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ABSTRACT 

Optically thick planetary atmospheres in radiative-convective equilibrium 

have been investigated by the use of models which have an adiabatic temperature 

gradient in the troposphere. The gray stratospheric solution employs the 

discrete ordinate method to match correctly the tropopause boundary condition in 

which the tropopause location is found by temperature continuity. The models 

show that convection may increase the surface gray infrared opacity requirements by 

as much as an order of magnitude in greenhouse type theories as applied, for 

example, to Venus. 

A more approximate, analytical solution is also presented which generally 

agrees with the more elaborate treatment quite well. 

between the two types of solutions is the temperature gradient discontinuity at the 

tropopause predicted by the more exact theory. 

One of the major differences 
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I. INTRODUCTION 

J 

The study of the  greenhouse e f fec t  on planets such as Venus and J u p i t e r  

requires t h e  knowledge of opt ical ly  t h i c k  planetary atmospheres. Almost all 

of t h e  calculat ions performed f o r  opt ical ly  th ick  planetary atmospheres have 

assumed rad ia t ive  equilibrium (for a purely convective calculation, see Sagan and 

Pollack, 1964). This assumption allows a simple and t h e o r e t i c a l l y  concise 

problem and t h e  solution affords much ins ight  i n t o  the  s t ruc ture  of t h e  atmo- 

sphere. The Earth, however, has an atmosphere t h a t  i s  o p t i c a l l y  t h i n  and 

generally i n  convective equilibrium. Other planets may possess opt ica l ly  

t h i c k  convective type atmospheres. Hence it seems desirable  t o  see under what 

conditions an opt ica l ly  t h i c k  atmosphere i s  convective and what a r e  t h e  e f f e c t s  

of such convection on atmospheric behavior. 

For the  Venus problem, Teiger ( 1  965)  has constructed radiative-convective 

model atmospheres which a re  opt ical ly  thick.  Teiger 's  gray opacity dependence on 

pressure followed t h e  dependence empirically observed i n  the Earth 's  atmosphere; 

t h i s  dependence i s  based almost e n t i r e l y  on the variable concentration of water 

vapor with height. Such opacity var ia t ions may not be appropriate f o r  a planet 

such as Venus. More general  opacity dependences a r e  thus needed. 

A s  a s tep  towards understanding convective atmospheres, the  present paper 

will invest igate  t h e  behavior of gray, op t ica l ly  thick atmospheric models i n  

radiative-convective equilibrium when changes i n  a reasonable infrared opacity 

dependence on pressure a r e  made. The use of gray opaci t ies  allows a minimum of 

parameters t o  be used i n  the  calculations.  

g r e a t e r  physical insight  i n t o  convective planetary atmospheres and comparisons 

with analyt ic  solutions a r e  possible. This i s  a log ica l  s tep  t o  take before 

t h e  non-gray t r a n s f e r  problem i s  solved. 

* -  

4 .  

Hence an opportunity i s  afforded f o r  
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11. PHYSICAL CONCEPTS AND ASSUMPTIONS 

I n  the  absence o f  convection an atmosphere t ransport ing heat flux up- 

wards i n t o  space would be i n  radiat ive equilibrium since a l l  gases a re  very 

poor conductors of heat.  Thus the atmospheric s t ruc ture  would be determined 

by t h e  d i s t r ibu t ion  of opacity ( i . e .  by the  opacity pressure dependence) and 

by t h e  infrared rad ia t ive  flux, which, f o r  example, would be constant i n  a 

conservative atmosphere. 

w i l l  always form above the  planetary surface.  The height of t h i s  convective 

l aye r  w i l l  depend on the  s t a b i l i t y  of t h e  bulk of t he  atmosphere t o  convection. 

A radiative-convective atmosphere thus occurs. The rad ia t ive  l aye r  which 

occupies the  upper p a r t  of the  atmosphere, the  convective l aye r  above t h e  

surface, and t h e  t r a n s i t i o n  region between the  two layers  are usual ly  

re fer red  t o  as the  stratosphere,  troposphere and tropopause, respectively.  

A s  emphasized by Goody ( 1964), a convective l a y e r  

The boundary conditions that preva i l  a t  a radiative-convective in te r face  

a re  1 . )  continuity of t h e  net radiat ive flux or,equivalently,  of the  rad ia t ive  

in t ens i ty  (from the  rad ia t ive  t ransfer  equation) and 2.  ) temperature cont inui ty  

(from t h e  convective s t a b i l i t y  requirement). These two conditions are necessary 

and suff ic ient  conditions f o r  t he  solut ion of t he  s t ra tosphere and f o r  t he  loca- 

t i o n  of the  tropopause i n  the  atmosphere. Thus the  tropospheric temperature 

p ro f i l e  can a l s o  be determined uniquely if  an adiabat ic  troposphere temperature 

gradient i s  assumed. These boundary conditions have proved ef fec t ive  f o r  the  

Earth '  s atmosphere (Goody, 1964). 

I n  a rea l  atmosphere, solar flux will be absorbed throughout t he  e n t i r e  

atmosphere as w e l l  as a t  t h e  surface. I n  order t o  study convective atmospheres 
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using a minimum number of parameters, the  atmosphere i s  assumed t o  be con- 

servat ive.  Implications about non-conservative solut ions w i l l  be presented 

i n  t h e  discussion. 

Several general assumptions should be s ta ted.  Local thermodynamic 

equilibrium, pure absorption, and t i m e  independent solut ions a r e  assumed. 

Diurnal var ia t ions of s o l a r  f l u ,  l a t i t u d e  e f fec ts ,  and t h e  consequences of 

global  convection a r e  considered averaged. These ra ther  r e s t r i c t i v e  

assumptions s t i l l  allow l o c a l  atmospheric s t ruc ture  t o  be determined 

although quant i ta t ive r e s u l t s  must be interpreted carefu l ly  due t o  lack  

of inclusion of global e f fec ts .  The atmosphere i s  t r e a t e d  as plane p a r a l l e l .  

111. MODEL CONSTRUCTION 

The basic s t ra tegy employed i n  t h e  calculat ions w i l l  f i rst  be outlined 

and then discussed i n  grea te r  d e t a i l .  

d i s c r e t e  ordinate method t o  achieve, in t h e  s t ra tospheric  solution, constancy 

of t h e  ne t  rad ia t ive  f lux.  I n  the tropospheric solution, an adiabat ic  

temperature p r o f i l e  i s  assumed and t h i s  p r o f i l e  i s  used t o  compute the  spec i f ic  

i n t e n s i t i e s  which emerge from t h e  troposphere. These i n t e n s i t i e s  a re  t h e  

boundary conditions t h a t  produce an unique stratosphere.  The opacity dependence 

t h a t  has been chosen allows a complete solut ion without p r i o r  specif icat ion of 

t h e  surface temperature. 

ment of temperature continuity.  

The model construction employs the  

The tropopause locat ion i s  determined by t h e  require- 

The s t ra tospheric  solut ion employs t h e  d i s c r e t e  ordinate approximation t o  

t h e  gray rad ia t ive  t r a n s f e r  equation f o r  a plane para l le l ,  purely absorbing 
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atmosphere. The method and solution have been given by Chandrasekhar . 
Eight ordinates a re  used i n  each hemisphere. The solut ion t o  the equation 

of rad ia t ive  t r ans fe r  has been obtained from equation (3-14) of Chandrasekhar 

(1960), and can be  wr i t t en  as: 

( 1  1 i = f  1, ..., N , 

where u i s  t h e  Stefan-Boltzman constant, T i s  the  temperature a t  t h e  

surface, ( 

Legendre polynomials), N i s  the number of ordinates per hemisphere, and 

the  k are given by equation (3-7), Chandrasekhar (1960). The constants 

S 

> 0 ) a re  t h e  discrete  ordinates (zeroes of t h e  appropriate p i  

j 
L! 9 L' , b' , and Q' are  the ( 2 N )  constants of integrat ion t o  be 

determined by the  boundary conditions. These a re  the  spec i f ic  i n t ens i t i e s  

t h a t  en ter  t h e  stratosphere f r o m  above and from below: I (0, - pi ) = 0, 

representing the lack  of thermal radiation from space; and I ( 7  

representing the  spec i f ic  in tens i ty  a t  t h e  tropopause ( ) which or iginates  f r o m  

t h e  convective troposphere. In  solving f o r  t he  rad ia t ive  solution, t he  co- 

e f f i c i e n t s  of the  2 N  constants of integrat ion a re  considered as a matrix. 

Inversion of t h i s  matrix and multiplication by t h e  i n t e n s i t i e s  which come from 

the convective layer  resu l t s  i n  a correct ly  matched r ad ia t ive  solut ion above 

the  troposphere. Calculation has shown t h a t  e ight  ordinates per hemisphere 

produce a ne t  rad ia t ive  flux constancy i n  t h e  s t ra tosphere of 0.1% or  b e t t e r  

f o r  all models. Thus the  spec i f ic  i n t ens i t i e s ,  temperature and other atmospheric 

J - j  

, Pi  ) 

T T 
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parameters can be found i n  the  stratosphere a s  functions of  op t i ca l  depth. 

For example, the  rad ia t ive  temperature i s  given as:  

r N - 1 ,  l r r  

where equation ( 2 )  has been obtained from equations (11-30, 31) of Chandra- 

sekhar ( 1960) . 
The tropospheric temperature p ro f i l e  i s  determined by t h e  behavior of 

t he  mass absorption coeff ic ient  and by thermodynamical considerations.  

The de f in i t i on  and pressure dependence of t he  mass absorption coef f ic ien t  K 

used i n  the  calculations,  i s :  

where p i s  a reference parameter, a. i s  the  opacity power dependence 

parameter, and KO i s  defined a s  K (Po). 

of the mass absorption coef f ic ien t  was chosen t o  approximate the  Rosseland 

mean absorption behavior of many gases. The small temperature dependence 

of t he  m a s s  absorption coef f ic ien t  normally observed f o r  gases i s  fu r the r  

reduced by the  slow var ia t ion  of  temperature with pressure i n  planetary 

atmospheres. 

0 

The pa r t i cu la r  pressure dependence 

Hence temperature dependence w i l l  be ignored i n  t h i s  paper. 

I n  most planetary atmospheres, heat t ransport  by convection i s  s o  

e f f i c i e n t  t h a t  t he  t r u e  temperature gradient i n  a convective region never 

becomes superadiabatic by any s igni f icant  amount ( f o r  example, see Sagan 1960). 

Thus t h e  temperature dependence on op t i ca l  depth w i l l  be determined by t h e  
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adiabat ic  condition, equation (3) ,  the equation of s t a t e  ( i d e a l  gas) ,  and the  

equation o f  hydrostatic equilibrium, and i s  given by 

where C 

of R, 

ca l led  t h e  i n s t a b i l i t y  parameter. 

equal t o :  

i s  the  molar gaseous specif ic  heat a t  constant pressure i n  un i t s  
P 

T i s  t h e  surface inf ra red  opt ica l  depth and L can conveniently be 
S 

The corresponding temperature gradient i s  

- m g  - - -  
C R  ’ 

P 
VT I adiabatic (5 )  

where m i s  the  mean molecularwight of t he  gases, g i s  t h e  l o c a l  acceleration 

of gravity,  and R i s  t h e  gas constant. These formulas a re  only va l id  i n  the  

troposphere. 

The equation o f  t r ans fe r  i n  in tegra l  form gives t h e  i n t e n s i t i e s  a t  t h e  

top  of t he  troposphere : 

T 

T 

where the  first term on the  r i g h t  hand s ide  represents t he  contr ibut ion t o  the  

i n t e n s i t y  from the  surface, assumed here t o  emit i so t ropica l ly .  

r e f l ec t ion  term has been neglected. 

T 

The surface 

Equations ( 4 )  and (6 )  ind ica te  t h a t  

c r 4  
- T  can be factored out of the  convective in t ens i ty .  Thus, i n  
T S  

t h i s  case, t he  rad ia t ive  constants can be obtained without t h e  p r i o r  specif ica-  

t i o n  of T . The surface temperature i s  then determined by the  r e l a t ion  
S 
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= 4 / 3  b’ T , obtained from Chandrasekhar (1960), equation T e f f  S 

(3-39) where T 

radiative flux of the stratosphere. 

above computations was compared to the algebraic equivalent (at I, = 4); 

error was negligible. 

is the effective temperature which characterizes the net eff 

The Simpson quadrature used for the 

The stratospheric and tropospheric solutions have been determined; 

however the two solutions must be made consistent with each other by choosing 

the correct tropopause optical depth. This is accomplished by the convective 

stability requirement that the convective tropopause temperature as determined 

by equation (4) be equal to the radiative tropopause temperature as determined 

by equation (2). An interpolative routine is used for this procedure. Con- 

vergence is so rapid that a negligible tropopause temperature discontinuity 

(0.001 OK) is obtained without any appreciable sacrifice of computation time. 

The calculation of the net radiative flux in the atmosphere is straight- 

forward. The required formula is (Chandrasekhar, 1960, equation ( 1 -98) ), 

T 
S T 

F r ( ~ )  = 2/  4 T4(T’) E 2 ( ~ ‘ -  T) dT‘ - 2J Tl T4 (T’) E2 (T - 7’) dT’ 

T 0 

where %(T) is the exponential integral function of order N. The term 

on the far right represents the surface contribution to the net radiative flux. 

The quadrature used for the above integration is of the gaussian type with 

divisions and Christoffel numbers (weights which correspond to the divisions) 

determined for E 

numbers, see Chandrasekhar (1960); the numbers and method used here come from 

as the weighting function. (For the calculation of these 2 
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Mihalas 1966). The quadratures a r e  accurate t o  one p a r t  i n  10 4 (Mihalas 1966). 

All of the  above calculat ions were performed on t h e  Princeton IBM 7094 computer. 

It i s  in t e re s t ing  t o  compare the theory outlined above with a simple 

ana ly t i ca l  solut ion such a s  i s  presented i n  Appendix A. 

solut ion may of ten be useful  fo r  qua l i t a t ive  r e s u l t s .  

The l e s s  complicated 

.. 

Boundary opt ica l  depths, temperatures, temperature gradients  and net  radia-  

t i v e  f luxes  a re  t h e  most fundamental of t h e  physical parameters which descr ibe 

an atmosphere, from the  rad ia t ive  t r ans fe r  point  of view. These quant i t ies  

depend only on L when t h e  surface temperature and e f f ec t ive  temperature of 

t h e  p lane t  a r e  specif ied.  This i s  seen e x p l i c i t l y  i n  the  equations of t h i s  

sect ion and those of Appendix A. Values of TS = 700 K and Teff = 235OK 

have been assumed. These values are  consis tent  with those used by other  

authors (e.g.  see Sagan 1962). 

0 

IV. RESULTS 

The r e s u l t s  of a number of models a re  shown inFigures  1-6. Figures 1-3 

ind ica t e  t h e  e f f ec t s  of changes i n  the i n s t a b i l i t y  parameter and the  e f f ec t s  

of t h e  t r a n s i t i o n  from a r ad ia t ive  t o  a convective type atmosphere. Figures 

4-6 display atmospheric p ro f i l e s  of models f o r  several  d i f f e r e n t  values of t h e  

i n s t a b i l i t y  parameter. 

Surface opt ica l  depth and tropopause op t i ca l  depth a re  p lo t t ed  as  functions 

of t h e  i n s t a b i l i t y  parameter i n  Figure 1 .  The so l id  l i n e s  ind ica te  t h e  r e s u l t s  

of t h i s  paper; the  dotted l i n e s  indicate  the  Eddington-Schwarzschild approxima- 

t i o n  (here inaf te r  ca l led  t h e  E-S approximation). 

t h e  more exact theory both give a l m o s t  equal surface opt ica l  depths f o r  purely 

r ad ia t ive  atmospheres. This value o f  surface op t i ca l  depth i s  seen t o  be t h e  

The Eddington solut ion and 
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minimum surface op t i ca l  depth. For convective atmospheres, t he  surface opacity 

increases  and the  tropopause opacity decreases as the  i n s t a b i l i t y  parameter 

increases .  The two solut ions behave i n  a s imi la r  fashion, although t h e  

E-S approximation has l a rge r  surface and tropopause opt ica l  depths than t h e  

theory of t h i s  paper. 

Figure 2 displays t h e  surface temperature, tropopause temperature, and 

boundary temperature f o r  t h e  same models and under t h e  same conditions as  

i n  Figure 1 .  The E-S approximation predic t s  a f ixed  boundary temperature 

t h a t  i s  higher than the  almost constant boundary temperature associated w i t h  

t h e  more exact theory. The rapid change i n  t h e  tropopause temperature with 

L , observed near L = 4, i s  a consequence o f  t he  rapid change i n  T observed T 

i n  Figure 1 near L = 4. The more exact theory shows t h a t T  deviates  from T 

T before a convective type atmosphere occurs ( see  in se r t ,  

This separation i s  caused by t h e  convective l aye r  j u s t  above t h e  surface, 

which e x i s t s  even i n  s t ab le  atmospheres because of t h e  surface boundary ( see  

Goody 1964, chapter 8) .  

Figure 2 ) .  
S 

I n  Figure 3 t h e  tropopause radiat ive temperature gradient,  normalized 

t o  t h e  adiabat ic  gradient,  and the  surface net  r ad ia t ive  f lux,  normalized t o  

t h e  s t ra tospher ic  flux, are plot ted as f u n c t i m s  of L . For rad ia t ive  type 

atmospheres, the rad ia t ive  temperature gradient  a t  t h e  tropopause i s  sub- 

ad iaba t ic  and decreases l i n e a r l y  t o  zero as L approaches zero. The magnitude 

of t h e  tropopause temperature gradient discont inui ty  i n  t h i s  paper 's  theory 

increases  with an increase i n  L . 
I n  r ad ia t ive  type atmospheres, t he  small convective layer  adjacent t o  t h e  

ground produces, i n  t he  context of t h i s  paper, a decrease i n  t h e  surface flux 

a t  t h e  ground. A t  t h i s  point, the contr ibut ion t o  t h e  net  f lux  t h a t  would 
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occur because of  ho t t e r  layers  below is absent.  A s  expected, l a rge r  values of 

L a r e  associated with smaller values of surface ne t  rad ia t ive  f lux.  

Figure 4 shows temperature atmospheric p r o f i l e s  p lo t ted  f o r  th ree  values 

of the  i n s t a b i l i t y  parameter: L = 3.5 which corresponds t o  a rad ia t ive  type 

atmosphere, 

and L = 8 which corresponds t o  a highly convective atmosphere. The difference 

between the  temperature p ro f i l e s  f o r  d i f f e r e n t  values of t he  i n s t a b i l i t y  para- 

meter i s  apparent. The r e s u l t s  of t h i s  paper and the  E-S approximation agree 

qui te  wel l .  

L = 6 which corresponds t o  a moderately convective atmosphere, 

I n  Figure 5, temperature gradient p r o f i l e s  a r e  shown f o r  t he  same 

models as above. The progression from i s o t h e m a l i t y  a t  the  upper boundary 

t o  an adiabat ic  gradient i n  t h e  convection zone is  smooth except f o r  t he  d i s -  

cont inui ty  i n  t h e  temperature gradient a t  t h e  tropopause associated with t h e  

more exact theory.  

apparent i n  t h i s  Figure than i n  Figure 4.  

The differences between t h e  two solut ions are more 

N e t  r ad ia t ive  f lux  p ro f i l e s  f o r  t h e  th ree  models l i s t e d  above are d i s -  

played i n  Figure 6. The E-S approximation f lux  curves agree very wel l  with the  

more exact f l u x  curves i n  t h i s  Figure. The discont inui ty  seen i n  t h e  slope of t he  

E-S f l u x  curves a t  t he  tropopause i s  not present i n  the more exact theory, 

however. It can be shown tha t  continuity of temperature implies cont inui ty  

of t h e  first der iva t ive  of t he  n e t  rad ia t ive  f l u x  across a boundary. Hence the  

d iscont inui ty  i n  t h e  E-S flux slope a t  t he  tropopause i s  due t o  the  approxim- 

t i o n  used. 

The theory presented i n  t h i s  paper pred ic t s  t h a t  t h e  surface r ad ia t ive  

f l u x  w i l l  be smaller than t h e  radiat ive f l u x  a f e w  opt ica l  depths away from t h e  

surface;  t h i s  i s  consis tent  with Figure 6. The change i n  f lux  near  t h e  surface 
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appears discontinuous on t h e  Figure due t o  t h e  logarithmetic scale .  The 

two solut ions match very well  i n  the i n t e r i o r  of the atmospheres. 

This i s  t o  be expected s ince  Eddington type approximations a r e  most va l id  

away from outside boundaries. 

DISCUSSION 

The most important r e s u l t  derived from t h e  radiative-convective 

atmospheric models presented i n  t h i s  paper i s  t h e  la rge  surface inf ra red  

opaci ty  requirements i n  atmospheres whose gaseous const i tuents  produce con- 

vect ive i n s t a b i l i t i e s .  In opt ica l ly  th i ck  planetary atmospheres, these 

i n s t a b i l i t i e s  lower  the  atmospheric temperature gradient and thus cause 

energy t ransport  from t h e  surface t o  t h e  top of the  atmosphere t o  occur 

by convection as w e l l  a s  by radiation. The l a r g e r  opacity requirement i n  

such atmospheres i s  a d i r e c t  r e su l t  of t h e  more e f f i c i e n t  t ranspor t  of 

energy by t h e  atmosphere. Only that  p a r t  of t he  atmosphere which i s  t r ans -  

port ing energy mostly by convection i s  able t o  increase t h e  surface opacity 

over t he  rad ia t ive  minimum surface opacity. Hence it is  reasonable t o  

a s s e r t  t h a t  t h e  s t a b i l i t y  of t h e  upper pa r t s  of the atmosphere t o  convection, 
C4a-e0/ 

or t h e  presence of  clouds i n  only the upper p a r t s  of  t h e  a t m o s p h e r e y n o t  

a l t e r  t h e  surface opacity requirements appreciably. 

out by calculat ions performed with more complex atmospheric models. 

These remarks a re  borne 

The e f f e c t  of so l a r  energy deposition i n  t h e  atmosphere can bes t  be 

understood by r e fe r r ing  t o  Figure 6. 

servat ion of energy i n  t h e  atmosphere demands t h a t  t h e  upward ne t  thermal 

f l u x  j u s t  equal t h e  downward so la r  f lux a t  each atmospheric l eve l .  

For time independent solut ions,  con- 

I n  a 



pureljr rad ia t ive  atmosphere the  non-conservative solut ion t h a t  woldd r e s u l t  

when energy deposit ion i s  included would increase surface opacity requirements. 

In  a radiative-convective atmosphere, t he  surface opacity requirements w i l l  

be increased only if  the (non-constant) upward net  f l u x  i s  l e s s  than t h e  

net  in f ra red  rad ia t ive  flux a t  t h a t  l eve l .  

become rad ia t ive  a t  t h a t  point  and the sub-adiabatic temperature gradients  

t h a t  r e s u l t  would decrease the  temperature below. 

I n  such a case the  atmosphere would 

According t o  Figure 6, 

however, smaller amounts of atmospheric energy deposit ion would s t i l l  leave 

the  convective zone convective; hence no change i n  the  temperature p r o f i l e  or 

i n  t he  surface opacity requirement would occur. 

According t o  Figure 1 ,  gray infrared opaci t ies  of over 1000 are  needed 

f o r  an atmosphere whose opacity depends on the square of the  pressure.  Most 

op t i ca l ly  deep planetary atmospheres w i l l  have such an opacity dependence on 

pressure.  I n  theseca=s,the opacity dependence w i l l  r e s u l t  from the  absorption 

l i n e  wings; t h e i r  dependence follows a square l a w  ( c f .  Goody 1964, chapter 3 ) .  

Deeper i n  the  atmosphere, collision-induced t r ans i t i ons  may occur; these a l s o  

have a square l a w  dependence associated with them ( c f .  Welsh, Crawford and 

Locke, 1949). This high opacity requirement would mean tha t ,  f o r  example, 

only one p a r t  i n  IO4Oo of the radiant energy a t  the  planetary surface can 

escape t o  space i n  order f o r  a Greenhouse e f f e c t  t o  work on Venus! It must 

be emphasized t h a t  t h e  above statement appl ies  only t o  the  gray case.  

such high opaci t ies  occur on Venus? Although there  s t i l l  i s  debate about t h e  

Can - 

amount of water i n  the  Cytherean atmosphere, observations ( c f .  Spinrad, 1962) 

general ly  do not allow a suf f ic ien t  amount of water t o  achieve the required 



opacity (Venils 4, however, has reported 1 percent H 0).  

and Thaddeus (1966) l i m i t  t h e  t o t a l  surface pressure from consideration of t he  

Ir, addition, Ho, Kaufman 
2 

mi.crowave spectrum. 

an opacity o f  1000 cannot be reached by the  inclusion of N2 and C02 alone 

(Danielson and Solomon, 1966). While dust may play a r o l e  i n  atmospheric 

absorption, Samuelson (1967) has found dust alone t o  be in su f f i c i en t  t o  cause the  

It i s  probable that ,  with t h e  above l imi t a t ion  on pressure,  

high surface temperatures observed on Venus ( i f  the  cor rec t  planetary albedo i s  

used). Non-gray models will probably be required before a sa t i s f ac to ry  greenhouse 

explanation of t he  Cytherean surface temperature w i l l  evolve. 

A remark i s  appropriate concerning t h e  two methods o f  solving the  rad ia t ive-  

convective atmospheres described i n  t h i s  paper. The excel lent  agreement 

between t h e  E-S approximation and the  theory presented i n  t h i s  paper on most 

of t he  atmospheric parameters shows tha t  t h e  use of temperature and temperature 

gradient  cont inui ty  at the  tropopause and the  use of t he  Eddington approximation 

f o r  the  s t ra tosphere appear j u s t i f i e d .  This agreement w a s  not f u l l y  an t ic ipa ted  

before de t a i l ed  comparison w a s  made as evidenced by the  r e su l t s .  The more 

exact theory, however, produces a temperature gradient  discont inui ty  a t  the  

tropopause ( see  Figures 3 and 5 ) .  Observations from airplanes i n  the Earth 's  

atmosphere ind ica te  a sharp change i n  the  temperature gradient  a t  t he  Earth 's  

tropopause. Hence, it i s  believed tha t  non-gray models or allowance f o r  a 

- .  

r .  

reasonable mixing-length theory of convection would not result i n  tropopause 

temperature gradient continuity.  

If the  tropopause i s  op t i ca l ly  deep i n  the atmosphere the  temperature 

grad ien t  d i scont inui ty  should become negl igible  s ince then the  Eddington-type 

d i f f u s i v i t y  r e l a t ion  (see Appendix A )  should be va l id .  This r e l a t i o n  requires  temperature 



gradient continuity a t  a boundary by v i r tue  of ne t  radiant  f lux  continuity a t  

the  boundary. Figure 3 indicates  t h a t  atmospheres with deep tropopauses do 

have negl igible  tropopause temperature gradient d i scont inui t ies  i n  the  more 

exact theory. 
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APPENDIX A 

The Eddington approximation, which i s  f o r  a gray, plane p a r a l l e l  

atmosphere i n  rad ia t ive  equilibrium and the Schwarzschild c r i t e r i o n  f o r  

convective i n s t a b i l i t y  can be used t o  obtain an approximate solut ion t o  the  

radiative-convective atmosphere. The rad ia t ive  temperature gradient i s  

fundamental t o  t h i s  approximation; it i s  calculated from equation (3) ,  the  

der ivat ive o f  the  Eddington approximation and the i d e a l  gas l a w :  

radiat ive 

This i s  t o  be compared with formula (5) f o r  t h e  adiabat ic  temperature gradient.  

Equality of t h e  two gradients allows determination of T , t h e  tropopause 

o p t i c a l  depth i n  t h i s  approximation, 

T 

8 1 = - . -  
T 3 1 - 4  

I ( 9 )  

T = o O  ( L  4) 

1 = C ( a t l )  

T 

P 

The above equations indicate  that  the point L = 4 i s  the t r a n s i t i o n  point 

from a rad ia t ive  type atmosphere t o  a convective type atmosphere ( i . e .  from an 

i n f i n i t e l y  deep tropopause t o  a f i n i t e l y  deep tropopause). Thus t h e  designation 

of 1 as t h e  i n s t a b i l i t y  parameter i n  Section 111. The atmosphere i s  generally 

considered t o  be f i n i t e  i n  extent and a def in i te ,  f i n i t e  surface temperature 

i s  usual ly  desired.  In t h i s  case TT may not exceed the  rad ia t ive  T S  which 

i s  determined by the Eddington solution, and the  t r a n s i t i o n  value of L i s  

given by : 

t 4  . - 8 - 1 t r ans i t i on  
3(T s’radiative 
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The surface op t i ca l  dep--- i s  found from the Eddington so lu t ion  or  from 

equation (4)  as: 

Relations similar t o  some of the  above have been derived previously by 

Sagan and Pollack ( 1964). 

The calculat ion of the net rad ia t ive  flux i n  t h i s  approximation uses 

t h e  r a t i o  of t he  flux at a point i n  the  convective region with t h e  f l u x  a t  

t h e  tropopause. 

r e l a t i o n  which e x i s t s  between the  net r ad ia t ive  f l u x  and the  temperature 

The ne t  r ad ia t ive  flux i s  calculated from the d i f f u s i v i t y  

gradient ,  obtained if the  approximations of Eddington apply. The r e l a t ion  

is : 

(compare with equation (5-1 58), Chandrasekhar ( 1  957) ) . 
gradien ts  at the  two points  a re  equal due t o  ad iaba t ic i ty ;  

The 

E d U l m  n 

approximation is used f o r  T ( T )  . The f i n a l  r e s u l t  f o r  t he  ne t  rad ia t ive  

flux is: 
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FIGURE CAPTIONS 

Figure 1. Surface infrared optical depth and tropopause infrared optical depth 

for radiative-convective atmospheric models. The visible surface optical depth 

is zero in these models. The independent variable L is the instability para- 

meter, defined in the text. The solid curves refer to the theory outlined in 

Section 111; the dotted curves refer to the Eddington-Schwarzschild approxima- 

tion. 

Figure 2. Surface temperature, tropopause temperature, and upper boundary 

temperature for radiative-convective atmospheric models. 

variable L is the instability parameter, defined in the text. The solid 

curves refer to the theory outlined in Section 111; the dotted curves refer 

to the Eddington-Schwarzschild approximation. 

The independent 

Figure 3. Tropopause radiative temperature gradient, normalized to the 

adiabatic gradient, and surface net radiative flux, normalized to the strato- 

spheric flux, for radiative-convective atmospheric models. The independent 

variable L is the instability parameter, defined in the text. The solid 

curves refer to the theory outlined in Section 111; the dotted curves refer 

to the Eddington-Schwarzschild approximation. 

Figure 4. 

three values of the instability parameter. The independent variable is the infrared 

optical depth in the atmosphere. 

in Section 111; the dotted curves refer to the Eddington-Schwarzschild approximation. 

Temperature profiles for radiative-convective atmospheric models with 

The solid curves refer to the theory outlined 
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Figure 5. 

models with three  values of the i n s t a b i l i t y  parameter. 

Temperature gradient prof i les  f o r  radiative-convective atmospheric 

The temperature gradients 

a re  normalized t o  t h e  adiabatic temperature gradient.  

i s  t h e  inf ra red  o p t i c a l  depth i n  the atmosphere. 

The independent variable 

The s o l i d  curves r e f e r  t o  

t h e  theory outlined i n  Section 111; t h e  dotted curves r e f e r  t o  t h e  Eddington- 

Schwarzschild approximation. 

Figure 6. 

th ree  values of t h e  i n s t a b i l i t y  parameter. The net  rad ia t ive  fluxes are  

normalized t o  t h e  s t ra tospheric  flux. The independent var iable  i s  t h e  inf ra -  

red o p t i c a l  depth i n  the  atmosphere. 

outl ined i n  Section 111; the dotted curves r e f e r  t o  the Eddington-Schwarzschild 

approximation. 

Net rad ia t ive  flux prof i les  for radiative-convective models with 

The s o l i d  curves r e f e r  t o  t h e  theory 

. .  
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