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ARTIFICIAL SATELLITES OF THE MOON
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Teoreticheskoy Astronomii E. N. Lemekhova
T.8, No.7 (I00) pp 5I2-530, 1962

SUMMARY

This paper deals with the motion of three fictitious
satellites of the Moon in the lunar equatorial plane, their
orbits with eccentricities of 0.I8 being at a distance of 2,4
and 8 lunar radii from the Moon. The motion takes place in
the gravitational field of the Moon under the influence of
perturbations caused by the Earth (first problem), and of the
Sun (second problem). The effect of the figure of the Moon
is not taken into account. The Delaunay method, applied by
him to Moon's artificial satellites, is used here for the
solution of these problems.

The results obtained allow us to judge about the character
of perturbations in the motion of these satellites, induced by
the Earth and by the Sun.

The questions linked with the study of the motion of
Moon's artificial satellites (AMS) offer at present an unques-
tionable interest, for the materialization of the launching of
AMS is a problem of immediate future. A series of Soviet as
well as foreign works are devoted to these questions.

Observations of motions of AMS during prolonged time
intervals will provide the possibility of making more precise
the mass and the figure of the Moon. Since the Moon is devoid
of atmosphere, all the irregularities in the motion of AMS,
which could not find their explanation in the perturbing actions
of the Earth and of the Sun, will be fully ascribed to the in-
fluence of Moon's nonsphericity and will allow us to draw con-
clusions about its true shape. Such conclusions may be attained
only on the basis of motions of close Moon's satellites, since
for remote satellites the perturbations due to Moon's shape are
small by comparison with the perturbations due to the Earth.

It was shown in the work by Aksenov and Demin [I] that for
close satellites (500 km from the surface of the Moon) the per-
turbing actions of the Earth and of the Moon's shape are almost
identical.




However, the conditions of observation of close Moon's
satellites from the Earth are beset with fairly great diffi-
culties. It will be somewhat easier to observe the remote
satellites, but by their motion one may only refine the mass
of the Moon. But for the refining of the mass of the Moon by
the motion of remote satellites, as well as for the determi-
nation of the true shape of the Moon by the motion of close
satellites it is prerequisite to have a theory of their motion
allowing one to account with great precision for the perturba-
tions due to Earth and possible also those due to the Sun.

The study of the motion of AMS by the method of numerical
integration was undertaken in the work by Brumberg, Kirpichnikov
and Chebotarev in I96I, [2].

The present work aims at ascertaining the possibility of
applying the lunar Delaunay method to the study of the motion
of AMS and to determine by this method the character of pertur-
bations induced by the influence of the Earth and of the Sun
as a function of the distance of the satellite from the Sun.

I. STATEMENT OF THE PROBLEM

Let us consider the motion of an AMS of zero mass in the
Moon's gravitational field under the action of perturbations
induced by the Earth's influence. The influence of Moon's
shape is not taken into account. All the three bodies are
considered as material points with masses m (Moon), m' (Earth)
and m =0 (satellite). It is assumed that the Earth moves
relative to the Moon along an ellipse of which the major semi-
axis is determined by the relation

n ’
B K2 (m o m)
a 2 ’
n

where n' is the mean daily motion of the Earth visible from the
Moon, or, which is the same, - the mean daily motion of the Moon.

We shall consider the motion of the satellite in a seleno-
centrical rectangular system of coordinates, of which the basic
plane is assumed to be the lunar orbit plane.
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Let x, y, z be the coordinates of the satellite and
x', y' z' those of the Larth (Fig.I). The differential equations
of motion of the Moon's satnllite are as follows:

de mrx _ OR 1
YT T |
d3y my __ UR l ,
—dﬁ——i— P gy ‘{ (1)
d?z mz JR J
B = R PRl
where
__mﬁﬂwwwﬂ _ m’ . (2):
R= o —+ Vv — 22+ (f — 92+ (2 —2)°
(For the sake of brevity we shall drop the factor K2 in
these formulas as well as subsequently). To the solution of
this system we shall apply the method of arbitrary constants'
variation. If we neglect at the outset the perturbation func-
tion, Egs.(I) will represent an unperturbed motion. The solu
tion of the problem of unperturbed elliptical motion is well
known to us. It is given by the formulas

¢ =r (cos vcos h — sin vsinh cos i), )
y=r(cos v sin h-i-sin vcos h cos i),
z=rsinvsin/,

E —esin E=Il=n(t--c), n=}/—a—.€., ‘ @)

r=a(l—eccosE),

v o—gr 1 rE
tg“ﬁi:?/l—:tg"f'

where a, e, i, h, g, ¢ are six integration constants which are
elements of elliptical motion. If in Fig. I 1 is the satellite's
perigee point, N is the ascending node of the orbit then

g = NH is the distance from perigee to the node (w)¥*,
h = xN is the longitude of the ascending node (@),

i is the inclination of the orbit to the basic plane,
v = NK is the argument of the latitude (u),

/! is the mean anomaly (M),

—I' is the moment of time corresponding to passage

through perigee with opposite sign,

In order to integrate the total system of equations (I) we
shall assume that the quantities a, e, i, h, g and ¢ become
variable in such a way, however, that in the real motion

C =

*The denotations in parenthesis are after Subbotin I941, [3].




X,y,Z,%}n ﬁ}.'L- tiicy preserve the same expressions as in the
elliptical motion. The latter are given by formulas [3] and
formulas obtained as a result of their differentation.

Let us introduce instead of elliptical elements, the
canonical elements of Delaunay

L=\ma, G=Vma(l—¢e*), H= Gcosi,| . (4)
L, g h. J

o

These new variables must satisfy the canonical differentia]
equations (Subbotin 1937 [3] ).

Al R dl__aR )
T o af = |
dG __ iR de R |
e T g e T G|
“ | (5)
dHf __ R dh__ R
dt T ok dt T vH > )
where
R— _m? m (- yy ez 1 l
= 2L N sy e oty e (6)

The integration of the system (5) gives the values of
L, G, H, [, g, h in the form of function of time and six arbitrary
constants.

We shall seek expressions for the selenocentrical longi-
tude, latitude and radius-vector. If we denote the longitude
xP by V, latitude PK by U (Fig.I.), by considering the triangle
NKP, we shall obtain the relations

tg(V—h)=tgvcos i, } (7)

sin U=sin vsin .

We shall denote Sm-%==7 and expand V and U in series by
powers T to the seventh order relative to this quantity. We
shall have [5] (I860)

Ve=ha-v— (1241~ 7% sin 2V+(—é— v T“) sin 4v — -31— 1% sin 6v,

1 (8)

U=(2~; —%—ﬁ)sinv—(%— 73-4—7 ,5>sin3v+-2%-'r5sin Sv.

The expansion in series of coordinates of elliptical motion
gives for v and r expressions of the form [7]:

—r_'= A0+A] cos l""Az COSs 21'4— oo ey
ve=g-+1-+B;sinl-+Bysin2l+-.. ., (9)

in which the coefficients Aj and B, are functions of e. Let us
substitute the second of relations (9) into formulas (8) and
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expand in series, preserving the terms to the 7th order relative
to e and 7. We shall thus obtain the expressions for the longi-
tude and latitude in the elliptical motion. We shall also take
advantage of the first formula in (9) for the formation of the
value of ¢. All this gives

174 =h+g+l+2 A sin (al+pg)v
U= A'sin(«'l+Pg),

1 (10)
= A"cosa’l,

where A, A' and A" are functions of e and ¥. If we substitute
into the expressions (I0) the vaiues of iae,e,7, [, g,h, obtained
as a result of integration of the system of Egs. (5), we shall

have the coordinates of the satellite, taking into account the
perturbing action of the Earth.

2. APPLICATION OF THE DELAUNAY METHOD

The statement of the problem in the form of the preceding
section is fully identical to the problem set up and résolved by
Delaunay in the case of motion of the Moon relative to the Earth,
taking into account the perturbations from the Sun. This is why
we may apply to the problem stated the Delaunay method utilized
by him when constructing the theory of the motion of Moon.

Let us briefly pause at the essence of this method. 1In the
Delaunay method the expansion of the function R was achieved as
follows. The values of x, y, z, expressed by formulas of ellip-
tical motion are substituted into formula (6) in the form of
functions of time and six constants L,;G, H, l, g, h. Introduced
instead of L, G, H are a, e and 1==ﬂn7u_ Then R is already ex-
pressed as a function of time and constants a,e 7,1, g,h. Delaunay
considers that x', y' z', which are the coordinates of the Sun
(in our problem they are the coordinates of the Earth), are ex-
pressed by formulas analogous to formulas (3).

If we denote the cosine of the angle between vectors r and r'
by S, we shall have the relation

xxX 4yy +z2'=rr'S, (I1)
(6 — &t — P (& — 2P =" — 278, (12)

Taking this into account, function R may be written:

’
m

Vet —2rr'S )

R= o —ml 5 S+

Let us denote V,*--r?—2r'S =34, The quantity + may be ex-
panded in series bv powers of small maqnitude—ﬁy
L Ty (2Pt g L N ()
=17 —2rs] =7 ;\}W() P.(S),




where P (S) are Legendre polynomials
P,=1, Py=i St—-,

)

2
PI:"S, P:L:_Z‘Ss—"g"S---

If in the perturbation function we reject the term %,
which is not dependent on lunar orbit elements (in the Deélzunay
problem), R will have the form

Rzz_n(ll__Pm/%_[l)zq-%])a_;_(.:_‘rypr-k..-]. (13)

Since Delaunay chose for the basic plane the ecliptic plane
(in our case it is the Moon's orbit plane), i=0 and consequently,

z'=0. Taking into account the expression sin3=Y, the coordi
nates x, y and x', v' mavs bhae written in the form
—’:— =cos{v-1-h)-1-2¢*sinvsin K, —:'- =cos (v --}'),
' (14)

': o osin (oo h) = 27 sinvcosh, - - =sin (4 ~=H').

Then, according to formula (11) , S may be expressed through v, v

h, " and {. Substituting expressions (I4) into (II), we shall
obtain after transformations
S=(1—71Y)cos(v-i-h—V —H)-i-7*cos(v— h—+Y -+ k). (15)

In order to obtain the polynomials entering in (I3) it is
necessary to obtain the powers S?, S3,...Transforming in S2, sS3...
the powers of cosines into cosines of multiple andles and neg-
lecting the powers of the small parameter 71, beginning with a
certain order, let us substitute them into the function R. Delau-
nay preserved in the expansion of R the small guantities to the
eighth order inclusive Parameters e, 7, ¢ are considered 28 quan-
tities of first order, but gyand, cousequently % as quantities of
second order value. Inasmucu as _the first periodical term in R
(formula (I3)) has a multiplier!%, one may obviously neglect the
quantity 7% T

The expansion of R gives a series of terms of the form

—er P coslgvi-¢f (¥ -~ K)-ch), (16)

Now R has to be expanded by powers e and e'. To that
effect, taking advantage of formulas of elliptical motion (9) we
form expansion of the form

cos 1
r¥ sin (qv—i-ah), e :;:'5 [¢ (V4 h))

and substitute them in expressions (I6).
Thus, Delaunay finally obtains the expansion of R in the

’



form

No= ) — ‘\_: Acos|it- V=i - M e Y (¢'-1- /z’)], (17)
where A}and B are polynomials, disposed by powers of the quantity
c,d!;-i and containing the multiplier ¢ . ; ji, W WV are whole

P} y r 1

numwers, positive and negative. “

The method of integration of differential equations consists
in that Delaunay selects in sequence one of the periodical terms
from the perturbation function. At the outset he integrates
equations with such a perturbation function in which nonperiodical
terms are preserved with only one periodical term. As a result
of this integration L, G, H, {, g, h are obtained in the form of
trigonometric series, of which the coefficients are dependent on
six arbitrary constants. These arbitrary constants are assumed
to be the new variables and the solution obtained is substituted
in the initial differential equations. Then a variable substi-
tution takes place so as to eliminate the appearance of t outside
the signs of sines and cosines. At the same time the selected
periodical terms in the perturbation function vanishes, while no
new periodical terms appear. The whole process is repeated,
whereupon the coefficients of periodical terms in R become of
higher order relative to parameters 0,6,7,i¥, as the number of
such operations increases.

Delaunay conducted 497 such operations, as a result of which
the perturbation function is reduced to a single nonperiodical
term and a series of periodical terms of which the coefficients
are so small that these terms can be neglected. The latter ope-
ration reduces the perturbation function to the following form:

o ’
a- n

: Dl ‘/2 A’-l 12
R:-zg“““;:,—fke; [ A T’e>. (18)

(For Delaunay,in this formula u=k< (M+m), where M is the mass
of the Earth and m is the mass of the Moon).

The relations linking ¢, e, 7 with the last variables L, G, H
are reduced to the following form:

—_ at /2

L:\/pa F(ez, },2, —i e ),

a
’

G_—:\/{;(;(D (92; 5 %;‘v L’ e'2>, (19)

— - a? n' /2
H= \/P'a bt (e?.’ Tzr 2y T € L
a

The first three of Egs.(5) show that the L, G, H, and
consequently a, e, Y too are constants, while the last three
eguations give

dl dg dh
ar =l =% g =ho (20)

. 2 ’ r2 ;
where l, &, hy are functions of 2 -2 . " and €, since



IR dR  da aR e ’_I_Il). i‘{_ ]
7 Ay T A P AT ) A
OR __oR da dR oe oR a7

9G T da " 9G “ac 'dG o7 TG

JR AR da IR de oR oy l (21)
CEmm e e e ¢ e e —— e
oH da OH de JOH oy oH
Ja da oy .
and quantities 3L aG 't oH are derived from formulas (I9).

The integration of Egs (20) gives

=115 g=(@)1goty h=()--ho, (22)

where (), (¢), (/) are three arbitrary constants. Delaunay intro-
duced four basic arguments: pD=/h--g-+-i—# —g¢ —{ 1is the angular
distance of the Moon from the Sun, r=s--0 is the mean angular
distance of the Moon from its ascendiny node, [ is the mean ano-

maly of the Moon; he denoted by m the ratio of mean daily
motions of the Earth and of the Sun: ,— 7
n

Thus, Delaunay integrated Egs. (5) by way of quite cumbersome

algebric calculation. The quantities L, <, ' constitute trigo-
nometrlc series by multiple arguments D, F, [, ',/ and the quantities
{, g, h still have one term proportional to ti,.<. 1his essential
result, stemming from the theory obtained, glves analytical ex-
press1ons for the mean motions of the node{:_—um) and of the «
perigee ¢ =(hy-i-g,). They constitute series dt 1y powers ¢, €, 7, 7
and m. dt

The uitimate Delaunay's aim was to obtain expressions for
three coordinates of the Moon (longitude V, latitude U and the
gquantity 1) taking into account the perturbing action of the Sun.
The elllpglcal values of VvV, U and % were obtained in the form
(I0). As a result of all the operatlons conducted Delaunay
obtained a system of transformation formulas. Being successively
applied to the function R, these formulas eliminated from it the
periodical terms one after the other, and being applied to V,

U, £, they introduced into them periodical terms or inequalities.

Delaunay brings forth at the end of his two volume work [5]
the complete literal expressions for V, U, and £, They have the
following form: r

V= const—+nt-1- >, Asin (iD == 2kF == jl = j'I'),
U= Bsin(iD == (2k -+ 1) F 2= jl = j'I'),

a : . (23)
2 =X Ceos(iD = 2kF == jl 2= jl),
where
9 / )
B__.e’e'J 2*‘“«1) (m, ez, '.’27 :"v e’2>. il (24)
|
)

A TN 2 2 _?_ 12
C=c'e’% ‘1'1<m’ e Ty g€ )
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i, j, J', k being whole numbers, positive or zero. The arguments
are expressed through elliptical elements in the following
manner:

I:Mo‘_‘—(n—"%:—.>1,
I’.—_:M(;—i—n't,
D=¢,—¢,~+(n—n)t, (25)
dt
The Subbotin's denotations were adopted in these formulas,

whereupon the strokes refer to elements of the Sun in the theory
of the Moon.

It remains to be noted that a correction is to be introduced
into this final result. As a matter of fact, in the theory of
Moon's motion the motion of the Sun is considered as a transla-
tion along an ellipse, whose major semiaxis is determined by the
relation

F=€0—Qo+<n —dQ) i

a0 = (M =),

where M is the sum of the masses of the Earth and of the Moon.
However, in the equations of motion of the Moon it is assumed,
for the sake of simplicity, that in the perturbation function
k’m'=a'3n'?, i.e., the masses of the Earth and of the Moon are
neglected. This inaccuracy is fully taken into account if in
the final result all coefficient: of solar inequalities are
multiplied by the quantity (1 - M/m').

Let us return to our proble.: of motion of an AMS. If the
latter is to move around the Moon along an orbit with elements,
for which the values of the Delaunay parameters are close to the
values of these parameters in the theory of motion of the Moon,
we may utilize the ready literal Delaunay expansions and obtain
formulas for the determination of selenocentrical coordinates of
the AMS with a preassigned precision. Obviously, this precision
is limited by the possibility of application of the given theory
to a concrete satellite system. If optical observations of the
lunar satellite are conducted from the Earth, no great precision
is required Of the selenocentrical coordinates for obtaining
sufficiently good geocentric positions. And this is why the
values of the parameters may be somewhat overrated by comparison
with the parameters for the Moon, so that one may fully utilize
the Delaunay formulas.

Thus, for example if the theory gives us V and U with a
precision to 0.0I and % with a precision to 0.000I, we shall
correspondingly obtain for a satellite, moving at the distance
of 2,4 and 8 lunar radii, the geocentric coordinates o and §
with a precision to respectively 2,4 and 5 seconds of arc.

For the investigation of the character of inequalities,
induced in the motion of AMS by the perturbing action of the Earth
and also of inequalities induced by the Sun's perturbation, we
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considered three types of orbits of AMS. 1In all cases the motion
takes place at the initial moment in the equatorial plane of the
Moon along an ellipse with eccentricity e=0.18, and the major
semiaxes are chosen respectively as follows:

I. a=2 lunar radii = 3473km;
II. a=4 lunar radii = 6947km;
III. a=8 lunar radii = 13894km.

If we appraise the series obtained by Delaunay for the
coordinates by the basic rejected term of the form ge’sin 72
(B is a numerical coefficient close to the unity) as is done by
Tokmalayeva [4], the error of the series for the longitude and
latitude in the application to our problem is approximately
0.001°.

From the above it may be concluded that in order to obtain
the coordinates of the AMS studied by us with a precision to
0.01°, the expansions of Delaunay ars more than sufficient. The
very same estimate allows the conclusion that for eguatorial
satellite of the Moon in general, moving at a distance from the
Moon of no more than 8 lunar radii, the Delaunay method allows us
to obtain the selenocentrical coordinates with a precision to
0.01° only for orbits with an eccentricity not exceeding 0.275.

As to orbits, not lying within the lunar equatorial plane,
the question as to the possibility of applying the Delaunay
method for such inclinations must be examined separately.

3. INEQUALITIES INDUCED BY THE ACTION OF THE EARTH

For the solution of the problem MOON - AMS - EARTH one must
have the Earth's orbit elements relative to the Moon.

Placing the Moon in the center of the system of coordinates
(Fig.2) and considering the motion of the Earth from the Moon,
we shall have the elements of the Earth's orbit relative to the
Moon, which are the same as the Moon's orbit has relative to the
Earth. Only the longitudes will differ by 180°.

We assume for the Earth the following system of elements
(denoting by stroke the elements of the Earth, and without stroke
those of the Moon):

e'= 0.054900489,
i'= 5.14540° (constant of Moon's orbit incli-
nation to the ecliptic)
n'= 13.176397° (mean daily motion of the Moon
for the epoch 1900.0),
a'= 384400 km.

The Moon's mass ratio to that of the Earth is g%ﬁ-
The mean longitude of the Moon, the mean longitude
of the perigee and the mean longitude of the node, corresponding
to the required initial moment of time, are computed by formulas
brought out in the USSR Yearbook.
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Fig.2.

I. Plane passing through the center of the Moon (L) parallel-
wise to the Earth's equatorial plane.
II. Earth's orbit plane relative to the Moon.
III. Plane passing through the center of the Moon parallelwise
to the ecliptic plane.
IV. Orbit plane of the AMS (lunar equatorial plane).
I'. Point of intersection of the plane II with the great circle
passing through the point T (point of the Spring equinox) and the
pole of the plane II.

We select for orbits of lunar satellites the following
elements: e=0.18, i=1.535° (constant inclination of the mean
lunar equator to the ecliptic) are equal for all the three variants,
and the major semiaxes are respectively of 2,4,8 lunar radii.

Table I gives the values of the major semiaxes in kilometers,
the mean daily motions and the periods of satellite resolutions
for each variant.

The motion of the Moon takes place in such a way that the
planes of the lunar equator, the orbits of the Moon and the eclip-
tics mutually intersect along a single straight line, whereupon
the ecliptic plane lies between the lunar equatorial planes and
the plane of the Moon's orbit (Fig.2). This is why the angle of
mutual inclination of satellite motion and Moon's orbit planes is
equal to i'+ i = 6.68040°.
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TABLE I

;

Element Var.I Var.?2 LYar.B
k"‘—— = ?ﬁ-—;::;:;‘t: = ,,—_,::.:;:A__ ::i_.- e S
L2 ' 3473.4 xa | 6916.8 ka | 138{)3.‘6 KAt
Re v o DO16879784T ) 59897324 1 21198122
b Eoosh1915 0 14M43001 | 40%79068

On the basis of the assumed data we obtain the values of
the Delaunay parameters compiled in Table 2. For comparison

we brought out in the same table the values of the Delaunay
parameters for the Moon.

TABLE 2
! \ { o
l ¢ ’ ¢ | H |! sy l m :..,—.—
MOON . e vt v v v v vnvene | 005490 | 0.01677 | 0.01459 ' 0.00256 | 0.07480 ,
AMS variant I..... | 018

| |
1 0.0549 i 0.05826 1 0.0G9036 0(x>7nog
. ORE 54 005826 ' 0.018072 | 0.02200
AMS variant II.. 0.18 10”“) | !
]

. *+ | 018 00540 | 0.05826 | 0.036144 | 0.062208]
. AMS variant III...{ i x

Limiting ourselves to the precision of 0.0I’ when obtaining
V, U and to 0.000I for the quantity £, we obtained on the basis
of Delaunay expansions the following formulas for the computation

of selenocentrical coordinates of AMS, valid for all the thre
variants:
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In these formulas the point TI' (Fig.2) should be taken for
the origin of the count of longitudes, and the arguments must
be computed by formulas (25).

Compiled in Table 3 are the numerical values of the mean
motion of the node and of the perigee of the AMS, obtained by
Delaunay formulas of 1872 [6]. The variations are given for
24 hours.

TABLE 3

i
var.l ‘!var.2 | var.3

( :

0 !

g—t .......... —0°051969 —0°230621 —02645881
drn 5 N o o

P 7RI -+-02079782 | 02256701 -1 12062658

Tables 4, 5, 6 for the numerical values of coefficients
of inequality, induced by the perturbing action of the Earth,
have been compiled on the basis of formulas (26), (27) and (28).
One may judge by these tables of the character of perturbations
produced by the Earth with regard to the motion of the lunar




TABLE 4
Coefficients of inequality induced by perturbation of the

Earth (longitude)

No
No after vVar.I Var.II Var.III
Delaunay =
; A, | Ay A,

1 2 — 0207 — %22 . — 0%0 sin [’

2 5. : 0 - 1 — 2 sin 2

K} 7 -+20.55 --20.55 --20.55 sin /

* S -+ 2 ) “+- & -+ 30 Csin (=11

5 9 0 0 1 sin (I =2U)

O . 12 - 2 -— S - 25 sin (I +-1")

7 | 13 0 {) - 1 sin ([ +21)
.S 16 -+ 2.25 -+ 2.28 - 2,29 sin 21 ’

9 17 0 -t 1 -4~ 7 sin (21 = 1')

30 20 0 1 —_ 5 sin (20 4-{")

1 23 —+ 0.35 -+ 35 -- 35 sin 3{

12 24 0 - 0 e 1 sin (31 =1

13 20 0 0 —_ 1 ESLNKIAETY )

1< 28 -4- 4} -+~ 6 -+ 6 sin 4/

15 33 -+ 1 -+ 1 - 1 sin 8/

16 37 - 20 - 20 — 20 sin 2F

~ 17 4ot -— 7 —_ 7 — 7 sin (2F «-1)

18 . 49 — 2 - 2 -— 2 sin (2F - 21)

19 54 0 — 1 — 1 sin (2F -+ 31)
20 <8 - 10 , = 9 - 6 sin (2F — 1)
21 89 -+ 7 s 25 ~- 1.05 sin 20)
22 90 .0 3 19 sin (20 —1')

23 95 -+~ 2 “- .5 -+ 23 sin (20 = 1)

24 94 .0 0 3 sin (2D a-1=1')
25 108 0 -t~ 1 -t- 5 sin (2D =+ 21)

26 114 -+ 31 -« 93 - 3.23 sin 2D =)

27 119 +~ 4 “+ 12 + 47 sin (20 —1 =1}
28 120 0 - 1 4 5 sin (2D —1—=20)
29 123 - 2 - 5 - 12 sin (2D —1 + 1
50 124 0. 0 - 1 sin (2D — 1 3-21)
31 127 - 4 “+ 13 ~+ 46 sin (2D = 20) .
32 128 0 “- 1 “—. 6 sin (2D — 20 — 1)
33 131 -0 - 1 - 2 sin (2D =21 4- 1)
3 134 0 L 2 C - 10 sin (2D —30)

35 i 135 0 0 . -~ 1 sin (2D =31 =1")
20 139 0 - 1 “~ 2 - sin (2D —4l)

37 1n1 0 0 —_ 1 sin (2D 4-2F ={)
38 183 0 - o+ 1 -+ 3 sin (2D —2F) -
39 190 0 0 . 1 sin (2D —2F 4-1)
40 288 0 ; -+ 1 -t 7 - sin (4D — 2{)

41 259 0 0 -+~ 1 sin (10 =21 <=1
52 342 0 - 5 —- 41 sin D

43 KOR) 0 0 0 sin (D —=1")

ot 340 - 7 -+ 16 - -+ 45 sin (D 1)

45 349 0 - 1 C— 9 sin (D ~-1)

40 352 - 2 -+ 3 -+ .5 sin (D-1--1T)
47 354 0 0 — 1 sin (D -+ 21)

a8 357 0 e 1 -+ .1 sin (D =121 41")
49 364 0 - 2 - 17 sin (D —1)

50 367 . . 2 -+ 3 -~ 4 Csin (D—2+10)
51 369 . ’ 0 - 1 - 5 sin (D= {0)
52 372 0 e 1- I sin (D—2 .
53 427 _ 0 (N - 3. sin (30 ~—1{)
54 430 ' .0 - 0 A U sin 3D =14V
33 432 0 o 0 W= 8 .. sin (3D —2)
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satellite as a function of its distance from the Moon.

Tables 4, 5 and 6 allow us also to attain the selenocentri-
cal coordinates of the Moon for any moment of time.

According to the theory, we took in the equations of motion
in the function R.the multiplier k?m'=a'3n'? instead of the
multiplier k2m'___ o%n” B ﬂ[l__ﬁi, 2(“)’_”..]

m'

=an
(1-0—’%1,-)

If in the theory of motion of the Moon this imprecision is suffi-
ciently accounted by multiplying the expansion factors by (1_42),
in the given problem this imprecision must be taken into m
account by multiplying the coefficients given in Tables 4, 5, 6

by the multiplier [1,_%_,.2(’_;"_,)’]’since(,"’l_‘,)"zo,oom and this quantity

m' 4

cannot be neglected.

Coefficients of ineqaulity induced by
perturbation of the Earth (latitude)

No No |Var.I Var.2 |Var.3
after :
Delau*. B, B, B,
-1-6246 -+6%40 ©-1-6%406 sin F
; le 0 0 -- 1 sin (F—-—I:)
3 6 0 0 — 1 sin (£ --1)
4 10 -+1.15 ~-1.15 ~-1.15 sin (Fa-1) ,
5 11 0 0 a1 sin (F -I-I—l')
O 14 0 -0 — 1 sin (F-=1-4-1)
7 17 -~ 23 -+~ 23 -+ 23 sin (F <20
-8 22 “+ 5 “+ 5 “+ 5 sin (F--30)
9 31 -1.19 —1.19 —1.18 sin (F = 1) ,
10 42 0 0 -+ 1 sin (F—-—I—-—l')
11 35 0 0 — 1 |sin (F=141)
12 38 . — 16 - 14 — 12 sin (F — 2l
il 43 — 3 — 3 — 2 sin (F—30)
14 07 0 — 1 —- 1 sin (Z{F—l)_
15 83 0 -+ 2 4 9 |sin (2D F)
16 103 “+ 2 - 5 -+~ 19 sin (:2/) - F 1) ,
17 101 0 -“+ 1 -- 3 sin (!D-n-F-—-I—:I')
18 107 0 0 — 1 sin (2D - F —14-1{")
19 143 -+ 2 + 0 -+ 19 sin (2D —F) ,
20 144 0 -+ 1 -““-— 3 sin (20D —F_.-/')
21 148 0 0 — 1 sin (2D —F -4 1)
;2 132 0 - 1 -« 3 sin (20 —F +1)
20 173 + 1 + 4 4= 15 | sin @D—F—1)
24 174 0 a1 - 2 | sin 2D—F—1-1)
25 177 0 0 — 1 |sin(2D—=F—I-}0)
26 180 0 “+ 1 -+~ 4 sin (2D —F = 21)
27 185 0 0 “+ .1 sin (2D — F—=3l)
28 317 0 0 — 1 sin (D--F) ,
29 320 0 -+ 1 “+ 2 sin (D —I-FTJ“I)
30 322 0 0 — 1 sin (D-F~- 1). ,
31 325 0 0 — 1 sin (D-FA-141)
32 349 0 0 — 1 sin (D —F) ,
33 352 0 + 1 + 2 sin (D—F-+1)
34 354 0 l 0 - 1 sin (D—F<+1)

TABLE 5



TABLE 6

Coefficients of inequality induced by
perturbation of the Earth(l)
r

No

S wne

8
9

- 10

11
12

13

14

15
. 10

17
18
19
20
21
22

.23

24

25

20
27
29
30
31
32
33

44

35
30
37
a8
39
40
41
42
43
41
45
46
47
48
49
50
51

LB -

No Var.l Var.2 | Var.3
pfter
Pelau z, oA 2
.1 -1-1.0000 -+-1.0001 ~--1,0006
4 ~-0.1793 ~-0,1792 ~+-0.1787
5 . 2 -+ 7 ~+ 25
! 7 - 2 —_— 7 —_ 22
! 9 ~+~ 321 + 321 -+ 320
4 Ce- 05 + 65 -+ 65
17 +~ 14 +~ U4 -+ 14
|18 e 3 -+ 3 -~ 3
19 S — S — 4
22 - 2 - 2 -— 2
23 - 15 |"= W] .= 12
27 -t 9 -+~ 3 -+ 140
28 -+ 1 -+ 4 -+~ 23
29 1] 0 - 2
30 0 — 1 —_ [
32 - 3 +— 10 “+ 40
13 0 + 1 -~ 7
35 0 0 - 1
6 ¢] 2 -+ 12
37 0 - 0 -+- 1
19 ., 0 0 - 1
40 -+ 20 +~ 71 -+ 255
41 -+~ 3 ~+ 11 -+~ 36
42 -+ 0 -+ 1 “- 4
43 - 1 - 4 - 11
45 0 - 1 - 6
46 0 0 —_ 1
48 0 — 2 — 8
4 0 0 —_ 1
51 0 - 1 —_ 2
53 0 0 —_ 1
61 0 0 — 1
65 ] 0 - .1
9 0 -0 -+ 5
70 0 0 -+~ 1
72 0 pre 1 -+ 6
73 0 0 -+ 1
78 0 — 4 -— 27
79 0 0 -~ 2
81 -+ 6 +~ U +~ 37
83 04 — 1 — 11
85 -+ 2 -+ 4 +~ 17
86 0 0 — 2
87 0 -+ 1 -+ 3
.88 0 0 -+ 1
89 0 0 -+ 2
2 0 -— 1 — 2
93 0 0 + - 1
97 0 0 — 2.
928 0 0 -+ 1
99 0 0 - 2

cos [/

cos ({ —=1I

cos ([ -+1)

cos 2/

cos 3/

cos 4/

cos S/

cos 2F

cos (2F +-1)

cos (2F — 1)

cos 20D

cos (2D —1')

cos (2D —=2I)
cos (2D ~-1")

cos (2D -+ 1)

cos (20 - {—1")
cos (21 -1+ 1)
cos (21D - 20)
cos (20 -+ 20 —1')
cos (21 -+ 3/)
cos (2D —1)

cos (2D —1=10)
cos (2D —1-=2ly
cos (2D —1-1")

cos (2D —21)
cos (2D -2 =10)
cos (2D —3/)
cos (2D =31 =1)
cos (20D — 4D

cos (2D'4-2F — 2/)
cos (2D —2F =1)
cos 4D

cos (4D — 1)
cos (4D —( =T')
cos (4D — 21

cos (4D =21 =1")
cos .

cos (D —1)

cos (D+1")

cos (DD -+1)

cos (D11
cos (D +2)

cos (D 4+ 2 +1')
cos (D —1)

cos (D —21)

cos (D —2+4-1)
cos 3D '
cos (3D —=1) .
cos (3D —1-1)
cos (30 —21)

18
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4, INEQUALITIES INDUCED BY THE ACTION OF THE SUN

This section gives the results of application of the Delau-
nay method in the problem MOON ~ AMS - SUN. This problem is
stated and resolved entirely analogously to the preceding one,
the Sun being taken instead of the Earth. Considered also is
the problem of the motion of equatorial satellites in three
variants.

In this problem we consider that the Sun moves relative to
the Moon along an ellipse with elements given by Neucom in the
theory of motion of the Earth, that is, the distance from the
Moon to the Earth is neglected.

This error influences insignificantly the value of Delaunay
parameters, and since in the given problem the latter are very
small, the admitted error can be neglected.

On the basis of the above the values of elements determining
the Delaunay parameters are compiled in Table 7.

TABLE 7
MCA (aMs) (SUN)
I napue 1 napn- 11l wapu- Coange
ant /UT ant
: ee ...l 018 0.18 018 et ... ... 001675104
P 168797847 | 59857524 | 21198122 [’ .. .. . . 0298560911
e L 10.232334.10710.464608.109 0929330107 o (. e2) « .+ | 100000023
1
L

In the given case the mutual inclination angle is equal to
1.535° (constant inclination of the mean lunar equator to the
ecliptic)

The ratio of the mass of the Moon to that of the Sun is

1 . In the quantity (1—2) this ratio may
81.53°333430 obviously be neglected. The values of the
Delaunay parameters are shown in the Table 8.

TABLE 8

N o a1 m__n'
. 1 Py n

Variant I....cce000e 0.18 0.01675 | 0.01339 10.232334.10~4/0.583966.10~% °
variant IT....... 0.18 001675 | 0.01339 0.464668-1074,0.164610- 102

, . 0.18 0.01675 | 0.01339 10.929336-1074,0.465322.10~2
vVariant III........ 1 1 3 2 ‘

It may be seen from Tabjle 8 that the inequalites induced
by the perturbing action of the Sun must be small, for in the
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given problem parameters a and m are many times smaller than in
the theory of motion of the Moon, while parameters a and e' are
of same order. Therefore, applied to the given problem, the
Delaunay theory may provide a great precision.

But if we limit ourselves to the precision to 0.0I° in co-
ordinates V and U and to 0.000I in £, as in the case of accounting
for the perturbations due to the Ea%th, the formulas for the
computation of these coordinates will be substantially simpler

than in the preceding problem. They constitute only a small part
of terms of formulas (26), (27), (28).

. 5 1 .
V=c¢—-nt —3e'msin 1'—»—{29 —i— e“} sin I+{-5— et — 71'72e2—;4 e*}sm 2] +

4
13 5, 43 ... 1_@‘}. 09 o
+{f2'e ——()Ec}sanI—i—{%e sm4l+960 e sm§

-+ {——'{2 — —Z— 72e2} sin 2F — 27%e sin (2F -+ 1) — 14:} vlelsin (2F +20)—

— 3% sin (2F — 1)+ZZ e?m sin 2D 12 em sin (2D — 1)+~

4 .
+eemsin (2D — [ — )+ e?m sin (2D — 2) + Ly emsin(2D—31), (29
U= {2y—2+€*} sin F+{2'{e — ; xe”} sin (F+l)+{~%— vet — %Z -;e‘} sin (F—-20) -+ ‘
-+ g— e’ sin (F-+- 31)—}—‘;’9—2; vetsin (F—-40)+ {—2-,'e — 573+ -z- ’,'e"} sin (F— )+
- {— 3 vt 17 vt} sin (F — 20) — 33 e sin (F = 301+ |
+ Y vemsin 2D+ F — )+ ymsin (2D — F)-+3temsin (2D — F—1), (30}
—:5 =1-+ {e—-—;— e“} cos 1+{e’-——-%—e‘}cos 21+{-3—-e3-18218 e"}cos 31—0——:‘1L e'cos 4l +
| -+ :%i e"cos S| — 5v%e*cos 2F — ?—‘S—S 2’ cos (2F -+ 1)+~ { —_ ;- 1Pe + Z—g Tze“} e
X cos (2F — 1)—0—145 e'm cos. 2D+é6%§e3m cos (2D+l)+}8§em cos (2D — ). - (31)

The daily variations of the mean motions of the node and
of the perigee have the values shown in Table 9

TABLE 9

Var.1l Var. 2 Var.3

—0%00457 | —0°001288 | —0°003641

e e e 4-0.000416 | +-0.001185 | --0.003440




The numerical values of the coefficients of formulas
(31) are compiled in Tables 10, 11, 12.

(29), (30),

21

It may be seen from these tables: that the Sun's pertur-
bations are small indeed.

sin [’

sin {

sin 2/

sin 3/

sin 41

sin 5/

sin 2F

sin (2F + 1)
sin (2F 20y
sin (2F + 3{)
sin (2F —1)
sin 2D

sin (2D =)
sin (20— =0}
sin (2D — 2)

TABLE 10
Coefficients of Solar inequalities
(longitude)

No No

after Vvar.l Var.2 Var.3
i Pelaum. A [ A, | A,
i1 2 0 0 | — o021
L2 7 +20?55_ -+20955 -+20.55
i3 i6 -- 2,28 -+ 2.28 -+ 2,28
L4 23 + 35 + 35 + 35
iP5 28 “- 0 “+ 6 “+~ 6
BETS 33 -+~ 1 -+ 1 -+ 1
7 37 - 20 - 20 - 20
8 44 —_— 7 - 7 —_— 7
) 49 - 2 - 2 - 2
10 54 - 1 - 1 - 1
i 58 - 1 -_— 1 —_ 11
12 89 -~ 1 - 1 -+~ 4
13 118 -+~ 2 -+ 6 + 18
14 119 0 0 -+ 1
15 127 0 -+ 1 -+~ 2
16 134 0 0 -+ 1

sin (2D =2 Uy
A D B

Coefficients of Solar inequalities

(latitude)
| No No Var.l |Var.2 | Var.3
| after
; Delaun 8, 5 . B,
1 1 -1-6946 +6946 -+6246 sin F
2 10 +1.15 +-1.15 -+1.15 sin (F 1)
3 17 -+ 23 -+ 23 -+ 23 sin (F ~20)
4 22 +~ 5 -+ 5 + 5 sin (F -+ 30)
S 27 - 1 +~ 1 “+ 1 sin (F -+ 4l)
0 31 —1.19 —-1.19 —1.19 sin (F =)
7 38 — 15 — 15 — 15 sin (F—21)
8 43 - 3 - 3 - 3 sin (F—=30)
9 103 “+~ 1 + 1 <+ 1 |sin 2D ~+F=I)
1o 143 “ 1 +~ 1 + 1 |sin(2D—F)
i1 173 + 1 + 1 -+~ 1 L‘m 2D =F =1

TABLE 11
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TABLE 12

Coefficients of Solar inequalitﬁ(g)

Translated by

Dr.

at home

T i
No No
after | var.l }var.2 var.3
Delauq & ] ) i o
1 1 -1-1.0000 --1.0000 --1.0G00
2 4 -+-0,1807 -1-0,1507 --0,1807 |cos /
3 Y -- 321 -- 321 - 321 |cos 2/
4 14 -t~ 6S -4- 65 -+ 65 |cos 3/
5 17 -+ 14 -t- 14 -4- 14 jcos ¥/
[§} 18 -+ 3 -~ 3 -+~ 3 |cos &/
7 19 —_— 5 — 5 —— S (cos 2F
.8 22 - 2 —_ 2 -_ 2 |cos (2F 1)
9 23 - 14 —- 14 — 14 jcos (2F—=1)
10 27 -+ 1 -- 2 -t- 6 |cos 2D
11 © 32 0 -+ 1 -+ 2 |cos (2D 1)
12 40 -+ 2 -+ 6 + 16 jcos (2D —1)
i
*k ok ok THE END * k%
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