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Let S be a compact Hausdorff space, and C(S,E) the
Banach space of continuous E-valued functions defined on
S, where E is a Banach space. The main problem of this
paper is to establish an integral representation for the
bounded linear transformations of C(S,E) into F, F also a
Banach space. 1In the general situation, Foias and Singer
have developed a Gowurin integral representation for these
transformations through a Borel measure u having values in
L(E,F¥*). Our paper shows that in case S is a compact
metric space and F is weakly complete, u takes its values
in L(E,F); and the representation is strong.

As an application of this result, we answer the question
as to the weak compactness of bounded linear transformations
of the space C(S,E) into F, where S is a compact Hausdorff
space and E, F are Banach spaces, posed by Batt in 1960,
with our Theorem: If E i1s reflexive and F is weakly complete,
then every bouhded linear transformation T:C(S,E)-F is

weakly compact.



Acknowledgements

I wish to extend my deepest appreciation to
Professor Jﬁrgen Batt without whose suggestions and
patience this thesis could not have been written.

Ibwish also to express my thanks to the National
Aeronautics and Space Administration, Research Grant
No. NsG-568, for financial support while this paper was

being prepared.

i1




Table of Contents

Signature Approval Page

Acknowledgements

Section 1 INTRODUCTION

Sectioh 2 NOTATIONS AND PRELIMINARY REMARKS
Section 3 FUNCTIONALS ON C(S,E)

Section 4 A STRONG REPRESENTATION THEOREM
Section 5 WEAK COMPACTNESS

Works Consulted

Page 1

i1

29
38
43



REPRESENTATION THEOREMS AND WEAK COMPACTNESS

1. Introduction. The purpose of this paper is to

study bounded linear transformations of the space C(S,E)

into F where S is a compact metric space, and E, F are Banach

spaces. One aim of our investigation will be a generali-
zation of the famous theorem due to F. Riesz, according to
which every bounded linear functional on the space C[0,1] of
continuous, real-valued functions defined on the unit inter-
val [0,1] can be represented by a Stieltjes integral.

I. Gelfand [8], in 1938, first approached the problem of
representing such transformations by letting S be a closed
and bounded interval, and taking E to be the real field.

He found that these transformations have a Gowurin integral
representation. The result of Gelfand has been successfully
generalized, notably by R. G. Bartle, N. Dunford and

J. Schwartz, by J. Batt and H. Kénig, by N. Dinculeanu, and
by C. Foias and I. Singer. Shortly after the paper of Batt
and Konig (3] appeared in 1959, Foias and Singer [7] announced
the result that a bounded linear transformation T:C(S,E)=F,
S a comapct Hausdorff space, could be represented by the
Gowurin integral; the representation is through a Borel
measure p having values in L(E,F¥¥). The sequel shows that

by making specific assumptions on S and F, valuable information




can be obtained from the measure pu. We found that if S

is a compact metric space and F is weakly complete, the
measure p takes its values in L(E,F). Moreover, the repre-
sentation of Folag and Singer does not give the values of

T but rather their images under functibnals y¥ € F¥; in
contrast, our representation is strong.

In section 3, we fix the necessary groundwork by
observing that the adjoint space C(S,E)¥ is isometrically
isomorphic to a space of regular E¥-valued Borel measures.
This fact was first noticed by Singer [10]; however, our
approacﬁ is constructive and lays bare the origin of the
measures.

We show that a linear bounded transformation of C(S,E)
can be assigned a unique operator-valued Borel measure,
which holds much information as to the weak compactness of
the transformation. In 1954, Bartle, Dunford, and Schwartz
[1] proved that every bounded linear transformation
T:C(S,E)»F is weakly compact provided S is a compact Hausdorff
space, E is the field of real numbers, and F is weakly
complete. A similar result was established by Batt [2];
he was interested in the case where S is a bounded and
closed interval, E 1s a reflexive Banach space, and F 1is
weakly complete. The present paper gives a generalization

of both these results with our main contribution,



Theorem: Let S be a compact Hausdorff space. If E is
reflexive and F is weakly complete, then every bounded
linear transformation T:C(S,E)-»F is weakly compact. We
note that the conclusion of thls theorem is no longer
valid if we drop the reflexivity assumption on E, for
Foias and Singer [7] have glven a counter-example for this

relaxed situation.

2. Notations and Preliminary Remarks. Throughout,

(S,p) will be a compact metric space; mention of the metric
p usually will be suppressed. A useful notion is the rim
of a set AC S with respect to a positive real constant

A, denoted R(A,X), which is defined to be
R(A,X) = {t|0<p(A,t)<r}.

We agree that R(g,\) =9 for all A. The concentric disc
about a set A C S, again with respect to a positive real

number A, is denoted D(A,)); and this set is defined by
D(A,A) = A U R(A,X\)

where A is the closure of A.

By a ring of subsets of S, we will mean a collection
R of subsets of S which is closed under complementation
and finite union, and to which S belongs. It is clear
that a given collection of subsets of S, say T, gives rise

to a smallest ring R2D T; R is said to be the ring generated



by T. We will denote by I the ring generated by the
open sets in S.

We define a partition of S to be a finite collection
{AJ}§ 1 of non-empty, disjoint sets in I such that S =(Jk
To each partition w of S, we assign the positive real
number |m| by the rule

|7 = max sup {p(x,y)|x,yeA,}.

A.cw J

J
The supremums exlst because every compact metric space
is bounded.

We will restrict our attention to real and complex
Banach spaces, denoting the scalar field by K. If E is a
Banach space, the vector space C(S,E) of all continuous
E-valued functions defined on S becomes a Banach space
under the norm

H£ll = max |[|[£(t)]|, £ eC(S,E).

teS
If F is another Banach space, the set of all bounded linear
transformations T of E into F will be denoted by L(E,F);
this 1s a Banach space under the norm

IT|l = sup [[Tx|[.

llx]l<1
In particular, L(E,K) is the adjoint space of E; and we

will use the notation E* for this space. If yeE¥ and xe E,

. A-
J=11J



we emphasize that the value of y at x is a scalar by the
notation <x,y>.

Suppose U is a set function defined on I with values
in L(E,F). The semi-variation of p on a set Ae I is a real
number or +« defined by

k
Semi-varw(A) = sup || §

J_lu(Cj)lel

where the supremum is taken over all finite sequences of

disjoint sets {CJ.}k C I with CJC:A (j=1,...,k) and all

J=1
finite sequences of vectors {xj}§ 1 in the closed unit
sphere of E. Let {xj}% 1 be a collection of arbitrary vec-
J= X
tors in E, set a = maxl[xjH, then Halli < 1 for all j.
J
Hence,
k Xj
| ¥ u(c,) ==|| < Semi-var u(a),
j=l J o t
and we have that
k
Y u(c,) x. || < max ||x,||*Semi-var u(Aa), (1)
where {C-}k is a collection of disjoint sets in L,

J'5=1
C;CA (J=1,...,k).

Consider a function f:S»>E and let u be a set function
defined on I with values in L(E,F). We wish to define an
integral of f with respect to u. Let 7 = {Aj}?=1 be a

partition of S and let T:T4€ Aj (j=1,...,k) be a set of




Intermediate points. We form an approximating sum
k
S."(T) = Z'U(Ai)f(f.{)-
J=l L% o
If limOS“(r) exists independently of the choice of 7, in
T~ ,
the norm of F, we will say that the 1limit is the integral
of f with respect to u, and write [qdu(t)f(t). In other
words, this integral exists if and only if for every >0,

there exists 6>0 such that
ISpr(t') = Sgn(x™)|| < ¢

whenever n' and =" are partitions of S with |[='|,|n"| < §.
We will prove the following sufficient condition for

the existence of the integral.

Theorem 1: If f ¢ C(S,E) and u is additive on I and of

bounded semi-variation on 3, then fsdu(t)f(t) exists.

Proof: We introduce the modulus of continuity o(§) of a

function f:S-E,

o(8) = sup lF(t) - £(s)]|, 6>0.
p(t,s)<s

If £ is continuous on S, f is uniformly continuous, and
0(8)>0 with 6. Let ' = (a1} X' and n" = (a4} K" pe
J 3=1 j=1
partitions of S, and let «t':t! € A! (i=1,...,k') and
i 1

T":TS € AE (j=1,...,k") be sets of representative points.



Let Agy = A} M AY (1=1,...,k'; j=1,...,k"). Then,

1 J

k! k" kH k'

Spr(T) = Spu(t") = ] Y A 1D - L u( U A p(el)
1=1 j=1 j=1 1i=1
k' k" k" k!

= 1 lwagred) -~ ] ] u(Apf(ry)
i=1 j=1 j=1 1i=1 J
by the additivity of uw. Thus,
kl kn
A1) =St = ] (g )T - £ ],

i=1 j=1 1 J

The terms of this sum are zero unless A!{\ A" is non-empty
J

in which case maxl]f(T ) - f(T")|]< s(|t'] + |="]). By (1),
1,]

NSy, (t') - SW"(T")Ili o(|m'| + |n"])-Semi-varu(S). '

From the approximating sum for the integral and from (1),

we see that

*Semi-varu(s).

s, ¢ ]
Letting |m| - 0, we obtain the useful inequality,

*Semi-varu(s). (2)

| fsau(e)rece) | <

Let us recall that the variation of a set function u
with values in L(E,F), denoted v(u,+), is an extended

real valued set function defined by




k
v(y,A) = sup ] |[u(c)|l, AeZ
J':l J

where the supremum is taken over all finite sequences of

J:
is the norm of L(E,F). The concepts of variation and semi-

disjoint sets {C;} kf: L with C;& A (J=1,...,k) and |

variation coincide in case F is finite dimensional [3, p.2771.
If the set function p has values in a Banach space, say F,
then y can be Intrepreted as a function with values in
L(K,F) and one has for the variation

K
v(u,A) = sup |} [l CCHl L net,

Jj=1

where |

| is the norm of F.

We will need the concept of regularity of vector-valued
set function. A set function u 1s sald to be regular if for
every set A in the domain of py and for every €>0, there
exist sets in the domain of p: H whose closure is contained
in A, and G whose interior contains A such that v(u,G-H)<e.

To complete our list of preliminary definitions, we
include, if f is a function f:S-E, we will mean by The
support of f that subset of S on which f 1s different from

zero. Symbolically,
Supp £ = {t|f(t)#0}.

3. TFunctionals on C(S,E)., Our development of a repre-

sentation for bounded linear functionals on C(S,E) rests

essentially on Lemma 1 and Lemma 3 below.



Lemma 1: Let {Gn} be a sequence of open sets of S with
xN

GHDGn+1(n—1,2,...) and anGn=ﬂ. Suppose that {f_} is

a bounded sequence in C(S,K) with Supp fnC:Gn for all n.

Then, for each xeE and each yeC(S,E)¥,

1im <an,y> = 0.
n-+>eo

Proof: Let C4(S,K) denote the subspace of C(S,E) consisting
of all functions of the form xf where xeE and feC(S,K).

Consider yeC(S,E)* and let ¥ be the restriction §=Y|CX(S,K).
; gives rise to a linear function ny on C(S,K) by the defi-

nition

<xf,y> = <f,n>.

nx is bounded, for

|<Tanx>| = [<xEy> <t =l £ 15

and hence, Ih&lklk{”lkn. According to the hypothesis, the
sequence {fn} is bounded and point-wise convergent to zero,

so that

lim <f,n_ > =0
n+oo X

[6, p. 265]. The proposition follows. '

Lemma 2: Let A be a subset of S, and let A and € be posi-
tive real numbers. If for feC(S,E) with Supp fCR(A,}X)

and for yeC(S,E)¥ it 1is true that

|<f,vy>|>e,
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then there exists a real number z£:0<rz<X and a function

geC(S,E) with Supp gC{t|z<p(A,t)<z} such that
|<f,v>|>e

Proof: By the continuity of y, there exists &0 such that

|<h,y>|>e for all heC(S,E) with |h-f|l<8. Since f(A)=0 and f
is continuous on S, there exists >0 such that if teR(A,2C),
then ||f (t)|kés. Let H = D(A,z) and let C = S-D(A,2¢). Then,

CNH = g, define u:5+[0,1] by

_ p(H,t)
ult) = 57H,t)%p(C,t)

Clearly, u is continuous and we set g(t)=u(t)f(t),teS. 1In

fact,

| g=fll= £ (u-1) lls sup [I£(t)[l<3;
teR(A,2C)

so that,
|<g,v>|>e
and Supp gC:{t]O<C<p(A,t)<A}. .
Lemma 3: Let A be a subset of S, and let
A(A,A,M) = {feC(S,E)|Supp FCR(A,N), |£(<M}
where M is a positive real constant. If yeC(S,E)¥*, then

1lim |<f,y>| = 0.

Sup
A+0 feA(A,X,M)
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Proof: Were the proposition false, one could find eo>0,

a sequence {An} of positive real numbers, A _+0, and a

n

sequence {fn} with £ sA(A,An,M) for all n, such that

|<fn,y>|>eo, for all n.

Choose N > Mﬂlﬂ, then
€
0

N
nzlﬂqﬁllvﬂ> Ne o> [y |l-

But, by Lemma 2, we may assume the fn have disjoint support;

hence,
N N
LollEg iy =1 X Wl vlismibv
n=1 n=1

which 1s a contradiction. '

Let H be a closed subset of S, we wish to obtain a
sequence of continuous functions converging point-wise to
the characteristic function of H, Xy * In order to make
our work concise, we adopt the convention p(@,t)== for all
teS. Let {Xn} be a positive real sequence, \,¥0. For each
n, let C, be the complement of the concentric disc D(H,An).

H
Cnf\H = ¢, for each n. Define the functions fn:S+[O,l] by

p(C )
p(Cp,t)+P(H,E)”’

fﬁ (t) = n=1,2,.... (x)

We note that if H#@, fg(H)=l, for all n; and if C_#§, for

some n, then fE(Cn)=O; moreover, for every closed HCS, fi

is a continuous function for each n. It is clear that

. H
lim fn(t) = XH(t), tes.

n->e
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Henceforth, we will refer to sequences of this type as being
of type x. Let xeE, and form the sequence {ng} where

{fg} is type x. Let yeC(S,E)¥*¥, we assert that {<xf§,Y>}

1s a Cauchy sequence in K. 1Indeed, let m and n be natural
numbers with say m>n. Then, the support of fi—fg is con-

tained in the open set R(H,xn). We see that
. H_ _ ___H . H H -
%ﬂ |<Xfm3Y> <an’Y>|—}l}*g I<X(fm—fn),Y>|"O

by an application of Lemma 1.

Now, with the bounded linear functional y on C(S,E)
we associate the E¥-valued set function p on I which is
defined in the following three steps:

i) if H is a closed subset of S,

<x,u(H)> = 1lim <xfﬁ,y>,er,
N>

where {fﬂ} is of type x. Let H#@ be a closed, proper subset
of S. If {%n} is a bounded sequence in C(S,K) with %n(H)=l
and ?n(Cn)=O for all n, where cn is the non-empty complement

of D(H,*n), {%n} a real sequence, %n+0, we will show that

H

%ig <xfp,y> = %&Q <x%n,y>, xekE

The function %n—fg has support in the rim R(H,wn),

w,= max (%n,kn); it follows from Lemma 1 that

. N H
lim <x(f -f7),y> = 0, xeE.
n->oo n n

According to the convention u(@)=0, for the functions fg

are identically zero.




ii) If G is an open subset of S, we define
u(G) = u(3)-u(s-G)

It may happen that G is both open and closed, in which case
the functions Xa and Xg-q are bofh continuous. To see this,
one needs to consider four cases, viz., open sets of the
closed unit interval which contain: a) 1, 0, c) both 1
and 0, and d) neither 1 nor 0. The inverse images of all

of these sets under Xg O Xg_.g are open in S. Thus, we

may write

<x,p(@)+u(sS-G ) > = <X(XG+XS G),y> = <x,u(sS)>

and no inconsistencles arise,
iii) If A is an arbitrary set in I, A can be written as
the disjoint union of an open set G and a closed set H.

Of course, A is the union of open and closed sets, say

¥ O u
A= 12 ;U .

where each Gi is open and each Hj is closed. Set
2

k
6=l G, and let H = (S-¢)n U_ H
i=1 + Jj=1

e Clearly, G is open and
H 1s closed, these sets are disjoint, and

A = GUH.

We define u at A by the equation

13

H(a) = u(G)+u(H). - (3)
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We have to show that the definition (3) does not depend
on the particular representation of A as the disjoint union
of an open set and a closed set. To this end, the following
identity will be useful. If Hl and Ho are arbitrary closed

subsets of S, then
n(H ) +u(Hy) = w(H U Hy)+u(H{NH,) . (4)
Consider the seguence
Hy+xfHooxPH-U HoxfH1 N H =
{anl xfne xf 1V 2 anl 2} {xgn}

where xeE, and {fgl}, {fﬁg}, {fglleg} and {fgl‘“ Hy} are
all sequences of type x with respect to the positive real
sequence {A }, A +0. {g } is a bounded sequence in C(S,K)
and the support of g, 1s contained in the open set
R(Hl,xn)L}R(H2,Xn) (n=1,2,...). Thus, the hypothesis of
Lemma 1 is satisfied, and we have that <xgn,y> tends to zero

as n»», By this observation,

lim <xf§1,Y> + 1im <xf§2,Y> =

n-> n->o©
Lin <xrplV 72 ys ¢ 1im <12,y (5)
n-w n-»

from which (4) follows.

Suppose that for an AeZ, it is true that
A = GlU H1 = G2L‘)H2

where G; is open, H; is closed and G;AH; = § (i=1,2).

1




W
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We claim that

H,U (8-G,) = H,U (5-G,)

and

Indeed, if erlLJ(S—G2) we distinguish two cases:

1) erl, which means xeS—Gl because Hl and Gl are disjoint,
and thus ergL)(S—Gl); 2) if xeS-G, two situations arise:
first, er2CH2U(S-G1); and secondly, xe(S-G,) N (S-H,)=
(S—Gl)l\(S—Hl) which means xeS-G; and consequently xeHy U (S-Gq) .

Hence,

The reverse contalnment follows from a similar argument.

Analoguously, one can prove that
G]_U(S—Hz) = GQU(S"Hl)a

which 1mplies that

Now, we wish to prove that
U(Gl)+U(H1) = U(G2)+U(H2)~

By the preceding dilscussion,
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and applying (4),

W(H])+u(S=G,) = u(Hy)+u(sS-G,).
Thus, we have that

H(S)-u(S=G)+u(Hy) = u(S)-u(S~-G,)+u(H,)
or

u(G)+u(Hy) = u(G,)+u(H,).

We conclude that p:I+E¥ is well defined.
To show that w 1s additive on I. Consider disjoint
sets A;,A; In I. Then, A1=G1UHl and A,=G,U H, where G,
is open, H; is closed and Gir\Hi=ﬂ (i=1,2); and Gy NG,=HNH=0
because A1 and A2 are disjoint. A representation for A1U-A2

as the disjoint union of an open set and a closed set is

AUA2 = (G1UG2) (H1UHp).

Therefore,

(AU A,) = u(GyUGy)+u(H{UH,)

u(8)-nl(8-G;) N (8-G,) 1+u(H,U Hy)

We may apply (4)

-

W(A{U A5) = u(8)-u(S-G1)-n(8-Go)+ul(s-G1) U (sS-CGp)]
+u(Hl)+u(H2)
u(Gl)-u(S-G2)+u[S-(Glr\G2)]+u(H1)+u(H2)

u(Gl)+u(Hl)~u(S—G2)+u(S)+u(H2)
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u(G1)+u(Hl)+u(G2)+u(H2)

u(A)+u(Ay).

Using the following lemma, we can show that u is of

bounded variation on S.

Lemma 4: If Ael and e>0, there exists a closed set HCA

such that |ju(H)-u(A)|<e.

Proof: It 1is sufflcient to prove the proposition for A an
open subset of S. Let €>0 be given. By lemma 3, we are
able to choose § so small that |<f,y>|<e, for all feA(S-A,é§,1).
Set H=S-D(S-A,é8). Clearly, HCA and H is closed. We select
a positive real sequence {A,} Ap¥0, with Xy<é; and, we
construct sequences {fﬁ} and {fﬁ—A} of type X, using the

sequence {An} for both. Then, fg+f§_A-l has support in

S-A

n -x|<1, for all n and for all x in

R(S-A, 8 and |kfi+xf

the closed unit sphere ¢ of E; so that
l<xf§+xfi_a-x,y>|<e, all n, xeo.
By the additiv;ty of v,
|<xf§,y>+<xfi'A,Y>—<x,y>|<€, all n, Xeo.
Passing to the limit,
| <x,u(H)>+<x,u(S-A)>-<x,u(S)>|<e, xeo;
and hence

| <x,u(H)>-<x,u(A)>|< €, for all xeo,
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Thus,

sup |<x,u(H)-u(4)>|<e,
Xeo

and the lemma 1s proved. '
Our task is to prove that v(u,S) is finite. The previous

lemma allows us to calculate the variation of y using only

~

finite sequences of disjoint closed sets in S. Let {Cj}

J=1
be a finite collection of closed subsets of S. If €>0,
there exist X;€E with "xj[kl such that

K k
’ (Ceh i« <x u(C,)>|+ E.
J.lelu 3 lel pH(Cy)> [+ 5

There are sequences of type X, say {fgj}, with fgj (j=1,...,k)
having disjoint support; and we may select N so large that
k k C
) ”u(Cj)H<.2_]<xjfnJ,y>|+e, for all n>N.
j=1 j=1
We choose scalars a? with |a?| =1 (j=1,...,k; n>N); so that

k

K n Cs
) ”U(Cj)”<JZl<ajxjfnJ’Y>+€s n>N.

j=1
Thus,

§ ucey <ty uf wgxsend e, N

J=1 J=1
Since the functions fgj (j=1l,..-5k, n fixed) have disjoint
support,

k
D lhcey) lielivlives
J=1 _
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and since e€>0 is arbitrary, we have that
k
I (o)) I<lv]
j=1

It follows that
v(u,8) <yl (6)

Let 2(S,Z,E) be the linear space of all functions h

of the form

h = xx, +...+x, X
lAl k™A

where {A }Jﬁl is a partition of S and the coefficients

J

} K are elements of E. #(S,Z,E) is provided with a
J75=1

norm by defining

{x

Iall= max |, |
J

The set function u induces a linear functional y' on 2(S,I,E)
by

<h,y'> = <xq,u(A)) >+ 4<x,ulAy)>,

and obviously, |j'|<v(u,S).
Let G(S,Z,E) denote the linear space of all sums f+h
where feC(S,E) and hef(S,Z,E); we define a norm for this

space by

llE+h|] = sup |lE(t)+h(t) .
teS

vy and y' give rise to a linear functional ; on C(S,Z,E)
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through the rule

<f+h,y> = <f,y>+<h,y'>.

We must show that § is well defined. Suppose that
f+hy = fy+h,, £ eC(S,E) and hy;el(S,%,E) (i=1,2).

The equation

T -h

1-fo = hy-hy

implies that the element h2-hle£(S,Z,E) is continuous. Let

ho-hy =-xlel+...+xkxAk where the xJ

We assert that hp-h; is continuous only 1f each Aj is both
open and closed. Since thereare a finite number of the Xj’

for fixed jo:lfjo<k, there exists a sphere Sj about Xj
- o o

whose closure contains no Xj’ J# jo. The inverse image of

Sjo under h2—h1 is Ajo and hence Ajo is open because hZ_hl

is continuous. On the other hand, the inverse image of

E—§j 1s the complement of A, and must also be open. We
o 0
conclude, since Aj (j=1,...,k) is both open and closed, that
Xy is continuous. Hence, we may write
J

= - = . H< >
1=Tps¥> = <hp-hy,y> = XX, Y2 ¥ *1¥a, 2"

= <x1,u(Al)> +...+<xk,u(Ak)> = <h,-h;,y'>
which means

<f1,Y> + <hy,y'> = <fH,v> + <h2,y'>

(j=1,...,k) are distinct.
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or

<f1+h1,y> = <f +h2,y>.

2

To show that Y 1s bounded, let f+hea(S,Z,E) where

h = xlel+...+xkxAk. Each Aj can be written as the disjoint

union of an open set G; and a closed set Hj’ i.e.,

J

Ay = 6JUH; (J=1,...,K).

By the definitions of y' and u,

k
<h,y'> = le (<xst(Gj)> + <stu(Hj)>)'

u(S)-u(S—Gj), for each j,

Since u(Gj)

<xJ,u(G )> = <xJ,u(S)>— lim <x. fS Gj,Y>

j'n
T rprn M ey = oy (e

-G, sy s
where {fi J} is a sequence of type X. Let {A,} be a positive
real sequence with A +0 and A < m;n p(H Hj)‘ This choice

17)J
is possible because the distance between two closed, disjoint

subsets of a compact metric space is positive. Let {fgj}

and {fg-Gj} be sequences of type x with respect to {A_}.

Then,
S-G: H.
<h,y'> = z [1im <Xy (1-f J),y>+ lim <xjfnJ,y>]
j=1 0> n>e
S-G.,,-H.
= <§ -
%im J=lxj(l fn J+fnJ),Y>. (7)

K
Set £, = ) xj(l-fi‘GJ+f§j). We will show that
=1

1im |lp + £ || < [lf + bl
>0
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Kk Kk
In fact, f+f, agrees with f+h on jngJ and on jyl[S—D(S—Gj,An)],

for each n; so the assertion will be proved if we can show

that
lim su e+, (t) < |£+h
n-+o teR(S-—g.,A) " n () <le+n]
J?'n
for each j=1,...,k. Assume the contrary, then for some jo,
1im sup f(t)+f (t)>lIf+h|Rx su f(t)+h(t)
TE cenR, ) PGP g | E
% o}

where an denotes the boundary of Gj -an #0 for if it were,
o o) o
Gj would be both open and closed; we could select n, so
o

large that R(S—Gjo,kn)=ﬂ for all n>n

would be vacuously fulfilled. There is a subsequence {nm}

o’ and the proposition

of the natural numbers such that

sup lIECe)+f, (t) ||> sup [£(t)+h(t) ||
teR(S=G, ,A_ ) fm tedGy
Jo” My Jo
for all m=1,2,.... The above inequality holds if the sets

R(S-G, sAp ) are replaced by their closures; and consequently,
o m

there exists t.e N R(S-G; ,A, ) such that
S "m=1 Jo m

lleCe)+n(t > sup llece) +n(e) .

] teaGJO
But, t.e M R(S-G, ,r_ ) implies that p(t_,S-G. )=0 which
° m=1 Jo nm © Jo

means toeS-GjO, and since R(S—Gjo,knm)c:Gjo for all m,

t e€G: ; so that t_ €9G, which is a contradiction. Now,
R S o Jo

according to (7),

[<e+n,¥>1 = I<e,v> + 1im <£,,v>| = lim |<f4f,,v>];
n->oc r->co




23

Thus,

|<e+h,y>| < Il T lle+e ) < [k I] lle+n]
N>

which proves that y is bounded and ¥ 11 Iy

I .

The preceding work and the following lemma imply that
<f,y> = [ du(e)f(t), for all feC(S,E). (8)

Lemma 5: Every function feC(S,E) can be approximated

uniformly by a furetion.f _e&(S,I,E).

Proof: Let €>0 and feC(S,E) be given. Since f is uniformly

continuous, there exists 6>0 such that |f(t)-f(s)]|ke when-
k
Jj=1

diameter less than 8. Select intermediate points TjeAj

ever p(t,s)<8. Let ﬂ={Aj} be a partition of S with

(j=1,...,k). Then, for the function

Kk
£ = .Z

3 f(Tj)XA.

1 J

and for arbitrary teS, we have that

lw(t)—fﬂ(t)“=nf(t)—fﬂ(rj)”<e
because p(t,TJ)k|ﬂ|<6. Thus, [lf-f_|<e. '

To prove (8), let m = {45} X pe a partition of S and
J=1
let feC(S,E) be given, then

k
[<t,y> = ] <f(ty)u(Ay)>| = |<f,yo=<ty,y'>]
J=1

= <t-ty 351 < W] fle-2, 0
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The last expression tends to zero with |n|. Furthermore,

if ||f]|<1. we have
|<f,y>|s Semi-var u(S) < v(u,3)

as a consequence of the inequality (2). Combining this

observation with (6), we see that

Ivll = v(u,s).

A more detailed study of the set function U associated
with vy is justified. We are in a position to prove that u
is regular on I. First, we will treat the closed sets.
Let H be a closed subset of S. We know by Lemma 3 that
for every e>0 there corresponds a &0 such that |<f,y>|<e

k
for all feA(H,§,1). If {Cj} is a finite collection of

disjoint clcsed sets, each contained in R(H, §), there is,

Cs .
for each Cj’ a sequence {f J} of type x where the ng(j=l,...

have disjoint support. Let {xJ} kl be a collection of
J
elements in the closed unit sphere of E. Choose scalars

a? (§j=1,...,k; n=1,2,...) withla?|=l for all j and n; so
that,

k Cs
) |<x-fgj,y>| Z<ocJ x5fn J,y>, for all n.
Jg=1

Since | Z aj j nJ|L_l (n=1,2,...), we have that
K c c
I I<xgfd v = < Z GJX 203 ,v> | <e,
J=1 .

for all n and for arbitrary X5

in the closed unit sphere of E.

k)
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Passing to the 1limit,
§ (C |
J=1l<x‘-}’uwj)>'is |
for arbitrary xjeE with Il ll<1. We conclude

k

I Ihcey) ke,
1

and 1t follows that

v[iu,R(H, 8] <e.

Thus, H 1s a closed set contained in itself and the con-
centric disc D(H, 8) is an open set containing H, and we

have shown
v[u,D(H, 8)-H] <e.

For an open set G, the above shows that for a preassigned

€>0, there exists &0 such that
V[U:R(S—Gs 6) ]<E-

Thus, G is an open set contalning itself and the complement

of D(S5-G,8) 1s a closed set contained in G, and
viu,G-D(S-G,8)] <e.

Now, if A is an arbitrary set in I, we have seen that A
can be written as the disjoint union of an open set G
and a closed set H. We may select a closed set H'CG

and an open set G'DH such that v(H,G-H')< % and v(u,G'-H)< g.
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Then, GUG' 1is an open set containing GUH and HYH' is

a closed set contained in GUH; and

viu,(GUG")-(HUH") I<v(u,G-H")+v(u,G"'-H)<e

because (GUYG'")-(HUH')C(G-H'")U (G'-H). We conclude u
is regular on Z.

The question of uniqueness arises.

Unigueness Lemma: If u:I+E¥ is regular and additive and

if [qau(t)f(£)=0 for all feC(S,E), then u=0.

Proof: We first show u(S)=0. Consider the constant
function which sends all of S onto the vector xeE. Then,

by the additivity of u;

<X:U(Aj )> = <x,u(s)>

It 1%

j=1

k
for every partition {Aj}. 1 of 5; and
J:

<x,u(S)> = <x,y> = fsdu(t)x=0,

and consequently, u(S)=0. Since u is additive, u(A)=u(sS-3),
AeY; and it is sufficient to prove p(H)=0 for H closed in

S. Let {i,} be a positive real sequence with Ap¥0; and
construct a sequence'{fg} of type x. Let n be fixed. Any
partition 7 of S gives rise to partitions of H, R(H,An)

and S—D(H,xn), the union of these partitions is again a

partition of S, say n'; and clearly |[n'|<|wm|. Thus, for
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all x in the closed unit sphere of E,

H H
fHdu(t)xfn(t) + f du(t)xf, () = 0.

R(H,ln)
We will show that it is possible to select n so large

that the contribution of the second term is negligible. Let

{A?} denote the partition of the rim R(H,An) generated by the
partition m of S. An approximating sum to the integral over

R(H,An) is given by

H R
g <xf)(14),u(Ay)>

Since |klk1,

[; <xfp(t),u(a>| < vIu,R(E,))

But, u being regular, v[u,R(H,\p)] tends to zero with Ap¥0.

Hence,
- H -
<x,u(H)> = deu(t)xfn(t) =0,

for all x in the closed unit sphere of E. The proposition

follows. '

Let B be ﬁhe family of Borel subsets of S. It is well
known [6, p. 138] that v(u,+) has a unique extension v(u,*)

to a regular Borel measure. We assert,

Lemma 6: The set function p assoclated with the functional

veC(S,E)¥ by the relation (8) has a unique extension to a
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regular Borel measure ﬁ with values in E¥, and
v(}§,B) = v(u,B), for all BeB.

Proof: Let BeB be arbitrary. Since G(u,*) is regular, for
every €>0, there exists G€ open with GEZDB and H€ closed

with HEC:B, such that G(u,GE—HE)<e. We extend § to B by
2(B) = 11 G_) = 1i H.).
u(B) 1im n(G.) 1im w(H,)

The limits exist in the norm of E¥. For arbitrary e,e'>0,

one has that

It follows that

(e )-u(H_ D || = G ~E ) | € v(u,G ~Ho )

| A

v(us GE_HE) +V(U:G81—H€v)
and this last expression tends to zero as e€,e'+0. Thus,

I(B)|| < v(u,B), BeB (9)

From the definition of ﬁ, we conclude ﬁ is finitely additive
on B. The inequality (9) assures that § with v(u,+) is
g-additive on B. That u 1s unique is easily seen, if N is
another regular extension of u and BSB, let GE be an open set

with GE:DB and let He be a closed set with HECZB such that

i (B)-u (i) |<e, then

(B -u(B) [k [M(BY-u(H ) e < v(¥,B-H ) +e < v(¥,G -H )+e




which tends to zero with e. Let vl(ﬁ,') = v(a,')lz. From

(9) it follows that
vy (1,4) < v(u,A), Ael.

The reverse inequality is trivial. Thus, v(H,*) = viu,)
on Z, Because of the uniqueness of the extension G(U,‘),

we have that v({i,B) = ¥(u,B), BeB. '

Let rcabv(B,E¥) denote the space of all regular
countably additive set: functions of bounded variation on S

defined - on R with values in E¥, the norm of this space is
lull = v(#,8), ue reabv(B,E¥*)

It is clear that pe reabv(B,E¥) give rise to a linear

bounded functional y on C(S,E)* through (8).

In summary, we have shown

Theorem 2: There exists an isometric isomorphism between

C(S,E)* and rcabv (B,E*) , the map is defined by
<f,y> = fsdﬁ(t)f(t), for all feC(S,E)*,
and |l = v(1,8).

4. A Strong Representation Theorem. Let {y,} be a

sequence of vectors in the Banach space F. If it is true
that {<yn,y*>} is a Cauchy sequence of scalars for each

functional y*eF*, then {y } is sald to be a weak Cauchy



8equence. The space F is called weakly complete, 1f for
every weak Cauchy sequence {yn}, there exists yeF such
that <yn,y*> + <y,y¥>, for all y¥cF¥.

Suppose that T is a bounded linear transformation of
C(S,E) into a weakly complete Banach space F. Our goal is
to obtain a representation for this operator T through the
integral of Section 1. We will denote the adjoint of T

by T¥. Let H be a closed subset of S, and let {fg} be a

sequence of type x and let xeE. We have observed that

H
{xf } is a weak Cauchy sequence in C(S,E). But,
H mgo#s = H %
<xfn,T y*> = <Txfn,y >, for all n,

and consequently, {Tng} is a weakly Cauchy sequence in F.
Now, F is weakly complete; so that, there exists yeF such

that

lim <Txfg,y*> = <y,y*>’ y*eF*
n--

We associate with T the set function y on the closed sub-

sets of S and taking values in L(E,F) defined by
<u(H)x,y*¥> = 1lim <Txfg,y*>, y*¥cF¥* xeE. (10)
n-»eo

We must show that u does not depend on the particular

sequence of type Xx. Indeed, if H#@ is a proper subset of
vH
S, and if {%g} is a bounded sequence in C(S,K) with fn(H)=1

and %E(Cn)=0 for all n, where C, is the non-empty complement

30



31

N

n, ny
of D(H,An), {A\q} a real sequence A ¥0, we have shown

(p. 14, par. 1) that

H H
%> = * % ¥cP¥
1lim <xf ,T*y#*> lim <x¥ STy %> v¥ecF¥ xeE,

Thus,

n
%ig <Txf§,y*> = 1lim <Txfg,y*>, y¥eF¥ xcE,
n-+w

U may be extended to I by

i) 1if G is open, then we define
u(G@)=u(8)-u(s-G);

and 1i) if Ael 1s arbitrary, let A=GUH where G is open and

H is closed and these sets are disjoint, then we set
u(A)=u(G)+u(H).

As before, we must show that this definition does not depend
on the particular representation of A as the disjoint union
of an open and closed set. The argument of pages 16-7 can

be used here if we can prove the identity: if Hl and H2 are

arbitrary closed subsets of S, then
u(H ) +u(Hy)=u(H{U Hy) +u(H N H,) .

By equation (5), we have for arbitrary y¥eF¥ and arbitrary

xekE,

HY mayw Ho mag#se
iig <xf =,T*y*> + %ig <xf ©,T*y¥*>=

= lim <xrI1VH2 mayss 4 14 <xrf10OED pagss
n N> n

n->o
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H H
where {fgl}, {fnz} {fn1L1H2} and {filr‘H2} are sequences

of type X. It follows that
1im  <Txfol,y%> + 1im <Txri2 y*»>=
n-»-o© n ’y n-c n ’y

. HiUHp _ HiNHy
- %_3;2 n P AR + I;LI_J;OIQ <Tan IR AR

and hence,

<u(Hp)x,y* ‘> + <u(Hy)x,y*> = <u(HUHy))x,y*> + <u(H NH)x,y¥%>.
Since the last equatlon holds for all y¥eF¥*, we must have

u(H ) x+u(Hy)x = w(Hy A E) x+u(HyUHy)x, for all xeE,
which means

u(H ) +u(Hy) = u(H;UHy))+u(E{NH,) .

* .
For each y*eF¥, p induces a set function uwY  on I with

values in E¥* by
<x,UY*(A)> = <u(A)x,y¥>, xeE, Acl.

But, uy* is the set function associated with the functional

T*¥y*eC(S,E)* according to (10). As in the proof of Lemma 6,
A Ay ¥

1f 0¥* is the extension of u¥¥ to B and BeB, {iY*(B) can be

*
thought of as the strong limit of a sequence {u¥ (Gp)}

where the Gn (n=1,2,...) are open sets such that BC:Grl for

all n and v(ﬁy*,Gn—B)*O as n increases without bound. Since
%
<x,u¥ (Gp)> = <u(Gp)x,y¥>, for all n, xeE, y*ecF¥,

{u(Gy)x} is a weak Cauchy sequence in F. F being weakly



33

complete, we may define f1(B) by
<B(B)x,y*> = lim <u(G )x,y*> = <x,u¥*(B)> (11)
i

where x€E and y¥eF*. This convention must be justified.

Let Gﬁ be another sequence of open sets containing B with

wy*(at)»>uy*(B). Then,

y¥ v¥*
| <u(Gp)x,y¥>-<u(Gp)x,y*>| = |<x,u” (GL)>-<x,1” (Gp)>|

*
=|<x,UY*(Gﬁ)—uy (Gp)>]| < HUY*(Gﬁ)-Uy*(Gn)"IIX”

and the last expression tends to zero with n»~ for arbitrary
xeE and y¥eF¥,

We wish to show now that i, which was defined on B above,
1s a Borel measure of finite semi-variation on S, Let us

agree that o¥% will denote the closed unit sphere of F¥,

Lemma 7: Let T be a bounded linear transformation of C(S,E)

into a weakly complete Banach space F, and let 0Y* be the

measure corresponding to T¥y¥ (y¥e¢F#¥) in the sense of Theorem 2.
Then, the og-additivity of the measures V(QY*,-) is uniform in

y¥eqg ¥,

Proof: Let {B,} be a sequence of pairwise disjoint sets in B.

We must show

o0
lim ] v(pV*,B,) = 0
N> n=N
uniformly in y*eoc*. Were the proposition false, one could

find € >0,a sequence of natural numbers {N_} with N, >K, and

elements yﬁeo*, such that
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elements yi&r*,‘such that

[o0]

) V(ﬁyﬁ,Bn)>eo,
n=N,

for all k=1,2,.... Hence for each k, one must have Mk>Nk

such that

k
V(ﬁyf{,Bn)>go.

n=Nk
By choice of a subsequence, we may take N1<M1<N2<M2 e
Because of the regularity of V(ﬁyﬁ,~) there is a sequence

of disjoint closed sets {H }, and a sequence of vectors

n,J

{Xn,j} in the closed unit sphere of E (j=1,...,r, and
n=1,2,...) such that

Mk r Mk r1’1

*
15 Dlexy 50"k, 5= 0]

H_ . .,y ¥ 5
n=N, Jj=1 J n'_'Nk J=1 |<ﬁ( nsJ)Xn:J’yk>|>€o,
k

5=1,2,.... (12)

On the other hand, the series

po My T'n

i(H. .)x._. .
kzl nZNk jzl Mad ™ M

is weakly unconditionally convergent, for if y¥*eF* and

Z ay, is a subseries of (13), the weak subseries is dominated

i=1 i
by

[e o] Ay*

z V(l-1 ,Bk )

i=1 1

where Bk. = ‘?ki B, ; and the weak completeness of F implies
i 2
n Nki

the subseries converges. By the lemma of Orlicz and Pettis

(8, p.611,



1m J10 1 |<fin, )xn,g5% ] = 0

1>« k=1 n=N, j=1 '
uniformly in y*es*. But, this contradicts (12), and the
uniform o -additivity of the v(f¥*,.); y*es* 1s proved. |

Now, 1let {Bn} be a sequence of palrwise disjoint Borel

subsets of S, say Gan=B. We must show ? ﬁ(Bn)->ﬂ(B) with
n= n=1

N+~ in the norm of L(E,F). The inequality

N . N .
|<[a(B)- [ A(By) Ix,y*>| = |<x,0Y (B)- § 0¥ (By)>|
n=1 n=1

. N
< Ixll IpY*B)- T Y% By || < Ixv(a¥*,B- { By
n=1 n=1

shows that the left hand member tends to zero as N+« uni-

formly for xeE with [x]<1 and y*ec*. Since

N N
sup |<[fi(B)- ] f(By)lx,y*>| = ||[[f(B)- | fi(By)1x],
by <1 n=1 n=1
and since
N N
sup  [|[[A(B)- ] (B )1zl = faB)- § 4B |,
Iz l<1 n=1 n=1
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N
we see that |i(B)- | fi(B,)|| also tends to zero as N increases

n=1l
without bound.

Lemma 8: The L(E,F)-valued set function fi on B 1s of bounded

semi-variation if and only if the induced E¥-valued set

function Y* on B, defined by

<Q(B)x,y*> = <x,0Y*(B)>, xeE, y*eF*,
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is of bounded variation for all y¥eF¥. Furthermore,

Semi-var fi(S) = sup v(u¥¥,s).

lly* i1
Proof: Let y¥eF¥., To every €>0 and to every finite sequence

of disjoint sets {Bj} K €8 there is a k-tuple of vectors

k j=1
{xj}. . in the closed unit sphere of E such that
J:
K k %
zl"ﬁy (BJ)“ < z <Xj 1Y (BJ')> + €.
J= j=1
Thus,
ko ow Kk k
{i B. 1(B.)x.,yv¥* ¥ i(B. . .
jgllm B < <jzlu(BJ)xJ,y >+ e < |y lllgzlu(BJ)XJH + €

It follows that if {i is of bounded semi-variation, then
v(p¥*,8) < [ly*|| Semi-var i(S) + ¢

for every €>0, hence
V(ﬁy*,s) < |b*|| semi-var Q1(S) (14)

which shows that ﬁY* is of bounded variation for all y¥*eF¥,

On the other hand, for every finite collection of disjoint

Borel sets {B;} K ana every k-tuple {x,} K witn
J j=1 J, j=1
sl < 1 (=150 .0 5K),
|<0(By)xy,y*>] = |<xy,09"(By)>| < (1A (By) || Hll;
so that,
k k % *
|< z ﬁ(Bj)Xj:y*>| i z Ihjy (BJ)“ f_ V(ﬁy :S)- (15)
J=1 j=1
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If ﬁY* is of bounded variation for every y¥ecF¥, we may apply

the Principle of Uniform Boundedness [6, p.66] to conclude
k

the set { ] [[0(Bj)x; ||}y is bounded. Since

K K
I 1 A= | < .lem(Bj)XjH:

1 j=

{i is of bounded semi-variation. From (15),

k
I3

. Ly *
0By x;ll < sup  v(0Y7,s),

j=1 T y*
and it follows that Semi-var {i(3) < sup v(ﬁY*,S). From
lly* l<2
(14), we see that sup v({iy¥*,s) < Semi-var {i(S). The
lly*{l<1

propcsition follows. '-
We can now prove

Theorem 3: To every bounded linear transformation of C(S,E)
into a weakly complete Banach space F there corresponds a
unique operator-valued Borel measure {I having values in L(E,F)

such that

Tf=  [gafi(t)f(t), £eC(S,E)
and

| T).= Semi-var {i(3).

Proof: Let (iy¥ be the regular Borel measure which represents

T#y* in the sense of Theorem 2, y¥eF*¥. The measure {l is
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uniquely determined if we require (11) for ﬁy* associated

with the functional T¥*y¥* is unique. Since ﬁY* is of bounded
\

variation for all y*¥eF¥*, {i is of bounded semi-variation.

k

j=1

v

Let n={Aj} be a partition of S and T:TjeAj (j=1,...,k) be

a set of intermediate points, we have that

k % K
L <fCry),0Y (a)> = ] <h(AE(T),5%> = <

. ﬁ(Aj)f(Tj)sy*>
J=1 j=1 J

I~

1

for each feC(S,E). Letting |m|+0, we obtain
<fL,THy*> = <Tf,y%> = <[afi(t)r(t),y#*>

by Theorem 2. Since y* is arbitrary, it follows that
Tf = [,d0(t)f(t), feC(S,E).

To prove the final assertion of the theorem,

Semi-var {i(S) = sup v(pv¥,s) sup |[T¥y¥| =
lly* <1 lv¥*]l<1

(IR IRRN |

5. Weak Compactness. A subset Q of a Banach space F is

sald to be weakly sequentially compact if every sequence
{yn}C:Q has a subsequence which converges weakly to a vector

in F, that is, there exists a subsequence {yrl }CZ{yn} and a
k

vector yeF such that <ynk,y*>+<y,y*> as k»wo for all y¥eF¥,

A transformation is weakly compact if and only if it maps

bounded sets into weakly sequentially compact sets. In this

section, we show that if E is reflexive and F is weakly com-
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plete, then every bounded linear transformation of C(S,E)

into F is weakly compact.

Lemma 9: If E is reflexive, then the subset Q ¢ recabv(B,E)
is weakly sequentially compact if the set {v(fi,+)|{leQ}

in " rea(B,R) is weakly sequentially compact.

Proof: Assume {v(fi,*)|fleQ} is weakly sequentially compact
in reca(B,R), then this set is bounded and there exists a
non-negative measure A € rca(B,R) such that all v({i,+) are
uniformly A-continuous with respect to {ieQ which means

lim  v(fi,B)=0 uniformly in {ieQ [6, p.341]. Let {fi,}
A(B)~>0

be a sequence in Q. All ﬁk take their values in a separable
subspace XCE. Indeed, the compact metric space S 1s separ-
able; let D be a countable dense subset of S. From the set
D of all spheres with rational radii centered on points of

D we form the ring of subsets of S generated by D, say ¥

¥ is countable [6, p.167). If k is fixed, we assert ﬁk(%)

is dense in ﬁk(B). Let BeB be given. By the regularity

of ﬁk’ we have for every e>0, an open set GODB such that
B, (B)-0,(0) || = 18,(G-B) || < v(f,,6-B) <e.

D, in fact, is a base for the topology on S and hence,

G = g A, where A eD. Also, G = U X, where the kn are
n=1 n=1

disjoint sets in ¥. We have that

N ¥
f.(e) = %ig nzlﬁk( )
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in the norm of E. Therefore, ﬁk(%) 1s dense in ﬁk(B). Let

X be the subspace of E generated by {ﬁk(B)IBeB, k=1,2,...1}.

It is clear that X is separable. The sequence {fiy} is con-
tained in the subspace rca(B,X,)) of A-continuous measures

in rea(B,X). With E, X 1s also reflexive and X¥* is separable
because its adjoint is such. Thus, X is the adjoint of a
separable Banach space, and we may apply the generalization
of the Radon-Nikodym theorem by Dunford and Pettis [5, p.339]:
there exists an isometric isomorphism between rea(B,X,A)

and Ll(S,X,A), the X-valued, A-integrable (Bochner) functions

defined on S, by virtue of
fi(B) = [zf(t)r(at), Bes,
and
v(91,B) = [glif(t)|r(at), BeB.

Since E is reflexive, a theorem of S.D. Chatterji, [4, p.1lU]
asserts that a set Q1<:L1(S,X,A) is weakly sequentially compact
if and only 1if Q1 is bounded and

1im fBuf(t)ux(dt) = 0, BeB
A(B)>0

uniformly for all fte" It follows that QQrecabv(B,E) is

weakly sequentially compact. '

Theorem 4: If E is reflexive and F is weakly complete, then
every bounded linear transformation T:C(S,E)>F 1s weakly

compact.
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Proof: According to Theorem 3, the image of o ¥ under T¥* is
the set {ﬁY*ly*aJ*}. But, we have seen that the o-additivity
of the V(ﬁY*,-) is uniform in y¥es ¥, and the norms of these
measures are bounded by ||[T|. Thus,{v(f¥*,:)|y¥es *} is
weakly sequentially compact in rea(B,R) [6, p.305]. From

the previous lemma, we conclude {ﬁY*IY*aj*} is weakly
sequentially compact in rcabv(B,E¥), noting that E¥ is
reflexive if and only if E is such. Hence, T¥ is weakly
compact; and by the theorem of Gantmacker [6, p.485] T is

weakly compact. '

The result of Theorem U is easily generalized; the proof
which we present is essentially the method used by Dunford

and Schwartz for the case E=XK.

Theorem 5: Let S be a compact Hausdorff space. If E is
reflexive and F is weakly complete, then every bounded linear

transformation T:C(S,E)-»F is weakly compact.

Proof: Let {f } be a sequence in the closed unit sphere of
C(S,E). We partition S into a set of equivalence classes SO
by the relation: s~s' if and only if fn(s)=fn(s'), n=1,2,....

We make S, into a metric space by

0,([s1,[t]) = ] 2™t (s)-f (£)|;[s],[t]eS,.
n=1

Let n be the ganonical map of S onto SO. We see from the

continulty of f, that n is continuous. Thus, S. is compact

@)
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metric space. Consider the space C(S,,E), if 9eC(Sq4,E),
then the function f defined by f(s)=0[n(s)] is in C(S,E).
Define T,:C(Sg,E)>F by T, =Tf. T, is a linear map, and

IToll < lITll. Each f, gives a well defined function ¢ eC(S_,E)
such that f,(s) = ¢,[n(s)] because of the relation v. Now,
by theorem 4, TO is weakly compact, so there is a subse-
quence {¢nk} such that {Toénk} converges weakly in F. Since
} converges weakly; so that, T is weakly

Tfy = Toln » (T,

compact. '
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