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1. ABSTRACT

This report presents a method of defining a minimum-phase transfer
function within the bounded regions of phase and gain specifications at
several discrete frequencies. The application of complex curve fitting
techniques and the principles of gain and phase stability for a transfer
function are employed. The developed method is applied to two conditions

and six cases; the results show that the method is simple and effective.
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3. INTRODUCTION

The material contained in this report was prepared by the Research
& Analysis Section of Northrop Space Laboratories in compliance with
requirements specified by the Dynamic Stability Section of the Marshall
Space Flight Center. In general, the requirement is to develop a method
to obtain a realistic stability network configuration from given non-
unique phase-gain specification at several discrete frequencies. A systematic
design approach to obtain the above objective was defined and reported
in the NSL/Huntsville Aerc/Astro Tech. Memo. No. 16, May 19, 1964 (Ref. 1).
This report contains a portion of the work noted above; specifically, a
mezhsd is determined for defining a minimum-phase transfer function when
bounded regions at varicus frequency modes of phase and gain are specified.
Complex curve fitting ¢echniques and conditicns for the stability of
transfer funcrions are incorporated in this report. Figure 3.1 contains
a flow chart which depicts the procedure for obtaining stable transfer

functions.

Two conditions and six cases has been worked out successfully. It
is felt that, if the rules of stability are followed closely (to this
effect, a set of templates is used, a minimum-phase transfer function can

always be defined within the bounded regions of phase and gain specifications.

After obtaining the most simple minimum-phase transfer functiir, the
next step is to develop a precise method to design a stability network
configuration in accordance with the obtained transfer function. It is

believed that, with additional study, the network synthesis technique
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presented in Reference 1 can be refined and fully automated in conjunction

with the methods presented in this report.




4. MINIMUM-PHASE REQUIREMENTS AND THE RULES OF STABILITY

A system that has no open-loop poles or zeros in the right-half
"s" plane is defined as a minimum-phase system. For this type of
system all factors of the transfer function are of the form (1 + TS)
and/or (1 + AS +‘BS?')- A system that has open-loop poles or zeros in
the right-half's'plane is defined as a non-minimum-phase system. Thus,
for this situation, one or more terms in the transfer function have
the form (1 - TS) and/or (1 + AS + BSZ). Most practical systems are in
the minimum-phase category. The methods developed in this report are

mainly for minimum-phase systems.

The stability and the corresponding response of a system can be
determined from the location of the poles of the transform F(s) in the

s plane. The possible positions of the poles are shown in Figure 4-1.

s plane

) G

X ———Xo©

Figure 4-1. Location of poles in the s Plane




For the locations of the poles shown in Fig. 4-1 the responses are

given in Table 4-1. These poles are the roots of the denominator of

the transform F(s).

Table 4-1. Relation of Response to Location of Poles

Position of Form of Response Characteristics
Pole

-0t .

a K e damped exponential
-ot_, . ) )

b K e s1n(wdt + ¢) exponentially damped sinusoid

c K constant

d K sin (wdt +¢) constant sinusoid
‘ot , . .

e Ke increasing exponential (unstable)

£ K e+0tsin(wdt + ¢) exponentially increasing
sinusoid (unstable)

where 0 = real axis, jw = imaginary axis, (frequency)

K = constart, t time in second

Wy = the damped natural frequency of the oscillation of
the transient response.

Poles of the response transform at the origin or on the imaginary
axis that are not contributed by the forcing function result in a con-
tinuous output. These outputs are undesirable in a control system.
Poles in the right-half "s" plane result in transient respouse that
increases with time. This represents an unstable system; therefore,

poles in the right-half "s" plane are undesirable.

10




It has been shown (Ref. 6) that stability of response of

F(s) = (8]

B(g) Fequires that all roots of B(s) have negative real parts,

and for a minimum-phase system, all roots of A(s) have negative real
parts also. Since it is useless to find the exact solution when the
response is unstable, a simple procedure to determine the existence
of roots with positive real parts is desired. Routh's stability
criterion and Nyquist's stability criterion are good simple methods
of determining the number of roots with positive real parts without
actually solving for the roots of B(s) or A(s). However, for the
cocmplex curve-fitting technique (Ref. 1) a computer program has been
written which computes all zeros and poles of each transfer function

automatically. This program will be discussed further in Section 5.

The use of log magnitude and phase angle diagrams are of great
value in situations where the transfer function of a system is not
known; corsequently, the Bode plot of log magnitude and phase is used

to define a transfer function.

The stability and approximate degree of stability can be deter-
mined from the log magnitude and phase diagram. The stability char-

acteristic is specified in terms of the following quantities:
a. Gain Crossover:

This ie the point on the plot of the transfer function at which
the magnitude is unity (10g10 F(jw) = 0 db). The frequency at

gain crossover is called the phase-margin frequency w¢,

11




b. Phase Margin:

This is 180° plus the negative trigonometrically considered
angle of the transfer function at the gain-crossover point. It

is designated as the angle Y which can be expressed as

Y = 180° + ¢
¢. Phase Crossover:

This is the point on the plot of the transfer function at
which the phase angle is 180°. The frequency at which phase

crossover occurs is called the gain-margin frequency wc.
d. Gain Margin:

This is the additional gain @ that just makes the system
unstable. Expressed in terms of transfer function at

frequency W, it is

. s @ =
[F (o)l 1
In terms of the log magnitudes, in decibels, this is

20 log,, @ = - 20 10g10|F(jwc)|

Figure 4-2 shows gain margin and phase margin and the conditions

of stability.

12
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-270°4 )
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Figure 4-2. Log Magnitude and Phase Diagram, Showing Gain

Margin and Phase Margin.

((a) stable, (b) unstable)

The phase margin is the amount of phase shift at frequency @, that

z

would just produce instability. For minimum-phase network the phase margin

must be positive for a stable system.

Satisfactory response is usually

obtained with a phase margin of 45 to 60°.

The gain margin is the factor by which the gain must be changed in

order to produce instability. The gain margin must be positive when

expressed in decibels (greater than unity as a numeric) for a stable

system.

13




The total phase angle of a transfer function at any frequency is
closely related to the slope of the log magnitude curve at that frequency.
The effectiveness of this relationship for first and second order
transfer functions can be realized for frequencies which are normally

greater than the phase-margin frequency A slope of -20 db/decade

6
is related to an angle of -90°; a slope of -40 db/decade is related to
an angle of -180°; a slope of -60 db/decade is related to an angle of
-270°; etc. Changes of slope at higher and lower frequencies around
the particular frequency being considered, contribute to the angle at
that frequency. The farther away the changes of slope are from the

frequency in question, the less they contribute to the total angle at

that frequency.

By placing a line tangent to the log-magnitude curve, it is possible

to estimate the approximate value of the phase angle.

As has been seen, the stability of a system required that the
phase margin be positive for a minimum-phase system. In order for this
to be true, the angle at the gain crossover (20 1og10|F(jw)| = 0 db)
must be greater that -180°. This places a limit on the slope of the
log magnitude curve at the gain crossover. The maximum slope of the
log magnitude curve at gain crossover should be more positive than
=40 db/decade; however, it ié common synthesis procedure to assure
stability by requiring the log-magnitude diagram to have -20 db/decade
of frequency for several octaves of frequency about the gain crossover
point. Frequently, the slope at O-db point is taken as an alternate

statement of stability, but it is not always correct.

14




Bode's attenuation-phase theorem states that the mathematical
relationships between the log-magnitude and the phase angle diagram

for a minimum-phase system is

~ I ida 1 da da v
o) =3 |5 3] (|24 - ldNL) in coth |¥ av (4. 1)
where
O(wx) = phase of system at any frequency wx,(radian)

A = gain (neper = 1n|F(jw)|)

F(jw) = transfer function of the system

v = 1ln (%—)
X
%% = slope of log-magnitude diagram (1 neper/unit = 20 db/decade)

o} Odw

w ©
Jf Adw +

J2 202 2 VEETEIN,
o] wo - W (w - wx) wo w - wo(w - wx)

(4.2)

- S(Qx)
:-é- u_\x([o
2 2
W w_ - w
X o) X
or
L A)
= o = X w >
2 2 2 X o
w w” - w
X X o

where w, is the frequency above which the phase is known and below which

gain characteristic is known.




Equation (4.1) determines the phase characteristic if the gain char-
acteristic over the entire frequency range is known. Equation (4.2)
determines the phase and gain characteristic over the -unknown portion
of the frequency range from the known phase angle over part of the
frequency range and the unknown gain over the remaining part of the
frequency range. Although these theorems are seldom used for actual
calculations because they are more difficult than the methods presented
in our report, they do show the interdependence of gain and phase angle

for a minimum phase system.

The gain can be adjusted (this raises or lowers the log magnitude
curve) to produce a phase margin in the desirable range of 45 - 60°.
The phase margin frequency w¢ gives a qualitative indication of the speed

of response of a system.

It can be shown that the phase and gain margin is related to the
effective damping ratio Z of the system. The precise functional re-
lationship between magnitude and phase angle at a given frequency is
determined by the break frequencywn and effective damping ratio & when
the form of a transfer function is known. Figure 4-3a and 4-3b illustrate

this point.

A set of Bode templates have been made in accordance with different
values of effective damping ratio . Using these templates, one can draw

many phase and gain curves which produce minimum-phase transfer functions.

The application of these templates will be discussed further in section 5.3.1.

16
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5. THE APPLICATION OF COMPLEX CURVE-FITTING TECHNIQUE

5.1 Mathematical Model and Computer Programming

The theory and the mathematical model of complex curve fitting
technique has been discussed in detail in the NSL/Huntsville AERO/ASTRO

1)
Tech. Memo. No. 16, 19 May 1964. 1In this report it is summarized for the

purpose of reference.

The transfer function of a network or a dynamic system is necessary
for describing the frequency response characteristics of that network or
system, and in general, the response characteristics of a network or a

dynamic system at a certain frequency is the ratio of output to input at

that frequency.

_ A(jw) 5
G(jw) = B(jw) (5.1)

where A(jw) and B(jw) can be expressed in terms of complex polynomials.

That is
. .32 . \3
Py T Py (Jw) +py(jw)T + py(ju)T + ...
G(j0) = 5 3 (5.2a)
q, t q;(jw) +q,(jw* + a5 (j0)° + ...
or
p*tp,S +p,S”+p,ST + ...
o(s) = 2—1 - 2 (5.2b)
q +q18 +q25 +q3S + ...
where

p's and q's are polynomial coefficients
j = /-1

w = frequency in radian per second

19




After the separation of real and imaginary parts, equations (5.2a)

can be written as

.
G(ju) = %—;rggg (5.3)

where

2 4
a=p - p2w + PLY censy

o]
_ 2 4
O =q, - qu tgqu ...,
2 4
B = Py = Py + Pg = cees

2 4
T = ql - q3w + q5w

Suppose that the function F(jw) is used to designate an '"ideal™
function; i.e., a functioq which represents the data exactly. Therefore,
F(jw) will have real and imaginary components which would coincide
exactly with the values indicated by the experimental curve. The function

will be
F(jw) = Re(w) + j Im(w) =R + jI (5.4)

The numerical differences between the two functions G(jw) and F(jw)

represents the error in curve-fitting. This error is

e(jw) = F(ju) - G(jw) (5.5a)
e(j0) = F(0) - (o e (5.5b)

multiplying both sides of equation (5.5b) by (0 + jwt) gives

e(jw)(o + jwt) = F(ju)(o + jwt) - (o + jwB) (5.6)
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Equation (5.6) is treated as a weighted function. The absolute value

of equation (5.6) is given by

le(wy(o + jwr)|2 = (Ro - Tt - a)? + (Rwt + Io - w8)2 (5.7)

E is defined as the function given in (5.7) summed over the sampling
frequencies wk

thus

m
_ 2 2
E= k; R%k = T = %7 Ry T L0 - 9Bt (5.8)

R, = [magnitude at wk] [cos (phase angle at wk)]

I = [magnitude at wk] [sin (phase angle at wk)]

The unknown polynomial coefficients p;» q; are now evaluated on the
basis of minimizing the function E. Following the standard mathematical
procedures equation (5.8) is differentiated with respect to each of the

unknown coefficients P;s 4y and the results set equal to zero.

3E _
—a—p—- = z - 2(0kRk - wkaIk - Qk) =0
o k=0
3E i
—_— - + - = .
3 z Zwk(wkrkRk oy kak) 0 (5.9)
1 k=c
3E m
e klo - 20 L (O R - T - o) + 2R (R +o T - wR ) =0
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By the following linear transformations

1

%k TP " %

1

B =Py - By

1
0k=q0-0 = (1 - g)*

T, = T'

k 917 Tk

;. ;
A, = W, S, = w R
1 ko 1 g Kk
m m
_ i B i,.2 2
T, = E g U, ; w Ry + 1)
k=o k=0

equation (4.9) becomes
- + - + ... + + - -
Poto = Pty TR, - Pghg 9T T a5, - 4373 - 4,5,
5's T 6% " 977y eer =S
- + - + vee = + + -
P1hy = P3h, T Pghg - PyAg 959 T 9Ty T35, - 4,75
. + + - . =T
955¢ T 9577 t 955, 1

. - el ¥ + . -
Poro = Por, T g - Pghg 973 T 9,5, - 4375 - 9,5

T - T - =
9577 T 9¢Sg - 4;7g - -.- =5,

* For convenience, q, is set to equal to 1. This does not affect the function

in any manner.
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: : L
) eGIR - " S B a0 R aa

- - + + I . + -
PoTy = P15y - PpTy T P3S, TR, 44Uy - 453U, T asUg - q;Ug

+ -
9919

+...
91%9-

=0

+ - - + + ... + - -
PoSy T PT3 - PyS, < P3Ts T P,S 1,0, - 9,0 T a5Ug - 98U

+
910%1

- eees — U

2

- - + - - -
Pot3 = P14 = PpTs T P3Sg T R,T, U, - 930 *asUg - 45U

+ - eee
9991,

.

or in matrix notation:

o 2 4
‘A e
0 Az 0 4 0
A -
5 0 Aa 0 A6
0 AA 0 T6 o .
T =S =T S T_ e

The numerical value

from Eq. (5.11).

=0
MY(N) = (C) (5.10)
T ] [ ] -S i
T - - .
1 5 3 54 s Po o
. -82 13 S4 -T5 -S6 cee p1 Tl
Ty S4 Ty -S6 Ty e Py 82
SaTs 5S¢ "y Sg Py T3
U2 0 -U4 0 U6 . q 0
O U[}' O -U6 O eo e q2 U2
U4 O -U6 0 U8 e s ® q3 0

of the unknown coefficients may thus be obtained
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The method of complex curve-fitting as presented here would correspond
to a least-squares fit if |0 +-ij| were a constant. Actually |° + jmTl
is a weighting function; so this method can be described as a '"weighted
least squares fit". However according to C. K. Sanathanan's opinion
{(Ref. 10), this "weighted least square fit" has some serious deficiencieé.
He suggested that the deficiencies can be overcome by an iteration pro-

cedure which effectively eliminates the above weighting.
From equation (5.6), let
(0 + jwtr) = Q(jw) and (& + jwB) = P(jw)

then e(w) Q(jw) = F(jw) Q(jw) - p(jw)

denote

e(w) Q(jw) by €, then
E; = F(3%) Q(ju ) - P(ju,) (5.12)

equation (5.12) can be modified by writing

o & QUGe FGu) Qe )y P90y
ko QGedy ) QUe)y Q3o )y

£ (5.13)

wnere the subscript L corresponds to the iteration number.

As Q(jwk) is not known initially, it is assumed to be equal to 1.
The subsequent iteration tend to converge rapidly and the coefficients
evaluated become effectively those obtained by minimizing the sum of

H
Ieklz at all the experimental points.
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From equation (5.13)

"o IF(jwk) Q3w ), - P(3

mk)le
L

|2 (5.14)

latae),

) ) . - 1 . . .
substituting w, & Q(j“k)L-l in equation (5.14) and summing for all k's

_ "2
E = ; le 1wy (5.15)
k=o

where ka also equals to

1

4 4

2 2
UG,0-1 ¢ TO5,p1 @ 7 ee)

2 2, 2
o + - ¢ e 0 + -
(Iray 1oy @ gy v Wt uay

'
and Ek is a function of Po> P12 Py +vs dps oo Qg +e- - Now equation
(5.15) !s partially differentiated with respect to each of the polynomial
coeffjcients, and equal to zero. To evaluate the coefficients, we have the

same matrices as in (5.11) except with the following different notations

?
A, = W w
i k=1 k kL
? i
S, = w” R w
i k=1 k "k kL
T
o, = [ @, 1 W
i kel k "k kL
m
2 2
= +
I R
k=1
25




The coefficients 9y5 9p» Q3s +-- evaluated at iteration L-1 are used

to evaluate WL for the next iteration.

Due to the elimination of the weighting function Q(jwk) by an iteration
procedure, we call this modified method of curve-fitting as "least-square

fic".

To define a minimum-phase transfer function within the bounded
region of phase and gain specifications, the following computer program
has been used. The flow chart is shown in Figure 5-1. It is estimated
that the average computer time for all computation in this program is

about 6 minutes.

At the present time, the above program is not fully automated because,
as it will be seen in section 5.3.1, the desired curve must be drawn
before the computer starts the computation. However, with additional
study, it is believed that the processes of drawing a desired curve within
the bounded region of phase and gain specifications can be programmed into the

computer. Thus the whole procedure will be fully automated.

5.2 For a Nen-Minimum-Phase System

From section 5.1, it has been shown that by using a set of data
obtained from experimental results as input to the complex curve fit
process, a closely fit transfer function can be obtained through consecutive
computer search. Based upon the above principle, a method of defining
a transfer function with bounded regions of phase and gain specifications

is acquired. In the case of non-minimum-phase system it is so simple that
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the only thing one has to do is to plot a free hand curve through the
bounded regions of phase and gain specifications in log magnitude and

phase angle diagram and then pick up, say 30 points, (actually the more

the better) from the plotted phase and gain curve within a desired
frequency range at equal frequency intervals. After the 30 points

have been picked out, one can read off the values of magnitude and phase
angle directly from the log magnitude and phase angle diagram at each
specific frequency point. Values of frequencies, phase angle and magnitude
form a set of data. Using these data as input to the computer program,

a closely fit transfer function can be obtained by a successive computer

search.

5.3 For a Minimum-Phase System

For a minimum-phase system, to obtain a stable transfer function
within the bounded regions of phase and gain specification is much more
complicated if the pnase and gain specifications define only discrete
bounded regions. For example, in Figure 5-4, the regions other than
those within the rectangles are undefined. If the method in Section 5.2
is applied; more often than not, the transfer functions so obtained will

be unstable, although one can always get a good fit.

In order to assure the capability of defining a minimum-phase transfer
function within the regions of phase and gain specifications, the minimuym-
phase requirements and the rules of stability which were discussed in
Section 4 must be closely observed when drawing a curve within the bounded
regions. This can be accomplished by the application of a set of Bode

templates. The techniques will be discussed in the following sectiomn.
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5.3.1 The Applicaticn of Bode Templates

The templates are made in accordance with Figure 4-3 and the second

crder transfer function

1

F(jw) = : {5.16a)
@2+ 2p 4241
n n
or
w2
F(S) = — 2 = 1 5
s2 + 2tws +w? (2 428 (5.16b)
n n w w
n n
where
S = jw W = frequency (radian per second)
@ = uyndamped natural (break) frequency

= damping ratio

W  and ¢ both are constants.

By changing the value of & of (5.16a)a specific gain curve and phase

w
curve can be obtained in the log magnitude and phase diagram with 7~ as

abscissa. This has been shown in Figure 4-3. To obtain gain curve and

phase curve, equation (5.16a) is solved in the following two equations,

respectively
s . 1
IF(;wY] = magnitude = - -
1 wz 2 w 2 2
(- 2% (e -—)}
W wn
‘ n
I(w
¢, = phase angle = tanﬁl[—i—kz
k »R(wk)
' w o s
2C(:r)
¢ = -1 n
tan I———Ez
2

29




A set of 30 templates have been employed for this work in which

twenty-nine are derived from eq. (5.16). With damping ratio from .010 through

1.00 and one from equation,

1 n n
1+j:—- n
n

a first order transfer function.

These templates are designed to match 4 cycle semi-log paper;
therefore, for convenience it is desirable to use 4 cycle semi-log paper to

graph the required transfer function.

The shape of the template with a damping ratio of & = 0.1 is shown

in Figure 5-<2.

To demonstrate the application of these templates, two examples are

described as follows:

Example 1, Suppose one wishes to determine a transfer function with
damping ratio of 0.1 and break frequency of 6 radian per second and at the
same time draw the magnitude and phase diagram. The procedures are very

simple. The graph of the curves are shown in Figure 5-3.

Step l: Mark frequency, magnitude (in db), and phase angle on
horizontal and vertical axis. Draw zero db line and zero

degree line.
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Step 2: For gain curve lay template of & = 0.1 on the semi-log
paper make zero db line on template coincident with the zero
db line on paper and bregk frequency line coincident with
desired break frequency (in this case w = 6). Then draw
gain curve along the upper edge of the template, which is

curve A in Fig. 5-3.

Some templates with smaller damping ratio, for example & = .012, have
a very sharp peak of gain curve. However the sharp peak on template
is truncated. 1In this case, one must complete the peak when drawing the

gain curve such as curve B in Figure 5-3.

Step 3: For phase curve, lay the same template (% = 0.1) on the lower
part of Figure 5-3. Make zero degree line on template coin-
cident with the zero degree line on paper and break frequency
line coincident with break frequency ( w = 6). Then draw

phase curve along the lower edge of the template.

The transfer function for curve A is:

w?
n
F,(s) =
A SZ+ZCWS+¢U2
n n
where
W = 6 radian per second, ¢ =0.1

143
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Therefore
P (8) = — 6’ -
S +2x0.1x65 +6
F (S) = —
0.0285” + 0.0335 +1
For curve B:
b 30 radian per second, £ =0.012
Therefore
F(s) = L

0.00118% + 0.0008s + 1

It is clear that one can always obtain different transfer function
with the same damping ratio by varying the value of w the break
frequency. One can get a set of curves of the same shape by simply moving

the template along the zero db and zero degree lines.

In more complex cases, that is the case in which the polynomials in
the transfer function F(S) are of higher order, one can use the combination
of more than one template to obtain desired phase and gain curves and trarsfer

functions. To illustrate this point, Example 2 is used.

Example 2: For rate gyro filter specification limits, the total

phase and gain curves are defined as shown on Fig. 5-4.

The procedure is as follows:
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Step 1:

Step 2:

Step 3:

Select a set of templates which have slopes that appear
consistent with the specification limits and whose
summation appears for both total gain and phase curves to
be within the specification limits. The above set of
templates may be one template or as many as five templates;
working with more than five templates becomes unwieldy.

In this example, three templates and four different break
frequencies have been employed to draw four gain curves
and four phase curves. By adding these gain and phase
curves at every frequency point, the total gain and phase

curves are obtained.

Apply method in example 1 to draw curves according to each
specific break frequency and template. The templates can
be reversed (the peak of gain curve points toward frequency

axis). In the former case, the transfer function becomes

wi s2 + 2w s +mf1
Fs) =1/ ( 5) = - -
s? 4+ 2tw s +w w
n n n

See curve 3 and curves 4 in Figure 5-4 as an example.

Obtain total gain and phase curves. Using a pair of dividers
this process can be performed easily. 1In practical application,
a computer subroutine is employed.to compute and plot the

total curves; therefore, it is only necessary to sum up the

values of all phase or gain curve at each discrete frequency
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Step 4:

specification; then check whether the total gain or phase
is within the specification limits. If total gain and
phase is not within limits, adjust position of curves
until summation of phase and gain is within specified

limits.

Obtain transfer function. For this example Figure 5-4,

curve } (gain and phase curve) has break frequency

ml = 4.3 and damping ratio Cl = 0.02; curve 2 has wz =7,
Cz = 0.2; curve 3, Uy = 6.4, C3 = 0.017; curve 4, 4 = 20
c —

3= 0.014. Since the peak of gain curves 1 and 2 point

upward and above zero db line, the transfer function will

be
2
F(S) = — 1 > (5.17)
S° + 2Cw S + w
n n

and since the peak of gain curves of 3 and 4 point downward

and below the zero db line, the transfer function have

the form
s? + 2tw 5 + w?
F(S) = n 2 (5.18)
2
n

Now, we have two transfer functions with the same form as
(5.17) and two transfer functions with the same form as
(5.18). Multiplying these four transfer functions together

a total transfer function is obtained.
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wf w? S2 + 20 w.s + w2
F (S8) = 5 5 =3 2 x 33 3
o 2
+
S 2c1wls +~w1 ST + zczwzs + wz ' w3
2 2
+
S 2C3w4 +w4
2
“4
w2l (52 + 2z ws + w2)(s2 + 20w 5 + wd)
12 33 3 3 4 4
F (8) = 57 7 NG — (5.19)
+ . -
wa4 (w1 2c1wls + s )(w2 + zczwzs +89)
2¢.S 2C.S
[(f,—)z -+ 1] [ 2+ 2+ 1]
_ 3 3 4 4
Fol®) s .2, 258 s 2, 25°
w )t ot J[(w_) ot ]
1 1 2 2
Substituting the values of break frequencies and damping
ratios into equation (5.19) FO(S) becomes
F(S) = (.0244140632 + .005312508 + 1)(.0025000052 + .00170000S + 1)
° (.0540832852 + .009302338 + 1)(-0204081682 + .057142855 + 1)
(5.20a)
or
0.0000618% + 0.0000555> + 0.02718% + 0.00725 + 1 .
FO(S) = A (5.20b)

0.0111s8 " + 0.003383 -+ 0.075282 + 0.0664 S +1

5.3.2 Complex Curve Fit

Equation (5.20) is a minimum-phase transfer function with m = 4,

n =4, (m is the degrees of polynomial in numerator of the transfer
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functions and n is the degrees of polynomial in the denominator). However,
this transfer function is not necessarily the only and simplest transfer
function (polynomials with lowest degrees) which meet our requirements.

In order to explore every possibility of obtaining a simplest stable
transfer function, Eq. (5.20) is programmed into our complex curve fitting
process. As can be seen in Figure 5-4, the total gain curve obtained
deviates somewhat from the first specification limit. This situation can

be corrected by altering the curve as shown in Fig. 5-4 and then programmed

the altered results by means of complex curve fitting process. The alteration

should be done in such a way that the extent of altering will not cause

unstability. This will be discussed further in Section 5.4.2 Case I.

Based on Fig. 5-1, the details of the complex curve fit process

is described below:

Take equations (5.20b), the transfer function is fed into the
computer, a subroutine will compute data shown in Table 5-1. Input
format I is used for the input of transfer function which has the form
as equations (5.20b), i.e., F(S) = %%g%-where A(S) and B(S) are polynomials.
Input format II is used for the input of transfer function which has

quadratic forms as in equation (5.20a). For our purpose, it is much more

convenient to use input format II than format I.

Using transfer function (5.20a) and (5.20b) as example the above
Fortran input code sheet are completed. It should be pointed out that,

in input format I,
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Table 5-1

First Subroutine Computing Results

(also input data for complex curve fit)

Frequency Amplitude 20 Log (AMP) Phase
ij;;rad/sec f-cycie/sec (Magnitude) (decibel) ~degree
0.5 0.07961 1.00006 0.00000 -2.00000
1.0 0.15920 1.00000 0.00000 -4.,00000
) * k3
7.0 1.11460 0.20000(0.158) -14.00000(-16.0) | -122.00000
7.5 1.19420 0.31600(0.200 - -10.00000(=14.0) | =120.00000
8.0 1.27380 0.34300(0.195) -9.30000(-14.2) | -126.00000
8.5 1.35350 0.28200(0.188) =11.00000(-14.5) | -134.00000
9.0 1.43312 0.23700(0.178) -12.50000(-15.0) | -141.00000
9.5 1.51273 0,21100(0.186) -13.50000(-15.6) | =144.00000
10.0 1.59235 0.26000¢0.180) -14.00000(-15.9) | -152.00000
10.5 1.67197 0.16800(0.158) -15.50000(-16.0) | -157.00000
40.0 6.36943 0.04170 -27.60000 0.0000 |

#* Figures in the parenthesis are correctiomns

curve within limits.

43

made for bringing the gain




v

w
-

The first row of the sheet is for the purpose of case ident-
ification. One can write any words on this row concerning

case identification.

In the second row there are six vertical dashes in the format

for curve plotting, the first vertical dash designates the

plot of w(frequency in radian per second) versus phase angle curve
the second dash plots W versus db; third, the plot of @ versus
magnitude; fourth, the plot of f (frequency in cycles per

second) versus phase angle; fifth, the plot of f versus db;

sixth, the plot of f versus magnitude . If one does not need

all six curves to be plotted some specific vertical dash or

dashes can be eliminated.

In row three, "O" in first cell indicates complex polyncmial.
104" in 3rd and 4th cells means the degree of the complex
polynomial and (6E10.0) in the cells from 6 to 13 is the
format statement for the coefficients of polynomial in which
10.0 indicates that 10 cells will be used in the following row

for each polynomial coefficient.

In the fourth row, the value of coefficients of polynomial

are put in exponential form. For example 0.000061 = 6.1 x 10_5.
This value will be shown in the fourth row as 6.1 E-5. The
coefficient of highest degree should be put in first 10 cells
i.e., those cells from 1 to 10, then the coefficients of lower

degree should be put in next 10 cells i.e., from llth to 20th

cell, etc.
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5. The usage of rows three and four is the same as row five and
six. Third and fourth rows are used for the numerator of the
transfer functions and the fifth and sixth rows for the de-
nominator of the transfer function.

6. Row 8 is used for frequency range and number of points desired.
.5 and 50. in cells 1 - 2 and 11 - 13 indicate the frequency
range from .5 to 50 rad./sec. 100. in cells 21 - 24 means that

100 points within the above frequency range must be computed.

The input format II, rows 1, 2 and 10 have the same usage as rows
1, 2, and 8 in input format I. Other rows are used to designate the

following:
1. In row 3 "1" in the first cell indicates complex quadratic forms.

2. Row 4 and 5 are used for the coefficients of quadratic forms
in the numerator of the transfer function. 1In the space from
cell 1 to 15, the coefficient of 82 term of the first quadratic
will be utilized. 1In cells from 16 to 30 will be the coefficient
of S and from 31 to 45 the constant term 1. The coefficients
of the next quadratic will be in row 5. Row 7 and row 8 are
for the coefficients of quadratic forms in the denominator of

the transfer functions.

Next, another subroutine will plot phases and gain curves in the log
magnitude and phase diagram for the transfer function which is shown in

Figure 5-5 (Solid Lines). Using the above data as input, computer continues
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complex curve fit process, searching for a simplest and stable transfer
function within the specification limits through a computational loop
shown in Fig. 5-1, by changing the degree of polynomials m and n. A
m . . 1 1 2
sequency of [ has been programmed into the computer, i.e., 20 303
12 3 &4 o ; ;
248ttt oa e computer can either compute starting from the
, 1 .
simplest % (i.e., E) and following the sequence one by one up to higher
degree or compute only particular ones ordered by the user. The computation
process will be stopped automatically as soon as the computer finds a
simplest desirable transfer function. 1In this example, seven computations
m=2 2 2 3 4 3 4 . .
=2’ 3’ 4°3°%4° 35’ 5,) have been made in which four of the seven transfer
functions are stable and only two of them are within the specification
limits. The results of each computation will include a set of data the
same as those in Table 5-1, a transfer function and the zeros and poles
(all are the roots of the complex polynomials) of the transfer function.

Finally the subroutine will plot the phase and gain curves for those desir-

able transfer functions.

The two desirable transfer functions, their zeros and poles and’the

phase and gain curves are shown in Figure 5-5 and 5-6.

It has been pointed out that the gain curve in Figure 5-4 is somewhat
outside the upper specification limit at the first frequency mode. Figure
5-5a and 5-6a indicates that the fitted gain curves (dotted line) is
approximately the same as the original one (solid line). These results are

not very satisfactory. Thus the gain curve in Figure 5-4 i.e., the original
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gain curve (solid line) in Figure 5-7a is modified in order to bring

the section of the curve within the upper limit. The value of magnitude
at each frequency point is read out as shown in the parenthesis of

Table 5-1. Using these modified data as input, through curve fit process,
a new set of computations results are shown in Figure 5-7 and 5-8.

Now the fitted gain curves in Figure 5-7a and 5-7b are well within the

specification limits. The simplest transfer function obtained is:

0.00005484 +O.00020183 + 0.02594452 + 0.018766S + 0.957323

0.0015088% + 0.0041208> + 0.08281252 + 0.08178955 + 1

G3(S) = (5.21)

5.4 Study Results

Two conditions have been studied. The results of the study are con-

sidered very satisfactory.

5.4.1 Condition I, The Bounded Regions of Phase and Gain Specifications

are Well Defined:

In this case, the bounded regions of phase or gain specifications
is well defined, i.e., the bounded region is analytic and stable. For
this situation the definition of a stable transfer function within the
bounded regions is very simple and the free-hand curve plot method discussed

in Section 5.2 can be utilized.

5.4.1.1 Case l: Saturn SA-9 Roll Attitude Rate Shaping Network Frequency

Response S-I Stage Burn. Given two well defined bounded regions as shown in

Figure 5-9, one can draw phase and gain curves by free hand, well within the

51
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bounded regions as nominal response. Then pick up some 80 points from each
phase and gain nominal response curves within a desired frequency range

{in this case, the frequency range is 0.2 - 29.8 rad/sec) at every equal
frequency interval. Using the values of frequency, phase angle, and magnitude
at each point as input of complex curve fitting process four minimum~phase
transfer functions were obtained. The transfer function and their roots

are shown in equations (5.22), (5.23), (5.24) and (5.25). The fitted

phase and gain curves shown in Figure (5-9), (5-10), (5-11) and (5-12)

are well within the specification limits.

6. (s) = 0.0000175> + 0.001600s2 + 0.014100S + 0.988000
L 0.00000001595> + 0.00000885* + 0.0005225> + 0.01168% + 0.1308 + 1
(5.22)
Zeros Poles
-93.04 + 0] -27.24 + 5.28]
-1.12 + 25.14] 4,79 + 11.99j
-490.35 - 1.27 x 1072%;
2
~ 0.001495° + 0.00467S + 0.99

0.00000279S ° + 0.0004395" + 0.01S™ + 0.123s + 1

Zeros Poles
-1.57 + 25.76§  -16.46 - 1.93 x 107°°j
-4.51 + 12.04j
~131.91 + 0§
58
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FIGURE 5-10a. SATURN SA-9 ROLL ATTITUDE RATE SHAPING NETWORK FREQUENCY RESPONSE,
S-1 STAGE BURN SPECIFICATION LIMITS AND CURVE FIT FOR GAIN
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FIGURE 5-1la.

SATURN SA~9 ROLL ATTITUDE RATE SHAPING NETWORK FREQUENCY RESPONSE,
S5-I STAGE BURN SPECIFICATION LIMITS AND CURVE FIT FOR GAIN
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_ _ 0.00000608S> + 0.0015552 + 0.0076S + 0.99
G3(S) = 4 3 > (5.24)
0.000005098% + 0.000465> + 0.01075% + 0.1245 + 1
Zeros Poles
-252.11 - 2.82 x 10707 -4.65 + 12.01j
-61.89 + 0]
2
0.00139s% + 0. + 0.
6, (5 - 139 00525 + 0.997 (5.25)

0.0004375> + 0.0099s2 + 0.1245 + 1

Zeros Poles

-1.87 + 26.72j -14.12 + 0j
-4.30 + 11.98j

It can be seen that transfer function (5.25) is the most simple one as

far as the degrees of polynomial are concerned.

5.4.1.2 Case 2: Saturn SA-9 Pitch-Yaw Attitude Rate Shaping Network

Frequency Response 5-1 Stage Burn. The method used to define a transfer

function is exactly the same as Case 1. Two stable transfer functions
(see eq.’s 5.26 and &5.27) were obtained. The fitted phase and gain curves

shown in Figures (5.13) and (5.14) are well within the specification limits.

0.00000645% + 0.0000645°> + 0.0057652 + 0.0285 + 1

0.00000109s® + 0.000003185° + 0.00006695% + 0.00195° + 0.02395% + 0.1825 +1

Gl(S) =

(5.26

65




. 4 3

G.(S) = 0.0000064S +0.0000648 +0.0057682+O.0288+1
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Zexros Poles
-2.50 * 24.87j -2.54 +19.25j
-2.50 + 15.61j -2.87 + 8.63j

-10.14 +
-2889.00 + 0j

0.000006665% + 0.00007255° + 0.0060582 + 0.02985 + 1.03

G,(8) = 5 4 3 2
0.000002985~ + 0.0000707S  + 0.001828~ + 0.0245S" + 0.17558 + 1
(5.27)
Zeros Poles
-2.33 + 15.45j -11.96 + 0j
"3011 i 25-00j "2093 i 8-343’
~2.93 + 18.71j

The simplest transfer function is (5.27).

5.4.2 Condition II, Phase and Gain Specifications Define Discrete Bounded

Regions:

The bounded regions, in this case, are defined only at some specific
frequency modes. To find a stable transfer function passing through the
discrete bounded regions is rather difficult without using templates. The
method of the application of templates has been discussed in Section 5.3.1.
The following cases of study are accomplished through the application
of templates and complex curve-fitting techniques. The results of study

are very satisfactory as well.

70




5.4.2.1 Case 1: Rate Gyro Filter Phase and Gain Specifications. A

simplest stable transfer function has been obtained. The detailed results

have been discussed as example 2 in Section 5.3.1 and 5.3.2.

5.4.2.2 Case 2: a-Meter Filter Phase and Gain Specifications. Through

the use of templates a stable transfer function FO(S) is obtained

2

.01425% + 0. + .

gy =0 014252 0.00595S5 + 1 (5.28)
° 0.1600S8° + 0.02000S8 + 1

Use this transfer function as input to the computer, through complex curve-
fitting process, three more stable desired transfer functions are obtained.
The results are shown in equations (5.29), (5.30), (5.31), and Figures

*5.157, (5.16), and (5.17).

0.00004355> + 0.01178% + 0.01128 + 0.768

6, (8) = P 3 5 (5.29)
0.00001575% + 0.0004155°> + 0.1605582 + 0.0356S + 1
Zeros Poles
-0.36 + 8.12] -0.103 + 2.50]
-270.42 + 0] -13.11 + 100.27j
. 0.0000475° + 0.012288% + 0.011355 + 0.772 )
G2\S) = 3 5 {5.30)
0.000461S° + 0.16045° + 0.03591S + 1
Zeros ) Poles
20.34 + 7.93] -0.10 + 2.50]
-259.69 + 03 -347.65 + 0]
71




0.0122752 + 0.008745 + 0.772

G3(S) = 5 (5.31)
0.16031S° + 0.033035 + 1

Zeros Poles

-0.36 +7.92j 0.10 + 2.50j

One important point should be mentioned here is that, as we can see
from Figure (5.15) through (5.17), the nominal gain curve (solid curve)
produced by transfer function FO(S) in equation (5.28) is not well within
the bounded regions at the control mode. However, all of the fitted gain
curves {dotted curve) are well within specification limits. This again

proves the usefulness of complex curve fit process.

5.4.2.5 Case 3: Attitude Gyro Filter Phase and Gain Specifications. Owing

to less restrictions caused by the specification limits, only one template
& =0.17, wn = 5.5) has been used. The transfer function obtained is
shown in equation (5.32)

F (8) = L (5.32)
c 2

0.03306S” + 0.06182s8 + 1

Zeros Poles
-—a -0.94 + 0.36j

The nominal curve is shown in figure (5.18). Because transfer
function (5.32) is simple enough and also is desirable and stable, complex

curve fit is not necessary.
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3.4.2.4 Case 4: Accelerometer Filter Phase and Gain Specifications (Modified).

Although, in comparison with the other assignments, the specification limits
is most restrictive in this case, a stable transfer function has been
defined well within the specification limits with slightly more deliberation.

The transfer function obtained is shown in equation (5.33)

F (s) = O.OOOO857S4 +O.00006283 +'O.0308603382 + 0.006667S + 1

° 0.000001835° + 0.000164865% + 0.004997535° + 0.05338352 + 0.10667S + 1

(5.33)

Through complex curve fit process, transfer function Gl(S) is obtained which

is stable and well within the specification limits.

G (s = 0.000085784 +0.OOOO617353 + 0.0308727S2 + 0.006666875 + 1
1457

0.0000018385 +O.0001648§S4 + 0.0049975853 + 0.053382982 + 0.106675 + 1

}

Zeros : Poles
-0.09 + 5.999J -0.067 + 4.50J
0.27 + 17.993 229.26 - 9 x 1079

-30.37 + 0.66J
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6. CONCLUSION

Complex curve-fitting technique is mainly designed for the purpose
of extraction of a transfer function from a set of data obtained from
experimental results. The data usually includes the values of phase and
gain at various frequency points. The transfer function extracted from
this data naturally will be stable if the system under experiment is a
minimum-phase system. This is the result of the preservation of certain
relationships between phase and gain that are necessary for a system
to be stable, i.e., the frequency response characterize a minimum-phase
system. As a result, the complex curve-fitting technique always has the
capability to attain a very close fit to the data. Consequently, the

transfer function as obtained will represent the data with great accuracy.

To define a minimum-phase transfer function within the bounded
region of phase and gain specifications, the minimum-phase requirements
and rules of stability for a transfer function must be observed. To this
effect, a set of templates is used. Through complex curve fit process a
simplest and more refined desirable transfer function can be obtained withi=z

the pnase and gain specification limits.

The only weak point of this method is that without the application
of templates one can hardly define a stable transfer function within a
discrete region of a given phase and gain specification. The use of
templates needs some manual manipulation; however, it is believed that
with additional study, analytical expressions which represent the templates
may be incorporated into the computer program for complex curve fitting

and the technique for defining a stable transfer would be fully automated.
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