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RAY STATISTICS IN A RANDOM mDIUM WITH STRATIFIED BACKGROUND 

C. H .  L i u  

Abstract  

The problem of propagation of l i g h t  r a y s  i n  a s t r a t i f i e d  medium i n  

the  presence of random i r r e g u l a r i t i e s  is  inves t iga ted .  S t a r t i n g  from 

the  ray  equations,  a systematic  asymptotic expansion is used t o  f i n d  

the  ray  t r a j e c t o r y .  S t a t i s t i c a l  q u a n t i t i e s  of t h e  ray  such as the  mean 

square f l u c t u a t i o n s  of the  t ransverse  displacement and the  ray  d i rec-  

t i o n  are then computed. The r e s u l t s  are compared with those f o r  a 

homogeneous background. 



- 2- 

1. In t roduct ion  

When a l i g h t  beam propagates i n  a turbulen t  medium, the  random 

v a r i a t i o n  of t he  r e f r a c t i v e  index of t he  medium w i l l  cause random f luc -  

t ua t ions  i n  the  propagation parameters of the  beam i n  many ways. The 

most important ones are the  f l u c t u a t i o n s  i n  t h e  angle  of a r r i v a l ,  i n  the  

pos i t i on  of t h e  beam, i n  t h e  c ros s  s e c t i o n  of t h e  beam and i n  the  inten-  

s i t y  of the beam. These q u a n t i t i e s  a r e  usefu l  i n  designing an o p t i c a l  

system involving propagation through turbulen t  medium. Many authors  

have s tudied  t h i s  problem before w i t h  the  assumption t h a t  t he  medium is 

weakly random and the  background is homogeneous (Chernov, 1960; Keller, 

1962; Bremmer, 1964). In  many p r a c t i c a l  cases,  however, s i t u a t i o n s  a r e  

q u i t e  d i f f e r e n t .  For example, when one uses laser beams to  diagnose a 

tu rbulen t  plasma, t h e  background plasma dens i ty  may w e l l  be inhomogeneous 

i n  addi t ion  t o  the  random v a r i a t i o n  of the  turbulen t  region.  Therefore, 

it is of both t h e o r e t i c a l  and experimental  i n t e r e s t s  t o  s tudy the  sta- 

t i s t i c s  of l i g h t  rays  i n  a random medium with inhomogeneous background. 

In  t h i s  paper, w e  s h a l l  t r y  t o  take t h e  first s t e p  i n  t h i s  d i r e c t i o n .  

The background medium is taken a s  a s t r a t i f i e d  one i n  which the  

r e f r a c t i v e  index v a r i e s  i n  only one d i r ec t ion ,  say, z .  A l i g h t  r a y  is 

assumed t o  s t a r t  a t  the  o r i g i n  i n  t h e  z -d i rec t ion .  The more general  

case of a ray  with an a r b i t r a r y  inc ident  angle w i l l  be t r ea t ed  separ- 

a t e l y .  The random v a r i a t i o n  of the  r e f r a c t i v e  index w i l l  cause t h e  ray  

t o  f l u c t u a t e  f r o m  i t s  o r i g i n a l  d i r e c t i o n  of propagation. This causes 

the  ray  t o  d i sp lace  t ransverse ly .  The s t a t i s t i c s  of the  t ransverse  d is -  

placement sha l l  be shown t o  be r e l a t e d  t o  the  p rope r t i e s  of the medium. 



- 3- 

In Section 2, a systematic asymptotic expansion is used to solve 

the ray equation for an almost-stratified medium. Results are then ap- 

plied to the random medium case in Sec . 3 to compute the, mean position 
of the ray, the mean square fluctuations of the total displacement, the 

transverse displacement and the ray direction. In Sec. 4, explicit 

computations are made for a special example and results are compared 

with those derived by Keller (1962) for the case of homogeneous back- 

ground. Some concluding remarks are given in Sec. 5. 

2. Light rays in an almost-stratified medium 

--r, Let n(x,E) denote the index of refraction of a medium, which is 

written as 

(1) 
4 + 

n(x,E) = no(z) + ~p(x) 

This medium is said to be almost stratified in the sense that 

-* n(x,E) varies mainly in one direction, namely the z direction. The 

small parameter E measures the random deviation of the index from the 

case of exact stratification. Both n (2) and the statistical properties 

of t~. are assumed given. The problem is to study the ray x(s,~) which 

starts at the origin in the direction of z-axis. Here s denotes the arc 

length along the ray path. The equation that determines the ray can be 

written 

0 

+ 

which together with initial conditions 
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+e x(0) = 0 

-f 
A * (0) = k ds 

completely specify the problem at hand. 

To solve the equations, the following expansion is used (Keller, 

1962) : 

+ -b - ? +  The quantities n(x,E) and Vn(x,€) are then Taylor expanded about x = x . 
Substituting the results into (2)  to (4) and equate equal power terms 

in E ,  equations for x x ? can be obtained. In the following, terms 

of the order higher than e 2  are neglected. 

0 

+ +  
0’ E’ E €  

The zeroth order equations are given by 

+ x (0) = 0 
0 

d z  

ds 
0 - (0) = c 

The solution of (6)-(8) is 

+ xo(s) = s f2 

The first order equations can be written in component forms 



-5- 

d z  

ds  
- E (0) = 0 

From (12), (13) and (14), w e  ob ta in  

ZE (s) = 0 

Equations ( lo) ,  (111, (13), and (14) y i e l d  

A where VT is t h e  grad ien t  t ransverse  t o  the  z-axis,  the  o r i g i n a l  d i rec-  

t i o n  of t h e  ray.  

The second order  equations,  expressed i n  component forms, are 

d 
ds  
- 
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Equations (51, (91, (16) and (22) determine the  ray  as a funct ion of a r c  

length along the  ray  path up t o  E 2 terms. 

3. Light r a y s  i n  a random medium with s t r a t i f i e d  background 

With the  de r iva t ion  i n  the  last  sec t ion ,  w e  a r e  ready t o  d iscuss  

the  problem of l i g h t  rays  i n  a random medium with s t r a t i f i e d  background. 

I f  p(z) i n  Eq. (1) i n  t h e  expression fo r  r e f r a c t i v e  index is assumed t o  

be a random func t ion  of p o s i t i o n  with the  following s ta t i s t ica l  

proper t ies  

< &) > = 0 
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where < > denotes average, < p2 > is a constant ,  then i t  is  poss ib l e  t o  

compute some s t a t i s t i c a l  p roper t ies  of the  ray  * x(s ,E) .  

From eq. (5), w e  have 

A ++ 
= s k + c 2  < x (s) > + 0(e39 € E  

where eq.  (23) has been used. 

From eq. (229, w e  have : 

> 

W e  have assumed t h a t  i t  is  permissible  t o  interchange the  order  of tak- 

ing the  mean value with i n t e g r a t i o n  and d i f f e r e n t i a t i o n .  W e  f i r s t  con- 

s i d e r  the  averaged quan t i ty  i n  the  l a s t  t e r m  
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+ --z 
Since N is a func t ion  of I x - x2 I only, t he re fo re  VT = -VT2 and ( 2 7 )  

1 1 

be comes - 

where 

r = Itl - t21 (29) 

By the  same procedure, i t  is easy t o  show t h a t  a l l  t he  o the r  t e r m s  i n  

(26) are zero,  t he re fo re  
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Eq. (31) gives  the  mean pos i t i on  of the  end point of a ray  of 

length  s .  The average ray  t o  the  order  of E is s t i l l  i n  the  o r i g i n a l  
2 

d i r e c t i o n .  

Next, let us compute some important mean square va lues .  From (5) 

3 4 A -  2 - +  -# + x(s ,E) .x(s ,E)  = s2 + 2fsk.x + E  [xE-xE + 2s x sf;.] + O k 3 )  
E E €  

A 2 + 2s ' k ]  + O(e3) 
[ E  E € E  

= s ,  + E  

Therefore,  the  mean square value can be w r i t t e n  a s  

+ 2 
E €  E 

< x > is given by (30) and 6 x > can be computed from eq .  (16) 

as the  fol lowing : 

L e t  

r = t - t2, ro = (112) ( t l  + t 2 )  1 (35) 

then 
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Combining eqs.  (30), (33) and (361,- w e  ob ta in  

< [?(S,€)] 2 > = s 2 + 2 <  p 2 > e2{2 iv d r  ; ' F ~ ] d t ~  

n (TI 2 0  

Eq. (37) gives  the  mean square d i s t ance  between the  end poin ts  of a ray  

of length  s. From t h i s ,  t h e  mean square value of the  t ransverse  d i s -  

placement of t h e  r ay  p ( s , ~ )  can a l s o  be der ived.  

the  t r ansve r se  displacement of t h e  endpoint of a r ay  of length s from 

i t s  o r i g i n a l  d i r ec t ion ,  then t o  t h e  order  of E , 

Since p ( s , ~ )  denotes 

2 

< p  2 > = < x  2 > (38) 
E 

This is  due t o  the  f a c t  2 
E 

This quan t i ty  gives  the  mean square f l u c t u a t i o n  of t h e  t r ansve r se  

is t r ansve r se  t o  t h e  o r i g i n a l  r ay  d i r ec t ion .  
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pos i t i on  of t h e  beam spot  from i ts  o r i g i n a l  pos i t i on  and is an important 

quan t i ty  i n  designing o p t i c a l  rece iv ing  sensors .  

Another mean square quan t i ty  of i n t e r e s t  is t h e  mean square devia- 

t i o n s  of t h e  d i r e c t i o n  of the  r a y  of length  s, 

s S 

1 [ N ( s )  - 1 - s s ; Nrdr] - 4 < p y >  

0 
- 2  

no(s> 

d z  
ds  If 8 ( s , ~  ) is the  angle  between - ( s , ~ )  and the o r i g i n a l  ray  

d i r e c t i o n  fi, then 

S 
- 4E2<p2> 1 3 

[N(s) - 1 - s J, Nrdr] + O(E 
0 

(41) - 2  
no(s> 

For s much g r e a t e r  than t h e  c o r r e l a t i o n  length of N ( r ) ,  and f o r  

small devia t ion  of t he  ray  d i r e c t i o n  (41) reduces t o  

2 < 0 > z 4 D s  



- 1%- 

where 

is the ray  d i f f u s i o n  c o e f f i c i e n t .  

W e  note  here  t h a t  a l l  the  expressions w e  have der ived w i l l  reduce 

t o  the  corresponding expressions derived by Keller (1962) i n  the  case  

n (2;) 41.  
0 

4. An Example 

L e t  t he  r e f r a c t i v e  index f o r  the  background medium be 

- az no(z) = e z >  0 (44) 

W e  note  that  a = 0 corresponds to  the  f r e e  space while  negat ive values  

of a correspond t o  propagation i n t o  "opt ica l ly  denser" media. 

assumed t o  start  from t h e  o r i g i n  i n  the  k d i r e c t i o n .  Because of t he  

s m a l l  random v a r i a t i o n  of t h e  r e f r a c t i v e  index, t he  d i r e c t i o n  and the  

pos i t i on  of the  endpoint of t h e  ray  w i l l  f l u c t u a t e  about t h e i r  mean 

values .  A f t e r  t h e  ray  has t r ave led  a d i s t ance  s along the  r a y  path, 

the mean square f l u c t u a t i o n  of t h e  pos i t i on  of the end poin ts  of the  

ray  is given by < x ( s , ~ )  > - s2 and the  mean square f l u c t u a t i o n  of t he  

t ransverse  displacement is  < p2 >. 

A ray  is 

A 

2 

Equations (37), (38) can be used 

for t he  computation. 

l i z e d  c o r r e l a t i o n  func t ion  for  p(29 

For e x p l i c i t e  r e s u l t s ,  w e  have assumed a norma- 
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A f t e r  some elementary in t eg ra t ions ,  w e  ob ta in  f o r  s l a rge  compared t o  

the  c o r r e l a t i o n  length  a 

where 

and 

For a+O, (46) and (48) reduce r e spec t ive ly  t o  



- 14- 

which correspond t o  t h e  case of homogeneous background. 

Equations (46) and (48) are p lo t t ed  i n  Figures 1 and 2 f o r  d i f f e r e n t  

-b values  of a f o r  s > Sa. FOP a f ixed  amount of random v a r i a t i o n  ~ p ( x )  

i n  t h e  r e f r a c t i v e  index, t h e  f l u c t u a t i o n s  f o r  cases of pos i t i ve  values  

of a are l a r g e r  than t h a t  f o r  t h e  case when a = 0. The g r e a t e r  value 

of a, t he  l a r g e r  t h e  f luc tua t ions .  On the o the r  hand, f o r  negat ive 

values of a, t he  f l u c t u a t i o n s  are smaller than  t h a t  f o r  the case when 

a = 0, and t h e  greater value of 

Therefore, i f  a l i g h t  beam is t r a v e l i n g  i n  a s l i g h t l y  random medium, 

f o r  f ixed  amount of random f l u c t u a t i o n  of the r e f r a c t i v e  index, t h e  

beam w i l l  “d i f fuse”  slower i f  the propagation is i n  a d i r e c t i o n  t h a t  t h e  

background is g e t t i n g  “ o p t i c a l l y  denser.  ’’ This r e s u l t  can be a t t r i b u t e d  

t o  the  fact  t h a t  t h e  percentage f l u c t u a t i o n  of r e f r a c t i v e  index the  ray  

sees is  smaller i n  an o p t i c a l l y  denser medium, hence less f l u c t u a t i o n s  

i n  r ay  d i r e c t i o n  and displacement. 

I al ,  the  smaller t h e  f luc tua t ions .  

It  is of i n t e r e s t  t o  see what indeed a r e  the  effects of t h e  s t ra t i -  

2 
f i e d  background on the  ray  statist ics by normalizing < p ( s , ~ )  > w i t h  

respect  t o  t h e  local percentage f l u c t u a t i o n  of the  r e f r a c t i v e  index. 

Define 

2 2 2 2  2 2  
Normalized < p ( s , ~ )  > = < p ( s , ~ )  >/[E < p > 6 a /no(s>l  

This quan t i ty  gives  the  mean square f l u c t u a t i o n  of the  t ransverse  

displacement of the  ray  a t  s f o r  a f ixed  amount o f  l o c a l  percentage 
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f l u c t u a t i o n  of r e f r a c t i v e  index. Eq. (51) i s  p lo t t ed  i n  Fig.  3 f o r  

d i f f e r e n t  values  of a. For t h i s  p a r t i c u l a r  example, t he  f l u c t u a t i o n s  

are greater f o r  negat ive values  of a and smaller f o r  pos i t i ve  values  of 

a. 

r e s u l t  may not be t h e  same. 

For o the r  forms of s t r a t i f i c a t i o n  of t he  background medium, the  

W e  a l s o  note t h a t  f o r  a l l  cases,  the  f luc tua t ions  increase  a s  s 

increases .  This is phys ica l ly  expected. 

2 Similar  r e s u l t s  can be obtained f o r  < 8 >. 

5 Conclusion 

The s t a t i s t i c s  of a l i g h t  ray  propagating i n  a s l i g h t l y  random 

medium wi th  s t r a t i f i e d  background is s tudied .  W e  concentrate  on t h e  

case of normal incidence.  Expressions f o r  mean square f l u c t u a t i o n s  of 

ray  displacement, t ransverse  displacement and ray  d i r e c t i o n  a r e  der ived 

t o  the  order  of c 2  where E is the  s m a l l  parameter which measures t h e  

random f l u c t u a t i o n  of t he  medium. Those expressions are shown t o  be 

reducib le  t o  the  expressions Keller (1962) obtained when the  background 

becomes homogeneous. An example is considered. I t  is found t h a t  f o r  a 

f ixed  amount of random f l u c t u a t i o n  i n  the  r e f r a c t i v e  index, f l u c t u a t i o n s  

of the  ray  a r e  smaller f o r  propagation i n t o  o p t i c a l l y  denser background 

media ( In  I > 1) than f o r  background media w i t h  I n I < 1. Therefore, a 

ray  t r a v e l i n g  i n  a s l i g h t l y  random medium w i l l  "diffuse"  slower i f  t h e  

background is g e t t i n g  o p t i c a l l y  denser, as is expected phys ica l ly .  

0 0 

Our de r iva t ion  i s  v a l i d  for  s s m a l l  compared t o  the  "d i f fus ion  

length" 1 / D  of t h e  medium. Another approach is  t o  der ive  a 
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Fokker-Planck equat ion f o r  t he  p robab i l i t y  dens i ty  of f ind ing  t h e  r a y  

a t  a given pos i t i on  with a given d i r e c t i o n  f o r  a given path length  s. 

The s o l u t i o n  of t h i s  Fokker-Planck equat ion determines the  s t a t i s t i c s  

of t he  ray.  This approach is v a l i d  for  s much greater than the  corre- 

l a t i o n  d i s t ance  of the  random medium. For weakly random media SO t h a t  

the  d i f f u s i o n  length is  much g r e a t e r  than the  c o r r e l a t i o n  length,  t he re  

may be overlapping regions where both methods are appl icable .  

W e  a l s o  note t h a t  t h e  assumption of i s o t r o p i c  random v a r i a t i o n  of 

the  r e f r a c t i v e  index i n  our de r iva t ion  can be removed with the  conse- 

quence of ob ta in ing  more complex expressions f o r  the average 

q u a n t i t i e s  . 
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DIFFUSION OF RAYS I N  RANDOM MEDIA 

C. H. Liu and K. C. Yeh 

Abstract 

This paper is concerned with propagation of rays  i n  a random 

medium. For r ay  path l a r g e r  than t h e  c o r r e l a t i o n  d is tance  the  proba- 

b i l i t y  dens i ty  of f ind ing  t h e  ray\ s a t i s f i e s  a Fokker-Planck equat ion.  

I t  is  shown t h a t  the  c o e f f i c i e n t  of t he  equat ion is related t o  the  

c o r r e l a t i o n  func t ion  of t he  logarithm of the  r e f r a c t i v e  index. 

The Fokker-Planck equat ion i s  t r e a t e d  f o r  t h ree  " i n i t i a l "  con- 

d i t i o n s .  Technique f o r  handling the  general  " i n i t i a l "  condi t ion  has 

been a l s o  ind ica ted .  
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1. In t roduct ion  

The Fokker-Planck equat ion has  been used t o  treat a large class of 

physical  problems. These problems include s t u d i e s  of, f o r  example, 

Brownian motion (Chandrasekhar, 19491, plasma physics (Montgomery and 

Tidman, 19641, p a r t i c l e  s c a t t e r i n g  (Salpeter  and Trefman, 19641, rad ia-  

t ive  t r a n s f e r  (Chandrasekhar, 19601, noise  theory (Stratonovich, l963), 

propagat ion  of sound (Lyon, 19.59) stellar mechanics (Chandrasekhar, 

1943), e t c  . Recently t h e  equat ion has been appl ied  t o  problems of ray 

propagation i n  a random medium (Chernov, 1960; Keller, 1962; Bremmer, 

1964; Komisarov, 1966). Chernov and K e l P e r  were concerned with t h e  

homogeneous case i n  which the  p robab i l i t y  dens i ty  func t ion  i s  inde- 

pendent of coordinates  while Bremmer and Komisarov were concerned with 

the  forward. s c a t t e r i n g  approximation. Both of these  approaches r equ i r e  

the  f l u c t u a t i o n s  t o  be weak and they become inva l id  when f luc tua t ions  

i n  d i e l e c t r i c  constant  a r e  s t r o n g .  

The  s t a r t i n g  point  of the  present treatment is the  well-known ray  

equat ion.  The f o r m  of the  equat ion suggests  t h a t  t h e  random medium be 

spec i f i ed  by the s ta t i s t ica l  p rope r t i e s  of p(g) = log n(x) where n(x) 

is the  refract ive index. In  a weakly random medium p i s  proport ional  

t o  t h e  f l u c t u a t i n g  pa r t  of the  r e f r a c t i v e  index. However, i n  general  

i t  is  more n a t u r a l  t o  spec i fy  p. In t h i s  paper, w e  s h a l l  assume the  

func t ion  p t o  be a homogeneous random f i e l d  with a c o r r e l a t i o n  func- 

t i o n  B(2)  def ined by 

+- + 
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where < > denotes an ensemble average. The random f i e l d  is i s o t r o p i c  

i f  t he  c o r r e l a t i o n  func t ion  depends only on I x 1 = r. + W e  s h a l l  be con- 

cerned here  exc lus ive ly  with t h e  i s o t r o p i c  case i n  which the  d i f f u s i o n  

c o e f f i c i e n t  def ined by 

plays an important r o l e .  In  (2) as w e l l  as elsewhere i n  t h i s  paper a 

prime is  used t o  denote d i f f e r e n t i a t i o n  with respect t o  the  argument. 

When def ined t h i s  way D is  r e l a t e d  t o  the  c o r r e l a t i o n  d is tance  of t he  

process p,. W e  list i n  the following two examples: 

2 +  2 2  
I f  B(2) = < p, (x) > exp - r /I 

2 4  D = < p (x) > 6 / 1  

Example 1. 

then 

2 -2 
Example 2. If B(2 )  = < p2(2) > [ l  + (r/l) ] 

D = 3 < p2(z) > r/& then  

In both of these  examples 1 is the  c o r r e l a t i o n  d is tance .  I f  t h e  

medium is weakly random 1 / D  i s  much l a rge r  than  1, but i t  may approach 

1 when f l u c t u a t i o n s  i n  p, become s t rong .  

2. The Fokker-Planck Equation 

+ The pos i t i on  x of a r ay  whose path length is s from a given 

i n i t i a l  pos i t i on  is determined by t h e  well-known ray  equat ion.  For 

our purposes w e  w r i t e  

+ + 
x ' ( s )  = v 

* - b * 4  
v ' ( s )  = F(x,v) 
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+ 
The vec to r  v is a u n i t  vec tor  which s p e c i f i e s  t he  d i r e c t i o n  of t h e  ray  

a t  x. + 
The vec tor  ? is given by 

and i t  has a vanishing mean. 

The set of equat ions (3) is similar t o  one t h a t  descr ibes  the  Brownian 

motion. Therefore, t he re  is assoc ia ted  a Fokker-Planck equat ion.  For 

a path much l a r g e r  than  t h e  c o r r e l a t i o n  d is tance  t h e  p robab i l i t y  

w(x,v,s) of f i nd ing  the  r ay  a t  2 with the  r a y  d i r e c t i o n  v a f t e r  pro- 

pagating a path length s from i t s  i n i t i a l  pos i t i on  s a t i s f i e s  the  

equat ion (Stratonovich, 1963; So, 1967) 

The “force”  3 is random s ince  p is  random. 

++ -* 

0 

Terms involving repeated ind ices  are t o  be summed from 1 t o  3. Eq. (5) 

is q u i t e  general  and it  app l i e s  as long as is not e x p l i c i t l y  dependent 

on s. For the  s p e c i a l  form of F given by (4) i n  which w e  add i t iona l ly  
+ 

assume p t o  be a homogeneous and i s o t r o p i c  random f i e l d ,  (5) reduces t o  

The r i g h t  hand s i d e  of (6) can be i d e n t i f i e d  a s  t h e  Laplacian expression 
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-b 
on a un i t  sphere i n  v-space. I f  w e  le t  0 and be the  polar  angle  and 

the  azimuthal angle of v r e spec t ive ly  and le t  c = cos@, then (4) can + 

a l s o  be w r i t t e n  as 

Eq, (7) is  a d i f fus ion  equat ion and is the  equat ion of i n t e r e s t .  W e  

w i s h  t o  consider  i t  for an unbounded random medium with t h r e e  " i n i t i a l "  

condi t ions.  They a r e  

++ 1 )  " I n i t i a l "  condi t ion  O(X,V,O)  = 6(8)/2T 

2) " I n i t i a l "  condi t ion  

3)  T I I n i t i a l f l  condi t ion  

++ 
w(x,v,o) = 6(@)6(?)/2~ 

w(x,v,o) = 6 ( 3 / 4 ~  
-3-b 

W e  consider  each of these  i n  t h e  following. 

3 .  Examples 

-?.+ 
(1) I n i t i a l  Condition o(x,v,o) = 6(0)/277 

L e t  sources  of rays be uniformly d i s t r i b u t e d  and when emit ted a l l  

rays  be d i r e c t e d  along the  z-axis .  In  t h i s  case w depends only on 8 

and s .  The Fokker-Planck equation ( 7 )  reduces t o  

w i t h  t he  i n i t i a l  condi t ion given by (8). This problem has been con- 

s ide red  by Chernov (1960) and K e l l e r  (1962). The s o l u t i o n  is  given by 
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where P (c) is  t h e  Legendre polynomial of order  n.  

by (12) is a l ready  convenient f o r  l a rge  values  of D s .  I n  pa r t i cu la r ,  

The expression given 
n 

W(C,W) = 1 / 4 ~ ,  i nd ica t ing  t h a t  rays  are uniformly d i s t r i b u t e d  i n  a l l  

d i r e c t i o n s  f o r  l a r g e  s,  

For s m a l l  values  of Ds ,  i n  order  t o  obta in  a more r ap id ly  conver- 

gent expression which is v a l i d  f o r  a r b i t r a r y  8 ,  t he  following procedure 

i s  appl ied.  For 0 <r9 t h e  Legendre polynomial has the  i n t e g r a l  repre- 

s e n t a t i o n  of Laplace and Mehler. 

Eq. (12) then  becomes 

7l 

where 

00 

The Poisson sum formula (Morse and Feshback, 1953) has been used t o  

obta in  (16) from (15).  For D s  << 1, only the  m = 0 t e r m  is important 

i n  (16) and w e  ob ta in  i n  (14) 

2 
7T -a /4Ds 

D s  << 1 ae 
1/2 ( cos~-cosa )  

s da 
1 w ( c , s )  = 

4 6  ( ~ D S )  3/2 e 
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The i n t e g r a l  can be computed i n  the  l i m i t  Ds+O by expanding the 

integrand about a = 8. The f i n a l  expression is 

'4Ds , Ds << 1 

which is v a l i d  f o r  a r b i t r a r y  angle 0 .  

The expression (12) can a l s o  be used t o  compute c e r t a i n  average 

q u a n t i t i e s .  These have been given i n  the  l i t e r a t u r e  (Chernov, 1960). 

For example the  mean value of t he  cosine of the ray d i r e c t i o n  is 

(19) < c > = exp - 2Ds 

The mean displacement and the  mean square displacement of the  ray of 

length s a r e  given by 

< x >  = < y >  = 0 

< z > = ( 1  - exp - 2Ds)/2D 

e 
2 18 

2s e 
3D D 

2 - ~ D s  < Z > = s/3D - (1-e ) /lSD2 

In  t h e  l i m i t  of small  Ds, w e  have 

(21) 
2 3 2 2 3  < z >  = s ,  < p > = 4Ds /3, < z > = S -2Ds 

These averages are l i s t e d  here  f o r  t h e  sake of completeness and for  the  

ease  of comparison with t h e  following examples. 
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++ + 
(2) In i t i a l  Condition W(X,V,Q)  = . 6 ( 8 ) 6 ( x ) / 2 ~  

The example considered i n  (1) is r a t h e r  u n r e a l i s t i c  s 

qui res  sources of t h e  ray  t o  be uniformly d i s t r i b u t e d  i n  ;-space. 

t he re  is j u s t  a s i n g l e  source w e  then have the  present  problem. In  

p rac t i ce  t h i s  r equ i r e s  a h ighly  d i r e c t i o n a l  source of the  r ay  such as a 

laser beam. 

so lu t ion  does not s e e m  t o  be a t t a i n a b l e .  W e  s h a l l  fol low Sa lpe te r  and 

Treiman (1964) and work wi th  moments. 

I f  

The equat ion of i n t e r e s t  is given by (7) whose a n a l y t i c  

The zero th  s p a t i a l  moment i s  def ined by 

which i s  the  p robab i l i t y  dens i ty  of f ind ing  a ray  of path length s from 

the o r i g i n  and w i t 9  a polar  angle of t h e  ray  cos 

zeroth moment of (7) w e  f i n d  t h a t  sa t isf ies  (11) with t h e  i n i t i a l  

condi t ion  (8). Therefore, wbO) i s  i d e n t i c a l  t o  t h a t  given by (12) and 

t h i s  i s  a reasonable expec ta t ion  on physical  grounds. 

-1 
c. By tak ing  t h e  

For higher  moments w e  f i r s t  consider  the  moments i n  the  coordinate  

along the  i n i t i a l  ray  d i r e c t i o n .  Define the  n t h  moment by 

-? Multiplying (7) by zn and i n t e g r a t i n g  over x9 w e  note t h a t  

not a func t ion  4, and hence must s a t i s f y  the  equat ion 

i s  
Z 

a,(n) 
n = 1,2, .  . . (24) 

+ - DZ a ( 1  - c 2 Z b - 1 )  -ac = cnw z 
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with the  i n i t i a l  condi t ion  ~ ( ~ ) ( c , o )  = 0. The s o l u t i o n  of (24) f o r  
Z 

expressed i n  terms of o (n-l) can be obtained by the  s tandard method. 
Z Z 

W e  have 

where a' is t h e  s o l i d  angle element in?-space. 

a l ready been found t o  be given by (12), i n  pr inc ip le ,  (25) enables  us 

t o  compute a l l  orders  of moments. W e  s h a l l  compute i n  the  following 

f i r s t  and second moments. 

Since w(O) has 
Z 

(0) in The f i r s t  moment i s  obtained by s u b s t i t u t i n g  (12) f o r  w 

t he  integrand of (25) and c a r r y  out  the  i n t e g r a t i o n .  "he f i n a l  ex- 

pression i s  

00 
r 

Again, (26) is  already i n  a convenient form f o r  l a rge  values  of D s .  

For s m a l l  values  of D s ,  the  same procedure a s  t h a t  used i n  example 1 

can be appl ied t o  (26). W e  ob ta in  

w (1) ( c g s )  '@', D s  << 1 
Z 

When (26) i s  averaged over a l l  t h e  angles,  i t  g ives  the  average 

z-posi t ion of the  r ay  of length  s i r r e s p e c t i v e  of t he  d i r e c t i o n  of t h e  

ray,  
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W e  note  t h a t  (28) is i d e n t i c a l  t o  t h e  corresponding expression given 

by (20) f o r  example 1. 

Another quan t i ty  of some interest is 

This is  the average 

and path length  s. 

-1 z-pos i t ion  of the  ray  with the  r ay  d i r e c t i o n  cos c 

For Ips << 1, 

From (30) w e  can see t h a t  the “forward s c a t t e r i n g ”  approximation is  

good f o r  D s  << 1 and is f u l f i l l e d  only when the  medium is  weakly random. 

Eq. (30) a l s o  shows how the  average z -pos i t ion  depends on the  d i r e c t i o n  

of t he  ray .  

Higher moments of z can be obtained s i m i l a r l y  from (25) i n  suc- 

cession.  For example 

m + l  -2 (2m+3)Ds m 2(2m-l)Ds - 2 L1-e 1 -  2 L1-e 
2 (2m+3) 2(2m-1) 

(31) 

Averaging (31) with respec t  t o  a l l  angles,  w e  have 

2 - 6Ds < z ( s )  > = [GDs-(1-e  )]/18D2 (32) 
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This  i s  the  mean square z-posi t ion of t he  r a y  of length  s and is seen 

i d e n t i c a l  t o  the  corresponding expression i n  (20) for example 1. 

Higher moments can be considered i n  the  same manner. Since they  a r e  

not of p r a c t i c a l  i n t e r e s t  w e  s h a l l  now t u r n  our a t t e n t i o n  t o  s p a t i a l  

moments t r ansve r se  t o  the  o r i g i n a l  d i r e c t i o n  of t he  ray.  

Define t h e  n t h  moment by 

n + +  3 
X (c9(bgs) = s x  o(x ,v , s )d  x (33 1 

n Multiply t h e  d i f fus ion  equat ion (7) by x and i n t e g r a t e  over s p a t i a l  

coordinates  ; w e  ob ta in  

n = 1 9 2 9 3 9 . .  , (343 

with the  " i n i t i a l "  condi t ion  u ( ~ ) ( c  + 0) = 0. 
x 9 7  

Eq. (34) has t h e  s o l u t i o n  i n  t h e  form 

Q 
m where Y i s  the  sphe r i ca l  harmonic func t ion .  The f i r s t  moment i s  

obtained by s u b s t i t u t i n g  given by (12) i n  t h e  integrand of (35). 

Using the  or thogonal i ty  r e l a t i o n  of t h e  s p h e r i c a l  harmonic funct ions,  

the  in t ega t ion  y i e l d s  
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(36) 1 -n (n-l)Ds -n (n+P )Ds 
re -e 

Following t h e  same procedure as shown i n  example 1 t h e  asymptotic 

expression f o r  D s  << 1 can be shown t o  be 

The average x-posi t ion of t he  ray  can be obtained by i n t e g r a t e  (36) 

over all angles .  The i n t e g r a t i o n  is t r i v i a l  and g ives  the phys ica l ly  

expected r e s u l t  

< x(s)  > = 0 (38) 

Higher moments i n  x can be obtained s i m i l a r l y  i n  succession from (36). 

Among them, w ( ~ ) ( c , ~ , s )  is of p a r t i c u l a r  i n t e r e s t  because it g ives  the  

mean square spread of t h e  ray  of length  s i n  the  x-d i rec t ion .  The 

genera l  expression f o r  wC2)  is  r a t h e r  lengthy and w i l l  be given i n  the  

Appendix. 

X 

X 

The mean square value of the  x-posi t ion of t h e  ray  is ob- 

ta ined  by i n t e g r a t e  w (2) 
X 

< xL(s)  > 

Due t o  axial  symmetry of 

over the  s o l i d  angle .  The r e s u l t  is 

s 

t h e  problem an i d e n t i c a l  expression f o r  

(39) 

2 < y (s) > can be obtained i n  a similar manner. 
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W e  note  t h a t  t h e  mean and the  mean square pos i t i on  of the  r ay  f o r  

t he  present  problem a r e  found t o  be i d e n t i c a l  t o  t h e  mean and the  mean 

square displacement of t h e  r a y  respec t ive ly  i n  example 1. This i s  t o  

be expected s ince  the  medium is  assumed t o  be s t a t i s t i c a l l y  homogeneous 

and hence the  problem possesses t r a n s l a t i o n a l  symmetry. O f  course t h i s  

i s  no longer t r u e  i f  w e  allow the  background medium t o  be, f o r  example, 

inhomogeneous. 

3 -  + 
(3) I n i t i a l  Condition w(x,v,o) = b ( x ) / 4 r  

The source of the  ray  is a t  t he  o r i g i n  emi t t ing  rays  with equal  

p robab i l i t y  i n  a l l  d i r ec t ions .  T h i s  problem can be t r e a t e d  i n  the  s i m i -  

l a r  manner a s  i n  example 2. The zeroth moment i s  obtained by so lv ing  

(11) with the  given i n i t i a l  condi t ion.  W e  have 

which is a cons tan t .  This is  t o  be expected because of t he  i s o t r o p i c  

property of the  source and the  medium. The f i r s t  moments can be com- 

puted by s u b s t i t u t i n g  (40) f o r  a(o) i n  (25) and (35). Higher moments 

a r e  then  obtained i n  succession.  W e  l ist  these  moments i n  the  

following : 

aF)(c9+,s) = (1-c2)1’2cos+(l-e - 2Ds ) / 8 r D  

(c,+,s) = (1-c2)1’2sin+(l-e - 2Ds ) / s ~ D  
Y 

- 2Ds 
(c,s) = c(1-e ) / 8 r D  

Z 

< x ( s )  > = < y(s)  > = < z ( s )  > = 0 
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. 
- 6Ds 

(45 1 

- 6Ds 1 ( 1-e-4Ds) e-2Ds]} 
(46) 

(47) 

( 1  - e ) I D 2  (48) 
2 1 < r ( s )  > = [Ds - 2 

- 2Ds 
(1-e >] /3D2 2 2 2 1 < x (s) > = <  y (s) > = <  z (s) > = [Ds - 2 

- 2Ds 

Another quan t i ty  of i n t e r e s t  is t h e  average pos i t i on  of the  ray  

of path length  s with a given d i r e c t i o n  ( e 9 + ) .  From (411, (42) and 

(43), w e  have 

A where Q7 9, 
end point  of t he  ray  i n  t h e  d i r e c t i o n  of r with path length s is s?, 

j u s t  as i f  i t  is  t r a v e l l i n g  i n  a r egu la r  homogeneous medium. For 

l a r g e r  values  of D s  so  t h a t  the  mul t ip le  s c a t t e r i n g  e f f e c t  on the  r ay  

becomes important, t he  average pos i t i on  of t he  ray  is s t i l l  i n  the  

o r i g i n a l  d i r e c t i o n  r, but t he  d i s t ance  from t h e  o r ig in ,  t h e  s t a r t i n g  

point  of the  ray,  is always less than s. 

and r are u n i t  vec tors .  For D s  << 1, t h e  pos i t i on  of t h e  

A 

A 
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4. Discussion 

I n  t h e  preceding s e c t i o n  w e  have discussed t h r e e  examples. These 

examples are h ighly  idea l i zed  with very s p e c i a l  " i n i t i a l "  condi t ions.  

In  genera l  a r a d i a t o r  has a r a d i a t i o n  p a t t e r n  which is not necessa r i ly  

i n f i n i t e l y  sharp  nor i so t rop ic .  

which is a func t ion  of both angles.  W e  wish t o  ind ica t e  i n  the  follow- 

ing  s t e p s  t o  t ake  t o  t r e a t  t h i s  genera l  case.  

I t  has a r a d i a t i o n  p a t t e r n  f (e,$) 

L e t  us f i r s t  consider  the  so lu t ion  of the  d i f f u s i o n  equat ion (7) 

with the  " i n i t i a l "  condi t ion  

W e  no te  t h a t  t he  condi t ion  (50) is i d e n t i c a l  t o  (9) i f  w e  make a s u i t -  

ab le  coordinate  t ransformation.  This suggests  t h a t  a s o l u t i o n  t o  the  

problem with t h e  i n i t i a l  condi t ion  (50) can be obtained through a 

s i m i l a r  coordinate  t ransformation of t he  s o l u t i o n  obtained i n  exam- 

p l e  2. 

and (e ,$)  be a. 

t a ined  i f  w e  s u b s t i t u t e  cos0 i n  example 2 by cosa.  Here 

L e t  t h e  angle between the  r a d i a l  l i n e s  of coordinates  (@ > $  ) 
0 0  

The des i red  s o l u t i o n  t o  t h e  present  problem is ob- 

 COS^ = case case + s i n e  s inecos($ - $,) 
0 0 

For example, t he  zero th  moment is  found from (12) a s  
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where t h e  add i t ion  theorem has been used. Higher moments can be ob- 

ta ined  s i m i l a r l y .  

Now le t  us assume t h e  r a d i a t o r  has a "probable" r a d i a t i o n  p a t t e r n  

f (e ,+) ,  i.e. 

The func t ion  f is assumed t o  have been normalized over t h e  s o l i d  angle 

i n  order  t o  be a p robab i l i t y  dens i ty  func t ion .  Expand f on the  su r face  

of u n i t  sphere i n  t e r m s  of sphe r i ca l  harmonics 

The c o e f f i c i e n t s  Am 

(54) a t  (e  ,+ ), s u b s t i t u t e  it i n t o  (52) and i n t e g r a t e  over t he  s o l i d  

angle dQo; w e  ob ta in  

can be computed simply since f i s  known. Evaluate 
P 

0 0  

n=o m=-n 

Similar  technique can be appl ied  t o  obta in  higher  moments for the  

" i n i t i a l "  condi t ion  (53). (See Appendix) 
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5. Conclusion 

The problem of propagation of l i g h t  rays  i n  a rand 

inves t iga t ed  here  i n  a un i f i ed  manner without t h e  usual  assumption t h a t  

t he  medium be weakly random. 

a general ized Fokker-Planck equat ion f o r  the  p robab i l i t y  dens i ty  of 

S t a r t i n g  from the  well-known ray  equation, 

f i nd ing  the  ray  i n  the  medium is derived.  The equat ion is  general  and 

can be appl ied t o  random media with an i so t rop ic  i r r e g u l a r i t i e s  o r  with 

inhomogeneous background. The only assumption i s  t h a t  t he  random 

s c a t t e r s  have a c o r r e l a t i o n  d is tance  small  compared t o  the  path length 

of i n t e r e s t .  Three problems corresponding t o  th ree  d i f f e r e n t  " i n i t i a l "  

condi t ions of t h e  ray  are s tud ied  f o r  a s t a t i s t i c a l l y  homogeneous and 

i s o t r o p i c  medium. Exact expressions f o r  t h e  p robab i l i t y  dens i ty  and/or 

s p a t i a l  moments are der ived.  The quant i ty  D, t he  d i f fus ion  c o e f f i c i e n t  

of the  medium f o r  the  ray,  i s  found t o  play an important r o l e  i n  a l l  

cases .  I t  is found t h a t  i n  the  l i m i t  of D s  << 1 and f o r  cases tha t  t he  

t o t a l  d e f l e c t i o n  of the  r a y  due t o  random s c a t t e r i n g  is small, the  so- 

c a l l e d  "forward s c a t t e r i n g "  approximation is  appl icable .  This is l i k e l y  

t o  happen only f o r  weakly random medium. For media with s t rong  f luc tua-  

t i o n s  i n  the  r e f r a c t i v e  index, even f o r  D s  << 1, the  de f l ec t ion  i n  the  

r ay  d i r e c t i o n  may be Parge and the  asymptotic expressions der ived should 

be used. On the  o the r  hand, f o r  t h e  o the r  extreme l i m i t  such t h a t  

D s  >> 1, t h e  ray  has su f fe red  a l a rge  number of s c a t t e r i n g  i n  the  medium, 

it is  shown t h a t  t h e  d i s t r i b u t i o n  becomes i s o t r o p i c  i n  a l l  d i r ec t ions .  

Most r a d i a t o r s  have a d e f i n i t e  r a d i a t i o n  pa t t e rn .  This corresponds 

t o  some a r b i t r a r y  " i n i t i a l "  condi t ion.  Steps are shown f o r  t r e a t i n g  such 

a general  case. 
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APPENDIX 

1. From (35) and (36) w e  have 

M 

Using t h e  or thogonal i ty  r e l a t i o n  of t he  s p h e r i c a l  harmonics and 

a f t e r  ted ious  ca l cu la t ions ,  we have 

- 2 (21 +3) DS 2 (a- 1)Ds 2n Ds- 1 (1 +I )  (1-e 
(I-e I + + - +  

2 ( d + 3 I 2  

-2 (1 +l)Ds 
1 -  

3 (1-1) (1 +2) (2n,+l) l (1 -1 )  (l-e Ds - m (21-1) (21 +3) 
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2 (21 - 1 )  LV 

2. For t h e  general. i n i t i a l  condi t ion  (53),  it can -e c-own tha  

1 -n(n+l)Ds -n(n+l)  (n+2)Ds -e 
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