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RAY STATISTICS IN A RANDOM MEDIUM WITH STRATIFIED BACKGROUND

C. H. Liu

Abstract

The problem of propagation of light rays in a stratified medium in
the presencé of‘fandom irregularities is investigated. Starting from
the ray equations, a systematic asymptotic expansion is used to find
the fay trajectory. Statistical quantities of the ray such as the mean
sduare fluctuations of the transverse displacement and the ray direc-
tion aré then computed. The results are compared with those for a

homogeneous background.



1. Introduction

When a light beam propagates in a turbulent medium, the random
variation of the refractive index of the medium will cause random fluc-
tuations in tﬁé pfopagafion parameters of the beam in many ways. The
most impo?tant ones are the fluctuations in the angle of arrival, in the
position of the beam, in the cross section of the beam and in the inten-
sity of the beam. These quantities are useful in designing an optical
system involving propagation through turbulent medium. Many authors
have studied this problem before with the assumption that the medium is
weakly random and the background is homogeneous. (Chernov, 1960; Keller,
1962; Bremmer, 1964). In many practical cases, however, situations are
quite differént. For example, when one uses laser beams to diagnose a
turbulent plasma, the background plasma density may well be inhomogeneous
in addition to the random variation of the turbulent region. Therefore,
it is of both theoretical and experimental interests to study the sta-
tistics of light rays in a random medium with inhomogeneous background.
In this paper, we shall try to take the first'step in this direction.

The background medium is taken as a stratified one in which the
refractive index varies in only one direction, say, z. A light ray is
assumed to start at the origin in the z-direction. The more general
case of a ray with an arbitrary incident angle will be treated separ-
ately. The random variation of the refractive index will cause the ray
to fluctuate from its original direction of propagation. This causes
the ray to displace transversely. The statistics of the transverse dis-

placement shall be shown to be related to the properties of the medium.



In Section 2, a systematic asymptotic expansion is used to solve
the ray equation for an almost-stratified medium. Results are then ap-
plied to the random medium case in Sec. 3 to compute the, mean position
of the ray, the mean square fluctuations of the total displacement, the
transverse displacement and the ray direction. In Sec,~4,'explicit
compufations are made for a special example and results are compared
with those derived by Keller (1962) for the case of homogeneous back-

ground. Some concluding remarks are given in Sec. 5.

2. Light rays in an almost-stratified medium

Let n(E:e) denote the index of refraction of a medium, which is

written as
n(xe) =n_(2) +ep@ eh)

This medium is said to be almost stratified in the sense that
n(z;e) varies mainly in one direction, namely the z direction. The
small parameter ¢ measures the random deviation of the index from the
case of exact stratification. Both no(z) and the statistical properties
of'p‘are assumed given. The problem is to study the ray 'z(s,e) which
starts at the origin in the direction of z-axis. Here s denotes the arc
length along the ray path. The equation that determines thé ray can be
written

d , dx

o
5 (055 ) = WmGe) (2)

which together with initial conditions



x(0) = 0 (3)
—’

dx A

s 0y = k (4)

completely specify the problem at hand.
To solve the equations, the following expansion is used (Keller,

1962) : -

?c(s,e) =% (s) +€x_ (s) + e«z 2 (s) + 0(63) (5)
[0 € (13

ow

The quantities n(ﬁ;e) and Vh(g,e) are then Taylor expanded about % =

Substituting the results into (2) to (4) and equate equal power terms
. > > 2> . .

in ¢, equations for X XE’ XEE can be obtained. In the following, terms

of the order higher than 52 are neglected.

The zeroth order equations are given by

_Q[n(z)_cf}-:}g(_s.z =in_9(z)/1\{ (6)
ds o o ds dz :
X (0 = 0 )
o
d?;’o
5 (0 = & (8) -
s
The solution of (6)-(8) is
X () = sk (9)
o
The first order equations can be written in component forms
dx . (s)
d € _ 3p >
ds [no(zo) ds ] T Ox (xo) (10)



dy (s)
_d € T
ds [no(zo) ds ] - 9y (Xo) an
2
dz (s) dn d n
2 h(z)——" + 2 (s) =2 (z >} -—2 ()2 (s) =0  (12)
ds | o o ds € dz o dzz o’ ¢ -
- / .
%, (0) =(x€ 0, y (0, =, (0)) = 0 (13)
dSc’e v
5= @ =0 (14)
From (12), (13) and (14), we obtain
ZE(S) = 0 (15)
Equations (10), (11), (13), and (14) yield
s s
1
T&’e(s) = ({ !Eo—(/ﬁ dr VT]J.(tﬁ) dt (16)

where V& is the gradient transverse to the Q—axis, the original direc-
tion of the ray.

The second order equations, expressed in component forms, are

dx (s) dx (s)
d . €€ 2 . 3y, ~» d > €
T o) —a | @V gy G g pE) —— | an
dy__(s) dy_(s)
d €€ -> Oy > d > €
B [P0 Ta | ROl 5y G - gg [wG) —gg—| 8
. ™ 2
d dzee(s) dno d no
ds no(zo) ds t 3z (Zo) zee(s) - a2 (zo) zee(s)
dgg(s) 7

- =5z . va.G?o) (19)



-

XE(O) = (xEE(O), yee (0), ZGE(O)) = 0. (20)
d%’ee

is (0) =0 (21)

Solution of (17)-(21) is

° 8 S N
-3 _ 1 > . N 1 2 /\
2, () = Ofdt {—-—no(T) dr| | & (£)-9 vk - e Vbt ()
t
el 2 o f rDar - & Vp(tk)f B Ve (k)
n
s’ S t
n (t)
-k fat | [52 ar| v fn 5 Vo knar (22)
0 t no(T)

Equations (5), (9), (16) and (22) determine the ray as a function of arc

length along the ray path up to 52 terms .

3. Light rays in a random medium with stratified background

With the derivation in the last section, we are ready to discuss
the problem of light rays in a random medium with stratified background.
If p(%) in Eq. (1) in the expression for refractive index is assumed to
be a random function of position with the following statistical

properties

<p@E) > =0 (23)

<u@EprGp > =<y ?> N (3 - 3 (24)



-

: 2
where < > denotes average, < u > is a constant, then it is possible to
compute some statistical properties of the ray ;as,e).
From eq. (5), we have

>
X

. 2
<-§(s,e)> =<—>§0(s)> + € <-§e(s)>+€ < .

E(S) > +—0(63)
=8 % + 62 < ?%E(s) > 4+ 0(63) (25)

where eq. (23) has been used.

From eq. (22), we have:

s tz t

S .
> dr | dr A A
E >=fa | LK S at | [ T ol<v, wt v, v, we b >
ce S 2 tz nO(T) 1 5 no(T) T1 1 T2 Tz 2
t
- dn 2
1 2 A 1 o) A
- <V (K> —2 < ult ﬁ),fv w(t. kKydt. >
2n_(t,) T, 2 nZety Oty 27 ¢ Y Mt 1
o 2
t
1 ﬁ N A
-1 R [ v pe,Dat, >
no(t2) 2 5 Tl 1 1
s s t
n (t,) 2
A o 2 1
- & fat, | [ 22 ar| <, w6, D[ ——— v, uke yat. >
2 ztz w2 () T,M 27 J n (8,) YTy 1’%"1

(26)

We have assumed that it is permissible to interchange the order of tak-
ing the mean value with integration and differentiation. We first con-

sider the averaged quantity in the last term



A
< VTZH(tzk)VTlp,(tlﬁ)"> |¢(x >, 2|J.(X ) >

- A
X

3

VipeVgp < ]J.(X )u(x ) >

1 2 A > A
X = tlk, X, = tzk
=< u > VTiVTzN(lxl—xz‘)
X1=t1k, X2=t2k 27
e > '
Since N is a function of | x. - x only, therefore ¥, = -V and (27)
1 2 T1 T2
becomes —
2 2 > 2 ON(r)
TSk >VT2N(|X1 2P o AT O
Xl = tl y X2 = tZk (28)
where
r = tl ~ tz (29)

By the same procedure, it is easy to show that all the other terms in

(26) are zero, therefore

- ° n_(t,) “2
> o 1 1
<% >=2f<y®> [at ar| [=—m—= = N_(@)at
€€ f 2 1'!2 2(1‘) Or‘no(_tz) r'r 1
o -
SN ()
= 2 ﬁ < HZ > .[ i j. dT 2
0 n_ (T) (30)
S
N (r)
<_§(s,e),> k[s + 26 < p, > f dr- f f dtz] A+ 0(53)
n_ ('r)

(31)



Eq. (31) gives the mean position of the end point of a ray of
- , 2 ‘
length s. The average ray to the order of ¢ 1is still in the original
direction.

Next, let us compute some important mean square values, From (5)

2 A 2
;c)(,s,e)-—;(s,e) =s” + 2%skF +e[%X % + 28 % -ﬁ] + 0(63)
. € € € €€
2 2 A
=8 +€ [2%'?2 + Zs.§;e°k] + 0(53) (32)

Therefore, the mean square value can be written as

2 2 2 A
< [?Ys,e)]z > = s2 + € < x% > + 26 sk-'< ;;6 > 4+ 0(63) (33)
< ;;E > is given by (30) and < xf > can be computed from eq. (16)

as the following:

S s i 8 s
2 dr n . d LA
<x > =< [|[ | ikt at, [ 2 =5 Vp n(ke)dt, >
0|t o) 1 0Ot o) 2
L1 J 2
s s S s S
dr dr A
I || | < Tpbevy pdey > atar,
00 tcl o ty, o 1 2
- (34)
Let
r=t,o-t,, T o= (1/2) (tl + t2) (35)

then



=10~

0 s+(r/2) s s S
' dr dr .
< x > = —2 < p. > — N (r)dr ———]dr
—fs d ~e/2) | t/2) Yo 1,0 S/ "ot
s s=-{(r/2)p s s -
2 dr dTt
-2 < > = N (r)dr dr
" gﬁ r r;; rollr/Z) no(T) ( /2) n r)
(36)
Combining eqs. (30), (33) and (36),-we obtain
s s é
< [Fs,e)1%> =2 v 2< s %2 [ XD 4 S gT‘ at,,
0 r r rz n_ (1)
o
0 s+{r/2) s s
1 dr dr
- f 1y @)dr f 97 | ar
g TOT -2y [r e/ %' x -( s2) %M | ©
s s—-(r/2) s s
1 dr dTt
- = N (r)dr - dr
g’ ror r}; T 1;r/2) n () r -(r/Z) n n (M) °

+ 06 (37)

Eq. (37) gives the mean square distance between the end points of a ray
of length s. From this, the mean square value of the transverse dis-
placement of the ray p(s,e) can also be derived. Since p(s,e) denotes
the transverse displacement of the endpoint of a ray of length s from

its original direction, then to the order of 52,
2 2
< > =< x > 38
p : (38)

This is due to the fact ;; is transverse to the original ray direction.

This quantity gives the mean square fluctuation of the transverse
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position of the beam spot from its original position and is an important

quantity in designing optical receiving sensors.

‘Another mean square quantity of interest is the mean square devia-

tions of the direction of the ray of length s,

>

» 2 dx \2
dx A _ .2 € 3
<(ds k) > =g < (ds) >+ 07) (39)

P\ 2 s s

d=x 1 A 1 A
< -a-;- > =< fm VT I.L(ktl)dtl fm VT p.(ktz)dtz >

0 o 1 0 o 2
s s

1 2 VA
fat. of aty Ty < uly) pdiey) >

s
2
S B 2Ny -1 -5 f 2 N ar] (40)
0

no(S)

>
d
If O(s,e) is the angle between Hg (s,€) and the original ray

direction ﬁ; then

2 (1 - < cos 6 >)

2
a¥> A
SC
2 2 AS
% <p > [N(s) - 1 - s f% Nrdr] + 0(63) (41)
5

n_(s)
o

For s much greater than the correlation length of N(r), and for

small deviation of the ray direction (41) reduces to

< 02 > » 4Ds 42)
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where:
o0
2 2
€ <vp‘ > Nr (r) dr

D(s) = -
sy o T
O

- (43)

is the ray diffusion coefficient.
We nbte here that all the expressions we have derived will reduce
to the corresponding expressions derived by Keller (1962) in the case

n (z) —»1.
o

4. An Example

Let the refractive index for the background medium be

no(z) - e ¥ z> 0 (44)
We note that a = O corresponds to the free space while negative values
of a correspond to propagation into "optically denser' media. A ray is
assumed to start from the origin in the % direction. Because of the
small random variation of the refractive index, the direction and the
position of the endpoint of the ray will fluctuate about their mean
values. After the ray has traveled a distance s along the ray path,
thé mean square fluctuation of the position of the end points of the
ray is given by < xz(s,e) > - s2 and the mean square fluctuation of the
transverse diéplacement is < p2 >. Equations (37), (38) can be used
for the computation. For explicite results, we have assumed a norma-

Y
lized correlation function for p(x)
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I C ) (45)

After some elementary integrations, we obtain for s large compared to

the correlation length a

< pz(s,e) > =X xf(s,e) >

2 2
=—-————E——————~2€< >\/F ezas 23-——%(1-9—0'5)——?--51l

ao,z a \/;T—

2 2 2 2
- -2
- %’e(a a /4) [1 - erf(aa/2)] +-i e(a a /4)(2e a5 _g GS).
‘[1+erf(aa/2)]y + 0(63) (46)
where
2 . —t2
erf(x) = — J‘ e dt (47)
Jr 0
and
2 2 2 262/ 2 >YT 2as 2 s
< x (s,6) > ~-s =<p (s,e) > - —~———J%r———ﬂ e as - 3
aq
aas s a2 2—qu 3
-2 42 a [14erf(aa)]l + 0(™) (48)
il
For a-»0, (46) and (48) reduce respectively to
2 2£2< 2 > 3 2 3 3
<p(s,e)>=———ﬁp’——(a-3as +2/7 s") + 0E”) (49)



=14~
2 2 252< 25 3 2 3/7 2 3 3
<x (s,e) > - s =-———§EH~—~ (a” +3as - ——as - Jm.s%) + 0™
(50)
which correspond to the case of homogeneous background.

Equations (46) and (48) are plotted in Figures 1 and 2 for different
values of g for s > 5a. For a fixed amount of random variation EM(§)
in the refractive index, the fluctuations for cases of positive values
of q are larger than that for the case when a = 0. The greater value
of a, the larger the fluctuations. On the other hand, for negative
values of a, the fluctuations are smaller than that for the case when
a = 0, and the greater value of |q|, the smaller the fluctuations.
Therefore, if’a light beam is fraveling in a slightly random medium,
for fixed amount of random fluctuation of the refractive index, the
beam will "diffuse' slower if the propagation is in a direction that the
background.is getting ''optically denser.” This result can be attributed
to the fact that the percentage fluctuation of refractive index the ray
sees is smaller in an optically denser medium, hence less fluctuations
in ray direction and displacement.

It is of interest to see what indeed are the effects of the strati-
fied background on the ray statistics by normalizing < pz(s,e) > with
respect to the local percentage fluctuation of the refractive index.

Define
Normalized < pz(s,e) > =< pz(s,e) >/[ez< pz > JE-az/ni(s)] (51)

This quantity gives the mean square fluctuation of the transverse

displacement of the ray at s for a fixed amount of local percentage
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fluctuation of refractive index. Eq. (51) is plotted in Fig. 3 for
different values of g. For this partiéular example, the fluctuations
are greater for negative values of g and smaller for positive values of
a. For other forms of stratification of the background medium, the
result may not be the same.

We also note that for all cases, the fluctuations increase as s
increases. This is physically expected.

Similar results can be obtained for < 62 >.

5. Conclusion

The statistics of a light ray propagating in a slightly random
medium with stratified background is studied. We concentrate on the
case of normal incidence. Expressions for mean square fluctuations of
ray disflacement, transverse displacement and ray direction are derived
to the order of 52 where ¢ is the small parameter which measures the
random fluctuation of the medium. Those expressions are shown to be
reducible to the expressions Keller (1962) obtained when the background
becomes homogeneous. An example is considered. It is found that for a
fixed amount of random fluctuation in the refractive index, fluctuations
of the ray are smaller for propagation into optically denser background
media (lnol > 1) than for background media with Inol < 1. Therefore, a
ray traveling in a slightly random medium will "diffuse’ slower if the
background is getting optically denser, as is expected physically.

Our derivation is valid for s small compared to the "diffusion

length"” 1/D of the medium. Another approach is to derive a
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Fokker-Planck equation for the prbbability density of finding the ray
at a given position with a given direction for a given path length s.
The solution of this Fokker-Planck equation determines the statistics
of the ray. This approach is valid for s much greater than the corre-
lation digtance of the random medium. For weakly random media so that
the diffusion length is much greater than the correlation length, there
may be overlapping regions where both methods are applicable.

We also note that the assumption of isotropic random variation of
the refractive index in our derivation can be removed with the conse-
quence of obtaining more complex expressions for the average

quantities.
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as a Function of Path Length
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DIFFUSION OF RAYS IN RANDOM MEDIA

C. H. Liu and K. C. Yeh

Abstract

This paper is concerned with propagation of rays in a random
medium. For ray path larger than the correlation distance the proba-
bility density of finding the ray satisfies a Fokker-Planck equation.
It is shown that the coefficient of the equation is related to the
correlation function of the logarithm of the refractive index.

The Fokker-Planck equation is treated for three "'initial" con-

ditions. Technique for handling the general "initial"” condition has

been also indicated.
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1. Introduction

The Fokker-Planck equation has been used to treat a large class of
physical problems. These problems include studies of, for example,
Brownian motion (Chandrasekhar, 1943), plasma physics (Montgomery and
Tidman, }964), particle scattering (Salpeter and Treiman, 1964), radia-
tive transfer (Chandrasekhar, 1960), noise tﬁéory (Stratonovich, 1963),
propagation of sound (Lyon, 1959), stellar mechanics (Chandrasekhar,
1943), etc. Recently the equation has been applied to problems of ray
propagation in a random medium (Chernov, 1960; Keller, 1962; Bremmer,
1964; Komisarov, 1966). Chernov and Keller were concerned with the
homogeneous case in which the probability density function is inde-
pendent of coordinates while Bremmer and Komisarov were concerned with
the forward scattering approximation. Both of these approaches require
the fluctuations to be weak and they become invalid when fluctuations
in dielectric constant are strong.

The starting point of the present treatment is the well~known ray
equation. The form of the equation suggests that the random medium be
specified by the statistical properties of H(E) = log n(§) where n(g)
is the refractive index. In a weakly random medium ju is proportional
to the fluctuating part of the refractive index. However, in general
it is more natural to specify . In this paper, we shall assume the
function p to be a homogeneous random field with a correlation func-

tion B(X) defined by

BG %) = < pG pG) > (1)
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where < > denotes an ensemble average. The random field is isotropic
if the correlation function depends only on l'§| = r. We shall be con~
cerned here exclusively with the isotropic case in which the diffusion

coefficient defined by

o0
D =~ f B'ﬁr) dr (2)
0 3

plays an important role. In (2) as well as elsewhere in this paper a
prime is used to denote differentiation with respect to the argument.
When defined this way D is related to the correlation distance of the

process . We list in the following two examples:

Example 1. If B(X)

< Hz(;:’) > exp - 1'2/12
< 2@ >y

< pz(?;) > [1 + (r/ﬂv)z]_z

then D

i

Example 2. If B(§)

i

then D

]

3< MZ(—}?) > /4l
In both of these examples { is the correlation distance. TIf the
medium is weakly random 1/D is much larger than 1, but it may approach

£ when fluctuations in p become strong.

2. The Fokker-Planck Equation

The position ? of a ray whose path length is s from a given
initial position is determined by the well-known ray equation. For

our purposes we write

X' (s)

]

3)

f
g
~~

M
<
o’

v (s)
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e
The vector v is a unit vector which specifies the direction of the ray

>
at Xx. The vector F is given by

F =@ -3V R@ (4)

and it has a vanishing mean. The "force" ¥ is random since p is random.
The set of equations (3) is similar to one that describes the Brownian
motion. Therefore, there is associated a Fokker-Planck equation. For
a path muchilarger than the correiation distance éhe probability

w(;c),?;, s) of finding the ray at X with the ray direction -{r’ after pro-~
pagating a path length s from its initial position satisfies the

equation (Stratonovich, 1963; So, 1967)

> B > a ’ T 8Fi
(0/9s + v-V)w(x,v,s) =-5;; l; do< Fj(x+Uv,v)-5§3 > Oy
0 oF,
-5 15 do < F (x+Uv V) 5o > w
Vi Zeo J
0
) > oy
tp— g J @< FEOTD F >0 (5)

i j -

Terms involving repeated indices are to be summed from 1 to 3. Eq. (5)

is quite general and it applies as long as T is not explicitly dependent
R .

on s. For the special form of F given by (4) in which we additionally

assume | to be a homogeneous and isotropic randem field, (5) reduces to

(8/9s + v~ V)w(x,v s) =D n— 3v (6 575 v )‘Tﬁf (6)

The right hand side of (6) can be identified as the Laplacian expression
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on a unit sphere in'glspace. If we let 8 and ¢ be the polar angle. and
the azimuthal angle of v respectively and let ¢ = cosf, then (4) can

also be written as

9/9 - - -3 2, 9% 1 32
(9/9s + v-V)w(%,v,8) = 5— (1-¢7) Tt T3 7

% 8¢

Eq.v(7) is a diffusion equation and is the equation of interest. We
"

wish to consider it for an unbounded random medium with three "initial"

conditions. They are

1) "Initial" condition w(¥,v,0) = §(0)/27 (8)
2) "Initial" condition w(;;g,o) = 6(9)6(2)/2W €))
3) "Initial"” condition w(g;g,o) = 6(X)/47 (10)

We consider each of these in the following.

3. Examples

>
(1) Initial Condition w(§,v,o) = §(0)/ 21

Let sources of rays be uniformly distributed and when emitted all
rays be directed along the z-axis. 1In this case  depends only on 8

and s. The Fokker-Planck equation (7) reduces to

9w/9 =D 3—(1 cz) gg (11)

with the initial condition given by (8). This problem has been con-

sidered by Chernov (1960) and Keller (1962). The solution is given by

0

w(c,s) =-Z%}- E: (2n+1)Pn(c)e

n=0

n(n+1)Ds (12)
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where Pn(c) is the Legendre polynomial of order n. The expression given
by (12) is already convenient for large values of Ds. In particular,
w(c,) = 1/47, indicating that rays are uniformly distributed. in all
directions for large s.

For small values of Ds, in order to obtain a more rapidly conver-
gent expfession which is valid for arbitrary 8, the following-procedﬁfe
iskapplied. For § <7, the Legendre polynomial has the integral repre-

sentation of Laplace and Mehler.

sin[(n+%)a]

a9

[

P (c) = (13)
n (cos@—cosa)l/z
Eq. (12) then becomes
T
w(c,s) =‘/—_§éf G(a,s) s (14)
(cosfB-cosa)
where
G(oys) = 5 2:: (Cn+l)sin[ (n+ ) ale -n(n+1)Ds (15)
n‘w
® +00
=.% }:: j‘ dxe-zﬂimx(2x+I)sin[(x +~%)c}e-x(x+1)Ds (16)

M=—00 :

The Poisson sum formula (Morse and Feshback,. 1953) has been used to
obtain (16) from (15). For Ds << 1, only the m = O term is important

in (16) and we obtain in (14)

T _ 2
1 qe a /4Ds

wlc,s) = [ da ‘ , Ds << 1 (17)
4J§_(ﬂDs)3/2 ] (cose—coso.)l/2
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The integral can be computed in the limit Ds =0 by expanding the

integrand about q = 6. The final expression is

wlc,s) = , Ds < 1 (18)

2
1 (e \"? -6%/aps
47Ds \sinf
which is valid for arbitrary angle §.

The expression (12) can also be used to compute certain average

quantities. These have been given in the literature (Chernov, 1960).

For example the mean value of the cosine of the ray direction is
< ¢> = exp ~ 2Ds (19)

The mean displacement and the mean square displacement of the ray of

length s are given by

<x> = <y> = 0
<z> = (1 - exp - 2Ds)/2D
-2Ds -6Ds
2 2 2 2s 1 4 e e
<p>_<x+y >-—§ﬁ”;-2' (g- 5 + 18> (20)
2 - 6D, 2
< z°> =g/3D - (1-¢ ~°) /18D
In the limit of small Ds, we have
2
< z> =8, <p > = 4DSS/3, < z2 > = s2—2Ds3 (21)

These averages are listed here for the sake of completeness and for the

ease of comparison with the following examples.
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(2) Initial Condition w(x,v,0) = 8(6)6(@)/2r

The example considered in (1) is rather unrealistic since it re-
quires sources of the ray to be uﬁiformly distributed in'§Lspace. If
there‘is just a single source’we then have the present problem. In
practice this requires a highly directional source of the ray sﬁch as a
laser beaﬁ. The equation of interest is given by (7) whose analytic
solution does not seem to be attainable. We shall follow Salpeter and
Treiman (1964) and work with moments.

The zeroth spatial moment is defined by

m(o)(c,s) = fw(;,?;,s) a>x (22)

which is the probability density of finding a ray of path length s from

the origin and witq a polar angle of the ray cos—l c. By taking the

(o)

zeroth momeht of (7) we find that

(o)

condition (8). Therefore, w is identical to that given by (12) and

satisfies (11) with the initial

this is a reasonable expectation on physical grounds.
For higher moments we first consider the moments in the coordinate

along the initial ray direction. Define the n th moment by

w:n) (v,s) = f‘znw(z;g,s) d3x, n=12 ... (23)

(n)

Multiplying (7) by z" and integrating over §, we note that'mz is
not a function ¢ and hence must satisfy the equation
A (n) aw(n)

% o) 2 Z (n-1)
—-%———D—fc(l—c)—gc——=cmoz

1,2,... (29
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with the initial condition m;n)(c,o) = 0. The solution of (24) for
(n) , (n-1) .
w, expressed in terms of w, can be obtained by the standard method.

We have

(n)

w, " (c,s) ='Z%~Jads’ Z; (2m+1)Pm(c)e—m(m+1)D(s—s')

. f‘&Q'Pm(c')c’wz(n—l)(c’,s') n=1,2,... (25)

(o)

where &' is the solid angle element in-?Lspace. Since W has
already been found to be given by (12), in principle, (25) enables us
to compute all orders of moments. We shall compute in the following
first and second moments.

The first moment is obtained by substituting (12) for v ® in

the integrand of (25) and carry out the integration. The final ex-

pression is

o0
w;l) (c,s) ='§%ﬁ Z;; Pm(c) {e—m(m—l)Ds_e-(m+l)(m+2)Ds‘} (26)

Again, (26) is already in a convenient form for large values of Ds.
For small values of Ds, the same procedure as that used in example 1

can be applied to (26). We obtain

wél) (c,s) = , Ds << 1 (27)

2
1 sin6 1/ e—92/4Ds
47D 0

When (26) is averaged over all the angles, it gives the average

z—-position of the ray of length s irrespective of the direction of the

ray,
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< z(s)> = (1-e 2%y/2p (28)

We note that (28) is identicél to the corresponding expression given
by (20) for example 1.

Another quantity of some interest is

z(c,s) = w;l)(c,s)/w

() (c,s) (29)

-1
This is the average z-position of the ray with the ray direction cos ¢

and path length s. For Ds <1,
E(c,s) =~ Ds(sinf/6), Ds << 1 (30)

From (30) we can see that the '""forward scattering' approximation is
good for Ds << 1 and is fulfilled only when the medium is weakly random.
Eq. (30) also shows how the average z-position depends on the direction
of the ray.

“ Higher moments of z can be obtained similarly from (25) in Suc-
cession. For example

am -

%0
wéz) (c,8) =2 Z Pm(c)e_m(m+1)Ds m+l  m o
D m+3 2m-1

m=0

-2 -
_ m+1 5 [1-e (2m+3)Ds] _ m 5 [l_eZ(Zm 1)Ds:|
2(2m+3) 2(2m-1)
(31)
Averaging (31) with respect to all angles, we have
2 -6D, 2
< z2(s) > = [6Ds-(1-e °°%)1/18D (32)
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This is the mean square z-position of the ray of length s andiis seen
identical to the corresponding éxpression in (20) for exampie i;
Higher moments can be considered in the same manner. Since they are
not of practical interest we shall now turn our attention to :spatial
moments transverse to the original direction of the ray.

Define the n th moment by

win) (c,d,8) = J”xnwfg;g,s)dsx (33)

Multiply the diffusion equation (7) by x" and integrate over spatial

coordinates; we obtain

8o (n) 5 o (n) 82(.0 (n)
X 2 X 1 p:s _ _ 2,172 (n-1)
55 D R (1-¢) 50 + 1—02 ——552— = n(l-c”) cos¢wx
n =1,2,3, (34)
(

with the "initial” condition « ™ (c,d,0) = 0.

X

Eq. (34) has the solution in the form

s oo f
o (689 = n ([ - IZ DT (e, ppet €HID(m8 )
=0

m=-

. j‘dﬂ' Y? (c',0") Vl—c’z cosd’ w;n—l)(c',¢’,s') (35)

£
where Ym is the spherical harmonic function. The first moment is

obtained by substituting w(o) given by (12) in the integrand of (35).

Using the orthogonality relation of the spherical harmonic functions,

the integation yields
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[>¢]
(1-02)1/2cos¢ E:

(¢H) _
w (c,d,8) = 87D

Bl

& [p (c)-P _, ()]

[e—n(n—l)Ds_e-n(n+1)Ds] (36)

Following the same procedure as shown in example 1 the asymptotic
expression for Ds << 1 c¢an be shown to be

%

(1)(c,¢,s) _ cosd ( e )1/2 (1-cose)e-92/4Ds

@y 47D \sird ] (37

The average x-position of the ray can be obtained by integrate (36)
over all angles. The integration is trivial and gives the physically

expected result

< x(s8)> =0 (38)

Higher moments in x can be obtained similarly in succession from (36).
Among them, m;z)(c,¢,s) is of particular interest because it gives the
mean square spread of the ray of length s in the x-direction. The

(2)
x

general expression for w is rather lengthy and will be given in the

Appendix. The mean square value of the x-position of the ray is ob-

tained by integrate w;Z) over the solid angle. The result is
-2Ds -6Ds
' 2 S 1 /2 e e
<X(S)>—-§1~) = |9 5 + 36 (39)

Due to axial symmetry of the problem an identical expression for

2
<y (8) > can be obtained in a similar manner.
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We note that the mean and the mean square position of the ray for
the present problem are found to be identical to the mean and the mean
square displacement of the ray respectively in example 1. This is to
be expected sincé the medium is assumed to be statistically homogeneous
and hence the problem possesses translational symmetry. Of course this

is no longer true if we allow the background medium to be, for example,

inhomogeneous.

(3) Initial Condition w(%,v,0) = &(x)/47

The source of the ray is at the origin emitfing rays with equal
probability in all directions. This problem can be treated in the simi-
lar manner as in example 2. The zeroth moment is obtained by solving

(11) with the given initial condition. We have

w(o)(c,s) = 1/41 (40)

which is a constant. This is to be expected because of the isotropic

property of the source and the medium. The first moments can be com-

(o)

puted by substituting (40) for w in (25) and (35).° Higher moments

are then obtained in succession. We list these moments in the

following:
| 0P (e,8,8) = (1-e® ' Zeosd (1-e7?P%) /87D (41)
w;I) (c,d,8) = (-2 Zsind(1-e"2P%) /87D (42)
o (e,9) = ca-e" %) 8m (43)

< x(s8)> =< y(8) > =< 2(s)> =0 (44)
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wiz)(c,é,s) =._l_§ {%[Ds - %(l—e_ZDs)] +-l{% - cz - (1—c2)cooé¢]

4D 2 J
1 6Ds. 1 -4Ds. -2Ds
[E a- ) -7 (e de ] (45)
(2) 1 1 1 -2Ds
W (c,d,8) =';;;§ {5 [Ds - 5 (L-e )]
L (e? - %[?13 a-o"sy - 1 (1-e‘4DS)e'2DS] (46)
< x2(s) > =< yo(s) > =< z2(s) > = [Ds - % (1-e¢"2P%y1/30%  (am)
< r2(s) > = [Ds - 2a- e 2D8y 1 p? (48)

Another quantity of interest is the average position of the ray
of path length s with a given direction (6,$). From (41), (42) and

(43), we have

“»;1)9 + w}(rl)9 + wz(:l)é‘)/wo ~fa - e %y, (49)

where Q, 9, 2 and ¥ are unit vectors. For Ds << 1, the position of the
end point of the ray in the direction of £ with path length s is sf,
just as if it is fravelling in a regular homogeneous medium. For
larger values of Ds so that the multiple scattering effect on the ray
becomes important, the average position of the ray is still in the
original direction 9, but the distance from the origin, the starting

point of the ray, is always less than s.
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4. Discussion

In the preceding section we have discussed three examples. These
examples are highly idealized with very special "initial” conditions.
In general a radiator has a radiation pattern which is not necessarily
infinitely sharp nor isotropic. It has a radiation pattern f(9,¢)
which is a function of both angles. We wish to indicate in the follow-
ing steps to take to treat this general case.

Let us first consider the solution of the diffusion equation (7)
with the "initial" condition

~p

w@,7,0) = §(0-6_)6(b-¢_)6G)/2n (50)

We note that the condition (50) is identical to (9) if we make a suit-
able coordinate transformation. This suggests that a solution to the
problem with the initial condition (50) can be obtained through a
similar coordinate transformation of the solution obtained in exam-
ple 2. Let the angle between the radial lines of coordinates (90,¢0)
and (6,¢) be q. The desired solution to the present problem is ob-

tained if we substitute cosf in example 2 by cosq. Here

cosSq = cos@ocose + sin@osinecos(¢ - ¢o) (51)
For example, the zeroth moment is found from (12) as

0 n

(0) 1 (a-m)?
© (0,,8) =4 <1+ 2;; (20+41) [P, (cos® )P (cosd) + 2 L ?ﬁ:ﬁj?

m m _ -n(n+1)Ds
Pn(coseo) Pn(cose)cosm(¢ ¢0)] e (52)



~-36-

where the addition theorem has been used. Higher moments can be ob-
tained similarly.

Now let us assume the radiator has a "probable' radiation pattern

£(6,9), i.e.

PN
w(x,v

,0) = £(6,8)8(x) (53)

The function f is assumed to have been normalized over the solid angle
in order to be a probability density function. Expand f on the surface

of unit sphere in terms of spherical harmonics

o 4
£0,8) = ) Y By, Y €9 (59)
.ezo p=£

The coefficients Alp can be computed simply since f is known. Evaluate
(54) at (60,¢o), substitute it into (52) and integrate over the solid

angle dﬁg; we obtain
°© n
o -n(n+1)Ds (55)
6,890 =) ) AL TE,de
n=o0 m=n

Similar technique can be applied to obtain higher moments for the

"initial" condition (53). (See Appendix)
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5. Conclusion

The problem of propagation of light rays in a randqm medium ;s
investigated here in a unified manner without the usual assumption that
the medium be weakly random. Starting from the well-known ray equation,
a generalized Fokker-Planck equation for the probability density of
finding the ray in the medium is derived. The equatibn is general and
can be applied to random media with anisotropic irregularities or with
inhomogeneous background. The only assumption is that the random
scatters have a correlation distance small compared to the path length
of interest. Three problems corresponding to three different "initial"
conditions of the ray are studied for a statistically homogeneous and
isotropic medium. Exact expressions for the probability density and/or
spafial moments are derived. The quantity D, the diffusion coefficient
of the medium for the ray, is found to play an important role in all
cases. It is found that in the limit of Ds << 1 and for cases that the
total deflection of the ray due to random scattering is small, the so-
called fforward 5cattering” approximation is applicable. This is likely
to happenkonly for weakly random medium. For media with strong fluctua—-
tions in the refractive index, even for Ds << 1, the deflection in the
ray direction may be large and the asymptotic expressions derived should
be used. On the other hand, for the other extreme limit such that
Ds >> 1, the ray has suffered a large number of scattering in the medium,
it is shown’that the distribution becomes isotropic in all directions.

Most radiators have a definite radiation pattern. This corresponds
to some arbitrary "initial' condition. Steps are shown for treating such

a general case.
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APPENDIX

1. From (35) and (36) we have

£
S o0
0 =0 M=

[+.0]
2
S O 4 a4y COSTO! o2 E
f dQ YI (c ,¢ ) _—é_‘ﬂ-ﬁ—_ (1 c ) &

=

. [Pr;(c') - Pr;—l(c‘)] [e—n(n—l)Ds _e—n(n+1)Ds'] A.1)

Using the orthogonality relation of the spherical harmonics and

after tedious calculations, we have

w)((z) (c,d,8) = -——1——2 {[% Ds - (l—e_zDS) /4 + (1—e-6DS) /36] + 3 e_zDs

4D 2
o0
IZ:Z

[P

[g ps - (1-6" 208y ,4 . (1-e‘l°Ds)/25] +

—2(! +1)Ds
2(L+1)

J
"P‘e (C)e + 5
2(24-1)

~£ (£ +1)Ds [(21+1)Ds _

. (1-

2iDs _ -2(24 +3)Ds
92(21—1)Ds) L8 - -1 N L +1)(1-e ) }

2(2£43)2

1 -1

2 -4 (L+1)Ds
+ '5 —m Pl (C)COSZd) e ’

| 3¢-nde vy oo Ld-1) (1- —2(£+1)Ds) _
I-1) (2L+3) 2(f+1) - °
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(L+1)(L+2) , 2IDs L£(4+1) (£42) , 2(20-1)Ds
- (e - 1) ¢ —22EHE) -1)
2 2(20-1)2
_ 1(1+1);1-1) a - e-2(21+3)Ds)}} (A.2)
(2L +43)

2. Forl the general initial condition (53), it can be shown that

0 +n

(L _ J(n+1-m) (n+1+4m) 1
“z (c,9,8) = nZ:O m_Zn V (2n+1)(2n+3)  2(n+l)D

. [ -n{n+1)Ds -n{n+1) (n+2)Ds]
e -

m
’ [An+1,m Yl::: (C’cb) * Anm Y1c1+1 (c’d))] (A.3)
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