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ABSTRACT 

A scarce resource is to be periodically allocated among several 

investment opportunities each of which produces a payout of the same 

resource in future periods. Future payouts may be reinvested, the 

object being to maximize some measure of accumulated wealth. The maxi- 

mum internal rate of return criterion and the mathematical programming 

approach to this problem are analyzed and under certain stability con- 

ditions are shown to agree. Under these conditions the optimal prices 

in the dual program must initially lie near a discount vector derived 

from the maximum internal rate of return which is the systems von- 

Neumann price vector, In this sense the maximum internal rate of re- 

turn may be used as an interest rate to "price out" the opportunities 

available on the planning horizon even though no external rate of 

interest is assumed. 
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INTRODUCTION 

The problem of periodically allocating a scarce resource among 

a number of different productive opportunities has received a consider- 

able amount of attention. 

The more recent works of Dorfman [31, Weingartner [8], 

Baumol and Quandt [ 2 ]  and Manne [SI  largely agree that a mathematical 

programming formulation is appropriate for this problem. In this 

formulation the scarce resource may be invested periodically in one of 

a number of different investment opportunities, each of which produces 

a payout of the same resource in future periods. 

reinvested in then currently available opportunities, the objective 

being to maximize some measure of accumulated wealth. 

Future payouts may be 

It is well established that the optimal solution to the dual 

programming problem is ii set o f  prices vhich rnay be used to "price-out" 

current investment opportunities, and that those opportunities that are 

most valuable with respect to these prices are the ones to be chosen in 

an optimal program. The prices are, in general, dependent upon future 

opportunities for reinvestment and on the particular measure of wealth 

employed. 

A number of pertinent questions remain unanswered. First, in 

what way is the mathematical programming approach related to the cri- 

terion of choosing that opportunity with maximum internal rate of re- 

turn? This criterion is widely used in practice and has been discussed 
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by  a number of au tho r s  i n  the  l i t e r a t u r e  of f inance .  The maximum r a t e  

of r e t u r n  a v a i l a b l e  i n  3 given per iod can be thought of  a s  a d i scoun t  

f a c t o r  used  t o  "pr ice-out"  cu r ren t  o p p o r t u n i t i e s .  I n  what way i s  t h i s  

d i scoun t  f a c t o r  r e l a t e d  to  the opt imal  p r i c e s  obtained by the  program- 

ming approach and why a r e  these p r i c e s  independent of f u t u r e  r e i n v e s t -  

ment o p p o r t u n i t i e s ?  Second, what i s  an a p p r o p r i a t e  measure of wealth 

and a r e  the  r e s u l t s  s e n s i t i v e  t o  t he  measure of weal th  a c t u a l l y  u t i -  

l i z e d  i n  t h e  programming approach? Th i rd ,  i s  i t  p o s s i b l e  t o  choose a 

t i m e  horizon such t h a t  o p p o r t u n i t i e s  a v a i l a b l e  a f t e r  t h a t  date w i l l  not  

a f f e c t  t h e  optimal choice among c u r r e n t  investments? 

The purpose of t h i s  work i s  to  shed some l i g h t  on the above 

ques t ions .  The model t o  b e  used i s  s imilar  t o  t h e  one proposed by 

Baumol and Quandt [2] and s t u d i e d  f u r t h e r  by Manne [5], wi th  the  excep- 

t i o n  t h a t  wealth w i l l  b e  measured by the  t o t a l  amount o f  s c a r c e  resource 

generated by t h e  program a t  some f u t u r e  t i m e ,  i n s t e a d  o f  by t he  accumulated 

u t i l i t y  of dividend withdrawals.  This depa r tu re  i n s u r e s  t h a t  i n v e s t -  

ments w i l l  be  made during each per iod and, t hus ,  fo rces  assumption H 1  

o f  Manne [5] t o  be s a t i s f i e d ,  It w i l l  be  c l e a r  t h a t  t h e  dividend model 

could have been employed together  with t h i s  assumption t o  o b t a i n  

t h e  same resul ts .  
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OPTIMALITY CONDITIONS 

The s i t u a t i o n  described i n  t h e  i n t r o d u c t i o n  can be formulated 

as a d i s c r e t e  t i m e  c o n t r o l  problem. L e t  

A ( t )  = ( a i j ( t ) )  be an m X n ( t )  ma t r ix  where a ( t)  i s  t h e  

n e t  cash flow i n  per iod t + i from a u n i t  investment 

i n  the j th  p r o j e c t  a v a i l a b l e  a t  t i m e  t . 
x ( t )  an m X 1 dimensional s t a t e  vec to r  r e p r e s e n t i n g  the  

i j  

f i r m ' s  cash p o s i t i o n  f o r  t h e  next  m p e r i o d s  a s  a re- 

s u l  t o f previous investment . 
v ( t )  = an n ( t )  X 1 dimensional c o n t r o l  v e c t o r  r e p r e s e n t i n g  

the amount t o  b e  i nves t ed  i n  each of t h e  c u r r e n t l y  

a v a i l a b l e  investment o p p o r t u n i t i e s .  

L =  an  m x m l e f t  s h i f t  o p e r a t o r .  

0 0  0 0  

K (1, ..., 1) a row vec to r  w i th  dimension def ined by 

con tex t .  

U(*) = a concave cont inuously d i f f e r e n t i a b l e  func t ion  on 

x(T + 1) giving t h e  v a l u a t i o n  o f  t he  f i n a l  s t o c k  o f  

c a p i t a l .  

M = (1, 0, ..., 0) a 1 X m dimensional v e c t o r .  
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We wish t o  

Maxmize U (x(T + 1)) 

Sub jec t  t o :  

x ( t  4- 1) 5 L x ( t )  + A(t )  v ( t )  t = 1, ..., T 

Kv(t) 5 x , w  t = 1, ..., T 

v ( t )  2 0 

x (1) a given i n i t i a l  p o s i t i o n .  

Forming the Lagrangian, 

a s t r a i g h t f o r w a r d  a p p l i c a t i o n  of  t he  Kuhn-Tucker Theorem s u f f i c e s  t o  

demonstrate t h a t  a program i s  optimal on ly  i f  t h e r e  a r e  sequences of 

m dimensional row v e c t o r s  Y(t) and s c a l a r s  y ( t )  such t h a t  

The second c o n d i t i o n  can b e  seen t o  be equ iva len t  t o  

Y p 1 )  = Y ( t )  

Yi( t )  = Y i + p - l )  i = 1, 2 ,  ..., m.- 1 , 
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L e t  

tal ,  2 ,  ..., T+1 . 

A l i t t l e  c a l c u l a t i o n  now y i e l d s  t h e  fol lowing necessary  condi- 

t i o n s  which w i l l  b e . r e f e r r e d  t o  as the  o p t i m a l i t y  condi t ions :  

(1) VU(x(Tf1)) = ~ ( 1 )  

(2) P ( t ) q c ( t )  I P ( t + l )  t=l ,  2 ,  ..., T k = l ,  2 ,  ..., n ( t )  

w i th  e q u a l i t y  hold ing  i n  equat ion  a t  time t i f  v f ; ( t )  > 0 

where t i m e  i s  now being c a l c u l a t e d  from t h e  end of t h e  program- 

ming p e r i o d ,  

(3)  v ( t )  ,> 0 t=l, ..., T 

P ( t )  ,> 0 til, ..., T ,  T+l 

The sequence (p( t ) ) t , l  T+1 of  d u a l  v a r i a b l e s  appearing i n  the  

o p t i m a l i t y  condi t ions  i s ,  o f  course,  t he  usua l  sequence o f  shadow p r i c e s  

a r i s i n g  from the  c a p i t a l  budgeting model and used to  " p r i c e  out" an 

investment  oppor tuni ty  i n  order  t o  determine i t s  p r o f i t a b i l i t y .  The 
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investments not restricted to zero intensity ' '  9 .  

are precisely those for which equality holds in (2) for the optimal 

price sequence. Postulating that wealth is a function only of the 

final state insures that at least one opportunity will be operated at 

a positive level during each period. 

vide the same result for the dividend withdrawal model and all future 

results would remain valid. In the next section we shall use the 

optimality conditions to derive the asymptotic path of the prices 

thereby determining the investment to be made initially if the horizon 

is sufficiently far away. 

Manne's assumption H1 would pro- 

PRICE CONVERGENCE 

Our objective in this section is to establish a set of regular- 

ity conditions which, when placed on future opportunities, insure a 

useful form of price convergence. We f i r s t  examine t h e  eigenvalues of  

matrices of the form possessed by %(t) , dropping the t index for 

clarity, If A is an eigenvalue of some % with associated left 

eigenvector p then p% Ap and thus pi Api+l i=l, 2 ,  ..., m-1 
yieldi 

reciprocal of any eigenvalue of % 
generated by the payment stream for investment opportunity k . Let 

is a root of the polynomial 

A(k) be the largest positive eigenvalue of % where A(k) = 0 if 

% has no positive eigenvalues. We shall define A(k) - 1 to be the 
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th * 
rate of return of the k investment opportunity. Let ht - max h(k) , 

where the maximization is performed over all opportunities k available 

at time t , and let A (t) and p (t) be the associated % and left 
* * 

* 1 1 2  1 m  eigenvector where we take p (t) = (7 , (7) , ..., (7) ) . 

Lemma 1: 

with strict inequality holding in the first equation of group t if 

h ( k )  < h i  . * 

Pro0 f : 
m .  

1 Let fk(B) = C @ aik-1 . Then fk(0) = -1 for all k and 
.L i=1 i 

I h(k) 1. A; implies that fk(@) has no zero crossing for 0 1. B < - 
and thus fk(-$ 5 0 with strict inequality in case h(k) < ht . 
This proves the inequality for the first equation of each group and the 

other equations hold with equality for all k as can be seen in a 

* t  h* 1 

manner similar to the construction of the eigenvectors of Ak . QED 

The following assumptions will be used: 

Al: All . investment opportunities are of the point 

(t) 2 0 for all 
ai 1 input stream output type, i.e., 

i, j,and t P 1 , 2 ,  ..., T .  
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’ *  * J: 
A2: At+1 = h = A t t = 1, 2 ,  ..., T-1 

%k T 
A 3 :  There is a sequence of available opportunities (A (t)),=, 

each of which has maximum positive eigenvalue equal to 

h* , ak(t) > 0 , for some fixed k # m , t=l, . . . , T and 

am(t) > 0 for t=l, . . . , T , 

Assumption A2 assures future stationarity of the maximum rate of return, 

while A3 guards against the possibility of  cyclic phenomenae. Of 

course, A2 also implies that the maximum positive eigenvalue of each 

A (t) 

(Karlin [ 4 ] ) .  

need not be stationary over time. Let P be a diagonal matrix with 

element 

1 m  (7) ) = p 
A 

lished by Morishima [ 6 ]  in a somewhat different setting. 

* 
in the sequence is also the eigenvalue of maximum modulus 

Note that the set of available investment opportunities 
A 

= (*i and observe that p * (t) = (- 1 Pi * i 
1 2  

A* ’ (7) ’ . * * ’  

as a consequence of A 2 .  The following lemma was estab- 

Lemma 2: 

Suppose p(1) 2 0 is fixed and # 0 . Then given any cone N 
* 

containing the ray p , there exists an integer t(p(1)) such that 

every price path starting from p(1) and satisfying optimality condi- 

tion (2) enters, and remains within N , after at most t(p(1)) transi- 

tions. 
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Proof: 
1 t  Following Morishima [ 6 ]  we will show that lim (7) p(t)$-' 

= CK for some C > 0 , if (p(t)> is a sequence satisfying the con- 
t + m  A 

ditions of the lemma. Let 

and observe that optimality condition (2) and A% imply 

0-1 1 t+l 
A 

and, thus, multiplying on the right by P (7) we have 

z (t+l) 0-1 1 

A 
z(t) $A*(t)P (7) 

* 
and A* are nonnegative. Since p is the left eigenvector @- 1 as 

of A (t) for all t , K@ = p .  implies 
* * 

(5 1 
6-1 1 K = KfA*(t) P h-l - > K$A.(t) P - 

A* - J A* 

for all t and opportunities j available at time t where the in- 

equality is a direct consequence of Lemma 1 and the nonnegativity of 

the A.(t) . J 
Now form sequences (c(t)) and (C(t)) where c(t) = min z (t) 

i i  
and C(t) = max zi(t> . 

i 
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Clear  1 y 

and thus from (4) and (5)  

z ( t + l )  A - 1  1 - c ( t )K  5 z ( t )  f A*(t) P 
A* - 

hence 

Now us ing  (5) aga in  

C(t)K C(t)K f A i ( t )  

f o r  a l l  oppor tun i t i e s  j a v a i l a b l e  

C(t)K 2 z ( t )  

2 P ( t )  

J 

a t  time 

- > p ( t + l )  F1 

- > z ( t + l )  

t . Since  

f-1 1 
A* 

f- 1 1 t+l (7) 

t h e  penul t imate  l i n e  being obtained b y  assuming j t o  correspond t o  
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t h e  oppor tun i ty  s a t i s f y i n g  o p t i m a l i t y  cond i t ion  (2) wi th  e q u a l i t y  a t  

t i m e  t . Thus C ( t )  ,> C(t+l)  and hence both t h e  sequences ( c ( t ) )  

and ( C ( t ) )  converge monotonically.  It  remains t o  demonstrate t h a t  

both sequences converge to  t h e  same l i m i t  and t h a t  t he  l i m i t  i s  p o s i -  

> 0 f o r  t i v e .  I f  A i s  any nonnegative ma t r ix  with elements a 

> 0 and a > 0 f o r  some k # m , t hen  t h e r e  i s  i=l, ..., m - 1  , aml 

some i n t e g e r  v such t h a t  A' i s  a s t r i c t l y  p o s i t i v e  ma t r ix .  Thus, 

u s ing  assumption A3 

i, i+l 

k l  

* 
A*(t) A * ( t + l )  ... A (t+v) 

i s  a s t r i c t l y  p o s i t i v e  ma t r ix  f o r  each t and v i s  independent o f  

t . I t e r a t i n g  on (4) 

* * * A - 1  1 v 
z(t*> 2 z ( t )  A ( t )  A ( t + l >  . . . A ( t h )  P (7) 

h 

which impl i e s  t h a t  z ( t + v )  i s  s t r i c t l y  p o s i t i v e .  L e t t i n g  

l i m  c ( t )  = c and l i m  c ( t )  = C 
t - ) =  t - ) m  

we have 0 < c - < C s i n c e  ( c ( t ) )  i s  monotonically i n c r e a s i n g .  
* 

L e t  C1 = (C, c-6,  c-6, ..., c-6) and choose t l a r g e  enough 
* 

so t h a t  c - c ( t  ) 6 f o r  a f ixed 6 > 0 . Suppose c < C and observe 

t h a t  z i ( t )  = z i ( t + l )  from the d e f i n i t i o n  of z ( t )  . 



( 7 )  

- 12 - 

Jr 
Then f o r  some t > t C1 5 z ( t )  and thus 

* * A - 1  1 v 
z(t*) _> C1 FA ( t )  .. . A ( t h )  P (7) . 

h 

* * 
Fixing t h e  o p p o r t u n i t i e s  represented by A ( t ) ,  ..., A (t+v) observe 

t h a t  t he  above r e s u l t s  continue t o  hold as the  t i m e  horizon i s  inc reased  

d u e  t o  t h e  monotonic convergence of ( c ( t ) )  and ( C ( t ) )  . Thus, w e  

may assume t h a t  an opt imal  p r i c e  p a t h  has been followed long enough t o  

i n s u r e  a 6 so small t h a t  each component of z ( t + v )  i s  s t r i c t l y  

l a r g e r  t han  c from (5),.(7.) and t h e  s t r i c t  p o s i t i v i t y  o f  

* 6-1 1 v * 
@ A (t) ... A ( t h )  P (7) . This c o n t r a d i c t s  t h e  f a c t  t h a t  ( c ( t ) )  

h 
i s  monotone. QED 

I f  w e  f u r t h e r  p o s t u l a t e  t h a t  t h e  maximum r a t e  o f  r e t u r n  i s  

a t t a i n e d  by on ly  one investment o p p o r t u n i t y  during each per iod w e  can 

e s t a b l i s h  uniform convergence t o  the  cone N f o r  a l l  p r i c e s  i n  a s u f -  

f i c i e n t l y  small neighborhood of p ( 1 )  . This r e s u l t  i s  needed i f  U(*) 

i s  not  l i n e a r  b u t  w i l l  not be proven h e r e  s i n c e  a s i m i l a r  demonstration 

w a s  given by Morishima [ 6 ] .  
* 

MYOPIA AND THE MAXIMUM RATE OF RETURN CRITERION 

* 
The e igenvec to r  p and eigenvalue A* can be thought o f  as 

t h e  von Neumann p r i c e  r a y  and growth r a t e  of  t h e  system (see 

* 
Lema 4 ,  page 167. 
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Seelenfreund [7]). 

i ng  t h a t  i f  t he  t i m e  horizon i s  long enough, the f i r s t  pe r iod  p r i c e s  

ob ta ined  from t h e  o p t i m a l i t y  condi t ions must b e  c l o s e  t o  the  system',s 

von Neumann p r i c e  v e c t o r  and t h a t  i n i t i a l l y  the p r i c e s  must grow a t  

approximately t h e  von Neumann growth r a t e .  This i s ,  i n  a sense ,  t h e  

r e v e r s e  of t h e  u s u a l  t u rnp ike  theorem s i n c e  i t  i m p l i e s  t h a t  t h e  opt imal  

p r i c e s  m u s t  s t a r t  near  the turnpike and can only move o f f  t he  tu rnp ike  

f o r  a s m a l l  number of pe r iods  a t  t h e  end o f  t h e  program. This l a s t  

phenomena being t h e  r e s u l t  of  nons t a t iona ry  ending cond i t ions .  We 

s h a l l  now see how t h i s  p r i c e  cond i t ion  e s t a b l i s h e s  the  important  myopic 

p rope r ty  of t he  system. 

Consequently, lemma 2 may be i n t e r p r e t e d  as assert-  

Theorem: 

I f  t h e  ho r i zon  i s  s u f f i c i e n t l y  f a r  away then t h e  op t ima l  f i r s t  

pe r iod  investment must be  one o f  t h e  investments a s s o c i a t e d  wi th  t h e  

maximum ROR, i . e . ,  with maximum eigenvalue equal  t o  A* . 

Proof:  

If t h e  o b j e c t i v e  funct ion U ( X ~ + ~ )  i s  l i n e a r ,  i . e . ,  U ( X ~ + ~ )  = 

then no matter what va lue  i s  chosen f o r  T t he  g r a d i e n t  of  ' XT+l 

This imp l i e s  t h a t  T+1 U(*) i s  cons t an t  and independent of  x 

p(1) = u f o r  any ho r i zon  value T and, t hus ,  t h e  subsequent a p p l i c a -  

t i o n  o f  lemma 2 can b e  made d i r e c t l y .  On t h e  o t h e r  hand, i f  U ( * )  i s  

a more gene ra l  concave funct ion p(1)  w i l l  depend on x T+1 
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therefore, on T necessitating recourse to the uniform convergence 

result mentioned in the discussion following lemma 2 .  

* 
Let A be the matrix corresponding to an opportunity with 

* *  * *  
maximal ROR in the first period. Then h p = p A and, thus, 

applying lemma 1, 

for all opportunities k available in the first period, with strict 

inequality in the first equation whenever 

we may find a cone N containing p in its interior such that 

p% , 5 PA" for all peN and opportunities k such that h ( k )  < A* 

with strict inequality in the first equation and equality in all others, 

h ( k )  > h* . Consequently, 
* 

Applying lemma 2 or its uniform generalization, we know that the 

first period optimal price vector must be in N if the horizon is far 

enough away and thus any opportunity K for which h(k) C h is worth 

less ohen priced out using the optimal initial prices than an opportun- 

ity with maximal ROR. Thus, no opportunity k with h ( k )  < h" can be 

used in an optimal program since optimality condition 2 would be con- 

7k 

tradicted. QED 

The essence of the theorem is, of course, that under the assump- 

tions Al-A3 the entity faced with capital rationing need 

only consider those investment opportunities with maximal internal ROR 
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* 
and i f  t h e r e  i s  o n l y  one oppor tun i ty  wi th  a ROR of  h -1 then  the  

cho ice  i s  unique.  Consequently, t h e  f i rm  may o p t i m a l l y  fol low a p o l i c y  

t h a t  i s  myopic i n  t h e  sense  of Arrow [l] s i n c e  the  form o f  f u t u r e  in -  

vestment o p p o r t u n i t i e s  does not a f f e c t  t h e  d e c i s i o n  t o  b e  c u r r e n t l y  

made. 

It should now b e  p o s s i b l e  t o  examine t h e  ROR c r i t e r i o n  when 

assumption A2 i s  r e l axed .  We n o t e  t h a t  A2 i s  an  unappealing assumption 

s i n c e  i n  e f f e c t  i t  s ta tes  t h a t  no t echno log ica l  p rog res s  w i l l  occur  i n  

t h e  f u t u r e .  Suppose t h a t  A 1 - A 3  hold f o r  a s u f f i c i e n t l y  l o n g  per iod o f  

t i m e  commencing w i t h  pe r iod  so t h a t  the theorem can b e  invoked t o  

e s t a b l i s h  t h a t  p ( t  ) i s  near  t o  p . Now suppose tha t  the i n v e s t -  

inent w i t h  maximum ROR during pe r iod  t -1 has maximum e igenva lue  

h1 < h . (Technological p rog res s  has occurred between p e r i o d s  tl-1 

and t l  ,) Since  p i s  approximately equa l  t o  t h e  p r i c e  v e c t o r  

a p p r o p r i a t e  t o  pe r iod  

o p p o r t u n i t y  w i t h  m a x i m u m  eigenvalue 

p r o f i t a b l y  f o r  p r i c e s  near  p than  the o p p o r t u n i t y  a s s o c i a t e d  wi th  

h l  , 
Of cour se ,  t h e  reason f o r  t h i s  i s  t h a t  i f  t he  r e t u r n s  f o r  oppor- 

t u n i t y  2 occur  ea r l i e r  than those f o r  o p p o r t u n i t y  1 they may be  sooner 

i n v e s t e d  i n  t h e  oppor tuni ty  a s s o c i a t e d  wi th  , t h e  combined r e t u r n  

being g r e a t e r  than AI Thus, under c e r t a i n  c o n d i t i o n s  of  technologi-  

c a l  p rog res s  t h e  ROR c r i t e r i o n  i s  no t  op t ima l  and op t ima l  p o l i c i e s  are  

n o t  myopic. 

tl * 
1 

1 * 
Jc 

t,-1 i t  i s  p o s s i b l e  t o  c o n s t r u c t  an  investment 
* 

h2 < A1 t h a t  p r i c e s  o u t  more 

* 

a. 
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CONCLUSION 

The investment s e l ec t ed  by the maximum r a t e  of r e t u r n  c r i t e r i o n  

has been shown t o  be t h e  f i r s t  per iod opt imal  investment of the mathe- 

m a t i c a l  programming approach under assumptions of a s t a b l e  f u t u r e  

technology and a p o i n t  input-s t reem ou tpu t  type of investment p r o f i l e .  

This r e s u l t  being independent o f  t he  measure of  weal th  employed so long 

a s  p o s i t i v e  investments i n  some o p p o r t u n i t y  a r e  r equ i r ed  i n  every op- 

t i m a l  program. However, i n  the case wherein t echno log ica l  p rog res s  

occurs  from one per iod to  the next  i t  has been demonstrated t h a t  t he  

two approaches to  investment s e l e c t i o n  are not  e q u i v a l e n t ,  Thus, i f  

t h e  maximum ROR a t t a i n a b l e  v a r i e s  from one pe r iod  t o  t h e  nex t ,  t h e  ROR 

c r i t e r i o n  may not  be opt imal  i n  the  programming sense .  It i s  l i k e l y  

t h a t  the a c t u a l  sequence of o p p o r t u n i t i e s  being evaluated w i l l  d i s p l a y  

t h i s  nons t ab le  c h a r a c t e r i s t i c  f o r  a t  l e a s t  a f i n i t e  number of  p e r i o d s ,  

a f t e r  which i t  becomes d i f f i c u i t  t o  p r e c i s e l y  s p e c i f y  the  p r o f i i c s  of  

t h e  a v a i l a b l e  o p p o r t u n i t i e s ,  I f  t h e  assumptions presented he re  a r c  

a p p l i c a b l e  beyond t h e s e  i n i t i a l  p e r i o d s ,  

t o  use the  von Neumann p r i c e  vec to r  p 

i n  the l a s t  s p e c i f i e d  per iod and then t o  

Dorfman-Manne method to  c a l c u l a t e  p r i c e s  

>k 

a reasonable  approach would be 

t o  p r i c e  o u t  t h e  o p p o r t u n i t i e s  

work backward us ing  the 

and choose opt imal  investments .  
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