r a s t ,  o u r  r e p r e s e n t a t i o n  i s  s t r o n g .  

I n  s e c t i o n  3 ,  we f i x  t h e  n e c e s s a r y  groundwork by 

o b s e r v i n g  t h a t  t h e  a d j o i n t  s p a c e  C(S,E)*  i s  i s o m e t r i c a l l y  

i s o m o r p h i c  t o  a s p a c e  of  r e g u l a r  E*-valued B o r e l  measu res .  

T h i s  f a c t  was f i r s t  n o t i c e d  by S i n g e r  [lo]; however ,  o u r  

approach  i s  c o n s t r u c t i v e  and l a y s  bare t h e  o r i g i n  of  t h e  

measu res .  

We show t h a t  a l i n e a r  bounded t r a n s f o r m a t i o n  o f  C ( S , E )  

can  b e  a s s i g n e d  a u n i q u e  o p e r a t o r - v a l u e d  B o r e l  measure ,  

which h o l d s  much i n f o r m a t i o n  as t o  t h e  weak compactness  o f  

t h e  t r a n s f o r m a t i o n .  I n  1954, B a r t l e ,  Dunford,  and Schwar tz  

[ l l  p roved  t h a t  eve ry  bounded l i n e a r  t r a n s f o r m a t i o n  

T:C(S,E)+F i s  w e a k l y  compact p r o v i d e d  S i s  a compact Hausdorff  

s p a c e ,  E i s  t h e  f i e l d  of real numbers ,  and F i s  weakly 

comple t e .  A similar r e s u l t  was e s t a b l i s h e d  by B a t t  [ 2 1 ;  

he was i n t e r e s t e d  i n  t h e  case  where S i s  a bounded and 

c l o s e d  i n t e r v a l ,  E i s  a r e f l e x i v e  Banach s p a c e ,  and F i s  

weakly comple te .  The p r e s e n t  p a p e r  g i v e s  a g e n e r a l i z a t i o n  

of b o t h  t h e s e  r e s u l t s  w i t h  o u r  main c o n t r i b u t i o n ,  
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Theorem: L e t  S be  a compact Hausdor f f  s p a c e .  If E i s  

r e f l e x i v e  and F i s  weakly comple t e ,  t h e n  e v e r y  bounded 

l i n e a r  t r a n s f o r m a t i o n  T:C(S,E)+F i s  weakly compact.  We 

n o t e  t h a t  t h e  c o n c l u s i o n  of t h i s  t heo rem i s  no l o n g e r  

v a l i d  i f  w e  d rop  t h e  r e f l e x i v i t y  a s sumpt ion  on E ,  f o r  

F o i a s  and S i n g e r  [7 ]  have  g i v e n  a counter -example  for t h i s  

r e l a x e d  s i t u a t i o n .  

2 .  N o t a t i o n s  and P r e l i m i n a r y  Remarks. Throughout ,  

(S,p) w i l l  b e  a compact m e t r i c  s p a c e ;  ment ion  of t h e  m e t r i c  

p u s u a l l y  w i l l  b e  s u p p r e s s e d .  A u s e f u l  n o t i o n  i s  t h e  r i m  

o f  a s e t  AC S w i t h  r e s p e c t  t o  a p o s i t i v e  r e a l  c o n s t a n t  

A ,  d eno ted  R ( A , X ) ,  which i s  d e f i n e d  t o  b e  

We a g r e e  t h a t  R ( @ , A )  = fa f o r  a l l  A .  The c o n c e n t r i c  d i s c  

abou t  a s e t  A C S ,  a g a i n  w i t h  r e s p e c t  t o  a p o s i t i v e  r e a l  

number A ,  i s  deno ted  D ( A , X ) ;  and t h i s  s e t  i s  d e f i n e d  by 

where i s  t h e  c l o s u r e  of A .  

By a r i n g  of s u b s e t s  o f  S ,  w e  w i l l  mean a c o l l e c t i o n  

R of s u b s e t s  o f  S which i s  c l o s e d  u n d e r  complementa t ion  

and f i n i t e  u n i o n ,  and t o  which S b e l o n g s .  It i s  c l e a r  

t ha t  a g i v e n  c o l l e c t i o n  of  s u b s e t s  of  S ,  s ay  T ,  g i v e s  r i s e  

t o  a smallest  r i n g  R 3 T ;  R i s  s a i d  t o  b e  t h e  r i n g  g e n e r a t e d  
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by T .  We w i l l  d e n o t e  by C t h e  r i n g  g e n e r a t e d  by t h e  

open se t s  i n  S. 

We d e f i n e  a p a r t i t i o n  o f  S t o  b e  a f i n i t e  c o l l e c t i o n  

o f  non-empty, d i s j o i n t  s e t s  i n  C s u c h  t h a t  S = { A j I k  

To e a c h  p a r t i t i o n  IT o f  S ,  we a s s i g n  t h e  p o s i t i v e  r e a l  

A .  j=1 Uj=1 j 

number I I T ~  by t h e  r u l e  

The supremums e x i s t  because  e v e r y  compact m e t r i c  s p a c e  

i s  b ounde d . 
We w i l l  r e s t r i c t  o u r  a t t e n t i o n  t o  r e a l  and complex 

Banach s p a c e s ,  d e n o t i n g  t h e  s c a l a r  f i e l d  by K .  I f  E i s  a 

Banach s p a c e ,  t h e  v e c t o r  space  C(S,E) of  a l l  c o n t i n u o u s  

E-valued f u n c t i o n s  d e f i n e d  on S becomes a Banach s p a c e  

u n d e r  t h e  norm 

If  F i s  a n o t h e r  Banach s p a c e ,  t h e  s e t  o f  a l l  bounded l i n e a r  

t r a n s f o r m a t i o n s  T of E i n t o  F w i l l  b e  d e n o t e d  by L ( E , F ) ;  

t h i s  i s  a Banach s p a c e  under  t h e  norm 

I n  p a r t i c u l a r ,  L(E,K) i s  t h e  a d j o i n t  s p a c e  of  E ;  and we 

w i l l  u s e  t h e  n o t a t i o n  E* f o r  t h i s  s p a c e .  If y € E *  and X E  E ,  
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w e  emphasire t h a t  t h e  v a l u e  o f  y a t  x i s  a s c a l a r  by t h e  

n o t a t i o n  < x , y > .  

Suppose u i s  a s e t  f u n c t i o n  d e f i n e d  on C w i t h  v a l u e s  

i n  L(E ,F ) .  The s e m i - v a r i a t i o n  o f  p on a s e t  A E  C i s  a r e a l  

number or t o 3  d e f i n e d  b y  

k 
Semi-varp(A) = sup  1 1  1 p ( C j ) x j I I  

j =1 

where t h e  supremum i s  taken  o v e r  a l l  f i n i t e  s e q u e n c e s  o f  

disjoint s e t s  {C, )  C C w i t h  C , C A  ( j = l ,  ..., k )  and a l l  k 
J j=1 

f i n i t e  s equences  o f  v e c t o r s  

s p h e r e  of  E .  L e t  { x j I k  b e  

t o r s  i n  E ,  s e t  cx = max 1 1  xjII, 

Hence, 

j=1  

j 

J 

{x I k  i n  t h e  c l o s e d  u n i t  
j j=1  

a c o l l e c t i o n  of a r b i t r a r y  vec-  

t h e n  I I T I I  'j - < 1 f o r  a l l  j .  

and w e  have t h a t  

where I C j )  i s  a c o l l e c t i o n  o f  d i s j o i n t  s e t s  i n  C ,  
j =1  

Cons ide r  a f u n c t i o n  f:S+E and l e t  p b e  a s e t  f u n c t i o n  

d e f i n e d  on C w i t h  v a l u e s  i n  L ( E , F ) .  We w i s h  t o  d e f i n e  an 

i n t e g r a l  o f  f w i t h  r e s p e c t  t o  p. 

p a r t i t i o n  of  S and l e t  T : T ~ E A  

L e t  7~ = { A j )  b e  a 

( j = l ,  ..., k )  b e  a s e t  of  
j =1 

j 
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i n t e r m e d i a t e  p o i n t s .  We f o r m  an a p p r o x i m a t i n g  sum 

If l i m  S , ( T )  e x i s t s  i n d e p e n d e n t l y  o f  t h e  c h o i c e  o f  T ,  i n  

t h e  norm o f  F, w e  w i l l  s a y  t h a t  t h e  l i m i t  i s  t h e  i n t e g r a l  

o f  f w i t h  r e s p e c t  t o  p, and w r i t e  I S d p ( t ) f ( t ) .  

words ,  t h i s  i n t e g r a l  e x i s t s  i f  and  o n l y  i f  f o r  e v e r y  E > O ,  

t h e r e  e x i s t s  6>0 such  that  

I d + o  

I n  o t h e r  

whenever  I T ?  and IT" are p a r t i t i o n s  of  S w i t h  I n t  I ,  I I T " I  < 6 .  

We w i l l  p rove  t h e  f o l l o w i n g  s u f f i c i e n t  c o n d i t i o n  f o r  

t h e  e x i s t e n c e  o f  t h e  i n t e g r a l .  

Theorem 1: I f  f E C ( S , E )  and 1-1 i s  a d d i t i v e  on C and o f  

bounded s e m i - v a r i a t i o n  on S ,  t h e n  / s d y ( t ) f ( t )  e x i s t s .  

P r o o f :  We i n t r o d u c e  t h e  modulusof c o n t i n u i t y  a ( 6 )  o f  a 

f u n c t i o n  f : S + E ,  

If f i s  c o n t i n u o u s  on S, f i s  u n i f o r m l y  c o n t i n u o u s ,  and 

a ( 6 ) - + 0  w i t h  6 .  

p a r t i t i o n s  o f  S,  and l e t  T ' : T '  i 
T " : T J '  

Le t  '11' = {A!) k '  and IT'' = {A'!} k "  b e  
J j=1  J j=1  

E A; (i=l, ..., k ? )  and 

E A!' ( j = l ,  ..., k") be s e t s  o f  r e p r e s e n t a t i v e  p o i n t s .  J 
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L e t  A i j  = A i  A" (i=1, ..., k'; j=1, ..., k " ) .  Then, 
j 

by t h e  a d d i t i v i t y  of  p. Thus, 

The terms of  t h i s  sum are  z e r o  u n l e s s  A! n A'.' s non-empty 

i n  which c a s e  max l l f ( T ! )  - f ( T i ) l l  I < ~ ( ( T ' I  t  IT"^). 
1 J 

By (11, 1 
i , j  

From t h e  approx ima t ing  sum f o r  t h e  i n t e g r a l  and from (11, 

w e  see tha t  

L e t t i n g  I T [  -f 0 ,  w e  o b t a i n  t h e  u s e f u l  i n e q u a l i t y ,  

L e t  u s  r e c a l l  t h a t  t h e  v a r i a t i o n  of  a s e t  f u n c t i o n  u 

w i t h  v a l u e s  i n  L ( E , F ) ,  deno ted  v ( p , - ) ,  i s  an  ex tended  

r e a l  v a l u e d  s e t  f u n c t i o n  d e f i n e d  by 
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where t h e  supremum i s  t a k e n  o v e r  a l l  f i f i i t e  sequences  o f  

d i s j o i n t  se t s  IC.) k C C  w i t h  c jCA ( j = l , . . . , k )  and I I o I I  
i s  t h e  norm of L ( E , F ) .  The c o n c e p t s  o f  v a r i a t i o n  and semi- 

v a r i a t i o n  c o i n c i d e  i n  c a s e  F i s  f i n i t e  d i m e n s i o n a l  [ 3 ,  p .2771.  

I f  t h e  s e t  f u n c t i o n  p h a s  v a l u e s  i n  a Banach s p a c e ,  s a y  F ,  

t h e n  p can  b e  i n t r e p r e t e d  a s  a f u n c t i o n  w i t h  v a l u e s  i n  

L(K,F) and one has f o r  t h e  v a r i a t i o n  

J j=1 

where 1 1  -1I is  t h e  norm o f  F. 

We w i l l  need  t h e  concept  o f  r e g u l a r i t y  o f  v e c t o r - v a l u e d  

set  f u n c t i o n .  A se t  f u n c t i o n  p i s  said t o  be r e g u Z a r  i f  f o r  

e v e r y  s e t  A i n  t h e  domain o f  1-1 and f o r  e v e r y  E > O ,  t h e r e  

e x i s t  s e t s  i n  t h e  domain o f  1-1: H whose c l o s u r e  i s  c o n t a i n e d  

i n  A ,  and G whose i n t e r i o r  c o n t a i n s  A such  t h a t  v ( ~ , G - H ) < E .  

To comple te  o u r  l i s t  o f  p r e l i m i n a r y  d e f i n i t i o n s ,  we 

i n c l u d e ,  i f  f i s  a f u n c t i o n  f :S+E,  w e  w i l l  mean b y  t h e  

s u p p o r t  o f  f t h a t  s u b s e t  of S on which f i s  d i f f e r e n t  f rom 

z e r o .  S y m b o l i c a l l y ,  

supp  f = { t l f ( t ) # O ) .  

3.  F u n c t i o n a l s  on C ( S , E ) ,  Our development  o f  a r e p r e -  

s e n t a t i o n  f o r  bounded l i n e a r  f u n c t i o n a l s  on C ( S , E )  r e s t s  

e s s e n t i a l l y  on Lemma 1 and Lemma 3 below.  



c 

f 

hmna 1: L e t  {Gn} be a sequence  o f  open s e t s  o f  S w i t h  

G 3 G  (n=1 ,2 ,  ... ) and 6 G n = @ .  Suppose t h a t  { f n )  i s  n n + l  

a bounded sequence  i n  C(S,K) w i t h  Supp fnCGn for a l l  n .  

Then,  f o r  each  XEE and each  y€C(S,E)* ,  

n = l  

l i m  < x f n , y >  = 0 .  
n- 

P r o o f :  L e t  Cx(S,K) d e n o t e  t h e  s u b s p a c e  o f  C(S,E)  c o n s i s t i n g  

of a l l  f u n c t i o n s  of  t h e  f o r m  xf  where XEE and fEC(S,K) .  

C o n s i d e r  y&C(S,E)*  and l e t  9 be  t h e  r e s t r i c t i o n  ?=ylC,(S,K).  

y g i v e s  r i s e  t o  a l i n e a r  f u n c t i o n  o x  on C(S,K) by t h e  d e f i -  

n i t i o n  

A 

<xf  ,+ = <f ,r) x> .  

q x  i s  bounded, for 

I < f d l x > l  = I < X f , G > I ( l l Y I t  l l x l l  I l f l l ;  

and  hence ,  ItqxlblIyII IIxII. According t o  t h e  h y p o t h e s i s ,  t h e  

sequence  I f n }  i s  bounded and p o i n t - w i s e  conve rgen t  t o  z e r o ,  

s o  t h a t  

l i m  <f , T - ( ~ >  = 0 
n-+a 

[ 6 ,  p .  2651.  The p r o p o s i t i o n  f o l l o w s .  1 
Lemma 2 :  L e t  A be a s u b s e t  of S ,  and l e t  X and E b e  p o s i -  

t i v e  r e a l  numbers.  If f o r  fEC(S,E)  w i t h  Supp f C R ( A , X )  

and f o r  ~ E C ( S , E ) *  i t  i s  t r u e  t h a t  



10 

r 

c P r o o f :  By t h e  c o n t i n u i t y  o f  y ,  t h e r e  e x i s t s  670 such  t h a t  

I < h , y > l > E  f o r  a l l  hEC(S,E) w i t h  I)h-f1(16. S i n c e  f(A)=O and f 

i s  c o n t i n u o u s  on S ,  t h e r e  e x i s t s  g > O  s u c h  t h a t  i f  t € R ( A , 2 < ) ,  

t h e n  ]If ( t )  IF 6. L e t  H = D(A,r) and l e t  C = S-D(A,2<).  Then, 

C n H  = J3, d e f i n e  u :S+[O, l ]  by 

P ( H , t  1 
u ( t )  = p ( H , t ) + p ( C , t )  

C l e a r l y ,  u i s  c o n t i n u o u s  and w e  s e t  g ( t ) = u ( t ) f ( t ) , t E S .  I n  

f a c t ,  

s o  t h a t ,  

Lemma 3: L e t  A be  a s u b s e t  of S ,  and l e t  

where M i s  a p o s i t i v e  real c o n s t a n t .  I f  y&C(S ,E)* ,  t h e n  

1 i m  S U P  I < f , y > l  = 0 .  
X+O f E A ( A , A , M )  
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P r o o f :  

a sequence  { A n )  o f  p o s i t i v e  r e a l  numbers,  X n J - O ,  and a 

sequence  { fn i  w i t h  fn  EA(A,A~,M) f o r  a l l  n ,  such  t h a t  

Were t h e  p r o p o s i t i o n  f a l s e ,  one c o u l d  f i n d  E ~ > O ,  

Choose N > !!hd, t h e n  
E, 

U 

N 

n = l  
c llfJ II Y II> NEo’ IlY II- 

But ,  by Lemma 2 ,  we may assume t h e  f n  have  d i s j o i n t  s u p p o r t ;  

hence ,  

which i s  a c o n t r a d i c t i o n .  I 
L e t  H be  a c l o s e d  s u b s e t  of S ,  w e  w i sh  t o  o b t a i n  a 

sequence  of c o n t i n u o u s  f u n c t i o n s  conve rg ing  p o i n t - w i s e  t o  

t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  H ,  xH. 
o u r  work c o n c i s e ,  w e  adopt  t h e  c o n v e n t i o n  p ( @ , t ) = a  f o r  a l l  

tES .  For e a c h  

n ,  l e t  Cn b e  t h e  complement of t h e  c o n c e n t r i c  d i s c  D ( H , X n ) .  

C n H  = pI, f o r  e a c h  n .  

I n  o r d e r  t o  make 

L e t  { A n )  b e  a p o s i t i v e  r e a l  sequence ,  X n J - O .  

H 
Def ine  t h e  f u n c t i o n s  f n : S + [ O , l ]  by 

n 

P ( C , , t )  ; n = 1 , 2 , . . . .  
P ( C , , t ) + P ( H , t )  

f H  ( t )  = n 

We n o t e  t h a t  i f  H#@,  f H ( H ) = l ,  f o r  a l l  n ;  and i f  C n # @ ,  f o r  

some n ,  t h e n  f n ( C n ) = 0 ;  moreover ,  for e v e r y  c l o s e d  H C S ,  fH n 

i s  a c o n t i n u o u s  f u n c t i o n  f o r  each  n .  It i s  c l e a r  t h a t  

n 
H 
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H e n c e f o r t h ,  w e  w i l l  r e fe r  t o  sequences  o f  t h i s  t y p e  as b e i n g  

o f  t y p e  x. 
I f n )  i s  t y p e  x. 
i s  a Cauchy sequence  i n  K .  I n d e e d ,  l e t  m and n b e  n a t u r a l  

numbers w i t h  s a y  m>n. 

t a i n e d  i n  t h e  open s e t  R ( H , X n ) .  

L e t  X E E ,  and form t h e  sequence  {xfH)  where 
n 

H U 

n L e t  y€C(S,E)* ,  w e  a s s e r t  t h a t  {<xf" ,y> l  

Then, t h e  s u p p o r t  o f  f H H  -f i s  Con- m n  
We s e e  t h a t  

by an  a p p l i c a t i o n  of  Lemma 1. 

Now, w i t h  t h e  bounded l i n e a r  f u n c t i o n a l  y on C(S,E)  

w e  a s s o c i a t e  t h e  E*-valued se t  f u n c t i o n  1-1 on C which i s  

d e f i n e d  i n  t h e  f o l l o w i n g  t h r e e  s t e p s :  

i)  i f  H i s  a c l o s e d  s u b s e t  of S, 

H 
n where {f 1 i s  of t y p e  x. L e t  H#@ b e  a c l o s e d ,  p r o p e r  s u b s e t  

o f  S. 

and ? ( C  ) = 0  for a l l  n ,  where Cn i s  t h e  non-empty complement 

o f  D ( H , A n ) ,  { A n )  a r ea l  sequence ,  X n + O ,  we w i l l  show t h a t  

I f  {Pn> i s  a bounded sequence  i n  C(S,K) w i t h  pn (H)= l  

n n  
2, c\, 2, 

H .  
l i m  n- n- <Xfn,y> = l i r n  i x P n , y > ,  X E E  

The f u n c t i o n  ?n-fn H has s u p p o r t  i n  t h e  r i m  R(H,un) ,  

2, 
= max ( A n , A n ) ;  i t  f o l l o w s  f rom Lemma 1 t h a t  wn 

% 
n Accord ing  t o  t h e  conven t ion  v(@)=O, f o r  t h e  f u n c t i o n s  f 

are i d e n t i c a l l y  z e r o .  



ii) I f  G i s  an  open subse t  o f  S ,  we d e f i n e  

It may happen t h a t  G i s  bo th  open and c l o s e d ,  i n  which c a s e  

t h e  f u n c t i o n s  xG and x ~ - ~  a r e  b o t h  c o n t i n u o u s .  

one needs  t o  c o n s i d e r  four cases ,  v i z . ,  open se t s  of  t h e  

c l o s e d  u n i t  i n t e r v a l  which c o n t a i n :  a )  1, tS 0 ,  c )  b o t h  1 

and 0 ,  and d )  n e i t h e r  1 n o r  0 .  The i n v e r s e  images o f  a l l  

of  these  s e t s  u n d e r  xG o r  x ~ - ~  are open i n  S .  

may w r i t e  

To see t h i s ,  

Thus ,  w e  

and no  i n c o n s i s t e n c i e s  a r i s e .  

iii) I f  A i s  a n  a r b i t r a r y  s e t  i n  C ,  A can  b e  w r i t t e n  as 

t h e  d i s j o i n t  u n i o n  o f  an  open s e t  G and a c l o s e d  s e t  H .  

O f  c o u r s e ,  A i s  t h e  un ion  o f  open and c l o s e d  s e t s ,  s a y  

k R 
A =  u G i U U  H i=1 j=1  j 

where each  Gi i s  open and each H 

G =  u 
i s  c l o s e d .  S e t  

k R j  
G i  and l e t  H = ( S - G ) n  .u H j  . C l e a r l y ,  G i s  open and 

J =1 i=l 

H i s  c l o s e d ,  t hese  s e t s  a r e  d i s j o i n t ,  and 

A = G U H .  

We d e f i n e  v a t  A by t h e  e q u a t i o n  
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We have t o  show t h a t  t h e  d e f i n i t i o n  ( 3 )  does  n o t  depend 

on t h e  p a r t i c u l a r  r e p r e s e n t a t i o n  o f  A as t h e  d i s j o i n t  u n i o n  

o f  an  open se t  and a c l o s e d  s e t .  To t h i s  e n d ,  t h e  f o l l o w i n g  

i d e n t i t y  w i l l  be  u s e f u l .  

s u b s e t s  o f  S ,  t h e n  

I f  H1 and H 2  are  a r b i t r a r y  c l o s e d  

Cons ide r  t h e  sequence  

where X E E ,  and {fH1),  { fH2} ,  ( fH1UH 2 1  and { f H 1  n * H 2 )  a r e  
n n n 

a l l  s equences  of  t y p e  x w i t h  r e s p e c t  t o  t h e  p o s i t i v e  r e a l  

s equence  { A n } ,  A n + O .  

and t h e  s u p p o r t  of gn i s  c o n t a i n e d  i n  t h e  open s e t  

{gnl  i s  a bounded sequence  i n  C(S,K) 

R ( H  , A  ) u R ( H 2  , A n )  ( n = 1 , 2 , .  . . ) . Thus,  t h e  h y p o t h e s i s  o f  1 n  
Lemma 1 i s  s a t i s f i e d ,  and we have  t h a t  <xg ,y> t e n d s  t o  z e r o  

as n-. By t h i s  o b s e r v a t i o n ,  
n 

f rom which ( 4 )  f o l l o w s .  

Suppose t h a t  f o r  an A E C ,  i t  i s  t r u e  t h a t  

where G i  i s  open ,  Hi i s  c l o s e d  and G i n H i  = D' ( i = l , 2 ) .  



We c l a i m  t h a t  

I n d e e d ,  i f  X E H  U ( S - G  ) w e  d i s t i n g u i s h  two c a s e s :  

1) 

and  t h u s  X E H ~ U ( S - G ~ ) ;  2 )  i f  x € S - G 2  two s i t u a t i o n s  a r i s e :  

f i r s t ,  x s H 2 C H 2 U ( S - G 1 ) ;  and s e c o n d l y ,  X E ( S - G ~ ) ~ ( S - H , ) =  

( S - G l ) n ( S - H l )  which means X E S - G ~  and c o n s e q u e n t l y  x&H2U(S-G1).  

Hence, 

1 2 

xEH1, which means xES-G1 because  H1 and G1 a re  d i s j o i n t ,  

The r e v e r s e  conta inment  f o l l o w s  from a s imi la r  argument .  

Analoguous ly ,  one can  prove  t h a t  

which i m p l i e s  t ha t  

Now,  w e  w i s h  t o  prove  t h a t  

By t h e  p r e c e d i n g  d i s c u s s i o n ,  
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Thus ,  w e  have  t h a t  

or 

We conc lude  t h a t  p:C+E* i s  wel l  d e f i n e d .  

To show t h a t  IJ i s  a d d i t i v e  on C .  Cons ide r  d i s j o i n t  

Then, A1=GIUH1 and A 2 = G 2 U H 2  where Gi  s e t s  A1,A2 i n  C .  

i s  open ,  Hi i s  c l o s e d  and G i n H i = O  ( i = 1 , 2 ) ;  and G l n G 2 = H l n H 2 = 0  

b e c a u s e  A1 and A2 are  d i s j o i n t .  

as the d i s j o i n t  un ion  of an open s e t  and a c l o s e d  s e t  i s  

A r e p r e s e n t a t i o n  for A 1 U A 2  

We may a p p l y  ( 4 1 ,  
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Using t h e  f o l l o w i n g  lemma, w e  can  show t h a t  1.1 i s  o f  

bounded v a r i a t i o n  on S.  

Lemma 4 :  I f  AEC and E > O ,  t h e r e  e x i s t s  a c l o s e d  s e t  H C A  

such  t h a t  IIp(H)-p(A) II<E. 

P r o o f :  It i s  s u f f i c i e n t  t o  p r o v e  t h e  p r o p o s i t i o n  f o r  A an 

open s u b s e t  o f  S.  L e t  E > O  b e  g i v e n .  By l e m m a  3 ,  w e  are  

ab le  t o  choose 6 s o  small t h a t  I < f , y > I < & ,  f o r  a l l  fEA(S-A, S , l ) .  

S e t  H=S-D(S-A, 6). C l e a r l y ,  H C A  and H i s  c l o s e d .  We s e l e c t  

a p o s i t i v e  r e a l  sequence  {A,) A n + O ,  w i t h  A I < & ;  and ,  w e  
H c o n s t r u c t  s equences  I f n )  and {f, 

sequence  { A n }  for b o t h .  

R ( S - A , 6 )  and  ) b f z + x f n  

t h e  c l o s e d  u n i t  s p h e r e  CT o f  E ;  s o  t h a t  

S - A )  o f  t y p e  x, u s i n g  t h e  

Then, f:+fz-A-l has s u p p o r t  i n  
S-A -xl l<l ,  f o r  a l l  n and f o r  a l l  x i n  

By t h e  a d d i t i v i t y  o f  y, 

P a s s i n g  to t h e  l i m i t ,  

and hence  
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Thus,  

Our t a sk  i s  t o  p rove  t h a t  v ( p , S )  i s  f i n i t e .  The p r e v i o u s  

lemma a l l o w s  u s  t o  c a l c u l a t e  t h e  v a r i a t i o n  o f  1-1 u s i n g  on ly  

f i n i t e  s equences  of  d i s j o i n t  c l o s e d  se t s  i n  S .  L e t  { C , )  
k 

J -  j=1  
b e  a f i n i t e  c o l l e c t i o n  of  c l o s e d  s u b s e t s  of S .  If E > O ,  

t h e r e  e x i s t  x EE w i t h  llxj I1<1 s u c h  t h a t  
j 

k k c I I d C j )  II< c I < X j , ~ ( C j ) > I +  4. 

There are  sequences  of t y p e  x, say { fn j} ,  C w i t h  f lJ  C .  (j=ly...yk) 

j=1  j=1 2 

h a v i n g  d i s j o i n t  s u p p o r t ;  and w e  may s e l e c t  N s o  l a rge  t h a t  

n n 
j J We choose  s c a l a r s  cx w i t h  l a . [  =1 ( j = l  , . . . , k ;  nZN); s o  t h a t  

Thus , 

S i n c e  t h e  f u n c t i o n s  fnj  C (j=l, ..., k ,  n f i x e d )  have  d i s j o i n t  

r s u p p o r t ,  



and s i n c e  E > O  i s  a r b i t r a r y ,  we have t h a t  

0 

c 

It follows t h a t  

V ( V , S ) l l t Y  I I *  
L e t  I1(S,C,E) b e  t h e  l i n e a r  s p a c e  of a l l  f u n c t i o n s  h 

o f  t h e  form 

h = x x t . . . t x  x 
A1 Ak 

i s  a p a r t i t i o n  o f  S and t h e  c o e f f i c i e n t s  k where (A 1 

{ x j }  a re  e l e m e n t s  o f  E .  R ( S , C , E )  i s  p r o v i d e d  w i t h  a 

norm b y  d e f i n i n g  

j j=1  

j=1 

The s e t  f u n c t i o n  1-1 i n d u c e s  a l i n e a r  f u n c t i o n a l  y '  on R ( S , C , E )  

b y  

and o b v i o u s l y ,  IIy' I l v ( v , S > .  

L e t  6 ( S , C , E )  d e n o t e  t h e  l i n e a r  s p a c e  o f  a l l  sums f + h  

where f c C ( S , E )  and h E R ( S , C , E ) ;  w e  d e f i n e  a norm f o r  t h i s  

s p a c e  by 

h 

y and y '  g i v e  r i s e  t o  a l i n e a r  f u n c t i o n a l  y on C ( S , C , E )  



t h r o u g h  t h e  r u l e  

We must show t h a t  i s  w e l l  d e f i n e d .  Suppose t h a t  

f l + h l = f 2 + h 2 ,  fiEC(S,E) and hi&R(S,C,E) ( i = l , 2 ) .  

The e q u a t i o n  

fl-f2 = h -h 2 1  

i m p l i e s  t h a t  t h e  e l emen t  h2-hl~R(S,C,E)  i s  c o n t i n u o u s .  L e t  

where t h e  x ( j = l , .  . . , k )  a r e  d i s t i n c t .  
3 h2-hl  = XIXA1+ ...+ X k X A k  

We assert  t h a t  h2-hl i s  con t inuous  o n l y  i f  e a c h  A 

open and c l o s e d .  S i n c e  t h e r e a r e  a f i n i t e  number o f  t h e  x 

f o r  f i x e d  j o : l ~ j o < k ,  t he re  e x i s t s  a s p h e r e  S 

whose c l o s u r e  c o n t a i n s  no x 

unde r  h2-hl i s  A 

i s  b o t h  
j 

3 ’  
about  x 

j 0  j 0  

j# jo. The i n v e r s e  image o f  

i s  open b e c a u s e  h2-hl 
j ’  

and hence  A 
j 0  j 0  

i s  c o n t i n u o u s .  On t h e  o t h e r  hand ,  t h e  i n v e r s e  image of  

E - 5  i s  t h e  complement o f  A and must a l s o  b e  open .  We 

c o n c l u d e ,  s i n c e  A ( j = l , .  . . , k )  i s  b o t h  open and c l o s e d ,  t h a t  
j 0  j 0  

j 
i s  c o n t i n u o u s .  Hence, we may w r i t e  

j 
xA 

which means 



2 1  

o r  

A 

To show t h a t  9 i s  bounded, l e t  f t h E C ( S , C , E )  where 

h = xlxA1t ...+ x x 
u n i o n  o f  an open se t  G and a c l o s e d  se t  H i . e .  , 

. Each A .  can  be  w r i t t e n  as t h e  d i s j o i n t  
Ak J 

j j '  

A j  = G j U H j  ( j = l , . . . , k ) .  

By t h e  d e f i n i t i o n s  of y '  and p, 

S-G < x j , p ( G j ) >  = <x ,p(S)>- l i m  < x . f  j ,y> j n- J n  
S-G j S-Gj) 

= <x ,y>- l i m  < x . f  ,y> = l i m  < x . ( l - f n  ,Y> j n+w J n n+w J 

S-G where { f n  j )  i s  a sequence  of t y p e  x. 
r e a l  sequence  w i t h  Xn+0 and A1< min p ( H i , H j ) .  

i s  p o s s i b l e  because  t h e  d i s t a n c e  between two c l o s e d ,  d i s j o i n t  

s u b s e t s  o f  a compact m e t r i c  s p a c e  i s  p o s i t i v e .  

and  {fS-Gj) be sequences  of t y p e  x w i t h  r e s p e c t  t o  { A n } .  

L e t  { A n )  b e  a p o s i t i v e  

T h i s  c h o i c e  
i #  j 

L e t  { f H j )  n 

n 
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k k u H 
j = 1  j 

I n  f a c t ,  f t f ,  a g r e e s  w i t h  f t h  on 

f o r  each  n ;  s o  t h e  a s s e r t i o n  w i l l  b e  p roved  i f  we can  show 

t h a t  

and on jul[S-D(S-Gj , A n )  1 , 

f o r  each  j=l, ..., k.  Assume t h e  c o n t r a r y ,  t h e n  f o r  some jo, 

where a G j  

G 

d e n o t e s  t h e  boundary of G j  a G .  f g  f o r  if i t  were, 
0 0 J o  

would b e  b o t h  open and c l o s e d ;  w e  c o u l d  s e l e c t  no  s o  
j 0  

la rge  t h a t  R(S-Gj , A , ) = @  f o r  a l l  n>no;  - and t h e  p r o p o s i t i o n  

would b e  vacuous ly  f u l f i l l e d .  T h e r e  i s  a subsequence  {nm) 

of t h e  n a t u r a l  numbers such  t h a t  

0 

f o r  a l l  m = 1 , 2 ,  .... The above i n e q u a l i t y  h o l d s  i f  t h e  s e t s  

R(S-Gj , A  are r e p l a c e d  by t h e i r  c l o s u r e s ;  and c o n s e q u e n t l y ,  
o "m m 

J O  m - B u t ,  to€ n R(S-Gj , A  ) i m p l i e s  t h a t  p( to ,S-G.  ) = 0  which 
m= 1 o nm J O  

c - 
C G j  f o r  a l l  m y  

0 0 
means t0&S-G 

t o E G  ; s o  t h a t  t o E 8 G j  wh ich  i s  a c o n t r a d i c t i o n .  Now, 

, and s i n c e  R(S-Gj 
j 0  

j0 0 

a c c o r d i n g  t o  ( 7 ) ,  
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Thus,  

which p r o v e s  t h a t  j i s  bounded and llqII<IlyII. - 
The p r e c e d i n g  work and t h e  f o l l o w i n g  lemma imply  t h a t  

< f , y >  = J S  d l . c ( t ) f ( t ) ,  f o r  a l l  fEC(S ,E) .  ( 8 )  

Lemma 5 :  Every f u n c t i o n  fEC(S,E) can  be approx ima ted  

u n i r o r m l y  by a funation~~rsL(S,C,E). 

P r o o f :  L e t  E > O  and fEC(S,E)  b e  g i v e n .  

c o n t i n u o u s ,  t h e r e  e x i s t s  6>0 such  t h a t  I l f ( t ) - f ( s )  I ~ < E  when- 

S i n c e  f i s  u n i f o r m l y  

k e v e r  P( t , s )<6 .  L e t  I T = { A . )  be  a p a r t i t i o n  o f  S w i t h  
J j=1 

d i a m e t e r  l e s s  t h a n  6. S e l e c t  i n t e r m e d i a t e  p o i n t s  T . E A  

( j = 1  ,..., k ) .  Then, f o r  t h e  f u n c t i o n  
J J  

and f o r  a r b i t r a r y  t c S ,  w e  have t h a t  

To Prove  ( 8 1 ,  l e t  IT = { A j  1 be  a p a r t i t i o n  o f  S and  
j =1 

l e t  f eC(S ,E)  be  g i v e n ,  t h e n  
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I 

2 4  

The l a s t  e x p r e s s i c n  t e n d s  t o  z e r o  w i t h  [IT/. F'wthermore ,  

i f  IIfII<l, w e  have 

as a consequence  o f  t h e  i n e q u a l i t y  ( 2 ) .  Combining; t h i s  

observation w i t h  (6), w e  see  t h a t  

A more d e t a i l e d  s t u d y  of t h e  set  f u n c t i o n  p a s s o c i a t e d  

w i t h  y i s  j u s t i f i e d .  

i s  r e g u l a r  on C. F i r s t ,  w e  w i l l  t r e a t  t h e  c l o s e d  s e t s .  

L e t  H b e  a c l o s e d  s u b s e t  o f  S .  We know b y  Lemma 3 t h a t  

f o r  e v e r y  & > O  t h e r e  co r re sponds  a 6>0 such  t h a t  I < f , y > l < &  

f o r  a l l  f & A ( H ,  S , l > .  i s  a f i n i t e  c o l l e c t i o n  o f  

d i s j o i n t  c l o s e d  se t s ,  each  c o n t a i n e d  i n  R(Fi i ,  S ) ,  th~rc; i s 3  

f o r  each  C 

have  d i s j o i n t  s u p p o r t .  L e t  ( x - 1  be a c o l l e c t i o n  of  

e l e m e n t s  i n  t h e  c l o s e d  u n i t  sphere of  E. Choose s c a l a r s  

We are  i n  a p o s i t i o n  t o  p rove  t h a t  1-1 

k 
If I C j )  

j=1 

a sequence  { f n J )  C .  of t y p e  x where t h e  flJ C -  ( j = l , .  . . , k )  j '  

J j=1 

an ( j = l ,  ..., k ;  n=1,2  , . . .)  w i t h  l c x ? I = l  f o r  a l l  j and n ;  s o  3 J 
t h a t ,  

f o r  a l l  n and f o r  a r b i t r a r y  xj i n  t h e  c l o s e d  u n i t  sphere  of E .  
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P a s s i n g  t o  t h e  l i m i t ,  

for a r b i t r a r y  xjEE w i t h  11.j 1151. We conc lude  

k 

and it  f o l l o w s  tha t  

Thus,  H i s  a c l o s e d  s e t  c o n t a i n e d  i n  i t s e l f  and t h e  con- 

c e n t r i c  d i s c  D ( H , 6 )  i s  an open se t  c o n t a i n i n g  H, and we 

have shown 

For  an open se t  G ,  t h e  above shows t h a t  f o r  a p r e a s s i g n e d  

E>O, t h e r e  e x i s t s  6>0 such  t h a t  

v [ ~ , R ( S - G ,  &) ]<E: .  

Thus,  G i s  an open se t  c o n t a i n i n g  i t s e l f  and t h e  complement 

of D(S-G,G) i s  a c l o s e d  s e t  c o n t a i n e d  i n  G ,  and 

V[P,G-D(S-G,  613 <E.  

Now, i f  A i s  an  a r b i t r a r y  s e t  i n  1, we have s e e n  t h a t  A 

can b e  w r i t t e n  a s  t h e  d i s j o i n t  un ion  o f  an open s e t  G 

and a c l o s e d  set  H.  We may s e l e c t  a c l o s e d  s e t  H ’ C G  

and a n  open s e t  G 1 > H  such  t h a t  v(P,G-H?)<’& and v(P,G’-H)< 5 - 2 2 
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2 6  

Then,  G U G '  i s  an  open s e t  c o n t a i n i n g  G U H  and H U H '  i s  

a c l o s e d  set  c o n t a i n e d  i n  G U H ;  and 

b e c a u s e  (GUG')-(HUH')C(G-H')U(G'-H). We conc lude  u 
i s  r e g u l a r  on C .  

The q u e s t i o n  of  un iqueness  a r i s e s .  

Uniqueness  Lemma: 

i f  I g d p ( t ) f ( t ) = O  f o r  a l l  fEC(S ,E) ,  t h e n  1.1'0. 

If p:C+E* i s  r e g u l a r  and a d d i t i v e  and 

P r o o f :  We f i r s t  show p(S)=O. Cons ide r  t h e  c o n s t a n t  

f u n c t i o n  which s e n d s  a l l  of  S o n t o  t h e  v e c t o r  XEE.  

b y  t h e  a d d i t i v i t y  of p; 

Then, 

k 
1 < x , U ( A j ) >  = < x , p ( S ) >  

j =1 
k 

j=1 
f o r  e v e r y  p a r t i t i o n  { A ~ }  of S;  and 

and  c o n s e q u e n t l y ,  p ( S ) = O .  S i n c e  p i s  a d d i t i v e ,  p ( A ) = p ( S - A ) ,  

A E C ;  and it i s  s u f f i c i e n t  t o  p rove  p ( H ) = O  f o r  H c l o s e d  i n  

S. 

c o n s t r u c t  a sequence  I f n }  o f  t y p e  x. 
p a r t i t i o n  TT of  S g i v e s  rise t o  p a r t i t i o n s  of  H ,  R ( H , A n )  

and S-D(H,An), t h e  un ion  o f  t h e s e  p a r t i t i o n s  i s  a g a i n  a 

p a r t i t i o n  o f  S ,  s a y  TT' ; and c l e a r l y  I T '  I .  Thus,  f o r  

L e t  {A,} b e  a p o s i t i v e  r e a l  sequence  w i t h  A n + O ;  and 
H L e t  n be  f i x e d .  Any 
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a l l  x i n  t h e  c l o s e d  u n i t  s p h e r e  o f  E ,  

- 
We w i l l  show tha t  it i s  p o s s i b l e  t o  s e l e c t  n s o  l a r g e  

r. 

t h a t  t h e  c o n t r i b u t i o n  o f  t h e  second t e r m  i s  n e g l i g i b l e .  L e t  

{ A . )  d e n o t e  t h e  p a r t i t i o n  of t h e  r i m  R ( H , X n )  g e n e r a t e d  by t h e  

p a r t i t i o n  IT o f  S .  An approx ima t ing  sum t o  t h e  i n t e g r a l  o v e r  

R ( H , X , )  i s  g i v e n  by 

R 
J 

B u t ,  p b e i n g  r e g u l a r ,  v[p,R(H,Xn)]  t e n d s  t o  z e r o  w i t h  Xn-C.0. 

Hence, 

f o r  a l l  x i n  t h e  c l o s e d  u n i t  sphere  o f  E .  The p r o p o s i t i o n  

f o l l o w s .  I 
L e t  8 b e  t h e  f a m i l y  of B o r e l  s u b s e t s  o f  S .  It i s  w e l l  

z known [ 6 ,  p .  1381 t h a t  v ( p , * )  has a u n i q u e  e x t e n s i o n  ?(p,*) 

t o  a r e g u l a r  B o r e l  measure.  We a s s e r t ,  c 

Lemma 6 :  The s e t  f u n c t i o n  1-1 a s s o c i a t e d  w i t h  t h e  f u n c t i o n a l  

y € C ( S , E ) *  by t h e  r e l a t i o n  ( 8 )  has  a un ique  e x t e n s i o n  t o  a 
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A 

r e g u l a r  Bore1  measure p w i t h  v a l u e s  i n  E*,  and 

L 

r 

A 

v(G,B) = v ( p , B ) ,  for a l l  B E B .  

A 

P r o o f :  L e t  BcB b e  a r b i t r a r y .  S i n c e  v ( p , * )  i s  r e g u l a r ,  for 

e v e r y  E > O ,  t h e r e  e x i s t s  G, open w i t h  G E 3 B  and H, c l o s e d  

w i t h  H , C B ,  s u c h  t h a t  ? ( p , G E - H E ) < ~ .  We e x t e n d  G t o  ?3 b y  

G ( B )  = l i r n  p(G,)  = l i m  p ( H , ) .  
E+O E+ 0 

The l i m i t s  e x i s t  i n  t h e  norm o f  E*. F o r  a r b i t r a r y  E , E ' > O ,  

one h a s  t h a t  

It f o l l o w s  t h a t  

and t h i s  l a s t  e x p r e s s i o n  t e n d s  t o  z e r o  as E , E ' - + O .  Thus ,  

A 

From t h e  d e f i n i t i o n  of G ,  w e  c o n c l u d e  p i s  f i n i t e l y  a d d i t i v e  

on €3. 

a - a d d i t i v e  on €3. 

a n o t h e r  r e g u l a r  e x t e n s i o n  of p and BEB,  l e t  G, b e  an open s e t  

w i t h  Q,DB and l e t  H, b e  a c l o s e d  se t  w i t h  H , C B  such  t h a t  

IIC(B)-p(H,) R < E ,  t h e n  

The i n e q u a l i t y  ( 9 )  a s s u r e s  t h a t  G^ w i t h  $(p,*) i s  

That  G i s  un ique  i s  e a s i l y  s e e n ,  i f  8 i s  
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which t e n d s  to z e r o  w i t h  E.  

( 9 )  it f o l l o w s  t h a t  

L e t  v l ( p y o )  = V ( P , * ) I z -  From 

A 

The r e v e r s e  i n e q u a l i t y  i s  t r i v i a l .  Thus,  v ( I J , * )  = V ( P , ' )  
A 

on 1. 

w e  have  t h a t  v(G,B) = G ( u , B ) ,  B E B .  

Because of t h e  un iqueness  o f  t h e  e x t e n s i o n  v ( P , ' > ,  

I 
L e t  reabv(B,E*) d e n o t e  t h e  s p a c e  of  a l l  r e g u l a r  

c o u n t a b l y  a d d i t i v e  s e t .  f u p c t i o n s  o f  bounded v a r i a t i o n  on S 

d e f i n e d ' o n  €3 w i t h  v a l u e s  i n  E*,  t h e  norm o f  t h i s  s p a c e  i s  

It i s  c l e a r  t h a t  r c a b v ( B , E * )  g i v e  r i s e  to a l i n e a r  

bounded f u n c t i o n a l  y on C(S,E)* t h r o u g h  ( 8 ) .  

I n  summary, w e  have  shown 

Theorem 2 :  There  e x i s t s  an i s o m e t r i c  isomorphism between 

C(S,E)*  and r c a b v ( B , E g )  , t h e  map i s  d e f i n e d  by 

n 

and Ihll = v h , S ) .  .. 
4 .  A S t r o n g  R e p r e s e n t a t i o n  Theorem. L e t  {yn)  be  a 

c 

sequence  of v e c t o r s  i n  t h e  Banach s p a c e  F.. If i t  i s  t r u e  

t h a t  {<yn,y*>} is a Cauchy sequence  of s c a l a r s  f o r  e a c h  

f u n c t i o n a l  y*&F*, t h e n  {yn)  i s  sa id  t o  b e  a weak Cauchy 
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s- 

.. 
c 

s e q u e n c e .  The s p a c e  F i s  c a l l e d  w e a k l y  c o m p l e t e ,  i f  f o r  

e v e r y  weak Cauchy sequence  {yn},  t h e r e  e x i s t s  y&F such  

t h a t  <ynyy*>  + <y ,y*> ,  for a l l  y*&F*. 

Suppose t h a t  T i s  a bounded l i n e a r  t r a n s f o r m a t i o n  o f  

C(S,E) i n t o  a weakly comple te  Banach s p a c e  F .  Our g o a l  i s  

t o  o b t a i n  a r e p r e s e n t a t i o n  f o r  t h i s  o p e r a t o r  T t h r o u g h  t h e  

i n t e g r a l  o f  S e c t i o n  1. We w i l l  d e n o t e  t h e  a d j o i n t  of T 

by T*. 

s equence  o f  t y p e  x and l e t  X E E .  We have o b s e r v e d  t h a t  

{ x f n )  i s  a weak Cauchy sequence i n  C ( S , E ) .  

H L e t  H be  a c l o s e d  s u b s e t  o f  S ,  and l e t  I f n )  be  a 

H 
B u t ,  

<xfE,T*y*> = <Txfn ,y*> ,  H f o r  a l l  n ,  

H and c o n s e q u e n t l y ,  {Txf,} i s  a weakly Cauchy sequence  i n  F .  

Now, F i s  weakly comple t e ;  s o  t h a t ,  t h e r e  e x i s t s  ysF  such  

t h a t  

H l i m  <Txfn,y*> = < y , y * > ,  ~ * E F *  
n+w 

We a s s o c i a t e  w i t h  T t h e  s e t  f u n c t i o n  1-1 on t h e  c l o s e d  sub-  

s e t s  of S and t a k i n g  v a l u e s  i n  L(E,F)  d e f i n e d  b y  

(10) H <1.1(H)x,y*> = l i m  < T x f n , y Y > ,  ~ * & F * , x E E .  
n + m  

We must show t h a t  1-1 does  n o t  depend on t h e  p a r t i c u l a r  

s equence  of t y p e  x. I n d e e d ,  i f  H#@ i s  a p r o p e r  s u b s e t  o f  

S ,  and if IFH} is a bounded sequence  i n  C(S,K) w i t h  f n ( H ) = l  

and  Pn(Cn)=O f o r  a l l  n ,  where Cn i s  t h e  non-empty complement 

%H 
n 

H 
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o f  D(H,Xn), (1,) a r ea l  sequence  hn.GO, we 

( p .  1 4 ,  p a r .  i )  t h a t  

Thus , 

have  

F*,x 

shown 

E. 

l i m  <Txfn,y*> H = l i m  <Txfn,y*>,  'LH Y*EF*,xEE. 
n- n+w 

p may b e  e x t e n d e d  t o  C by 

i )  i f  G i s  open ,  t h e n  we d e f i n e  

and  ii) 

H i s  c l o s e d  and these  s e t s  are  d i s j o i n t ,  t h e n  we s e t  

if AEC i s  a r b i t r a r y ,  l e t  A = G U H  where G i s  open and 

A s  b e f o r e ,  we must show t h a t  t h i s  d e f i n i t i o n  does  n o t  depend 

on t h e  p a r t i c u l a r  r e p r e s e n t a t i o n  o f  A as t h e  d i s j o i n t  u n i o n  

of  an  open and c l o s e d  s e t .  The a rgument  o f  pages  16-7 can 

be  used  h e r e  i f  we can  prove  t h e  i d e n t i t y :  

a r b i t r a r y  c l o s e d  s u b s e t s  of S,  t h e n  

i f  H1 and H2 a re  

By e q u a t i o n  ( 5 ) ,  w e  have f o r  a r b i t r a r y  ~ * E F *  and  a r b i t r a r y  

X E E ,  

l i m  <xfnl,T*y*> H t l i m  < x f i 2  ,T*y*>= 
n- n- 
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c 

c 

H where {fnl}, {fH1uH2} n and If:1nH2} a re  sequences  

Of t y p e  X. It f o l l o w s  t h a t  

l i m  <Txf:l,y*> + l i m  <Txf t2 ,y*> '  
n- n+m 

Y Y * > Y  
H 1  A H 2  = l i m  <Txfn H1"H2,y*> t l i m  <Txfn 

n- n- 

and  hence ,  

S i n c e  t h e  l a s t  e q u a t i o n  ho lds  f o r  a l l  y*&F*, w e  must have  

which means 

<x,pY*(A)> = <p(A)x ,y*> ,  X E E ,  A E C .  

B u t ,  py* i s  t h e  set  f u n c t i o n  a s s o c i a t e d  w i t h  t h e  f u n c t i o n a l  

T * ~ * E C ( S , E ) *  a c c o r d i n g  t o  (10). A s  i n  t h e  p roof  o f  Lemma 6 ,  

if $y* i s  t h e  e x t e n s i o n  of pY* t o  B and B E B ,  G Y * ( B )  can  b e  

t h o u g h t  o f  as t h e  s t r o n g  l i m i t  o f  a sequence  {py  ( G , ) }  

where t h e  Gn ( n = 1 , 2 ,  ... ) a r e  open se t s  s u c h  t h a t  B C G ,  f o r  

a l l  n and V ( ; Y * , G ~ - B ) + O  a s  n i n c r e a s e s  w i t h o u t  bound. 

* 

S i n c e  

{u(Gn)XI i s  a weak Cauchy sequence  i n  F .  F b e i n g  weakly 
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comple t e ,  w e  may d e f i n e  Q(B) by 

c 

c 

where xEE and y*€F*. T h i s  c o n v e n t i o n  must b e  j u s t i f i e d .  

L e t  GA b e  a n o t h e r  sequence  o f  open s e t s  c o n t a i n i n g  B w i t h  

~ Y * ( G ; ) + ~ Y * ( B ) .  Then, 

and t h e  l a s t  e x p r e s s i o n  t e n d s  t o  z e r o  w i t h  n- for a r b i t r a r y  

XEE and y*eF*. 

We wish  t o  show now t h a t  0, which was d e f i n e d  on B above ,  

i s  a Bore1  measure of  f i n i t e  s e m i - v a r i a t i o n  on S ,  L e t  u s  

agree t h a t  CT* w i l l  d e n o t e  t h e  c l o s e d  u n i t  s p h e r e  of  F*. 

Lemma 7 :  L e t  T be a bounded l i n e a r  t r a n s f o r m a t i o n  o f  C ( S , E )  

i n t o  a weakly comple t e  Banach s p a c e  F ,  and l e t  fly* b e  t h e  

measure c o r r e s p o n d i n g  t o  T*y* (y*cF*) i n  t h e  s e n s e  of  Theorem 2 .  

Then, t h e  a - a d d i t i v i t y  o f  t h e  measu res  v ( f i y * , * )  i s  u n i f o r m  i n  

y * a * .  

P r o o f :  

We must show 

L e t  {Bn)  be a sequence  of  p a i r w i s e  d i s j o i n t  s e t s  i n  B .  

u n i f o r m l y  i n  Y*M*.  Were t h e  p r o p o s i t i o n  f a l s e ,  one c o u l d  

f i n d  E ~ > O , ~  sequence  of  n a t u r a l  numbers { N k )  w i t h  N k > K ,  and 

e l e m e n t s  y*eo*, s u c h  t h a t  k 
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elements y*~(r*, such that 
k 

f o r  a l l  k=lY2, .... 
such that 

Hence f o r  each k, one must have Mk>Nk 

By choice of  a subsequence, 

Because of  the regularity 0: 

of disjoint closed sets {H, 

we may take N1<M1<N2<M2 . . . .  
v $YE,*) there is a sequence 

. 1, and a sequence of vectors 
I I Y J  

{xnyj} in the closed unit sphere of E (j=l ,...,rn and 

n=1,2, ...) such that 

On the other hand, the series 

is weakly unconditionally convergent, for if y*cF* and 

is a subseries o f  (13), the weak subseries is dominated 
i=l 

where Bk = u Mki Bn; and the weak completeness of  F implies 
n=N,_ 

Ki 
the subseries converges. By the lemma of Orlicz and Pettis 

18, P .  611 9 
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L 

u n i f o r m l y  i n  y * a ~ * .  Bu t ,  t h i s  c o n t r a d i c t s  (12), and t h e  

u n i f o r m a - a d d i t i v i t y  of t h e  v ( O y * , * ) ;  y * a *  i s  P roved*  I 
Now, l e t  IBnI b e  a sequence of  pairwise d i s j o i n t  Bore1  

co 
s u b s e t s  of S,  s a y  U Bn=B. We must show c(Bn)+O(B) w i t h  

n = l  n = l  
N- i n  t h e  norm of L(E ,F) .  The i n e q u a l i t y  

shows t h a t  

f o r m l y  f o r  

and  s i n c e  

t h e  l e f t  hand member t e n d s  t o  z e r o  as N+a u n i -  

XEE w i t h  Ilxl<1 - and y*w*. S i n c e  

N N 

N 

n-1 
w e  s e e  t h a t  IIF(B)- 1 P(Bn)ll  a l s o  t e n d s  t o  z e r o  as N i n c r e a s e s  

w i t h o u t  bound. 

Lemma 8: The L(E,F)-valued se t  f u n c t i o n  P on B i s  of  bounded 

s e m i - v a r i a t i o n  i f  and only i f  t h e  induced  E*-valued s e t  

f u n c t i o n  fly* on B ,  d e f i n e d  by 

<P(B)x ,y*> = <x ,pY*(B)> ,  XEE,  y*cF*, 



i s  of bounded v a r i a t i o n  f o r  a l l  y*&F*. F u r t h e r m o r e ,  

Semi-var C ( S )  = s u p  v ( ~ Y * , s ) .  
IIY* I D  

P r o o f :  L e t  y*EF*. To eve ry  E>O and t o  e v e r y  f i n i t e  sequence  

o f  d i s j o i n t  se t s  i B j }  

( X j >  

c8 t h e r e  i s  a k - t u p l e  of  v e c t o r s  
k j =1 

i n  t h e  c l o s e d  u n i t  s p h e r e  of E such  t h a t  
j=1 

Thus ,  

It f o l l o w s  t h a t  i f  fi i s  o f  bounded s e m i - v a r i a t i o n ,  t h e n  

f o r  e v e r y  E > O ,  hence  

which shows t h a t  fiy* i s  o f  bounded v a r i a t i o n  f o r  all ~ * E F * .  

On t h e  o t h e r  hand,  for every  f i n i t e  c o l l e c t i o n  of d i s j o i n t  

Bore1  s e t s  I B . 1  and every  k - t u p l e  {x. } with 
J j = 1  J j=1  

s o  t h a t ,  



37 

If fly* i s  o f  bounded v a r i a t i o n  for e v e r y  y*&F*, we may app ly  

t h e  P r i n c i p l e  o f  Uniform Boundedness 

t h e  se t  1 l lf l(Bj)xj lllk i s  bounded. S i n c e  

[ 6 ,  p.661 t o  conc lude  
-- k 

j =1 

i; i s  of  bounded s e m i - v a r i a t i o n .  From (15), 

and i t  f o l l o w s  t h a t  Semi-var G(S) 5 sup  v(f iY*,S) .  From 
IIY * I@ 

(141, we see t h a t  s u p  v(l;Y*,S) < Semi-var O(S). The 

p r o p o s i t i o n  f o l l o w s .  1 
- 

llY * l l c l  

We can  now p rove  

Theorem 3 :  

i n t o  a weakly comple te  Banach s p a c e  F t h e r e  c o r r e s p o n d s  a 

u n i q u e  o p e r a t o r - v a l u e d  B o r e l  measure fi hav ing  v a l u e s  i n  L(E ,F)  

s u c h  t h a t  

To e v e r y  bounded l i n e a r  t r a n s f o r m a t i o n  of  C ( S , E )  

and 

1 1  T It,, = Semi-var f i ( S ) .  

P r o o f :  L e t  fly* b e  t h e  r e g u l a r  B o r e l  measure which r e p r e s e n t s  

T*y* i n  t h e  s e n s e  of  Theorem 2 ,  y*cF*. The measure 0 i s  
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u n i q u e l y  d e t e r m i n e d  if w e  r e q u i r e  (11) f o r  fly* a s s o c i a t e d  

w i t h  t h e  f u n c t i o n a l  T*y* i s  u n i q u e .  

v a r i a t i o n  f o r  a l l  ~ * E F * ,  6 i s  o f  bounded s e m i - v a r i a t i o n .  
L e t  v={Aj )  k 

a s e t  of  i n t e r m e d i a t e  p o i n t s ,  w e  have  t h a t  

S i n c e  cy* i s  o f  bounded 
1 

b e  a p a r t i t i o n  o f  S and T : T . E A ~  ( j = l  , . . . , k )  b e  
j =1 J 

f o r  e a c h  fEC(S ,E) .  L e t t i n g  I v l + O ,  w e  o b t a i n  

<f ,T*y*> = <Tf ,y*>  = < / s d $ ( t ) f ( t ) , y * >  

by Theorem 2 .  S i n c e  y* i s  a r b i t r a r y ,  i t  f o l l o w s  tha t  

T f  = ! , d f l ( t ) f ( t ) ,  f E C ( S , E ) .  

To p rove  t h e  f i n a l  a s s e r t i o n  of  t h e  theorem,  

5.  Weak Compactness. A s u b s e t  Q o f  a Banach' s p a c e  F i s  

said t o  b e  w e a k l y  sequentialLy compact  i f  e v e r y  sequence  

{ y n ) C Q  has a subsequence  which converges  weakly t o  a v e c t o r  

i n  F ,  t h a t  i s ,  t h e r e  e x i s t s  a subsequence  {y  

v e c t o r  y&F such  t h a t  < y  ,y*>+<y,y*> as k+Q) f o r  a l l  y*&F*.  

A t r a n s f o r m a t i o n  i s  w e a k l y  compact i f  and o n l y  i f  it maps 

bounded se t s  i n t o  weakly s e q u e n t i a l l y  compact s e t s .  I n  t h i s  

s e c t i o n ,  w e  show t h a t  i f  E i s  r e f l e x i v e  and F i s  weakly corn- 

) C { y n )  and a 
nk 

"k 

- 
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p l e t e ,  t h e n  eve ry  bounded l i n e a r  t r a n s f o r m a t i o n  of  C ( S , E )  

i n t o  F i s  weakly compact.  

Lemma 9 :  

i s  weakly s e q u e n t i a l l y  compact i f  t h e  s e t  { v ( ~ ~ , * > I ~ E Q >  
i n  rca(B,R) i s  weakly s e q u e n t i a l l y  compact.  

If E i s  r e f l e x i v e ,  t h e n  t h e  s u b s e t  Q C r c a b v ( B , E )  

P r o o f :  

i n  rca(B,R), t h e n  t h i s  s e t  i s  bounded and t h e r e  e x i s t s  a 

non-nega t ive  measure A E rca(B,R) such  t h a t  a l l  v ( f i , * )  a r e  

u n i f o r m l y  A-continuous w i t h  r e s p e c t  t o  ~ E Q  which means 

l i m  v(fl ,B)=O u n i f o r m l y  i n  C E Q  [6, p.3411.  L e t  {Ok} 
A ( B ) + O  

Assume { v ( $ , . )  I O E Q }  i s  weakly  s e q u e n t i a l l y  compact 

b e  a sequence  i n  Q. A l l  fik t ake  t h e i r  v a l u e s  i n  a s e p a r a b l e  

subspace  X C E .  I n d e e d ,  t h e  compact m e t r i c  s p a c e  S i s  s e p a r -  

a b l e ;  l e t  D be a c o u n t a b l e  d e n s e  s u b s e t  o f  S .  From t h e  se t  

D of  a l l  spheres  w i t h  r a t i o n a l  r a d i i  c e n t e r e d  on p o i n t s  o f  

D w e  form t h e  r i n g  of  s u b s e t s  o f  S g e n e r a t e d  by D, say  2 
2 i s  c o u n t a b l e  [ 6 ,  p.1671. 

i s  dense  i n  p k ( B ) .  L e t  BE8 b e  g i v e n .  By t h e  r e g u l a r i t y  

of p,, we have f o r  e v e r y  E > O ,  an open s e t  G > B  such  t h a t  

I f  k i s  f i x e d ,  w e  asser t  O,(?) 

I ) ,  i n  f a c t ,  i s  a base f o r  t h e  t o p o l o g y  on S and hence ,  

G = (J A, where %ED. A l s o ,  G = U ?fn where t h e  kn a re  

d i s j o i n t  s e t s  i n  2. 

00 00 

n= 1 n = l  
We have t h a t  
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4 0  

t 

'L 
i n  t h e  norm of E.  L e t  

X b e  t h e  subspace  of E generated by { f l k ( B ) ( B & B ,  k=1,2 ,  ... 1. 

It i s  c l e a r  t h a t  X i s  s e p a r a b l e .  The sequence  {ok} i s  con- 

t a i n e d  i n  t h e  s u b s p a c e  rca(B,X,A) of  A-continuous measu res  

i n  rca(B,X). 

b e c a u s e  i t s  a d j o i n t  i s  such .  Thus,  X i s  t h e  a d j o i n t  o f  a 

separable Banach s p a c e ,  and w e  may a p p l y  t h e  g e n e r a l i z a t i o n  

of t h e  Radon-Nikodim theorem by Dunford and P e t t i s  [5 ,  p .3391:  

t h e r e  e x i s t s  a n  i s o m e t r i c  isomorphism between rca(B,X,A) 

and L ( S , X , A ) ,  t h e  X-valued, A - i n t e g r a b l e  (Bochner )  f u n c t i o n s  

d e f i n e d  on S ,  by v i r t u e  of 

Therefore ,  f ik (2 )  i s  dense  i n  flk(8). 

With E ,  X i s  a l s o  r e f l e x i v e  and X* i s  s e p a r a b l e  

1 

and 

S i n c e  E i s  r e f l e x i v e ,  a theorem o f  S.D. C h a t t e r j i ,  [ 4 ,  p.141 

asser t s  tha t  a s e t  Q,CL'(S,X,A) i s  weakly  s e q u e n t i a l l y  compact 

if and o n l y  i f  Q1 i s  bounded and  

u n i f o r m l y  f o r  a l l  f E Q l -  

weakly s e q u e n t i a l l y  compact. I 
It f o l l o w s  t h a t  QCrcabv(B,E) i s  

Theorem 4 :  If E i s  r e f l e x i v e  and F i s  weakly  comple t e ,  t h e n  

e v e r y  bounded l i n e a r  t r a n s f o r m a t i o n  T : C ( S , E ) + F  i s  w e a k l y  

compact.  



4 1  

P r o o f :  According t o  Theorem 3 ,  t h e  image o f  o *  u n d e r  T* i s  

t h e  se t  {fiYW1y*m*). 

of t h e  v((IY*,.) i s  uni form i n  y * m * ,  and t h e  norms of t h e s e  

measures  are bounded b y  I IT  11. Thus,{v(-$Y*,.) I y * m * )  i s  

weakly s e q u e n t i a l l y  compact i n  rca(8,R) [ 6 ,  p.3051.  From 

t h e  p r e v i o u s  l e m m a ,  w e  conc lude  {$Y*lY*m*) i s  weakly 

s e q u e n t i a l l y  compact i n  rcabv(B,E*), n o t i n g  t h a t  E* i s  

r e f l e x i v e  i f  and o n l y  i f  E i s  s u c h .  Hence, T* i s  weakly 

compact;  and by t h e  theorem of  Gantmacker [6, p.4851 T i s  

weakly compact.  I 

B u t ,  w e  have s e e n  t h a t  t h e  a - a d d i t i v i t y  

The  r e s u l t  o f  Theorem 4 i s  e a s i l y  g e n e r a l i z e d ;  t h e  p r o o f  

which w e  p r e s e n t  i s  e s s e n t i a l l y  t h e  method used  by Dunford 

and Schwar tz  f o r  t h e  c a s e  E=K. 

Theorem 5:  L e t  S b e  a compact Hausdorf f  s p a c e .  I f  E i s  

r e f l e x i v e  and F i s  weakly comple t e ,  t h e n  e v e r y  bounded l i n e a r  

t r a n s f o r m a t i o n  T:C(S,E)+F i s  weakly compact .  

P r o o f :  

C(S ,E) .  

L e t  i f n )  be a sequence  i n  t h e  c l o s e d  u n i t  s p h e r e  of 

We p a r t i t i o n  S i n t o  a s e t  of e q u i v a l e n c e  c l a s s e s  S o  

b y  t h e  r e l a t i o n :  s%sl i f  and o n l y  i f  f n ( s ) = f n ( s l ) ,  n = 1 , 2 ,  . . . .  
We make S o  i n t o  a m e t r i c  space  by 

Let  q b e  t h e  c a n o n i c a l  map o f  S o n t o  S o .  

c o n t i n u i t y  of  fn  t h a t  q i s  c o n t i n u o u s .  

We see from t h e  

Thus,  S o  i s  compact 
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t 

1 

m e t r i c  s p a c e .  Cons ider  t h e  s p a c e  C ( S o , E ) ,  i f  (P&C(S,,E), 

t h e n  t h e  f u n c t i o n  f d e f i n e d  b y  f ( s ) = @ [ q ( s ) ]  i s  i n  C(S ,E) .  

Def ine  To:C(So,E)+F by To = T f .  

llToII - < IlTII. Each f n  g i v e s  a w e l l  d e f i n e d  f u n c t i o n  (Pn~C(So ,E)  

such  t h a t  f n ( s )  = Qn[n ( s ) ]  because  o f  t h e  r e l a t i o n  %. 

b y  theorem 4 ,  To i s  weakly compact,  s o  t h e r e  i s  a subse -  

To i s  a l i n e a r  map, and 

Now, 

quence { (P 1 such  t h a t  { T  @ 1 converges  w e a k l y  i n  F .  S i n c e  
"k "k 

Tf, = T,@nk> {Tf 

compact.  I 
1 converges weakly; s o  t h a t ,  T i s  w e a k l y  

nk 
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