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SUMMARY 

T h i s  p a p e r  d e a l s  w i t h  t h e  motion of  t h r e e  f i c t i t i o u s  
s a t e l l i t e s  of t h e  Moon i n  the  l u n a r  e q u a t o r i a l  p l a n e ,  t h e i r  
o r b i t s  w i t h  e c c e n t r i c i t i e s  of 0 . 1 8  b e i n g  a t  a d i s t a n c e  of 2 , 4  
and 8 l u n a r  r a d i i  from t h e  Moon. The motion t a k e s  p l a c e  i n  
t h e  g r a v i t a t i o n a l  f i e l d  o f  t h e  Moon under  t h e  i n f l u e n c e  of 
p e r t u r b a t i o n s  caused  by t h e  E a r t h  ( f i r s t  p r o b l e m ) ,  and of t h e  
Sun (second p rob lem) .  The e f f e c t  o f  t h e  f i g u r e  o f  t h e  Moon 
i s  n o t  t a k e n  i n t o  accoun t .  The Delaunay method, a p p l i e d  by 
him t o  Moon's a r t i f i c i a l  s a t e l l i t e s ,  i s  used  h e r e  f o r  t h e  
s o l u t i o n  of t h e s e  problems.  

of p e r t u r b a t i o n s  i n  t h e  motion o f  t h e s e  s a t e l l i t e s ,  induced  by 
t h e  E a r t h  and by t h e  Sun. 

The r e s u l t s  o b t a i n e d  a l low us  t o  judge  a b o u t  t h e  c h a r a c t e r  

* 
* * 

The q u e s t i o n s  l i n k e d  wi th  t h e  s t u d y  of t h e  motion of 
Moon's a r t i f i c i a l  s a t e l l i t e s  (AMs) o f f e r  a t  p r e s e n t  an unques- 
t i o n a b l e  i n t e r e s t ,  f o r  t h e  m a t e r i a l i z a t i o n  o f  t h e  l a u n c h i n g  of 
AMs i s  a problem of immediate f u t u r e .  A series o f  S o v i e t  as 
w e l l  as f o r e i g n  works are devoted  t o  t h e s e  q u e s t i o n s .  

O b s e r v a t i o n s  of mot ions  of AMs d u r i n g  p ro longed  t i m e  
i n t e r v a l s  w i l l  p r o v i d e  t h e  p o s s i b i l i t y  o f  making m o r e  p r e c i s e  
t h e  mass and t h e  f i g u r e  o f  t h e  Moon. S i n c e  t h e  Moon i s  devo id  
o f  a tmosphere ,  a l l  t h e  i r r e g u l a r i t i e s  i n  t h e  motion o f  AMs, 
which c o u l d  n o t  f i n d  t h e i r  e x p l a n a t i o n  i n  t h e  p e r t u r b i n g  a c t i o n s  
o f  t h e  E a r t h  and of t h e  Sun, w i l l  be  f u l l y  a s c r i b e d  t o  t h e  i n -  
f l u e n c e  of Moon's n o n s p h e r i c i t y  and w i l l  allow us  t o  draw con- 
c l u s i o n s  a b o u t  i t s  t r u e  shape.  Such c o n c l u s i o n s  may be a t t a i n e d  
o n l y  on t h e  b a s i s  of mot ions  of close Moon's s a t e l l i t e s ,  s i n c e  
f o r  remote s a t e l l i t e s  t h e  p e r t u r b a t i o n s  due t o  Moon's shape  are 
s m a l l  by comparison w i t h  t h e  p e r t u r b a t i o n s  due t o  t h e  E a r t h .  

I t  was shown i n  t h e  work by Aksenov and Demin [ I ]  t h a t  f o r  
close s a t e l l i t e s  ( 5 0 0  km from t h e  s u r f a c e  o f  t h e  Moon) t h e  per- 
t u r b i n g  a c t i o n s  o f  t h e  E a r t h  and of  t h e  Moon's shape  are almost 
i d e n t i c a l .  
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However, t h e  c o n d i t i o n s  of o b s e r v a t i o n  o f  c l o s e  Moon's 
s a t e l l i t e s  from t h e  E a r t h  a r e  b e s e t  w i t h  f a i r l y  g r e a t  d i f f i -  
c u l t i e s .  I t  w i l l  be somewhat easier  t o  o b s e r v e  t h e  remote  
s a t e l l i t e s ,  b u t  by t h e i r  motion one may o n l y  r e f i n e  t h e  m a s s  
o f  t h e  Moon. But f o r  t h e  r e f i n i n g  o f  t h e  m a s s  o f  t h e  Moon by 
t h e  motion of remote s a t e l l i t e s ,  as w e l l  as f o r  t h e  d e t e r m i -  
n a t i o n  of t h e  t r u e  shape  o f  t h e  Moon by t h e  motion of  c l o s e  
s a t e l l i t e s  it i s  p r e r e q u i s i t e  t o  have a t h e o r y  of t h e i r  mot ion  
a l l o w i n g  one t o  a c c o u n t  w i t h  g r e a t  p r e c i s i o n  f o r  t h e  p e r t u r b a -  
t i o n s  due t o  E a r t h  and p o s s i b l e  a l s o  t h o s e  due t o  t h e  Sun. 

The s t u d y  of t h e  motion o f  AMs by t h e  method of n u m e r i c a l  
i n t e g r a t i o n  w a s  unde r t aken  i n  t h e  work by Brumberg, K i r p i c h n i k o v  
and Chebotarev  i n  1 9 6 1 ,  [ 2 1 .  

The p r e s e n t  work a i m s  a t  a s c e r t a i n i n g  t h e  p o s s i b i l i t y  of 
a p p l y i n g  t h e  l u n a r  Delaunay method t o  t h e  s t u d y  of  t h e  motion 
of AMS and t o  d e t e r m i n e  by t h i s  method t h e  c h a r a c t e r  o f  p e r t u r -  
b a t i o n s  induced  by t h e  i n f l u e n c e  of  t h e  E a r t h  and o f  t h e  Sun 
as a f u n c t i o n  of  t h e  d i s t a n c e  o f  t h e  s a t e l l i t e  from t h e  Sun. 

I .  STATEMENT O F  THE PEOBLEM 

L e t  u s  c o n s i d e r  t h e  motion of a n  AMs o f  zero  mass i n  t h e  
Moon's g r a v i t a t i o n a l  f i e l d  under t h e  a c t i o n  of p e r t u r b a t i o n s  
induced  by t h e  E a r t h ' s  i n f l u e n c e .  The i n f l u e n c e  o f  Moon's 
shape  i s  n o t  t a k e n  i n t o  account .  A l l  t h e  t h r e e  b o d i e s  are 
c o n s i d e r e d  as mater ia l  p o i n t s  w i t h  masses m (Moon), m '  ( E a r t h )  
and n . , = O  ( s a t e l l i t e ) .  I t  i s  assumed t h a t  t h e  E a r t h  moves 
r e l a t i v e  t o  t h e  Moon a l o n g  a n  e l l i p s e  o f  which t h e  major  s e m i -  
a x i s  i s  de te rmined  by t h e  r e l a t i o n  

k? ( m  -I- m') (p =-- 
"'2 

where n '  i s  t h e  mean d a i l y  motion of t h e  E a r t h  v i s i b l e  from t h e  
Moon, o r ,  which i s  t h e  same, - t h e  mean d a i l y  motion of t h e  Moon. 

W e  s h a l l  c o n s i d e r  t h e  motion o f  t h e  s a t e l l i t e  i n  a s e l e n o -  
c e n t r i c a l  r e c t a n g u l a r  sys tem of c o o r d i n a t e s ,  o f  which t h e  b a s i c  
p l a n e  i s  assumed t o  be t h e  l u n a r  o r b i t  p l a n e .  
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L e t  x ,  y ,  z be t h e  c o o r d i n a t e s  of t h e  s a t e l l i t e  and  
X I ,  y '  z' t h o s e  of  t h e  E a r t h  ( F i g . 1 ) .  The d i f f e r e n t i a l  e q u a t i o n s  
of motion of t h e  Moon'? satnllite are a s  f o l . l r , w s :  

where 

rn' - .  -~ m' (xx' + yy' -t- zz') 
-1- ~ _ _ _  R= - 

d ( s '  - x)' -+- (y' - y)' -e (z' - z)? ,3 

( F o r  t h e  s a k e  of b r e v i t y  w e  s h a l l  d r o p  t h e  f a c t o r  K2 i n  
t h e s e  f o r m u l a s  as w e l l  as s u b s e q u e n t l y ) .  T o  t h e  s o l u t i o n  o f  
t h i s  sys t em w e  s h a l l  a p p l y  t h e  method of a r b i t r a r y  c o n s t a n t s '  
v a r i a t i o n .  
t i o n ,  Eqs. ( I )  w i l l  r e p r e s e n t  an u n p e r t u r b e d  motion.  The s o l u  
t i o n  of t h e  problenl o f  unpe r tu rbed  e l l i p t i c a l  motion i s  v i e 1 1  
known t o  u s .  I t  i s  g i v e n  by t h e  formulas  

I f  w e  n e g l e c t  a t  t h e  o u t s e t  t h e  p e r t u r b a t i o n  func -  

A' = r (cos v cos h - sin v sin 11 cos 11, 
9 = r (cos v sin h-i-sin v COS h COS 11, 

z = r sin v sin I ,  
. .  

- 
E - e sin E= I = n (t  -1- c), n = i s  , 

r = a (1 - ccos E), 
L (3) 

where a ,  e ,  i ,  h ,  g ,  c are s i x  i n t e g r a t i o n  c o n s t a n t s  which are 
e l e m e n t s  of e l l i p t i c a l  motion. I f  i n  F i g .  I Il i s  t h e  s a t e l l i t e ' s  
p e r i g e e  p o i n t ,  N i s  t h e  ascending  node of t h e  o r b i t  t h e n  

g = NH i s  t h e  d i s t a n c e  from p e r i g e e  t o  t h e  node ( w ) * ,  
h = xN i s  t h e  l o n g i t u d e  of t h e  a scend ing  node ( n ) ,  

u = NK i s  t h e  argument of  t h e  l a t i t u d e  ( u ) ,  

c = -_T i s  t h e  moment of  t i m e  c o r r e s p o n d i n g  t o  p a s s a g e  

I n  o r d e r  t o  i n t e g r a t e  t h e  t o t a l  sys t em of e q u a t i o n s  ( I )  w e  

i i s  t h e  i n c l i n a t i o n  o f  t h e  o r b i t  t o  t h e  b a s i c  p l a n e ,  

i s  t h e  mean anomaly ( M ) ,  

th rough p e r i g e e  w i t h  o p p o s i t e  s i g n ,  

s h a l l  assume t h a t  t h e  q u a n t i t i e s  a ,  e ,  i ,  h ,  g and  c bccome 
v a r i a b l e  i n  such  a way, however,  t h a t  i n  t h e  r ea l  motion 

*The d e n o t a t i o n s  i n  p a r e n t h e s i s  are a f t e r  Subbo t in  1 9 4 1 ,  [3]. 
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' I C  ,/I1 . I . -  
X, Y, =, --,(-, - d t - ,  dc 
e l l i p t l c a l  motion.  The  l a t t e r  a re  g iven  by fo rmulas  [ 3 ]  and 
fo rmulas  o b t a i n e d  a s  a r e s u l t  o f  t h e i r  d i f f e r e n t a t i o n .  

c a n o n i c a l  e l e m e n t s  of Delaunay 

t i l2y p r e s e r v e  the same e x p r e s s i o n s  as  i n  t h e  

L e t  us  i n t r o d u c e  i n s t e a d  of e l l i p t i c a l  e l e m e n t s ,  t h e  

8- 

(4) L = \Ifnu, C = \'ma (1 - e'"), H = Ccos i, \ . 
1, 6, 11. J 

These new v a r i a b l e s  must s a t i s f y  t h e  c a n o n i c a l  d i f f e r e n t i a l  
e q u a t i o n s  (Subbot in  1937 [ 3 ]  ) .  

where 

The i n t e g r a t i o n  of t h e  sys tem ( 5 )  g i v e s  t h e  v a l u e s  of 
L ,  G ,  H ,  1, 9, h i n  t h e  form of f u n c t i o n  of t i m e  and s i x  a r b i t r a r y  
cons  t a n  t 3 .  

W e  s h a l l  seek e x p r e s s i o n s  f o r  t h e  s e l e n o c e n t r i c a l  l o n g i -  
t u d e ,  l a t i t u d e  and r a d i u s - v e c t o r .  I f  w e  d e n o t e  t h e  l o n g i t u d e  
XP by V ,  l a t i t u d e  P K  by U ( F i g . I . 1 ,  by c o n s i d e r i n g  t h e  t r i a n g l e  
N K P ,  w e  s h a l l  o b t a i n  t h e  r e l a t i o i l -  

i 
W e  s h a l l  d e n o t e  s i n y = T  and expand V and U i n  series by 

powers 7 to t h e  s e v e n t h  o r d e r  r e l a t i v e  t o  t h i s  q u a n t i t y .  W e  
s h a l l  have [51 (1860)  

i 
1 1 1 3 ] ( 8 )  
4 3 '  4 

) V = h + v - (y2-t- y4+ 7')'sin 2 v  + (-!- ,A + 

U= (2; - - f) sin v - (- v3 +- 7 5 )  sin 3 v + x  75sin 5 v .  

sin 4 v  - 7'' sin 6v, ' 2  ' 

The expans ion  i n  series of c o o r d i n a t e s  of  e l l i p t i c a l  motion 
g i v e s  f o r  v and r e x p r e s s i o n s  of t h e  form [71  : 

- r -  .- - A,+ A,  COS 1 -1-A2 COS 21 - I - .  . ., 
v = g-t- I -I- B, sin 1 -t- B, sin 21 4- . . . , 

i n  which t h e  c o e f f i c i e n t s  Ai and B i  a r e  f u n c t i o n s  of  e .  L e t  u s  
s u b s t i t u t e  t h e  second o f  r e l a t i o n s  ( 9 )  i n t o  formulas  ( 8 )  and  
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expand i n  series, p r e s e r v i n g  t h e  t e r m s  t o  t h e  7 t h  order re la t ive  
t o  e and 7. W e  s h a l l  t hus  ob ta in  t h e  e x p r e s s i o n s  f o r  t h e  l o n g i -  
t u d e  and l a t i t u d e  i n  the e l l i p t i c a l  motion. W e  s h a l l  a lso t a k e  
advantage lof  t h e  f i r s t  formula i n  ( 9 )  f o r  t h e  format ion  of t h e  
v a l u e  of r. A l l  t h i s  g i v e s  

I V=h-+g- t - l+z  A sin(al+Pg), 
U= 2' A'sin (a'l-i-Pg), 
1 
t 
- = 2 A" COS a"I, 

where A ,  A '  and A" are f u n c t i o n s  of e and 7. I f  w e  s u b s t i t u t e  
i n t o  t h e  e x p r e s s i o n s  (IO) t he  va lues  of io, e, 7, I, g , h ,  o b t a i n e d  
as a r e s u l t  of i n t e g r a t i o n  of t h e  system o f  E q s .  (5), w e  s h a l l  
have t h e  c o o r d i n a t e s  of t h e  s a t e l l i t e ,  t a k i n g  i n t o  account  t h e  
p e r t u r b i n g  a c t i o n  of t h e  Ear th .  

2. APPLICATION O F  THE DELAUNAY METHOD 

The s t a t e m e n t  o f  t h e  problem i n  t h e  f o r m  of t h e  p reced ing  
s e c t i o n  i s  f u l l y  i d e n t i c a l  t o  t h e  problem se t  up and r e s o l v e d  by 
Delaunay i n  t h e  case of motion of the Moon r e l a t i v e  t o  t h e  E a r t h ,  
t a k i n g  i n t o  account  t h e  p e r t u r b a t i o n s  f r o m  t h e  Sun. T h i s  i s  why 
w e  may apply  t o  t h e  problem s ta ted t h e  Delaunay method u t i l i z e d  
by him when c o n s t r u c t i n g  t h e  theo ry  of t h e  motion of Moon. 

L e t  u s  b r i e f l y  pause a t  t h e  e s sence  of t h i s  method. I n  t h e  
Delaunay method t h e  expansion of t h e  f u n c t i o n  R w a s  ach ieved  as 
fo l lows .  The v a l u e s  of x ,  y ,  z ,  expres sed  by formulas  of e l l i p -  
t i c a l  motion are s u b s t i t u t e d  i n t o  formula ( 6 )  i n  t h e  form of 
f u n c t i o n s  of t i m e  and s i x  constantc: L , i  G ,  H ,  I ,  g, h. In t roduced  
i n s t e a d  of L ,  G ,  H are a ,  e and Y=sin-j-* Then-R is  a l r e a d y  ex- 
p r e s s e d  as a f u n c t i o n  of t i m e  a n d - c o n s t a n t s  a, e, y, I, g, h. Delaunay 
c o n s i d e r s  t h a t  x' , y '  z '  , which a r e  t h e  c o o r d i n a t e s  of t h e  Sun 
( i n  o u r  problem they  a r e  t h e  c o o r d i n a t e s  of t h e  E a r t h ) ,  are ex- 
p r e s s e d  by formulas analogous t o  formulas  ( 3 ) .  

by S ,  w e  s h a l l  have tile r e l a t i o n  
I f  w e  d e n o t e  the c o s i n e  of t h e  ang le  between v e c t o r s  r and r '  

(11) 
( 1 2 )  

xx'+yy'+zz'=rfS, 

(XI  - xl2-i- (y' - g)%- (2/ - 2)' = rr2 4 r~ - 2 r r ' ~ .  

Taking t h i s  i n t o  account ,  f u n c t i o n  R may be w r i t t e n :  

___--- 
L e t  u s  denote  vr'2-i-? -2dS = A  The q u a n t i t y  & may be ex- 

-5 panded i n  series bv powers of s m a l l  maqnitude 
m 
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where Pn (SI  are  Legendre polynomials  
1 p2 = LS? - -_ 

2 2 '  

2 

Po= 1, 

PI = s, P3=--s"Ts...  5 3 

If  i n  t h e  p e r t u r b a t i o n  f u n c t i o n  w e  r e j e c t  t h e  term 
which i s  n o t  dependent  on l u n a r  o r b i t  e l emen t s  ( i n  t h e  Dglkunay 
p rob lem) ,  R w i l l  have t h e  foym 

S ince  Delaunay chose f o r  t h e  bas i c  p l ane  t h e  e c l i p t i c  p l a n e  
( i n  o u r  case i t  i s  t h e  Moon's o r b i t  p l a n e ) ,  170 and consequen t ly ,  
z ' = O .  Taking i n t o  account  t h e  e x p r e s s i o n  sinT=Y, t h e  coordi  
n a t e s  x ,  y 2nd x' , y ' 1~a-7 ':L -.iri t t e n  i n  t h e  form 

r 
-- * ' -  -cos (v -  I -  /])-I- 'Lyzsin v sin I t ,  -j- -COS (-4' -l-h'), 

-11 . \ i r i ( ,  i /t) - ' ~ - ; ' j s i l r . d c o s / t ,  -I/,'- = s i n ( i - + - / i ) .  
( 1 4 )  

s - 

Then, acco rd ing  t o  formula (11) , S may be expres sed  through V, d ,  
11, h' and y. S u b s t i t u t i n g  e x p r e s s i o n s  ( 1 4 )  i n t o  ( 1 1 1 ,  w e  s h a l l  
o b t a i n  a f t e r  t r anFfo rma t ions  

s= (1 - ~ ~ ) C O S ( v - i - / h - v v ' - l h ' ) - i - - ; ~ C O S  (v - I l - k V ' - t - / i ) .  
(15) 

I n  o r d e r  t o  o b t a i n  t h e  polynomials  e n t e r i n g  i n  (13)  it i s  
n e c e s s a r y  t o  o b t a i n  t h e  powers S 2 ,  S 3 ,  ... Transforming i n  S 2 ,  S3... 
t h e  powers of c o s i n e s  i n t o  cos ines  of m u l t i p l e  a n a l e s  and neg- 
l e c t i n g  t h e  powers o f  t h e  sma l l  pa rame te r  T, heg inn ing  w i t h  a 
c e r t a i n  o r d e r ,  l e t  us s u b s t i t u t e  them i n t o  t h e  kunct ion  R. Delau- 
nay p r e s e r v e d  i n  t h e  expansion of J? t h e  s m a l l  q u a n t i t i e s  t o  t h e  
e i g h t h  o r d e r  i n c l u s i v e  Parameters e,  'i, e' are c o n s i d e r e d  quan- 
t i t i e s  o f  f i r s t  o r d e r ,  b u t  5 and,  coi lseyuent ly  < as q u a n t i t i e s  o f  
second order v a l u e .  Inasmucil a s - t h e  f i r s t  p e r i o d i c a l  t e r m  i n  R 
( fo rmula  ( 1 3 ) )  h a s  a r n u l t i p l i ? , r - - ,  r- one may o b v i o u s l y  n e g l e c t  t h e  
q u a n t i t y  7O. r tL  

The expans ion  o f  R g ives  a series o f  t e r m s  o f  t h e  form 
rP - r,p+l ,2P , cos[QvtQ'(v ' - ( -h ' )+ah] ,  

Now R h a s  t o  be expanded by powers e and e ' .  To t h a t  
e f f e c t ,  t a k i n g  advantage of formulas  of e l l i p t i c a l  motion ( 9 )  w e  
f o r m  expans ion  of t h e  form 

_I_ cos [q' ( v ' 4  A')] 
r * ~ + l  sin 

and s u b s t i t u t e  them i n  e x p r e s s i o n s  (16). 
Thus, Delaunay f i n a l l y  o b t a i n s  t h e  expans ion  of R i n  t h e  
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form 
/< Z= -- 1,'- 2 A ( * ( ) \  1 i/ t-i';/ 1- i l l / ,  i i I l l  1' - i IV ( ;r ' -  1- /i')], 

( 1 7 )  
where A and B a r e  polynomia ls ,  d i s p o s e d  by powers o f  t h e  q u a n t i t y  

Iiuwers, p o s i t i v e  and n e g a t i v e .  
The method of i n t e g r a t i o n  o f  d i f f e r e n t i a l  e q u a t i o n s  c o n s i s t s  

i n  t h a t  Delaunay se lec ts  i n  sequence  one of  t h e  p e r i o d i c a l  t e r m s  
f rom t h e  p e r t u r b a t i o n  f u n c t i o n .  A t  t h e  o u t s e t  h e  i n t e g r a t e s  
e q u a t i o n s  w i t h  such  a p e r t u r b a t i o n  f u n c t i o n  i n  which n o n p e r i o d i c a l  
t e r m s  are p r e s e r v e d  w i t h  only one p e r i o d i c a l  t e r m .  A s  a r e s u l t  
of t h i s  i n t e g r a t i o n  L ,  G ,  H ,  i ,  g ,  h are  o b t a i n e d  i n  t h e  form of 
t r i g o n o m e t r i c  ser ies ,  of which t h e  c o e f f i c i e n t s  a re  dependent  on 
s i x  a r b i t r a r y  c o n s t a n t s .  These a r b i t r a r y  c o n s t a n t s  are  assumed 
t o  b e  t h e  new v a r i a b l e s  and t h e  s o l u t i o n  o b t a i n e d  i s  s u b s t i t u t e d  
i n  t h e  i n i t i a l  d i f f e r e n t i a l  e q u a t i o n s .  Then a v a r i a b l e  s u b s t i -  
t u t i o n  t a k e s  p l a c e  s o  as t o  e l i m i n a t e  t h e  appea rance  of t o u t s i d e  
t h e  s i g n s  of s i n e s  and c o s i n e s .  A t  t h e  same t i m e  t h e  selected 
p e r i o d i c a l  t e r m s  i n  t h e  p e r t u r b a t i o n  f u n c t i o n  v a n i s h e s ,  w h i l e  no  
new p e r i o d i c a l  t e r m s  a p p e a r .  The whole p r o c e s s  i s  r e p e a t e d ,  
whereupon t h e  c o e f f i c i e n t s  of p e r i o d i c a l  t e r m s  i n  R become of 
h i g h e r  o r d e r  r e l a t i v e  t o  pa rame te r s  C, e', -;, :,-, as t h e  number of 
s u c h  o p e r a t i o n s  i n c r e a s e s .  

t h e  p e r t u r b a t i o n  f u n c t i o n  i s  r educed  t o  a s i n g l e  n o n p e r i o d i c a l  
t e r m  and a series o f  p e r i o d i c a l  t e r m s  o f  which t h e  c o e f f i c i e n t s  
are so  s m a l l  t h a t  t h e s e  terms can be  n e g l e c t e d .  The l a t t e r  ope- 
r a t i o n  r educes  t h e  p e r t u r b a t i o n  f u n c t i o n  t o  t h e  f o l l o w i n g  form: 

b 
e ,  c!! *;, ;/ and c o n t a i n i n g  t h e  m u l t i p l i e r  * r : .  i, if, ;ii, iiiI i I V  a re  w ' i o l e  

rJ ' 

Delaunay conducted 4 9 7  such o p e r a t i o n s ,  as a r e s u l t  of which 

(For  Delaunay , in  t h i s  formula p=kc2 ( M + m ) ,  where M i s  t h e  mass 

The r e l a t i o n s  l i n k i n g  a,  e ,  7 w i t h  t h e  l a s t  v a r i a b l e s  L ,  G ,  H 
o f  t h e  E a r t h  and m i s  t h e  mass of t h e  Moon). 

are reduced  t o  t h e  f o l l o w i n g  f o r m :  

The f i r s t  t h r e e  o f  E q s . ( 5 )  show t h a t  t h e  I,, G ,  H ,  and 
c o n s e q u e n t l y  a,  e ,  too are c o n s t a n t s ,  w h i l e  t h e  l a s t  t h r e e  
e q u a t i o n s  g i v e  

<I[  - d p  rlll - .- - 1  - - -= <it 09 dr A'(#, 27 = " 0 ,  
(20) 



On Oa u y  
and q u a n t i t i e s  74,. 3 ~ ’  OH are d e r i v e d  from fo rmulas  (19). 

The i n t e g r a t i o n  of Eqs ( 2 0 )  g i v e s  

where i i h  (?h ( / I )  are t h r e e  a r b i t r a r y  c o n s t a n t s .  Delaunay i n t r o -  
duced f o u r  basic  arguments:  u=h-!-g-!-/-/~ - A r ’ - l ’  i s  t h e  a n g u l a r  
d i s t a n c e  o f  t h e  Moon f r o m  t h e  Sun, 7=.:-1-/ i s  t h e  mean a n g u l a r  
d i s t a n c e  of t h e  Moon from i t s  ascendi i ly  node,  1 i s  t h e  mean ano- 
mal:. of t h e  Moon; h e  deno ted  by _m t h e  r a t i o  of mean d a i l y  
mot ions  of t h e  E a r t h  and of t h e  Sun: In=-. n‘ 

I1 

Thus, Delaunay i n t e g r a t e d  Eqs.  ( 5 )  by way of q u i t e  cumbersome 
algebric  c a l c u l a t i o n .  The q u a n t i t i e s  L ,  C ,  T 7  c o n s t i t u t e  t r i g o -  
n o m e t r i c  series by m u l t i p l e  arguments D ,  F,  1, l’, an? the q u a n t i t i e s  
i , g ,  h s t i l l  have  one t e r m  p r o p o r t i o n a l  t o  t . 1  -. 1lii.s e s s e n t i a l  
r e s u l t ,  stemming from t h e  theo ry  o b t a i n e d ,  g i v e s  a n a l y t i c a l  ex- 
p r e s s i o n s  f o r  t h e  mean m o t i o n s  of  t h e  node c&--(/l,,) and of  t h e  
p e r i g e e  d;- = ( / t , , - i - ; r , , ) .  They c o n s t i t u t e  series by powers  e ,  7 ,  ;;; 
and m. 

The u l t i m a t e  Delaunay’s  a i m  w a s  t o  o b t a i n  e x p r e s s i o n s  f o r  
t h r e e  c o o r d i n a t e s  of  t h e  Moon ( l o n g i t u d e  V ,  l a t i t u d e  U and t h e  
q u a n t i t y  1) t a k i n g  i n t o  a c c o u n t  t h e  p e r t u r b i n g  a c t i o n  o f  t h e  Sun. 
The e l l i p t i c a l  v a l u e s  of  V ,  U and  $ were o b t a i n e d  i n  t h e  form 
(IO). A s  a r e s u l t  o f  a l l  t h e  o p e r a t i o n s  conducted  Delaunay 
o b t a i n e d  a s y s t e m  o f  t r a n s f o r m a t i o n  fo rmulas .  Being s u c c e s s i v e l y  
a p p l i e d  t o  t h e  f u n c t i o n  R ,  t h e s e  formulas  e l i m i n a t e d  f r o m  i t  t h e  
p e r i o d i c a l  t e r m s  one  a f t e r  t h e  o t h e r ,  and b e i n g  a p p l i e d  t o  V ,  
U ,  &, t h e y  i n t r o d u c e d  i n t o  t h e m  p e r i o d i c a l  t e r m s  o r  i n e q u a l i t i e s .  

Delaunay b r i n g s  f o r t h  a t  t h e  end  o f  h i s  t w o  volume work [5 :  
t h e  complete  l i t e r a l  e x p r e s s i o n s  f o r  V ,  U ,  and E. They have  t h e  
f o l l o w i n g  form: 

dt 

where 
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i ,  j ,  j l  , k b e i n g  whole numbers, p o s i t i v e  or z e r o .  The arguments  
are e x p r e s s e d  through e l l i p t i c a l  e l emen t s  i n  t h e  f o l l o w i n g  
manner: 

d z  I = Mo -1- (R - -) dr t ,  

The S u b b o t i n ' s  d e n o t a t i o n s  w e r e  ahop ted  i n  t h e s e  f o r m u l a s ,  
whereupon t h e  s t r o k e s  r e f e r  t o  e l emen t s  o f  t h e  Sun i n  t h e  t h e o r y  
o f  t h e  Moon. 

i n t o  t h i s  f i n a l  r e s u l t .  A s  a mat te r  o f  f a c t ,  i n  t h e  t h e o r y  o f  
Moon's motion t h e  motion o f  t h e  Sun i s  c o n s i d e r e d  as a t r a n s l a -  
t i o n  a l o n g  an  e l l i p s e ,  whose major  s e m i a x i s  i s  de te rmined  by t h e  
r e l a t i o n  

I t  remains t o  be  n o t e d  t h a t  a c o r r e c t i o n  i s  t o  be i n t r o d u c e d  

where M i s  t h e  sum of t h e  masses of t h e  E a r t h  and o f  t h e  Moon. 
H o w e v e r ,  i n  t h e  e q u a t i o n s  of motion o f  t h e  Moon i t  i s  assumed, 
f o r  t h e  s a k e  of s i m p l i c i t y ,  t h a t  i n  t h e  p e r t u r b a t i o n  f u n c t i o n  

, i . e . ,  t h e  masses o f  t h e  E a r t h  and o f  t h e  Moon are 
n e g l e c t e d .  T h i s  i n a c c u r a c y  i s  f i i l l y  t a k e n  i n t o  accoun t  i f  i n  
t h e  f i n a l  r e s u l t  a l l  c o e f f i c i e n t  3 f  s o l a r  i n e q u a l i t i e s  are 
m u l t i p l i e d  by t h e  q u a n t i t y  (1 - M/m'), 
l a t t e r  i s  t o  move around t h e  Moon a l o n g  an  o r b i t  w i t h  e l e m e n t s ,  
f o r  which t h e  v a l u e s  o f  t h e  Delaunay pa rame te r s  are close t o  t h e  
v a l u e s  o f  t h e s e  p a r a m e t e r s  i n  t h e  t h e o r y  o f  motion o f  t h e  Moon, 
w e  may u t i l i z e  t h e  r e a d y  l i t e r a l  Delaunay expans ions  and  o b t a i n  
fo rmulas  f o r  t h e  d e t e r m i n a t i o n  o f  s e l e n o c e n t r i c a l  c o o r d i n a t e s  of 
t h e  AMs w i t h  a p r e a s s i g n e d  p r e c i s i o n .  Obv ious ly ,  t h i s  p r e c i s i o n  
i s  l i m i t e d  by t h e  p o s s i b i l i t y  o f  a p p l i c a t i o n  o f  t h e  g i v e n  t h e o r y  
t o  a c o n c r e t e  s a t e l l i t e  sys tem.  I f  o p t i c a l  o b s e r v a t i o n s  o f  t h e  
l u n a r  s a t e l l i t e  are conducted from t h e  E a r t h ,  no  g r e a t  p r e c i s i o n  
i s  r e q u i r e d  of t h e  s e l znocen t r i ca l  c o o r d i n a t e s  f o r  o b t a i n i n g  
s u f f i c i e n t l y  good g e o c e n t r i c  p o s i t i o n s .  And t h i s  i s  why t h e  
v a l u e s  o f  t h e  p a r a m e t e r s  may b e  somewhat o v e r r a t e d  by comparison 
w i t h  t h e  p a r a m e t e r s  f o r  t h e  Moon, so  t h a t  one may f u l l y  u t i l i z e  
t h e  Delaunay f o r m u l a s .  

Thus,  f o r  examplea i f  t h e  t h e o r y  g i v e s  u s  V and U w i t h  a 
p r e c i s i o n  t o  0 . 0 1  and 7 wi th  a p r e c i s i o n  t o  0.0001,  w e  s h a l l  
c o r r e s p o n d i n g l y  o b t a i n  f o r  a s a t e l l i t e ,  moving a t  t h e  d i s t a n c e  
o f  2 , 4  and  8 l u n a r  r a d i i ,  t h e  g e o c e n t r i c  c o o r d i n a t e s  a and 6 
w i t h  a p r e c i s i o n  t o  r e s p e c t i v e l y  2 , 4  and 5 seconds  o f  a rc .  

F o r  t h e  i n v e s t i g a t i o n  of t h e  c h a r a c t e r  o f  i n e q u a l i t i e s ,  
i nduced  i n  t h e  motion of AMs by t h e  p e r t u r b i n g  a c t i o n  o f  t h e  E a r t h  
and  a l s o  o f  i n e q u a l i t i e s  induced by t h e  S u n ' s  p e r t u r b a t i o n ,  w e  

k ( m l = a l  3nl 2 

L e t  u s  r e t u r n  t o  o u r  probiLitm of motion o f  an  AMs. I f  t h e  
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c o n s i d e r e d  t h r e e  t y p e s  of o r b i t s  of  AMs. I n  a l l  cases t h e  motion 
t a k e s  p l a c e  a t  t h e  i n i t i a l  moment i n  t h e  e q u a t o r i a l  p l a n e  o f  t h e  
Moon a l o n g  an e l l i p s e  w i t h  e c c e n t r i c i t y  e=0.18 ,  and  t h e  major 
semiaxes  are chosen r e s p e c t i v e l y  as follows: 

I .  a=2 l u n a r  r a d i i  = 3473km; 
11. a=4 l u n a r  r a d i i  = 6947km; 

111. a=8 l u n a r  r a d i i  = 13894km. 

I f  w e  a p p r a i s e  t h e  series o b t a i n e d  by Delaunay f o r  t h e  
c o o r d i n a t e s  by t h e  b a s i c  r e j e c t e d  t e r m  of t h e  f o r m  Be7s in  72 
( 6  i s  a n u m e r i c a l  c o e f f i c i e n t  close t o  t h e  u n i t y )  as i s  done by  
Tokmalayeva [ 4 1 ,  t h e  error of  t h e  series fo r  t h e  l o n g i t u d e  and  
l a t i t u d e  i n  t h e  a p p l i c a t i o n  t o  o u r  problem i s  approx ima te ly  
0 .001" .  

t h e  c o o r d i n a t e s  o f  t h e  AMs s t u d i e d  by u s  w i t h  a p r e c i s i o n  t o  
0.01", t h e  expans ions  of Delaunay are  m o r e  t h a n  s u f f i c i e n t .  The 
v e r y  s a m e  estimate a l l o w s  t h e  c o n c l u s i o n  t h a t  fo r  e q u a t o r i a l  
s a t e l l i t e  of t h e  Moon i n  g e n e r a l ,  moving a t  a d i s t a n c e  f r o m  t h e  
Moon of no  more t h a n  8 l u n a r  r a d i i ,  t h e  Delaunay method a l l o w s  us  
t o  o b t a i n  t h e  s e l e n o c e n t r i c a l  c o o r d i n a t e s  w i t h  a p r e c i s i o n  t o  
0.01" o n l y  f o r  o r b i t s  w i t h  an e c c e n t r i c i t y  n o t  e x c e e d i n g  0.275. 

As t o  o r b i t s ,  n o t  l y i n g  w i t h i n  t h e  l u n a r  e q u a t o r i a l  p l a n e ,  
t h e  q u e s t i o n  as t o  t h e  p o s s i b i l i t y  of a p p l y i n g  t h e  Delaunay 
method f o r  such  i n c l i n a t i o n s  must be  examined s e p a r a t e l y .  

From t h e  above it may be concluded  t h a t  i n  order t o  o b t a i n  

3 .  INEQUALITIES INDUCED BY THE ACTION O F  THE EARTH 

For  t h e  s o l u t i o n  of t h e  problem MOON - AMs - EARTH one must 

P l a c i n g  t h e  Moon i n  t h e  c e n t e r  of t h e  s y s t e m  o f  c o o r d i n a t e s  
have the E a r t h ' s  o r b i t  e lements  re la t ive  t o  t h e  Moon. 

( F i g . 2 )  and c o n s i d e r i n g  t h e  motion of t h e  E a r t h  f r o m  t h e  Moon, 
w e  s h a l l  have  t h e  e l emen t s  of  t h e  E a r t h ' s  o r b i t  r e l a t ive  t o  t h e  
Moon, which are t h e  same a s  t h e  Moon's o r b i t  h a s  r e l a t ive  t o  t h e  
E a r t h .  Only t h e  l o n g i t u d e s  w i l l  d i f f e r  by 180O. 

W e  assume f o r  t h e  E a r t h  t h e  f o l l o w i n g  sys t em of e l e m e n t s  
( d e n o t i n g  by s t r o k e  t h e  e l e m e n t s  of t h e  E a r t h ,  and w i t h o u t  s t r o k e  
t h o s e  of t h e  Moon): 

e ' =  0.054900489, 
1'- - 5.14540' ( c o n s t a n t  of Moon's o r b i t  i n c l i -  

n ' =  13.176397" (mean d a i l y  motion of t h e  Moon 

a ' =  384400 km. 

n a t i o n  t o  t h e  e c l i p t i c )  

f o r  t h e  epoch 1900.0), 

1 
-gx3. The Moon's m a s s  r a t i o  t o  t h a t  of t h e  E a r t h  i s  

The mean l o n g i t u d e  o f  t h e  Moon, t h e  mean l o n g i t u d e  
of  t h e  p e r i g e e  and t h e  m e a n  l o n g i t u d e  o f  t h e  node,  c o r r e s p o n d i n g  
t o  t h e  r e q u i r e d  i n i t i a l  moment of t i m e ,  are computed by  fo rmulas  
b r o u g h t  o u t  i n  t h e  USSR Yearbook. 
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Fig .  2 .  

I. P l a n e  p a s s i n g  through t h e  c e n t e r  o f  t h e  Moon ( L )  p a r a l l e l -  
w i s e  t o  t h e  E a r t h ' s  e q u a t o r i a l  p l a n e .  

11. E a r t h ' s  o r b i t  p l a n e  r e l a t i v e  t o  t h e  Moon. 
111. P l a n e  p a s s i n g  th rough  t h e  c e n t e r  of  t h e  Moon p a r a l l e l w i s e  

t o  t h e  e c l i p t i c  p l a n e .  
IV. O r b i t  p l a n e  of t h e  AMs ( l u n a r  e q u a t o r i a l  p l a n e ) .  

r .  P o i n t  of  i n t e r s e c t i o n  of  t h e  p l a n e  I1 w i t h  t h e  great  c i rc le  
p a s s i n g  through t h e  p o i n t  I ( p o i n t  o f  t h e  S p r i n g  equ inox)  and t h e  
p o l e  of t h e  p l a n e  11. 

W e  select  f o r  o r b i t s  o f  l u n a r  s a t e l l i t e s  t h e  f o l l o w i n g  
e l e m e n t s :  e=0 .18 ,  i=1 .53S0 ( c o n s t a n t  i n c l i n a t i o n  of t h e  mean 
l u n a r  e q u a t o r  t o  t h e  e c l i p t i c )  are e q u a l  fo r  a l l  t h e  t h r e e  v a r i a n t s ,  
and  t h e  ma jo r  semiaxes  are  r e s p e c t i v e l y  o f  2 , 4 , 8  l u n a r  r a d i i .  

t h e  mean d a i l y  mot ions  and t h e  p e r i o d s  o f  s a t e l l i t e  r e s o l u t i o n s  
f o r  e a c h  v a r i a n t .  

The motion of t h e  Moon t a k e s  p l a c e  i n  such  a way t h a t  t h e  
p l a n e s  o f  t h e  l u n a r  e q u a t o r ,  t h e  o r b i t s  o f  t h e  Moon and t h e  e c l i p -  
t i cs  m u t u a l l y  i n t e r s e c t  a long  a s i n g l e  s t r a i g h t  l i n e ,  whereupon 
t h e  e c l i p t i c  p l a n e  l ies  between t h e  l u n a r  e q u a t o r i a l  p l a n e s  and 
t h e  p l a n e  of t h e  Moon's o r b i t  ( F i g . 2 ) .  T h i s  i s  why t h e  a n g l e  of 
mutua l  i n c l i n a t i o n  of  s a t e l l i t e  mot ion  and Moon's o r b i t  p l a n e s  i s  
e q u a l  t o  i '+  i = 6.68040'. 

Tab le  I g i v e s  t h e  v a l u e s  of t h e  major  semiaxes  i n  k i l o m e t e r s ,  
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TABLE I 

On t h e  b a s i s  of t h e  assumed d a t a  w e  o b t a i n  t h e  v a l u e s  of 
t h e  Delaunay parameters compiled i n  Table  2 .  F o r  comparison 
w e  b r o u g h t  o u t  i n  t h e  s a m e  t a b l e  t h e  v a l u e s  of t h e  Delaunay 
p a r a m e t e r s  f o r  t h e  Moon. 

TABLE 2 

I I I 

L i m i t i n g  o u r s e l v e s  t o  t h e  p r e c i s i o n  of 0.OI'when o b t a i n i n g  
V I  U and  t o  0.0001 f o r  t h e  q u a n t i t y  $ I  w e  o b t a i n e d  on t h e  b a s i s  
of Delaunay e x p a n s i o n s  the f o l l o w i n g  fo rmulas  f o r  t h e  computa t ion  
of  s e l e n o c e n t r i c a l  c o o r d i n a t e s  of AMs, v a l i d  f o r  a l l  t h e  t h r e  
v a r i a n t s :  
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I n  t h e s e  fo rmulas  t h e  p o i n t  r ( F i g . 2 )  s h o u l d  b e  t a k e n  for  
t h e  o r i g i n  of  t h e  c o u n t  of l o n g i t u d e s ,  and t h e  arguments must 
be computed by formulas  ( 2 5 ) .  

C o m p i l e d  i n  T a b l e  3 are t h e  n u m e r i c a l  v a l u e s  of t h e  mean 
mot ion  of t h e  node and of t h e  p e r i g e e  of t h e  AMs, o b t a i n e d  by 
Delaunay fo rmulas  of I872 [6]. The v a r i a t i o n s  are g i v e n  f o r  
24 h o u r s .  

TABLE 3 

T a b l e s  4 ,  5 ,  6 for t h e  n u m e r i c a l  v a l u e s  of c o e f f i c i e n t s  
of i n e q u a l i t y ,  i nduced  by t h e  p e r t u r b i n g  ac t ion  o f  t h e  E a r t h ,  
have been compiled on t h e  b a s i s  of fo rmulas  ( 2 6 ) ,  ( 2 7 )  and (28). 

produced  by t h e  E a r t h  w i t h  r e g a r d  t o  t h e  motion o f  t h e  l u n a r  
One may judge  by t h e s e  t a b l e s  of t h e  c h a r a c t e r  of p e r t u r b a t i o n s  
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TABLE 4 

C o e f f i c i e n t s  of i n e q u a l i t y  induced  by p e r t u r b a t i o n  of t h e  

E a r t h  ( l o n g i t u d e )  

- OP07 
0 

-t-20.55 
+ 2  

0 
2 
0 

+* 2.2s 
0 
0 

4 0.35 
0 
0 

- I -  6 
- 1 - 1  

- 

20 ' - 
, -  7 

2 
0 

10 
+ 7  

.0 
+ 2  . 0 

0 

- 

31 
4 
0 
2 
0 
4 
0' 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
7 
0 
2 
0 
0 
0 
2 
0 
0 
0 
0 
0 

V a r . 1 1  

Aa 

- 0?22 
1 

-1-20.55 
4- '  8 

0 
- s  

(J  
4 2.2s 
-I- 1 

1 
4- 35 

0 

__ . 

- 

0 
i- 6 
+- 1 

- 7  
- 2  
- 1  - 0 

* -I-- 25 
3 

-1- 5 , 

0 
-I- 1 
-I- 93 
4- 12 
4 - 1  
- 5  

0 
-I- 13 
1- 1 
- 1  
'+ 2 

0 
- c l  

0 
+ 1  

0 
4 - 1  

0 - ' 5  
0 

i- 16 
- 1  
- c 3  

0 
. +  1 

- 2  
,+ 3 
- 1  
+ 1 '  

0 
0 
0 

- 20 , 

V a r . 1 1 1  

A, 

. .  .. 

- 0060 
2 

-1-20.55 
-I- 30 

1 - 25 
- 1  
-1- 2.2s 
-I- 7 

5 
-I- 35 
-1- 1 

1 
4 - 6  
4 1  - 20 
- 7 .  
- 2  
- 1  
- G  
-4- 1.05 . 
-1- 23 

3 
-I- 5 
-I- 3-23 
-1- 47 
- 1 - 5  - 12 

1 
+ 46 
- c .  6 
- 2 '  
-t- l o  
- 4 - 1  
- 4 - 2  
- 1  
4- 3 .  
-I- 1 
-I- 7 
4 1  - 41 

0 
-c 45 
- 9  
f . 5  

1 
4 . 1  - 17 
4 - 4  

5 
-e- 3 - 3 .  
-4- ' 1  
- 3 .  

- 

- 
- 

19 ' 

- 

- 

- 

~. 

s i n  I' 
s i n  21' 
s i n  1 

, s i n  ( I  - 1') 
s i n  ( I  -21 ' )  
s i l l  ( I  i- 1') 
sir1 ( I  + 21') 
s i n  21 
s i n  (21 -I;) 
s i n  (21 4 - 1 )  
s i n  31 
s i n  (3/ -1')  

, s i n  (31 4 - I ' )  
s i n  41 
s i n  51 
s i n  2F 
s i n  (ZF+1)  
s i n  ( ~ F - I -  2/) 
s i n  (2F- t -31 )  
s i n  (2F-1) 
s i l l  21) 
s i n  (2D - 1') 
s i n  (2D - 1 - 1 )  
s i n  (zD -i- I - 1') 
s i n  ( 2 0  4 21) 
s i n  ( 2 0 - 1 )  
s i n  (2/3 - I - r), 
s i n  ( 2 0  - 1 - 21 ) 
s i n  ( 2 0  - I  + l') 
s i n  ( 2 0  - 1 +- 21') 
s i n  ( 2 0  -221) 
s i n  (217 - 21 - l') 
s i n  ( 2 0  - 21 $- l') 
s i n  ( 2 0  - 3 4  
s i n  ( 2 0  - 31 - 1') 
s i n  (ZD-41) 
s i n  ( 2 0  i- 2 F  - I )  
s i n  ( 2 0 - 2 F )  . 
s i n  ( 2 0  - 2F + I )  
s i n  (417- 21) 
s i n  (*ID - 21 - 1') 
s i n  D 
s i n  (D - 1 ' )  
s i n  (D -t 1') 
s i n  ( D - I - 1 )  
s i n  ( D - I - 1 4 4 )  
s i n  (D+ 21) 
s i n  ( D  4- 121 f 1') 
s i n  ( D - 1 )  
s i n  ( D - 2 4 - P )  
s i n  (0- 1)  
s i n  ( D - 2  ;. 
s in  (3D - I )  
sin ( 3 0 - l + f  
sin (30 --Y) 



I 

17 

s a t e l l i t e  as a f u n c t i o n  of  i t s  d i s t a n c e  from t h e  Moon. 

ca l  c o o r d i n a t e s  of  t h e  Moon f o r  any moment of t i m e .  

i n  t h e  f u n c t i o n  R t h e  m u l t i p l i e r  k 2 m 1 = a 1 3 n 1 2  i n s t e a d  of t h e  

Tab les  4 ,  5 and 6 allow u s  a l so  t o  a t t a i n  t h e  s e l e n o c e n t r i -  

According t o  t h e  t h e o r y ,  w e  took  i n  t h e  e q u a t i o n s  of  motion 

mu 1 t i p  l i e  r k m I = nrJ,l*3 = a13n1? [I - ;+2(5>" -. . . 1 
-1 (142) nr 

I f  i n  t h e  t h e o r y  of motion of t h e  Moon t h i s  i m p r e c i s i o n  i s  s u f f i -  

a c c o u n t  by m u l t i p l y i n g  t h e  c o e f f i c i e n t s  q iven  i n  Tables 4 ,  5 ,  6 
by t h e  m u l t i p l i e r ' l  L - z + 2 t ~ r j ,  s i n c e  (3)"-0.0002 

c a n n o t  be  n e g l e c t e u .  

c i e n t l y  accounted  by m u l t i p l y i n g  t h e  expans ion  factors by (1 -"> 
i n  t h e  g i v e n  problem t h i s  i m p r e c i s i o n  must b e  t a k e n  i n t o  m' ' 

and t h i s  q u a n t i t y  

- 

No 

__ 
1 
2 
3 
4 
5 
0 
7 
s 
9 

10 
11 
12 
1 3  
1.: 
15 
1 0 
17 
IS 
1') 
"0 
21 
22 
23  
2.1 
25 
2 0 
"7 
2s 
29 
30 
31 
33 
33 
34 

-.  

C o e f f i c i e n t s  of i n e q a u l i t y  induced  by 
a t i o n  of  t h e  E a r t h  ( l a t i t u d e )  z r t u r  

N o  
I f  t e r  
l e l a u  - 

1 
2 
0 

10 
11 
1 4 
17 
22 
31 
:r2 
35 
3s 
4.1 
07 
8.1 

l(J.1 
l o  L 
107 
143  
14 4 
145 
133 
173 
171 
I17 
1 so 
1S5 
317 

323 
325 
349 
352 
354 

.- 

320 

Var. I 

. 8, - 
-4-6?20 

0 
0 

-tl.l5 
0 
n 

I- 23 
4 5  
-1.19 

0 
0 - 16 
3 
0 
0 

4 2  
0 

4 2  
0 
0 
0 

4 - 1  
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

- 

n 

V a r  .2  

& 

+6?46 
0 
0 

-1-1.15 
0 

. 0 
-I- 2:: 
-I- 5 
-1.19 

0 
0 

- 14 - 3 
- 1  
-I- 2 
-1- 5 
4 1  

0 
4 0 
4 1  

0 
-I- 1 
4 . 2  
4 1  

0 
4 - 1  

0 
0 

4 1  
0 
0 
0 

4 1  
0 -- 

Var . 3  

n, 

-1-6?46 
-1- 1 

1 
4-1-15 
-I- 1 

1 
-t- 23 
-I- 5 
-1.18 
-1- 1 

1 - 12 
2 
1 

I- 9 
-I- 19 ' 

-1- 3 
1 

-t- 19 
- I -  3 

1 
-I-  3 
-I- 15 
-I- 2 

1 
-I- 4 
4 1  

1 
4 2  

1 
1 
1 

4 2  
1 

__1- 

- 
- 

- - 

- 
- 

- 
- 
- - - 
- 

s in  F 
hi l i  ( F - I ' )  
s i n  ( F - I -  1') 
s i n  ( F - I - / )  
s i n  ( F - I - 1 - 1 ' )  
s i n  ( F  - I -  I -+ 1') 
s i n  (F-I- 31) 
sin ( F - I )  
s in  ( F - I - 1 ' )  
sin ( F - l - ! - I ' )  
s i n  (F- 21) 
s i n  ( F -  31) 
s in  (V- I )  
s in  ( 2 0  - I -  F) 
s i n  (211 -I- F - I) 
s i n  ( 2 0  -I- F - I -I' 
sin ( 2 0 - 1 - F - l t I '  
sin (2D - F )  
s i n  ( 2 0  - F - 1 ' )  
s i n  ( 2 0  - F - k  I ' )  
sin ( 2 0  - F +  I )  
s in  ( 2 0  - F - I )  
s i n  (2D-F-I- I' 
s in  (2D-F- I -~ i1  
sin ( 2 0  - F - 21) 
s i n  (2D - F - 31) 
s i n  (0-1- F )  
s i n  (I1 - i - F + I ' )  
s i n  (D-t-Fi-I) 
sin ( D - I - F - t - I t l ' )  
s i n  ( D - F )  
sin (D-F-kl') 
sin (D- F+I) 

hi11 ( F  - I -  31) 

TABLE 5 
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TABLE 6 

C o e f f i c i e n t s  of i n e q u a l i t y  
p e r t u r b a t i o n  of t h e  E a r t h  

No N o  
i f t e r  
l e l au r  

1 
2 
3 

- 1  
4 
5 
7 
'I 

1 4 
17 
1s 
1 ') 
22 
2 3 
27 
28 
29 
3( 1 
3:! 
33 
35 
3 6 
37 
39 
40 
41 
42 
43 
45 

4s 
4'J 
51 
53 
(1 1 
65 

70 
72 
73 
78 
79 
81 
83 
85 
66 
81 
.ss 
83 
90 
93 
97 
98 
99 

4fJ 

(19 

+ 
4- 
4 

+ 
+ 

V a r .  1 

' c, 

-I - 1.0lWo 
-1-0.1793 
-1- u 2 

2 
4 321 

' - I -  65 
-I- 14 
-I- 3 
- 5  

2 - 15 
-I- 9 
- e 1  

0 
0 

- e 3  
0 
0 
0 
0 

26 

--1 - -- 

L 

- 

' .  0 
- 
3 
0 
1 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
6 
0 
2 
0 
b 
0 
0 
0 
0 
0 
0 
0 

V a r  .2 

C* 
cc__ 

-I-1.o001 
4-0.1792 

1 
7 

32 1 

14 
3 
5 
2 
14 
34 
4 
0 
1 
10 
1 
0 
2 
0 
0 
I7 
11 
1 
4 
1 
0 
2 
0 
1 
0 
0 
0 
0 
0 
1 
0 
4 
0 
14 
1 
4 
0 
1 
0 
0 
1 
0 
0 
0 
0 

65 

~~ 

V a r .  3 

4 

C, 
P 

- l - l . m ( J  

-1-0.1787 
-4 25 

22 
-4- 320 
-+- 65 
-I- 14 
-4- 3 

4 - 2 '  
* -  12 
-I- 140 
-4- 23 
-I- 2 
- 6  
3- 40 
-t- 7 
- 1  
-I- 12 
t 1  
4- 1 
-I- 255 
-4- 36 
-b 4 

11 
- 6  
- 1  
- 8  
- 1  

2 
- 1  
- 1  
-t . 1  
- t s  
-4- . 1 
- 4 - 6  
- 4 - 1  

27 
-4- 2 
-1- 37 

11 
- 4 - 7  

2 
- 4 . 3  
4 1  
- 4 - 2  

2 
f -  1 - 2 .  
4 1  

2 

- 

- 

- 

- 

- 
- 
- 

- 

- 

cos I 
cos ( I  - 1') 
cos ( I  -4- I' )  
c o s  21 
cos 31 
cos 41 
cos 51 
cos 2F 
C O S  ( 2 F + I )  
COS ( 2 F - I )  
cos 2 0  
cos (2D - I' )  
cos (2D-21')  
cos ( 2 0  4-r) 
cos (20 - I - . )  

cos ( 2 D - t I - l - r )  
cos ( 2 D  -1- 2:) 
cos ( 2 0  -1- 21 - I') 
cos (21) -t 31) 
cos ( 2 0  - 1 )  
cos  (211 - I  - 1') 

( 2 0  - I - 2l)# 
cos ( 2 0  - I -c I') 
cos (zn--21, 

( 2 0  - 21 - I')  

cos ( 2 0  - .u - 1') 
cos (2D-4411 
C O S  (2  D'+ 2F - 21) 
C O S  ( 2 0  - 2F - I )  
cos 4 0  
cos (4D - I )  
cos ( 4 0  - i - r)  
cos (4D - 21) 
C O S  ( 4 0 - 2 2 1 - I * )  
cos D . 
cos ( D  - 1;) 
cos ( D 4 1 )  
cos ( D  -I- I) 

cos ( 2 0  -t 1 4 ; )  

cos 

cos 
COS ( 2 D  -31)  

COS ( D  +I+[*) 
cos ( D  + 21) 
cos  ( D + 2 I + t ' )  
cos ( D - i )  
C O S  ( D  - 21) 
C O S  ( D  - 21 4 1') 
cos 3 0  
COS ( 3 0  -'I) . 
COS ( 3 0 - 1 - t - I ' )  
COS (3D - 2l) , . 
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4 .  INEQUALITIES INDUCED BY THE ACTION O F  THE S U N  

T h i s  s e c t i o n  g i v e s  t h e  r e s u l t s  of a p p l i c a t i o n  of  t h e  Delau- 
nay method i n  t h e  problem MOON - AMs - SUN. 
s t a t e d  and r e s o l v e d  e n t i r e l y  a n a l o g o u s l y  t o  t h e  p r e c e d i n g  one ,  
t h e  Sun b e i n g  t a k e n  i n s t e a d  of t h e  E a r t h .  Cons idered  a l so  i s  
t h e  problem of t h e  motion o f  e q u a t o r i a l  s a t e l l i t e s  i n  t h r e e  
v a r i a n t s .  

t h e  Moon a l o n g  an e l l i p s e  w i t h  e l e m e n t s  g i v e n  by Neucom i n  t h e  
t h e o r y  of motion of t h e  E a r t h ,  t h a t  i s ,  t h e  d i s t a n c e  from t h e  
Moon t o  t h e  E a r t h  i s  n e g l e c t e d .  

Th i s  error i n f l u e n c e s  i n s i g n i f i c a n t l y  t h e  v a l u e  of Delaunay 
p a r a m e t e r s ,  and s i n c e  i n  t h e  g iven  problem t h e  l a t t e r  are v e r y  
s m a l l ,  t h e  a d m i t t e d  e r r o r  c a n  be n e g l e c t e d .  

t h e  Delaunay p a r a m e t e r s  are compiled i n  Table  7. 

T h i s  problem i s  

I n  t h i s  problem w e  c o n s i d e r  t h a t  t h e  Sun moves r e l a t i v e  t o  

On t h e  basis  of t h e  above t h e  v a l u e s  of e l emen t s  d e t e r m i n i n g  

0.18 0.01~7s 0.01339 0.232334.i0-'10.5839~6.i0-:1 
0.18 0.01675 0.01339 0.4G46G8~10~'~0.1G4610~ 10-2 
0.18 0.01675 0.01339 0.929336.10-' 0.415322.10-2 I 

I n  t h e  g iven  case t h e  mutua l  i n c l i n a t i o n  a n g l e  i s  e q u a l  t o  

The ra t io  o f  t h e  m a s s  of t h e  Moon t o  t h a t  of t h e  Sun i s  

1.535" ( c o n s t a n t  i n c l i n a t i o n  of t h e  mean lunar e q u a t o r  te t h e  
e c l i p t i c )  

1 . I n  t h e  q u a n t i t y  (1-5) t h i s  r a t i o  may 
81.530333430 o b v i o u s l y  be neqlec tec i .  The v a l u e s  of t h e  

Delaunay p a r a m e t e r s  are shown i n  t h e  Table  8.  

TABLE 8 

I t  may be  seen  f r o m  Table  8 t h a t  t h e  i n e q u a l i t e s  i nduced  
by t h e  p e r t u r b i n g  a c t i o n  o f  t h e  Sun must be  s m a l l ,  f o r  i n  t h e  
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g i v e n  problem pa rame te r s  a and m are many t i m e s  smaller t h a n  i n  
t h e  t h e o r y  of motion of t h e  Moon, w h i l e  pa rame te r s  a and e '  are 
o f  same o r d e r .  T h e r e f o r e ,  a p p l i e d  t o  t h e  g i v e n  problem, t h e  
Delaunay t h e o r y  may p r o v i d e  a g r e a t  p r e c i s i o n .  

o r d i n a t e s  V and U and t o  0 . 0 0 0 1  i n  $, as i n  t h e  case o f  accoun t ing  
for t h e  p e r t u r b a t i o n s  dbe t o  t h e  E a r t h ,  t h e  formulas  f o r  t h e  
computat ion o f  t h e s e  c o o r d i n a t e s  w i l l  be  s u b s t a n t i a l l y  s i m p l e r  
t h a n  i n  t h e  p r e c e d i n g  problem. 
of terms of formulas  ( 2 6 1 ,  ( 2 7 1 ,  ( 2 8 ) .  

But i f  w e  l i m i t  o u r s e l v e s  t o  t h e  p r e c i s i o n  t o  0.01'' i n  co- 

They c o n s t i t u t e  o n l y  a s m a l l  p a r t  

5 
y*e2 - :: eJ} sin 21 4 I5 e3 sin 1 +- 'I b- e2 - - 

1097 
e4} sin 41 tw e' sin 51 4- 

V= E -I- nt - 3e'm sin t+ 2e - I l l  
13 

4 { i2 e3 - 
+{-y2-:- ;2e2}sin2F-2~*esin(2F-~Z)--~;?e2sin (2F+21)- 

- 3;?e sin (2F - 1)  -t- 16 - e2m sin 2 0  -1- 7 em sin ( 2 0  - I )  4- 
35 105 

+ - 4 ee'm sin ( 2 0  - I - 1') +;; e2m sin ( 2 0  - 21)t 32- e'in sin ( 2 0  - 3I), 

e'] sin 31 + { 

75 

(298 
5 9 27 

I/= (2;--ye2) sin F - t  2;e - - - ye'] sin (F+Z)+{T ;e2 - T ;e4] sin (F-t-21)+ 
8 i 2  5 

-I- j-ye'ssi~i (F-1-31)~~;e4sin(F-1-41)-t-[-2;e-5;31+-~ ;e3} sin(F-l)+ 

-k{ ---;e2+ 48 -;e4 sin(F-2Z)--12.;e3sin(F--3114 

- ~ ~ y e m s i n ( 2 0 + F - l ) 4 ~ ; m s i n ( 2 0 - F ) ~ 3 y e ~ s i n ( 2 ~ - F -  I ) ,  (3011 

17 

3 
77 1 

1s 

4 } cos 21 + {i e3 - 128 e5 cos 31 -+--j- e' cos 41 4- 

+ 384 e5 cos 51 - 5y2e2cos 2F- y2e3 COS (2F-t 1)+ [ - 2- y2e + ,z yze' Y. 

X c o s ( 2 ~ - - . ~ ) + $ e 2 m c o s 2 D + ~ e 3 m  cos ( 2 ~ - + - ~ ) - 4 - ~ e m c o s ( 2 ~ -  1). (31) 
75 1 I 5 -- 

625 

405 15 

The d a i l y  v a r i a t i o n s  of t h e  mean motions o f  t h e  node and 
of the p e r i g e e  have t h e  va lues  shown i n  Table  9 



2 1  

The n u m e r i c a l  v a l u e s  of t h e  c o e f f i c i e n t s  o f  fo rmulas  
(29), (301, (31)  a r e  compiled i n  Tables 1 0 ,  11, 12. 

I t  may b e  s e e n  from t h e s e  t a b l e s ,  t h a t  t h e  S u n ' s  p e r t u r -  
b a t i o n s  are s m a l l  i n d e e d .  

TABLE 1 0  

C o e f f i c i e n t s  of Solar  i n e q u a l i t i e s  
( l o n g i t u d e )  

a f t e r  i N o  No 
IC1 

! 1  
2 

4 

0 
7 

1 3 

! 5  

i ;  
I 10 

11 
12 
13 
14 
15 
16 

)e 1 aur - 
2 
7 

i 0 
23 
28 
33 
37 
44 
49 
54 
58 
63 
118 
113 
127 
134 

V a r . 1  

0 
-1-20055 
-4- 2.28 * 

4 3s 
+ 6  
+ I  - 20 
- 7  
- 2  
- 1  - 11 
- 4 - 1  
- 0 - 2  

0 
0 
0 

Var.2 
4 - 

0 
+ZOO55 
- I -  2.28 
+ 35 
-t- 6 
- 1 - 1  

20 
7 
2 
I 

. 11 
+ 1  
4 6  

0 
+ 1  

0 

- - - - - 

Var . 3  
4 

- 0?01 
-+20.55 
4 2.28 
-4- 35 
4 6  
4 1  

20 
7 
2 
I - 11 

+ . 4  
+ 18 
4 1  
-4- 2 
+ 1  

- 
- - - - 

s in  1' 
s in  I 
s in  21 
s in  31 
s ln  41 
sin 51 
s in  2F 
s in  (2F- t l )  
s in  (2F+213\ 
s in  (2P+31) 
r i n  ( W - I )  
s in  2 0  
s in  ( 2 0  - I )  
sin ( 2 D - 1 - r ) '  
sin ( 2 0  -21)  
sin (20 - 21 + l') 

I 

C o e f f i c i e n t s  of  So la r  i n e q u a l i t i e s  
( l a t i  t u d e )  

I I 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 

1 
10 
17 
22 
27 
31 
38 
43 
103 
143 
173 

-1-6046 
- t l . l 5  
4 23 4 s  
-4- 1 
-1.19 - 15 
- 3  
+ 1  
- c : l  
4 - 1  

+6?45 
-4-1.15 
4 23 
+ 5  
-t 1 
-1.19 - 15 
- 3  
+ l  
4 - 1  
+ 1  

+6?46 
-1-1.15 
4 23 
4 - 5  
4 1  
-1 19 - 15 
- 3  
+ '1 
+ 1 '  
4 - 1  

, 

s in  F 
s i n  (F-1 -1 )  
s i n  (F+21)  
s i n  (F-1-31)  
s i n  ( F +  41) 
sin ( F - . f )  
sin (F-221) 
sin (P-331) 
s i n  ( 2 0 + F - 1 )  
sin ( 2 0 -  F) 
rin (ZD-F-1)  

TABLE 11 
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c 

TABLE 12 

1 
2 
3 
4 
5 
I)  
7 a 

. b :  
9 

10 
11 
12 

1 -1-1.mo -1-l.WO -1-1.OGOn 
4 -1-0.1807 -1-0.1807 -1-0.1807 C O Y  I 
‘I -4- 321 . -t- 321 -8- 321 cos ZI 

1 4 -I- 65 -4- 65 -+ 6 5  C O S  31 

13 - 
17 -1- 14 -I- 14 -4- 14 cos <I/ 
18 + 3 + 3 -4- 3 co\ SI 

5 -  5 co\  2F 
2 -  2 C O S  ( 2 F 4 - 1 )  

14 - - 
27 
32 

A L B / l d f  

~ ~~ 

* * * THE END * * * 

T r a n s  l a  ted by 

D r .  Andre L. B r i c h a n t  

a t  home 

2 0 - 2 5  December 1 9 6 7  
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