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THE USE OF RESONANT SATELLITE ORBITS TO DETERMINE
LONGITUDE VARTATIONS IN THE EARTH'S GRAVITY FIELD

C. A. Wagner
Special Projects Branch
Goddard Space Flight Center
Greenbelt, Maryland

ABSTRACT

A satellite whose orbital rate is commensurate (or rational) with the
earth's rotation rate will describe a constant ground track over a whole
number of sidereal days. On such a satellite, the small orbit averaged
along track force from certain longitude harmonics of gravity can build up
over many commensurate (synodi€) periods to produce appreciable changes in
the semimajor axis of the orbit and longitude placement of the ground track.
The libratory nature of these changes and the specific harmonics which can
cause them for any resonance case are discussed with reference to a circu-
lar orbit. General formulas are presented for these librations, with typi-
cal errors determined by numerical integration. The specific theory of the
2k hour, nearly circular orbit, satellite is presented in detail with actual
orbit data from three such satellites used to determine the resonaant earth
gravity sectorial harmonics through third order. These are found to be:
.,o‘E;_: 2.-42.:*.0.03J w"fT,.L—_-_;.l(uo.osj |o"5;3=0.32t0.il/ [obg;;_szmgjg.“,

It is shown that a number of subsynchronous circular resonant orbits
offer similar promise in discriminating easily and uniquely other low and

high order longitude harmonics; among them Has, Hys, Hsy, Hss, Hrs and Hgg.
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INTRODUCTION

It has been known for some time that satellites whose periods are
commensurate with the earth's rotation period can suffer long term per-
turbations in“their elements due to longitude variations in the earthfs
gravity field [l]. The reason this is so is that viewed in a system of
coordinates rotating with the earth, the satellite with commensurate
period maintains a fixed relationship to the underlying longitude gravity
field (Figure 1). Assume there is net change in an element over the
period of commensurability, due to a gravity perturbation.'Then, no
matter how small the periodic perturbation is, over many commensurate or
synodic periods a large change in that element can occur as long as the
geographic configuration of the orbit is relatively unchanged. The
large, or secular, change is merely the sum of the many small net
periodic changes. In this paper I will be conceruned only with developing
the secular effects of longitude gravity harmonics on the semimajor axis
of circular orbits with constant or nearly constant ground track. The
orbit period of such a satellite is said to be commensurate or resonant
with the earth's rotation period. In the circular orbit case, without
inclination restriction, it is possible to derive the secular change of
the semimajor axis from a very primitive viewpoint by a straightforward
orbit averaging of the perturbation forces. A simple investigation of the
symmetries of the harmonics with respect to the constant ground track will
be shown to be almost sufficient to discriminate those earth perturbations which
can cause secular changes of the semimajor axis and those which cannot as
long as the orbit remains circular. As might be inferredvthe long term change

of the semimajor axis with respect to the longitude harmonics of gravity



is strongly dependent on the longitude orientation of the ground track.
This may be specified, for example, by one of the equator crossings of the
satellite, OSince a change in semi-major axis is accompanied by a change
in orbit period, the longitude orientation of the ground track will also
change in response to the long term perturbation. The residual pertur-
bations themselves are strongly dependent on the orientation of the
ground track with respect to each longitude harmonic. Thus, we may ex-
pect the evolution of the orbit under resonant earth gravity to be
essentially described by a system of two coupled equations in the longi-
tude orientation and semi-major axis of the satellite's orbit., We will
easily derive close approximations to these equations for any nearly
resonant orbit. One of the critical questions in the use of these equa-
tions is how many relevant earth harmenics must be included in any appli-
cation to get a good representation of the long term evolution. Where

no knowledge of the longitude harmonics exists, an infinite number of
them must be carried. But in the case of the earth, it is shown that for
the high altitude 24 hour satellite (with period equal to the earth's
rotation period) it is highly probable that only resonant harmonics of
second and third order need be retained to maintain acceptable accuracy
in the equations over long periods of time,

As a reverse application of the resonant orbit evolution equations,
we solve for the underlying resonant longitude gravity field of the earth
from actual position data on three synchronous satellites over a three
year period. Further investigation of these equations using an earth
model based on recent data reveals that a number of other resonant orbits
of less than 24 hours may show sufficiently strong long term effects to be

useful in discriminating precisely other longitude gravity harmonics.
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THE GROUND TRACK OF RESONANT ORBITS

Figure 1 shows the ground track for a general resonant orbit of

moderate inclination.
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Figure 1. Ground track of a Resonant Circular Orbit

The resonant satellite makes F orbits ( Or-) over QTZ radians of

geczraphic longitude (with r and Z whole numbers) before the ground track
begins to repeat at, say, an ascending equator crossing of from Greenwich. Now
consider the geometry of the orbit in inertial space (Figure 2). At time

t, the satellite is ats , & from its ascending node. The inertial longi-

tude from its node, 4L , is given by

AL = Tan (cost TaN e,)

..3..



soedg TBTLJISUT UT 93TT[o28g FUsUOsay JO AIyswosy TelTAI0 2 9IndTd

dalvnd3

2
—Z— (mizg FWLT
HIMNIT ID

Hiyord




Let us assume a prograde orbit, with W)e the earth's orbital rate.
Thus, the geographic longitude at $§ is:

A= Ao FAL — 0kt = Ao+ TAV (CosiTAnE,) ~Wet (1)

In the resonant or constant ground track orbit;when >\'>\o =AN= ZTF;/
6, =2TFr . Let W5 be the satellites orbital rate, and

y w, = JaYe , where ¢, and Z,. are arbitrary real numbers
at this point in the analysis. Also, let we_“t = 6, , the longitude
turned by the earth since time zero., Between ground track repetions,

' [
6, = 2Tn with n in days. Then, since:

65 = w§'t = 2a_wet — Zzee,

Z‘ ._z_:_ y (1a)
(1) becomes:
_ ~) e — 9.8, /
e[ eiming) 3 o).

[S)‘] in () is zero and periodic every Z_;_‘Zi— =a2mr

Ly rp =h3eer,
Z

Therefore, the ground track repetion condition:

AN = 2TG , when E; = Z+.6e _ 21
i

, implies

-5 -



From (2):

AN (2t repetition of ground track)

=27y = zTrn'(if. -1)

1
Also since 22_[2,‘11’)1 ) = 2Tr at ground track repetition,

2,

r = 2. = s
n' < J
Zl e

which means that 2. and 2,_ must be whole numbers for resonant
orbits. With a given 21/2‘ ratio, n' is the resonant, repetition,

or synodic period in sidereal days and ¥ is the number of orbits in the

resonant period. Eguation (4) in (3) gives

2 = r--n'

Thus, from (5) and (4), a specification of

comunensurate orbital frequency‘ determines Fr

Z:. and 2-

giving the

from n' as a least

cemmon denominator of (4), and then 7 , the global circuits in the

resonant period. If ¥ >H'

s 9224,

is less then 24 hours., If ren'

b4

satellite period is greater than 24 hours.

and the satellite period

2;_4 ZI

2

and the

(3)

(L)

(5)



RESONANT ORBIT EVOLUTION

Consider the perturbation forces on the resonant circular orbit.
The only component of these forces which can effect a change in the semi-
major axis of this orbit is the along track component E} (Figure 3).
This is so because the instantaneous semimajor axis of an orbit is only
a function of its total energy, kinetic and two-body potential. The only

force which does work on and thus effects the total energy of the circular

orbit satellite, is the along track force.

Fr

Figure 3. Along track perturbation force on a circular resonant orbit

In an elliptic orbit of the earth the total two body energy of a

catellite is:

where A& 1is the semimajor axis. To first order, then, the change in the

semimajor axis due to a small change of energy AE is,



From (6):

Aa = 26CAE
e (1)

But for a circular orbit satellite, the work done by a small,orbit.

varying, along track force F-r adds energy AE to the satellite

each r orbits, amounting to:
AE (per r orbits) = 2TTar F—r ) (8)
where F-r is the orbit averaged force defined by:
anr
o= S F-(6)d6 (9)
T 27)’!‘

Combining Equations (8) and (7), the evolution of the semimajor axis of
a nearly circular orbit under a small perturbing force, must be governed
by the difference equation:

g —
Ao (per r orbits) = ATrar Fr
e

In the resonant case, I orbits are made in n' sidereal days so that in

time units 8T of n' sidereal days (the synodic period):

3z -
Ao = 447TA_FFT AT- (10)
e




Considering Aa and AT  small in terms of the long term orbit

evolution, (10) can be written as a differential equation with respect

to time At in sidereal days ( AL = At/n‘ ) as:
a‘ —- 4__”—0?),. F length units (11)
- T . sidereal days '

_An'

It is to Dbe understood, of course,that equation (11) is an r orbit
averaged differential equation. To derive the orbit averaged longitude

motion of the initially constant ground track under a sustaining orbit

expanding force FT , we resort to Kepler's period law:
%
_ ama ‘
T = —p - (11a)
A

Thus, to first order, if the semimajor axis changes by fa , the period

changes by

AT = g_ﬁ“__Aa' (12)

N rd

/“e""

e

But (10) in (12) gives the period change due to FT after one synodic
day as:
2T =
2 arFy
_-—-—7-'—— .

. (13)
/“ea’

AT (in one synodic day) =

If, in r orbits, the satellite's period changes by +A'11 , where



is in units of sidereal days, then the satellite returns to its ascending

equator crossing in r'(‘[l + A‘Q) days. The earth meanwhile has

turned 2T (rad/day ) [r("a + A')l] (days) =2,1rr"}1+2_1rr"A11 radians.,

' s
But since r‘T;L: n , a whole number, the equator crossing is
2TTr ATy west of where it was at the beginning of the resonant

period, Thus the drift rate of a resonant orbit after 1 synodic period is

AN — —2TrATy

4
But
$
AT, = AT (any units) x 1y = éI..'f‘. .
d T 4= =7
Thus, %‘_ (at one synodic day from resonance) =— ——Z.TT’V\‘AT . (14)
A ——

7

Substituting (1la) and (13) in (14) gives the drift rate with respect to

the synodic period at the first synodic day asg

A\ 2T Fn' E
Z:‘Z_" - = ,‘_____U_- T rad/synodic day (15)
2
(#¢/a?)
In the second and succeeding synodic days, if the drift rate and pertur-
bations are small, the continually acting residual force will build up
the drift rate linearly with respect to the synodic period, according to
(15) whose elements may be treated as constants. Thus (15) also repre-
sents, approximately, the resonant, long termr acceleration of the geogra-

phic longitude of the initially constant or nearly constant ground track of

the satellite. Or, treated as a difféerential equation with respect to ‘the

- 10 -



elements at successive synodic periodsz

LX) va } =
—_ 12T rn FT radians (16)
(/0‘—2 03' synodic d.a?2
But n' sidereal days = 1 synodic day.
Thus (16) can be rewritten:
ow v —
i [
>\ — =127 (r/n) F—r radians (
5 17)
(/“'e/aiﬁ-> sidereal day
The relevant (longitude and latitude) earth perturbation forces (per
]
unit mass) can be conventionally written as F = /_(:"_f:-_. F R
a
where Q. is the initial or instantaneous radius of the circular
resonant orbit. Writing Ay = a—/a_ we can simplify (11) and (17)
to:
o, = 4T (V‘/ ') E 1/51d da
n = n)tT d
(18)
28 L 2' .—r
A = =127 ) F red./sid.aey?
(19)

- 11 -




EVALUATION OF THE RESONANT PERTURBATION FORCE IN TERMS OF GROUND TRACK
COORDINATES
We can now proceed to evaluate the orbit averaged perturbation
forces, The simplest way of doing this appears to be in terms of the
ground track coordinates latitude and longitude which are the coordinates
of the conventional spherical harmonic expansion of gravity given below.
We take the gravity potential on the circular orbit as the conven-

tional associated legendre expansion:

g o0 n N
Ve = di- 3 5 (R By (sw) T, , cosmin-Ap)
a n=1 M=o 7 (20)
where Ry is the mean equatorial radius of the earth, 4>is the latitude
2
of the satellite and X» is the geographic longitude. By conventiog:]
j;)m < O/ m #:D . The associated legendre polynomials
are defined as follows [Z]:
m Mz ™
PW C)() = (]’ﬁl) _é_PL.L_X_)— J h (20 )
where a
4x*
: n-2 4
P (x) = (Ln)l n_ nln-0x nin-)n-2)(n-3)x" ‘f
" 2 () (2))(an-) (D)@)an)lan-3) | >

A, Zonal Gravity Forces

The zonal gravity potential { M=0) is not dependent on longitude.

The latitude dependence of this part of the potential can be expressed as:

- 12 -



Vn(5uJ¢) = a, (s~ <P)"+ qz(swcy)”fas(swﬂ"‘:.. )

(21)
with the series terminating at the term in 5W¢ if n 1is odd, and in
a constant term if n is even. ' Consider a typical single orbit
ground trace of the resonance case in Figure 1.
Fa ’
G; no0D Fa, eves
L18o"~ o)
« 7
LAT. I - /
] \\. . /
. AN Fa, 000
e, o /
AN
| ,L —_ e |2 «
)
/ F BV
1)
Ao XI’,. A)\r‘
Figure 4. Orbital Ground Track with Zonal Perturbation Forces
A
The latitude force arising from (21) is _‘E avn . Its lati-
a 3¢
tude dependence is:
‘ r, n-l, n-3 .
F = cosg 3a,(5MN¢) + &, (5iN¢) +... 4. ,
n,c00 L (22a)
I "'l 7 ) "‘3 P .
F' -_ COS¢ é a.‘(SiIJ¢) + %(SNJ(P) +... &;(5!N¢) .
N EVEwN J (22b)

- 13 -




'
Thus, Faq,fﬂﬁﬂ. is an odd function and F;,opp is an even func-
tion with respect to the equator. With respect to the longitude of the
descending equator crossing of the track, the azimuth @ is an even
/
function, but Fn JEVEN . 1s "odd" (See fig. L4). Thus the in-
cremental work done by Fh:ev&lon the satellite
( AW = a Ae, ﬁ,l.‘:'_ a FHJIEVEA/ cosex Abg ) is an odd func-
tion with respect to the longitude of the descending equator crossing.
:
The integral of AW , or the total work done by F%:EVEF’ over an
orbit must therefore be zero, as it must be over ¥ orbits, or the
"resonance" or synodic period . As long as the orbit remains circular
the even zonals can have no long term influence on the longitude accelera-
tion of the constant or nearly constant ground track. On the other hand,
for the odd zonals, we can use the property of the ground track that
cos(azimuth) is antiperiodic over )\%L , or half the orbital track.
' )

Since Fn,ono is periodic over )\'/2 s FT/” 00D

— Fn:ouo cos(azimuth)lis antiperiodic over }\;/2' . Thus the
incremental work due to the odd zonals is also antiperiodic over )\u/z R
or the total work due to them is zero over any number of single orbits.

Conecludingt as long as the orbit remains circular, the perturbing

zonal harmonics of gravity can have no long term influence on the longi-

tude acceleration of the resonant orbit.

- 14 -



B. Longitude Gravity Forces

With respect to the periodic longitude gravity forces, since cos&

is antiperiodic and sin& 1is periodic over a half orbital track, we would
like to find those longitude harmonics Hnm whose latitude force components
are antiperiodic and whose longitude force components are periodic over
)\%L . With such forces, the long track component is periocd every
half orbit, orbit, and so forth to r orbits or the synodic period

(See Figure 5). There does not seem to be a possibility of the along
track force having periodicities or antiperiocdicities over spans less
than x%zthroughout the resonant ground track (but see Appendix A).
Therefore, in the general case for an arbitrarily inclined orbit and
longitude placement it appears that the mean value of these AVz periodic
fluctuations (when found) will not be zero. In fact every detailed cal-
culation of the general case of a specific longitude harmonic for a
resonant orbit has shown so far that only when there is periodicity in
F‘I"JWM over )\l/,L , can the orbit average of F-r;,m be different from
zero, An example of this calculation, for the orbit averaged effect
of the Hg> harmonic on the 12 hour resonant orbit ( =%, n'=t ),

is found in Appendix C. These detailed calculations suggest that F:;nn1
can always be decomposed into the product of orthogonal functions in the
intervals }\;/1 or 2.>\I/L (a full orbit). Such a decomposition would
allow us to make firm, instead of merely suggestive conclusions as to
the relevancy of any particular harmonic on a particular resonant orbit.
However, in those cases where we can show antiperiodicity of E;;m in >‘Vz

or 2)\

%L , it is evident that those particular harmonics are not

relevant to the orbit evolution we are interested in.

- 15 -



Figure 5 illustrates the method we will use to show periodicity or
i
antiperiodicity of FT nm over >\'/'). . In achieving periodicity of
\ J
F—r;nw\ over )\A/,L (from @ to @ in Figure 5), we can
follow the changes of the longitude harmonic forces first from (:)to(éz

a constant latitude path, then from@ to @, a constant longitude path.

This scheme is suggested by the form of the longitude and latitude force

components of the longitude harmonic Hnm(m‘#o) . It may be readily
shown (following the development in Ref. [Z]) that the longitude and
latitude dependencies of these force components (derived from the

gradient of Eq. (20)) are:

Fo (00 = [eod 8 fose T e sl T by sd)
Nm -

) e s M2 ‘
+ Cosmt-P'SuW gb. SN ¢ + bzs"“nq’ +ee b :ﬂcos m{A-Anp) s

and

i . - -Ma2
F}\(‘P)\\ - EO$M¢‘ éc, sw"q,”f C,_s.,.:"cg os o+ c._{{lswml)\-)\m\\
M J

For n-m EVEN, and ¢

- ulL

/

' n-m § w-m-2 '
bSIW @ +9, 51N ¢ T p... +\a[5w¢]]CGSM/_)\—)\..M)J

AMD
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Fl (,4?,)\3 _ co SN(? [_C,SW”@" . CZ_SWM&:.-::' sve 4 & 5W¢P]5w M()\-)\mu)/
A w

(24b)
For n-m odd,

Now, cosmlr-Anm) and SimlhAam) are periodic over Aija [Z.e./ ‘°5"U‘*>“/t"\""‘)
= cosmlr-Aun)] only i§ cosmip=1 and sWwmhy, =0. These conditiens
(on' M#O) ore 50.{-'\'5(';2.“- OY\\A:s Qor— )\./1=o (all Pas.ltl'\/‘- M)) or At,a'

arbitrary and:

wmz T [t2, 54 26 ..0],

(25a)
>\ '/4-

5|w\;\¢u—15, cosmlh-Anm) and Sinm(h-Aum) are Antiper.'oiicii.e., COSn.(M.)\./{)‘..,.,}
= —cosmh=-Anm) only if cos wlifp= -1 and Swmhi), = 0. These.

conditicns are satisfied for }U/z dof'lﬁtr'arn, only if:

w= TC ):J:l/ t3 ISJ...'J, (25b)
Ny

Further, examination of (23) shows that it vom is even :

[}

N — _ lL"
FPMCMQ) - Fh""‘c‘b) g

(26a)
and (26D)
] }
F)\,atf'\) - F)\,‘n—M‘P) ‘
Similarly, (24) shows that if n-m is o0dd g
i _ e (27a)
F¢,§\£) - F'?,s(nwlﬂ J

- 18 -



and , (27b)
_j MM l MM ‘
Thus, if n-m is even, and we want periodicity of F-,— " over )\‘/a‘
/ )

(26) shows we can only achieve state@ from@ by way of the &)and c)forces.

But since the &) and c) forces can only be achieved from state@if (252)

holds,

we have the following general result:

periodicity of F. over
T, nm

a half orbit is achieved for n-m even, if and only if >\'/£:° or m:f_[fzj:t..;]

Similarly, if n-m is odd,

"1

(27) shows we can only achieve the periodic

state@ from@ by way of the b)and d) forces, which can be achieved from

@D only if (25b) holds.,

s
odd, periodicity of F;mmover >\'/0.

)\‘/12 7::" (2" -1)

Thus we have the alternate result that if n-m is
is assured if and only if

E[ﬂ,r@f.@-uj . But from(3)and(l), the half orbit excursion s :

T (- V"/r-) . (28)

Thus the strong presumption is that for a satellite which repeats its

ground track every v circular orbits over n' sidereal days,

harmonics

the gravity

Hnw\ which are capable of producing a long term change in

the period of the satellite are given by:

1
N-m even, for n=r

wm = Ct2, =4, té’/'“)

- M‘/r)

ond m =

for n-m even and all

luteird positive wm (29a)
n'#r) -

~ (29D)

(*or n-nm ctli end all (290)

Lnte«,r’o.\ pesitve w
(n'r) .

- 19 -



Condition (29a) is just that for the 24 hour satellite (see equation ( L)),
In fact, for this satellite with a simple reversal of the periodicity
arguments above, we can show rigorously that all the remaining longitude
harmonics, '{ﬂm Jn-un ol¢£ , can have no long term effects on the period
of this orbit, Similarly, to guarantee antiperiodicity of F;;nws over )\Vl
for any resonant circular orbit, (enabling us to ignore the in{luence of

Hmm for these purposes) the necessary and sufficient conditions

are that:

n-m bhe ocl.:[_/ for n'z¢

s

(30a)
m= ( tl/ t4, te, . ”) J Lor n-m cdd and atl
Ci- n'fr) integral positive m}(_m':/':r)) (30b)
and. m o= CELE3 £ 5eee) for n-m even and all ‘ (30c)
Ci-nY) " integral positive w, (n F+r),

We can go at least one step further in eliminating additional harmonics
from coasideration by utilizing the periodicities of both cose and sinoa
over a full orbit Q_AL%L. Since a full orbit returns the ground track
to the same latitude, we only need examine the antiperiodicities of the
longitude dependent factors of the harmonic forces, COS"‘LX‘AH}AB and
sin MLX-)\,HM) . Rewriting (25b), we see such antiperiodicities are
possible for l)\./)varbitrary)only if:
L I BT X N
" =mﬂ.[‘ll Ijj t5/ ] . But since

7..>\.‘/2_ = 2T (1=-w))r) from (28), we have the general result that

- 20 -



additional "non resonant' harmonics on a constant ground track orbit

(in the sense considered here) are those Hmv. for which:
+ ve
[ *), L3 +5 .- ?

2 (1=n')r)

In passing we can note that (51) should also be a valid discriminant of

m =

[}
-
/n=,4=.

non resonant harmonics on a constant ground track elliptical orbit as
well., This is because {assuming negligible change of all elements in a
single orbit) the flight path angleis still periodic over lX-/f,_ .
The tangential component of the radial gravity perturbation forces [all
with longitude dependence cos M()\—Xnmy ] are thus antiperiodic in
:LX%L for all m given by (31),

The criteria (30) and (31) enable us to ignore a large class of
harmonics on the resonant orbit (specified by W[r with the lowest
common denominator). But detailed calculation shows they appear to X~
haust the ignorable harmonics for only the 12 and 24 and % hour orbits.
It can be verified that a single simple formula equivalent to the pre-
sumably resonant harmonic critéria (15an/ (,) , at least for

N
r>n (synchronous and subsynchronous orbits) is:
m= L (n-xp): p=6hz,..

where m and n are positive numbers and P is such that n=wm

[
(see appendix A for a discussion of the supersynchronous , ren R
resonance selector), But (%32) is just the resonance condition given by

Allan [3] for subsynchronous satellites of daily ground track repeti-

tion CYI‘ = l) . Allan's theory {in terms of Lagrange's planetary

- 21 -
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equations, orbit averaged over a resonant period of a day) thus appears

to be readily extendable for a resonant orbit of any

commensurate period by way of (3%2), (see Section 5). Previous to Allan's

!
development the author had calculated F_r nw bhrough n=m=4- for
J

the synchronous satellite directly from the spherical harmonic potential

£4]

(EO)JA‘ . The results were (for the n-m even, relevant harmonics):

VA
F—,;7_7~ — éiz_‘_ [(|+L05L)/2.‘}5|H1()\—)~7—z-\
a

-——T"' ._‘ _ -J- . ) z, .
F‘r,g' — 3 33! (;+c<>s¢)/z, ~S5W L L1+8cos i) 5,,.;()\,)\3,)

2 a, &
- 3
F—;,B‘s — ii—g’ggufaosl‘)/lgsw’b’[}\—)\a's)
Xy

' N2 2. ;
F‘Cth- = —I1504, §(v+c.ou) _ 75w & (14cosi) 5;~1l)-}\4z)

CL:# 4- _T
F' — 420044 | (14ces L')/a. 4;:N4-( A=N ) 7
. = P2 e o4

{where a-k = semimajor axis in earth radii).

Utilizing the same technique of direct trigonometric reduction for
—_—

F—';nm on the 12 hour satellite (r= 2, n'= l) , the

author has shown {see Appendix C) that through Lth order (n=k), the only

relevant harmonics are Has and Hyy with:

i _ . . 2 .
(12 Howr) = =15 T, SWL(1~ACosL-3cos £ )cos2(h-)
x
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pR—

(1 HooRY = 105 T44 [SMH.LH—COSL]Su\J#()\ Aae)
sl 2 a*

Similarly, for the 8 hour satellite through 3rd order (n=3), the only

relevant harmonic was found to be Hzz with:

l
F_,; (8 Hour) = ;5—';33 5w L1+ cosi)siv3( N- >\33)
aQ
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EVALUATION OF THE GENERAL RESONANT, ORBIT AVERAGED, ALONG TRACK FORCE
IN TERMS OF KEPLERIAN COORDINATES

In the previous section, though we developed a number of criteria
by which we could reject a class of nonresonant harmonics, we could
not accomplish the two necessary and sufficient tasks for a truly suc-
cessful resonance theory:

1. To find the single necessary and sufficient criteria which
determines Hnm to be either resonant or nonresonant on a

given commensurate orbit,

2. To determine efficiently by a simply evaluated formula, the
inclination function or integrals representing the orbit
averaged behavior of the resonant satellite.

We will see in this section that through the expression of the pertur-
bation force in terms of Keplerian elements, instead of ground track
elements, these major tasks can be efficiently accomplished.

We have seen from the previous development (Equation 18) that the

nondimensional semimajor axis ( @.p ) of the resonant orbit evolves at

a rate, in units of 1/sidereal days, given by:
. pony S
a, = 41 L t/h') F:%- J

where F% is the ¥ orbit averaged along track force due to a dis-
curbing harmonic as a fraction of the principal, radial, gravitational
attraction. Over one synodic period (n' days), the evolution of the

semimajor axis is thus given by:

C‘L = 4T avr F—;» . semimajor axis units
synodic days

But the instantaneous evolution of the semimajor oo
£31,[5]
axis is given also from Lagrange's planetary equationshas:
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ata- —_ 2. Blj
IR S

(37)

In Egquation (37), is any disturbing potential function, whose

*
gradient, by definition,is the disturbing force. ,X is the mean
anomaly at t=0 (epoch) (or the modified mean anomaly), defined from the

mean anocmaly M  by:

t

| = [ewdt +
M"LS X (38)

Since the orbit we are considering is circular, we can arbitrarily
put W (the argument of perigee) equal to zero. Then M is also the

true anomaly counted from the ascending node, or O (see Figure 6).

Thus,
t
*
O (circular resonant orbit) = wy dt + X
(>

We note in passing that from its definition above, for the resonant
circular orbit

d -2
3x* e ’ (39)

At any time in the dynamics, all other elements being held fixed.
Separating (37) and integrating over ¥ orbits in n! days, under the

assumption that (ﬁ/@gaL) changes negligibly in this time,we have

- ' - 4 i-77.
ha (in 0 days) = (’L/“}S&Qn %)'('. Y (40)
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Where “JU

o

the J-is‘tur'\)i-n7 pofcni’ia\.

But from Kepler's period law:

w, = (“,3) ) and
ot
' A
YI b r(/u_l/a, J

with the time units of st in sidereal days. Equations (41) and (42) in

(40) gives @ over a resonant time period as:

oL __:(4:rra,r),a_— v semimajor axis units
* .
AN M X synodic days

Equating (43) with (36), the nondimensional F orbit averaged along

track force is given from the averaged potential derivative, by;

- e

@
A QR

Now, in order to find U
IK*

potential, in our case, that arising from a longitude gravityharmonic Hnm

, Wwe have to express the disturbing

*
in terms of a set of mutually exclusive orbitial elements including X .
£3)

Allan has summarized previous developments [6], [7] of the longi-

tude harmonics into series in terms of the ordinary Keplerian elements

a, e,/ Z./ Jb/ w and M or f (the true anomaly). Here we only
state the result for zero eccentricity. Each longitude spherical harmonic
HV\M (Wl%o) in the expansion (20), gives rise to a potential func-
tion, in terms of the elements of a circular orbit (see Fig. 6).
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V\__H. 3 .
Unm = -/% Tam (.Eaﬁ) %:OR'E F”’"P“) EXP J[L"”‘P)Q

(L45)
+ mWb -t —Anm)
where 4 ={-1 s Ré 5 signifies the real part of 5 %
and the dynamics (epoch) begins at zero sidereal time, or when the
Greenwich Meridian passes through the Vernal Equinox.
EARTH CEPNTER oRGI T
PRINCPLE  LorG, AXS
OF Hum GRAVITY HARMGNIC.
EQuATR CREEWICH
Figure 6. Circular Orbital Elements at time t
The inclination functions F':m%l) are given as:
. k
i 30! -Z"“Z_,)K zn-zp\ 2P\ 3n-merp-rk
F, (i) = - K | Ces Cig)e
p i) ¥ Lo jln-mekc
- W-N$LprlK (L5)

e SIN Ci/a_)

= - M
where KMn,; n

Now since §Y_, '::L for the circular orbit, From (45):

v
/ bxi pY-]
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- . .
dVnm — —-/_a% Towm (Ro, 2—R—§Emp J(w—zp)exp.)[(n—zp)9

DX* P:O
+ m(Jl -t - Xnm)% .
(47)
We can include the imaginary part of j F”'“P in the exp. term
of (47) by defining a phase angle SV\M such that:
e «N-M e N-M ) -’.Snm .
J.J = J = & = C05Snu+ 5N Snm °
(L48a)
We see from its definition in (48a) that:
\ —_ I (n-m+1) .
Sam 2 ) (48b)
With the result of (48), the real part of (47) is readily evaluated
and the potential derivative becomes
SV AT
e = Tonlls) 7 Bk ) coflnape rmia-art Aot ]
dX p=c 7
X (49)
where F'(i,) — FV,MP/jn—M (49a)
nmp

Taking the average of BUV\M over r orbits in n' days:

———

34 '
n' 9
dY, _ X 3V = Ak Y \Y
T e NE AL

4

(F:«MP )( "'1P5C° SECH—ZP)Q +mvl-u,t -)\nMBfSnM} th‘( 56)
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assuming constant & over the resonant period. Let 6, be the
nodal argument at t=0. Then 8 = 90+w6‘t , assuming a constant
orbital rate over the resonant period., In terms of 90

, the

n+l integrals of (50) are:

n'
n
,__j‘[ 14t 'nL" [Z ﬁmp (n-2p) cos 3 (n-2p)6, + m(vt ~ ~Ama)t 8,

s} p=0
+ 4L, tnezp) = meg] ]| 4t
(51)
n. - -
Let Sl? = CH—APB 6, + ™ (‘IL "XV‘M) +SMM y anat (52a)
]
Spp = Wsln-zp) - M .
2p
(53p)
Under the basic assumption of constant orbital elements over the
) i
relatively short resonant period n'?, S!P and SZP will be
constants and the integrals of (51) can be evaluated as:
! l
n
' 4
e SC ]Jt = Z ; (W 2}7> SIN(S,p %th){
n! p=o lf'
o =0
- n ; F_' L ) 1 i . ‘
= 2y, e 7 [5’”(5::’*" S,,,)—-sws,,,]
p=o | 92p (53)
But 0"5 and ©&  are simply related by the constant ground track
condition, Equation (4):
7y / — Y/y'
5/We =
e. / (54a)

- 29 -



/
n = Z271r
o5 deays (54b)

with %%  in units of radians/day.

From (5k4a), (54b), and (52b),

n S;P = 2T [r(‘n-zp) - Mni]

- '
= AWK, (55)

where

\L. = r{n-2 \ '
= P)-mn = o %I £2 ...
(56)

depending on the integral values of n, m, p, r and n' for the orbit
and harmonic in question.
1r k'FO, n'Syp =2m(H 12, .0 and SINLE, + n'S0p)= S S,p e
In this case then all the n+l integrals of (50) are zero. However,
when k'= ©, n Szp = and each integral solution from (53)

is an indeterminate form. To resolve this case wWe seek Tformally:

. ! vy e
l"mit _‘_‘__ [5:‘») { S'P rn szp) -SINS:P]
n'S‘,—e-o h p
',M,t {50&3”[605(” 3@) _j + COSS 5!N(" sa,p)}

s -—w(” 1?

By L'Hopital's rule, this last limit is the limit of the ratio of the
derivative of the numerator to the derivative of the denominator with

) :
respect to (n szp) as n'sap-—ﬁ>0 or:
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_ lim. [oS:N(n'S;P) 5,,\)5:', + CoS 8:', Cos(n‘s_.:’,)j = co5S S:p ‘
(n‘&‘;.,)—»o :

From (53) we note that the average force integrals can also be zero if
n-2p =0 , but then from (56), k' $o , which case has
already been covered.

We thus have the general result that for a resonant or constant

ground track circular orbit, only those harmonics which satisfy the

condition:
t ’
K =m0 = F(n=2p)=mn
' or
m = ("/n')( n-2p) ,
for p= o, i,z, PR, can produce residual or long term orbit

averaged along track forces.
But this is precisely the resonant harmonic condition presumed in
(22) and here shown rigorously. We have thus shown that Allan's one

day resonance theory [3]] , n'z1 for circular orbits is readily

/

extendable to any number of synodic days. (The extension is made by sub-

stituting ryn‘ for ﬁ in Allan's results).

To complete the calculation of the averaged along track force for

i
any constant ground track orbit L f; n ) R Hnm is resonant

- 31 -
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on it if a single positive {or zero) P exists which satisfies (58).
Given n, m, r and n', of course, there can be only one p which does
satisfy (58). Thus only one of the n+l integrals of (50) can be non-
zero and with this single resonant n, m, p combination [satisfying (58)]
in mind, the r orbit averaged disturbing function due to Hnm (resonant)

is [with the results of (57)Jand (58) in the form n-?.p:mn‘/r , in

(53) and then (50) ]:

_B-U—m = -4 T, (Rvj‘m"r' COsg“"‘.O '
‘b)(' = T e ) 3 Name - "’*M(‘/L_x"")*s"‘“}

(59)

Finally we would like to express this disturbing function in terms of

the longitude of the constant equator crossings )\1 in the resonant

ground track. (see Fig. 7).

Figure 7. Orbital Parameters at t=0.
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The satellite was at its ascending equator crossing just previous
to the epoch at 5. when the Greenwich Meridian was at G‘ s W,t
west of ¥ . We assume, as before,that the orbital parameters
(with the modified mean anomaly) suffer negligible change over the

1
resonance period. Then since 6, = 64t and Wsfuy, = r/". J

’ L
t - 90 w’ / wet‘ - QOWC/W’ G.ni wgt‘= eo("/l”)

Taus }\ , the longitude of the ascending eguator crossing just

previous to the epoch is given by:
] [
)\:’ et ¢ 0b = ("/,—)Qoﬁ-ﬁa ‘

Equation (6@ in (59) gives the averaged disturbing function as:

dUpm & . !
= 2 T (E) W), o5 m A 8,3 -

Finally, it makes no physical difference in our arguments whether we
reference the orbit to any of the ¥ distict, constant,ascending or
descending, equator crossings ( 4r longitudes in total). The ¥ orbit
averaged disturbing force on the constant ground track is obviously
independent of the specific longitude or crbit time reference.

We can find the representation of the force with respect to the
other 2Fr-1 crossings by finding the relationship of these crossings to

A , the ascending equator crossing just prior to the epoch,

- 33 =
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From (3) and (%), the constant ground track extends ZWn.[Lr'/n‘).—g
= 211"( r--n') radians in geographic longitude. Thus, since there
are Ar equally spaced equator crossings in this span, they will be
separated by .1"; (r‘-ﬂl) radians. Thus the successive equator

crossings, from the original one calculated in (6O)Jare given by

]
>\,¢ = A +mL(1-np) ) (62)
where A = | 1,3'/...1r-l/(odd for descending and even for ascending
crossings), Solving (62) for N\ and substituting this in the cos.

part of (61)/ this part becomes:

COﬁé 3 = Cong[/\‘-W/‘(""'ﬁ')—A"M]*Snn3

= €05 [M( )\l-)\"m)-ysm,,] CDSMTITL(I—”’/I")
- S [ML}\L—)\.\.‘\{-S”" Siﬂmmt(l-"‘/r) ‘

But from the resonance condition (58), mn'/r. = n-2p , which
must be a positive integer. Thus wTL (l-—n‘/r) =L m-n +zp) ’
which must, for the resonant orbit, be some integral (negative or positive)
multiple of T .

We see from this that for ,( even, or the ascending equator

crossings , Cos M‘n",t()—n‘/r):)/spﬂumtlioj'_')sgand the force is expressed

/
exactly as in (61). Furthermore, if lm-n-+1p' is even (or zero) the
force is also given by (61) with respect to all the descenaing equator

crossings. Only when 1m-n'+2[’l is odd will the form for the
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force with respect to the descending equator crossings be different
than (61). Since 2P is always even, and NZM , this latter
condition is fulfilled if n-m is odd. We can cover all cases by the
form (61) if we write a new phase angle S‘( n, M,l.) which varies
not only with (.", M) but with whether the descending or ascending
node )\ is being considered.

Let

%l‘.n,M,LX = S”M +'Tl"l(n—M)

= E(n-m)(alw) +:} .

Then we can write (61) in the general form:

——

WU
X

.where . ,(,:l refers to the geographic longitude of any descending equa-
tor crossing, and _,L:Z refers to any ascending equator crossing
of the resonant orbit. Summarizing these results, from (64) and (LL),
tite nondimensional ¥ orbit averaged along track force on the resonant

[ ]
orbit (ﬂ, t') is given as the sume of all relevant n, m terms discrimi-

nated by (58):

So—aane

[

nm relevant

..35...

A . ’ [
F = = T (T mTh) £l o35l ) + St 0]

(63)

n ' 3 1
S b e A B 03,

(65)



where:

"MA;g 2p-2K
F (i) = (""'"\ .‘F(nn-zp)(n - 36053.‘(?/93’, s "c*l’):;z’

nmp \(n- )‘ k=0
2" p- (n-p (65a)
K = nN-m
MA A /
(65b)
’
"(.re\e\la.nt\ = erg\eVa.r)*-‘)("/r)
P= < ~— ==o/l/:{'/”' y) (65¢)
2
there being only one integral or zero value of P [from (65c)]
for each relevant Hmn on a resonant circular orbit) a,nl .
1 =1 for descending equator crossings/
i =2 for ascending equator crossings/ and
, , .
-"T'[n-m 2L+1) 1| e
S (n,m,ll) = 5 (n-m)(2L > (65d)
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ORBIT EVOLUTION EQUATIONS FOLk CIRCULAR EARTH RESONANT ORBITS

Using the results of the last section on the ¥ orbit averaged
forces due to the longitude harmonics, the long term semimajor axis

change of the resonant orbit is given from (65) in (18) as:

& . . ) s
a = - 4-77_(,{,23;»'(@/0.)’"&:;) COSEM(AI"/\nM) + gu"“/“} J

¥, relevent

(a VWLt’)/SIHbLCr'eu.l 4&&.5 s (66)

Similarly, the Fr orbit averaged geographic longitude (%g) drift

resulting from the resonant forces is given from (65) in (19) as:

LX

n 1 ;
>\1- = ll‘Trz z-:r““ (ﬂv/a—\.m E1£OLP) COSEM[)\.L‘ )\m\ 1+ Sitv’rw‘/j—)% /

v,m relevant

£
rad-/sid days (67)
The parameters L, p and (W,M) are defined in (652-d), as is the
/), - [}
inclination factor va(pl') and S Ln, M, J.) .

It should be noted that (66) and (67) apply strictly, only to an always
circular orbit satellite. This condition is, of course, immedistely
violated as soon as the perturbations which drive these equations (as
well as other perturbations) are introduced. In addition, the equations
were derived with reference specifically to the perturbations from

the condition of constant ground track. They may be thought of as
giving the leading term in an expansion for the drift about the reso-

nance condition. With respect to orbits whose equator crossings have
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an initial drift rate, these equations, as stated,are in error even

at time zero. However, numerical trajectories have confirmed their
adequacy in predicting the orbit evolution of many near resonant
satellites with appreciable drift rate and moderately small eccentricities[8].
(Allan's paper [3] gives more information on the magnitude of the orbit
acceleration arising from nonzero eccentricty, nonzero drift rate, the
oblateness of the earth, as well as sun and moon accelerations.) The
most important feature of these equations is that, considered either as
evolving from a constant orbit or near constant orbit state, only the
variables time A& (or >:) and A change appreciably from any initial
values. This can only be appreciated by integrating (66) and (67)

from initial conditions under this assumption and checking the change

in the other variables (principally @ ) of the equations. This has
been done in the case of the 24 hour satellite under Hop perturbations
(97 These tests show (67) to be essentially a nonlinear equation in A

with constant coefficients d=sterminable from initial conditions. The

coupled equation in the nondimensional semimajor axis change @&n (o.,, = Aa./av)
also may be thought of as having essentially constant coefficients.

With these remarks, (67) can be reduced to a simple pendulum equation

C{or- ALt):] for each relevant harmonic Hnm' Depending on

the initial conditions of the near constant ground track, with respect

to each relevant harmonic, the possibility of either circulatory or
libratory drift of X exists, coupled with long period oscillations of

the semimajor axis described through (66). The characteristics of this

"ong term resonance’ or libratory behavior is discussed in Section 9.
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It has also been discussed in the literature previously in references
(107, (117 and M127] for synchronous satellites and Ref. [13] for

other resonant orbits. Here, we would just like to estimate the
maximum long term effects the longitude harmonics may have on near
circular subsynchreonous resonant orbits which may have future geo-
detic applications (see section 8)., Precise measurement of the long
term longitude accelerations on three operating synchronous satellites
has already given an excellent discrimination of Hss and Hasg [8], as
will be described shortly. The implementation of these effects to
determine longitude variations in the earth's gravity field is
extremely simple. Aside from a rough determination of the initial in-
clination of the orbit, all that is necessary is to obtain good data

on the geographic longitudes of the equator crossings of the near
resonant satellite. In general, the additional disturbances of the sun,
mooa and earth zonal gravity cannot be ignored where the longitude
gravityeffects (which are strongly dependent on inclination) are likely

to be very weak.
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DETERMINATION OF Hpo AND Hss FROM 24 HOUR SATELLITE DATA

In the case of the 2 hour satellites, numerical integration has
shown that additional gravity perturbations to equation (67) are within
the standard deviations of the nodal acceleration observations presented
in Table lf8]. This data has been derived from almost three years of
tracking record on the free gravity drift of syncom 2, 3 and the early
bird satellite, all with nearly circular orbits. The gravity harmonics

C S,m 1in Table 1 are defined from the ij >\m“ of (20) as:

nM/
Coam = — JumcCoOS M)\nw\

S“M i —’TnMS"JMXnMJ
45 conform to the common way of expressing the series of longitude

harmonics. The normalized longitude coefficients Cpm , 5,,8re defined

from C_'M} S,MbY:

_3/1
— c tn—m) ! (zn+)2)
- — J e T
C’v‘.m/ Snm - nm, 5"""‘ (nemd J

—_—

from which it can be shown that if all C_:,,_,:j 5./..“ are 1, the integral
of the sguare of all the normalized harmonic fuactions over the unit
sphere is 4MW . The harmonics Hsoz and Hgs reported in Table 1 were
derived by a weighted least squares solution of (67) [more specifically,
using the orbit averaged coefficients of (33) in (19) with F=n=z| ] ac-
cording to the data in the table, The data was also tested for Hasa,

Hyo and Hyy. These tests did not produce a significant change in the
results for Hzp and Hzs or an improvement in their standard errors. It
is concluded that the 24 hour data is not yet accurate enough or suf-
ficiently widespread in longitude to allow a good determination of these

other resonant harmonics through Lth order.
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SENSITIVITY AND DISCRIMINATION OF LONG TERM HARMONIC EFFECTS ON NON-
SYNCHRONOUS RESONANT ORBITS

The fact is that only a limited number of harmonics are in long
term resonance on a given commensurate orbit [i.e., Eqg. (650)]. The
possibility thus arises of using the long term evolution of these
orbits to sense and discriminate these particular harmonics only.

On a general orbit, and considering the periodic perturbations
of all the satellite's elements, an infinity of longitude harmonics are
active. In any gravitational analysis of limited satellite tracking
data, a major problem is the discrimination of one harmonic effect
from another. The use of resonant orbits in satellite geodesy helps
to solve this problem by reducing the set of gravity harmonics which
are theoretically active. In addition, resonance phenomena, charac-
terized by accentuated and persistant effects, act as natural ampli-
fiers of inherently very weak harmonic forces. Resonance increases
many fold the sensitivity of these orbits to the weak perturbations, and
thus enables the analyst to discriminate readily these weak forces
from a background of much stronger {but not resonant) perturbation
forces and observation noise. To judge the required sensitivity of
the long term effects, we can use the accurate tracking period of the
equator crossings of "early bird". This has shown [8] that we may
expect to achieve resolution of the geographic acceleration of a near
constant ground track to the order of 0.01x10 ° rad./sidereal day”®
in about 30 synodic days of nodal tracking on the lower-rltitude sub-
synchronous resonant satellites. With complete reduction of the

relatively strong sun-moon effects of bi-weekly, monthly and longer
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periods, we should be able to reduce this resolution further, Table 2
gives a list of commensurate orbits of less than 24 hours and up to
three sidereal days resonance period to illustrate the sensitivity

and harmonic discriminaticn problem with respect to the likely long term
effects, It is noted that for each resonant orbit except the 12 hour,
the second relevant harmonic [from (65c)] is two orders of n higher than
the first. ©Since the strength of each potential term falls off as a;" s
we can expect in general that the leading (lowest n) harmonic will

also be dominant for that resonant orbit. However, the long term ef-
fects are strongly dependent on inclination, with a different dependence
for each harmonic. Thus it is necessary to consider a range of inciina-
tions to determine both the sensitivity and discriminating powers
of the resonant orbit with respect to the relevant harmonics. The
evaluation in Table 2 is intended to be}indicative of the likely order
of magnitude of the resonant accelerations. It is based on the

curve in Figure 8 which, in turn, is based on recent satellite-gravity
results. The form of this "planning curve" was suggested by W.M. Kaula [14],
and appears to be a falr fit for the relevant resonant harmonics }{n”\
("=HLWH4) through His,15 as far as 1s known to date. The normalized

——

harmonics J, =~ are defined from the non-normalized Tom by

w7
- n-m).
T =+I‘M£g1n+l ]

(new))
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Figure 8. J_ ., as a Function of n From Recent Satellite Results.
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As stated previously it can be shown [16] that the normalized harmonics
all have a mean square amplitude of unity over the surface of the geoid
(actually a sphere of unit radius) if ?f:;;;J . The underlined values
of XMAK in Table 2 indicate those resonant orbits where both sensi-
tivity (to the 0.01x10™° rad./sid.day” level in 30 synodic days) and
discrimination of a single harmonic effect appear to be good. Dis-
crimination is considered good if the dominant (underlined) effect is
likely to be an order of magnitude greater than the subdominant. It
can be seen from Table 2 that only for the 8, 12 and 16 hour satellites,
will 30° inclined (or maximum payload) orbits be sufficiently sensitive
and discriminating to harmonic effects in the above sense. (the 1L4.4
hour orbit may be marginal). Admittedly, theée two criteria are some-
what arbitrary. One would like to use the already strongly discriminating
properties of the resonant orbits to the maximum extent possible to be
able to define unambiguously as many relevant harmonics as possible,
with a minimum number of observations. It is noted that for all the
orbits in Table 2 except the 12 hour one an infinite series of sub-
dominant harmonics have the same M or longitude frequency as the dominant
harmonic., Thus, investigating only a single rescnant orbit (of constant
inclination and major axis) will never allow an unambiguous discrimina-
tion of these harmonics no matter how wide a longitude survey of this
orbit is made (by natural libration or onboard propulsion longitude-
shift manuevers). The technical reason is that there is no longitude
discrimination between such W constant harmonics in equation (67) which

governs the evolution of such orbits.
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It has been proposed [17] that the gravitationally sensitive and
discriminating properties of resonant orbits discussed here, be used to
define specific longitude variations in the earth's gravity field. If
only one satellite of medium (30°) inclination is available for such
purposes, Table 2 shows that Hgg, Has and Hyg may be detectable unambi-
guously, in a reasonably short time, by simple single nodal longitude
observations on 8, 12 and 16 hour satellites respectively. It is a
property of the latitude dependenteof the potential function [in
particular, E:éi) in (65a)] that for the Phyn:ﬂ (dominant)

resonances, the leading subdominant effect (Hn+ m) can -always be "tuned out"

2,
(made zero) at one or more orbit inclinations above 30° [37, [47].

Such higher inclination resonant orbits may be particularly useful,

| S
(L) for

geodetically., In addition, the inclination functions 'inp

anﬂ#ﬂ increase in sensitivity to ¢ as n increases. The effect
is that "tuning out" of the subdominant to the dominant tesseral ef-
fect ( ku44ﬂ1) is also possible at specific inclinations closer to
30° than the first "tuning out" inclination for the dominant tesseral.
Thus, for example, a single geodetic 60° inclined satellite of 3, U4,
4.8, 6 and 8 hour periods probably could unambiguously define Hgg, Hrg,
Hss, Hsy and Hag respectively in a reasonable length of time. It ap-
pears from Table 2 [and a study of (65a)] that the strong resonances of
higher order n (on orbits between 1.5 and 3 hours) demand carefully tuned
inclinations of greater than 60° to allow for sufficient one-orbit dis-
crimination of effects. Of course, if other data on the harmonics can
be used reliably as supplementary information, non (or weekly) discrimi-
nating single orbit information may still be valuable. Thus it appears

that all the one day resonances with periods greater than 1.6 hours
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(reasonably drag free), may be geodetically useful if L:;44;0 . We
conclude with the observation from Table 2 that no resonant orbit of

2 or more day synodic period seeds to have geodetically useful long term
effects except the 16 and 14.40 hour satellites. These resonances are
generally weaker than the one day ones, since they generally involve

longer period, higher altitude orbits of high order Hnm effects.
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LIBRATORY CHARACTERISTICS OF NEAR RESONANT ORBIT SATELLITES

It should be clear from (67) that if the inclination and semi-
major axis undergo only small changes, the long term longitude drift
of a nearly constant ground track orbit due to any relevant harmonic
Hnm will be analogecus to that of a circular pendulum. In fact many
integrations of the complete equations of motion have confirmed this
assumption for a wide variety of resonant and near resonant orbits
f9], 1111, T12]. As such, the drift as a function of time (more
precisely the time as a function of drfit) can only be given exactly
(and only for a single harmonic effect) in terms of an elliptic
integral [91, [12]. However, we can €asily find the drift rate
regime and also determine the critical or equilibrium points of the
pendulum drift directly from (67). Additional information about the
libratory drift, easily found, will be the minimum oscillation pericd

(about the stable equilibrium points) and the maximum drift rate pos-

sible for "capture" in the libratory regime due to any relevant harmonic.

We will take our standard pendulum equation for the drift due to

H in the form:
nm

N + Ky, sidm(n-Xe) = O,

where, for convenience,‘x refers to the ascending equator crossing
longitude. Ae is seen to be a position of stable equilibrium (Aejs)

2 , o
if K”M>O , and unstable equilibrium (}\e,u.) if |(n"<.0.

(68)



From (68) these positions are separated by £ >\e,s - >\e,u. = tvr/m . (69)
Equation (67) can be put in the form of (68) by rewriting (67)

as

)\ = IZMMCOS§ML}“>\vm5* M[)\m‘-)\e_)i—“fr/i

(70)
n iy Zr (Ra\m Y Radifsid day®
where = /sid-
o= 12T, ()M G, Rodifsid-dey™. -
Now, since -‘T;w»so , the positions of unstable equilibrium are given
from (70) and (67) by writing:
. . ’
M()\MM — Ae,u.) . Tl’/l_ —_ %Lnlw,z.)/ for anp>0/
or, equivalently [using (63) with £=2 and the fact that n-m is an
integer or zero]:
- - (n-m
>\e,u. = >\nm m( ) (72)
1
Similarly, those of stable equilibrium for FV‘“P>O are given from
(72) and (69) by
Noo = T [2-n-m)] + A -
/ am (73)

., o '
It may be noted that for low inclination satellites ( L < 30 )/ anf’

is always positive EBJ)and for these orbits (72) and (73) will be the
equilibrium criteria. For example, for the 24 hour satellite the
relevant H‘nM are all those for which n-m is even [see (65)] or

Nn-m :ZK/' k=o,2 .« . Thus, for the low inclination 24 hour satel-
lite, the unstable equilibrium ascending equator crossing longitudes

are at:
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)\e/‘*’ = A -7'%&)

and the stable equilibrium longitudes for low inclination 24 hour

satellites are at:

>\€,5 = )\nm +(4%)("")/

— -_—M <
'L—' Vlz’—- L O/'/l/‘.

The situation is just the reverse for inclinations (at medium and

high inclinations for example) where F:"“P<- o . In these cases the

stable equilibrium longitudes are given by (72) and the unstable by (73).

Thus:

Mes = um = I )

New = }\an— I[:L—(_V\—M\]/

7 2™

{

for resonant orbits where EmP<O

Of course, since the unstable and stable positions are equally spaced
around the globe and separated by % radians, there will be a total
of 2m of these around the equator. There will thus be m unstable

longitudes and m stable longitudes in all for each relevant Hnm

The maximum libratory excursion of the ground track will thus be 360° /m.
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Proceeding with the integration of the pendulum equation (68),
3 o l
the variables (>\> and )\ can be separated by means of the dif-

ferential reduction

oo don o dxy

First we rewrite (68) to apply to >\e. = >\e/5 :

.8 b X
N+ 1Kl sWmir-Aes) = 0.

(78) in (79) permits us to separate variables:
2 * ) 3
XY = —2|K. ) si8m-resY AN

The integral of (80) is the energy or first} integral of the pendulum
/

equation:

L1 1
(>\> = (o t MCOSM(_)\—XQS).

m

. . .
If the initial condition A = )\,}cxt A=\, is given, then (81) may

be written as:

2

. T \® 2‘ = |
()\ ) '-3()\0) + 2‘! K”“"‘ Cos ML)‘_)‘e,S)‘COS M(XQ‘AC,S\

m
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From (82) we can easily find the maximum drift rate change possible in
a resonant orbit due to each relevant harmonic. This will occur with
nearly exact resonance ()\.0-30) momentarily over a position of un-
stable equilibrium. Then the drift rate passing the stable point

(117,,1 radians away from )\e/u. ) will be the maximum possible

libratory drift.

For )\D—‘=Oj >\o:‘— >“’—/“-= )\e,s "’Tr/m , (82) reduces to:
2. 2
(X) = ﬂ;ﬂ".‘lécosm(A—Xeﬁ)-Hg.

The maximum libratory drift rate (a.f >\=)\e,s) will then be:
. Z '
( )\5 = Q—W . (85)

MAX, #m m

Since the maximum acceleration in the Hnm libratory regime, from (79)

is{>'\

L
| = 'LMM\ ; we can write (83) as:

MkXJVlM
: = 2 Nadem
(A dns nm R (8%)

Another parameter of interest with’ respect to the regime of the
resonant satellite is the minimum libration period. This is the
period of small "pendulum” oscillations of the ground track about the
stable equilibrium points defined in (73) and (76). If )\")\e/s is
always sufficiently small (as in a simple pendulum oscillation),

S M()k—}\e,s) can be replaced by m(>\~>\e’5) and (79) becomes a

simple harmonic equation

}\ ""IL::M‘M()\-)\%S) = 0. (85)
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From (85) we can easily find the small oscillations or minimum period

1ibration about the stable equilibrium point. This minimum period is:

T- o _ %1 = AT .
M, tm -~ o0
"N w ‘Imlk:“': ,Imlxn L‘; (86)
Hl "

o«

Table 3 below gives these 3 libratory characteristics )%M*/’LX)M**

and for the most geodetically promising (underlined) orbits in

T
M,

—

Table 2. The tT;M coefficients in this evaluation are taken from the
"average"curve of Figure 8 and not from any specific set of coefficients.
A comparative case, from actual data on 2 hour satellites, is provided
at the bottom of Table 3.

As mensioned previously, the complete analytic treatment of the
drift regime due to a single resonant harmonic (for a circular orbit)
can be carried through by solving (82) in terms of elliptic integrals.
This will not be done here. The form of the general solution has been
shown previouslz,[9]/as has the specific solution for the long period
of libration of one day resonant orbits [37], [18]. As in the circular
pendulum, the actual libration period is strongly dependent on the libra—
tional amplitude. In addition, Gideon et al. (1966) [18] has also obtained
complete analytic solutions for the one day librational resonances of an
eccentric orbit due to single harmonics.

We note only that since the basic averaged equaticn of librational
motion, (67), is nonlinear, the complete solution of the gquasi-libration
due to the total, infinite set of resonant harmonics, cannot be a simple

superposition of the individual harmonic solutions.
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In fact there is no second integral to (67) which is known in a
simple closed form. However the first, or energy integral to (67)

can be simply written down analogously to (82). In terms of =2 or
the longitudes of the ascending equator crossing, (67) may be rewritten

with the differential reduction (78), as

Loxy = 2405 K cos[m{n-pn) + s'cn,M,z)] .

w,m relevant

The integral of (87) in terms of the initial conditions

.

}::>\o at )\:)‘o(t:o‘) is:

e Knm 3 M mUN-Anm) §(nm 2}
(.>\3 "‘()\0) +2’wzm-_re, Z / [ ‘ ]
-—'5"‘)[m(>\o">\m\¢)fs(w’m’zﬁ}‘

Then, formally, we can separate variables in (88) and find the time as

a function of drift from:

—5i (L Ao -Amm) + 5 Un, Mﬂﬂ}

hm rel.

+= jixim +2) MM [siw (mIN-Xnad+ S1nm2))

T course in all of this simple derivation, we have assumed the elements
of the orbit to be essentially constant (in particular K,, ) not only
over the resonance period n' but over the long librational time t.

While this will undoubtedly be a very good assumption for the semimajor
axis {(which in most cases will suffer small relative changec over long

periods of time), it may not be so with regards to the inclination.

Due to the gravitational action of the sun and moon combined with earth

- 5 -
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zonal gravity, the orbit plane of a satellite (otherwise unperturbed) will
precess about a plane between the ecliptic and the equator causing a long
period sinusoidal like change in the satellites inclinationljgj. The
period of this inclination change ( with an amplitude of the order of
about 10°) can be as low as 10 years for close earth satellites. However,
for the close earth satellites ( 41 < 4 , for example) zonal gravity
equatorial precession predominates so that the total inclination changs:

is small. Thus, it will probably be found that only the relatively

weak far earth resonances can be seriously disturbed by these plane

precession effects.
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DISCUSSION

First, the use of the term "resonance" and "resonant orbit" in
this report should be made clear. In mechanical systems resonant
phenomena occur when the periodicity of applied loads are close to the
natural (unforced) periodicities of the system. Resonance in this
sense is characterized by greatly amplified vibrations of the system.
Viewed internally, the applied loads are always in step, or in the same
direction as the internal parts upon which they act and so continually
increase the vibrational energy of those parts. But viewed externally,
the loads are purely sinusoidal and so the mean translational energy of
the center of mass of the system is unchanged. In the cése of the
satellite whose orbit yields a constant ground track, we have seen
that, with respect to certain harmonics, the applied loads are not
purely sinusoidal but contain a bias component which drives the long
pericd libration. In the case of the constant ground track orbit,
what we have called resonance implies a change in the ftranslational
or orbit energy of the satellite. The vibrational, or internal energy
of the orbit can perhaps best be characterized by the eccentricity.

In an eccentric orbit the satellite can be imagined as vibrating con-
tinually about its mean anomaly and semimajor axis, or mean radius.
In this report we have chosen to ignore this vibrational aspect of
the orbit by orbit averaging the disturbing force from the outset.

We do this because we are here only interested in long term orbit
energy changes. In terms of the mechanical resonance analogy, the

full effect would be equivalent to a mass-spring assembly on wheels
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vibrating and translating under the action of a biased, sinusoidally

varying external force. We have only concerned ourselves with the

steady, translational, part of the complete motion. In celestial

mechanics these changes are called secular, or effects which increase in time
without apparent limit. In the case of commensurate orbits, the bias

of the disturbing force will also change sinusoidally over a long

period of time. This is a phenomenon which we call libration, having

as its proper analogy the circular pendulum.

Resonant orbits as they are used here are synonomous with
commensurate or constant ground track orbits; those whose rates are
rational with respect to the earth's rotation rate. In addition, of
course, we have specified the orbits to be near circular. The "resonance”
phenomenon that we have, by our orbit averaging method, limited to our-
selves to, might better be called secular or librational-circular pen-
dulum effects. (In particular we have only really dealt with the secu-
lar changes in the semimajor axis). But the "in step action" of the
longitude harmonics on these commensurate orbits give rise also to

true vibrational resonances (in radius and anomaly) following the

mechanical analogy [13], [20], [21]. Therefore, though the effect we

analyse for should not commonly be thought of as a resonance effect, it

does arise most strongly for those orbits which do show true '"resonance"
phenomenon and thus these orbits may be Jjustifiably called resonant

orbits, But when we speak of a "resonant gravity harmonic" in this

paper, we use the wori resonant only in the sense of being capable of

producing the amplified changes of libration which are also properties )

of the resonant orbits.

_59_



It may be pointed out that the true vibrational resonances in a com-
mensurate orbit imply a buildup, or amplification, of the orbit ec-
centricity. This amplification would be without bound if true commen-
surability could be maintained. Of course it cannot, since the resonant
orbit generally librates. 1In fact, as might be inferred from its depen-
dence on the direction of the disturbing force, the eccentricity itself
in a resonant orbit appears to go through the same long period libration
that the semimajor axis does [18]. However, these true "resonances of
eccentricity'” may not be as useful geodetically since all the longitude
harmonics Hnm appear to contribute to them,

Finally, we would point out that the pendulum like changes of the
semimajor axis [describable from a seaprated solution of the coupled
equations (66) and (67), see Ref, [9] for example] have a periodicity of
the order of years only for near commensurate conditions. These are the
librating orbits first discussed in Ref. 10 for the 24 hour case, In
cases where the ground track moves at a considerable rate, the basic
circular pendulum equations [(66) and (67)] with small modification
(along the lines outlined in Refs. 3 and 18) may still serve as the
model of the evolution, In these cases of fast global circulation of
the ground track, evaluation of (66) and (67) shows that the crossing
rate and semimajor axis oscilate with a more rapid frequency but much
diminished amplitude as compared to a libration case., For example, in a
gast circulation case the period is typically of the order of days and
the amplitude may be of the order of hundreds of meters (for the semimajor
axis change). In full libration cases well away from the equilibrium posi-
tions, the amplitudes of the semimajor axis change may be of the order of

tens of kilometers 9]. The fast world circulation regime (far from resonance)
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has been called dynamic resonance by Blitzer [21]. But by the dis-
cussion here it is actually a circulating pendulum and not a true
resonance phencmenon., The reduction in amplitude of the pendulum
effect in a fast circulation regime is due to the rapidity with which
the orbit averaged bias force averages out over a global circulation.

But in spite of the small amplitudes, "circulating pendulum resonance"
has been used to good effect in discriminating a number of very high order
coefficients in the earth's field from a dense global tracking of the
Navy's Doppler-Transity Satellites [15].

The limitations of the model used here to derive the key orbit evolu-
tion equations (66) and (67) should be re-emphasized. Though strictly
speaking these equations apply only to circular orbits of exact resonant
period, they have been shown, by numerous examples [8] and in a rigorous
way [3], [18], to be applicable with only slight correction or modifi-
cation to a much wider class of satellites. This class includes those
with drift rates considerably exceeding the maximum permissible for
libration as well as for noncircularorbits with eccentricities no
higher than about 0.01. The equations, furthermore, give only the gross
orbit averaged effects due to the earth's longitude gravity field. But
over a period of the order of month's, it may be presumed that, well
away from any strong influence of the earth's atmosphere or the moon's
gravity, these eguations will describe the dominating long term effect
on the geographic configuration of all near resonant near circular
orbits with the exception of inclination change due to the 5Sun and moon.

The extension of these regime equations to the class of cccentric

resonant orbits is indicated by Gedeon, et. al. [18].
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SUMMARY AND CONCLUSIONS

The long term geographic evolution of circular orbit satellite
ground tracks which are originally near stationary, has been found.

The equation governing the motion of the near stationary ground
track is essentially that of a circular pendulum for each relevant
earth longitude harmonic., The relevant harmonics for circular resonant
orbits form a tenuous but infinite subset of the infinite set of longi-
tude harmonics

For orbit periods very close to resonant, or rational with respect
to the earth's rotation rate, the sinuscidal ground track librates with
a maximum excursion of 360°/m due to an individual relevant.

(resonant) earth longitude harmonic. The complete period of libration
is the order of 2-10 years for the strongest resonances and depends
strongly on the libration amplitude and inclination.

These libratory-like evolution equations can be extended to far-
from-stationary conditions to cover the smaller but detectable)drift
oscillations of higher frequency, called "dynamic resonance” by Blitzer [217].

Circular resonant orbits of periods 3, 4, 4.8, 6, 8, 12, 1h.k,
and 16 hours appear to be particularly suited to discriminating
unambiguously the longitude harmonics Hgg, Hyg, Hss, Hse, Has, Has,

Hss and Hyus respectively, in a reasonably short period of time. The 2l
hour satellites have already provided the best discrimination of the two
leading sectorial harmonics Hsoo and Hag as of 1966. It appears that a

single controllable test satellite, "hopping" from low to high circular
resonant orbits and "sliding" a number of times within each orbit could

provide unique discrimination of most of the above harmonics in a
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year or two. The orbit determination for the resonant satellite used
as a gravity probe would not have to be elaborate. It would have to
insure that a reasonably circular orbit has been achieved, The inclina-
tion must also be determined to about 0.1° accuracy. During free drift
periods the longitudes of all the eguator crossings is all the data

that is necessary for a rapid harmonic determination.
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APPENDIX A - THE RESONANCE SELECTOR FOR SUPERSYNCHRONOUS ORBITS

Introduction

It may be verified that, for the supersynchronous L8 hour satellite
[since rTy = n} H‘/r =2 , and "= 2, r=1I for the 48 hour
satellite] the half orbit periodicity conditions (29a, b, c) suggest
that the resonant harmonics are,

For n-m even:
m=2, 4, 6, .
For n-m odd:
m=1, 3, 5, ..., o0r

Hop, Haz, Hez oo, Haq, Hea, Heq . . ., Hgz, Hg1, Hea. . o,

Hys, Hes, Hasy
However, criteria (52), extended from Allen's work [3] and apparently
equivalent to (29a, b, c) for ra>n; eliminates some of the leading
harmonics in the above series . Thus, (32) for the 48 hour satellite
is:

2m(relevant) = n(relevant) —2pP  p =642 """

which produces the following table of relevant harmonics:

m n

1 b, 6, 8, ...
2 L, 6, 8,

3 6, 8, 10,

L g, 10, 12, ...

For example, criteria (32) says that Hos is not resonant on the 48 hour

satellite white criteria (29a, b, c¢) says that it is.
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We will now attempt to verify by direct calculation, which of these
two resonance criteria is correct for the 48 hour satellite and pre-
sumably for all supersynchronous orbits. Equation (B8) in (B6) gives
the along track force on the 48 hour satellite ( ¢, =1 % =2') due

to Hop as:

F(es) : . 2 .2
122 - SlNiL)\o')\zz) COSL[I’S'A)?*G}““COSL) Cos e,

Koz 2 §1-swra sw™i}

2..‘ - . . 2. — 4
— 5N e ls;»ize,CCosL—tBL"s‘” 95"1’j°"') cos6,
2 1=swp, $19%4

5,,);1_(35 (COSL I) ]5,‘”9’

+ cose [n - 5m 9,(1—‘-05‘)] 5,,, 85 S L

2 2
$omiswa |) — 5280 ~cosi ) ]5;»9,
— 25 15,058 5™ 3

2
. e . 3 - - T _ .
+ Co5 2 (Do ">\z7) cosi Ll — 5N b vah)}[’———l'"“"“”“ ! ]6059: + 5 ‘-5"'2_1[1 ~$m 28;(1-cose) ]“’8’

1-swes sin%i Zg1-5w 5518 o i
r - X R .
-—co}i[l _?,N‘.-Le’u_ws&.) SinNg + SiN L[g,g’ias(cosn_-1)3[\-5»19,(! cos:.) 5148, (A))
Zi1-5i%e sin"e 2 =3 g sin%E
Note that F-r ) in (A1) has been written in terms of & 9e. for the
K

48 hour satellite. The orbit average of (Al) is to be taken over
0<=6;< 2T  since, for the L8 hour satellite, r = 1.

Tt can be seen from (Al) that the terms in SN 10\0*)\:_7. are all
cdd functions with respect to 9, =T'71 and 31('/2. . Similarly, the terms
in €05 XLXO—X,_,_) are all odd functions with respect to &5 =T
Thus the orbit average of Eﬁ%ﬁs) for a 48 hour satellite is
zero and Hzs is not resonant on this orbit. Thus, even though

F:l','zL(lLB hour) is periodic over a half orbit [ from {29b)] it

orbit averages to zero., This can only be the case if it also half-orbit
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averages to zero. It is interesting, but so far unexplained, that no
half orbit periodicity in F}- has been found to orbit average to zero
for subsynchronous resonant orbits. For resonant orbits higher than
synchronous, however, we presume from the inference of the preceeding
calculation that many such periodicities will half-orbit average to
zero (in the manner of products of periodic orthogonal functions). 1In
particular, the inference is strong that (32) is still the correct

resonant harmonic selector for supersynchronous orbits.
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APPENDIX B - ALONG TRACK FORCES FROM LONGITUDE GRAVITY HARMONICS THROUGH
LTH ORDER, FOR RESONANT ORBITS

It will be useful, in discussing the orbit averaged behavior of
a resonant orbit under the action of a longitude gravity harmoniec, to
develope the along track force from this harmonic as a function«ﬁquthe
earth angle turned since the satellite was at its ascending node.
Figure 2 illﬁstrates the geometry applicable to the consideration here

of a circular orbit satellite. From this figure we note the following

spherical trigonometric relationships:

SINA = cosi/coscp
cosak = 'r'/.rJqJ/‘r/wes

s p = SiNESNG;

(B1)
-1 .
AL = TAN (costTan®)
The geographic longitude satellite at any time t after its nodal
passage is:
N\ v -—8 .
- x—->\a +AL e (B2)
We note from (2) that for the resonant orbit specified by whole posi-
tive numers ¢, and ¥, , (B2) becomes ¢
- . %) ) [ J
N= Aot | TAN (coscTan 525 ‘)"7/—} = | t&(5 1) (B3)
ft i i
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We also note that for the resonant orbit 6, can be replace.lin (B1)

by 7'“63 . The along track force on the circular orbit
A

satellite, due to H_  is (See Figure 5):

— SINK c .
F'le\m - F;\,nml M F;P/V\M OSO( (B)-l-)

The longitude and latitude components of the earth gravity perturbation
forces through Lth order are given in Section VIII of Ref. [81]. It

can be seen from (Bl),(B4) and Ref. [Bl] that we can write

] . . e
P = Fone }ﬂ*’“tx-m fik 20 reosm-hanlf L 1)

(B5)

[}
where knm is a constant over the circular orbit. OSubstituting

(B3) into (B5), with S}\(ijf;_et_) = ﬁu"(cosl'wz%') — 2.6 , gives:
24

i 2,

\
F‘D(ﬁﬁe) = Km« SIN M(Xr)\mvb Lﬂ', '73) cos( ?Z: “')ec ‘(?1*74-55»)(%1‘. -i)ee

. 2
+ CosS m(ko-)\m))}gg 3;)@5(22:' e, +(g,-73)5w( z -8

(B6)

The g's are all functions of i, n, m, and ztee only:
2

7‘mf ‘F'J"“ coSmBA.
Te e = i SWMEN
Tymm = L3 amSINMEX

T nm :'Gz/m“ cosm SN (BT)
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For the 24 hour satellite Z,_ =9 =1 and the g's can be evaluated

througl. kth order (for m$o ) from equations (31), (36), (42), (L45), (51),

(54), (60) and (63) in Reference [B2]. On the right sides of these

equations we replace 8 by ¥.6e

ED

and find} (for Hgq):

‘7'(
H

. T2 —-—(.ﬂ/a—)

_ 2
- cosc| ) — s 2 E22) (1-cosi® 7
70,‘7.2_ - Z I .j
L5)-sw( 7%)5[3’:‘- 3

%3,'2.2— = 5w - [5HJ 2‘(%9‘3)( Cost - lﬂz |- 5w ([‘%>(l Cosa.)

| —suv (2=“€) S L

Ta22 = CUSLL"SIN (ileﬂ)[l cos;j[ﬁ"’dil \(COSL ~1)

)= S (?;eﬁ)sw ‘

4

2. N i;‘;& - 2 2‘l-ae\, r 2
?‘h“—: SV ¢ Swl( 7 )[l -—53#2/ 7. j'(l—c,os;)
2

25)- s.f(iz;s.) swri}

(B8)

For Hzy, we find;
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. ‘ z 2.6¢ ‘ » 2 .
%13, - 73’51 — cost %l-— sin 7. )E-—Cos 452551'«) (%)5;#11- —/}

|- sin®( 2%)5:‘&"‘[

6,

— s S"Jl(zg‘e)(C°5£’1>D55;p2(2;95 )Swz"-» "’J
4[1- 5'”1(2‘;‘6)5;»»*[]

72/3| + Z"/f' - c,oji[fﬁl,\)z[ ‘it;'e)s,,u'*[ -I:]Snlll;z;—gi)((.osi -l>

2 [1—sw( B2 g 0

P i T 2—:—6‘& _ .
1 5w s (10 i st st 52 - i3 U0

. 9)
2 [ - siwt (270 siw™ ]

For Hao, we find;
' - 3
32 = 15 Jh/%e_ GA

* 2 s L}—"i) P!

_ sivt cos(‘l‘—zif’“)[B SNL Sw’-(f_;‘fc) ,g[‘_ﬂp.%ggg)(,,w,;))bwugfe)/w;_,j
'-— SIHLciﬁs ) 5INL£ -
S 102 510l 21?‘9_%)}'5—S;pl(g;_éa_c)a-—ws[)}ff;d l(%‘-’)(cosi'l?}
[ $;MLL 2;_2’&3’:__)5’#1.; )
£ ( 2 Z f_z_ge _ . J
¢ cos(520) i st ) ) [} -G
‘ 1

2§~ 5,,.;1(2:;,"-) swiy  (BL0)

I«

Y30 T35, = SV 2e 5 (.

LA
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For Hag we find;

: 2
K3 = 45 Tps e (F)
}.-5,,.12_(23'/-)(1—6054) }{l-s#[ )[i-cosz_)}

2 = chL __\_’___________
9,33 7333 é 2]0- Sl#l{fzeg)jlﬂ x|

- cOoSL §l-5w [Q‘ )(; cos )}{ 5"’2( —’)(6051— l) }

-2 E‘ 5,,\1"[2:.94)5)# ‘j
fzec
— 5w swz( g [i-sw(52)0,- -<osi)] [smz (%8 )qu-:)jfl-m(9="‘)(t—wu):)

~ "51!\’(2153)5” 2

— SN LS/H&(QL’G)g’ "'25'/" 7-(2’ )(l Cou) }f SINZ 228 ‘)[(—OSL —l)}
oyro v gy = <2 L1m5m f”‘)c' coss )Jlsmzzfz»)am-oJ[u-sm () -cosi)]
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_ p . beli
_5;N1£5:N1(2;—9-€' ﬁ'ﬁwz[ 2;—795)0-%”]{_/5'*'1(%—°)(‘°“ 'ﬂ)}f“ll%—e)/“" ')] _ (B11)

4 [1-sw™( 322 ) 5w ]
/

For Hyq, we find;

4
ke = %IH L (ﬂ/q)
- CosL[]}m [2‘ "')jw ‘ —3][5»/[ %l )SWLJ[ S [z>9‘)l: wn)}
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o I— s 2»'%) SIN“E

—swiees(¥, ée)[w‘ W2 st 9’9‘)5»1 p +3]/_/5wz(2‘9”)(c:>s;-1):)
15-5»17—( il-a&) sng ]

5774"?' ﬂ4_4 = COSL[75/H (27— ¢) 51/\1 L "'3:)[5114(22‘%)5!““‘ S:NZZZ )CCCSL—I)]
]
’ 2 L - 5/;/"-( i"st)j,,u LJ
284/,
+ sl ws(i» ) [285»/4( )sw L 275N (g‘/-)sm L d}['”‘( S “"J

-5 ”‘9/2 s (B12)
- 7L -




For Hys we find;

4

K“h- = |5 :);7_ /__:_é UL%\_)

Zz.ge .y
. _an—swalfEE)-cesi)
?414-1.- 33/42—: COSL [7511\1 L )5 ML J[ 25' 5”)7.( 2‘_9¢ Sl Lg
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+ 51»172' swz[’}—?) [75»’7'[ Z*z_?‘)s,,f'z - 4_3[1

For Hys, we flnd

= 3I5T,; = AN
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* For Hyy, we find;

s = 4207 (Z2)(%)"
- ) 7“")&—@;;)]5:#2[9‘ ")ltou-lz_)
- Sin ("‘9‘ Py é' 2[1-sw
O Y = eosi[ ) ] [1- 5wt snaefy) sme |*
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APPENDIX C - THE THEORY OF THE 12 HOUR SATELLITE

We can derive the theory of the 12 hour {circular orbit)
resonant satellite in two ways. Essentially they are both methods of
evaluating the orbit averaged disturbing force. In the first we com-
pute directly the average along track disturbing force from the associ-
ated Legendré harmonics as they appear in spherical coordinates
(Appendix B). In the second, we compute the potential as a function
of the Keplerian elements (see Section 5). The derivative of this with
respect to the orbit argument also represents the along track force
whose orbit average may be taken. Once the orbit averaged force is
obtained, Equations (18) and (19) give the orbit evolutién as long as
conditions are reasonably close to resonance. The first method was used
in Reference [C1l] to derive the theory for the 24 hour satellite through
Lth order in earth gravity. The results of the orbit-averaged compu-
tation appear in (34). These may be combared with the results of the
second method of computation which is summarized in equations (66) and
(67) for any resonant orbit. The two methods give identical results (as
they should) for the 24 hour satellite

It is noted that the straightforward method: , while cumbersome to
carry out,is capable of generating the orbit averaged force for any har-
monic-resonance condition through evaluation of the ¢ equations in
Appendix B to any order., However, extensive evaluation of these equa-
tions for synchronous and nonsynchronous resonant orbits convinces us
that calculation of the orbit averaged force through (65) will yield
correct results in all resonance cases, In particular, where the reso-
nant harmonic selector, Equation (52), has been violated for many har-

monic-resonance conditions at, below,and above synchronous altitudes,
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the straightforward orbit averaged force, as given through Yth order in
Appendix B, has always been zero.

We show here, for example, the correctness of (65) for evaluating
the Has (12 hour) resonant effect. In Appendix D we show by numerical
integration of a partical trajectory that (67) is correct for a speci-
fic configuration of a 16 hour orbit (r=3J n'::Z) . This latter case
is important because it represents a check of the extension here of the
formulae [similar to (66) and (67)] given by Allan [3] for the n'=l
day resonances.

Before beginning the evaluation of the leading resonant harmonic>
effect, we may note that in the case of the 12 hour sateilite, all
the nonresonant harmonics appear to be selected by the "antiperiodic"

criteria (30) and (31). For example, the strictly nonresonant harmonics

]
for the 12 hour orbit CY=Z/" =l) are from (30) and (31):
H _, where
nm
m=L4, 8, 12, ... for n-m odd,
m=2, 6, 10, ... for n-m even
and m=1, 3, 5, 7

It is seen,then/that from these strict negative criteria, the harmonics
which may have long term resonance effects on the 12 hour satellite
are those H _ where

nm

m

1l

4, 8, 12, ... for n-m even,

and m=2, 6, 10, ... for n-m odd.

Indeed, such harmonics satisfy the periodicity selector (29) which,
we have seen,is strictly equivalent to the more general selector (32)

or (650)Jfor r>h'(subsynchronous resonant orbits).
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Thus, the lowest order (n) resonant harmonic on the 12 hour orbit
is Has. It is presumed to be dominant both because of the a;n poten=-
tial decline with distance [See Equation {67)] and the apparent Eﬁ;;
decline with increasing n. The normalized coefficients themselves
give a correct interpretation of the mean realtive strengths of the
harmonics at the surface of the earth. It should be noted, though,
(see Table 2, for example) that the dominance of harmonic effects is
strongly dependent on inclination as well. This dependence reflects
the integrated effect of the satellite's motion in latitude.

» The spherical harmonics themselves, of course, vary strongly in
latitude,. When we speak of gemeral dominance here, we fefer to the
mean effect over all inclinations.

Proceeding with the evaluation of the long term effect due to Has

(12 hour), from Appendix B, Equations (B6) and (Bl0), we have (with

7.= , 3, =1 from Eq. (4) for the 12 hour orbit)$
' . l
F_r’}l(u Heuk) = Kz, S92 (Ao=A3y) COSZQ);INZLSI'JZQ S:r/}-Ge(: cesi 2
{ e 2("51NL9¢._SJ L J B
’5"\)"<°SZQE25"J 451"7—53 - '] L' SI'J L')L(’—Ccél: )]{5('»)4Q(( oSt ~I§}7
(D—Swzec SN 4.) -

- SW2 [5 NZisivase 15w 26e (1-cc5i)$is sivbe, (cosi-1)i + cos 2 sive(
I =5N%26, 5:,J‘¢ —
TS L 5,&%—;\20 - 51w 4;%(:-4.0&1_ J ¥ y_hfcsz[)\c-}\h\ j/‘fs,“,_;z%[
2l1-51r"20e51N0L )

- =S
| = S~ 46 [1=cesi) { SN C0526, we_-_-_lj 5
_"L“SHJ 166 Sinv¥ ) | —=5im zu s L

|- 5““ Zec (1-cosi )3 251#349&CC¢$L—1)3] 4 0526, [5,,.;“5,,;19&%1-5,»119 2 (1- U’f")}
(=500 28 518 e

g\;/\

Sivie 5w 8¢ 3

. 25:»49 (C”L—-D% 4cos265wL(35m Lf;pzee-l)g
(c1)
1 - §/N 495(1 LC’SL) 3]
2 (1-sw™ 285510 ")
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It can be seen that the factor of 5!"1(&:-)\31} above is an "odd"
function with respect to G =T . Thus, since the double-orbit

average of (€1) [See Eq. (9)] is achieved in the interval O < 6. < 2T
N

(n =1 sidereal day), the 5"’2[)\0’)\37) term will double orbit average

to zero., Retaining only the relevant 6052[,)\,_.—)\31_) term of {Cl):

Fr

, ! . 7 L
/31(;2_ HovR) = KBLCOSZ(/\,, -A;,_) S’NZLﬁlh’zZBe[’ — 5N 46, L1-cosL)

2 (1-5I1N 28, 5N )

. » - ' . N . -
- 5;pz'4€9e sive(cosL —l) LZS;N’"Ls/N 1‘%"’] [!— S//J?'Zee [I-COSI—)]
2 (1=-5,N"28, 517 E)
Z . : 3 2.
+cos ZGeswL(35,p’2‘5,p296_,)[_'| - SN 46,(1=¢Cos¢) ]} .
2(1-5n"26 5% )

(c2)

Let ¢

Z . 3 T ) - T
A= €05 28 5we (35w ¢ S 29,_—1) + SiMZL SiN Z6g +
Then (C2) becomes:
.l - e Wt 2, 2
Fng(.'ll HOVR) = 1431C°52()\o’}\31>§,4 +[%—5w"1%5’”1‘ )Jl_—ﬁw 46,518 265
J
. .z L - - 2. 2 )5 5;0‘:26 Li—‘-"ﬁi)g
. $[N1LL’—CO}L)_. S~ MGS}VL(CC'SL—I>(351~ . SN 193"'/ i-5i e
. . 2, -y . X ’
+ 5036, Siw2L(coss 1) 5 1—5im 20 (§-cosi ) - Cos 26,5mL (35w £ 519 26,-1)}
. R
$in 4G, (1-cosi) JJ

. « T .
— ]4‘3?_6051()\0—/\&_3}/‘* (1-cosi)swes5m 46 ['151N1:&9ew5L(

r]

2(1-50728, 510™L)
. . T .
(1-cosi) + ( 35w % S 26 —l)g I=5im 28, (1-Cosi )_; —-2“5‘-2"5"" de("“’"‘)}

_ Coszzag,_ (35026, sl =1)( l-cos[)}} . ()
3
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Let B be the term in [ 1 immediately above.

Expanding B, we have:
. T, 2 2, r .
B = —25m286, Cosi(1-cosi) + 350 L5826 ~3517 £S5 26, L}-cos.)
s - . - -
-] 4+ SN zee(.-a;,,) -2C05L 2 cCo5¢L 5/;"16&(.!-(.054)

2. 2,0 2. - k> [
—3C05 26,5N L 51M zeeﬁl-c.aﬂ.) + Cos zee[ |-cos ¢ ) .

Reducing B above:
R 2 . _ . 7_ i
B= 35w 5w 26 3]~ [ 58728,(1-¢o55) ¢ cos 2%('-“"-)]
. 2 , .
+ (l-CosL)(c_os 28, + 5/»129(2) -1/ —26051-3'

Further reducing B:

. ) ] .
35N £ 51N 28,co5L + (Ll-cosi)—-1-2¢cosi

B

1]

. 2, ‘2 e
= —3cosi(1-s5mT26e519°0 ).

Combining B (above) and A, (€3) becomes:

l R
FTBzhz. Hour) = l(;LCO5Z()\o">\3,_> 6051266 5,~£(35,-~‘2‘5,~’“26e—/3

/

+5m02L 50 26 - _____3‘:5"0405[)( SINL 5m7'4ee')} ,
(Ch)

In the 12 hour orbit, &5 = 2.6, [see Equation (la)}]. Thus,
0[95 = 1¢lee_ and Equation (9) becomes:

(for the 12 hour resonant orbit, double orbit averaged):

2

2
E—,—ZIZHOUA) = '_"_I F.'rlee)ige' (cs)

n
::,_'_.(_111‘5 =
[

We use the following integrals :
27 T

L4

51K 46, CO346,

1 a-

2
i T kS ) S > { ___‘
—— é, &, = - =
P £Cos 26,53 2 CJLQ g SIN46d Be = * 167 8
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m

a2m
2497 b 47 2 o 2
a5 | o
! t . ~ SINLB, Lo56e L
—_ & AG — e i ) - —
27 j; 5w 26e d6e = oz | T Z R 2
PR ] r
' g o =L |B, ~Lswigcos48) o 1,
R g _(\ s 4646 i 1% 7F 2
L o

With these integrals, (Ck) in (C5) gives:
! 3. : oo
F . Gakor) = K co32{ No-X3,) | 35 L _SINE 4 Siuicosi
T32 2 —_ =5
8 2
-_3__. cosiﬁl-cosi)swij

! * %, . .
= lC ”_COSZ()\O-}\;z) -5-"3“—"535:8 L -4 +8cost —bcosi(

l—cos[)%]

= '431 6051[)\0‘)\31) é’gji |- 2(_054: —360515] .

(C6)

Equation (C6) in (19) gives the long term acceleration of the ascending equator

)
crossings of the 12 hour satellite due to Hgo. We note thet F = F/;_f‘l
and x;— )\o the unrestricted position of the crossing over many or-
bits) treated, effectively, as a continuous variable. Thus, this formu-
lation gilves ¢

.«.q ﬂ 3 h’. . .
X (ovE 7o Hy, oney) = 24T »Sl-f)j;l{sgg_j(:-zcau -3cos Q}wzp\-)\ny ,
12, HovRe .
Ra.J.-/fl'A- Jaj”.
(cT)

We now evaluate Equation (65) for the second formulation of this ac-

celeration., Evaluating (65¢) for n{relevant) = 3, m{relevant) = 2,

N (12 nour) = 1/2:
r .
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P (Has, 12 hour rescnance) = 3%%1. = ).

Thus, (65a) gives the resonant inclination function for Hao{12 hour) as:

(1

b . 78 - , 1taK
F"M(_PL) = J—gil_u) = (5): (1) (:)(1 )Co;—z:i/l)sw Léifa)

220 -k

= ( g) [1 o5t L )swiiy) - 4cos( &) 5»13([/9.)] .
But ;

5,,.;[,1:/1) = yx(l-cosL') y coS(%):-,i'/i(lvrcqu) .

Thus:

' - 1 - - - L3
£ 11y =(§)[ B tireosiog smi = & Lvcosi ) lmcost ) oo |

I

gs,~;£(j+co5£)g |+ €oS i -1(0-C°5“)3]

= —155:&1[ [ | - 1(.055 —3coszx_'J .
8 (c8)

From Equation (C8) in (67), the acceleration of the crossing longitude

dve to Hgs in the 12 hour orbit is:

2 . . 2.
A = 247 §—C:—}.—'j§g_'_!ég_flﬂl—(l—lcoﬁb*3(—°5 t)cos:LD\—Xn\g ,

rad. /sid.day® , (C9)

which is identical to the direct orbit averaging formulation, Equation (cr).
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Similarly, from either the direct orbit averagining formulation, or
from Equation (67), we have found that the effect due to Hyy on the 12

hour satellite is:
L ) 2‘ N
)\ (due to Hyy only) = -247T g-c-é—_- __-_5,_ I_SWL[H—COSL)] 5w4—(}\-).4_4_\}
v - ‘1

rad.
sid.day2 (C10)

Tables D2 and D5 give a comparison of the theoretical motion due to
Has and Hyy from equations (C9) and (ClO)}with numerically integrated

partical trajectories.
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APPENDIX D - ONE AND TWO DAY RESONANCE TESTS: &, 12 AND 16 HOUR ORBITS

We can check the validity of the formulation of the orbit averaged
librational equations of motion (67) by comparing them with a complete
numerical solution of the equations of motion for a trajectory in the
presence of the critical disturbing forces. Tables D1-D6, show the
results of these numerical studies on near circular resonant orbits of

8, 12 and 16 hours.

The trajectories run about 16 sidereal days from near stationary
ground track conditions., We hope to determine that even in this short

time span, it will be possible to discriminate the relevant harmonic

accelerations to reasonably high accuracy according to the simple theory

presented here,
8 HOUR ORBIT

For the 8 hour (one day) resonant orbit the leading relevant
harmonic is Has (having the least n satisfying (32) for r=3, n=1).

The orbit averaged equation for the acceleration of the longitude of

the ascending equator crossing due to Hsg on an 8 hour orib [(67), with

,(,:2//):[ ] gives:

)\ = —1_733~ﬁ_ j‘33 5:N1L'(H—LOSI:)Slﬂg()\—X;_;-)
a, g

rad. /sid.day® .

The normalized fj;m are given from the non-normalized [ in (67)] by:

Y

T = T }:zéznﬂ)(n-hﬂﬂ
N A :
(nem) )
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Evaluating (D1) for: “:)——33 :_].14—74-;10'6, CL*(8 hour orbit) = 3.)79| ﬁ,ll./

& <
L =30/ )\33 :24-,02 A =5-4"0° the theoretical longitudinal

J
o
acceleration in the neighborhood of }\ =0 should be:

'Y

)\ —_ 0.4—64—7-,;10’5 YA-J-'/SiJ-'J-ﬂ-:sL.

(see Table D1).

The following data is from a partical trajectory [generated by a
modified Encke method [D17]] computed numerically, in the presence of
perturbations due to Hgs [with constants given above] Hoo and Hay only.

The specifications for Hsz in the trajectory generator are: tziz ==—'-3A40'i
[
Npg = =21 . The specifications for Ha; are:"J;. :-I.S,uo'/b /\3|::oc.
From the theory, Hs; and Hoz should have no long term effect on the 8
hour satellite. By long term here, we mean over periods which are
multiples of one sidereal day.
Ascending Equator Semima jor Inclination  Eccen=
J Time Crossing Longitude Axis tricity
(Hrs.), (Degrees East of (Earth Radii) (Degrees) (10786)
-T Greenwich), N\
0 0. 54.0 3.1781 30.0 0.1k
1 191.476 54.00290 3.1781 30.0 0.13
2 382.950 54.02279 3.1781 30.0 0.15
TABLE D1

Numerical Trajectory Data for an 8 Hour Earth Satellite Disturbed by Hos, Hap

and Hgs Only.

In the above trajectory, the longitude acceleration is given approximately

as:

L)

= __l_z [ >\o'—2>\'+>\1.]/

MmEAs. (AT
(Dh)
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L

where A4T=T —T;- = constant

J 1

> - - . s 1 "
Since T — T, = T,-T, = 8 sidereal days, the "measured" accelera-
tion in the numerical trajectory is:

.0 . l
- 1 i —-0.00580 = 0.4633xl0
>\» = 54 [o 02279 rad (D5)
' 57256 Sid.iay.z

-5

The discrepancy between the orbit averaged theory and the numerical
trajectory data is only 0.0014% Xx10™° rad./sid.day® out of 0.4633x10° S
rad/sid.day® or about 0.3%.
12 HOUR ORBIT

For the 12 hour (one day) resonant orbit, the leading relevant
harmonic is Haze (having the least n satisfying (32) for r=2, n'=1 ).
The orbit averaged equation for the acceleration of the longitude of
the ascending equator crossing due to Hgs on a 12 hour orbit [(67),
with £ -.-:2,/ p=1 ] gives:

—— . ) - z‘ . _
A = .'_glz’ljl_ T3y SVL (1-2¢c05¢ -3cos L)COSLL/\ )\31\/

L rad. /sid.day= . (D6)

We consider a partical trajectory with only Hss acting as a perturbation.
The initial circular orbit has a period of 12 hours ( a'. = L.16449 E.R.).
The inclination is 30° and the initial longitude of the ascending equator
ssing is at 0°. The H tant S 0> o°
crossing is a . e Hyp constants are: J3, = -/ /SJ }\32_

From (D6) the long term acceleration should be:

N = -0.348Ixi07%
TH. rad. /sid.day” (D6)

(see Table D2)
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- The following ascending equator crossing data is from another numerically
integrated particle trajectory, in the presence of perturbations due to

Has only (with constants given above),

Time Longitude CL, i Eccentricity: e
(Hrs.) (Degs.) (E.R.) (Deg's)

0. 0. Iy, 1645 30.0 10°°
191.476  -0.00660 L.1645 30.0 10 ©
382.953  -0.02598 L.1645 30.0 10°°

TABLE D2

Numerical Trajectory Data for A 12 Hour Earth Satellite Disturbed By
H32 Only.

In the above trajectory the longitude acceleration {(over the 16 sidereal

day period) is given approximately by (DL) or:

>
.

= [-0.02598 + o.o:zzo]/s = - 03485007
MEAS. 64 729
rad, /sid.day® (D7)

Once again the discrepancy between the orbit averaged theory and- the
numerical trajectory data is very small,amounting to only about O.l%.

The simulated trajectory summarized in Table D3 has initial condi-
tions precisely the same as in Table D2 except for the addition of earth
zonal gravity and the attractions of the sun, moon and planets. The

zonal gravity constants used are Jpg = 1.0823%X10 2, Jso = -2.3%10 ©

and Juq = -1.8x10° 6,
TIME LONG. a 1

(Hrs. from 1966.0) (Degs.) (E.ﬁt) (Degs.) e
0. 0. 4. 1645 30.00° 1074
191,434 0.14563 4.16L5 30.02 104
382.870 0.27110 4. 1645 30.02 10 4

TABLE D3 - Numerical Trajectory Data for A 12 Hour Earth Satellite
Disturbed by Haz, Earth Zonal Gravity, the sun, moon and Planets
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In the above trajectory, the longitude acceleration is given approxi-

mately as:

A

_ L [0-27”0 -0-29126 /57’296 = "0-5'4—3xl0‘5/
MERs. 64

rad, /sid.day®, (D8)

It is appareﬁt from the 8 hour study that contributions to error in the
simple theory from non rescnant earth longitude gravity are negligible
for these nearly stationary orbits. But from the previous two tables
the error in the long term theory due to other gravitational effects
is clearly not negligible over 16 sidereal days. In fact, other studies
have shown([DE], [DB])that the sun and moon alone accounts for nearly
all of this major discrepancy. But the presence of the strong nonresonant gravi-
tational effects alone gives the particle trajectory a mean motion over
only 16 days close to that of the fully perturbed motion. Therefore,
it appears reasonable to try and evaluéte the "sun and moon” effect
independently of the full trajectory. Then, subtracting this from the
full effect, we hope to get a reduced acceleration which can be assumed
to be due to the relevant resonant gravity terms alone,

The simulated trajectories in Table D4 are a test of this error
reduction idea. Initial conditions were the same as in Table D3
except no earth longitude gravity effects were included for the tra-
Jectory with bracketed data. The running time for both full and non-

resonant trajectories was 14 days.



LONGITUDE a, i e

TIME
(Hrs. from 1966.0) (Degrees) (E.R.)
0. 0. I, 1645 30.0° 104
(0.) (0.) (4,1645) (30.0°) (107%)
167.505 0.12756 4.1645 30.0° 1074
(167.505). (0.13243) (4,16L5) (30.0°) (1079)
335,011 0.24023 4.1645 30.0° 10°4
(2%5,010) (0.25974) (4.1645) (30.0°) (10 %)

TABLE Dh4: Numerical Trajectory Data in Two Sun and Moon Perturbed 12
Hour Orbits; Disturbed (unbracketed data) and Undisturbed
(bracketed data) by Hao.

In the Hgo-disturbed trajectory (unbracketed data), the measured ac-

celeration is:
red

= L] 0.24023 —0-2 55:']/
>\ M(fully disturbed) :'4,9 [0 24023 A L S72496

o~

ME

-5 -
=«0.5306 x10 rad./sid.day" .

In the Has-undisturbed trajectory (bracketed data), the measured ac-

celeration is:

\ = [0.25974 ~0.26486 / N
A (partially disturbed) - 49 [ -J 57236
MEAS.

-5
— ~0. ]830}&)0 rad,/sid.da}’z .
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Equation (D10) subtracted from (D9) gives the reduced or sun and moon
corrected acceleration as:

)\ (corrected) = -0.3476x10 > rad./sid.dayz. (D11)
MEKS,

But the theoretical acceleration due to Hzs alone for this orbit is
very close to (D6). Therefore we see that this simple method for evalua-
ting the earth resonance acceleration is valid to within about O.lB%
with this particular orbit. .For relatively short trajectories, where
the long period mean motion is still approximated very well by the
nonresonant gravity effects, this simple correction technique should
apply quite well in analyzing resonant orbit data. For longer tra-
Jectories, it may be necessary to alter the initial energy of the simu-
lated trajectory without resonant gravity so it approximates the fully per-
turbed trajectory more closely. This may be done most simply by altering
the initial semimajor axis, for example. At any rate, tests of the correction
method, similar to that above, should always be performed to check the
method. We may note that this is, if successful, a direct method for
evaluating the long term contribution of nonresonant effects. It requires
an additional trajectory simulation (one without the resonance terms)
than the indirect method previously used by the author [D2] in analyzing
2k hour data. However, since it evaluates these effects directly, and
without assuming a specific longitude gravity field, it should prove to
be a valuable check on the previous method.

For the 12 hour (one day) resonant orbit, the next relevant harmonic
Hoo (having the next to least n satisfying (32) for F=2, n'=1 ) is Hyg.
The orbit averaged equation for the acceleration of the longitude of
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.

the ascending equator crossing, due to Hyy on a 12 hour orbit [(67),

with L= 2, p=1 1 gives:

Ry

¢ 1 -
N = ’75"4’_73 T, [s;plcwcosl')] Siv AL A-Aay)

*
rad. /sid.day o

We consider a partical trajectory with only Hu, acting as a perturbation.
The initial conditions for the trajectory are otherwise the same as in

_— -3 .
the Haz studies. The Hyy constants are: ‘)4-4— = —1I0 Aé/ )\4_4_: 2.27_5'('.

The'__‘value
Tt

is about 100 times a likely realistic value (see Figure 8) to provide
an acceleration which will not be substantially "lost" in the roundoff
error of the traJjectory generator,

From (D12) the long term acceleration should be:

v

N = —4753x0°
TH. / 5
rad. /sid.day

L

The following ascending equator crossing data is from a 16 day
numerically integrated particle trajectory, in the presence of pertur-

bations due to Hyy only (whose constants are given above).

Time Longitude Ay i e
(Hrs.) (Degs.) (E.R.) (Degs.)

0. 0. b, 1645 30.0 1077
191.482 -0.08736 b, 1647 30.0 1077
382.975 -0.34907 L, 1648 30.0 1077

TABLE D5 - Numerical Trajectory Data for a 12 Hour Earth Satellite
Disturbed by Hyy Only.
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In the above trajectory, the longitude is given approximately as: ‘

| .
=2 [-o.34307 +o.l7471]/57,295 = —4755x107%

/
rad. /sid.day® ., (Dik)

Comparison of (D13) with (D14) again shows a very small discrepancy

between the theory and the simulated data; of the order of 0.05%.

16 HOUR ORBIT

The 16 hour resonant orbit will undoubtedly be the most promising
one for geodetic purposes, of the two synodic day orbits (see TABLE 3).
For this orbit, the leading relevant harmonic is Hys (having the least
n satisfying (32) for ~= ;7»/ ni=2_ ). The orbit averaged equation for
the ascending equator crossing due to Hys on a 16 hour orbit [(67),

with )(:2./ p=1 1 gives:

2. 2.
A= ‘7~7~_____7;_9’5 Tps cos’( i/z‘)ﬁwl‘}/z)}“‘(‘/z)’%’” “/25“’530\"\4-33)
a
(.4

rad/sid.dayz. (D15).

We consider a 16 hour orbit (a, = 5.0449 E.R.) with only Hys acting as
a perturbation. The initial circular orbit has an inclination of 30°

[ 2]
and an initial ascending equator crossing at >\-_-_o . The Hys constants

_— _ )
are: Jaz = -2.2098X10 >, >\43—_—0 . Again J43 is chosen about 100

times realistic in order to overcome roundoff error in the comparison
with the numerically computed trajectory,

o
From (D15), the long term acceleration in the neighborhood of )\::0

should be:
LN J

-5
— .28 xl0
>\TH- ! * rad./sid.dayz. (D16)
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The following ascending equator crossing data is from a numerically
integrated partical trajectory, in the presence of perturbations due to

Hys only (with constants given above),

TIME LONGITUDE a, 1 e
(Hrs.) (Degs.) " (E.R.) (Degs.)

0. 0. 5.0kk9 30.0 1076
191.47h 0.02335 5.04k49 30.0 1076
382,945 0.09107 5.0448 30.0 10°¢

TABLE D6 - Numerical Trajectory Data for a 16 Hour Earth Satellite
Disturbed by Hys Only.

In the above trajectory the longitude acceleration (over the 16
day period) is given approximately by (DL), or:
’e 5

>\ — _L[0,09|07—0-046703/5'7,236 = I,ZIDO)(;‘O'
mEAS, o4

e
2
rad./sid.day (D17)

Again the discrepancy between measured (D17) and theoretical (D16)
accelerations is about 0.15%.

We note that for the weak resonances ():'20.])“0'5 rad. /sid.day" )
the accuracy of the determination of the acceleration may be improved
considerddy by utilizing all 2r equator crossings., In doing so, of
course, care must be taken in choosing the correct form of the condition
equation (67); using {=1 for descending and £=2 for ascending
equator crossings.

In summary, the results of this‘section combined with the reported
accuracies of the tracking of‘éarly birdj[DZ], appear to make all the

orbits in Table 3 amenable to simple geodetic analysis for resonant
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longitude gravity harmonics in the earth's field. (See conclusions.)
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APPENDIX E

G

LIST OF SYMBOLS
Location of the Greenwich Meridian
Génerally5 geographic longitude of the ascending equator
crossing of the satellite (also referred to as Xo , with
reference to the beginning or near the beginning of the
dynamics). Can also refer to the geographic longitude
of the descending equator crossing.
when subscripted, refers to orbit number
Geographic latitude of the satellite,
Position of the satellite (S, is its position at the
start of the dynamics or at the reference ascending
equator crossing).
Number of orbits in the synodic period of the resonant
satellite (n' sidereal days); an integer.
An integer (positive, negative or zero) the number of
global circuits of the resonant orbits ground track,in
its synodic period. When subécripted, also,integers of
the rational fraction expressing the commensurability of
the resonant orbit with the earth's rotation.
Time from the beginning of the dynamics or some arbitrary
Zero.
Argument of the ascending ncde, central angle in the orblt
from the ascending node to the satellite (also subscripted

6, and 6 ).
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AL

LIST OF SYMBOLS, CONT.

Inertial longitude excursion of the satellite from its
ascending node
Inclination of the satellite's orbit (also used as a dummy

integer-subscript).
The earth's inertial rotation rate.

Geographic excursion of the satellite from an initial
position

Orbital revolution rate of the satellite.

The inertial longitude turned by the earth since the

start of the dynamics

The distance from the center of the earth to the satellite.
Perturbation forces in the radial, longitudinal and lati-
tudinal directions, acting on the satellite

The azimuth of the satellite's trajectory.

The synodic period (in sidereal days) of the resonant orbit
satellite, an integer. The number of integral days for
the stationary ground track to begin to repeat itself.

The semimajor axis of the satellite's orbitjalso sub-
scripted 4 . ( LQ' is the semimajor axis in units of
earth radii).

The tangential (along track) component of the perturbation
force F.

A perturbation force {(when superscripted, a non-dimensional

forcé} When subscripted nmp, an inclination force function .

The total energy (kinetic and two-body gravitational potential)

of a satellite.
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LIST OF SYMBOLS, CONT.

A small, but finite, change (S not sub or superscripted)
The earth's Gaussian gravitational constant.
The r orbit average of the quantity ( ), except in

[—]

reference 1o z:;k/ 5;; = (see below).

An increment of time, in units of synodic days (not neces-
sarily integral)

An increment of time, in units of sidereal days.

cli) with the time increment in units of sidereal days.
The period of the satellite's orbit ( TTp or Ty is

the period in sidereal days).

%)

;[zif with the time increment in units of sidereal days.
A nondimensional semimajor axis change rate: dm = &1QL
the units of Ctn ares(sidereal days) I.

The gravitational potential function of the earth,
Signifying the gravitational harmonic texrm of order n and
power m.

The mean equatorial radius of the earthl

The associated Legendre polynomial of order n and degree m.
The amplitude and phase of the non-normalized gravity
harmonic H

The normalized amplitude, cosine coefficient and sine

coefficient of the gravity harmonic Hnm‘

The ground track longitude span of half an orbit.
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Am
J ]

SIP J S’J’
K

P
L

When subscripted by integers and/or superscrapted,

a or b are constaats

Work done by perturbation forces.

Case numbers

A positive integer, or zero

A dummy variable

The mean anomaly of the satellite at the beginning of

the dynamics.

Keplerian elements; eccentricity (not used as a sub-

script), argument of perigee, mean anomaly, true€

anomaly, and right ascension of the ascending node.

The real part of g g

Jﬁ' , except where used as a dummy integer.

An inclination force function (when superscripted, the

real value of the force function)
A disturbing poténtial function
e[ ] , e = 2.718..
The location of the Vernal Equinox.
A positive integer or zero.

Phase angles of the disturbing function.

Phase and Frequency constants of the disturbing function.

An integer or zero.
The number of orbits per day in Allan's Resonance Theory"

!
As a subscript or in § (N, m, L) J L=I

or odd

refers to a descending equator crossing, d= 2 or even

refers to an ascending equator crossing.
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2

K.

nwm

Non-normalized cosine and sine gravity harmonic coefficients.
Standard deviation (or estimate of it)

Dominant, subdominant.

An inclination dependent harmonic forcing function usually
assured constant over a libration period.

An equilibrium longitude; stable, and unstable.

The minimum libration period of a rescnant orbit.

A frequency or angular rate.

An inclination independent harmonic forcing function.

Harmonic foreing functions.
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