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Abstract 

vi 

A numerical table is given for Lommel functions of two imaginary arguments. 
The values are obtained from a truncated Neumann Series, which was found 
empirically to be decidedly superior to simple numerical quadrature. 
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A Numerical Table of Lommel Functions' 

with Two Imaginary Arguments 

I. Properties of the Lommel Functions 

defined by the Neumann series: 
Lommel functions of two real arguments are generally 

The corresponding functions with imaginary arguments 
can be dehed  as : 

r, (w, 2 )  = i-"U, (iw, iz) = (:y+z* L + , m ( Z )  

m=0 

(3) 

'An earlier version of this text was deposited with the American 
Mathematical Society, and a short note about this work was pub- 
lished in Ref. 1. 

W 

0, (w, z )  = i-"V, (iw, iz) = (;)n+z** I"+,, (2) 

Whereas there exists a wide variety of computed tables 
for U ,  and V, of real arguments, there seems to exist 
only one such table for Y, and on, due to Kuznetsov, 
Ref. 2. These functions will no doubt find more and more 
applications in applied-mathematical problems, especially 
in their integral representations. For example, Kuznetsov 
used them in an electromagnetic problem, the author in 
a stellar-dynamics problem, and Goldstein, Ref. 3, in a 
heat-transfer problem; in all cases, they were used as 
integrals involving the hyperbolic Bessel functions. 

In this Report, the numerical table for Y,, Y,, eo and O1 
follows in Tables 1 and 2. Before discussing the range 
and grid of the table, it is necessary to give some prop- 
erties of these functions. All these properties can be 
readily derived from the corresponding properties for 
U ,  and V, given in Ref. 4. 
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Higher order functions can be computed from the 
recursion relations: 

0, (w, z) & 0,-1 (w, z) = 

and the cross-relations (16) 

Equations (1416) are only valid for positive z and w. 
Certain differential equations also express important 
properties of these functions: 

Yzn+l (w, z) + @-2,+1 (w, z )  = sinh (: + &) (7) 

(w, Z )  + (w, Z )  = cash - + - (; z"zJ 
The range of the table can be extended in w by the 
following expressions: 

o,(w,z) =r,(",z) uj 

For n > 1, the following integral representations will be 
found valid: (21) 

(22) 
Y, (w, Z )  = w * z ~ - ~  w (1 - t') Pdt azo, (w, z)  1 

= (;)z @,-' (w, 2) + - 0,-1 (w, z) 
@Z2 W 

(11) 
1 

1 11. Computation and Results 

mathematical tables now serve mainly for preliminary 
surveys of problems before machine-programming, and 
for rough checks of subprograms. In view of this, a table 
with wide range is often more useful than one of equal 
size but with a finer grid. It is in this spirit that we have 

1 (13) chosen for publication the following range and grid, 
2 although our computer program can yield results with a 

h e r  grid. 

(w, ') = Wnzl-n (l - t') Owing to the increasing use of automatic  compute^, 

(12) 

y, (w, 2) * Y,+l (w, 2) = 

~ 1 ~ z l - n  1' In-l (zt)  exp -w (1 - f2) tndt 

0, (w, z) = (- 1)n~z-n~n-l (a) w = 0.1 (0.1) 1.0, z = 0.1 (0.1) 1.0 for Y1, Yz, 01, eo 
(b) w = l (1)  z, 2=2(1)20 for Yl,Y2 

(14) (c) ui = 2(1)20, z = l ( l ) w  for o ~ , o ~  -P) 1 dt 
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This thus serves to extend the Kuznetsov table which has 
the range w’= 1(1)6, a = 0(1)6. Computation of (b) and 
(c) was effected by straightforward application of Eqs. (3) 
and (4), respectively. Computation of (a) was done by corn- 
bined usage of Eqs. (3), (4), (7) and (8). For w3= a = 0 
or w # 0, a ’= 0, the following properties should be noted: 

Y,(O,O) = oo(0,O) = l,Y,(O,O) = on(O,O) = 0 n ” l  

0 0  (w, 0) = 1, on(w,O) = 0 n l - 1  

We did not compute o0 and o1 for case (b) because 
Eqs. (7) and (8) can easily be applied to obtain these 
and furthermore, when z or w is large, we have, 

w zz oo ==: o1 z exp- + - 2 2w 

The same situation arises for Y, and Y, in the case of (c). 

In checking the values in this: table, we employed 
Eqs. (11) and (12) with the Simpson rule and found that 
such a method is decidedly inferior to the use of Eqs. (3) 
and (4) for computation. For example, it takes almost 
one and one half times as much computer time with 
Eqs. (11) and (12) as with Eqs. (3) and (4) to produce the 
same accuracy. All values given in the table are accurate 
to six signdieant figures. In the use of Eqs. (3) and (4), we 
have tried different numbers of terms in the series, viz, 6,9, 
12, 13, and found that in most cases nine terms are suffi- 
cient for the required accuracy. The number of terms used 
is indicated on the table by footnotes b-e as follows: 

bPrevious to this value of x, six terms are sufficient for the 
indicated accuracy. 

“Previous to this value of z, nine tenns are sufficient for 
the indicated accuracy and after this, twelve terms are 
sufficient for the indicated accuracy. 

dPrevious to this value of w, six terms are sufficient for the 
indicated accuracy. 

ePrevious to this value of w, nine terms are sufficient for 
the indicated accuracy and after this, twelve terms are 
sufficient for the indicated accuracy. 
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Table 1 .  First part of numerical table, w = 0.1-1 -0, z = 0.1-1 .O 

1 z !r, (w, zl !r, (w, zl 0, (w, z) 0, (w, zl 

w= c.1 
0.1 0,500834E-01" 0.125130t-02 0.500834E-01 0.1003l5t 01 
0.2 0o502713E-01 0.125443E-02 0o202341E 00 0.103016E 01 
0.3 0.5fJ585CE-01 Uo1259666-02 Co47C510E 00 O.112637k OL 
0.4 01510277E-01 0.126701E-02 0o905088E 00 0-138226E 01 
0.5 0-516OCCE-01 0.127651t-02 0.164678E 0 1  00196YC4E 01  
0.6 0.523053E-01 0.128819E-02 0.304899E 01 0.325724E 01 
0.7 C.531472E-01 0e130210E-02 Oe59970hE 0 1  0.61309YE 0 1  
0.8 C.54129St-01 (1.131828E-02 0.128216E 02  0.129132E 02 
0.9 0.552582E-01 0.133681C-02 0.301066t 02 0.30177LE 02 
1.05 0.565381E-01 0.135775E-02 0.779515E 02 0.780130E 02 

W' 0.2 
(J.1 Oo100292E 00 0.500832E-02 0.250339E-01 0 -  f*OO281E 01  
0.2 0.100664E 00 0.502086E-02 0.1006h8E 00 0.101505E 01 
G . 3  0.101297E 00  0.504179E-02 0.229455E 00 0,104824E 01 
604 Ci.10218Lt 0 0  0.507120t-02 0.418913E 00 OoL12255E 0 1  
0.5 0a103327E 00  0.510920E-02 0.686876t 00 0-126942E 01 
0 - 6  0.10473SIE 0 0  0.5155946-02 0m107046E 01 0.153792E 0 1  
0.7 c . ~ ~ w + L ~ E  0 0  o . w i i w ~ - o z  0 . 1 6 4 1 7 7 ~  01 0.200878t 01 
C.8 C.lU839CE 00  0.527636t-02 0.253724E 01 0e282304E 01 
0.9 0*110h4t?E 00 Oo535050t-02 0*4i)160bE 01  Oe424081E 01 
1 . O b  3.11320SE 0 0  0.54342YE-02 016581526 0 1  0.676357E 01 

W =  0.3 
2.1 0.150751E 00 0.112805E-01 O.lh6863E-01 0.100264E 01 
0.2 0 A 5 1 3 1 t E  00 Ooll3087E-01 0.67C50tE-01 001012ZbE 01 
0 .3  0,15226CE 00 O.lt3558E-01 0.152260E 00 0.103398E 01 
0.4 0.153589E 00 0.11422CE-01 0.275239E 00 0.107665E 0 1  
0.5 0.15530$t 00  0.115076E-01 0.442176E 00 0.115339E 01 

__- 0.6 0,15742tlE 00 0.116128E-01 O-hb4b89E 0 0  0,1283076 01 
U . 7  0.159958E OC Oo117381E-01 0.964451E 00 0.1493C)2€ 01 
0.8 Ool6292CE 0 0  Uo11883YE-01 0.137694E 01-0.182418E 01 
0.9 n. ibh3oiE 0 0  o . i 2 0 5 0 8 ~ - 0 i  0 .190298~  01 0.234036k 01 
l .Qb 0.170147E 00 0.122395E-01 0.282423E 0 1  0.314470E 01 

W =  0.4 
0.1 Co201587E U O  0.200835f-01 0.125160E-01 0.100258E 0 1  
0.2 0-2023416 00 Oe201336E-01 0.502713E-01 00101128E 01 
O m . 3  0.203602t 00 0.202175E-01 0.114009E 00 0.102901E 01 
0.4 0.205376E 00 0.203353E-01 0.265376E 0 0  0.106074k U l  
O n 5  01207672E 00 0.204875f-01 0-327559E.00 0.111374E 01 
0.6 0.2105C2E 0 0  0.206748t-01 0.486245E 00 0.119812E 01 
0.7 3 o 2 1 3 8 H C E  00 00208977E-01 0.6910146 00 0.132774E 01  
0.8 0.217823t 00 0.211571E-01 0.95737dE 00 0,152192t  0 1  
0.9 0.22235CE 00 0 . 2 1 4 5 4 1 E - 0 1 ~ 0 . 1 3 0 9 8 6 6  01 0-180821E 01 
l . O b  01227485E 00 Oe217898E-01 0.178679E 0 1  0-2227C5E 01 

w- 0.5 
0.1 0-252927E 00 ~ 0.314372E-01 0-10C127E-01 Oe100255E 01  
(1.2 0.2538715 00 0.315177E-01 0.402110t-01 0.101083E 01 
0.3 r3-25545CE 00 On316489E-01 0.911385E-01 0.102671E 01 
0.4 0.257672E 00 0.318332F-01 0.163912F 00 0.105340E 01 
0.5 Ca260548E 00 0.323713E-01 0-260548t  00 0.109555E 0 1  
O m 6  0.264092E 00 0.323642E-01 0.384449E 00 0.115953E 01 
0.7 0.268322E 00 0.327129E-01 0,541089E 00 0.12538lE 01 
(3.8 0.273259E 05 0.331197t-01 0.73897Bk 00 0.138977E 01 
0 - 9  0.278928E 00 0.335833E-01 0.991029€ 00 0.158283E 01 
l . O b  0.285359E 00 0.34lOR3E-01 0.13165hE 01 0.185432E 01 

'The printouts in fhis table are in FORTRAN E format 

*Previous to fhis value of z, six fermr ore sufficienf for the indicated accuracy. 
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Table 1 (contdl 

Z TI (w, zl !r, (w, zl 0, (w, zl 0, (w, zl 
W =  0.6 

0 .  1 0.304898E 00 0.453762E-01 0.83438-56-02 01100254f 0 1  
0.2 0.306034E 00 0-454893E-01 01335065E-01 0.101058E 01 
0.3 0.307933E 00 0.456785E-01 0.759177E-01 00102546E 0 1  
0.4 0.310606E 00 0.459443E-01 0-136417E 00 0 0  L04942E 0 1  
0.5 Oo314664E 00 0.462876E-01 0.21644bE 00 0.108572E O f  

0.7 0.323414E 00 0.472128E-01 0.445h56E 00 0.121432E 01 
0.9 0.336171E 00 0.484673E-01 0.800HL6E 00 0.146571E 0 1  
008 0.329352E 00 0.4779AOE-01 0.603836E 00 0.131999E 01 

1.0’ 00343905E 00 00492249E-01 0o104RllE 01  0.166475E 1‘31 
~~~ 

W= 0.7 
0.1 09357632E 00 0.619292t-01 0.715185E-02 0.100253E 01 
0 0 2  0.358961E 00 O.hZ0835E-01 0.287184f-01 Oo101043E 01 

0.4 0.364309E 00 0.627036E-01 O.llh838E 00 0.104703E 01 
0.3 0.361182E 00 0.h23413E-01 0.65C562f-01 01102471E 01 

0.5 0.3h8355E 00 0.631717E-01 0.185176f 00 0.1079806 01 
0.6 0.373341E 00 0.637475E-01 0.271797E 00 O . l l 2 6 3 C E 2  
0.7 0.379292E 0 0  00644330E-01 0-373292E 00 0.119074E 01 
0.8 0.38623RE 00 O.652309E-01 C.511444E 00 0.127858E 01 
0.9 0.3Y4214E 00 0.6514416-01 0.673672E 00 0.1396RbE 01 
l . O b  0,403261t  00 0.671762E-01 0.873636E 00 2.15546’Jt 01 

W =  0.8 
0.1 0.41125SE 00 00811396E-01 0.625786t-02 01100252k 01 
0.2 0.412782E 00 Oo813415E-01 0.251278E-01 0.1U1034E 01  
0.3 0.415330E 00 0.816789E-01 0.569150f-01 0.102422t 01 
0.4 Oo418913E 00 0-821530E-01 0.102182E 00 Oo104547E 01 
0.5 0.423552E 00 0.827656E-01 Oe161831E 00 0.107597E 0 1  
0.6 0o42926EE 00 0.835189t-01 Oa237224E 00 0*111823E 01 
0.7 0943609CE 00 0-844160E-01 0.33C353E 00 0.117552E 01 
0.8 0.444053E 00 0.854600E-01 0.444053E 00 0.125137Fr 01 
0.9 0.453196E 00 0,86655CE-01 0,582297E 00 Oe135288E 01- 
l.Ob 0-463567E 0 0  0.880055t-01 01750583E 00 0.148494f 01  

W= 0 0 9  
0.1 00465914E 00 0.103055E 00 0.556253E-02 0.100252E 01 
G.2 0.4676346 00 0o103311E 00 Om223354E-01 O.101027E 01 
0.3 0-47051CE 00 0-103739t  00 0.505856E-01 0.102389E 01 
0 - 4  0.47455hE 00 0-104341E 00 0-907968E-01 0.104441E 01 
0.5 0.479792k 00 O.LO5118E 00 0.143729E b 0 . 1 0 7 3 3 T E  0 1  
0 - 6  09486245E 00 0.196073E 00 0.21C502f 00 0.111272E. 01  
0-7 01493947t 00 0.107211E 00 0-292719E 00 0.1165136 01 

- 0.8  0.502936E 0 0  0.108535E 00 0.3926146 00 0-1233e5f 01 
0.9 0-513258E 00 0 . 1 1 0 0 5 ~  0.51325RE 00 0.1323b4E cl- 
1.0b 0.524965E 00 0.1117h3E 00 0.658827E 00 0.143787E 01 

w =  1.0 
0.1 0.521734E 00 0,127731E 00 0.50C627E-02 0.100251t 01 
0.2 0.523652fr 0 0  0.178048E 00 0.201015E-01 0.101023E 01 
0.3 0.52686CE 00 0.125578E 00 0.455234E-01 01102365E 01 
0.4 0.531373E 00 0.129322if 00 0.816969E-01 OeL04365E 01 
0.5 01537214E 00 0.130283k 00 0.12927rJE 00 0.107147E 01 
U.6 0.544412E 00 0.131466E 00 0.189218E 00 Oelli3878E 01 
0 - 7  01553003E 00 0.132874E 00 0o262850E 00 0.115771E 01 
0.8 0.56303Cf 00 0-134512E 00 OO352004E 00 00122095E U l  
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