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ABSTRACT 

The repor t  discusses  two-dimensional a r c s  which a r e  held s t a t i o n a r y  

aga ins t  t he  drag of a stream of gas by t h e  force  due t o  an imposgd, 

t r ansve r se ,  magnetic f i e l d .  I n  t h e  proposed model, t h e  a rc  column is a 

region which is by-passed by t h e  ex te rna l  stream, but  which contains  an 

i n t e r n a l  c i rcu la tory  flow, The e f f e c t i v e  Reynolds number of t he  c i r cu la -  

t i o n  is  high enough t o  j u s t i f y ,  as a poss ib l e  and i n t e r e s t i n g  l i m i t ,  an 

ana lys i s  i n  which t h e  ac t ion  of v i scos i ty  and heat  conduction a r e  assumed 

t o  be confined t o  t h i n  l a y e r s ,  Gas i s  supposed t o  d r i f t  forward slowly 

i n  an inv i sc id  core of  t h e  a rc  and t o  be returned r ap id ly  i n  t h i n  shear 

l aye r s  at the edges. An important consequence is  t h a t  t h e  s ta te  of t h e  

gas must be constant along a f i e l d  l i n e  i n  t h e  core ,  and t h e  model would 

be i n v a l i d  i f  any f i e l d  l i n e s  are closed wi th in  t h e  column. 

A so lu t ion  i s  found t o  t h e  equations governing t h e  shear  l aye r s  i n  

t h e  v i c i n i t y  of t h e  forward s tagnat ion  poin t  of t h e  a rc .  

p r o f i l e  i s  peaked, having a r a t i o  of maximum ve loc i ty  t o  l o c a l  value o f  

t h e  ex terna l  flow approximately equal  t o  one h a l f  t h e  square root  of t h e  

dens i ty  r a t i o  across  the layer .  It i s  shown t h a t ,  i n  t h e  subsequent 

development beyond the  s tagnat ion po in t ,  t h e  temperature of  t h e  gas  wi th in  

t h e  l a y e r  may r i s e  above t h e  core value,  and flow r e v e r s a l  w i l l  be associ-  

ated with t h i s  temperature over-shoot. It is  suggested t h a t  t h e  phenomenon 

marks t h e  start of separa t ion  of inner  and ou te r  flow. 

The ve loc i ty  
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A q u a l i t a t i v e  discussion suggests t h a t  t h e  ac t ion  of e lectromotive 

forces  induced by t h e  flow reduces ve loc i ty  l e v e l s  i n  t h e  shear  l aye r s  

and thickens them, while longi tudina l  flows, predominantly from cathode 

t o  anode, are caused by t h e  H a l l  e f fec t .  

developed t o  p red ic t  o v e r a l l  a r c  behaviour c lose ly ,  bu t  some s i m i l a r i t y  

condi t ions can be found, and order-of-magnitude es t imates  made of  s i z e  

and ex te rna l  f l o w  ve loc i ty  f o r  a range of values of cur ren t  and imposed 

f i e l d .  

The theory i s  not s u f f i c i e n t l y  
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PREFACE 

This t h e o r e t i c a l  s tudy w a s  undertaken during t h e  per iod of  s a b b a t i c a l  

leave spent by t h e  author  at t h e  Massachusetts I n s t i t u t e  of Technology. 

The r epor t  marks t h e  end of t h e  per iod,  and, although t h e  theory has not 

reached a s a t i s f a c t o r y  state of  completion, t i m e  prevents  t h e  author  from 

f u r t h e r  work. 

confirmation w i l l  do more good than any amount of ana lys i s .  

Perhaps a s t age  has been reached where some experimental  

Arcs form a complex t o p i c ,  and it i s  only t h e  belief t h a t  t h e  be- 

haviour of some balanced a r c s  can be dominated by fluid-mechanic e f f e c t s  

t h a t  has given t h e  author ,  who is  inexperienced i n  e l ec t rode  phenomena, 

t h e  courage t o  embark on t h e  study. 

J. A. Fay and D r .  M. Goldstein;  many o f  t h e  ideas  evolved from co-operative 

e f f o r t s  during discussions with them. Fay w a s  t h e  f i r s t  t o  po in t  out  

t h a t  ex terna l  and i n t e r n a l  pressure  d i s t r i b u t i o n s  could be matched a t  t h e  

s tagnat ion  point of an a r c  and contr ibuted p a r t i c u l a r l y  t o  t h e  ideas on 

core behaviour. The comments of Professor  D. Hoult added s t imula t ion ,  and 

h i s  i n t e r e s t  i n  buoyant plumes inf luenced t h e  theory  because of an analogy 

between magnetic fo rces  i n  a r c s  and buoyancy forces .  

A t r i b u t e  should be pa id  t o  Professor  
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I. INTRODUCTION 

Figure 1 shows a cross-section t o  i l l u s t r a t e  what is  meant by a 

The luminous column of ion ized  gas ,  where the cur ren t  balanced arc.  

f lows, i s  he ld  s t a t i o n a r y  aga ins t  a t r ansve r se  stream by magnetic forces .  

We assume t h a t  t h e  sec t ion  of a r c  under considerat ion is  far enough 

from t h e  e lec t rodes  for t h e  flow and magnetic f i e l d  p a t t e r n s  t o  be re- 

garded as two-dimensional. 

although it w i l l  be shown i n  Section V t h a t  t h e  H a l l  e f f e c t  can cause 

such flow. With the  assumption of two-dimensionality, a magnetic f i e l d  

B must be imposed by ex te rna l  c o i l s  t o  cause a n e t  fo rce  on t h e  column. 

Uniform €3 gives the  s implest  circumstances, and then t h e  t o t a l  force  i s  0 

I B  per u n i t  length.  

t h e  stream, o r  aerodynamic drag. Another o v e r a l l  condi t ion is  t h a t  the  

t o t a l  electromagnetic energy supplied must equal  t h e  l o s s  due t o  radia- 

t i o n  and convection by the  stream, 

For a s tar t ,  we neglect  flow along the  column 

-f 

0 
-f 

This must be balanced by the  loss of momentum of 0 

t h e  

a r c  

The hypothesis of Lord’ t h a t  t h e  aerodynamic drag is  approximately 

same as t h a t  of a s o l i d  cyl inder  having t h e  same dimensions as t h e  

suggests  t h a t  most of t h e  stream i s  d iver ted  round t h e  column, and a 

r e l a t i v e l y  s tagnant  w a k e  is formed behind. 

experimental  v e r i f i c a t i o n  i n  cases where a r c  dimensions have been measured 

( f o r  a review see Wers and Roman ). 

conjecture  is  t h a t  at least a m a j o r  p a r t  of t h e  column i s  a region of  

c losed  s t reaml ines ,  impervious t o t h e  ou te r  f l o w  (see, for  example, 

Kuethe e t  al. ). The recent  experiments o f  Roman and Myers on a r c s  i n  a 

The hypothesis has had some 

2 With t h i s  success ,  a not su rp r i s ing  

3 4 
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cross  flow of a i r  support  t h i s  view with r e s u l t s  of i nves t iga t ions  by 

p i t o t  t raverse  behind t h e  column, which ind ica t e  a s tagnant  wake, and 

by in j ec t ion  of p a r t i c l e s  upstream, which showed no tendency t o  e n t e r  

t h e  column, being apparently swept round and shed i n  v o r t i c e s  similar 

t o  those  found a t  t h e  edges of conventional wakes. 

The object  of t h e  present  i nves t iga t ion  is  t o  explore  t h e  detailed 

fluid-mechanic behaviour i n  and near  t h e  column on t h e  assumption t h a t  

t h e  a r c  i s  impervious, i .e.,  t h e r e  i s  a forward s tagnat ion  point .  The 

suggested model f o r  t h e  flow pa t t e rn  is  broadly t h a t  a double vortex 

forms i n  a la rge  p a r t  of t h e  i n t e r i o r  ( s e e  Fig. 2a ) .  (The discussion 

of flow reve r sa l  i n  Sect ion I V ,  however, suggests t h a t  i n  de t a i l  more 

than two d i s t i n c t  vo r t i ce s  could be formed.) The mechanisms which could 

d r ive  t h e  motion a r e  two. F i r s t  i s  t h e  shear ing  ac t ion  of t h e  ex te rna l  

stream, which we s h a l l  f i nd  t o  be t h e  less important. 

t h e  r o t a t i o n a l  na ture  of t h e  magnetic forces .  Suppose t h a t  w e  neglec t  

t h e  electro-motive forces  generated by t h e  motion and t h e  H a l l  e f f e c t .  

Then t h e  magnetic forces  tend t o  change the c i r c u l a t i o n  round t h e  loop 

ABCDA of Fig. 2a according t o  

The second is  

= f ( a l p )  x 8 dx 

= E f ( a / p )  $ dz 



-3- 

where 4 i s  t h e  outward normal f lux  pe r  un i t  l ength  of t h e  column at t h e  

loop, and, i n  der iv ing  Eq. (1) w e  have used t h e  f a c t  t h a t  E ,  being 

perpendicular  t o  the  plane o f  va r i a t ion ,  must be uniform f o r  c u r l  E = 0 ,  

n 
-* 

+ 

We expect t h e  mean l e v e l  of u/p t o  be very much lower on t h e  cold 

l e g  o f t h e  loop ABC than on t h e  hot l e g  CDA. 

t r ansve r se  f i e l d  so  t h a t  w e  have 

f o r  inducing c i r cu la t ion .  

Then with an imposed, 

d$ # 0, t h e r e  r e s u l t s  a mechanism 
A L 

The act ion of the magnetic forces ,  which are 

temperature dependent through CY, has an analogy with t h a t  of  buoyancy 

fo rces  i n  natural-convection problems - an analogy noted a l s o  by Kuethe 

e t  a l a 3  and one which w e  s h a l l  pursue fu r the r .  A f i e l d  l i n e  corresponds 

t o  a l i n e  of constant height so t h a t  va r i a t ion  of u along a f i e l d  l i n e  

g ives  a r o t a t i o n a l  force  (see Fig. 2b).  

For a steady state t h e  tendency of  t h e  magnetic force  t o  increase  

c i r c u l a t i o n  must be balanced by suppression due t o  viscous damping. 

A c h a r a c t e r i s t i c  ve loc i ty  uo f o r  t he  c i r c u l a t i o n  i s  found by r e l a t i n g  

t h e  t i m e  s c a l e  i n  Eq. (1) t o  R/uo, where w e  t ake  the  nose rad ius  R t o  be 

t y p i c a l  of a r c  dimensions, and by r e l a t i n g  r t o  u R ,  Thus 
0 

where t h e  superscr ip t  0 on t h e  quan t i t i e s  u ,  B, p, a l s o  refers t o  charac- 

t e r i s t i c  values f o r  t he  i n t e r i o r  flow. This ve loc i ty  can be related t o  

t h a t  of  t h e  f r e e  stream by defining t h e  drag coe f f i c i en t  as 

. ( 3 )  



- 4- 

Then 

which suggests t h a t  t h e  r a t a t i o n a l  e f f e c t  of  t h e  magnetic fo rces  is  l a r g e r  

than t h a t  of t h e  shear ing ac t ion  of t h e  free stream by a f a c t o r  of  order  

The square of t h e  Reynolds number based on t h e  c h a r a c t e r i s t i c  v e l o c i t y  

is 

0 0 0 3  o2 
G = p  u E B R / n  . ( 5 )  

Following Kuethe e t  a ~ ~ ,  w e  c a l l  t h i s  quant i ty  t h e  Grasshof number, s ince  

it has t h e  same s ign i f i cance  as t h e  Crasshof number i n  natural-convection 

problems. 

and ve loc i ty  by means of Eq. (31 ,  w e  ob ta in  

Relat ing G t o  t he  Reynolds number based on free-stream prope r t i e s  

0 The quant i ty  ( p  / p _ ) ( n _ / ~ ' ) ~ ,  which appears i n  Eq. ( 6 ) ,  i s  p l o t t e d  i n  

Fig. 3 f o r  a i r  assuming atmospheric pressure ,  a free-stream temperature of 

300 K ,  and thermodynamic equi l ibr ium (proper ty  values  were taken from t h e  

repor t  of Arave e t  al.5). A reasonably r ep resen ta t ive  value of G i s  then  

loo4 Re2 (assuming CD = O( 1) ). The experiments of '  Roman and Myers , f o r  

0 

4 



which s ize  of  a r c  and blowing ve loc i ty  are w e l l  documented, gave a range 

for  R e  from 10 3 4 4 t o  10 , i.e., G 2 l o 2  - 10 . 
The values of G given above suggest t h a t  t h e r e  can be at least a 

range of a r c  condi t ions f o r  which iner t ia  e f f e c t s  i n  t h e  column are s t rong  

( r e c a l l  G1j2 i s  t h e  e f f e c t i v e  Reynolds number f o r  c i r c u l a t i o n ) .  Now i n  

problems of n a t u r a l  convection G1I4 i s  t h e  s c a l i n g  f o r  boundary-layer 

th ickness  (see, f o r  example t h e  boundary l a y e r  on a heated v e r t i c a l  plate). 

With l a r g e  values of G1/' it i s  possible  t h a t  a successfu l  model of t h e  a r c  

can be found i n  which viscous e f f e c t s  are confined t o  t h i n  l a y e r s ,  and t h e  

following theory represents  a start on such a model. 

mental range of Roman and FQers 

However, the experi-  

4 
d i d  not extend t o  high enough values ,  

and t h e  ana lys i s  w i l l  be a l i m i t ,  hopefully t o  be approached by known arcs .  

11. APPROXIMATIONS 

2.1 THE MODEL 

Fig. 4 i l l u s t r a t e s  our model fo r  t h e  forward p a r t  o f  t h e  a r c  column. 

We suppose t h a t  t he  ac t ion  of  v i scos i ty  and heat  mnduction i s  neg l ig ib l e  

except i n  t h i n  shear  l aye r s  a t  t h e  edge. The gas  moves forward i n  an in- 

v i s c i d  core ,  and, being en t ra ined  by t h e  shear  l a y e r s ,  i s  swept back i n  

them. Note t h a t  t h e  supposed entrainment provides a mechanism t o  counteract  

viscous d i f fus ion .  The v a l i d i t y  of t h e  model rests with our  being ab le  t o  

f i n d  a so lu t ion  which s a t i s f a c t o r i l y  matches t h e  o u t e r  i n v i s c i d  flow t o  t h e  

i n n e r  and then t o  show t h a t  assumptions about t h e  ac t ion  of d i f fus ion  

processes  were va l id .  It is possible  t o  g ive  some j u s t i f i c a t i o n  by con- 

s i d e r i n g  the  expected orders  of magnitude. 

Again w e  assume t h a t  t h e  nose rad ius  R i s  t y p i c a l  of  a r c  dimensions, 

The f a c t  t h a t  CD = O(1) both p a r a l l e l  and t r ansve r se  t o  the  free stream. 



suggests t h a t  p ressure  grad ien ts  are of order  uo EBo. When a f l u i d  

p a r t i c l e  en ters  t h e  shear  l a y e r s ,  it may be cooled t o  a temperature at 

which it i s  v i r t u a l l y  non-conducting, while s t i l l  being hot enough t o  

have a densi ty  comparable t o  t h e  core. Thus, i n  being swept back, t h e  

p a r t i c l e  experiences l i t t l e  magnetic force ,  bu t  can f a l l  through a 

pressure difference O(u EB R ) ,  and, according t o  Eq. ( 2 ) .  it can thereby 

a t t a i n  a speed of  t h e  order  of  t h e  c h a r a c t e r i s t i c  ve loc i ty  u . Note 

t h a t ,  by reason of cont inui ty ,  t he  core ve loc i ty  w i l l  be O(u 6 / R ) ,  where 

0 0  

0 

0 

6 is t he  shear-layer th ickness ,  and e x t e r i o r  v e l o c i t i e s  w i l l  be 

O{u O F  ( p  /p - ) } ,  i .e . ,  t h e  ve loc i ty  p r o f i l e  is  peaked. Viscous shear  

0 0  2 s t r e s s  i n  the l aye r s  w i l l  be O ( n  u / 6  ) ,and,  assuming viscous forces  com- 

parable  t o  i n e r t i a  fo rces ,  w e  obtain t h e  expected r e s u l t  f o r  th ickness :  

We a re  suggesting t h a t  t h e  shear  l aye r s  a r e  regions where pressure ,  

i n e r t i a ,  magnetic and viscous forces  a r e  a l l  comparable. 

ve loc i ty  i n  t h e  core implies t h a t  both i n e r t i a  and viscous forces  are 

neg l ig ib l e  there  i n  comparison t o  magnetic (be ing  O (  G-'l2)), and t h e r e  

must be a balance between pressure  and mamet ic  forces  only. 

However, t h e  low 

As i n  conventional boundary and shear  l a y e r s ,  con t inu i ty  g ives  a 

t r ansve r se  ve loc i ty  O(u C -'j4) ; viscous s t r e s s e s  would r equ i r e  pressure  

differences across  t h e  l a y e r  only of  order  However, s ince  t h e  

magnetic force may have a l a rge  component perpendicular  t o  t h e  l a y e r ,  

t r ansve r se  magnetic forces  can cause a pressure  d i f f e rence  0(G'1'4) - t h e  



v i c i n i t y  of t h e  s tagnat ion  poin t  needs s p e c i a l  considerat ion ( s e e  Sec t ion  

2.4). Also acce lera t ions  due t o  curvature r equ i r e  pressure  d i f f e rences  

O(G'1/4), and it i s  only t o  t h i s  low order  of  approximation t h a t  w e  can 

take pressure  t o  be continuous across t h e  layer .  

We now t u r n  t o  t h e  energe t ic  aspects of t h e  model. I n  t h e  same way 

t h a t  t h e  entrainment provides a mechanism t o  counteract  viscous d i f fus ion  

of t he  l a y e r s ,  it w i l l  a l s o  counteract thermal d i f fus ion ,  and f o r  P rand t l  

number P = O(1) w e  expect t h e  s c a l e  f o r  thermal and viscous l aye r s  t o  be 

t h e  same. 

coupling between energy and momentum through t h e  temperature-dependent 

forces .  Thus f o r  P + 0, t h e  veloci ty  s c a l e  i s  determined by thermal 

d i f f i s i o n . )  

is  assumed t h a t  t he  enthalpy difference between t h e  rear of t h e  column 

and t h e  forward s tagnat ion poin t  i s  O(h 1, so t h a t  g rad ien t s  i n  t h e  core  

a r e  O(ho/R). 

power input ,  t h e  heat  loss across  the l a y e r  O ( r l  h R/P6) has t o  be comparable 

t o  t h e  power input  t o  t h e  whole a rc  O(ao E2R2). 

t h e  l aye r s  it follows t h a t  i n  comparison t o  both conduction and convection 

terms t h e  electromagnetic power i n  t h e  l a y e r  i s  O ( G  -'I4) and may be 

neglected t o  a low order  of approximation. In  t h e  core,  convection i s  

reduced by 

power input  can balance,  while conduction i s  reduced by G , i.e. compared 

t o  convection, conduction is O ( G  -1'4) i n  t h e  core and may be neglected t o  

a l o w  order  of approximation. 

(An add i t iona l  reason for  assuming t h e  same s c a l e  is t h e  

0 Gradients of enthalpy across t h e  l a y e r  are O(h / d ) ,  and it 

0 

Supposing t h a t  rad ia t ion  does not absorb a major p a r t  of  t h e  

0 0  

From t h e  s m a l l  a r ea  of  

s ince  the  ve loc i ty  i s  O(u G -'I4), so  t h a t  convection and 

1 /2  

Aspects which w e  leave f o r  l a t e r  considerat ion are t h e  electromotive 

fo rces  and t h e  Hall e f f e c t .  
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2.2 CORE EQUATIONS AND BEHAVIOUR 

According t o  t h e  order-of-magnitude considerat ions of t h e  last sec t ion ,  

-114) t h e  force  balance i n  t h e  core  requi res  (neglec t ing  terms O(G 

- b +  - b +  

g r a d p = j x B = a E x B  , 

and t h e r e  can be no pressure  v a r i a t i o n  along a f i e l d  l i n e .  The d i s t ance  

between adjacent l i n e s  is  inverse ly  propor t iona l  t o  B, so t h a t  grad p 

v a r i e s  l i k e  B along a f i e l d  l i n e .  

B ,  it follows t h a t  Eq. (8)  can only be s a t i s f i e d  i f  (J as we l l  as p i s  

-b 
Since E i s  uniform and perpendicular  t o  

-b 

constant  along any f i e l d  l i n e ,  i .e.,  t he  state of t h e  gas does not  vary i n  

t h e  d i r ec t ion  of B. 
-b 

A departure of order  only G from t h e  balance of  Eq. (8)  is capable 

of g iv ing  any ve loc i ty  changes required i n  t h e  core ,  bu t  a condi t ion i s  

imposed by t h e  energy equation f o r  a f l u i d  p a r t i c l e :  

dh 2 .  
d t  p - = a E  - q  , ( 9 )  

where 

absorption so t h a t  

is constant on any one f i e l d  l i n e ,  and, s ince  dh i s  t h e  same f o r  a l l  f l u i d  

p a r t i c l e s  as they  t r a v e l  between adjacent  l i n e s ,  it follows t h a t  t h e  t i m e  

of f l i g h t  d t  i s  t h e  same. 

l i n e  var ies  l i k e  1/B along it. A Reometric i l l u s t r a t i o n  of t h e  above 

arguments is given i n  Fig. 5a. 

represents  t h e  r ad ia t ion ,  and w e  assume t h a t  t h e r e  i s  n e g l i g i b l e  

i s  a funct ion of t h e  l o c a l  state only. Hence dh/dt  

Then t h e  v e l o c i t y  component normal t o  a f i e l d  



-9- 

To determine t h e  magnitude of t h e  ve loc i ty  component normal t o  t h e  

magnetic f ie ld ,  w e  use t h e  cont inui ty  condi t ion and equate  t h e  t o t a l  mass 

f l o w  c ross ing  any f i e l d  l i n e  in  the core  between t h e  po in t s  where it 

i n t e r s e c t s  t h e  boundaries (ab of Fig. 5b) t o  t h e  mass flow back i n  t h e  

shear  layers .  (The ve loc i ty  component p a r a l l e l  t o  t h e  magnetic f i e l d  can 

be der ived from t h e  cont inui ty  equation, but  w e  have found no simple,  y e t  

genera l ,  r e l a t i o n  f o r  t h i s  component. ) 

Assuming t h e  arc t o  be symmetric about an a x i s  through t h e  forward 

s tagnat ion  poin t  and p a r a l l e l  t o  t h e  f r e e  stream, w e  s h a l l  consider t h e  

o v e r a l l  energy and con t inu i ty  for  one side o f  t h i s  ax is .  Suppose 6s t o  

be t h e  area between two adjacent f i e l d  l i n e s  (shown cross-hatched i n  Fig. 

5b). Let x The power input  less rad ia t ion  i s  (aE2 - :) 6s  t o  t h i s  area. 

denote a co-ordinate measured along a shear  l a y e r  with o r i g i n  at  t h e  

s tagnat ion  point .  Then, from t h e  order-of-magnitude arguments of  Sect ion 

2.1, we  expect entrainment v e l o c i t i e s  O(u G 
0 -1/4 ) and, t o  a n t i c i p a t e  t h e  

shear-layer d e f i n i t i o n s  of Section 2.4, w e  def ine  t h e  entrainment at any 

' V I ) ,  where p'v' i s  a p o s i t i v e  number with magnitude po in t  as p u G 

O(1). 

and an o v e r a l l  energy balance gives 

-'I4 
c c  ( p c  1 P 'v '  dx, 

c c  The mass flow crossing t h e  shaded area i s  thus  p u G 

0 

We have derived necessary conditions on t h e  ve loc i ty  p r o f i l e s  and 

v a r i a t i o n  of state on the  hypothesis of an inv i sc id ,  convection-dominated 

core.  It  is  not obvious t h a t  there  are causa l  mechanisms f o r  t h e  formation 

of t h e  f l o w  pa t te rn .  If it could be shown t h a t  t h e  flow is  stable i n  t h e  
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presence o f  small d is turbances ,  w e  might have more confidence. 

ana lys i s  i s  not  attempted here ,  bu t  it i s  worth recording t h e  following 

phys ica l  arguments. 

a f i e l d  l i n e ,  t h e  magnetic forces  induce a c i r c u l a t i o n  which increases  t h e  

forward ve loc i ty  of  t h e  h o t t e r  p a r t i c l e s .  

t h e s e  p a r t i c l e s  between adjacent  f i e l d  l i n e s  becomes less than  t h a t  o f  t h e  

co ld ,  an e f f e c t  which tends t o  reduce t h e i r  enthalpy increase  with d i s t ance ,  

o r  t o  equal ize  t h e  s ta te  on f i e l d  l i n e s  again. It should be pointed out  

t h a t  t h i s  mechanism could be o f f s e t  by t h e  increase  i n  power input  a s soc ia t ed  

d i r e c t l y  with t h e  higher  e l e c t r i c a l  conduct ivi ty  of t h e  h o t t e r  p a r t i c l e s .  

2.3 PRESSURE MATCH AT THE STAGNATION POINT 

A s t a b i l i t y  

If t h e  gas state were t o  become non-uniform along 

Then t h e  t i m e  of f l i g h t  f o r  

With symmetry about an a x i s  p a r a l l e l  t o  t h e  free stream, t h e  magnetic 

f i e l d  i s  p a r a l l e l  and magnetic fo rces  t r ansve r se  t o  t h e  shear  l a y e r  at t h e  

s tagnat ion  point.  It i s  t h e  curvature  of t he  a r c  boundary which allows t h e  

pressure  var ia t ion  of core  and ou te r  flow t o  be matched there .  

Fig. 6a shows t h e  v i c i n i t y  of  t h e  forward s tagnat ion  poin t  w i t h  shear- 

l a y e r  thickness represented as neg l ig ib l e .  Suppose t h e  f i e l d  l i n e  passing 

through t h e  s tagnat ion  poin t  has rad ius  of  curvature  R Then t h e  angle  

between t h e  f i e l d  l i n e  and t h e  shear  l a y e r  at a small d i s t ance  x from t h e  

s tagnat ion  point is  given by 

B' 

1 1  
X ( T  + -1 . 

RB 

For t h e  component o f  t h e  magnetic force  along t h e  shear  l a y e r ,  w e  can t a k e  

t h e  magnitudes of u EB as constant  t o  a f irst  approximation, so t h a t  t h e  

pressure  gradient  i n  t h e  core  is  d i r e c t l y  propor t iona l  t o  x: 

C 



-11- 

1 

A l i n e a r  va r i a t ion  of t h i s  type i s  c h a r a c t e r i s t i c  of t h e  flow at t h e  

s tagnat ion  poin t  of a b lunt  body, so t h a t  matching i s  poss ib le .  

Another way of making t h e  same po in t  i s  i l l u s t r a t e d  i n  Fig. 6b, 

which shows i sobars  i n  t h e  core fo r  t h e  case of  uniform f i e l d ,  R 

I f  t h e  d is tance  from the  stagnation po in t  t o  an i sobar  i s  x along t h e  

boundary, the  perpendicular dis tance i s  x /2R, i .e. ,  t h e  d i f fe rence  i n  

pressure  from t h a t  at t h e  s tagnat ion poin t  va r i e s  l i k e  x2 along t h e  

boundary. 

-P m. B 

2 

2.4 SHEAR-LAYER EQUATIONS 

I n  wr i t i ng  equat ions f o r  t h e  shear l aye r s  w e  assume t h a t  they are 

t h i n  enough i n  comparison t o  t h e i r  rad ius  f o r  t h e  e f f e c t s  of curvature  

t o  be neg l ig ib l e  (which implies t ha t  t h e  approximation i s  v a l i d  only 

t o  zero  order  i n  G'1'4). 

t h e  x-direct ion along t h e  l a y e r  and y-direct ion t r ansve r se  and outward, 

t he  usua l  boundary-layer approximations y i e l d  t h e  following equations f o r  

con t inu i ty ,  longi tudina l  momentum and energy: 

Taking the co-ordinate system of Fig. 4 with 

au p v & + & = - a E B  + - ( q - )  a au , 
ax ay ax Y aY aY 

pu - + 
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where we  have re ta ined  t h e  term i n  braces  of Eq. ( 1 4 )  s ince  i t s  effect 

is unfamil iar  although, according t o  t h e  arguments of  Sect ion 2.1, we 

expect it t o  be O(G- 114) 

Suppose t h a t  c h a r a c t e r i s t i c  values of t h e  thermodynamic p r o p e r t i e s ,  

We t a k e  Bo 0 0  p , h , e tc . ,  are those  of t h e  core  at t h e  s tagnat ion  point .  

as t h e  value of t h e  applied f i e l d  t h e r e  and non-dimensionalize t h e  equations 

i n  accordance with the  order  of magnitudes suggested i n  Sect ion 2.1: 

0 2  0 0 o2 n' = n/n , i' = q/a E , P' = (P - P ) / P  u , 0 

0 
u' = u/u , v' = (V/UO)  ,+1/4 9 

X '  = x/R , y'  = ( y / R )  Cr +1/4 , 

0 2 0 0 0 +1/4 0 0 0 0 1/2 a =  ( a  E R/p  u h ) G , = ( a  E B R / p )  , 

0 3 o2 G = poao EB R /q . 

For ease of  reference w e  have repeated t h e  d e f i n i t i o n s  of u 0 and G. Sub- 

s t i t u t i o n  from Eqs. (15) and Eqs.  (12). (13) and ( 1 4 )  g ives  



If again w e  make t h e  usual  boundary-layer assumptions i n  t h e  t r ansve r se  

momentum equation, w e  have 

where a l l  terms of  order  G -'I4 are dropped except t h e  unfamil iar  magnetic 

force.  Near t h e  s h e n a t i o n  poin t  the angle between f i e l d  l i n e s  and t h e  

a r c  boundary relates R' t o  H'  by 
X Y 

B' = x ' ( 1  + l / R i )  B l  . 
Y 

We w i l l  t he re fo re  have ap' /ay'  = O(ap'/ax')  over a length given by 

x' = O(G'1/4). 

be of the  usual  type  w i t h  a'B; a function of y '  only t o  a f irst  approxima- 

t i o n ,  and it may be shown t h a t  departure  from ap'/ax'  = const. across  t h e  

However, t h e  stagnation-point so lu t ion  w i l l  be found t o  

l a y e r  is  O ( G  -'I4) even when x' = O(G'1/4 1. 

I f  t he  magnetic f i e l d  i s  non-uniform, w e  have from t h e  con t inu i ty  

equation f o r  t he  f i e l d  

1 / 4 1  9 

aB ' 4 = O(G- 
aY 



and t o  a f i r s t  approximation B' is  constant  across  the  layer .  Then, 

s ince  t o  order G -1/4 t h e  magnetic force  i s  balanced by t h e  pressure  

g rad ien t  only in  t h e  core ,  it follows from E q s .  (l9), (20)  and (17) t h a t  

Y 

where t h e  subscr ip t  c r e f e r s  t o  t h e  core value at  a given X. 

We derive boundary condi t ions on t h e  core s i d e  from t h e  f a c t s  t h a t  

Therefore we take  h'  as independent of y '  when y '  + - 0 9 ,  and t h e  va r i a t ion  

with x follows from the  core ana lys i s  of Sect ion 2.2. 

E q .  (lo), we obtain 

Non-dimensionalizing 

On t h e  outer  s i d e  of t h e  shear  l aye r s  t h e  usual  condi t ions apply f o r  

approach t o  an i nv i sc id ,  isothermal flow. 

A t  t h i s  po in t  we can note  t h a t ,  provided t h e  f i e l d  changes moderately 

throughout t h e  a r c ,  aS'/ax' i s  0(1), and E q .  (23) shows a t o  be O ( 1 )  i f  

ah;/ax' i s  O(1). 

0(c'1/4) and may be dropped. 

Then t h e  electromagnetic-power term i n  Eq. (18) i s  
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To complete t h e  descr ip t ion  o f t h e  shear  layers, property r e l a t i o n s  

are needed. It i s  assumed t h a t  t h e  Mach number of  t h e  free stream i s  

low enough f o r  pressure  d i f fe rences  t o  be a small f r a c t i o n  of  t h e  

absolu te  pressure  so t h a t  p ' ,  u', etc . ,  may be taken as func t ions  of h' 

only. (Note t h a t  a low Mach number i s  s u f f i c i e n t  condi t ion f o r  t h e  

neglec t  of  the  k i n e t i c  energy i n  the energy equation i n  s p i t e  of t h e  f a c t  

t h a t  uo = O{/(p, /p 

of l o w  dens i ty  where ho charac te r izes  values of enthalpy, and w e  have 

0 
urn}. The high v e l o c i t i e s  are expected i n  regions 

uoL/ho = (u2/h ) ( p  h /poho), where p,hm/poho = 0(1).) 
m m  m m  

Then t o  summarize t h e  complete system of  equations and boundary con- 

d i t i o n s ,  w e  have 

p '  = p ' ( h ' )  , U'  = a ' ( h ' )  , Q ' =  p ' b ' )  , P = P(h ' )  , (27)  
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2.5 ELLIPTIC ASPECTS 

Given t h e  free-stream enthalpy and pressure ,  p roper ty  r e l a t i o n s  o f  

t h e  form (27) can be constructed if w e  assume a value of h: (which 

0 e s s e n t i a l l y  implies  a choice of h ). 

are known functions of x'  and a is a known cons tan t ,  t h e  parabol ic  system 

of equations represented by (23) - (29) can i n  p r i n c i p l e  be i n t e g r a t e d  

s t e p  by step.  We t h e r e f o r e  have a family of  so lu t ions  f o r  t h e  shea r  l a y e r s  

charac te r ized  by the  parameters (some func t iona l )  

If w e  a l s o  assume B' and aS'/ax' 
Y C  

B '  
Y C  

as*/axi a . ( 3 0 )  

These four parameters ca r ry  t h e  e l l i p t i c  a spec t s  of t h e  problem. 

The physical  s ign i f i cance  o f  t h e  e l l i p t i c  parameters i s  as follows. 

For a p a r t i c u l a r  shape, t h e  magnetic f i e l d  (and hence both B' 

a S ' / a x ' )  depends on t h e  cu r ren t  d i s t r i b u t i o n  over  t h e  whole cross-sect ion 

o f  t h e  a r c ,  while  t h e  shape i t se l f  must be chosen t o  match t h e  pressure  

d i s t r i b u t i o n  f o r  i nne r  and ou te r  flows along t h e  complete boundary. The 

s igni f icance  of a is t h a t ,  f o r  given f i e l d ,  h 

t h e  nose radius R and is  t h e r e f o r e  c lose ly  connected with a r c  s i z e .  The 

freedom at  present  l e f t  i n  t h e  problem by t h e  t w o  unknowns a and h '  w i l l  

d isappear  i f  t h e r e  are two boundary condi t ions  on t h e  shear l a y e r s  t o  be 

appl ied  at t h e  rear of t h e  a rc .  This po in t  w i l l  be discussed f u r t h e r  i n  

Sec t ion  6, bu t  w e  can surmise here  t h a t  t h e  condi t ions  might arise out  o f  

a need t o  c lose t h e  i n t e r n a l  s t reamlines .  

and 
YC 

0 and E,  it i s  a funct ion of 
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To i n d i c a t e  some features of the  s e l f  f i e l d ,  w e  t a k e  a h ighly  

s impl i f ied  model i n  which t h e  a r c  i s  a c i r c u l a r  cy l inde r  of rad ius  R 

with uniformly d i s t r i b u t e d  current  dens i ty  j. The la t ter  assumption i s  

equivalent  t o  having uniform core proper t ies ;  t h e  shear-layer contribu- 

t i o n  t o  t h e  s e l f  f i e l d  is  O(G'1/4). Suppose co-ordinates (x*, y*) have 

t h e i r  o r i g i n  at t h e  cen te r  o f  t h e  a rc  ( s e e  Fig. 7a). 

t h e  z-component of the  vector  p o t e n t i a l ,  w e  have i n  t h e  i n t e r i o r  of t h e  

a r c  

Then, i f  A i s  

A = - {Box* + 1/4 uoj(x*2 + Y * ~ ) }  , (31) 

where B i s  t h e  imposed f i e l d  and assumed t o  be uniform. With t h i s  

geometry t h e  s e l f  f i e l d  has no t ransverse  component at t h e  a r c  boundary, 

and t h e  magnetic force  along t h e  shear layers  i s  t h e  same as f o r  no s e l f  

f ie ld .  

dimensional scheme of E q s .  (15) .  

with r e a l i s t i c  shapes and cur ren t  d i s t r i b u t i o n s ,  but t h e r e  w i l l  be a 

tendency f o r  t h e  s e l f  f i e l d  t o  have a weak inf luence on B' a t  t h e  boundary. 
Y 

0 

This expla ins  the  choice of t h e  appl ied- f ie ld  value i n  t h e  non- 

The r e s u l t  w i l l  not be genera l ly  t r u e  

Non-dimensionalizing x* and y* w i t h  respect  t o  R and rearranging 

Eq. (31) w e  obtain 

which shows t h a t  t h e  f i e l d  l i n e s  i n  t h e  column ( A  = const . )  are c i r c u l a r  

a r c s  centered on t h e  a x i s  of symmetry at a d is tance  2B /p  jR upstream of 0 0  
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t h e  a r c  center.  

po in t  becomes opposi te  t o  t h a t  of t h e  appl ied f i e l d ,  and t h e r e  w i l l  be 

closed f i e l d  l i n e s  within t h e  core. This would c l e a r l y  be incompatible 

If 2B /p j R  < 1, t h e  f i e l d  d i r e c t i o n  at t h e  s tagnat ion  
0 0  

with t h e  core theory of  Sect ion 2.2, so t h a t  t h e  boundary-layer model 

cannot be v a l i d  with R f i e l d  r eve r sa l ,  

expressed i n  a more convenient way by using t h e  drag r e l a t i o n  ( 3 ) .  

Eliminating JR, it becomes 

The parameter p jR/2B, can be 
0 

where N i s  e s s e n t i a l l y  an AlfvGn number f o r  t he  a r c ,  

We can f i n d  t h e  area between two f i e l d  l i n e s  by elementary 

trigonometry ( s e e  Fig. 7%) and hence der ive  aS'/ax' f o r  Eq. ( 2 3 ) .  Con- 

s ider  two f i e l d  l i n e s  of non-dimensional r ad i i  m' and m' + 6m' which 

i n t e r s e c t  the a r c  boundary a t  a d i s t m c e  6x' apa r t .  The angles  between 

t h e  axis of symmetry and l i n e s  jo in ing  t h e  i n t e r s e c t i o n  po in t s  t o  t h e  a r c  

cen te r  and t h e  f i e l d - l i n e  cen te r  are e and 4. Then t h e  area 6s' i s  

m'46m'. 

= l / s i n  4, Hence 

But 6m' = 6x' s i n  ( e  + c p ) ,  and m'/sin 8 = (2B0/p0 j R ) / s i n  ( e  + (I) 

-1 = (2B /p j H )  s i n  x '  t a n  
0 0  

0 .  (34) 
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Note t h a t  aSl/ax' + 1/2a (2B0/u0 j R )  x '  at t h e  c r i t i c a l  condi t ion 

2B / u  jR = 1, when t h e r e  is  a neu t r a l  point  i n  t h e  f i e l d  at t h e  stagna- 
0 0  

t i o n  poin t .  

I11 . THE STAGNATION-POINT SHEAR LAYER 

3.1 Rl3DUCTION OF EQUATIONS 

Sect ion 2.3 showed t h a t  t h e  pressure v a r i a t i o n  along t h e  shear  l aye r s  

i s  l i k e  t h a t  on conventional blunt  bodies.  I t  i s  cons i s t en t  with t h i s  

r e s u l t  t o  t a k e  t h e  ve loc i ty  u t  as i n i t i a l l y  varying l i n e a r l y  with x'. 

It  is c l e a r  from E q s .  (23)  and (34) t h a t  t h e  departure  of h '  from t h e  

stagnation-point value ( u n i t y )  has a quadra t ic  dependence on x '  i n i t i a l l y .  

C 

Hence w e  assume t h a t  p rope r t i e s  can be  expanded according t o  t h e  following 

power series: 

4 u' = x ' ( u  + u X I 2  + u x '  + . . e * . .  1 0 1  2 

v' = vo + v X l 2  + v X I 4  + ...... 1 2 

(35) 
4 

h'  = h + h1xt2 + h2x' + ...... 0 

h r  = 1 + hlcxt2 + h2=x1 4 ...... 
e t c .  

With t h e  elementary descr ip t ion  of t h e  f i e ld  given i n  Sect ion 2.5, t h e  

t r ansve r se  magnetic f i e l d  at t h e  boundary of t h e  a r c  i s  t h a t  due t o  t h e  

imposed f i e l d  only,  SO t h a t  
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B' = s i n  x t  
YC 

= x'  - Xf3/3!  + ...... 

When the s e r i e s  (35 )  and (36) are s u b s t i t u t e d  i n t o  t h e  shear-layer 

equations (23) - (281, and t h e  lowest order  terms i n  x '  are equated, w e  

obtain 

9 
aPOVO pouo + - = 0 

aY 

Now m a k e  t he  usual  boundary-layer subs t i t u t ion :  

so t h a t ,  from Eq. (371, 

(37) 

(38 )  

' I  
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Then our system of equations f o r  t h e  shear  l a y e r s  a t  s m a l l  x'  ( i . e . ,  near  

t h e  s tagnat ion  poin t  ) becomes 

d pOnO &O dhO - (-- p + f o r = O  , dS 

with boundary condi t ions taken from Eqs. (28)  and (29 ) :  

- + o  , h o + l  as ~ + - m  
dfO 

d2f0 
- + o  , h o + h L  as C + + Q )  , 
d t 2  

The i n i t i a l  s t ages  of t h e  core development a r e  given by 

( 4 4 )  

(45)  

The resemblance of E q s .  (43)  and ( 4 5 )  t o  those  governing n a t u r a l  con- 

vec t ion  on a f la t  v e r t i c a l  p l a t e  i s  marked. The term (1 - u ) / p  corres- 

ponds t o  t h e  buoyancy force.  

boundary l a y e r  can be formed with an a r c  next t o  a cold,  s o l i d ,  f l a t  

boundary if (1 - u ) / p  

as cons tan t ,  = 1.) 

0 0  

( A n  exact analogy t o  t h e  incompressible 

can be taken as a l i n e a r  funct ion of  ho and p o ~ ' o  
0 0  
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The most s i g n i f i c a n t  term i n  t h e  equat ions i s  t h e  'd r iv ing  term' 

( r e c a l l  t h a t  t h i s  represents  t h e  e f f e c t  of t h e  d i f f e rence  (1 - u ) / p  

between the pressure  gradient  and t h e  magnetic f o r c e s ) ,  as may be surmised 

from t h e  above analogy with buoyancy forces .  

constant  E ,  w e  f i n d  t h a t ,  given a so lu t ion  

0 0  

If t h e  term i s  sca l ed  by a 

f o  - 

a sca l ed  so lu t  

- 
fo  - 

on can be der ved as 

1 / 2  while u i s  s ca l ed  by E . 
0 

Thus increas ing  t h e  l e v e l  of t h e  d r iv ing  term 

increases  the  v e l o c i t i e s  along t h e  l a y e r  and t h e  entrainment;  it reduces 

t h e  thickness  of  t h e  layer .  These r e s u l t s  are e s s e n t i a l l y  imp l i c i t  i n  t h e  

scheme fo r  nondimensionalizing the  equations.  The c h a r a c t e r i s t i c  ve loc i ty  

uo s c a l e s  with t h e  square root  of t h e  mamet i c  fo rces ,  i .e . ,  l i k e  E 

while  t h e  thickness  sca l e s  l i k e  G 

f o r  de f in i t i ons  of  u and G). 

1 /2 , 
, a u 0 -1/2 , = E  -'I4 (see Eqs.  (15 )  - l / h  

0 

tl /P, t h e  so lu t ion  of Eq.  ( 4 4 )  can be w r i t t e n  as ' P o  0 I n  terms of fo  

By analogy with conventional shear l a y e r s ,  w e  expect fo  < 1 as 5 + - m and 

fo  > 1 as 6 -F + =, i .e. ,  t h e r e  i s  entrainment from e i the r  side. Then 
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Eq. (47) implies  t h a t  ho w i l l  asymptote t o  constant  values  as 5 + :a, 

and t h e  two constants  of i n t eg ra t ion  may be chosen t o  s a t i s f y  t h e  boundary 

condi t ions on ho. 

= const.  

For ho = cons t ,  we have (1 - uo)/po = const,and 

With these  conditions t h e  asymptotic behavior  of  Eq. (43)  
Po00 

is elementary s ince  it has t h e  form of t h e  Falkner-Skan equat ions w i t h  

d iverging i n t e g r a l  curves as 6 + + =. 

func t ions  of 6, Eq. (43) can i n  p r inc ip l e  be solved t o  y i e l d  dfo/dF, with 

j u s t  two cons tan ts  of i n t eg ra t ion .  The values  of  t h e  cons tan ts  are 

Given fo, (1 - uo) /p ,p q as 
0 0 0  - 

determined by t h e  need t o  choose a so lu t ion  which does not diverKe. 

Although t h e s e  arguments do not  take  proper account of t h e  coupling between 

t h e  equat ions,  they  sugeest  t h a t  the boundary condi t ions (45 )  are probably 

necessary and s u f f i c i e n t ,  

(43 )  i s  more l i k e  t h a t  of  t he  Blasius equation on t h e  hot s i d e ,  where 

( I t  might be argued t h a t  t h e  behavior of Eq. 

5 + - O D ,  with (1 - uo) /po + 0 and dfo/dg + 0 .  

about t he  asymptotic state allows so lu t ions  of  t h e  form df /dS = const .  

El iminat ion of t h i s  type  of so lu t ion  is  equivalent  t o  t h e  e l imina t ion  o f  

The equation when l i n e a r i z e d  

0 

t h e  diverging so lu t ions  with t h e  Falkner-Skan type  of  equation. 

3.2 APPROXIMATE METHOD OF SOLUTION 

Some elementary, but  exac t ,  so lu t ions  of  Eqs. (43) and ( 4 4 )  can be 

found when (1 - u ) / p  0 0  

s h a l l  der ive  a so lu t ion  f o r  a case where t h i s  dependence approximates reason- 

has p a r t i c u l a r  func t iona l  dependence on ho. We 

ably  t o  a t r u e  property r e l a t i o n .  

We start by not ing t h a t  Ea_. (44) can be in t eg ra t ed  d i r e c t l y  i f  f i s  0 

known as a funct ion of ho. Define the re fo re  

fo  = &daho . 
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However g(ho) is no t  a w e l l  defined funct ion on t h e  co ld  s ide of t h e  l a y e r ;  

+ const ,  while  f v a r i e s  s ince  dfo/dg + const  = a w .  Our first 
hO 0 

approximation is t o  take p ( -  m )  -+ m, which implies  t h a t  t h e  d r iv ing  term 

fa l l s  t o  zero, o r  t h e  cold gas can have i n e r t i a  at zero  ve loc i ty ,  

a l s o  i n  the ana lys i s  i s  t h e  assumption t h a t  both h 

with 6. 

0 

I m p l i c i t  

and f vary monotonically 
0 0 

Subs t i t u t ing  from Eq. (48)  i n t o  ( 4 4 ) ,  i n t e g r a t i n g  and s e t t i n g  g = 0 

where dho/dg = 0, w e  ob ta in  

+ 

Suppose now t h a t  

funct ions of ho, 

( 5 0 )  

g(h ) i s  chosen a r b i t r a r i l y .  Then, knowing p q and P as 

Eq. ( 5 0 )  gives t h e  dependence of (1 - ao)/Po f o r  which 

0 0 0  

t h i s  assumed form of  g i s  exac t ,  If s a t i s f i e d  t h a t  t h e  dependence g ives  

a reasonable approximation t o  t h e  t r u e  proper ty  r e l a t i o n ,  E q s .  (48) and (47)  

with t h e  assumed g(ho) may be used t o  de r ive  h (€,), fo( E ) ,  e t c .  0 
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The choice of a su i tab le  function f o r  g i s  p a r t i c u l a r l y  simple i n  

cases  where (1 - a ) / p  0 0  

and w e  t a k e  f o r  a first approximation t h a t  P and pooo are constant  through 

t h e  layer .  Then inspect ion of Eq. (50)  shows t h a t  e should a l s o  be a 

symmetric funct ion of {h (1 + hL)/2}. 

which may be t h o w h t  o f  as being i n  accord with t h e  approximation 0: = -, 
although i n  p r i n c i p l e  t h e  state where h = 0 can be chosen a r b i t r a r i l y  

provided property r e l a t i o n s  are consis tent .  

ana lys i s  so t h a t  a s u i t a b l e  average value can be used i n  t h e  approximate 

r e s u l t s .  We then  choose a parabolic funct ion f o r  g: 

is  a symmetric Ainction of {ho - (1 + hA)/2),  

I n  what follows assume h: = 0,  0 -  

is  r e t a ined  i n  t h e  pone 

where  a i s  a constant  which may be ad jus ted  t o  g ive  t h e  bes t  f i t  t o  t h e  

t r u e  property r e l a t ion .  = 0 and ho = 1, t h e  hot 

and cold s i d e s  of t h e  layer .  

Note t h a t  g = 0 f o r  h 0 

Subs t i tu t ion  of Eq. ( 5 1 )  i n  (50)  g ives  

2 + (1 - P) (1 - 2h0) 1 

The maximum value,  found a t  h = 1/2, is 

a P 2  =t(-) ( l + P )  , 0 
1 - a  

'max pone (- 
PO 



and w e  determine a by making t h e  t r u e  and approximate forms of (1 - ao)/po 

have t h e  same maximum: 

f o r  

+ (1 - P )  (1 - 2h0)2 / (1  + P ) }  , 

Subs t i t u t ing  the  form of  g given i n  Eqs .  (52 )  w e  ob ta in  from E q s .  

(49)  after some a lgebra  

- povo = fo  = ( - a o p  m a x  (P 2POQO)l/2 /4 t anh  BS. , 
(1 + P? PO 

u = - = ( -  df 0 0 )  1 / 2  1 sech2 BE , 
1 - a  

0 dS. P o  max (1 + P)l'* 

where 

The pos i t ion  o f  5 = 0 has been chosen t o  be t h e  dividinR s t reaml ine ,  fo  = 0. 



Taking an elementary property r e l a t i o n  f o r  t h e  dens i ty ,  po = l / ho ,  

we can translate t o  t h e  phys ica l  co-ordinate y. Thus 

with (54 )  

The so lu t ion  (53) emphasizes the  importance of t h e  l e v e l  of t h e  dr iv ing  

Note t h a t  t h e  sca l ing  with (1 - ao)/po max agrees with t h e  genera l  term. 

r e s u l t  of Eqs.  (46b) and (46c) .  

(P/2 poqo)1/2 which appears i n  $, while $ i t se l f  i s  t h e  quant i ty  which con t ro l s  

t h e  length  sca le .  

t o  t h e  thermal d i f f u s i v i t y  than  t o  t h e  viscous. 

P rand t l  number i s  weak, en te r ing  only through t h e  f a c t o r  (1 + P )  

Another i n t e r e s t i n g  f ea tu re  i s  t h e  f a c t o r  

This i nd ica t e s  t h a t  t h e  s c a l e  is  more d i r e c t l y  r e l a t e d  

Its f u r t h e r  dependence on 

1 / 4  . 
Eqs. (54 )  show t h a t  t h e  layer  ends a t  f i n i t e  y' on t h e  cold s ide .  

This is  due t o  t h e  approximation t h a t  po + 

of t h e  way i n  which w e  expect t h e  s c a l e  t o  shorten as t h e  dens i ty  increases .  

and i s  an extreme i l l u s t r a t i o n  

Fig. 8 shows the  v a r i a t i o n  of (1 - ao)/po with ho f o r  equi l ibr ium a i r  

7 5 when ho = 8 x 10 

The d r iv ing  term has a humped d i s t r i b u t i o n  ( i )  , which reaches a m a x i m u m  near  

h = 4 x 10 

very rap id ly  with enthalpy. 

t i o n  (ii) using t h e  formula of Eqs.  (52)  wi th  ((1 - ao)/po}max = 0.4 and 

P = 0.8. 

Joule/Kg ( T  = 1330°K), h = 3.01 x 10 Joule/Kg (T = 300'K). 

7 Joule/Kg, t h e  po in t  where  t h e  e l e c t r i c a l  conduct ivi ty  changes 

I n  comparison is  drawn an approximating d i s t r ibu -  

There is room f o r  improvement b u t  t h e  approximation is not 
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unreasonable. It i s  a l s o  quest ionable  whether equi l ibr ium values of  

p rope r t i e s  should be used throughout, i n  which case (1 - uo)/po i s  not 

known accurately.  

Fig. 9 shows t h e  va r i a t ion  of p with h under equi l ibr ium con- 0 0  0 

d i t i o n s ;  t h e  curve ( i )  rises s t e a d i l y  t o  a m a x i m u m  value of  12 on t h e  

co ld  s ide .  For t h e  approximate so lu t ion  w e  t a k e  a constant  value of 2.5. 

In  Figs. 108, b, and c p r o f i l e s  of enthalpy,  ve loc i ty  and f are 

drawn f o r  the approximate property r e l a t i o n s  (ii) of Figs. 8 and 9. Note 

t h a t  with the  temperatures of ( i)  w e  should have dfo/dS + 0.096 as 

5 + + m, lower than the  peak value of ve loc i ty  shown i n  Fig. 10b but  

perhaps no t  i n s ign i f i can t .  Fig. 11 shows t h e  enthalpy p r o f i l e  again,  bu t  

i n  terms o f  y'. 

0 

Our f i n a l  ana lys i s  of  t h i s  sec t ion  aims at g iv ing  a more d e t a i l e d  

i n s i g h t  i n t o  t h e  forces  and momentum balances of  t h e  shear  layer .  If t h e  

equation of motion (43)  is in t eg ra t ed  once, w e  ob ta in  

))dS 
0 d2f0 1 - u  

-+  f 
PO'IO d52 (55)  

The sketch of Fig. 12  i l l u s t r a t e s  t h e  v a r i a t i o n  of t h e  two terms on t h e  

left-hand s i d e  of Eq. (55) .  

expected i n  general  t o  be c lose  t o  t h e  d iv id ing  s t reaml ine ,  where f o  = 0. 

The terms c l ea r ly  have a tendency t o  cancel. 

t h e  right-hand s i d e  zero throughout,  w e  would have an ind ica t ion  of 

ve loc i ty  magnitudes with 

The ve loc i ty  peak ( z e r o  shear  stress) i s  

Then, making t h e  i n t e g r a l  on 
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I 

Eq. (56)  underestimates t h e  ve loc i ty  as 6 -* 

from t h e  m a x i m u m  value given by t h e  approximate so lu t ion  (53)  only by a 

f a c t o r  J((1 + P)/2): 

by a f a c t o r  fi ,  but differs 

In f a c t  t h e r e  i s  a c lose  r e l a t i o n  between Eq. (56)  

and t h e  assumed form (51 )  f o r  g (ho) ,  which under l ies  t he  approximate solu- 

t i ons .  When P = 1 and pgnG = const ,  comparison with t h e  e n e r q  equation 

0 
( 4 4 )  shows t h a t  t h e  left-hand side of Eq. (55 )  i s  i d e n t i c a l l y  zero  i f  f 

is  a l i n e a r  funct ion of h t h i s  corresponds t o  a parabol ic  function f o r  

g = I fo  dho. I n  genera l  w e  might expect t h a t  t h e  left-hand side of Eq. 

(55)  i s  small, and Eq. (56 )  g ives  a reasonable ind ica t ion  of t h e  va r i a t ion  

0 ;  

of ve loc i ty  with t h e  l e v e l  of t h e  dr iving term. (The same technique appl ied 

t o  t h e  natural-convection boundary l aye r  on a f l a t  v e r t i c a l  p l a t e  g ives  

good r e s u l t s  except i n  t h e  region where ve loc i ty  f a l l s  o f f  rap id ly  near  

t he  w a l l .  ) 

The approximate balance of terms suggested above has a simple physical  

i n t e r p r e t a t i o n  which i s  i l l u s t r a t e d  i n  Fig. 13, For any cont ro l  volume of 

t h e  type  shown t h e  change i n  shear s t r e s s  i s  approximately equal  t o  t h e  

change i n  momentum f l u x  c a r r i e d  by the  t r ansve r se  flow, while t h e  d i f fe rence  

i n  magnetic force and pressure  i s  approximately equal t o  t h e  change of  

momentum f l u x  c a r r i e d  by t h e  longi tudina l  flow. 

3.3 NUMERICAL SOLUTION 

A program w a s  developed by M r ,  I I .  L. Kaye f o r  t h e  numerical computation 

of s o l u t i o n s  t o  t h e  shear-layer equations (43)  and ( 4 4 ) .  Unfortunately 

t i m e  prevented us from obta in ing  more than preliminary r e s u l t s ,  so  w e  s h a l l  

b r i e f l y  record here  only a f e w  points  which may be of  i n t e r e s t .  
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The i t e r a t i v e  scheme which was used t o  so lve  Eqs. (43) and ( 4 4 )  w a s  

based on the  following l i n e a r i z a t i o n :  

where t h e  supe r sc r ip t  * r e f e r s  t o  values taken from t h e  previous s t eps  i n  

t h e  i t e r a t i o n .  To i n t e g r a t e  E q s .  ( 5 7 )  and (581, t h e  d i f f e r e n t i a l s  were 

replaced by three-point  d i f f e rences ,  while t h e  boundary condi t ions ( 4 5 )  

were appl ied at po in t s  where 5 151 w a s  considered l a r g e  enough t o  make 

subsequent v a r i a t i o n  neg l ig ib l e .  

The o r i g i n a l  i n t en t ion  w a s  t o  so lve  t h e  equat ions f o r  model gases  

which had p rope r t i e s  corresponding roughly t o  a i r  and argon, but  which 

d i f f e r e d  p r inc ipa l ly  i n  having a sharp cut-off i n  conduct ivi ty  ( f o r  t h e  

a i r  model a t  h = 4 x 10 

r e l a t i o n s  denoted by t h e  curves (iii) i n  Fig. 8 f o r  (1 - uo)/po and i n  

Fig. 9 f o r  poqo, while  P = 0.8 throughout. 

w a s  found t o  be s a t i s f a c t o r y  with a range approximately 2 12 ( t h e s e  values  

are approximate because o f  a s l i g h t  s c a l i n g  adjustment made la ter  t o  g ive  

a b e t t e r  fit t o  t h e  t r u e  pone). 
accuracy a f t e r  twenty i t e r a t i o n s  ( t h e  a n a l y t i c  so lu t ion  f o r  t h e  curves 

(ii) w a s  the  first s t e p ) .  

i n  Figs. 10. 

7 Joule/Kg). A p r e l i n i n a r y  ca l cu la t ion  used property 

A n  i n t e r v a l  s i z e  o f  5 2 0.6 

The so lu t ion  converged t o  three- f igure  

Results are shown by t h e  curves marked (iii) 
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Agreement between t h e  numerical and a n a l y t i c  s o l u t i o n s  is good. 

The peak i n  t h e  curve of (1 - CJ ) / p  

t o  cause a r ise  i n  t h e  maximum veloc i ty ,  but  ve loc i ty  p r o f i l e s  do diverge 

aga ins t  ho appears t o  be t o o  sharp 
0 0  

on t h e  cold s ide  of t he  l a y e r  s ince  t h e  numerical so lu t ion  now has a 

n e a r l y  co r rec t  boundary condi t ion (here taken t h a t  p -* 10 

i .e . ,  uo + 0.1). 

grea t  d i f f e rence  t o  t h e  scale. 

2 as 5 + + m ,  
0 

0 0  The degree o f  var ia t ion  put  i n t o  p n has n o t  made a 

Some prel iminary so lu t ions  were computed also f o r  cases  corresponding 

0 t o  o t h e r  values of h . Resul ts  suggested t h a t  t h e  entrainment parameter 

fo( -  m )  does not vary g r e a t l y ,  and t h e  enthalpy on t h e  d iv id ing  stream- 

l i n e  i s  always s l i g h t l y  less than ha l f  t h e  core  value.  

I V .  SHEAR-LAYER DEVELOPMENT 

4.1  SEPARATION MECHANISM 

A s  mentioned i n  Sect ion 1, the re  i s  evidence i n  t h e  experiments of 

4 Roman and Myers t h a t  vortex streets are formed behind balanced arcs .  

This and t h e  f a c t  t h a t  t h e  drag coef f ic ien t  i s  of  order  u n i t y  prompt us  t o  

look f o r  mechanisms which might cause t h e  ou te r  p a r t  of t h e  shear l a y e r  t o  

sepa ra t e  from t h e  inne r  i n  a manner analogous t o  t h e  separa t ion  of  t h e  

boundary l a y e r  on a b l u f f  body, An obvious s t e p  is t o  s tudy t h e  development 

of t h e  shear  layers. The stagnation-point so lu t ion  represented  t h e  f irst  

terms of power-series expansions i n  x' ( s e e  Eqs.  ( 3 5 ) ) .  and i n  p r i n c i p l e  

t h e  development of t he  l aye r s  could be found from t h e  higher-order terms. 

However, w e  f i nd  t h a t  a complete solut ion is  unnecessary, and ind ica t ions  

of t h e  break-down of  a boundary-layer approach can be found from a genera l  
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analys is  of t h e  hot s i d e  of t he  layers .  Before g iv ing  t h i s  ana lys i s  i n  

Sect ion 4.2, we present  t h e  following phys ica l  arguments t o  c l a r i f y  our 

proposal fo r  a mechanism of  separat ion.  

The pos i t ion  of a f l u i d  p a r t i c l e  i n  t h e  shear  l aye r s  follows from 

t h e  r e l a t ion  : 

I n  t h e  v i c i n i t y  of t he  s tagnat ion  poin t  t h e  r e l a t i o n  can be w r i t t e n  i n  

terms of t h e  stagnation-point va r i ab le s  as 

Subs t i t u t ing  from t h e  approximate so lu t ion  ( 5 3 )  we obta in  

In tegra t ing  w e  obtain 

where x' i s  t h e  value of  x'  at  t h e  poin t  where t h e  f l u i d  p a r t i c l e  en tered  e 

t h e  shear  layer.  

w i t h  dis tance t r a v e l l e d  i n  t h e  shear  l a y e r  as 

Subs t i t u t ion  i n  E q s .  ( 5 3 )  gives t h e  v a r i a t i o n  of enthalpy 
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= 1/2 (1 + xk/x')  hO . (60) 

Eq. ( 6 0 )  shows how t h e  r a t e  of change of enthalpy with d is tance  decreases 

as x' /xL increases .  

while t h e  p a r t i c l e  acce le ra t e s  continuously so t h a t  t i m e  spent covering 

a uni t  length  decreases. A reduction i n  t h e  rate o f  enthalpy change with 

d is tance  appears t o  be a common fea ture  of  thermal boundary layers .  Thus, 

i n  non-accelerating flow, a decrease i n  rate of change i s  found because o f  

t h e  spread of t h e  layer .  

The enthalpy of t h e  core  is Riven t o  a first approximation by 

Essen t i a l ly  t h e  loss with t i m e ,  v'  ah' /ay' ,  is  bounded, 

2 ho = 1 + hlcx' , 

where hlc is  t h e  negat ive quant i ty  of  Eq. (46). i .e.,  t h e  rate of change 

increases  w i t h  d is tance.  W e  therefore  suggest t h a t  t h e  momentum of  t h e  

f l u i d  p a r t i c l e  may car ry  it t o  a region where t h e  enthalpy of  t h e  core  

has become less than t h a t  of t h e  pa r t i c l e .  

g r e a t e r  than t h e  pressure  gradient .  This excess of adverse magnetic force  

could cause separa t ion  . 

The magnetic force  w i l l  then  be 

There is  a poss ib l e  analogy between t h e  behavior of t h e  shear  l a y e r s  

and buoyant plumes. 

is  dr iven upwards by the  buoyancy force ,  t h e  f l u i d  i n  t h e  shear  l a y e r s  is  

swept back by t h e  d i f fe rence  between pressure  and magnetic forces .  

a stable atmosphere (temperature r i s i n g  with h e i g h t ) ,  t h e  plume reaches a 

l i m i t i n g  l e v e l  when the  temperatures equal ize .  

In  the  same way t h a t  t he  f l u i d  i n  the  buoyant plume 

With 

The f ea tu re  of t h e  a r c  
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which corresponds t o  t h e  temperature v a r i a t i o n  of t h e  atmosphere i s  t h e  

f a l l i n g  enthalpy of  t h e  core. 

plume, t h e  a rc  l aye r  has one cold s i d e  and one hot.  

However, i n  con t r a s t  t o  a two-dimensional 

The question i s  

whether heat t r a n s f e r  t o  t h e  cold s i d e  i s  always s u f f i c i e n t  t o  prevent 

t h e  enthalpy of p a r t i c l e s  i n  the  l a y e r  equal iz ing  with t h e  core. 

4.2 FLOW REVERSAL 

To develop t h e  speculat ions of t he  previous sec t ion ,  w e  next in- 

v e s t i g a t e  flow behavior on t h e  core s i d e  of the  shear  layers .  W i t h i n  t h e  

framework of t h e  boundary-layer approximation, condi t ions on t h e  core s i d e  

approach u t  = 0, while p ' v '  and h '  are funct ions of x '  only. I f  t h e  

equation of motion (25 )  and the  energy equation (26 )  are l i n e a r i z e d  on 

c c  C 

t h e  basis of small  per turba t ions  about t h e  core  s t a t e ,  they g ive  

Thus t h e  var ia t ion  of ( h h  - h ' )  and of u' i s  governed by ordinary l i n e a r  

d i f f e ren t i a l - equa t ions  i n  y ' ,  whose c o e f f i c i e n t s  depend on x ' .  

so.lutions of t h e  form 

Assume 
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where 4 ,  JI and k m e y  be func t ions  of x ' .  Subs t i t u t ion  i n  Eqs. (61) and 

(62)  and el iminat ion of 4 and JI y ie ld  

The hot  s i d e  o f  t h e  l a y e r  corresponds t o  y '  -+ - a, where p'v' > 0. Hence 

Eqs. (61) and (62)  w i l l  have solut ions which asymptote t o  t h e  core  state 

if k > 0. A t  t h e  s tagnat ion  point t h e  right-hand side of Eq. (63) i s  

zero,  and i t s  roots  a r e  k = l /Pc ,  k = 1, k = 0,  k = 0. 

corresponding t o  so lu t ions  u '  = const # 0, are r e j ec t ed .  

The l a t te r  t w o ,  

Moving away from the  s tagnat ion po in t ,  acrk/ax' becomes non-zero and 

2 The t y p i c a l  shape of the curve k (Pck - 1) (k - 1) as a funct ion negative.  

of k is  sketched i n  Fig. 1 4 ,  and we see  t h a t  t h e r e  is a l imi t ed  range over 

which it can have a negat ive value, 

i s  less than t h e  minimum indicated i n  Fig. 1 4 ,  t h e  roo t s  k of Eq. (63) 

must be complex. 

and (62) .  

l o c a l  core value and t h e  flow reverses d i r ec t ion .  

If t h e  right-hand side of Eq. (63) 

Such roo t s  represent o s c i l l a t o r y  so lu t ions  of Eqs. (61) 

This implies t h a t  t h e  enthalpy i n  t h e  layer rises above t h e  

2 The m i n i m u m  value of k (Pck - 1) ( k  - 1) depends only on t h e  core 

Prandt lnumber  and is p l o t t e d  i n  Fig. 15. For Pc = 1 , t h e  m i n i m u m  i s  zero; 

for  values  of Pc c lose  t o  un i ty ,  the  minimum is approximately - (Pc - 1) 2 2  /4Pc. 

If w e  assume t o  a first approximation t h a t  

'2 B' = x' , a: 1 + alcx , 
Y C  

where alc is a negat ive quant i ty ,  t h e  right-hand side of Eq. (63) becomes 
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Thus the  conduct ivi ty  of t h e  core  cannot change g r e a t l y  before  t h e  

f l a w  reversa ls  appear, and we the re fo re  approximate ph, e t c . ,  at t h e  

po in t  of  appearance by the  stagnation-point values.  Then, according t o  

t h i s  theory,  r eve r sa l s  occur when 

4 
U: = 1 - 1/8 foe (Pc - 1)* . 

It is unfortunate t h a t  t h e  r e s u l t  i s  so s e n s i t i v e  t o  t h e  P rand t l  

number, whose value could depend on whether t h e  flow is s t r i c t l y  an 

equi l ibr ium one o r  not.  This and t h e  f a c t  t h a t  t h e  shear-layer equat ions 

are l inea r i zed  about a core state which is approximate leave  us w i t h  l i t t l e  

confidence i n  t h e  p rec i se  pred ic t ion  of  Eq. (64) .  

t h a t  it does i n d i c a t e  q u a l i t a t i v e l y  t h a t  t h e  po in t  at which t h e  enthalpy 

rises above the  core value occurs q u i t e  c lose  t o  t h e  s tagnat ion  po in t ,  and 

t h e  e f f e c t  probably first makes i ts  appearance a t  t h e  hot  edge of  t h e  

shear  l aye r s  . 

However, we be l i eve  

I n  p r inc ip l e  t h e  boundary-layer type  of  so lu t ion  should not  be continued 

beyond t h e  poin t  at which flow reve r sa l  occurs. The flow no longer has a 

parabol ic  charac te r ,  and t h e  quest ion i s  whether t h e  basis f o r  a boundary- 

l a y e r  approach t o  t h e  a r c  problem has been destroyed by t h e  appearance of  

r e v e r s a l  close t o  t h e  s tagnat ion  point .  W e  suggest t h a t  t h e  q u a l i t a t i v e  

ind ica t ions  of t h e  theory could rema'in i f  flow r e v e r s a l  at t he  edge does 

not  have a s t rong e f f e c t  on t h e  l a y e r  as a whole. Sketches of isotherms 

and s t reamlines  corresponding t o  t h i s  view are shown i n  Figs. 16a and b. 
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V. INDUCED-EMF AND HALL EFFECTS 

The previous discussion has given some basis f o r  a theory  of  high- 

cu r ren t ,  low-field arcs, where t h e  emf's induced by t h e  flow and t h e  H a l l  

e f f e c t  are neg l ig ib l e .  We have taken t h e  most elementary form for  Ohm's 
-+ 

l a w ,  namely 3 = a E ,  b u t  s t r i c t l y  the rest-frame e l e c t r i c  f i e l d  for  a 

f l u i d  p a r t i c l e  can d i f f e r  from E by a quan t i ty  o f  order  uoBo i n  t h e  shear 
+ 

l a y e r s  (a l though of lower order  i n  the c o r e ) ,  while  t h e  rest-frame f i e l d  

f o r  an e l ec t ron  differs f u r t h e r  by a quan t i ty  of o rde r  u"EB /nee. 

l a t te r  i s  a measure o f  t h e  Hall e f f e c t ,  which c m  cause e l e c t r i c  cur ren t  

" 0 3  The 

t o  flow i n  t h e  plane o f  v a r i a t i o n  of t h e  a r c  ; i n  t u r n  these cu r ren t s  can 

g ive  r i se  t o  motion along t h e  arc column. It i s  t h e  purpose o f  t h e  present  

s e c t i o n  t o  derive condi t ions under which t h e  neglect  of t hese  e f f e c t s  can 

be j u s t i f i e d  and t o  give a q u a l i t a t i v e  ind ica t ion  of t h e i r  ac t ion .  How- 

ever, i f  i n t e r e s t e d  only i n  high-current, low-field a r c s ,  t h e  reader may 

omit t h i s  s ec t ion ,  no t ing  only t h a t  t h e  r a t io  of t h e  above q u a n t i t i e s  t o  E 

i s  measured by M and H of  E q s .  ( 7 5 ) .  If M and H are small w e  might crudely 

expect  induced emfs and t h e  H a l l  e f f ec t  t o  be neg l ig ib l e  t o  a f irst  

approximat ion , 

Suppose t h a t  w e  can regard the  a r c  as s t r i c t l y  two-dimensional, t h e  

pressure  grad ien t  along t h e  a r c  being zero. 

t o  EH and 
Ii 

r e t a i n  the  symbols E and j f o r  t h e  primary components along t h e  column, 

while  v refers t o  v e l o c i t i e s  i n  the  plane of  var ia t ion .  The complete 

The Hall e f f e c t  g ives  r i s e  
-+ -I -+ 

i n  t h e  plane o f  va r i a t ion  and vH perpendicular  t o  i t ,  W e  

+ + 

+ 

form of Ohm's l a w  i s  



+ + + + +  -b 

j = ( E  + v x B - j, x B/ne e )  , 

+ + -+ 
+ v x 8 - J x 8/n 'H = ( E H  H e e e + grad p /ne e )  . 

0 0  W e  s h a l l  assume t h a t  u €3 /E and j t f / j  are a t  most of  order  u n i t y ,  s o  t h a t ,  

al though there may be s i p i f i c a n t  e f f e c t s  i n  t h e  shear  l a y e r s ,  they  are 

not  s u f f i c i e n t  t o  inva l ida t e  our previous order-of-magnitude estimates 

of  v e l o c i t i e s  and thickness .  

5 .1  THE CORE 
-b 

To s t a r t  t he  discussion assume t h a t  ( i )  t h e  self f i e l d  due t o  j, i s  

neg1ip;ible and (ii) t h e  s t a t e  is  s t i l l  constant  on f i e l d  l i n e s  i n  t h e  

core ,  These assumptions w i l l  be found t o  be cons i s t en t  with our conclusions.  

Due t o  t h e  low v e l o c i t i e s  i n  t h e  core ,  w e  s t i l l  have grad p = j x d, and 

with ( i i)  above it follows t h a t  (j x B - grad pe)/ne e i s  i r r o t a t i o n a l .  

These terms can be balanced i n  Ohm's l a w  by an e l e c t r i c  f i e l d .  Thus t h e  

Hall e f f e c t  only has a tendency t o  d r ive  cu r ren t s  j, with i r r o t a t i o n a l i t y  

o f  ( J  x l3 - grad pe) /ne e i n  t h e  shear  l a y e r s ,  

core  i s  t h a t  requi red  f o r  o v e r a l l  cont inui ty  with t h e  shear  l a y e r s  and 

i s  therefore  small, i .e. ,  jHC = O(G'l/4,j ) .  This f a c t  and t h e  low primary 

ve loc i ty  i n  t h e  core  allow us  t o  neglec t  t h e  H a l l  e f f e c t  and t h e  induced 

e m f  i n  t h e  primary component of Ohm's l a w ,  so t h a t  grad p = aE x 8 ,  as 

before ,  and  assumption (ii) above is j u s t i f i e d .  

most order  un i ty  i n  t h e  shear  l aye r s  only,  t h e  self f i e l d  due t o  jH i s  

O(c '1 /4 )  l ess  than t h a t  due t o  1, and assumption ( i )  

+ 

+ - b  

+ 

- + +  
The Hall cur ren t  i n  t h e  

+ 

Also,  s ince  j,/j is  a t  
+ 

is  j u s t i f i e d .  

The low H a l l  cur ren t  i n  t h e  core impl ies  t h a t  t h e  energy input  i s  

- %  2 s t i l l  'j- E - aE . Then, t h e  genera l  r e s u l t s  f o r  t h e  behavior of t h e  
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primary flow i n  t h e  core  are unaffected by induced-emf and H a l l  e f f e c t s  

o f  O(1) i n  t h e  shea r  . layers.  

The equations governing t h e  secondary flow i n  t h e  core  are 

3 
c u r l  ( j H / u )  = c u r l  (GH x 3 )  

-b 

d i v  jH = 0 , 

- 1 / 4  I n  Eq.  (66) TH/a is  dropped on t h e  grounds t h a t  it i s  O ( G  

E must be s t r i c t l y  i r r o t a t i o n a l ,  and t ak ing  t h e  c u r l  of t h e  m l l  form 

of  Ohm's l a w  y i e l d s  Eq. (67 ) .  Since t h e  core  i s  convection dominated, 

viscous terms can be dropped from Eq. ( 6 9 ) .  However, t h e  low magnetic 

fo rce  of t h e  core i s  equal ly  e f f ec t ive  i n  inducing; secondary f l o w  as t h e  

g r e a t e r  forces  i n  the  l aye r s  s ince  the residence tip! i n  t h e  core i s  i n -  

) . However, 

H 

creased  by a factor 0(G+1/4). The magnetic-force term 

r e t a i n e d  i n  Eq. (69 ) .  If j,, i n  t h e  core  i s  O ( G  - 1 / k J  
9 

0 t h e r e  by O(u ) ,  
-b 

From t h e  approximate Ohm's law (66) EH i s  perpend 

is  

H V 

cu 

t h e r e f o r e  

may change 

-b 
ar t o  B ,  an 

t h e r e f o r e  f i e l d  l i n e s  i n  the  core  are l i n e s  of constant  e l e c t r i c  po ten t i a l .  
3 + -b 

I f  v x R i s  comparable t o  E Eq.  (66) shows t h a t  it must be  H H '  

i r r o t a t i o n a l ,  which requi res  vH constant on t h e  f i e l d  l i n e s .  Then t h e  



equation of motion (69) by analogy with t h e  enthalpy equat ion must have 

jH x B constant on f i e l d  l i n e s .  

w i t h  c u r l  jl,/u= 0,  and the re fo re  vII x B cannot be s t r i c t l y  i r r o t a t i o n a l .  

However, only a small departure  from v 

s u f f i c i e n t  ro t a t ion  t o  allow j 

w e  note  t h a t  a r o t a t i o n a l  p a r t  of  vH x B which i s  O(v €3) induces cu r ren t s  

O(avHB). The damping t i m e  f o r  t h i s  r o t a t i o n ,  according t o  Eq. ( 6 9 ) ,  i s  

O ( p / u B  ) .  

>> 0(1), i .e.,  with t h e  d e f i n i t i o n  of u0 i n  Eq. (21, i f  (u0B/E) G1'4 >> 1. 

0 We s h a l l  show later t h a t  vH/EH = O(u / E ) ,  so t h a t  t h e  r o t a t i o n  i s  r ap id ly  

damped when v x B i s  comparable t o  E provided w e  u se  t h e  assumption H H 

underlying t h e  boundary-layer approach, G1/4 >> 1. ) 

-b -b 
The l a t t e r  condi t ion is  incompatible 

-* + - b  

= const on f i e l d  l i n e s  g ives  H 

x if 3 const.  
-b 

(To s t r e n e h e n  t h e  argument, H 
-b -b 

€I 

2 2 0 1 / 4  The residence t i m e  i n  t h e  core  is much g r e a t e r  i f  (uB R/pu ) G  

-b -b -b 

If v x B i s  of  o rde r  JH/u,  t h e  induced e m f  is n e g l i g i b l e  i n  Ohm's H 

l a w ,  so tha t  a condi t ion of  i r r o t a t i o n a l i t y  i s  no longer  imposed. Details 

of  t h e  core flow must be found from t h e  simultaneous so lu t ion  of  E q s .  

5.2 THE SHEAR LAYERS 

Now consider t h e  shear  l a y e r s ,  where i n  genera l  t h e  f u l l  form o f  

Ohm's l a w  (65)  must be used. 

term o r  Hall term i s  s i g n i f i c a n t l y  g r e a t e r  than E,  t h e r e  i s  no change t o  

With t h e  assumption t h a t  no induced-emf 
-b 

our  previous conclusion t h a t  t h e  electromagnet ic  enerRy term i n  the  enthalpy 

equation (14) is  neg l ig ib l e .  Differences arise i n  t h e  magnetic-force 

term of the  momentum equation (13) .  from t h e  f a c t  t h a t  t h e r e  i s  a momentum 

equation for  vH, and t h e  primary motion i s  coupled t o  t h e  secondary through 

t h e  induced-emf terms i n  Ohm's l a w .  

+ 



Across t h e  shear  l aye r s  t he  degree of ion iza t ion  changes r ap id ly ,  

and t h e  electron-pressure gradient  can be l a r g e  although t h e  t o t a l  

p ressure  of t h e  gas does not  change s i g n i f i c a n t l y .  

were t o  be s t r i c t l y  constant everywhere , pe and n 

func t ions  of temperature only,  and (grad  pe)/ne e would be i r r o t a t i o n a l ,  

i.e., t h e  tendency of e l ec t rons  t o  d i f f u s e  would be counteracted by an 

e l e c t r i c  f i e l d  only. 

p r e s s i b l e '  approximation, where the pressure  is nea r ly  cons tan t ,  w e  wr i t e  

I f  t h e  gas pressure  

could be regarded as e 

To f i n d  w h a t  happens with t h e  appropr ia te  'incom- 

Pe = YP, ( 7 0 )  

where y i s  t h e  r a t i o  of number of e l ec t rons  t o  t o t a l  number of p a r t i c l e s .  

Then, r e l a t i n g  p e 

pres  su re ,  w e  have 

t o  i t s  value at t h e  same y bu t  p = po, t h e  s tagnat ion  

ape 0 
Pe(Y, P) P e h ,  PO) + (-1 ( P  - P , 

aP Y 

% 0 - PJY, PO) + d P  - P ) , 

0 
where it assumed t h a t  (p  - p 

evaluated a t  p . Simi lar ly  

<< pol and y i n  t h e  last term may be 

0 

(71) 



where w e  have used t h e  f a c t  t h a t  ne = yp/kT. 

(72) i n  t h e  pressure-gradient term and us ing  t h e  fact t h a t  p - p 

small, w e  obtain 

S u b s t i t u t i n g  Eqs. (71) and 

0 i s  

n e  e n e  
e 'P=P 

0 where p - p may be taken as constant  across  t h e  l a y e r  and evaluated f r o m  

t h e  pressure g rad ien t  i n  t h e  core ,  and t h e  remaining thermodynamic q u a n t i t i e s  

can be evaluated at pressure  p , The f irst  term i n  Eq. (73) being 

i r r o t a t i o n a l  g ives  r ise t o  a l a r g e  but  unimportant e l e c t r i c  f ie ld .  In  t h e  

last term grad y is 0(1/6). 

order  s i n c e  t h e  o u t e r  edge of  the l a y e r  i s  non-conducting, so t h a t  t h e  

To e f f e c t  of  t h e  y-component of t h e  tern! must be counteracted by E 

maintain i r r o t a t i o n a l i t y ,  t h e  va r i a t ion  of E 

0 

But t h e  t r ansve r se  cur ren t  dens i ty  i s  of  small 

IIy 

across  t h e  l a y e r  would be Hx 
O1j4E ) ,  i . e . ,  t h e  va r i a t ion  could be important i f  t h e  s t rong  gradien t  

HY 
O( G 
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i n  y gives r i s e  t o  l a r g e  values of E 

temperature and only moderately with pressure  i n  p a r t i a l l y  ionized gases.  

It follows t h a t  ( a  I n  T/ ah p)  

term t o  be small enough f o r  t he  var ia t ion  i n  EHx t o  be neg l ig ib l e  across  

t h e  layer .  

ponent of the  term negl ig ib le .  For our purposes then t h e  important term 

i n  Eq. (73)  i s  the  second, which gives rise t o  cur ren ts  along t h e  layer .  

However y v a r i e s  r ap id ly  with 
HY 

is small. We the re fo re  t a k e  t h e  last  
Y 

With t h i s  assumption, w e  a l s o  have the  long i tud ina l  com- 

I n  developing a s u i t a b l e  form of Ohm's l a w  i n  t h e  l a y e r s  t o  f i n d  

t h e  magnetic forces  t h e r e  and t h e  t o t a l  H a l l  cur ren t  c ross ing  t h e  core,  

w e  need expressions only f o r  t h e  x- and z-components s ince  the  t r ansve r se  

cur ren t  dens i ty  i s  assumed t o  be negl ig ib le .  We use also t h e  f a c t s  t h a t  

E and EHx are constant  across  t h e  l aye r  f o r  i r r o t a t i o n a l i t y  ( t h e  only 

term which might i nva l ida t e  t h i s  condition being t h e  las t  of Eq. (73) 

discussed above),  t h a t  u and jHx i n  t h e  core are l e s s  than t h e  l a y e r  values  

by a f a c t o r  O ( h 1 I 4 )  by cont inui ty ,  and t h a t  13 

l aye r .  Then 

i s  constant across  t h e  
Y 

In  addi t ion  t o  t h e  non-dimensional q u a n t i t i e s  of  Eqs.  (15) w e  introduce 
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but  w e  s h a l l  n o t  r e f e r  y t o  a s tandard value s ince  it i s  already non- 

dimensional and O ( 1 ) .  Then the equations of motion become 

2 2 2  H a' B t c  

2 ec  ec e n '  e 

C 

The complexity of Eqs. (76)  and (77) is daunting, b u t  w e  can note  

immediately t h a t  t he  add i t iona l  terms i n  Eq, (76) do not  a f f e c t  t h e  
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stagnation-point so lu t ion .  When the  series of E q s .  (35) and (36) are 

s u b s t i t u t e d ,  t h e  first cont r ibu t ion  of t h e  add i t iona l  terms gives  t h e  

power x t 3  i n  comparison t o  t h e  x'-dependence of ( a '  - a') B;c. 
C 

Phys ica l ly ,  t h e  reason i s  the  smallness of t h e  t r ansve r se  component of 

the magnetic f i e ld  near  t h e  s tagnat ion poin t .  

5.3 QUALITATIVE RESULTS 

Take t h e  condition H = 0, M # 0, i.e., neglec t  t he  H a l l  e f f e c t .  We 

can consider  t h a t  the term M o'u'B'* i n  Eq. (76) is rouphly equivalent  t o  
Y C  

reducing t h e  dr iv ing  term (a' - 0') B;c i n  Eq.  (25).  where t h e  induced 

emf is  neglected.  

with lower forc ing ,  v e l o c i t i e s  are reduced and t h e  l a y e r  i s  thickened 

(see E q s .  (47) and (48)) .  

t o  t h e  behavior of Hartmann channel f l o w s  . 

C 

The theory of the  stagnation-point l a y e r  suggests  t h a t ,  

Note t h a t  t h e  lat ter expectat ion is cont rary  

Now take t h e  condi t ion M = 0, with H # 0, bu t  small, so tha t  H2 << 1, 

i.e.,  w e  consider t h e  H a l l  e f f e c t  as a s m a l l  per turba t ion  and neglec t  t h e  

induced e m f .  The condi t ions are s u f f i c i e n t  t o  ensure t h a t  t h e  in f luence  

of t h e  Hall e f f e c t  i s  of second order of smallness i n  t h e  long i tud ina l  

equat ion of motion ( 7 6 ) .  

H a l l  e f f e c t  has no inf luence on t h e  Drimary f l o w  i n  t h e  core. Therefore 

t h e  primary flow and d i s t r i b u t i o n  of enthalpy are unaf fec ted  at t h i s  l e v e l  

of t h e  Hall e f f e c t .  

We have already seen (Sec t ion  5.1) t h a t  t h e  

Eq, ( 7 7 )  is now merely a l i n e a r  equation f o r  v i  with the form 

U' 2 C U' 
av; av; 

p'u '  - ax' 
+ p ' v '  7 = H a'B' {- + 7 

ec ec aY YC 
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Eq. (78) has an obvious resemblance t o  t h a t  f o r  t h e  primary flow i n  t he  

shear  layers .  The dr iving term i s  similar i n  t h a t  it i s  zero at t h e  

edges of layers  and peaks within it. However, it fa l l s  o f f  more rap id ly  

towards the  cold s ide,  being zero w h e r e  cr' = 0. A t  low degrees of 

ion iza t ion ,  t h e  e l e c t r i c a l  conduct ivi ty  i s  d i r e c t l y  propor t iona l  t o  t he  

number of e l ec t rons ,  r e s i s t ance  t o  cur ren t  flow being provided by e lec t ron-  

atom co l l i s ions .  A t  h igher  degrees of i on iza t ion  t h e  conduct ivi ty  be- 

comes l imited by electron-ion co l l i s ions .  

decreases with increas ing  ion iza t ion ,  The quan t i ty  y/n' i s  inverse ly  

proport ional  t o  t h e  t o t a l  number dens i ty  o f  t h e  p a r t i c l e s ,  and increases  

w i t h  increasing temperature. Hence the  d r iv ing  term is  pos i t i ve  unless  

t h e  temperature (en tha lpy)  r i s e s  above t h e  core value. Mote a l s o  t h a t  

t he  H a l l  current  lies predominantly i n  t h e  x'-direction. 

I t  follows tha t  a'/nL 

e 

The core equations (67) - (69)  a r e  a l s o  l i n e a r  i n  v' Because of H' 

t h e  l i n e a r i t y ,  w e  s p l i t  v' i n t o  two p a r t s :  H 

v;I f v: + v** , 11 H ( 7 9 )  

where 

vi s a t i s f i e s  Eq. (78) i n  t h e  l a y e r s ,  

v; = 0 i n  t h e  core,  

and 
aV;* 

( r l '  ay') i n  t h e  l a y e r s ,  aV;* av;* a + p'v' - = - a y  ay' p ' u '  - ax' 

0 
d(v;* u -+ + -+ 

= z (,IH x B) i n  t h e  core.  d t  P 
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The condi t ions of E q s .  (80) a re  roughly analo8ous t o  those  imposed 

on t h e  primary flow. 

but  t o  reach values  O(H) directed towards p o s i t i v e  z i n  t h e  l a y e r s  

(assuming t h e  term i n  braces  of  Eqs. ( 8 0 )  i s  O(1)). The major d i f f e rence  

We t h e r e f o r e  expect v* t o  be small i n  t h e  core ,  H 

from t h e  d i s t r i b u t i o n  of primary ve loc i ty  arises from t h e  f a c t  t h a t  v* H 

increases  l i k e  x t 3  i n  t h e  v i c i n i t y  o f  t h e  s tagnat ion  poin t .  

-* -b 2 .  
Although IdIl  x BI i s  not d i s t r ibu ted  through t h e  core l i k e  aE 

E q s .  (81)  are roughly analogous t o  those governing t h e  enthalpy. Hence 

it i s  t o  be expected t h a t  t h e  magnitude of v** i n  t h e  core  rises from a 

low value a t  t h e  rear of the  a r c  t o  a maximum nea r  t h e  s tagnat ion  point .  

Recal l ing t h a t  t h e  l e v e l  and d i rec t ion  of  j, i n  t h e  core  i s  determined 

by o v e r a l l  cont inui ty  of  cu r ren t ,  the magnetic fo rce  i n  t h e  second of  

Eqs .  (81) w i l l  a cce l e ra t e  f l u i d  p a r t i c l e s  i n  t h e  negat ive z-direct ion,  

and t h e  magnitude w i l l  reach O ( H ) .  

t h e  l a y e r s  f a l l s  t o  zero  at the  s tagnat ion po in t  implies  t h a t  t h e  core  

- q, 

II 

-f 

The f a c t  t h a t  t h e  Hall cu r ren t  i n  

value i s  zero t h e r e ,  and t h e  d i s t r i b u t i o n  of  v{* w i l l  be f la t te r  than 

t h a t  of t h e  enthalpy. 

The p i c t u r e  which emerges from these crude arguments i s  one i n  which 

t h e  H a l l  e f f e c t  causes a secondary flow i n  the  core  d i r e c t e d  an t i -  

p a r a l l e l  t o  t h e  primary cur ren t  ( i . e . ,  from cathode t o  anode). 

v e l o c i t y  Palls o f f  i n  t h e  shear  layers  and may even reverse  ( t h e  contribu- 

The 

t i o n  of v;). 

v = const  ( a r b i t r a r y  values)  are shown i n  Figs. 17a and b. 

Sketches of  poss ib le  cur ren t  s t reaml ines  and contours of  

H 

An arc which i s  s l an ted  wi th  respect t o  t h e  free stream w i l l  d i f f e r  

from those  so far discussed i n  having a component o f  t h e  e x t e r n a l  flow 
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p a r a l l e l  t o  t h e  z-direction. We could account for  t h i s  by merely super- 

imposing a uniform ve loc i ty  throughout t h e  a rc .  

t h e  e f f e c t  may counter  o r  r e in fo rce  t h e  tendency of t h e  Hall cu r ren t s  

Depending on t h e  s l a n t ,  

t o  cause a n e t  flow from cathode t o  anode. It  i s  i n t e r e s t i n g  t o  specula te  

whether  the observed s l a n t i n g  of  a r c s  i n  some experiments has any 

connection w i t h  t h e  H a l l  e f f e c t .  Since u = O{ P o  (poD/p ) u 1 ,  H a l l  

only O{ Jo ( p  /p-)).  Note, however, t h a t  a f l u i d  p a r t i c l e  moves a d is tance  

v e l o c i t i e s  are s i g n i f i c a n t  i n  comparison t o  t h e  free stream when H i s  

i n  t h e  z-direction O(HG1/4R) when t r a v e r s i n g  t h e  core;  it has t o  be a 

long a r c  f o r  which t h e  assumption of two-dimensionality can be 

j u s t i f i e d .  

5.4 DIE PARAMETER M 

There are some o the r  forms of t h e  induced-emf parameter M of E q s .  

(75)  which are of some i n t e r e s t .  Using t h e  d e f i n i t i o n  of uo i n  Eq.  (21 ,  

t h e  parameter can be w r i t t e n  as 

2 
M = ooBo R/pouo , 

o o 2 2  0 0 0 0  0 o2 2 0 1 /2  
= ( u B  R / n ) ( n / p u R ) = ~ B  R / n G  . 

This shows tha t  M is equivalent  t o  an i n t e r a c t i o n  parameter for  the  in- 

t e r n a l  c i r cu la t ion  or t o  t h e  square of t h e  Hartmann number based on 

shear-layer thickness .  
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With t h e  drag condition of Eq. ( 3 ) ,  Eq. (82) becomes 

The last p a r t  of t h e  expression i s  t h e  inverse  o f  t h e  square of t h e  

Alfvgn number, a parameter which cont ro ls  t h e  l e v e l  of t h e  self f i e l d  

(see Eq. ( 3 3 ) ) .  

Reynolds number, which we can expect t o  be low. 

t h a t  t h e  complications of s e l f - f i e l d  and induced-emf e f f e c t s  w i l l  occur 

simultaneously. 

The f i r s t  p a r t  of t h e  expression i s  a m a p e t i c  

Hence it i s  un l ike ly  

VI. OVERALL PARAMETERS 

6.1 SIMILARITY 

For a given gas at a p a r t i c u l a r  state i n  t h e  free stream, t h e r e  are 

t w o  independent v a r i a b l e s  f o r  t h e  a r c  as a whole, e . g . ,  t h e  t o t a l  cu r ren t  
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I and t h e  imposed f i e l d  Bo (which w e  suppose uniform). 

t h e  free stream at which a balance is achieved i s  then  a dependent 

va r i ab le  

The ve loc i ty  of  

Consider a family of a r c s ,  all having t h e  same shape, pressure  and 

maximum enthalpy. Suppose a l s o  t h a t  t h e  enthalpy d i s t r i b u t i o n  i n  t h e  

core i s  similar. We can show t h a t  t h i s  family w i l l  al low any combination 

of  t h e  independent va r i ab le s  I and B i f  t h e  self f i e l d ,  r a d i a t i o n ,  in- 

duced emfs and Hall e f f e c t  can be neglected.  

0 

-P 
F i r s t l y ,  s ince  t h e  magnetic force  i n  t h e  core  aE x 3 depends on 

tenpera ture  only,  t h e  pressure  d i s t r i b u t i o n  w i l l  be similar,  a necessary 

condi t ion f o r  cornpatability with an ou te r  i n v i s c i d  f l o w  over  t h e  p a r t i c u l a r  

shape. Secondly, t h e  non-dimensional c h a r a c t e r i s t i c s  of t h e  shear  l aye r s  

depend only on t h e  thermodynamic s ta te  of  t h e  core  (see t h e  boundary 

condi t ions of Eq. ( 2 8 ) ) .  The l aye r s  have s imilar  c h a r a c t e r i s t i c s  along 

t h e i r  length - i n  p a r t i c u l a r  t h e  pos i t i on  of e f f e c t i v e  ' separa t ion '  i s  

similar, and t h e  enthalpy of t h e  Separated ou te r  p a r t  i s  t h e  same f o r  a l l  

members of  t h e  family. The la t ter  f e a t u r e  i s  compatible with a condi t ion 

t h a t  t h e  separated flow be nonconducting. 

t a c i t l y  assumed t h a t  t h e  e f f e c t i v e  separa t ion  occurs nea re r  t h e  r e a r  o f  

t h e  a r c  than t h e  poin t  at which t h e  shear- layer  enthalpy can r ise  above 

t h e  l o c a l  core value. Thus t h e  core and l a y e r  desc r ip t ion  app l i e s  t o  t h e  

major p a r t  of t h e  arc,  and t h e  l aye r s  are given t o  a f irst  approximation 

by, say,  a loca l - s imi l a r i t y  so lu t ion  t o  E q s .  ( 2 4 )  - ( 2 9 ) . )  

maintain t h i s  family,  w e  need only ensure t h a t  t h e  entrainment t o  t h e  

l a y e r s  and t h e  energy input  t o  t h e  core  are such t h a t  t h e  enthalpy change 

( I n  t h i s  discussion it i s  

Then, t o  
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across  t h e  core i s  t h e  same f o r  a l l  t h e  arcs .  This r equ i r e s  only t h a t  

t h e  parameter a of Eqs. ( I S ) ,  which according t o  Eq. (23) con t ro l s  t h e  

enthalpy va r i a t ion ,  should be t h e  same f o r  a l l ,  Since a depends on R ,  

t h e  one degree of freedom l e f t  i n  the  family, namely s i z e  of a r c ,  

allows i t s  constancy f o r  any values of  I and Bo. 

I f  t h e  so lu t ion  t o  t h e  a rc  problem i s  unique, it must be a member 

of t h e  above family,  provided t h a t  t h e  e f f e c t s  of s e l f  f i e l d ,  e t c , ,  are 

negl ig ib le .  

of similar shape and similar d i s t r i b u t i o n  of t he  thermodynamic state f o r  

a p a r t i c u l a r  pressure.  Pressure va r i a t ion  w i l l  cause d i f f e rences  i n  t h e  

property r e l a t i o n s  appl ied t o  t h e  shear  l aye r s  and core,  but  t h e  value 

We emphasize t h a t  t h e  family has t h e  important p rope r t i e s  

of t h e  enthalpy i n  t h e  f r e e  stream has much less s igni f icance  s ince  t h e  

c h a r a c t e r i s t i c s  of t h e  shear  layers only depend weakly on t h e  dens i ty  

ra t io  across  them. 

Because of  t he  s i m i l a r i t y  i n  the  thermodynamic s ta te  o f  t h e  core ,  t h e  

a r c  r e s i s t a n c e  is  proport ional  t o  the  cross-sect ional  area ( t h e  f r a c t i o n  

o f  cu r ren t  passing through t h e  layers  i f  O(G'1/4)). Thus 

I / E R ~  = const , 

The drag condition gives  

(85) 2 umR/IBO = const , 

i f  we neglect  dependence of t h e  drag coe f f i c i en t  on Reynolds number, an 



assumption cons is ten t  with neglec t ing  d e t a i l s  of  t h e  flow beyond t h e  

e f f ec t ive  separat ion.  

Eq. ( 8 4 )  t o  t h e  d e f i n i t i o n  i n  Eqs. (15) 

The sca l ing  l a w ,  a = cons t ,  g ives  when w e  apply 

while C is proport ional  t o  I B  R. 

va r i ab le s  we obta in  the  following l a w s  f o r  t h e  a rcs :  

Treat ing I and B as t h e  independent 
0 0 

9 
119 519 -112 

a 1 Bo Pm 
719 119 Bo 9 

R = I  

From E q s .  (87) w e  see t h a t  t h e  value of  t h e  cur ren t  i s  t h e  p r i n c i p l e  

con t ro l  of s i z e  and t h e  value of t h e  f i e l d  t h a t  of t h e  balance ve loc i ty .  

The v a l i d i t y  of the boundary-layer assumption (G1I4 >> 1) depends more 

s t rongly  on t h e  cur ren t  t h a n  t h e  f i e l d .  

I f  t h e  p r o p o r t i o n a l i t i e s  (87) were un ive r sa l ly  v a l i d ,  balanced-arc 

data f o r  a given gas and pressure  could be reduced t o  a s e t  of constants .  

The neglected e f f e c t s ,  e.g., self f i e l d ,  w i l l  cause a depar ture  from 

these  l a w s .  However, when only one e f f e c t  has t o  be included, we can 

obta in  a condition f o r  the a rc s  t o  be similar,  e.g., t h a t  t h e  r a t i o  of  

self  f i e l d  t o  imposed should remain t h e  same. 

pOI/BOR = const, f o r  s i m i l a r i t y  with s e l f  f i e l d  only,  E = const with 

Thus we must have 
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r ad ia t ion  (p ropor t iona l i t y  of energy input  and r ad ia t ion  a t  a given 

s t a t e ) ,  M of Eqs .  (75) = const w i t h  induced-emf e f f e c t s  and H of E q s .  

(75) I const with Hall e f f e c t .  Given any one condi t ion,  we can apply 

E q s .  (87) ,  and the  s i m i l a r i t y  laws become 

4 
I / B o  = cons t . i f  se l f  f i e l d  only , 

B E D 5 =  const. i f  r ad ia t ion  only , 

2 IBO = const . i f  induced emf only , 

Bo = c o n s t , i f  Hall e f f ec t  only , 

Under t h e  inf luence  o f  any one e f f e c t ,  t h e  s i m i l a r i t y  may be s u b s t i t u t e d  

back i n  E q s .  (88) t o  e l imina te  p a r t i a l l y  the  dependence on B Thus, f o r  

example, with s e l f  f i e l d  only we obtain 

0' 

4 
= x funct ion ( I / H @ )  . 

uoo 

6.2 CHARACTERISTIC NAF 

The theory of a rc s  given i n  t h i s  r epor t  has not reached a s u f f i c i e n t l y  

advanced s t age  f o r  c lose  quan t i t a t ive  pred ic t ion  of behavior. However, 

w e  s h a l l  attempt t o  give some indicat ion of  the  values of p e r m e t e r s  by 

e s s e n t i a l l y  order-of-magnitude estimates.  
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Our first assumption is t h a t  t h e  a r c  i s  approximately c i r c u l a r  

with radius  equal  t o  t h a t  o f  t h e  nose,  

Roman and Myers 

become e l l i p t i c a l  with major a x i s  ( t r ansve r se  t o  t h e  free stream) 

reaching as much as 1.8 times t h a t  of t h e  minor. 

h ighes t  values o f  t h e  imposed f i e l d ,  t h e  Alfven number N ,  which 

estimates t h e  importance of t h e  se l f  f i e l d  (see Eq. (33)), w a s  no t  less 

than 2, I n  t h e  d iscuss ion  of Sec t ion  2.5, w e  suggested t h a t  c losed 

f i e l d  l i n e s  i n  t h e  core  would be incons i s t en t  w i t h  a boundary-layer 

theory.  Now, f o r  a given cur ren t  and cross-sect ional  area, an e l l i p t i c  

shape with major ax i s  p a r a l l e l  t o  t h e  appl ied  f i e l d  l e s sens  t h e  tendency 

t o  form closed f i e l d  l i n e s .  

increase  i n  t h e  r a t i o  of major t o  minor axes with v e l o c i t y  represents  

an attempt o f  t h e  a r c  t o  avoid closed f i e l d  l i n e s  as condi t ions  become 

more near ly  s u i t a b l e  f o r  a boundary-layer approximation. For t h i s  

reason, t he re  does not  seem t o  be s u f f i c i e n t  experimental  evidence f o r  

choosing a shape of a r c  o the r  t h m  t h e  s imples t ,  i .e.,  c i r c u l a r ,  when 

Alfvgn numbers are low. 

The experimental  evidence of  

4 suggests  t h i s  t o  be untrue;  t h e i r  a r c s  appeared t o  

However, even at t h e  
c 

It i s  t h e r e f o r e  poss ib l e  t h a t  t h e  observed 

For our second assumption, w e  suppose t h a t  t h e  enthalpy ho at t h e  

s tagnat ion  po in t  t o  be determined by a requirement t h a t  t h e  separa ted  

p a r t  of  the shear  l aye r s  should be non-conductin&. 

d iv id ing  s t reamline should then have a value a t  separa t ion  such t h a t  t h e  

conduct ivi ty  is e f f e c t i v e l y  cu t  o f f .  F lu id  p a r t i c l e s  w i l l  cool between 

t h e  s tagnat ion poin t  and sepa ra t ion ,  b u t ,  f o r  want of  a a u a n t i t a t i v e  

theory  of  t h e  amount of cool ing,  w e  apply t h e  condi t ion a t  t h e  s tagnat ion  

The enthalpy on t h e  
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poin t .  

where h* i s  t h e  cut-off enthalpy. 

at  t h e  rear of t h e  a rc .  

Thi rd ly ,  w e  s h a l l ,  i n  a similar s p i r i t ,  merely t ake  t h e  flow across  

Then t h e  a n a l y t i c  so lu t ions  of Sec t ion  3.2 suggest ho = 2h*, 

We a l s o  t a k e  h* t o  be t h e  enthalpy 

0 0  t h e  core  t o  be constant  = p v , 

use  t h e  value o f  t h e  entrainment parameter given by t h e  so lu t ion  of  

Sect ion 3.2 and take t h e  mass f l o w  t o  he  f povo.) 

f o r  t h e  electromagnet ic  power less r ad ia t ion  w e  w r i t e  

( A  poss ib l e  improvement would be t o  

Then tak ing  an average 
0 

0 2 00 

2 
0 0 h0/2 u E - q p v  - =  2R . 

Again t h e r e  i s  room f o r  improvement on t h e  grounds t h a t  t h e  s t rong  de- 

pendente of  q and u on h could make t h e  use  of an a r i thme t i c  mean on t h e  

riqht-hand side a poor approximation. The form of t h e  energy equat ion,  

however, r e t a i n s  an important fea ture ,  namely t h a t  E2 must be g r e a t e r  

than  q /a , S u b s t i t u t i n g  from Eqs. (15)  and eva lua t ing  p rope r t i e s  at  

7 9 ho = 8 x 10 Joule/Kg f o r  a i r  a t  one atmosphere (to 2 1 0  

. 

.o 0 

w a t t s / m 3  from 

6 the  data of Kivel and Bai ley ),  w e  obtain 

2 0  For t h e  t o t a l  cur ren t  w e  t a k e  I = nR 6 E ,  and f o r  t h e  drag condi t ion 

p,u,R = I R .  2 

From t h e  above equations a map of a r c  p rope r t i e s  i n  atmospheric a i r  

has  been prepared and is given i n  Fig .  18. With axes I and Bo,  w e  show 
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f u l l  l i n e s  of constant rad ius ,  constant  u, ( t h e  assoc ia ted  Mach number is  

ind ica t ed )  and constant  G1l4. 

t h e  s e l f - f i e l d  parameter N2, t h e  induced emf parameter M, t h e  e l e c t r i c  

f i e l d  E ( the  non-dimensional quant i ty  measuring t h e  r a t i o  of r ad ia t ion  t o  

energy input 4 
only on the  magnetic f i e l d ,  and values are indica ted  at the s ide .  

Also shown are dashed l i n e s  f o r  values of 

is  given i n  parentheses) .  The H a l l  parameter H depends 0 

I n  the approximate so lu t ion  of  Sect ion 3.2, t h e  enthalpy i n  t h e  

stagnation-point l a y e r  reaches 90% of i t s  core value at y’ = - 3.5 ( s e e  

Fig. loa) .  m e r e f o r e  it i s  only 

i n  t h e  upper right-hand region of the  map t h a t  t h e  boundary-layer approach 

might begin t o  give reasonable r e s u l t s .  

there, and the  H a l l  e f f e c t  could cause s i g n i f i c a n t  l ong i tud ina l  flow, 

although it i s  small enough t o  have l i t t l e  inf luence on the  primary flow 

(see Section 5.3). 

From Eqs .  (15) w e  have y = y’ RC- 1’4. 

Induced e m f  e f f e c t s  a r e  not iceable  

114 If we t ake  t h e  map a t  face value i n  s p i t e  of  t he  l o w  values of  G , 
it suggests t h a t  t h e  self f i e l d  could have a s i g n i f i c a n t  in f luence  up t o  

2 values  of  Bo i n  t h e  region of 0.1 Wb/m . There is  a small region near  

2 B 
L O  

i.e., one f o r  which self f i e l d ,  r ad ia t ion ,  induced emfs and H a l l  e f f e c t  

can be neglected. 

= 0.1 Wb/m , I = 200 A, where the  s implest  kind of a r c  can be expected, 

I t  i s  noteworthy t h a t  t h e  p r i n c i p l e  e f f e c t  of r ad ia t ion  on t h e  o v e r a l l  

p roper t ies  is t o  reduce t h e  v a r i a t i o n  of  t h e  e l e c t r i c  f i e l d  i n  t h e  lower 

right-hand region of t h e  map. 

In  the  experiments of  Roman and Myers4, imposed f i e l d s  up t o  5 x 

2 
Wb/m and cur ren ts  i n  the  range 190 t o  400 A were used. Thei r  r e s u l t s ,  
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the re fo re ,  cover only a small part of t h e  map, and a p a r t  where t h e  

boundary-layer approximation is poor, and s e l f  f i e l d s  a r e  dominant. 

ever ,  as t h e  f r e e  stream ve loc i ty  increased from 10 t o  18 m/sec, t h e  

How- 

requi red  f i e l d  at a current  of 300 A increased from approximately 

1.7 x loo3 t o  4.9 x Wb/m2. The map gives  2.0 x and 6,4 x 

Wb/m , 

g r e a t e r  diameter than 1,2 cm, w h i l e  the  experimental  data suggested an 

e l l i p t i c a l  shape w i t h  major ax i s  1.12 cm and minor 0.74 cm. 

values of  B could be cons is ten t  wi th  t h e  apparent over-estimate of t h e  

2 A t  400 A and 18 m/sec, the map would p red ic t  an a r c  of s l i g h t l y  

The high 

0 

s i z e ,  and a l s o  cons is ten t  with an experimental  value of E j u s t  under 

1000 V/m i n  comparison t o  t h e  map p red ic t ion  of  j u s t  under 600 V/m. 

Because o f  t h e  lower value of E ,  the  map gives  higher’importance t o  radia- 

t i o n  than w a s  ind ica ted  by the  experiments. 

The following q u a l i t a t i v e  aspects of t h e  experiments a r e  mirrored 

by t h e  map: The balance ve loc i ty  f o r  given cur ren t  increases  w i t h  f i e l d  

t o  not  q u i t e  t h e  h a l f  power, and the  cur ren t  decreases s l i g h t l y  w i t h  

increas ing  f i e l d  f o r  given veloci ty .  The a r c  s i z e  depends p r i n c i p a l l y  on 

cu r ren t ,  increas ing  w i t h  cur ren t  fo r  given ve loc i ty .  A t  high v e l o c i t i e s ,  

t h e  measurements of e l e c t r i c  f i e l d  g ive  ve loc i ty  increas ing  w i t h  both 

e l e c t r i c  f i e l d  and cur ren t ,  

V I 1  . CONCLUSIONS AND RECOMMENDATIONS 

7 . 1 CONCLUSIONS 

The p r i n c i p l e  conclusions t o  be drawn from t h i s  theory are as follows: 

( i) There w i l l  be an i n t e r n a l  c i r cu la t ion  within t h e  a r c  w i t h  high 
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ve loc i ty ,  of order  times t h a t  of t h e  ex te rna l  stream, at least 

near  t h e  edges of t h e  arc.  

(ii) 

values o f  G1/' encountered i n  p rac t i ce .  

s u f f i c i e n t  a t  high,  ye t  p r a c t i c a l ,  f ie lds  and cur ren ts .  

(iii) 

t i o n  point .  The main f ea tu re  i s  a peaked ve loc i ty  p r o f i l e .  The so lu t ion  

does not  depend s t rongly  on the  ex te rna l  flow. 

( i v )  

is approached such t h a t  t he  ne t  force  due t o  pressure  grad ien ts  and 

magnetic forces  i s  adverse. This m a y  l ead  t o  separa t ion .  The start of 

t h e  phenomenon is  seen c lose  t o  t h e  s tagnat ion  poin t  and at t h e  hot  edge 

of a layer .  

( v )  

t h e  core  o f  t h e  a r c  f o r  a wide range of cur ren ts  and imposed magnetic 

f i e l d s .  

( v i )  

l a y e r  approximation. It is  suggested t h a t  a s t rong  s e l f  f i e l d  could be 

an important inf luence on t h e  shape of t h e  arc .  

( v i i )  

t i o n  and thicken t h e  shear  layers .  

( v i i i )  

suggested t h a t  a ne t  f h w  occurs from cathode t o  anode unless  t h e  a rc  i s  

s l a n t e d  w i t h  cathode downstream. 

A boundary-layer approach i s  not s t r i c t l y  v a l i d  due t o  t h e  low 

Values of  G1l4 are near ly  

A so lu t ion  of t h e  shear-layer equations can be found f o r  t h e  stagna- 

Following the  shear  l aye r s  round t h e  edge of t h e  a r c ,  a condi t ion 

S e l f  fields and r ad ia t ion  are important inf luences on behavior i n  

Closed f i e l d  l i n e s  within t h e  a r c  a r e  incons i s t en t  with t h e  boundary- 

. A t  high f i e l d s ,  t h e  inf luence  of induced emfs could reduce c i r cu la -  

A t  high f ie lds ,  t h e  H a l l  e f f e c t  induces f l o w  along t h e  arc .  It i s  
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( i x )  

r ad ia t ion  i n  the  core ,  and on t h e  entrainment t o  t h e  shear l aye r s .  The 

la t ter  and the re fo re  the energy balance are only weakly dependent on t h e  

e x t e r n a l  condi t ions . 
( x )  The theory suggests un ive r sa l  s ca l ing  l a w s  f o r  a r c s  i n  t h e  absence 

of self f i e ld ,  r ad ia t ion ,  induced emfs and H a l l  e f fec t .  Conditions f o r  

s i m i l a r i t y  can be derived when only one of these  e f f e c t s  i s  present .  

F ina l ly  we may ask i n  what respect i s  t h i s  theory s i g n i f i c a n t l y  

The o v e r a l l  energy balance depends on t h e  electromagnetic input  and 

d i f f e r e n t  from those  where motion i n  the  a rc  is neglected.  Since h igh  

values  of G1'4 a r e  not  obtained i n  p r a c t i c e ,  a s c a l e  length  equal  t o  a r c  

s i z e  r a t h e r  than  shear-layer thickness cannot g ive  a very d i f f e r e n t  answer 

f o r  t h e  heat conducted t o  t h e  outer  flow. As i n  t h e o r i e s  which neglect  

motion, we a s soc ia t e  t h e  enthalpy a t  t h e  boundary with tha t  g iv ing  

e f f e c t i v e  cut-off i n  e l e c t r i c a l  conductivity.  However, previously,  heat  

t r a n s f e r  from the  boundary t o  t h e  outer  flow has been assessed from 

s tandard  fluid-mechanic data f o r  cylinders.  These da t a  are w e l l  v e r i f i e d  

f o r  small temperature d i f f e rences ,  bu t  it is  questionable whether they 

can be used under a r c  conditions.  If t h e  dens i ty  is  much less at t h e  w a l l  

of  a s o l i d  cy l inder  than it i s  i n  the  ou te r  flow, w e  might expect ve loc i ty  

overshoots i n  acce lera ted  boundary l aye r s  (by t h e  arguments of Sect ion 

2.1 v e l o c i t i e s  might reach uo i n  our terminoloey).  

the  boundary l a y e r  w i l l  be rather similar t o  t h e  outer  p a r t  of  the  shear  

l a y e r s  i n  t h e  present  analysis .  

c o r r e c t  hea t - t ransfer  data t h e  two approaches would not  lead t o  a great 

d i f f e rence  i n  the  quan t i t a t ive  pred ic t ion  of o v e r a l l  parameters. 

Then t h e  charac te r  of 

It i s  the re fo re  poss ib le  t h a t  w i t h  
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7.2 EXPERIMENTAL RECOMMENDATIONS 

While it i s  appreciated t h a t  t h e  d e t a i l e d  behavior i n s i d e  an a r c  i s  

not e a s i l y  inves t iga ted ,  t he re  are some o v e r a l l  o r  external measurements 

which could l ead  t o  a better understanding of balanced arcs .  A few 

poin ts  are worthy of  s p e c i a l  mention: 

( i )  

of t h e  a r c  must be es tab l i shed  by varying t h e  e l ec t rode  spacing. 

t h a t  longi tudina l  flows induced by t h e  H a l l  e f f e c t  at high f ie lds  may 

make the  condition more d i f f i c u l t  t o  achieve. 

(ii) 

(although the  theory could be extended t o  allow f o r  t h e s e  forces  i n  t h e  

case of  a hor izonta l  a r c  i n  a v e r t i c a l  f low).  

(iii) have given some evidence 

t o  show t h a t  t h e  ex te rna l  stream does not e n t e r  t h e  a r c ,  f u r t h e r  d i r e c t  

confirmation i s  des i rab le  - poss ib ly  using t h e  same technique with observa- 

t i o n  of i n j ec t ed  p a r t i c l e s .  Even i f  t h e  assumption t h a t  t h e  a r c  i s  a 

region of closed s t reamlines  proves c o r r e c t ,  it is important t o  v e r i f y  a 

f ea tu re  imp l i c i t  i n  most attempts a t  an a r c  ana lys i s ,  namely t h a t  t h e  

boundary between ex te rna l  and i n t e r n a l  flow coincides  with cut-off i n  

e l e c t r i c a l  conductivity.  It i s  not beyond t h e  bounds of  p o s s i b i l i t y  t h a t  

a closed,  double-vortex pa t t e rn  i n  t h e  region of t h e  a r c  could have stream- 

l i n e s  which reach outs ide  the  a rea  of  luminosity.  A tes t  f o r  t h i s  would 

be t o  i n j e c t  p a r t i c l g s  downstream of t h e  a r c  and t o  see whether they are 

drawn i n t o  it. 

I n  any experiment designed t o  check t h e  theory ,  t he  two-dimensionality 

Note 

Conditions must be chosen so t h a t  buoyancy forces  a r e  not s i g n i f i c a n t  

4 Although t h e  experiments of  Roman and Myers 
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( i v )  

pred ic t ions  with e x i s t i n g  experimental r e s u l t s ,  i.e., with those  of moving 

arcs .  However, it does seem t h a t  there  is a pauci ty  of data on long a r c s  

whose condi t ion has been ca re fu l ly  observed - espec ia l ly  ones which are 

s t a t i o n a r y  w i t h  respec t  t o  t h e  electrodes.  

maps, of t h e  type we have t r i e d  t o  der ive from t h e  theory ,  t o  be made from 

experimental  data, p a r t i c u l a r l y  i n  regard t o  dimensions and a c t u a l  

e l e c t r i c  f i e l d ,  as measured by probes wi th in  t h e  arc .  

There is  a need t o  make fu r the r  comparison of t h e  present  o v e r a l l  

There is a need f o r  complete 

If t h e  present  hypotheses a r e  not r e fu t ed ,  t h e  following recommenda- 

t i o n s  might l e a d  t o  a f u r t h e r  advance i n  theory  or more detailed i n t e r -  

p r e t a t i o n  o f  t h e  r e s u l t s  by allowing a more p rec i se  in t eg ra t ion  of  t h e  

core energy equation . 
( v )  As much information as possible  on 

e spec ia l ly  how t h e  shape i s  af fec ted  as 

The self f i e l d  outs ide  t h e  a r c  could be 

t h e  shape o f t h e  a r c  i s  desirable - 
t h e  parameters N2 and G a r e  var ied.  

measured, and a d i r e c t  i nd ica t ion  

of f i e l d  r eve r sa l  and i t s  inf luence on a r c  shape obtained. 

( v i )  

t i o n ,  but an attempt should be made i f  f low-visual izat ion techniques can 

It i s  a d i f f i c u l t  experimental t a s k  t o  f ind  t h e  pos i t i on  of separa- 

be pe r fec t ed  s u f f i c i e n t l y .  

7 . 3  €EXOMMENDATIONS FOR FURTHER THEORETICAL WORK 

( i )  There is  a need f o r  a s t a b i l i t y  ana lys i s  of t h e  core ( s e e  Sec t ion  2.2) .  

(ii) Further  quest ions on s t a b i l i t y  can be raised, F i r s t l y ,  what is  t h e  

condi t ion f o r  s t a b i l i t y  of  t h e  shear l a y e r s  (a l though,  having l o w  

e f f e c t i v e  Reynolds number, t h e r e  m a y  be s u f f i c i e n t  d i s s ipa t ion  t o  damp 

dis turbances under p r a c t i c a l  condi t ions)?  Secondly, as G1’4 + 0, t h e  shear 
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l a y e r s  represent a boundary where l i g h t  f l u i d  is  pressed aga ins t  heavy 

by magnetic forces .  It is poss ib l e  t h a t  a Rayleigh-Taylor type  of in- 

s t a b i l i t y  could e x i s t .  

(iii) Further work on t h e  cont inuat ion of t h e  shear l a y e r s  (poss ib ly  

us ing  an assumption of l o c a l  s i m i l a r i t y )  might lead t o  a more p r e c i s e  

d e f i n i t i o n  of separa t ion  and show whether  present  ideas on shear- layer  

behavior are tenable .  

t h e o r i e s  of a r c  shape are t o  be developed. There i s  perhaps l i t t l e  hope 

f o r  a complete desc r ip t ion  of  streamline c losure  a t  t h e  rear of t h e  a rc .  

( i v )  Given a better knowledge of a r c  shape, there w i l l  be scope f o r  

f u r t h e r  work on magnetic f i e l d  p a t t e r n s  t o  determine whether c losed f i e l d  

l i n e s  occur. 

The separa t ion  poin t  must be established i f  

1. 

2. 

3. 

4. 

5. 

6. 
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Fig.  2a. Vortex pattern in the arc column 
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Fig. 2b. Rotational effect of the magnetic forces 
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Fig. 5a. Core behavior 

Fig. 5b. 
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Fig. 6a. 

Fig. 6b. 

Field lines near the stagnation point 
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Fig. 7a. Co-ordinates for the self field 

Fig. 7b. Trigonometry of the field lines 
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-1 Asymptote for (ii) 

Fig. 1Oc. Transverse mass flow fo: 

(ii) analytic solution, 
(iii) numerical solution. 
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F i g .  13. Approximate force balance 
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Fig. 14. 
2 Sketch of k (Pc k-1) (k - 1) 
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Fig. 16a. Possible isotherm pattern (field-line curvature neglected) 
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Fig. 16b. Possible streamlines, showing flow reversal 
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Fig. 17a. Possible  streamline pattern for the Hall current 
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Fig. 17b. Possible form of VH contours (arbitrary uni ts )  
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3. 18. Characteristic map for air at one atmosphere 


