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BOUNDS FOR THE EIGENVALUES OF A MATRIX*

By Kenneth R. Garren
Langley Research Center

SUMMARY

This paper provides a listing of techniques used to determine the eigenvalue bounds
of a matrix defined over either the real or complex fields. Theorems concerning the
condition of eigenvalues as a function of the related matrix are stated. Known theorems
which determine the bounds are derived. Closed-form solutions are expressed in terms
of (1) the matrix elements, (2) matrix norms, and (3) vectors and the eigenvalues of
related matrices. Extensions of several results are made to infinite matrices. A com-
parison is made in terms of the relative size of the areas of eigenvalue inclusion for the
various solutions. Examples in terms of eigenvalue bounds for particular matrices are
given.

INTRODUCTION

In various applications of operator theory, it is often required to determine the
spectrum 0(A) of an operator A, that is, all scalars X for which A - X has no
inverse. For the n-dimensional operator, this problem is to determine those scalars A
for which there exists an associated nonzero vector x such that Ax = Ax. Solutions in
this case can be assumed by requiring the vanishing of the determinant of the associated
operator A - A, for the n-dimensional identity matrix I,. Expansion of this determi-
nant yields an nth degree polynomial, the roots of which are the eigenvalues of the
matrix A. The roots of the general polynomial of degree n can be determined directly
(that is, solvable by radicals (ref. 1)) if and only if n =4. However, various techniques
do exist for determining upper and lower bounds for eigenvalues and very often this
information is sufficient to solve various types of problems.

This paper is concerned with listing known techniques which determine eigenvalue
bounds and with comparing their relative accuracies. These bounds are expressed in
terms of (1) the elements of the matrix itself, (2) matrix norms, and (3) vectors and

*part of the information presented herein was offered as a thesis in partial ful-
fillment of the requirements for the degree of Master of Arts in Mathematics, College of
William and Mary, Williamsburg, Virginia, 1965.



eigenvalues of related matrices. Extensions of several results are made to infinite

matrices.
SYMBOLS

a,g,j,k,m,n,r,s,t} real numbers
M,N;CV,B,'}/, 676’0
aij’gij’tij’bkk elements of a matrix, occupying ith or kth column and jth or kth row
”A” matrix norm of A
Aij’A’B’BE’G} matrices defined over complex field
H,T,U,D

Sup “Ain”Qi
“Aij“ equal to x€Qj ————

w0 [1%lg,

”Ain”Q vector norm evaluated in subspace
i

diag(ay,-.-,an) diagonal matrix with aq, . . ., a; down the main diagonal
ak
—X% kth derivative evaluated at X =0
@)% -0
e column vector, all of whose components are 1
i element for which its square is equal to -1
I, identity matrix of order n
Ji ith Jordan block corresponding to 24
00
i1 set of all vectors x =x1y, X9, . . . for which it is true that Z |Xi| < o
i=1
P polynomial
P permutation matrix
n
P ericall alt Z :
k numerically equal to ' ’ak]l
j=1
j#k



X, A
qx) = (*,8%) or Rayleigh's quotient
(%,%)

[BSIS vector norm evaluated in subspace ;
]

Xh,x,y,2,v vectors

. x- x- N .
X, Xj ],yl,y]} components of vectors or vectors themselves
zi’zj’zii
€ error
A eigenvalue
AA eigenvalue of matrix A
A Jordan canonical or normal form of matrix
o(A) spectrum of Aj;i.e., the set of all complex numbers X for which
A - 2 has no inverse
-1 )
[o(A)] set whose elements are inverse of elements of o(A)
v(\) equal to det(A - AI)
Q subspace
det determinant
inf infimum or greatest lower bound
max maximum value
min minimum value
sup supremum or least upper bound

| ] modulus or absolute value

1/2

" “ equal to <, > for a vector

2



<, > complex scalar product

< belongs to a set
Subscripts: )

i,j,k,,n integers

max maximum

min minimum
Superscripts:

A, B,B¢,H matrices

T matrix transpose
a,k real numbers

* conjugate transpose

- complex conjugate
WELL-KNOWN THEOREMS FOR EIGENVALUES

Some well-known results concerning the eigenvalues of particular types of matrices
are given in table I. Other results which are less well known than those in table I, but yet

of some importance are:

() ¥ A is a positive real matrix, that is, aj; >0, then there exists a real, posi-
tive eigenvalue which is simple and such that its absolute value is greater than that of
any other eigenvalue. (See ref. 8.)

(2) If A is a nonnegative irreducible real matrix, that is, 2y Z 0, then there exists
a real positive eigenvalue. (See ref. 9.)

(3) If there exists a k such that Ak isa positive real matrix, then there exists

an eigenvalue of A such that it is real, and its absolute value is greater than any other
eigenvalue. If, in addition, k is an odd integer, then this eigenvalue is positive. (See

ref. 10.)



Condition of A

Nonzero operator

Al exists
Hermitian

Real symmetric
Skew hermitian

Real skew symmetric
Isometry

Orthogonal
Triangular, that is,
EPEY

Q91 a99 - -« -

or

Permutation, that is,

(010...0
001...0
A=
000...0
100 . 0

TABLE I.- EIGENVALUE THEOREMS

[ ]

0]

Notation

A

A= A%
A =AT
A = -A*
A=-AT
A*A =1
ATAa =1
A=P

Condition of A References
o(A) is a nonempty, closed, 2
and bounded subset of
complex numbers
o(p(A)) = p(o(A)) where p is 3
a polynomial
ola-1) = |o(A)|'1 3
All X are real 4,5, 6
All A are real 4,5
All X are imaginary 4
All ) are imaginary 4
[xj | =1 4,6
| xj| =1 4
Aj = aj; 5
Aj = cos (2—:?) +1i sin(z—:lj> .

for j=0,1,.. .,n-1




THEOREMS FOR EIGENVALUE BOUNDS

The bounds for eigenvalues may be determined by various techniques. In general,
these techniques express the bounds in terms of (1) the elements of the matrix itself, '
(2) matrix norms, and (3) vectors and eigenvalues of related matrices. Although the
eigenvalues may be approximated by considering the roots of the characteristic equations,
the necessary procedures (Newton's method, Graffe's method, etc.) require a "first
guess'' of the roots combined with successive iterations. These relations do not lend
themselves to closed-form solutions of eigenvalue limits. In this paper, only those types
of relations listed are investigated.

A.- Bounds by Matrix Elements

An important relationship giving the eigenvalue bounds in terms of the matrix ele-
ments and matrix order is provided by the following theorem. (See ref. 11.)

Theorem Al.- Let A Dbe a complex matrix of order n. Define

G=§A+Aﬁ

T =1 - A%
Let

as= maxiaiji

g= maxlgij!

t= maxltiji

A=a+if

Then
[A] =na

al =ng
||

| 8] = nt
Proof: Let Ax = Ax so that

<X,AxX> = <X,AX> = A<X,X>
and
<Ax,x>= <XX,X>
or
<x,A*x> = <x,x>



Then
<x,Ax> + <x,A*x> = (@ + if)<x,x> + (@ - if)<x,x>

or
<x,(A + AHx> = 20<x,x>
<x,Gx> = o<x,Xx>
Likewise
<x,Ax> - <x,A%x> = 2ip<x,x>
or

<x,Tx> = if<x,x>
-i<x, Tx> = B<x,x>

By the Cauchy-Schwarz inequality,

n n n n
[r<x,x>] = [A|<x,x>| = [<x,Ax>| = z Z |ai]-”xi”xj| =a z lxi”le
i=1 §=1 i=1 §=1
n n . . n n nono
ST DIDNETES DI
i=1 j=1 i=1 j=1 i=1 j=1
=5+ 5 =ma

where the x terms are normalized so that <x,x>=1. Thus |[A]=na. Proceeding in
a similar manner since

o<x,x> = <x,Gx>
yields
|a}=ng
Likewise, since B<x,x>= -i<x,Tx>,
|B]=nt
Bendixson (ref. 11) found a bound for the imaginary part for a real matrix A.

Theorem A2.- Let A be a real matrix of order n,
-1 T
T =1(a - AT)
A=oa+ip
Then

nn-1
LR



Proof: Since Ax=xx for x=y +iz,
Ay +iz) = (e + ip)(y + iz) = (ay - B2z) + i(az + By)
Equating real and imaginary parts yields
Ay = ay - Bz
Az = az + By
so that
<y,Az> = <y,0z> + <y,By >
-<z,Ay > = -<z,ay > + >z,0z>
and by adding
<y,Az> - <z,Ay> = g(<y,y> + <z,2>)

Now

<y,AZ > - <Z’Ay> = <Y7AZ> - <A*Z,Y> = <y,AZ > - <Y’ATZ >= <y,(A - AT)Z>

2
= B(<y,¥y > + <z,2>) = B(Iyl + IZIZ)
or by definition of T,
B(<y,y >+ <z,2>) = 2<y,Tz>
Therefore
2
g(lyl +[z|2> = <y,Tz>

Since T =-TT, tj5= -ty

D DXTETS ) g
1j=

i=1 j=i+1

2, > g - ml—tZ S ety - my

i=1 j=i+1 i=1 j=i+1

and t1i = 0. Thus

A

where t= max[ti]-| and squaring the preceding equation yields

2

(1) + J2)%) E E [¥12; - 213, ®

1 j=i+1



where ”y”2 = <y,y>. By the arithmetic-geometric mean inequality, for real num-
bers ry,

(r1+. . .+rm)2§m(r%+. . .+r§n)

2

There are n“ elements in the matrix; the diagonals do not appear in this sum since

tijj = 0. For every two elements of the matrix, one combination is used in the summa-

2 —
tion. Thus, there are n_z-g or ___n(nz 1)

geometric mean inequality,

(55 s -] 2872 5 3 s -

j=i+1

combinations. Thus by the arithmetic-

Consider now

2 2
2 2 2 2 2 2
(197 +12F) - (191 - 12F) =4y 2]
By Lagrange's identity,
n

|y|2|z|2=<y,z>2+§: Z iZ - ZiY )2
i=1

Thus

(P ezfza > > (- 2391)"

i=1 j=i+1
Substituting this result into equation (1) yields

4p2 Z z ViZ -Zin)2§Bz(|Y|2+|Z|2) = 4t? Z Z |vi2j - 1y]

i=1 —1+1 i=1 j=i+1

<4t2[n(n - 1)] Z Z 17 ylzll

=1 j=i+1
Thus g2 s t2 ﬁn—z‘—ll

The importance of these two theorems lies in their ability to determine an upper
bound for the real and imaginary components separately. However, the following theorem



proven by Lévy-Hadamard-Gerschgorin (ref. 12) gives an even more basic result and
has since been used as a cornerstone for many more theorems of eigenvalue bounds.

Theorem A3.- Every eigenvalue of a matrix is contained in at least one of the n
disks whose centers are ajj and whose radii are

n

ri=Zlaikl (=1, ...n)
k=1
k#i

Proof: Let B be a matrix of order n. The system of equations Bx =0 has a
nontrivial solution if and only if det B=0. Let xj be the dominant component of
X = (Xl’ c ey xn), that is, kal z |Xi| for all i. Then, the kth equation is

n
Py = - Z by mXm
m=1

m=#k
or
n n
| P | %] = 2, P [5m] = [5e] ), [P
m=1 m#k
m#k
and thus
n
Ibkkl < z |bkml
m=1
m+#k
Let B = A - I, where A is such that det(A - M) = 0, the "eigenvalue problem."
Therefore

e =D, fon

This theorem can be generalized to countably infinite dimensional operators which have
a summable matrix representation; that is,

[2] <~

L8
78

i=1

10



Corollary A3: If A is a summable matrix whose eigenvectors x = (xl,xz, .. )
arein 1y and x=(x1,x2, .. ) isin l; means that

o]

2 lml<

i=1
the results of theorem A3 hold.

Proof: For all eigenvectors x of A, x in I, implies that there exists a com-
ponent, say X, of x, for which ik is a dominant component (that is, |xk| z lxi‘ for
all i). The kth equation is then

o0
Xy = - z Py mEm
m=1

m#k

where bjj=a;; for i#j and by =aj - A so that, as before, |bkk| = Z |bkm| < oo,
m=1

m#k
Thus all eigenvalues are bounded by

2= o] = ), [ < 2 2, [2] <
mrs e

Theorem A4.- The following theorem is of interest with respect to the preceding
corollary. For a summable matrix, an eigenvector is in 2 if and only if it has a
finite dominant component.

Proof: From Ax = )x,

[vo]
> asgs| =[] | =12, ..
j=1
so that
[>o] [>e] o0 [+ o] [+ o]
M, bl = ) | D, | = ), ) Jal [l
i=1 i=1 ]=1 i=1 J:l
Therefore

11



o0

if Xy is a dominant component and X # 0. Thus, z 'Xll <~ and x&ly.

i=1

Clearly, for x €13, x has a dominant component

Corollary A4 (Frobenius): An almost immediate consequence of theorem 4 is the

well-known "Theorem of Frobenius."

n
Mo =985 ) [2y0y)
m=1

(Al Z min lakkl - Zl|akm|
kvm

Proof:

[~ #1021 [

so that from the preceding inequalities

1% [+ 2, (o] = 2, [t

m+k

Also

] = a1
so that

n
22 ] = ) [
e

Also, since det A = det AT,

21w

m#k
may be replaced in theorem A3 and its corollary A3 by

n
), [
m=1
m=zk

12



Thus, the centers of the circles containing the eigenvalues will remain unchanged even
though their radii will be changed.

Theorem A5.- As a further refinement of corollary A3, Alfred Brauer (ref. 13)
was able to restrict the regions containing the eigenvalpes by means of the ""ovals of

Cassini" in this theorem. Each eigenvalue of A lies in at least one of the no - 1)
ovals of Cassini 2
n n
o] <Z |akﬂ><2 laz:-|>
j=1 j=1
j*k j#k
and in at least one of the ovals
n n
* - 2] [ - 2| = <§ Ialk>< ), [% )
=1 j=1
#k j#l
Proof: For x=(x1, Xgy o+ - xn)
n
(- agy)xi = Z ajjXj i=12,.. . n)
j=1
j#i
Let kal | , !x l for j#k, j+#1. Then
n
- o i Z 2l Pl = 2[5l 1<
]ik 3;1{
and
n
- o] ] E a2 2, 7l P
]# i#l
Therefore
n
- sl -5l s (Zuak]x; )lkuIle
' i

13



so that

n n
a2 = [ faugl ) ), 2w
j=1 j=1
j#k i#
which proves the theorem.

Similarly, it may be shown that all eigenvalues of A are contained in at least one

of the ovals

n n
- o -2y = Z |21k Z |2ix|
i=1 i=1
i#k i#l
There are n elements a;; which, in part, form the ovals. The number of distinct sub-
sets with two elements that can be chosen from this set of n elements is

n! _nn-1)(n-2)! _n@-1)
21 (n - 2)! 2(n - 2)! 2
Thus, there are w ovals.

Theorem A6.- Another inequality (ref. 14) giving the regions in which the eigen-
values are contained is presented in the following theorem. For the matrix A = (31]) s
n
n 4 n 1—0[
e = ) sl [, o)
j=1 k=1
j#i k#i
for 0=a=1.

Proof: As was shown in theorem A3 and corollary A3, for the determinant of

A - A1 to vanish, the following inequalities must be satisfied:
n

- aiif = ) fa)
i

n
2] = 2 o
k=1

izk

14



Thus,

1 n d/ n l-a
(4] -
- = (-2 - ™) 2 ol [, o)
j:l k=1
. j#i i#k

whenever 0 = a=1.

Corollary A6(a): Two simple corollaries to this theorem are presented,

—

-

n @/ n 1
¥ = o+ 2, s} [ 2,
j=1 k=1
i#k

j#i
[~ n ad/ n 1-a]
8= - 2 1241} [ 2,
17 i+k
~ n o n l-a
= o+ 0 e o]+ 2, [
%;i ] i+k
n o n l-a
Al 2 |1 - Zl R leaml
. ik

All for 0 <@ =1. The corollaries and theorem hold likewise for a=1-8, 1-a=8
where 0 =8=1,

Corollary A6(b): Corollary A6(b) is a direct consequence of theorem A5. For
nn -1

each o, 0 =a=1, every eigenvalue of A lies in atf least one of the 5 ovals,
/ n n 1o n o
o= mal - 2l = || e} 2 [l )| 2, 1) 2
i#j j*k i#j j#k

For a=0 or =1, this relation reduces to theorem A5.

15



Theorem A7.- As a further extension of theorem A5, the largest eigenvalue may be
bounded from the results of reference 13. Each eigenvalue A satisfies

. 5 1/2
I)\I §§k,j=1f’1§j§.“,n@akk| + laul + l:(la.kkl - Ia]:ll) + 4PkPJ } =M
k#j

where

n
Pi= ) [of
=1
j#k
Proof: Assume that Iarrl = lassl.

(1) lxlélarr|,then

1 2 1/2
5 |arr| + lassl + [(Iarrl ‘lass|> + 4PrPs] } =M

since
P,z0
P20
(2 I [x]> |apy| 2 |agg|, then
0 <|A] - |apy] =|2 - arr

From the corollary A6(b),

(' Al - |arr|)(|’\| - ‘aSSl) = |)\ = ar;rl |>\ - assl = P.Pg
or
[AIZ _ (iarrl + |assl)| 7\| + |arrassl - PpPg =0

16




and

{AI - %ﬁarrl +|agg| + \[(larr! _|ass!)2 R 4PrPs]}

\ ~— J
Part (1)
2
X {A] - %ﬂarrl +[agg| - \[(Iarrl - [assl) + 4PrPS}} 20
N —— )
Part (2)

Thus, either Part (1) 20 and Part (2) =0 or Part (1) =0 and Part (2) 20. How-
ever, since

2
Part (1) =|x] + o] - Iassl B \/<larr| ) |aSS|> + 4P Pg
2

2
_Iarrl - lassl +\[(|arr| '|ass|) + 4P, Pg

=ia)+ 5

= Part (2)

then it must be true that Part (1) =0 = Part (2). Thus from part (1), it follows that

1/2
2
| x] 5-21-{arr| + |assl + [(P-rrl —|ass|) + 4PrPs:l } =M

In addition, if a third condition is satisfied, namely,

then a similar type of lower bound for the modulus of the eigenvalues of A can be
formulated (ref. 13).

Theorem A8.- If

‘a‘kkajjl>PkPj (k 3=1,2,...n)

17



then

- . 2 1/2
Az min o+ o) - [([oa - o] - 4B p <m0

Proof: As was shown in the proof of theorem A7

]

[A] - %ﬂarrl + ‘assl - \[(larr‘ - |ass|) + 4PrPSJ 20

or

BE %ﬂarrl + [ags] - \Klarr| - [ass]) '+'4prp% > m

Assume that m is attained where k=1v, j =20, so that

9 1/2
- {aw’] ¥ |355| - [('ayy' - taéél) + 4P7,P5} }

—

- 2 2 1/2
= [a'y’}’l + |a55| - (Iawl - 2]awa55| + Iaéél + 4PYP5>

=
f

B 9 9 1/2
>ayy| + |256] - (Iawl " 2)ay,A55| + 255 4iaw“‘65|)

ﬁawl +|agsg| - [(lan + laéc,ﬂl/z} =0

Note that all the previous theorems have given bounds only for the modulus of the
eigenvalues. However, for a particular case, more definite information may be implied
from exact information regarding the values of the elementary symmetric functions of
Several important results concerning these functions are given by the

Lij

Al, Az, o o ey An.
following theorem.

Theorem A9.- For an arbitrary matrix A = (aij)n
n n
Z Aj = Z 3jj
i=1 i=1

18



and

if A is real.

Proof: Let
Y(A\) = det(A - Al)
By a Maclaurin's series expansion of Y(x), the coefficient of Ak'l is
dk-1 (
d vy =(k-1fa;q+...+2
11 nn
k-1
() A=0

Also by the fundamental theorem of algebra,
Y =(x1 - x)(xz - A) ... (xn - x)

where the XAy, . . ., Ay are the eigenvalues of A. Then

&Ly

p = (k - 1)!(7\1 e xn)

A=0

Thus
n n
Z A= z a;; = Trace of A
i=1 i=1

Also for ¥ =det(A - AD)

0
w(0) = 9_’#%1 = det A
(@)™ =0
n
and for Y(A) = II 2 -2
ji=
n
Y(0)= I N
i=1

19



Thus II A; = det A. Likewise, the other elementary symmetric functions are the corre-

sponding coefficients of the characteristic equation.

Since the multiplicity of X; in A is the same as the multiplicity of Ai{

then

in Ak,
Trace of Ak= Z Ai{

(Note, if all X = 0, then ¥(A) = A" =det(A - AI) =det A =0.) Let k=2 so that

TraceA2=A%+ .« .. +Ai
Also
n n n
TraceA2 zaz + Z Z a
ii 1kak1
i=1 i=1 k=1
izk

TraceA A= Z
k=1 i

H
.E.M:*»
Il
s
=0

+
gl
gl
S

. 2 2
Since Ay + z zaikaki’ then

Trace A2 = Trace ATA

n n
)%= ) )
k=1 k=1

B.- Bounds by Matrix Norms

Thus

W
A
i e

In this section, the eigenvalue bounds are determined in terms of matrix norms. A
matrix norm |[A|| of a square matrix A is any bounded real-valued function for which
the following matrix norm properties are true:

(1) ||A]|>0 whenever A =0

(2) jjaA]| =]a| ||A|] where a is a scalar
3 [+ B ={A] + B]]

@ [laB| =[|a]||B]

20




(Property (3) implies that the norm is a continuous function of A; that is,

“[A” - "Anl” <e for any e, whenever "A - An” is sufficiently small.)

The following is a listing of several possible norms for an arbitrary matrix
A= (aij)n:

Al g = \Trace (A*A) = Square root of sum of squares of A (Euclidean)

1A]| ¢ = Maximal row (column) sum of (laijl)n

*
HA“ T = Maximal row (column) sum of (laian

llal) = lc"2aall

where
G any nonsingular matrix
HAH any matrix norm

Il = oy

i,j=1
”A“I = max ”Ax“ which is the induced norm
X

I xll=1
A relation between the eigenvalue bounds and the value of powers of the matrix is given
in reference 15.

A

Theorem B1.- All eigenvalues X~ of the matrix A are contained within the unit

circle if and only if

lim A" =0

n—-oo

21



Then choose an arbitrary

Proof (1): . Assume that all eigenvalues of A are contained within the unit circle.

[

¢ >0 so that

<
Imax+e 1

It is now desirable to find a matrix norm with

1Al = VA e <1

for by property (4) of matrix norms, it follows that

It ”AH <1, then

This relation implies that

lan]} <laf®
lim [jaf]* = 0

lim ||[A%] = 0
-0

By the contrapositive of property (1) of matrix norms and norm continuity

implies that

lim ([a™] = 0

limA" =0

n—o

so that the sufficiency portion would be proven.

22

A desired matrix actually does exist. Define ||A||g to be the maximal row sum of
absolute values of G~ 1aG.

Let A be the Jordan canonical or normal form of A sothat A= T'lAT. Then
A is an upper triangular matrix. Let P = diag(ﬁ'n,é , , ) where 6 >0. Then

A
0
0

1-n 62—n )
&5 0 . . . 0]
xx 6 . . . 0
0 . . . 0
0 0 AL




€ since the value of its maximal row sum may be made

Thus [lp~tapl| <[4+

sufficiently close to IAAImax by choosing & small enough. Transforming the e

norm by P, thatis, Pe =g, yields

Al = lptapf| =38 +e<1
Therefore, by defining the norm |[A]| = ||A|| g‘ the sufficiency portion is proven.
Proof (2): Let lim A" =0. Now
n-—-c
AP = (p-1a7) = (r-1aT), (r-1AT), . . . (T71AT)_ = T7lAT

Therefore, lim A" =0 implies
n—-oo

lim T-1A"T = 0

n—>°0
or
0=T"1{1im A™\T
n——OO
Thus
lim A" =0
n—.OO

Then each element naij of the Jordan matrix A" must be such that

lim [naij] =0

N0

for all i,j.

Let A be partitioned into block diagonal form where each block corresponds to a

distinct eigenvalue of A. That is,

23



where

— -
Aol 0
Aj
Jj =
1
° M|
Then
r )
3 0
g
2
AR =
n
° g3
An n )\n-l n\n-j R
i 1 (j)k
n n \,n+1-j
oo 0 A (j+1>A
i =
n
LO 0 A )
where
n) - n!
(] j. (n - ji!
Thus, in particular,
lim )\Iil =0
n—.OO

so that I)\il <1 for all i. The importance of this relation is obvious when iterative
(numerical) techniques defining the matrix A as the error in the approximate solution
are considered.

24



Theorem B2.- One of the most significant and generalized results is given by the
following theorem (ref. 15). For an arbitrary matrix A, the largest possible eigenvalue
modulus is IAA,ma.x = ||A]] for any matrix norm of A.

Proof: Let [A]| =, a real scalar. Also define Be =8 _ Ghere € is

(@+¢)

positive.

Consider

<1

A Jo_ 1 -
”BEH - !l(a+ e)l T (e + e)“A" B a-?-le
for all e >0, that is, ”Be” < 1. By the proof of theorem B1 (proof (1)), HBE” <1

implies that lim Bg = 0, which, by the result of theorem B1, implies that for all eigen-
n—oo

B B
values of B, A E, it is true that A EI <1, If )\f‘ is any eigenvalue of A, there
will exist a corresponding eigenvalue of B such that

B
From this relation, since A €l <1 for all eigenvalues of Be¢, then

<1

a+ €
or

& <ase=a]+e

Therefore l?xf* max = HA“ since the relation is true for all e > 0. By using this

result, a more precise bound is established. (See ref. 2.)

Theorem B3.-

n“1/n

‘AAlmax = lim “A
N—0

Proof: From previous theorems,

A = 18]
and
AT (W4)"
Thus for all n
Al s lan /™ )
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so that

XA g = ]

and thus

IAAlmaX < lim igf”Anlll/ n

By theorem Bl, IAB' max < 1 implies lim“Bn” =0, so for all n >N, “Bn” <1 and

-

5o/ < 1. Thus,
sup [B7[ /2 < 1
n>N

and
lim supHBnlll/n =1
n—-w n

-1
Then for arbitrary A and ¢ >0, let C = (’AA}ma.x + e) A so that l)\clmax <1 and

lim supucnnl/n =1
n—-c n

Therefore

- /n_| A
lim S}llp”An” = lmax 3

Combining inequalities (2) and (3) yields

1/n

A e = st i sl < A

Theorem B4.- If A is Hermitian, then |]A|]I = sup{|1| : e 0(A)}. The proof of this

theorem is given in reference 3.

If the matrix is partitioned such that each diagonal submatrix is square, then
eigenvalue bounds may be determined by procedures similar to those used in the sec-
tion "A.- Bounds by Matrix Elements."
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Let A be any matrix order n, which is partitioned as

Al A1z - - - AN

ANI . o o ANN_

where the diagonal submatrices A;; are square of order n;. Define the matrix norm
by

A s“g ”Ail'x”szi
2. Ex€ P —
ol = s

for an arbitrary vector norm over the subspace . If the diagonal submatrices Aji
are nonsingular and if

gyt
(las™1) > s P
it

then the matrix A is said to be "block strictly diagonally dominant." (See ref. 16.)

Theorem B3.- For every partitioning of the matrix A, each eigenvalue 2A

satisfies
=1 -1 N
s -] = 2 s
k=1
K]
whenever the (Ajj - Mj)_l exist.

Proof: Assume that A - AI is singular. Then there exists a nonzero partitioned
X1

vector X = : such that

Xn
(A-aDX=0

Consider A - Al in its partitioned form; this relation implies
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N
z Ay = ~(Agi - Mj)X 4)

Let X, be the largest component of X, that is,

] = (z55m

Divide X by |[Xr||. Then from equation (4)

z ArjX;
];ér

= [|(Arr - M%) (5)

From the Cauchy-Schwarz inequality, the left-hand side of equation (5) is such that
A - )X 'A ;] A (6)
rr r r [ rifl || ]| rj
per )¢r '

since
L= 2 [
by the division of X.
Let Zpp = (Arr - )\Ir)Xr. Then

| (e - | lzesl] [I(Arr - ur)'llﬂ_l (1)

P e - 002

(Arr - Mr>Xr

since

H(Arr )" Ix Il(su l‘(Arr'Mr)__%’fil_ o
”Xr” X B —H( rr - Alx) ”

The first part of the inequality follows from the fact that

|- S 57 - By

E il = i
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From this equality and continuity of the norm, if B is singular, the definition

"B" 1”_1 =0 is obtained. Then from equations (5), (6), and (7)

w2 Dl

(Aii - Hi)' lm .

If, in theorem A5, |A - a~ii| is replaced by the general form D

and
n
), |2
j=1
j#k
is replaced by

>l
l#1

then an identical proof (ref. 16) will give the following corollary.
E(_N_z-_g point

Corollary B5: All eigenvalues of A, AA, lie in the union of the

sets defined by

e s -0 < 2 sl 20
l+#i 1#j

where
1=i

i#j
In a similar manner, if these substitutions are made in theorem A6, and an identical
(See ref. 16.)

proof is used, the result will be the following corollary.
For any a with 0 = a =1, each eigenvalue of A satisfies

w5 "= (S S

for at least one j, 1=j=N.
29



C.- Bounds by Vectors and Related Matrices

This section determines eigenvalue bounds in terms of vectors or in terms of the
eigenvalues of related matrices. Most of the following proofs depend upon the quadratic
form of a matrix combined with simple geometric inequalities.

Bendixson proved the following result for a real matrix A = (aij)n" it was extended
by Hirsch (ref. 11) to the complex case.

A Liara®) 2(arA)
Theorem Cl.- If X" =a+if, and AL .o and Al .o are the largest and
smallest eigenvalues of %(A + A*), then
Liasa*y Liaiam
A2 >z A2,
max = %= "min

Proof: Let H be an arbitrary Hermitian matrix and U be the unitary trans-
formation such that U*HU is a diagonal matrix. If the equality

<x,Hx> = 0<x,x>

is satisfied by a nontrivial x, then

v

H . H
>‘max =0 kmin

For
* H 2
<x,Hx > = <Uy,HUy> = <y, U"HUy > = Ai Yi

If <x,Hx>= 0<x,x>, then

n
o<x,x>= 0<Uy,Uy>= o<y, U*Uy>=0 Zlyllz

i=1
Thus
n
py v, + + )\H Vv =0 Z y
max Y1Y1 T - min Yn¥n = ¥i¥i
i=1
or
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Therefore

H zoz}\H

A .
max min

As was shown in theorem Al when AA =o+1if and x is an eigenvector corresponding
A
to A

1 - \-
EZ(a.IJ + aji)Xin = @<x,x>

so that
Lo Liaea™
Az 2 a2 Az .
max - ~ T min
%k
Corollary C1: Since A éiA is also Hermitian and since
1 - \-
= 51- (aj_j - aji)Xin
then
La-a" S(A-A")
>
Amax =B =Mnin

Just as in the proof of theorem C1, related vectors may be used to define eigenvalues and
their bounds.

If X; is an eigenvalue with a corresponding eigenvector xj for the complex
matrix A, Ax; = Axj; thus

<Xi,Axj> = <Xj,AXj > = A<X{i,Xj >

or

<X. N

xl,Ax1 >

Al - —_
<Xi’xi >

In the more general form, this quotient

for arbitrary vector x is called the Rayleigh's quotient.

If A is Hermitian, there exists a unitary matrix U such that U*AU isa
diagonal matrix and U*U =1. Then

<x,Ax> = <Uy,AUy > = <y,U*AUy > = <y, (diag \)y >
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Also if <x,x>=1,
1= <x,x>=<x,U*Ux> = <Ux,Ux> = <y,y >

Thus the values assumed by <x,Ax> on <x,x>=1 are equal to the values assumed
by <y,(diag Aj)y> on <y,y>=1. However,

. 2 2 2
<y,(diag Aj)y > = A¥] FAg¥g + o . .+ A Y
so that
<y,(diag Ai)y > Z Ain<¥,¥ > = Amin
and
<y,(diag A1)y > = Apax<¥,¥ > = Amax
Thus
A _ min <y,(diag %)y > _ min <x,Ax>
min ~ y <y,y> T X <x,x>
and
ZA  _max <y,(diag M)y > _ max <x,Ax>
max y <y,y > X <x,x>

Theorem C2.- A relation which gives eigenvalue bounds of the matrix A in terms
of eigenvalues of the related matrix A*A is

ZAA IAl <y A*A

min max

Proof: Let x; be an eigenvector corresponding to the eigenvalue A; of A so

1
that Ax; = A5%; and
o <Axj,AXj > = <AjXj,AiXj >
or

<Xi,A*A.Xi > = 24< KiXi,Xi > = )\{Xi <Xi,Xj >

9 <x;,A%Ax;>
= —————— and by the same reasoning as that of theorem C1

Thus ,)\il P

A*A _ l"’ - *A

Amin =

= “max
Corollary C2(a):

A*A < l l I A*A
m1n m1n = max max

A
>
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Corollary C2(b): If the matrix A is real, then

2 2 AT A
max

A
max

A
min

<

T
ATA
Mnin = X =[x

fIA

A

The largest eigenvalue cannot only be bounded by considering related vectors but, in
fact, can be approximated as closely as desired. This result is due to Collatz. (See
ref. 12))

Theorem C3.- For a matrix A of order k, with k distinct modulus eigenvalues
and for an arbitrary e >0, there exists an N >0 such that

n
“A :” - lkAl max <€ (n > N)
[|an- o
Proof: lLet v = Blyl + Bzyz + ... F Bnyn where Yy1:¥9s - - ¥, are the
linearly independent eigenvectors, and let xiBiyi sothat v=x;+X9+ ... +X,.

Assume that the eigenvalues of A are ordered such that

|A1| >|>\2| > ... >|xn,

Ao\1 AL
Anyzkr].llg{l*'(';%) Xg + . . . +<ﬁ> XIJ

A.
As n approaches «, then <—1> approaches 0 for all i. Thus,

Then

A

O T I ) Iy
n--co ”An‘lz/“ n>\1—1X1”

Several theorems which give eigenvalue bounds in terms of eigenvalues of related
matrices were shown by Wittmeyer. (See ref. 17.) Some of these theorems are given

below.
Theorem C4.-
L (AB)*(AB) _ }\A*A ,B*B
max = "max “max
Proof: Let
h = Bx
= Ah

so that z = ABx. Then
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A*A

<z,z> = <h,A*Ah> = <y,(diag M)y > = nyyl Max| <YsY >
where
<y,y > = <y,U*Uy > = <Uy,Uy > = <h,h>
so that
NONGA

IZ] = ma_x I I

and
1/2
B*B

fh} = (Amax> [ x|

Thus,

w \L/2/ _sen1/2
|z]§<>\A A> (AB B> x|
max max
*
Let x be the eigenvector of (AB)*(AB) corresponding to Al(q?;;) (AB ); that is,
*
AB
(AB)*(AB)x, = A(AB) (AB),
Let zy = ABxy. Then

lzllz = (zl,zl) = (ABxl,ABxl) = [xl,(AB)*(AB)x1] = Afﬁg*(AB)ixllz

Thus, let z = zy SO that

N

Corollary C4: It follows from theorem C2 and its corollary that

JAB | _ [, (AB)*(aB) 1/2
max
and also
JAB | _ (,A*A 1/2 |B*B 1/2
max| - \"max max

In 2 manner similar to that of theorem C4,

1/2
|h|;(>\B’.‘B>/ | x|

min

34



EE (AAfA>1/2[h|

min

so that

min min

22 (A (B A

) (AB)

Let x be such that (AB)* (AB)xq = )\( so that for z; = ABxy results in

AB)*(AB
] =2

Theorem C5.- Letting z =z; in the preceding equation yields

AR B < oy = ey () i)

and thus proves

)\(AB) (AB) AA*A B*B
min min mln

Corollary C5: In a similar manner the relationships

JAB |- [,(aB)*(aB)| /2
m1n min
and
JAB | 5 (,A%A\Y/2 B*B 1/2
min| ~ \"min min

are proved,

Theorem C6.- Another theorem which follows from a somewhat different geometric
consideration if A and B are normal matrices is

max max

(A+B)*(A+B)J 1/2 5 ( A*A)l/ 2 . (Ag:];)vz
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Proof: Consider

L(A+B)*(A+B) _ - <x,(A +B)*(A+B)x>

max % <xX,X>

<<X,A*Ax> <x,B*Bx> <x,B*Ax> <x,A™Bx >)
max + -+ + :
x

<X,X> <x,x> <xX,x> <X,X>
* * * *
<x,A"Ax> <x,B"Bx > <x,BTAx> <x,A*Bx>
= max —2———— + max —2——— + Max ————— —
x <X,X > X <X,X X X,X % X,X
* B* B* A™B
=aATA BB LBTA

maXx max max max

By the corollary to theorem C4 is

1/2 1/2
* * * * * * * Ak * ok
A*A .B*B  .B*A _A*B _.A*A BB+<ABB AAA) +(AAA >t1313>

<
Amax + >LI‘Il?:l.X + Amax + kma.x = Ama.x + }‘max max max max max

%k
~AAA+>\

T "max max max “max ~ [\"'max max

1/2 /2 /32
* * * * *
BB+2(KA A,B B) _{:(AAA +(7\1313 J

Thus

A

E\(A+B)*(A+B)—J 1/2

max

(AA*A)I/ 2 . (AB*B>1/ 2

max max

Corollary C6:

A+B

Amax

1/2
<[,A%A 1/2 AB*B /
“\"max * {*max

Theorems C4 to C6 with their respective corollaries may be repeated as corol-

laries for the special case where A and B are real matrices and the transposed
conjugate is replaced by the transpose.

COMPARISON AND COMPUTATION

From the results of the preceding sections, it is seen that there are many Ways to
compute the bounds for eigenvalues. However, certain theorems give more precise
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eigenvalue bounds in all cases than
others. Comparison is now made
between the inclusion regions of
eigenvalues for several theorems of
the section ""A.- Bounds by Matrix
Elements."

Since

2 1 4

Figure 1.- Comparison of inclusion region for matrix A
using Gerschgorin circles (theorem A3) and ovals of
Cassini {theorem AS).

Corollary A3 gives a smaller region than theorem Al does in all cases.

~— — ~ Gerschgorin circles
Ovals of Cassini

2 0 0
5 A=l 6-1/2=255

Theorem A5 (ovals of Cassini) give a smaller region than theorem A3 since every

point of the oval lies in at least one of the two circles which form it.

condition is seen in figure 1 and is proven as follows:

If z is contained in the ovals of Cassini, then
n
n jZl laz],
- = JAi=l
lz akk’ - lak]l Iz - au,
j#k
n
for some k(. If lz - aul > Z ’3»‘3‘,
j=1
\EA
_Zlaﬂ. <1
[# - 2l

and

= o] ) [
1k

Thus, every point within the oval lies within at least one of the circles which form it.

An example of this
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P

1

I
9 10 11 12

L
1

0 D)

Figure 2.- Regions which can be excluded from containing eigenvalues by
using the results of theorem A6 for matrix A.

Theorem A6 gives a smaller inclusion region for all 0 =@ =1 than theorem AS3.
The area which can be excluded by using values of a=0, 1/2, 1 is shown as the shaded
area in figure 2 for the matrix A whose approximate eigenvalues are 30.55, 10.07,

and 0.38 (theorem AS6).
n (6 n l-«
o (Z mx)( ) lami>
j=1 k=1
j#i ki

If
then choose the larger of the two summations,

n n
) [o] 20 ) [ox
j:l k=1

j#i k#i
Suppose it is

1j[

&L
)

Comd sl
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then

g
B

1]
s
2

:1 ]=1
ki j#i
Hence,
n O/ n l1-a 4
- o) = z P Z - :Z s
=2 2 2 ) 21l =2 fonl
j#i j#i j#i

Hence, the region of inclusion for eigenvalues for theorem A6 (and hence its corollary)
is contained within the region of inclusion for eigenvalues for corollary A3. Figure 2
contains the region of the first two eigenvalues only. (See ref. 14.) The region obtained
by using theorem A3 corresponds to a=1.

Theorem B5 reduces to theorem A3 in the special case where each submatrix is a
single element of the matrix. For an example of a case in which theorem B5 gives a
better result than theorem A3, consider the partitioned matrix (ref. 16)

4 -21-1 0]
1
2 4 0 -1 [P A2
1 1
A = ——_____E _______ = ____? _____
0 -11!-2 4

with eigenvalues X =1, 3, 5, 7 and where the vector norm is taken as

9 1/2
HE _Zlfxigz

for x= (xl,xz) and
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1412 = [[Az]| =2

For “A11” and ”Agg“ consider

4 - Nxq - 2x
4-x -2 ( 1 2
1 -1 H(Aii - XI)X” - ” 9 4 - )\” _ |;2X1 + (4 - X)Xz]
I(Aii'u) ” = inf =it g /2
N T A
Xl +X2
5 9 1/2
[(4 - N)xq - 2x2] + [—2x1 + (4 - >t)ij
= inf ) 2
1/2
. 2 X1%2
=inf|(4 -N)“+4-8(4-2) ————
X xl2 +x22
X4X X X
Now 0 172 _0 and 8 172 __9 for X{ = Xg and Xy = ~Xg.
axl X12 +X22 3X2 X12 +X22

For X <4, the infimum occurs at
Xy = Xg- For X >4, the infimum occurs
at Xy = -Xg. At Xy = X, the theorem

requires [A - 2| =1 andat Xy = ~Xg,

it requires |x - 6] = 1.

A comparison between theorem B5

. R . . Figure 3.- Comparison of inclusion regions for matrix A by
(whose inclusion region is shaded) and using theorem BS (hatched area) and theorem A3.

theorem A3 is given in figure 3.
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APPLICATIONS

Questions relating to the convergence of series and sequences of matrices arise in
many situations. The eigenvalue bounds of the related matrices can give sufficiency
conditions for convergence. For example, consider the system of linear equations
Ax =y where A isa nXn nonsingular matrix of coefficients and x and y are
n dimensional vectors. (See ref. 18.) Let G be an approximate inverse of A so
that the approximate solution is 2z = Gy. It can be shown by induction that for any
integer k
D™z + Dk+1x
1

k
X = z I-cA)™z .+ (- GA)k+1x =z +
m=0

%Dvﬂw

Denote the errorin z by e=x-2z andlet D=1- GA. Thus

k
X-2Z=€= Z sz+Dk+1x
m=1
D . k
If 'Amax <1, the liinzoD = 0. Thus

places a bound on the error €. As another example, consider the equation Ax =m
where A is nonsingular. (See ref. 19.) If x represents the solution and X is the

kth approximation, let 1, =x - X and Y =m - Ax, = Avp. Then lim Vi = 0 if and
) =)

only if lim y, =0 and in either case lim x, = x. To determine an iteration on the
Koo K keoo K

set of x, terms, let A=A+ A, with A1 nonsingular. Define the kth iteration by

_a-1 -1

is necessary and sufficient that all eigenvalues of A - Ag be contained in the unit
circle of the complex plane.

AgXy 1- Since A1Vk+1 = —szk, for convergence of the iteration, it

Iterative schemes may be established to give close approximations to all the eigen-
values of a matrix. A survey of these techniques together with comparative accuracy
and computation time is given by White. (See ref. 20.)
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CONCLUDING REMARKS

A listing of techniques which determine the eigenvalue bounds of a matrix defined
over either the real or complex fields is presented. The condition, modulus, or numeri-
cal value of eigenvalues as a function of the corresponding matrices are listed without
proofs for several well-known types of matrices. Other known theorems which deter-
mine the bounds have been proven in detail. These results have been expressed in terms
of (1) the matrix elements, (2) matrix norms, and (3) vectors and the eigenvalues of
related matrices. Also extensions of several results have been made to countably infi-

nite matrices.

A comparison has been made in terms of the relative size of the areas of eigen-
value inclusion for several solutions. This comparison has shown that some solutions
give better results in all cases than other solutions. Examples in terms of eigenvalue
bounds for particular matrices have been given.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Station, Hampton, Va., September 13, 1967,
126-62-02-03-23.
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