- e .
.

CRITERIA FOR INVESTMENT SELECTION*
by

Alan J. Seelenfreund

TECHNICAL REPORT NO. 100
October 27, 1967

Supported by the Army, Naby, Air Force and NASA
under Contract Nonr-225(53)(NR—Q42—002)
with the Office of Naval Research

Gerald J. Lieberman, Project Director

*
Work on this project was supported in part
by a Ford Foundation grant to the Stanford
Graduate School of Business.

Reproduction in Whole or in Part is Permitted for

any Purpose of the United States Government

DEPARTMENT OF OPERATIONS RESEARCH
AND
DEPARTMENT OF STATISTICS
STANFORD UNIVERSITY

STANFORD, CALIFORNIA



Ky

.

ABSTRACT

A scarce resource is to be periodically allocated among several
investment opportunities each of which produces a payout of the same
resource in future periods. Future payouts may be reinvested, the
object being to maximize some measure of accumulated wealth, The maxi-
muﬁ internal rate of return criterion and the mathematical programming
approach to this problem are analyzed and under certain stability con-
ditions are shown to agree. Under these conditions the optimal prices
in the dual program must initially lie near a discount vector derived
from the maximum internal rate of return which is the systems von-
Neumann price vector, In this sense the maximum internal rate of re-

turn may be used as an interest rate to "

price out" the opportunities
available on the planning horizon even though no external rate of

interest is assumed,



INTRODUCTION

The problem of periodically allocating a scarce resource among
a number of different productive opportunities has received a consider-
able amount of attention.

The more recent works of Dorfman [3], Weingartner (8],
Baumol and Quandt [2] and Manne [5] largely agree that a mathematical
programming formulation is appropriate for this problem. 1In this
formulation the scarce resource may be invested periodically in one of
a number of different investment opportunities, each of which produces
a payout of the same resource in future periods. Future payouts may be
reinvested in then currently available opportunities, the objective
being to maximize some measure of accumulated wealth,

It is well established that the optimal solution to the dual
programming problem is a set of prices which may be used to "price-out"
current investment opportunities, and that those opportunities that are
most valuable with respect to these prices are the ones to be chosen in
an optimal program., The prices are, in general, dependent upon future
opportunities for reinvestment and on the particular measure of wealth
employed,

A number of pertinent questions remain unanswered, First; in
what way is the mathematical programming approach related to the cri-
terion of choosing that opportunity with maximum intermal rate of re-

turn? This criterion is widely used in practice and has been discussed



7 - - .
.

by a number of authors in the literature of finance. The maximum rate
of return available in a given period can be thought of as a discount
factor used to 'price-out" current opportunities, In what way is this
discount factor related to the optimal prices obtained by the program-
ming approach and why are these prices independent of future reinvest-
ment opportunities? Second, what is an appropriate measure of wealth
and are the results sensitive to the measure of wealth actually uti-
lized in the programming approach? Third, is it possible to choose a
time horizon such that opportunities available after that date will not
affect the optimal choice among current investments?

The purpose of this work is to shed some light on the above
questions. The model to be used is similar to the one proposed by
Baumol and Quandt (2] and studied further by Manne [5], with the excep-
tion that wealth will be measured by the total amount of scarce resource
generated by the program at some future time, instead of by the accumulated
utility. of dividend withdrawals. This departure insures that invest-
ments will be made during each period and, thus, forces assumption Hl
of Manne [5] to be satisfied, It will be clear that the dividend model
could have been employed together with this assumption . . . to obtain

the same results.
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OPTIMALITY CONDITIONS

The situation described in the introduction can be formulated

as a discrete time control problem., Let

A(t)

x(t)

v(t)

u(-)

(aij(t)) be an m X n(t) matrix where aij(t) is the
net cash flow in period t + i from a unit investment
in the jth project available at time t .

an m X 1 dimensional state vector representing the
firm's cash position for the next m periods as a re-
sult of previous investment,

an n(t) X 1 dimensional control vector representing
the amount to be invested in each of the currently

available investment opportunities.

6010...0
0010..0
. . an m X m left shift operator.
00...01
00...00

(1, ..., 1) a row vector with dimension defined by
context,

a concave continuously differentiable function on
x(T + 1) giving the valuation of the final stock of
capital.

1, 0, ..., 0) a 1 X m dimensional vector,
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We wish to
Maxmize U (x(T + 1))
Subject to:
x(t +1) < L x(t) + A(t) v(t) t=1, ..., T
Rv(E) < % (t) £=1, ..., T
v(t) > O
x (1) a given initial position.
Forming the Lagrangian,
T T
U(TH)) + & ¥(t) (x(t) + Ade)v(t) - x(t + 1)) + T v(t) (% (t) - Kv(t)),
t=1 t=1

a straightforward application of the Kuhn-Tucker Theorem suffices to
demonstrate that a program is optimal only if there are sequences of

m dimensional row vectors ¥(t) and scalars vy(t) such that

VU (x(T + 1)) = ¥(T)

Y(E)L - ¥(t-1) + y(t)M =0 t=2,3, ..., T
Y(t)A(t) - y(B)K < O t=1, 2, ..., T
(Y()A(E) - y(E)K) v(t) =0 t=1, 2, ..., T

Y() >0 , vy() >0, wv(t) >0 t=1,2, ..., T.

The second condition can be seen to be equivalent to
¥, (£-1) = y(t)
¥, ()

Yi+l(t-1) i=1,2, ..., m~-1,
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Let
alk(T-t+1) 1 0 ... 0
a2k(T-t+1) o1 ... 0
Ak(t) = : . twl, 2, ..., T
am_l’k(T-t+1) 0 . 0 1
amk(T-t+1) 0 e e 0

YO) = (v, YD), Y0, ., ¥ @)

p(t) Y (T-t+1) t=l, 2, ..., T+l ,
A little calculation now yields the following necessary condi-

tions which will be referred to as the optimality conditions:

1) VU(x(T+1)) = p(1)

2) p(t)Ak(t) < p(t+l) t=1, 2, ..., T k=1, 2, ..., n(t)
with equality holding in equation k at time ¢t 1if Vﬁ(t) >0
where time is now being calculated from the end of the program-
ming period,

(3) v(t) 20 t=l, ..., T

p(t) >0 t=1, ..., T, T+l

+
The sequence (p(t))f_i of dual variables appearihg in the
optimality conditions is, of course, the usual sequence of shadow prices
arising from the capital budgeting model and used to "price out" an

investment opportunity in order to determine its profitability. The
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investments not restricted to zero intensity

are precisely those for which equality holds in (2) for the optimal
price sequence, Postulating that wealth is a function only of the
final state insures that at least one opportunity will be operated at
a positive level during each period. Manne's assumption Hl would pro-
vide the same result for the dividend withdrawal model and all future
results would remain valid. In the next section we shall use the
optimality conditions to derive the asymptotic path of the prices
thereby determining the investment to be made initially if the horizon

is sufficiently far away.

PRICE CONVERGENCE

Our objective in this section is to establish a set of regular-
ity conditions which, when placed on future opportunities, insure a
useful form of price convergence, We first examine the eigenvalues of
matrices of the form possessed by Ak(t) , dropping the t index for
clarity, If A 1is an eigenvalue of some Ak with associated left

eigenvector p then pAk = Ap and thus Py i=1, 2, ..., m-1

= APy

. e (L yi-1 . - -
yielding p, (—X—) p, 1 1, 2, ..., m . Thus Kpl ? Pidip
Z("l")l_la or 1 = La +ia + L, implying that the
PLIvA ik Ak T2 2k Tt m Pmk
reciprocal of any eigenvalue of Ak is a root of the polynomial

generated by the payment stream for investment opportunity k . Let
A(k) be the largest positive eigenvalue of Ak where A(k) =0 if

Ak has no positive eigenvalues. We shall define A(k) - 1 to be the



*
rate of return of the kth investment opportunity. Let kt = max A (k) ,
where the maximization is performed over all opportunities k available

*
at time t , and let A*(t) and p (t) be the associated Ak and left

%*

eigenvector where we take p (t) = C—l; ) (—l;)z s eens C‘l;)m) .
t }\t A't

Lemma 1:

p*(t) A (t) < Ktp*(t) t=1, ..., T; k=1, ..., n(t)

with strict inequality holding in the first equation of group t if

*
Alk) <A, .
t
Proof:
Y
Let fk(B) = 1§1 B aik-l . Then fk(O) = -] for all k and
*
A(k) < At implies that fk(ﬂ) has no zero crossing for 0 < B < —l;

-
-

*
and thus fk(—l;) < 0 with strict inequality in case A(k) < Kt .

. t :
This proves the inequality for the first equation of each group and the

other equations hold with equality for all k as can be seen in a

manner similar to the construction of the eigenvectors of Ak' QED

The following assumptions will be used:
Al: All .- investment opportunities are of the point
input stream output type, i.e., aij(t) > 0 for all

i, j, and t = l, 2, ..., T.



A2: A . =A_ =\ t=1,2, ..., T-1
w®
A3: There is a sequence of available opportunities (A (t)>f=1
each of which has maximum positive eigenvalue equal to

AT R ak(t) >0, for some fixed k #m , t=1, ..., T and

am(t) >0 for ¢t=1, ..., T .

Assumption A2 assures future stationarity of the maximum rate of return,
while A3 guards against the possibility of cyclic phenomenae, Of
course, A2 also implies that the maximum positive eigenvalue of each
A*(t) in the sequence is also the eigenvalue of maximum modulus

(Karlin [4]). Note that the set of available investment opportunities
need not be stationary over time. Let ﬁ be a diagonal matrix with
element Py = (—l;)i and observe that p*(t) = (—l; , C‘l;)z, ee s

*
C—l;)m) = p as a consequence of A2, The following lemma was estab-
A

lished by Morishima [6] in a somewhat different setting.

Lemma 2:

Suppose p(l) > 0 is fixed and # O . Then given any cone N
containing the ray p* ,» there exists an integer t(p(l)) such that
every price path starting from p(l) and satisfying optimality condi-
tion (2) enters, and remains within N , after at most ¢t(p(l)) transi-

tions,




.

Proof:

Following Morishima [6] we will show that 1lim (—l;)t p(t:)lls-1
t > o A
= CK for some C >0, if {p(t)) is a sequence satisfying the con-

ditions of the lemma. Let
1.t a-1
z(t) = (—3) p(L)P
A
and observe that optimality condition (2) and A3 imply

p(ttl) > P(t)A*(t)

1,1 .tHl

and, thus, multiplying on the right by B” (——;) we have

) Z(tH) > z(t) f’A*(t)l?'-l(%)

am * *
as P 1 and A are nonnegative, Since p is the left eigenvector

* ~ *
of A (t) for all t , KP =p  implies

(5) ko= xBA(0) BTN g > xBa(o) BTN

A A

for all t and opportunities j available at time t where the in-
equality is a direct consequence of Lemma 1 and the nonnegativity of
the Aj(t)

Now form sequences <(c(t)? and {C(t)) where c(t) = m%n zi(t)

and C(t) = max z,(t)
i



Clearly

(6)

and thus from (4) and

hence

Now using (5) again

for all opportunities

c ()X

(5)

c(t)X

c(t)

C(t)k > C(t)K P Ay (®) P

]

C(t)X
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< z(t). < C(t)K

A * s
< z(t) PA (t) P

< c(t+l)

available at time

1.1
)\*

< z(t+l)

*

1.1
A
t. §

> z(t) P Aj(t) B

v

p(t) A,(c) P

v

v

z(t+l)

1

.- e+
p(e+) 71 (L)
A

1
—
o

1

the penultimate line being obtained by assuming j

ince Aj(t) 2 0

t+l

to correspond to




”11"

the :opportunity satisfying optimality condition (2) with equality at
time t ., Thus C(t) > C(ttl) and hence both the sequences (c(t))
and (C(t)> converge monotonically, It remains to demonstrate that
both sequences converge to the same limit and that the limit is posi-
tive, If A 1is any nonnegative matrix with elements ai,i+1 >0 for

i=l, ..., m-1 , a . >0 and a,, >0 for some k # m , then there is
ml k1

. v o, . - .
some integer v such that A is a strictly positive matrix. Thus,

using assumption A3
* * *
A (t) A (t+1) ... A (t+v)

is a strictly positive matrix for each t and v 1is independent of

t . Iterating on (4)

v

2(t+) > z(t) BAT(r) AT(EH) L. AT (et BT
A

which implies that z(t+v) 1is strictly positive. Letting

lim c(t) = ¢ and lim C(t) = C

t —» @ t & @

we have 0 < c < C since (c(t)) is monotonically increasing.

*
Let C1 = (C, ¢c-8, c-8, ..., c-8) and choose t large enough
*
so that c-c(t ) < & for a fixed 8§ > 0 . Suppose c < C and observe

that zi(t) = zi(t+1) from the definition of z(t)
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Then for some t >t ¢, < z(t) and thus
" Kk * "=
Q) z(ehv) > ¢ BAT(e) ... AT(ew) BRI

* *

Fixing the opportunities represented by A (t), ..., A (t+v) observe
that the above results continue to hold as the time horizon is increased
due to the monotonic convergence of {c(t)) and {C(t)) . Thus, we
may assume that an optimal price path has been followed long enough to
insure a § so small that each component of z(t+v) 1is strictly
larger than ¢ from (5),.(7) and the strict positivity of
A K * 2a=1, 1 \v
PA(t) ... A(t+v) P "(—3) . This contradicts the fact that (c(t))

: A

is monotone. QED

If we further postulate that the maximum rate of return is
attained by only one investment opportunity during each period we can
establish uniform convergence to the cone N for all prices in a suf-
ficiently small neighborhood of p(l) . This result is needed if U(*)
is not linear but will not be proven here since a similar demonstration

*
was given by Morishima [6].

MYOPIA AND THE MAXIMUM RATE OF RETURN CRITERION

* *
The eigenvector p and eigenvalue A can be thought of as

the von Neumann price ray and growth rate of the system (see

*
Lemma 4, page 167.
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Seelenfreund [7]). Consequently, lemma 2 may be interpreted as assert-
ing that if the time horizon is long enough, the first period prices
obtained from the optimality conditions must be close to the system's
von Neumann price vector and that initially the prices must grow at
approximately the von Neumann growth rate. This is, in a sense, the
reverse of the usual turnpike theorem since it implies that the optimal
prices must start near the turnpike and can only move off the turnpike
for a small number of periods at the end of the program. This last
phenomena being the result of nonstationary ending conditions. We
shall now see how this price condition establishes the important myopic

property of the system,

Theorem:

If the horizon is sufficiently far away then the optimal first
period investment must be one of the investments associated with the

%
maximum ROR, i.e., with maximum eigenvalue equal to A .

Proof:

If the objective function U(x is linear, i.e., U(x

+1) T+1) =

u *x then no matter what value is chosen for T the gradient of

T+1

U(+) 1is constant and independent of x This implies that

T+1

p(1) = u for any horizon value T and, thus, the subsequent applica-
tion of lemma 2 can be made directly. On the other hand, if U(*) is

a more general concave function p(l) will depend on x and,

T+1
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therefore, on T necessitating recourse to the uniform convergence
result mentioned in the discussion following lemma 2,
* ] . ] 3
Let A be the matrix corresponding to an opportunity with
* % % %

maximal ROR in the first period, Then A p =p A and, thus,

applying lemma 1,

for all opportunities k available in the first period, with strict

inequality in the first equation whenever A(k) > K* . Consequently,

we may find a cone N <containing p* in its interior such that

pAk < pA* for all peN and opportunities k such that A(k) < k*

with strict inequality in the first equation and equality in all others,
Applying lemma 2 or its uniform generalization, we know that the

first period optimal price vector must be in N 1if the horizon is far

enough away and thus any opportunity K for which A(k) < A* is worth

less when priced out using the optimal initial prices than an opportun-

ity with maximal ROR. Thus, no opportunity k with A(k) < X* can be

used in an optimal program since optimality condition 2 would be con-

tradicted. QED

The essence of the theorem is, of course, that under the assump-
tions Al-A3 the entity faced with capital rationing =~ - * = need

only consider those investment opportunities with maximal internal ROR



and if there is only one opportunity with a ROR of A*-l then the
choice is unique. Consequently, the firm may optimally follow a policy
that is myopic in the sense of Arrow [1] since the form of future in-
vestment opportunities does not affect the decision to be currently
made.

It should now be possible to examine the ROR criterion when
assumption A2 is relaxed. We note that A2 is an unappealing assumption
since in effect it states that no technological progress will occur in
the future., Suppose that Al1-A3 hold for a sufficiently long period of

time commencing with period t so that the theorem can be invoked to

1
*
establish that p(tl) is near to p , Now suppose that the invest-
ment with maximum ROR during period tl-l has maximum eigenvalue
Kl < A . (Technological progress has occurred between periods tl-l

*
and t1 .) Since pv is approximately equal to the price vector

appropriate to period tl-l it is possible to construct an investment
opportunity with maximum eigenvalue kz < Al that prices out more
profitably for prices near p* than the opportunity associated with
Al . Of course, the reason for this is that if the returns for oppor-
tunity 2 occur earlier than those for opportunity 1 they may be sooner
invested in the opportunity associated with K* , the combined return
being greater than kl . Thus, under certain conditions of technologi-

cal progress the ROR criterion is not optimal and optimal policies are

not myopic.



CONCLUSION

The investment selected by the maximum rate of return criterion
has been shown to be the first period optimal investment of the mathe-
matical programming approach under assumptions of a stable future
technology and a point input-streem output type of investment profile.
This result being independent of the measure of wealth employed so long
as positive investments in some opportunity are required in every op-
timal program. However, in the case wherein technological progress
occurs from one period to the next it has been demonstrated that the
two approaches to investment selection are not equivalent, Thus, if
the maximum ROR attainable varies from one period to the next, the ROR
criterion may not be optimal in the programming sense. It is likely
that the actual sequence of opportunities being evaluated will display
this nonstable characteristic for at least a finite number of periods,
after which it becomes difficult to precisely specify the profiles of
the available opportunities. If the assumptions presented here are
applicable beyond these initial periods, a reasonable approach would be
to use the von Neumann price vector p* to price out the opportunities

in the last specified period and then to work backward using the

Dorfman-Manne method to calculate prices and choose optimal investments.
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