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Abstract 

An analytical study is presented as a first step in developing a model for engine 
operation. Solutions for the plasma potential distribution and the ion beam cur- 
rent are derived in terms of the electron and ion temperatures and densities. 
Experimental data, obtained with a Langmuir probe in mercury and cesium 
engines, are used to determine coefficients required in the plasma potential solu- 
tions. The use of these coefficients in the ion beam solution produced results 
consistent with Faraday probe measurements of the beam current. 
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Plasma Characteristics of the Electron 

Bombardment Ion Engine 

Continuing interest in the application of the electron 
bombardment ion engine to future spacecraft has 
prompted studies of the overall operation of such engines 
(Refs. 1 3 ) .  These studies have concentrated primarily 
on ion extraction, ion focusing, and on general perform- 
ance characteristics; they have been, in general, quite 
successful. Engines of this type have operated for many 
thousands of hours with both mercury and cesium as 
propellants. However, the plasma which is the source of 
ions for the engine has not been examined extensively. 
Previous investigations (Refs. 4 4 )  have presented experi- 
mental data on the plasma properties and have analyzed 
these properties; thus far, however, a general analytical 
model predicting the plasma characteristics is not avail- 
able. 

1. Introduction of new engines and improvement of existing ones. Spe- 
cifically, factors such as propellant distribution, cathode 
position, and engine geometry, which are presently 
studied only experimentally, could be analytically as- 
sessed more generally. In addition, it would be useful to 
determine scaling relationships to simpbfy future engine 
development. Basic solutions for the plasma properties 
and scaling factors can be determined only after a model 
is developed. The purpose of this report is to develop an 
analytical model for the plasma and to indicate the steps 
and assumptions involved in obtaining solutions. 

The need for an analytical model is clear considering 
that most improvements and optimizations of the electron 
bombardment engine have been based on experimental 
trial and error methods. Since the formation of the plasma 
represents the major source of engine inefficiency, infor- 
mation on the formation mechanisms and the factors 
affecting plasma properties would be useful in the design 

The equations describing the plasma are nonlinear par- 
tial differential equations requiring numerical solutions 
in general. However, by making certain reasonable as- 
sumptions, the equations of motion for ions and electrons 
can be simplified to allow a solution for the radial and 
axial plasma potential in terms of the ion density. The 
ion density cannot be solved for analytically because the 
%ux continuity equations include a nonlinear ion produc- 
tion term; however, the plasma potential solutions can 
be applied and compared to measure potentials by using 
measured ion densities in the solutions. In addition, by 
using the plasma potential solutions, the axial ion flux 
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density can be obtained and compared with measured 
ion flux in the beam to provide an additional correlation 
of theory and measurement. This procedure provides a 
method for justifying the assumptions and determining 
the validity of the analytical model. The results of this 
study provide a starting point for the complete solution 
of the plasma equations. 

II. Plasma Theory 
A typical electron bombardment ion engine is shown 

schematically in Fig. 1. The engine is composed of the 
following elements: cathode, anode, housing, magnetic 
field coil, screen grid, and accelerating grid. The cathode 
thermionically provides electrons, which are attracted to- 
ward the anode. The axial magnetic field produced by 
the field coil causes the electrons to have spiral paths and 
increases their effective mean free path. Propellant gas 
injected into the chamber is ionized by the electrons to 
form a plasma of ions, electrons, and neutral atoms. In 
the ensuing discussion, two groups of electrons will be 
identified: primary and Maxwellian electrons. Primary 
electrons, those initially emitted from the cathode, have 

energies approximately equal to the cathode-anode po- 
tential difference (Ref. 7) and form an essentially mono- 
energetic group. Collisions of primary electrons with 
neutral atoms produce ions and secondary electrons. The 
primary electrons lose energy through inelastic collisions 
with atoms, ions, and secondary electrons. A portion of 
the primary group thus joins the lower-energy secondary 
group, which is found to have a Maxwellian energy dis- 
tribution. One could reasonably expect a radially decreas- 
ing average Maxwellian energy due to the decreasing 
energy contribution of the primary group. 

The plasma thus formed is a source of ions. A sheath 
formed at the screen grid provides a boundary for the 
plasma. Ions crossing this sheath and passing through 
the holes in the grid are accelerated by the electric field 
applied between the grids. In addition to the plasma ion 
loss by extraction in the beam, ions are lost through re- 
combination in the plasma, at the cathode, and on other 
engine chamber surfaces. 

Engine operation and efficiency are thus strong func- 
tions of the efficiency of ion production, ion loss, and the 

ACCELERATING GRID 

ANODE SCREEN GRID 

PROPELLANT FEED 

3 

2 

Fig. 1. Conventional electron bombardment ion engine 

.ION BEAMS 
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axial motion of the ions at the screen grid. Ion produc- 
tion, loss, and axial motion are dependent upon the prop- 
erties of the plasma. That is, they depend on the ion 
density, electron energy, and plasma potential distribu- 
tions. Therefore, the analysis must deal with these 
properties. 

An analytical model of the plasma as it relates to the 
electron bombardment ion engine will be developed here. 
It is important to realize that the results of this study 
relate directly to the bombardment engine through the 
assumptions and the application of experimental data. 
The assumptions should be reviewed before application 
is made to other situations. 

As noted, the plasma can be completely described by 
a series of nonlinear, partial differential equations. To 
obtain useful information from these equations requires 
a number of simplifying assumptions. A large body of 
literature exists in which the effects of various assump- 
tions on the solutions are investigated. However, the 
choice of assumptions for any given application must be 
based on the properties of the particular plasma being 
studied. First, therefore, the general characteristics of 
the plasma will be presented in terms of collision times, 
collision and ionization cross sections, and ion production 
coefficients. These will be used to justify the assumptions 
made in the analysis that follows. Second, the general 
equations describing the plasma are presented, and the 
assumptions to be made in the solution are discussed. An 
analytical solution for the plasma potential is obtained, 
and compared with experimental data to check the va- 
lidity of the analysis. The solution will be used in later 
work to find numerical solutions to the flux continuity 
equations for the ion density. Finally, the equation for 
the axial ion flux is derived and put in terms of the ion 
density gradient. This flux is computed and compared to 
measured beam current densities. An energy equation for 
the primary and Maxwellian electrons has not yet been 
established, but this does not limit the analysis presented 
here. 

A. General Characteristics 

As indicated previously, the primary electrons enter the 
plasma with energies approximately equal to the arc 
(cathode-anode) voltage. Collisions of primary electrons 
with secondary electrons and neutrals reduce a portion 
of the primary electrons to a Maxwellian distribution. 
The time required for primary electron energy to be lost 
can be estimated by considering collision and relaxation 
times. 

In steady state, the time required for a monoenergetic 
distribution of primary electrons of energy ep to relax to 
a Maxwellian distribution with energy (3/2) kTe when 
interacting with a Maxwellian group of this same energy 
is given approximately by (Ref. 8) 

where 

eP = primary electron energy, eV 

Te = electron temperature, O K  

ne = electron number density, m-3 

In A = In [ 128 (eo kTe)3/2/e3 nil2] 

with 

k = Boltzmann constant, J/OK-l 

eo = permittivity of vacuum, C2/N-1/m-2 

e = electron charge, C 

and 

with 

and 

(3) 

G (t) has been tabulated by Spitzer (Ref. 8). Equation (1) 
is plotted in Fig. 2 for a range of electron energies for 
ne = lo1' ~ m - ~ .  This time can easily be estimated for other 
densities, since Inn varies slowly with ne. 

The time between primary electron-ion collisions can 
be determined from the equation (Ref. 8) 

3.2 X IO4 
= ne [+ ( E )  - G(t ) ]  In A (4) 

where the terms are defined as before. The Inn factor 
is again found from the Maxwellian electron group, since 
it involves the Debye length determined by the Max- 
wellian electron temperature. This time is plotted in 
Fig. 3 for ne = 1011cm-3. 
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PRIMARY ELECTRON ENERGY, eV 

Fig. 2. Primary electron relaxation time 

PRIMARY ELECTRON ENERGY, eV 

Fig. 3. Primary electron-ion collision times 

4 

The time between electron-electron collisions within 
the Maxwellian group can be computed from the “self- 
collision” time equation (Ref. 8) 

where em is the average Maxwellian electron energy in 
electron volts. This collision time is plotted in Fig. 4 for 
a range of electron densities and average energies. 
Maxwellian electron-ion elastic collision times are essen- 
tially those for electron-electron collisions (Ref. 9). The 
electron-ion energy exchange times, however, should be 
long compared to electron-electron energy exchange 
times, since energy is transferred more effectively between 
electrons. Electron-ion relaxation is therefore neglected. 
The electrons are assumed to have much higher tempera- 
tures than the ions; thus, the plasma is not in thermal 
equilibrium. 

A note is needed here to point out the convention used 
in describing electron temperature. When temperature 
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MAXWELLIAN ELECTRON ENERGY, eV 

Fig. 4. Maxwellian electron self collision times 
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is discussed, it is understood that either degrees Kelvin 
are to be used, or the electron volt equivalent e/k = 
11,60O0K/V-l in conversion when T, is given in electron 
volts. When electron energy is discussed in electron volts, 
the conversion (3/2) kT, must be used to h d  Te. This 
distinction is made because the Langmuir probe measure- 
ments described later give T, in electron volts and should 
not be confused with the average energy of the Max- 
wellian distribution. 

The inelastic electron-atom collision times can be com- 
puted from (Ref. 9) 

where 

n, = neutral atom density, ~ r n - ~  

Qea = inelastic collision cross section, cm2 

V, = electron speed, cm/s-' 

ELECTRON ENERGY, eV 

Fig. 5. Elastic and inelastic electron-atom collision times 
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The cross section Qea includes ionization and excitation. 
Sovie and Dugan (Ref. 10) have calculated Tea for cesium 
using Gryzinski's classical theory (Ref. 11); their curve 
is shown in Fig. 5. The mercury calculation, also plotted 
in Fig. 5, was made using the experimental data of Refs. 
12 and 13 to form the inelastic cross section (Fig. 6). The 
cesium curve was obtained by using Eq. (6) and the 
collision times of Ref. 10. 

The time between elastic electron-atom collisions is 
pertinent in determining the time required for electrons 
to be scattered without energy exchange. Since the 
electron-ion collisions are also essentially elastic, the 
faster of the electron-atom or electron-ion collision times 
should determine scattering. The electron-atom collision 
time T~ can be estimated by using an equation similar to 
Eq. (6) with the total collision cross section. The total 
cross sections (Refs. 14 and 15) are shown in Figs. 7 and 8, 
and the times are shown in Fig. 5 for no = lo1' ~ m - ~ .  The 
upper right curve in Fig. 8 was used in calculating the 
cesium collision times. The various curves and data 
points in this figure are referenced in Ref. 15 and serve 
to show the wide variation in reported cross sections. 

The arc voltages in the cesium and mercury engine are 
typically 10 and 50 V, respectively (Refs. 16 and 17). The 
primary electrons are found to have energies about equal 
to the arc voltage, and the Maxwellian electrons about 

ELECTRON ENERGY, eV 

Fig. 6. Inelastic electron-atom collision cross sections 
for mercury (Refs. 12 and 13) and cesium (Ref. 10) 
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one-tenth the arc voltage (Ref. 18). Near the cathode, the 
plasma should be highly ionized. Assuming 90% ionization 
and an electron density of lo’* cm-3, the various collision 
times (in seconds) for cesium and mercury are 

10-1 

cs Hg 
T e  = 2 x Te = 2 x 10-5 

, 
0. I 

An important characteristic of these plasmas is the rela- 
tive concentration of primary and Maxwellian electrons. 
The population of primary electrons can be expressed as 

n, (T)  = n, (0) e t ’ 7  

lo-’ 

N 

E 
z 
I- o 
W 
v, 

m 
0 
E o 
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0 
I- 

0 

CJ-J io-’ 

F 

ALL DATA TAKEN FROM 
SUMMARY IN REF. 15 

where T is the time required for energy exchange and 
np(0) is the initial density. In order to compare the pri- 
mary ratio %(r)/%(O) for mercury and cesium, a dis- 
cussion of t and T of Eq. (8) is needed. For our purposes, 
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ELECTRON ENERGY, eV 

Fig. 7. Total electron-atom collision cross section 
for mercury (Ref. 14) 

CESIUM 

IC 

ELECTRON ENERGY, eV 

Fig. 8. Total electron-atom collision cross section for cesium (Ref. 15) 
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t will be taken as the time required for electrons to tra- 
verse the radius of the chamber and T as the time required 
for primaries to join the Maxwellian distribution, or 
T = Tea The traverse time will depend on a combination 
of the electron-atom or electron-ion times. Since the atom 
and ion densities vary radially, the relative importance 
of ~~i and T, cannot be distinguished. Also, since the cross 
sections are relatively inaccurate for electron-atom colli- 
sions as indicated in Fig. 8, it is assumed that t is the 
same in both plasmas. The solid line in Fig. 9 shows a 
plot of Eq. (8) including only T ~ ,  and an estimate for 
electron energy loss because of collisions with atoms and 
ions shown by the dashed curve. The time t is interpreted 
as a distance divided by a velocity. The velocity is that 
determined by an electron moving one cyclotron radius 
per collision. Experimentally, the primary ratio at the 
anode, designated as point R, is approximately The 
dashed mercury curve is fairly representative of the mea- 
sured primary distributions. The dashed cesium curve 
was estimated from the mercury curve. Considering the 
dashed curve for cesium, it is apparent that an extremely 
low fraction of primaries would be expected in cesium 

1.0 

0. I 

F 

C9 

- < 
0.01 

0.001 

=y '. '. 
CESIUM 

ENERGY LOSS BY: 
ELECTRON-ELECTRON ONLY 
ELECTRON -ATOM, 10N INCLUDED -_.- 

relative to mercury. It will be shown that in fact no pri- 
maries are detected in cesium plasma measurements. 

The effectiveness of primary and Maxwellian electrons 
in producing ionization can be calculated following the 
method of Refs. 6 and 19. The production rate per unit 
volume is 

(9) 

where v is the production rate at position r by electrons 
of energy E .  Assuming that the electron energy distribu- 
tion function can be represented by 

f (T ,  4 = f P  (4 nP (TI + f m  (4 (TI (10) 
where 

f p  ( E )  = primary electron distribution function 

= 6 (ep) = delta function 

f m  ( E )  = Maxwellian distribution function 

np(T) = primary electron density at position T 

Fig. 9. Relative primary electron decay rate for mercury and cesium plasmas 
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the production rate is 

where Qi is the ionization cross section for single ioniza- 
tion and no (T)  is the neutral particle density at position r. 

Experimental measurements of Qi for mercury and 
cesium are shown in Figs. 10 and 11 along with 
Gryzinski’s theory (Refs. 13, 20, and 21). The theoretical 
curves were computed using 

with 

10-1: 

N 

5 

L IO-’E 

2- 
0 
W 
cn 
cn cn 
0 
IX u 

10-17 

(13) 

where Ui is the energy required to remove a single elec- 
tron from the kth atomic state, Nk is the number of elec- 
trons in the kth state, 5 = €/Vi, 

and E is the energy of the colliding electron. The ioniza- 
tion energies for each state are needed for this calculation 
and were obtained from Ref. 22 on atomic spectra. The 
notation on the theoretical curves designates the state, 
the number of electrons in the ground state configura- 
tion, and the energy required to remove an electron from 
that state. In the case of mercury, it is interesting to note 
the large contribution from the 5d state. The cesium 
experimental data were adjusted to match the theory as 
suggested by McFarland (Ref. 23). 

GRYZlNSKl T H E O R Y  
REF: 13 --- 

10 100 100 

E L E C T R O N  ENERGY, eV 

Fig. 10. Ionization cross section for producing singly charged mercury ions 
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Integration of Eq. (11) has been previously accom- 
plished for mercury (Refs. 6, 19) using Eq. (lo), and for 
cesium (Ref. 4) for a Maxwellian distribution alone. The 
integration yields 

Slightly different functions were used in Ref. 19. Equa- 
tion (15) can be written as 

Io-' 

where 

and 

lo-" 

N 

5 

t, 10-1 

i 
0 

W 
v) 

v) 
v) 
0 
E 
0 

I 

0 

The functions 2, and Z ,  are shown in Fig. 12 for mercury 
and in Fig. 13 for cesium. The ionization cross section 

n, ( r )  = Maxwellian electron density 

used in calculating in Ref. 4 was not stated but should 
be accurate enough for our purpose here. Using the 
Maxwell and primary energies assumed before, the ion 
production co&cients E, and 2, are about the same for 

--- TATE AND SMITH I 

100 

ELECTRON ENERGY, eV 

Fig. 1 1. Ionization cross section for producing singly charged cesium ions 
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Fig. 12. Ion production coefficients for primary and 
Maxwellian electrons in mercury 

I 

mercury and cesium. However, there is quite a large dif- 
ference in the effectiveness of Maxwellian and primary 
electrons. The production coefficients will be required for 
solving the ion and electron flux equations. 

B. Diffusion Theory 

The study of charged particle diffusion processes has 
been the subject of a great many investigations. Two 
comprehensive summary papers are available (Refs. 24 
and 25) which list numerous references, so a general 
treatment of diffusion is not attempted in this paper. This 
section presents the equations required to describe the 
plasma in the electron bombardment engine, indicates 
the necessary assumptions, and outlines the solution. The 
equations presented have previously been solved with 
various simplifying assumptions (Refs. 24 and 25), but 
in most cases, these solutions do not aply to the problem 
of interest here. The following formulation assumes that 

10- 

10- 
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E 
0 

vi 
2 10- 

I- u z 
3 
LL 

W 

10- 

io-' 

/ 
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1 I 

MAXWELLIAN ELECTRON ENERGY, eV 

Fig. 13. Ion production coefficients for primary and 
Maxwellian electrons in cesium 

the neutral particles are stationary and are included only 
as target particles for the charged species. The equations 
of motion for the charged particles can be written as 
(Ref. 24) 

where a denotes the species and 

ma = mass 

u a  = directed velocity 

Z, e = charge 

E = electric field 
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B = magnetic field 

P ,  = hydrostatic pressure 

n, = number density 

Gu,/St = momentum exchange term 

V * B = O  (27) 

The pressure can be written as 

which, for a Maxwellian energy distribution, is 

where T ,  = temperature in energy units. The momentum 
exchange term 6u,/6t accounts for momentum transfer 
between species and can be written 

where vap = collision frequency. An additional relation- 
ship accounting for the conservation of momentum in 
collisions is given by 

In addition to the equations of motion, the species conti- 
nuity equation must be satisfied 

V - r ,  = v: - v; (24) 
in which 

r, = naua 

V: = species production rate 

V: = species recombination rate 

The production function V: is that previously calculated, 
and the 2 functions could be conveniently used in the 
numerical solutions. Recombination in the plasma, rep- 
resented by v;, should be small compared to production 
(Refs. 19 and 26) and can be neglected. The recombi- 
nation at surfaces, however, will have to be included in 
boundary conditions. Finally, it is necessary to examine 
the Maxwell equations. These can be written as 

V X E = O  (26) 

where p,, = 12.57 X W/A-l/m-I. 

The momentum transfer equations can be simpmed 
by eliminating the terms on the left-hand side of Eq. (19), 
and this is the usual procedure. The elimination of au,/at 
is certainly justified, since the plasma is known to be in 
a steady-state condition. In the case of the electrons, the 
term in (u-  V)u  can also be eliminated, based on the 
experimental fact that thermal electron velocities far 
exceed the directed velocity. The directed velocity is in 
turn determined by the elastic electron-atom and 
electron-ion collision rates. These rates can be assumed 
to remain relatively constant across the plasma, leading 
to a constant drift velocity; hence, (u, - V) u, = 0 is a rea- 
sonable assumption. 

In the case of the ions, however, a different situation 
exists. Ionic cyclotron radii are very large compared with 
the dimensions of the device, so the magnetic field has 
no effect on them. Further, for the plasmas under consid- 
eration, the mean free path of ions for momentum transfer 
is also large in comparison to the dimensions of the de- 
vice, and the ionic thermal velocity is quite low. Thus, 
the existence of any appreciable potential gradients in the 
plasma would result in ion acceleration, and an equi- 
librium drift velocity could not be reached. Experimen- 
tally, such gradients are known to exist, so the term 
(ui- V)ui  should be retained in the ion equation of mo- 
tion. This term is nonlinear and makes an analytic solution 
impossible. The term 6ua/6t will produce a term pi, de- 
fined as the mobility due to ion-atom collisions. In the 
case of long ion mean free paths, the entire concept of 
mobility is questionable.Because the ionic drift velocity 
is expected to be small compared to electron velocities, 
it is not unreasonable to lump the effects of (ui*’J)ui 
into the ion mobility and treat this mobility as a param- 
eter. The solutions can then be adjusted by means of pi 
to fit experimental data. Such solutions would be valid 
only if the mobility so determined were consistent in 
both the radial and axial solutions. 

The primary electron, Maxwellian electron, and ion- 
equations of motion will now be presented. They will 
then be simplified with the use of the following additional 
assumptions: (1) The primary electrons only affect the 
plasma near the cathode and can be neglected in the bulk 
of the plasma. The neglect of primary electrons in cesium 
is experimentally justified; but this assumption must be 
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verified for mercury. (2) The ion and electron densities 
are equal locally, and Eq. (25) is neglected (Ref. 27). 
(3) The magnetic field is constant and has only an axial 
(2) component. (4) There is no azimuthal electric field 
or density gradient, although these terms are included 
for generality. (5) The temperatures are constant but not 
equal. Both the electron and ion temperatures are carried 
as far as possible within the differential. (6) Plasma cur- 
rents are small enough not to affect the applied magnetic 
field; thus, Eqs. (27) and (28) can be eliminated. (7) The 
ion density is a separable function of coordinates, SO that 
Eq. (26) can be neglected as indicated in Ref. 27. 

The individual species equations of motion for ions, 
Maxwellian electrons, and primary electrons can be writ- 
ten in the following manner: 

Ions 

OPi 
eE + eui X B = - + mi v im (ui - urn) ni 

MaxweUiun electrons 

+ me vmi (u, - ui) 
vp, -eE - eu, X B = - 
n, 

Primary electrom 

We now make use of the definitions 

e 
Pnz = - 

m e  Vnin 

e 
= 

where q =resistivity and ,u=mobility, and of Eq. (23) 
to find 

-n,E - rm X B = V (nmTm) + gmn,e r, - ri- ( 3 
(34) 

( a )  2 
- n, E - r, X B = - V (n, E,) + 7, n, e r, - - ri 3 

(35) 

Note that pi is now the “effective” mobility and cannot 
be computed using the ion-atom collision times of Sec- 
tion A. The primary electrons are neglected as indicated 
previously, and the ion and Maxwellian electron equa- 
tions are reduced with the definitions q,  = 7 and 
ni = n, = n. 

ri 
- ri X B - nE + V (n; T i )  = - - + qen (f, - ri) 

Pi 

r e  

P e  
re X B + nE + V (nTJ = - - - -ri) 

(37) 

The components of Eqs. (36) and (37) for the r-, e-, and 
z-directions are: 

r-direction 

a ri 
-r:B - nE, + - (nT;) = - -I + ven(r; -  ri,) 

ar Pi 

(38) 

a r e  
r : B + n E , + - ( n T , ) =  - ’ - v e n ( r ; - r t )  (39) 

ar Pe 
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$-direction 

i a  r: r t B  - nE, + --(nTi) = - - + r]en(r;- r6) (40) r ae Pi 

i a  
-r:B + nE, + --(nTe) = - - - qen(r ;  - ri,) (41) 

r ae Pe 

2 mi 

r; 
Ten (re, - r;) a nE, + -(nTe) = - - - 

az Pe 

These are the same equations as those derived in Ref. 27 
using the Boltzmann transport equation. An interesting 
feature of the equations is that the z-direction equations 
are uncoupled from the r and 9 equations. 

The r and 8 equations (38-41) can now be solved for 
the radial plasma potential distribution. This is accom- 
plished by making the assumptions that the mobilities 
are constant and that ri, < < r;. Ecker (Ref. 28) has also 
solved these equations assuming that r; = A r t ,  where A 
is a constant, and the ratio of r: to r; is found to be 

(44) 

where 

(45) - 
@ i , e  - q e w ,  e 

It is seen that for A equal to unity, the 3ux ratio is just 
equal to the mobility ratio. For A different from unity, the 
flux ratio is between Pj/Pe and ui because vi < < 1 < @e. 

Thus, for all conditions of interest here, the assumption of 
ri, < < r; is well justified. The pi in the e equation is 
actually a different mobility from those for the r- and 
x-directions because of the general tensor quality of the 
mobility. This is because ions have infinite path lengths 
available in the e-direction, whereas their path is limited 
to &e dimensions of the engine in r and z. In addition, 
the e electric field is assumed to be zero, so p;  is a zero 
field mobility (Refs. 29 and 30). For these reasons, the e 
mobility should be large compared to those for the r- and 
z-directions. The r; term can therefore be eliminated in 
Eq. (38), because ri,B < < r:iP; and ri, is neglected 
in Eq. (40) since r; B > > rtlPc;. The value of eliminat- 
ing ri, from the equations is that an additional relation- 
ship between fluxes is now unnecessary and the number 
of parameters in the radial solution is reduced to one (pi). 
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It will be assumed that pi is the same for r and z because 
of similar electric fields. It is further assumed that the 
Einstein relation holds, so that 

For constant temperatures, the 13 equations (Eqs. 40 
and 41) can now be solved for r; as 

(47) 

Note that ue is a function of r, so that r: is a changing 
function of ri, in addition to being non-ambipolar. Using 
Eqs. (38), (39), and (47) with the convention 

av 
a T  

E =- -  

where V is the plasma potential, we find 

where 

u p B  

We define a new variable 

and integrate Eq. (49) to obtain 

AV‘ 
Te 
- = a, In x + a, In 

where 

AV = V ( X )  - v(1) 

a, = 5 [% (/T + 2) + (” - l)] 
P Pi 

Pe 

Pi  
F = l + -  



Under most conditions, pe/pi > > 1, so the constants 
become 

a,= -1 

The radial solution in Eq. (51), using 
Eqs. (56), (57), and (58), is compared 
data in Section 111. 

(56) 

(57) 

(58) 

the constants of 
to experimental 

The axial potential distribution is easier to find. By 
using just the z-direction equations (Eqs. 42 and 43), and 
a relation between the fluxes 

r; = yr; 

and Eqs. (45) and (46), the axial electric 
to be 

E ,  = (Di Q - De P )  1 
p i a  + peP n ar 

where 

Q = [Y + we (Y - 111 

P = [1 - ai (Y - 111 

(59) 

field is found 

Integration of Eq. (60) gives the axial potential in the 
form 

-=b, lnx+b,  
AV" 
Te 

As before, when pe/pi > > 1, the constants become 

b l = - l  (66) 

b, = (1 - ~ ) a i o T  
- 

This solution will also be discussed with the experimental 
data. 

As indicated, the ion mobility will be determined by 
matching the radial solution, Eq. (51), to experimental 
data. This value of pi will then be used to fit the axial 
potential solution, Eq. (63). Both solutions require the 
resistivity due to electron-ion collisions, which is given 
by (Ref. 8) 

where Te is in degrees Kelvin. The simplified plasma 
potential equations are presented for each engine com- 
parison, since the a and b constants depend on the elec- 
tron and ion temperatures in each experiment. The 
measured density distribution is relatively accurate, so 
that with the solution for the plasma potential, the char- 
acteristics of the plasma can be firmly predicted. The 
assumption of constant temperatures will be discussed 
with the experimental data. To include a variable electron 
or ion temperature, an energy equation for each species 
would be required. 

C. Axial Ion Flux 

The ion flux at the grid structure of the engine is im- 
portant because it determines the ion beam current that 
can be extracted. The ion flux in the axial direction in 
the plasma is given by Eq. (42), using (59) as 

nE, - [l + ai (1 - Y)]-l 

Using the definition of the potential, we find 

[ l+ai (1-y) ] - '  

With Eqs. (63) and (66), r: becomes 

The form of Eq. (70) permits easy evaluation of r;. 

111. Plasma Measurements 

The measurements made in three operating electron 
bombardment ion engines are now presented. Since a 
primary objective of this report is to evaluate the plasma 
theory, previously reported measurements are used as 
much as possible (Refs. 18, 31, and 32). 
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In the remaining discussion, the term “conventional” 
will refer to an engine geometry in which the cathode is 
in the center of the engine and the anode shape is annu- 
lar. Two engines of this type will be discussed, a cylin- 
drical and a conical one. The cylindrical engine has been 
operated on mercury and the conical engine on cesium. 
The third engine, also operated on cesium, will be re- 
ferred to as the reversed-current engine because the 
cathode and anode geomety is inverted compared to the 
conventional geometry. 

A. Experimental Method 

All measurements were made with single movable 
Langmuir probes instrumented to plot the current- 
voltage traces automatically. Since the general Langmuir 
probe theory is well covered in the literature (Refs. 33 
and 34), it will not be discussed in this report. 

The equations used to reduce the experimental data 
are presented here for reference (Ref. 6). The Maxwellian 
electron density is calculated using 

where 

is, = Maxwellian electron current at the plasma po- 
tential 

A = probe area 

The primary electron density, when present in the plasma, 
is determined from 

where is, = primary electron current at the plasma po- 
tential. The assumption of a monoenergetic group of pri- 
maries for the mercury plasma rather than a distribution 
of primary energy decreases the accuracy of the reduced 
data. The cesium data appear to be entirely Maxwellian, 
and thus no data-reduction problem occurs. The probe 
design is the same as that in Ref. 6, using a 0.020-in.- 
diameter tungsten wire with approximately 0.15 in. 
extending beyond the quartz sheath. 

B. Cesium Measurements 

The two engines operated on cesium are shown sche- 
matically in Figs. 14 and 15. The Langmuir probe posi- 
tions are not indicated on the figures but will be evident 

from the data points presented later. The reversed geom- 
etry will be discussed first, since the measured electron 
temperatures were relatively constant and this engine 
most closely approximates the assumptions of the analysis. 

1.  Reversed-current engine. The data presented here 
are used only in conjunction with the model; a more 
complete description of the measurements is presented 
in Ref. 32. The electron temperature was found to be 
constant radially as indicated by Fig. 16. This figure 
shows that all probe traces fell on the same initial straight 
line and indicates a radially decreasing ion density and 
plasma potential. Axial measurements of electron tem- 
perature presented in Fig. 17 for three typical operating 
conditions also show a relatively constant electron tem- 
perature distribution. The radial ion density distribution 
data for five axial positions and one operating condition 
are given in Fig. 18. The conditions chosen for applying 
the potential solutions are 

T,  = 0.7eV Ti/T, = 0.1 

n (0) = lo1* cm-, no (0) = lo1’ cm-, 

B = 5 G  

The radial potential solution (Eq. 51) reduces to 

AV = 0.7 [ 1.1 In (e) - h x ]  (73) 

and was found to fit the experimental data as shown in 
Fig. 19 for p i  = 68m2/V-’/s-l and a value of a, of 1.10. 
The axial solution reduces to 

The ion density of Fig. 18 is used to compute x, and the 
axial plasma potential is shown compared to the experi- 
mental data in Fig. 20. Note that the axial solution is 
essentially independent of because of the small co&- 
cient (0.015). It is expected that y would be between 
about 0.5 and 0.8 because the axial electron flux serves 
only to maintain neutrality for the ions lost in recombi- 
nation at chamber surfaces. The relatively poor agree- 
ment of the axial solution with the measurements, in this 
case as well as those to be discussed, is attributed to vari- 
ations in plasma conditions during the measurements. The 
experimental setup allowed complete sets of radial traces 
to be taken within a few minutes, while axial sets took 
nearly an hour. Thus, the radial data are consistent, but 
much scatter occurred in cross-plotting these data. 
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Fig. 14. Reversed arc current cesium electron bombardment ion engine 
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Fig. 15. Conical cesium electron bombardment ion engine 
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Fig. 19. Plasma potential radial distribution for five 
axial locations in the reversed-current engine 
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2. Conical engine. The measurements taken in this 
engine were initially reported in -Ref. 18. The Maxwellian 
electron temperature radial distribution for one operating 
condition is presented in Fig. 21 for five axial positions. 
The corresponding ion density distribution is plotted in 
Fig. 22. The conditions used in the plasma potential solu- 
tions are 

T,  = 1.5eV Ti/Te = 0.05 

m(O)  = 4 X 1011 cm-3 la, (0) = 4 X 1O1O ~ m - ~  

B = 7 G  

Note that, since the model assumed constant tempera- 
tures, average temperatures are used above. The radial 
solution simplifies to 

A V =  1.5 1.051n - - I n x  [ (c;,”) ] (75) 

2.50 I I I I 

NORMALIZED RADIAL POSITION 

Fig. 21. Maxwellian electron temperature radial 
distribution for five axial locations 

in the conical engine 

This solution fits the experimental data for a value of 
pi = 43 m2/V-l/s-l, giving a, = 1.33, and is shown in 
Fig. 23. The axial solution reduces to 

A V  = 1.5 Id X lw (1 - 7 )  ($ - 1) - hx] (76) [ 
As before, this solution is independent of y but fits the 
data relatively well, as shown in Fig. 24. 

C. Mercury Measurements 

The engine used in the tests with mercury was previ- 
ously shown schematically in Fig. 1 and is a conventional 
geometry type. The mercury data used in this report were 
also reported in Ref, 18. The measured primary and 
Maxwellian electron energy and temperature distribu- 
tions are shown in Figs. 25 and 26, respectively, and the 
corresponding normalized electron density distributions 
in Figs. 27 and 28. In applying the model to mercury, it 
is necessary to neglect the primary electrons. Thus, the 
Maxwellian electron density and an average Maxwellian 
temperature are used. The conditions assumed are 

T, = 5.0 eV Ti/T, = 0.015 

n(0) = 4 X 1011 ~ m - ~  no (0) = 4 X 1 O 1 O  cm-3 

B = 1 0 G  

The radial solution now becomes 

and the solution is shown fitted to the data in Fig. 29. 
The mobility is found to be p i  = 6m2/V-l/s-l, and a3 = 
1.75, This is a rather Iow mobility, but it is shown that it 
produces approximately the measured ion current from 
the engine. The equation for the axial plasma potential is 

This solution is again obtained by use of the measured 
Maxwellian ion densities and is shown compared to the 
experiments in Fig. 30. Note that the validity of pi is not 
tested by the axial potential solution because of the small 
value of the co&cient of the term in which it appears. 
The solutions, Eqs. (77) and (78), are seen to agree well 
with the measured points. This tends to just+ the neglect 
of primary electrons in the analysis. Further reference to 
neglecting the primary electrons is made in Section V. 
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Fig. 25. Primary electron energy radial distribution 
for four axial locations in the mercury engine 
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Fig. 28. Normalized Maxwellian electron density 
radial distribution for four axial positions 
in the mercury engine 
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IV. Ion Beam Measurements 

Ion beam current density measurements have been 
made with a Faraday probe using the engines described 
previously. Both radial and axial distributions have been 
measured, but only the radial distributions near the en- 
gine will be discussed here. It has been found in this 
work that the beam distribution changes considerably 
within a few inches of the engine, and thus only the 
measurements near the grid can be validly related to the 
plasma. The axial change in beam distribution has been 
reported in Refs. 31 and 35. A difficulty with the Faraday 
measurements near the engine is that the individual ion 
geams from each grid hole cause the data to be extremely 
irregular, so the beam density near the grid is approxi- 
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Fig. 31. Typical Faraday probe trace 0.28 in. from 
reversed-current engine accelerating grid 

mated by fairing a curve through a plot of the maximum 
probe readings. The area under a curve formed in this 
way is greater than the measured beam current, because 
the ion beams leaving the engine only cover one-fourth 
to one-half of the grid area. Measurements taken far 
enough away from the engine to provide a continuous 
curve integrate to the correct beam current. 

A typical original recording of the Faraday probe ap- 
proximately 0.28 in. from the accelerating grid is shown 
in Fig. 31. The smooth curve is an estimate of the beam 
current density leaving the engine. These data were taken 
with the reversed-current engine, but the raggedness is 
typical of all the data taken near the engines. The esti- 
mated beam current densities near the accelerating grid 
for the three engines studied are shown in Fig. 32. The 
plasma conditions for these are approximately the same 
as those discussed previously and are close enough to 
allow a comparison with the model. 

A comparison can now be made between the Faraday 
probe measurements and the ion flux predicted by 
Eq. (70). Using the constants presented before, and the 

NORMALIZED RADIAL POSITION 

Fig. 32. Typical normalized beam current density 
distributions for three engines 
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mobility determined by the radial potential solutions, the 
ion flux equations at the center of the engine are: 

Reverse currm 

an ii = -8.4 X 10-14 - az 

Conical 

an ij = -1.0 X 10-13 - 
ax 

(79) 

Mercury 

(81) 
an 
az 

ii = -4.9 X 10-14 - 

where an/az has units of cm“. The slopes an/& can be 
estimated from Figs. 18, 22, and 29, resulting in values 
of 5 X lolo, 5 X lolo, and 6 X 1O1O respectively. 
When these values are used in Eqs. (791, (80), and (81), 
we find current densities of 4.2, 5, and 3 mA cm-* for 
the reversed-current, conical, and mercury engines, re- 
spectively. These values agree extremely well with the 
typical observed current densities of Fig. 32. The agree- 
ment indicates that the model is self-consistent and that 
it is possible to obtain consistent values of the “effective” 
ion mobility by matching the model and experiment. 

V. Discussion 

Several of the important questions concerning the com- 
plete solution of the plasma equations can now be dis- 
cussed. The assumptions, (1) neglect of primary electrons, 
(2) constant temperatures, (3) accounting for the ion ac- 
celeration term in the mobility, and (4) constant mag- 
netic fields, should be assessed. 

The major difficulty in solving the general pIasma equa- 
tions results from the primary electron group. Although 
this group does not appear directly in the solutions pre- 
sented here, there is no guarantee that primaries do not 
contribute significantly to the experimental ion density 
through ionization. In fact, the ion production rates of 
Section I1 suggest that primaries play a large role in ion- 
ization, at least near the cathode. Since the cesium plasma 
is apparently free of primary electrons, a method for de- 
termining the effect of primaries is suggested. The com- 
plete solution for the ion density using the flux continuity 
equations could be obtained for cesium with and without 
ion production. If ion production throughout the plasma 
contributes to the ion density, primaries must be ac- 
counted for in the mercury solutions. On the other hand, 
if the production term does not contribute significantly 

to the ion distribution, the primaries could justifiably be 
neglected. If production in the bulk of the plasma is not 
important, ionization must be taking place near the 
cathode, with transport throughout the chamber by dif- 
fusion. The determination of the ion production process 
has far-reaching implications with respect to the position 
of the cathode, the method and position of propellant 
injection, and the geometrical relationship between pro- 
pellant injection and the cathode. 

The neglect of the ion acceleration term, with its effect 
included in the empirically determined mobility, is now 
justified by the fact that the solution works. The general 
numerical solutions can also be obtained using this same 
method by choosing mobilities which make the plasma 
potential ion density and axial ion flux solutions agree 
with measurements. This procedure should be adequate 
to produce closed-form solutions, since three conditions 
must be satisfied. 

The use of average constant temperatures in the present 
solution is reasonable because the variation in tempera- 
ture is generally much less than the variation in ion 
density. This allows derivatives of temperature to be 
neglected with respect to derivatives in density. Numeri- 
cal solutions could account for temperature variations by 
using an assumed variation or by use of an energy equa- 
tion. It wouId appear that average temperatures are 
adequate for practical purposes. 

The assumption of a constant magnetic field was neces- 
sary to obtain simple analytical solutions. Numerical 
solutions could easily account for field variations pro- 
vided the field remains axial, but additional fields would 
greatly complicate the equations and would couple the 
T, 8, and z momentum equations. 

VI. Conclusions 

This study has presented a framework for analyzing 
the plasma characteristics of the electron bombardment 
ion engine. A number of conclusions can be drawn from 
the preceding discussion and analysis: 

1. A model for the electron bombardment engine has 
been formulated. This model accounts for all im- 
portant factors in the operation of the engine. That 
is, it includes arc current through re, and rl; the 
magnetic field; ion production, which effectively in- 
cludes the arc voltage; ion beam current; propellant 
distribution through the neutral density; and geom- 
etry with the proper boundary conditions. 
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2. Analytical solutions presented in this work indicate 
that much useful information could be obtained by 
numerically solving the plasma equations and fitting 
the solutions to experimental data. I t  is concluded 
in this regard that meaningful closed-form solutions 
could not be obtained, at least initially, without 
experimental data. Therefore, extrapolations through 
the use of assumed mobilities must be carefully 
considered. 

3. The effect of primary electrons on the ion density 
must be further investigated. The method proposed 
to accomplish this task would also add considerable 
understanding to the ion production process, which 
is vital to the operation and aciency of the engine. 
The reason the effect of primary electrons could not 

ii 
k 

ma 

nff 

be determined in this study is that experimental ion 
densities were used and primaries did not enter into 
the calculations. 

4. Additional probe measurements should be made, 
with emphasis on reducing scatter in the axial mea- 
surements. This means that all data must be ob- 
tained rather quickly in the plasma and in the beam 
to ensure consistent measurements. 

5. The effects of magnetic field distribution, propel- 
lant feed distribution, cathode and anode position, 
and chamber geometry can be investigated once 
numerical solutions can be generalized to eliminate 
the fitting process. This would allow systematic 
engine optimization and would provide a better 
understanding of the electron bombardment engine. 

Nomenclature 

coefficients in radial plasma potential solu- 
tion, Eq. (51) 

Langmuir probe area 

coefficients in axial plasma potential solu- 
tion, Eq. (63) 

magnetic field 

diffusion c&cient for ions and electrons 

electronic charge 

electric field 

electron energy distribution function 

function in Gryzinski cross-section theory, 

function in Spitzer relaxation time, Eq. (2) 

Maxwellian and primary electron current to 
a Langmuir probe at the plasma potential 

axial ion current 

Boltzmann constant 

mass of species a 

number of density of species a 

Eq. (14) 

N k  number of electrons in the kth state 

P ,  hydrostatic pressme of species (Y 

Q collision cross section 

r radial coordinate 

R, ion production function, Eq. (15) 
t time 

T, temperature of species a 

T temperature ratio, Eq. (57) 

ua directed velocity of species a 

Ui energy for removing a single electron from 
the kth state 

V plasma potential eIectron speed 

V, electron speed 

x 

z axial coordinate 

variable defined in Eq. (50) 

6u,/8t momentum exchange term in Eq. (19) 

a coefficient, Eq. (61) 

p coefficient, Eq. (62) 
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Nomenclature (contdl 

y constant, Eq. (59) 

rol particle flux of species a 

E, energy particles in species a 

eo permittivity of vacuum 

f variable, Eq. (14) 

r] resistivity, Eq. (67) 

8 azimuthal coordinate 

A function defined after Eq. (43) 

A function defined after Eq. (1) 

pa mobility of species a 

p mobility ratio, Eq. (55) 

vCup collision frequency between species a and p 
V ;  production rate of species a 

V; recombination rate of species a 

5 variable defined after Eq. (2) 

u function defined by Eq. (45) 

Z, ion production coefficient for ionization by 
species a 

7 collision times, Eqs. (l), (4), (5), (6), and (8) 

4 (6 )  function defined by Eq. (3) 

Subscripts 

e 

i 

k 
m 

0 

P 

T7 9 7  

a 

electron 

ion 

atomic state 

Maxwellian electron 

neutral atom 

primary electron 

coordinates 

species 
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