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The following results are derived from an application of a theorem
of A. Brauer to the companion matrix of a polynomial and application of the
theorem of Rouche. The pattern follows that of the theorems mentioned in
the contract proposal and are in some sense a rounding out of those results
derived earlier by the principal investigator. No negative results (and
there were many) are reported.

It was suggested in the first progress report that the results of
this study, and more likely the study itself, may have applications in
obtaining analytic criteria for irreducibility of polynomials with integer
coefficients. This has not been pursued under this grant, but will be
undertaken shortly by the principal investigator. Any results published
will be appropriately credited to this grant.

The principal investigator wishes to take this opportunity to thank
the National Aeronautics and Space Administration for the opportunity

afforded by this grant to pursue these studies.,



In Cl], Brauver proves the following

Theorem. Suppose A = (a(x) is a square matrix of order n with complex

entries. TFor each x and h with « # A one sets

QKX - E{laKAakv( T laAKaKvl * laKvaAvl}

t vzulamvaku * akvanpl’

where p and v run from 1 to n but u # «,A and v # k,A. Moreover, let

D, denote the principal subdeterminant of the characteristic determinant
of A which contains the rows x and r. Then each characteristic root of A
lies in the union of the Cassini ovals

|D

(LA

Q (€,A=1,2,...,0),

le KA

We wish to apply this theorem *o the companion matrix

T4 ¥ 743 "%p-1 "%
1 0 0 . 0 0
0 1 0 o O 0
0 0 0 .o 1 0
. n n-1 .
of the polynomial £ = z~ + a,z oot We first note that
Dy = (W—aKK)(w—aAA) - a,a,

and observe that for the above companion matrix all diagonal elements are

zero except in the 1,1 position. Thus if k = 1, then D = (w-a

1A W -

11 a2

Further a = -a_, so that this becomes D = (w+al)w -

11 1 1% Moreover,

223

since k # A, then A > 2 and in the first column all entries are 0 except
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the first two. Thus we have two situations: A = 2, and A > 2.

D, B (w+al)w *ta, for A = 2
Dl>\ = (w+al)w for A > 2.
For k > 1 either 3y = 0 or ay, = 0 since in the companion matrix
the only non-zero elements not in the first row occur in the «,«k-1
position. Hence for k > 1 we have only one form for an’ viz.,
2
DKA 2w
We now wish to calculate the QKA values for our distinct ovals,
Ql?’ le(x>2), and QKA(K>1).
Qp = g{la12a2v| + Jagia, |+ Jaga, e ugv[alvazu * analul
n
Now ZIalQaQVI = |a12|2|a2v| = ]—aQ} z |a2v]' But all elements of the 2nd
v v v=3
row of the companion matrix are zero except in the first column so that
ZlalQanl = |—a2| Z ‘anl = 0. In a similar manner we see that
v v=3
n
- v - - - ;

Z|alva2v| = 0, and that Llanalvl = |a21|2|alvl = Z Ialvl = |a3| + la,| +
Y v v v=3
|a5| + ...t Ianl. Now

a, a, +a,a | la, a, +a,a, |.
vzu‘ lv 2y 2V 1y 35vzu§nlv PATS 2v 1y

The term a, a must always be zero since a = 0 for all u > 1, and 1 1is
1v 2u 2u

excluded from the range of u. The term analu is not necessarily zero

unless a5, is zero and a,, = 0 for all » > 1. Since 1 is not in the range

for A we have that z |

= 0. Hence Ql2 = |a3| + |a4| +
v<u

31032, T Ay

+ + la_]|.

lagl + oov + o

Consider now le for X > 2.



~ v
Qy = glalkakvl * élaXlalvl * Elalvaxvl *

z lalvaxu + axvalul’ where v # 1,A,u # 1,X.
V<
Now by examining the companion matrix we easily see that ZIalxaAv| |akl,
v
while glaxlalvl = 0, and %lalvaxvl = Iax_ll. Moreover,
Y la;a, ta a | =7 |a,a,. +a,a |+
L
veu 1vap Av 1y V<ul 1lv kul Av lul
Y la, a,  +a,a, |+
Ve, 1v Au2 Av lu2 (A)
+
! +a, a | +
Vo LAl AWl A-1 (B)
) |alvaA,A+1 * axval,x+1| *
v<itl
) lalvax,x+2 * axval,x+2| *
V<At2 )
+
z |alvaxn * *xviinle
v<n
where HisHy +oo TUN through the admissible values for u. Now each sum in
(A) is zero, since a}\ui = 0 for Ui < A -1 and aXv = 0 for v < ui < X -1,
In the sum (B) we have ax 1 - 1 but a, = 0 for all v < A -1 so that
b
A=2
the sum (B) is iZQIail. In the sums in (C) we have a>\’>\+j =0anda =0

except for v 8 A - 1, so that each sum collapses to a single term



al’A+j . Hence the sum of all sums in (C) is i§A+l|ai|. Therefore
n
vgulalvaAu raenl L gl
1Ax -1,
Hence Q,, = |a2| + |a3| o+ |an],

We now calculate QKA for v > 1,

QKA - Z|aKXaAv‘ * Z|aXKaKVI * Z|aKvaAv
v v )

+ \)gu|aKva>\IJ + aAvaKul

First consider the special case when A = 1, and examine the sums one at a

time.
é'aKlalv| N IaKl|§|alvl
I Ia,|
a. for
) i=g *
0 for
Llaga gl = la Il |
v v
) 0 for
{ IaK| for
0 for
Z|an<\)al\)| N {
laK_l| for |
Moreover
0 for
= f
VzulaKvaku alvaKuI [ g |a1| or

K>2,



n n
Hence Q21 = z Iai| and QKl = Z Iailfor K>2,
i=3 i=2

Now we calculate QKA for k,A > 1. We have

z‘ ] 0 for A=k-1
a .a =

v KAZAV %l for A#k-1.
1 1 for A=x+1
Z|a)u<as<v| = %

v 0 for A#c+1.

glaKvaxvl = 0

0 for A=k-1

v = =
Vg |al<\)a>\u + akvaKu 0 for A=x+l
M 2 otherwise

Hence for k,A > 1 we have

1 for A=x-1
QKA = 1 for A=k+l
2 otherwise

SYNPOSIS: The distinct ovals then are

(A) |w(w+al) + a2| < |a3| + |a4| + oo t |an|

(B) lw(wta,) | < layl + fagl + oot |an|

(c) |W|2 ; QK)\’
n n

where Q21 = .Z |ai|, QKl = -X Iai| for « > 2, and for A > 1 we have
1=3 i=2

Q, =1 or 2 according as A =% 1 or not.

KA

n
In the contract proposal the sum z |ai| was denoted by S and there
i=2
we outlined the earlier work of M. Parodi and of the principal investi-
gator in dealing with the circle

lw] < Vs

and with the oval |w(w+al)|5 S. In the earlier work simple bounds were
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obtained by subjecting the companion matrix to certain similarity transformations.

But in the present situation the oval (B) is contained in the oval (A), since

>

n
Z lail > IW(W+al) + aQI 2 lw(w+al)| - la2|

la; 1

iw(w+al)| < i

I"e~13
N

1

and the earlier techniques seem not to yield fruitful results here. One
may, however, ask under what circumstances the oval (A) may be used for
localization of the zeros of f, and this is the subject of the following
remarks.

Consider the Cassini oval

£ ]w2 + a,w + a2! <K

1

whose foci fl and f2 are given by

Thus Q 1is
w- £l - £,] 2K
Let us consider the restricted situation where the coefficients a, and a2

are real and a2 > La

1 Now the oval splits into two branches provided the

o
midpoint of the line segment joining the foci does not belong to Q; that is,

provided

VEORN N\ TN 5

fig. la fig. 1b

a, >0, a, >0 a.<0 a,>0



f +f

fo+f
172 £ 172

2 71

2
|f ..f2' > QK <
_l - + v 2_ - __{l - —Val- 2 >
[2{ a a] L#a2} > a] r/a] 432}| > 4K

,ai - b4a_ | > 18K.

o
Moreover, if the oval Q is disconnected, then the point B with minimum
modulus on the branch containing f2 in the case of fig. la (or containing
fl in the case illustrated in Figure 1b) has modulus (see 2 or 3 )

_i_ 2 ]
lBi = 2{Ial‘ + /al 4a2—4K}

Hence IB| > 1 if and only if

T
|al| + /af ha,-4K 3 2.
If we let S' denote the sum [a3| + laul SN [an(and Qf denote the branch
2

of @ containing f2 then we may formulate the following
Theorem 1. Suppose f = z" + alzn_l teeotal has the property that a; > 0,
a, is real, ai > 4a2 and K is any real number such that

i) al - 4a, > 16K 2 168’

.. 2T T

ii) Iall t+ /al—4a2—uK > 2.
Then the oval Q: |w(w+al) + a2| < K is digconnected and Qf contains

) 2

exactly one zero of f.

Proof: The preceding discussion and the hypothesis assure that for each w

on the boundary of Qf we have |w|

2

nv

1. The hypothesis guarantees K > S',

so that for each w on the boundary of @
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i=3
g n-i g n-i
> Ll 2 1 ) e

n n n-2 . .
Hence f and w + alw + a2w have the same number of zeros interior to

Qf by the theorem of Rouché. But the midpoint of the line segment jeining
2

the foci is —al/2 so that in the case under consideration the origin is not

in 2. . Hence f, is the only zero of w' o+ a wn—2 in ©. and the theorem
f2 2 1 f2

follows.

A similar theorem holds in the case where 3, < 0 (see fig. 1b) for

the branch & which contains f,.
fl 1

We continue to assume a, > 0 and consider the situation for a, > 0.

Suppose that the oval Q is disconnected and that the branch Q¢ containing
1

fl also contains the origin as in figure 2.

L.
.>
f’

« )

Q
/

fig., 2
It is known (see [2] or [3]) that the circle with center fl and radius fl - ¢

ig contained in Q¢ 3 hence if Ic[ > | then the unit circle also lies in Qf .

1 1

Now
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_ - 1r/ooT _/aZ- 1 2 na
lc| lfl c| [fll Eﬁ/él 4a, thk /al 4a2} - Iaﬂ—al + /al-uaz}l
= é-ﬂaz—ua tuk - a.},
2 1 2 1
so that |c| > 1 if and only if Va§—4a2+4k - a; 2z 2; that is, if and only if

K>a, +a, + 1.
We are now able to formulate the following

Theorem 2. Suppose that ay, 3, > 0, that a2 - ua > 0 and that K is any

2 1

number such that

1) a? - ka, > 16K > 168"

ii) K»>a +a, + 1.

Then the oval Q is disconnected and the branch Qf contains exactly n - 1
1

n n-1
zeros of £f =z + a.z + ..o t a .

Proof: The hypothesis assures that @ is disconnected, that the branch

Qf contains the unit circle, and that fl and C are separated by the origin

1
on the real axis. Finally for each w on the boundary of Qf
1
n n-1 n-2, _ 2 n-2
wokaw o otagw o= Wt rawra |
2 n-3 n-3
> [w + alw + a2||w | - K | |
n
2 s 2 T eyl
= = . i
1=3
s n-i
> | )} amw .
T oi=3 7
n n-1 n-2 7,
Hence w~ + aw Toaw and f have, by Rouche's theorem the same number of
zeros intericr to Qf , namely n - 1 zeros.,
1

Again, an analogous result is available to us in the case that ay < 0

and a, >0 (see fig. 1b).
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In the following we let B' denote the maximum of |a3|,|au|, .,,|an|.

Theorem 3. Suppose that a,,a, > 0 and ai 3_4a2 and further that K is any number

such that
i) ai > 16K
o o 2_ _
ii) a) * /él ha,~4K > 2
B!
iii) { K.
L2 4 Volita - -
2{al + aj 4a2 4K} 1

Then the Cassini oval

Qi Jw - £ ]]w - £)] £ K

N

is disconnected and the branch Qf containing f2 contains exactly one zero
2

n n-
of £f =2 + a,z + vo0 t a_.
1 n

Proof: As in Theorem 1, the hypothesis (i) is sufficient for the oval to be
disconnected; (ii) assures, as in figure la, that the minimum modulus on the

boundary of Q¢ is greater than 1,so that with (iii) we are assured that for

2
each w on the boundary of Qf
2
W 8: T ° K.
Thus for each w on the boundary of Qf , we have
2
2 n-i ° n-1i % n-1i
[ $ap™ s 3 lagllul™ e ] Iwl
1i=3 i=3 i=3
! -2 ~ 2 n-2
= |;q§t—i-<[w|n - i) < Wt +aw e a2||w|
= |wn + alwn_l + a2wn—2|,

/s
and the theorem follows from Rouche's theorem.

Theorem 4. Suppose that o.,a, >0 and a2 > 4a_ and further that K is any number

1’72 1= 2

such that
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i) ai > 16K
ii) K > a; + a, + 1
1
iii) 8 < K,
1

= /52 oK} _
Q{al + Yaj ha, 4K} - 1

Then the oval @ is disconnected and the branch Qf contains exactly n - 1
1

zeros of f.
Proof: The hypothesis (i) assures us that  is disconnected; (ii) assures

us (see Theorem 2) that the unit circle lies inside Qf and (iil) assures us
1

that the inequality appearing in the proof of Theorem 3 is valid for each

/
w on the boundary of Qf . Hence the theorem follows from Rouche's theorem.
1
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