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ABSTRACT 

A molecular orbital method i s  described which can be applied 

t o  molecules where the restrictions of I-electron theory are not 

f u l f i l l e d .  I t  has the following main characteristics: 1) Atomic 

SCF functions are used as a basis, 2) Core-valence interactions are 

treated by means of perturbation theory, 3)  Mulliken type approxi- 

mations are used for many-center integrals. 



1. Int roduct ion  

Molecular quantum mechanics has made g r e a t  advances i n  r ecen t  

years  w i th  t he  help of e l e c t r o n i c  computers. Ab i n i t i o  ca l cu l a t ions  

of t he  e l e c t r o n i c  s t r u c t u r e  of nany diatomic and sonie simple poly- 

atomic molecules a r e  now ava i l ab l e  and w i l l  be of increas ing impor- 

tance  i n  the  fu ture .  However, t he  amount of labor  involved f o r  such a 

treatment of many chemically i n t e r e s t i n g  molecules is forbidding and 

makes s imp l i f i ca t ions  necessary.  In  many cases  even very  crude approxi-  

mations can g ive  s a t i s f a c t o r y  answers t o  t he  chemist. For rc-electron 

systems the  semiempirical  molecular o r b i t a l  methods named a f t e r  Hitckel 
1 

and Pa r i s e r ,  Parr,  and poplee have been e spec i a l ly  f r u i t f u l ,  and seve ra l  

a t tempts  have been made t o  develop s imi l a r  schemes f o r  molecules of a 

more gene ra l  type. 

The extended Sfdckel o r  Wolfsberg-Helmholz approach3 i s  p a r t i c u l a r l y  

simple and has given important cont r ibut ions  t o  the  theory of t r a n s i t i o n  

meta l  complexes. However, i ts  theore t ica l ,  foundation is r a t h e r  weak and , 

when a more accu ra t e  method i s  needed i t  seems des i r ab l e  t o  base  it on 

t h e  s e l f - cons i s t en t  f i e l d  method. Even t h i s  method i n  i t s  non-empirical 

form has severe l i m i t a t  ions, i. e. the  neglec t  of e l e c t r o n  c o r r e l a t i o n  

and t h e  o f t e n  very r e s t r i c t e d  s e t  of b a s i s  o r b i t a l s  employed. I n  s p i t e  

of t h i s  we w i l l  make t h e  MO-LCAO-SCF approximation our s t a r t i n g  po in t  

and make f u r t h e r  approximations and s imp l i f i ca t ions  from the re  on 

leading t o  a scheme analogous t o  the  Pariser-Parr-Pople method f o r  rc- 

e l e c t r o n  systems. Since we want t o  be ab l e  t o  t r e a t  a l l  kinds of mole- 

cu l e s  we cannot however make dse of a l l  s impl i fy ing assumptions i n  n-  

e l e c t r o n  theory.  Therefore our method i s  s l i g h t l y  more complex than 



t h e  Pariser-Parr-Pople method. Severa l  o the r  authors  have followed 

s imi l a r  l i n e s  of thought. Two e l ec t ron  systems have been r ecen t ly  

considered by Pohl and  coworker^,^   lop man,^ and Jenkins and Pedley. 
6 

Hart, Robin, and ICuebler7 have used an  approximate MO-LCAO-SCF method 

inc luding over lap  on t h e  I) molecule, but  w i th  some approximations 4 
which a r e  d i f f i c u l t  t o  ca r ry  over t o  more genera l  systems. F i n a l l y  

Pople and coworkers8 and ~aufman' have developed methods making use of 

t h e  zero-di f ferent ia l -over lap  approximation. 

The method presented here d i f f e r s  from previous work i n  s eve ra l  

ways. The genera l  p r i n c i p l e  has been t o  avoid ad jus t ab l e  parameters 

a s  f a r  a s  poss ib le .  Atomic SCF-orbitals a r e  used a s  b a s i s  func t ions  

and t h e  eigenvalue r e l a t i o n s  f u l f i l l e d  by these  a r e  used t o  s impl i fy  

matr ix  elements of t he  Fock opera tors .  This is an approach s i m i l a r  t o  

t h e  Goeppert-Mayer-Sklar approximation,10 which is obtained i f  empir ica l  

i on i za t ion  p o t e n t i a l s  a r e  introduced f o r  atomic o r b i t a l  energies .  The 

d i s t i n c t i o n  between core  and valence o r b i t a l s  is e x p l i c i t l y  made and 

core-valence in t e r ac t ions  a r e  discussed i n  terms of LHwdin's p a r t i t i o n i n g  

approach t o  pe r tu rba t ion  theory. Since we keep t r a c k  of t he  i nne r  

s h e l l s ,  we a r e  ab l e  t o  d e a l  w i th  elements belonging t o  t h e  same grbup 

of the  pe r iod ic  t a b l e  on an  equivalent  bas i s ,  and thereby r e t a i n  more 

of c l a s s i c a l  chemical concepts. For  t he  app l i ca t ion  of t h e  method t o  

l a r g e  molecules, i n t e g r a l  approximations of t he  Mulliken type a r e  

introduced and t h e i r  invar iance  p rope r t i e s  discussed. 



2. Easis o rb i ta l s  

We choose a s  our atomic o r b i t a l  basis analyt ical  Hartree-Fock 

orb i ta l s  which, thanks t o  Clementi 's calculations, l1 are  now available 

f o r  a l l  atoms and posi t ive ions with Z s36. I n  t h i s  way we have 

res t r i c ted  our basis  t o  only those orb i ta l s  which a re  occupied i n  the 

atomic ground states..  Compared t o  a minimal basis  of S la te r  o rb i ta l s ,  

ana ly t ica l  atomic Hartree-Fock orb i ta l s  a re  more diffuse and give a 

be t te r  energy i n  ab i n i t i o  calculations.12 The o p t i m d  orb i ta l s  

obtained from molecular Hartree-Pock calculations seem t o  l i e  i n  

between these two choices. Another advantage of Hartree-Fock orb i ta l s  

over simple exponentials i s  that  orbi tals  on one center are  o r th~gona l  

t o  each other and a re  eigenfunctions t o  an effect ive Hamiltonian. 

Molecular integrals  a re  however more d i f f i c u l t  to calculate, a disad- 

vantage which can par t ly  be balanced by means of integral  approximations. 

3. Formal development of theory. 

For a s ingle  determinant wavefunction a l l  physical properties can 

be derived from the f i rs t -order  o r  Fock-Dirac density matrix 

I 7 )  = * (  ( 1 )  where the summation extends over a l l  
C 

occupied spinorbi tals  i n  the determinant. The t o t a l  energy is  given by 

and the effect ive Hamiltonian or Fock operator by 

F,- h, + Joc.,+--tr7%~er.:~). 



Here hl = T1 - C Z. /r i s  the  sum of t he ' one -pa r t i c l e  k i n e t i c  energy 
g g g l  

opera tor  T1 and nuclear a t t r a c t i o n s  Z / r  We wr i t e  the molecular 
g g l '  

Fock-Dirac dens i ty  matr ix  fM formally a s  

where qg is a dens i ty  funct ion  associa ted  wi th  the  i s o l a t e d  atom g 

and g' a co r r ec t ion  term. For closed s h e l l  atoms, w i l l  be the  
q g  

atomic Fock-Dirac dens i ty  matrix,  and f o r  open s h e l l  atoms, a s u i t a b l e  

average which w i l l  be discussed fu r the r  i n  Sec. 5 .  It i s  f u r t h e r  

convenient t o  introduce the  t o t a l  atomic e f f e c t i v e  p o t e n t i a l s  

which permits us t o  w r i t e  the  Fock opera tor  

FM 7;* L ug + J'4 62il-~,)e'c;.z) 
9 

= h, + J&, +2(t-~,,)q'cz;z,. 

For t he  t o t a l  energy we f i r s t  s p l i t  9 i n t o  y o  and Q' and w r i t e  

where Eo conta ins  a l l  terms independent of 9', thus 



and 

To the  atomic d e n s i t i e s  f g  we as soc i a t e  atomic energies 

(9) 

and ob ta in  

The var ious  terms i n  these  expressions can be given the  following 

physica l  i n t e r p r e t a t i o n .  E l a n b e  thought of a s  t he  energy of an  
g 

atom i n  a  "valence s t a t e "  w i th  t he  dens i ty  matr ix  



between E and t h e  Hartree-Fock atomic ground s t a t e  can e i t h e r  be 
g 

ca l cu l a t ed  rigorous-y o r  estimated from the  atomic spectrum. Since E 
g 

is independent of o the r  atoms it can ba neglected i n  ca l cu l a t ions  of 

bond angles  and dis tances .  The remaining terms i n  E g ive  the  i n t e r -  

ac t ions  between unperturbed atoms while E' is t h e  energy a s soc i a t ed  

wi th  t h e  e l ec t ron  red . i s t r ibut ion  which g ives  t he  main con t r ibu t ion  t o  

t he  molecular binding energy. 

4. Matrix r ep re sen ta t ion  of  the Fock opera tor .  

A s  mentioned above, f o r  closed s h e l l  a t o m  the  atomic dens i ty  

funct ion  yg i s  chosen t o  be the Fock-Dirac dens i ty  matrix of the  

atom i n  i t s  ground s t a t e .  With 1 ig>denot ing a n  atomic SCF o r b i t a l  

on c e n t e r  g we have the  eigenvalue r e l a t i o n  

where ( is the  o r b i t a l  energy. For open s h e l l  atoms a s i n g l e  de ter -  
i g  

minant does not i n  genera l  f u l f i l l  t he  symmetry r e l a t i o n s  of t he  t r u e  

wave funct ion .  The SCF ground s t a t e  i s  t he re fo re  i n  t h i s  case  regre-  

sented by a sum of determinants with given c o e f f i c i e n t s .  The Fock 

opera tor  is d i f f e r e n t  f o r  closed and open s h e l l s  and conta ins  f u r t h e r  

coupling terms between open and closed she11 o r b i t a l s  of t he  same 

synnnetry. A l l  these  co r r ec t ion  terms a r e  here taken together  i n t o  an 

opera tor  W defined by 
g 



where 6 is the  open o r  closed s h e l l  o r b i t a l  energy. 
i g  

Let  us now consider i h e  matr ix  representa t ion  of Fb. I n  the 

chosen bas i s  system, which i s  now t r ea t ed  a s  s p i n  independent, we 

represent  9' by the  matr ix  d = [";c2] and introduce the  Mulliken 

no ta t ion  f o r  e l e c t r o n  i n t e r a c t i o n  i n t e g r a l s  

( ij ( k ~ )  = Ji?c?j(~) kab?(z)l(z) klZ 

where now the  atomic indices  habe been surpressed.  Using (12) we 

w r i t e  t he  diagonal elements of t he  Fock opera tor  a s  

The off-diagonal elements <ig[.FN[jh> a r e  divided i n t o  two groups, ' 

g = h, and g # h. For g = h w e  g e t  

and f o r  g # h 

where Aij i s  t he  overlap i n t e g r a l  <ig[ jh). 

The molecular o r b i t a l s  a r e  w r i t t e n  i n  LCAO form a s  



and t h e  Hartree-Fock equations i n  matrix no ta t ion  

where 6 i s  t he  column matr ix  {cjh] . The index & w i l l  f requent ly  X 

be suppressed i n  fu tu re  s ec t ions .  

5 .  Approximate r e l a t i o n s  f o r  open s h e l l  atoms. 

It is convenient t o  l e t  f g  f o r  an open s h e l l  atom be the  ground 

s t a t e  charge d i s t r i b u t i o n  averaged over degenerate o r b i t a l s .  Thus * 

every o r b i t a l  i n  an open s h e l l  is occupied by the  same f r a c t i o n a l  number 

of e l ec t rons  w i th  d. and p spin ,  Neglecting coupling terms which i n  

genera l  a r e  smal l  we have, following ~ o o t h a a n , ' ~  f o r  t he  closed s h e l l  

Fock opera tor  

= T;+ Ug 
where t h e  summation over i s  over s p i n  o r b i t a l s  and pi denotes the  

sp in  o r b i t a l  average population.  I n  t h i s  approximation the  W-operator 

i s  c l e a r l y  g iven by W = F' -. FOY I f  I m) and [ k) a r e  open and closed 

s h e l l  SCF o r b i t a l s  w i th  t h e  eigenvalue r e l a t i o n s  

FCik)=€,lk> ; F O l w > = s , / m >  (20) 

we have .since (mlk) = 0 



The open s h e l l  Fock opera tor  i s  under t h e  same assumptions 

where a .  and bi a r e  constants  which a r e  equal t o  un i ty  f o r  closed s h e l l  

o r b i t a l s  anddependon the  atomic s t a t e  f o r  the open s h e l l .  A t a b l e  

of these  constants  f o r  open s and p s h e l l s  i s  given i n  Roothaan's 

paper.13 The matr ix  element of t he  W -operator between an  a r b i t r a r y  
g 

o r b i t a l  and an open s h e l l  o r b i t a l  on atom g i s  thus given by 

where t he  summation i s  over open s h e l l  space o r b i t a l s  on a t o m g  and 

R~ -1 i s  t he  (d iagonal )  matr ix  representa t ion  of 4 However, s ince  
3 3  8 '  

the  coupling terms have been neglected t h e  r e l a t i o a ( 2 2 )  , i s  not 

neces sa r i l y  f u l f i l l e d  and w i l l  have t o  be imposed a p r i o r i .  
-4Y 

An a l t e r n a t i ~ e ~ t h i s  treatment i s  t o  use eigenfunctions of t he  

ope ra to r s  T.,+ U a s  b a s i s  o r b i t a l s .  The Hartree-Fock-Slater fun i t i ons  
g 

ca l cu la t ed  by Herman and ~killman'' belong t o  t h i s  category.  , They 

a r e  however given i n  numerical form and w i l l  have t o  be approximated 

by a n a l y t i c a l  expressions i f  conventional molecular i n t e g r a l  programs 

a r e  t o  be  used. 

6. Separa t ion  of core and valence -orbi ta ls .  

A s o l u t i o n  of t he  f u l l  s ecu la r  equation (12) can always be 

achieved. However, it i s  w e l l  known t h a t  t h e  i nne r  o r b i t a l s  do not  



change very much when going from atom t o  molecule. We w i l l  make use  

of t h i s  f a c t  and make a  f u l l  v a r i a t i o n a l  c a l c u l a t i o n  only f o r  the  outer  

o r  valence o r b i t a l s , w h i l e  we t r e a t  the  core  o r b i t a l s  and the  core- 

valence in t e r ac t ions  by means of pe r tu rba t ion  theory. 

The core  o r b i t a l s  a r e  local ized  near t he  nucle i ,  and in t e r ac t ions  

between cores on adjacent  o r b i t a l s  can be neglected i n  t he  f i r s t  

approximation due t o  small  overlap in t eg ra l s .  The valence e l ec t rons  

a r e  much more spread out and i n t e r a c t  s t rong ly  wi th  each o ther .  One- 

cen te r  core-valence i n t e r a c t i o n s  a r e  q u i t e  smal l  owing t o  t he  orthogo- 

n a l i t y  of b a s i s  o r b i t a l s  on the-same center ,  but two-center i n t e r a c t i o n s  

might be of some importance. Core o r b i t a l  energies  may however be  

q u i t e  d i f f e r e n t  i n  atoms and molecules. Chemical e f f e c t s  i n  X-ray 

spec t r a  a r e  q u i t e  smal l  r e l a t i v e l y  speaking, but  represent  never theless  

s h i f t s  of core  o r b i t a l  energies ,  sometimes of t h e  order of 10ev.15 

That these  f a c t s  agree wi th  our model can be seen i n  t he  following 

way. Of terms per turbing t h e  core o r b i t a l  energies  (14) the  coulomb 

i n t e r a c t i o n s  2 G ( i i [ k R )  a r e  t he  most important. Since 9' conta ins  

contr ibut ions  almost exclus ively  from valence e lec t rons ,  and the  

p o t e n t i a l  of a  uni fornly  charged sphe r i ca l  s h e l l  i s  cons tant  i n s ide  

the  s h e l l ,  t h e  sphe r i ca l  component of t h e  per turbat ion  w i l l  be more o r  

l e s s  constant  i n s i d e  the  core,  i .e .  i t  w i l l  no t  a f f e c t  t he  form of the  

o r b i t a l s  as  much a s  t h e i r  energies .  The non-spherical  oomponents w i l l  

cause a f i r s t  order  e l e c t r o s t a t i c  s p l i t t i n g  o r  broadening of i nne r she l l  

p - s t a t e s  i n  cases  of low molecular symmetry; a s  long a s  t h i s  e f f e c t  i s  
E 

smal l  second order  angular e f f e c f s  id s - o r b i t a l s  may s a f e l y  be ignored. 

Another consequence of a  model w i th  a  co re  unaffected by o the r  than 

f i r s t  order  per turbat ions  i s  t h a t  i f  t he re  i s  more than one inner  s h e l l  



t he  K s h e l l  energy changes most, a s i t u a t i o n  wh ich , i s  a l s o  confirmed 

by experimental  evidence i n  the  form of X-ray emission spect ra .  16 

I n  the  express ion f o r  t he  t o t a l  energy, the  core-valence e l e c t r o -  

s t a t i c  i n t e r a c t i o n s  can be a t t r i b u t e d  t o  e i t h e r  the  core o r  t he  valence 

o r b i t a l  energies.  Therefore,  i f  second and higher order  core e f f e c t s  

a r e  neglected,  only valence e l ec t ron  energies  and wave funct ions  need 

t o  be considered i n  a d iscuss ion of the  chemical bond. 

7. Core-valence non-orthogonali ty and higher-order i n t e r ac t ions .  

With the  atomic o r b i t a l  b a s i s  system employed here  t h e r e  i s  a 

non-orthogonali ty between core  and valence o r b i t a l s  on d i f f e r e n t  

cen te r s .  This problem does not appear i n  rr-electron theory and has 

usual ly  been ignored i n  previous approximate GO-LCAO theo r i e s .  Here 

we w i l l  make use of a pe r tu rba t ion  method leading t o  r e s u l t s  s i m i l a i  

t o  the  pseudopotential  introduced by P h i l l i p s  and ~ i e i n m a n ' ~  f o r  the  

orthogonalized plane wave method of band ca l cu l a t ions  i n  s o l i d s .  The 

scheme i s  q u i t e  genera l  and can be appl ied  even i f  t he  requirements 

a r e  not f u l f i l l e d  f o r  a f i r s t - o r d e r  pe r tu rba t ion  treatment of the .  

core  e l ec t rons .  

Following I,gwdin18 we s t a r t  from a system of l i n e a r  equations 

w r i t t e n  i n  matr ix  form 

I n  our case  IiA = F - A E where i s  t he  matr ix  repre-  

s e n t a t i o n  of t h e  Fock opera tor  and- L!. t h e  over lap  matrix.  Dividing 
5 

the  b a s i s  funct ions  i n t o  two groups 5 and b we w r i t e  



- 1  
From the  second of these  equations we solve  f o r  cb= mbaCa 
and ob ta in  t he  f i r s t ' e q w t i o n  as 

We now l e t  5 be t h e  valence o r b i t a l s ,  b t h e  co re  0 r b i t a 1 s . v ~ ~  = 

- h a k  M;; M ba i s  now the  matr ix  r ep re sen ta t ion  of a 

pseudopotent ia l  V from the  core o r b i t a l s .  I t s  elements a r e  

where and 1 go over t h e  valence o r b i t a l s  and 3 and 1 over t he  core.  

o r b i t a l s .  This  index convention w i l l  be used i n  t he  remaining p a r t  

of t h i s  s e c t i o n  and w i l l  a l s o  be r e f e r r ed  t o  i n  l a t e r  s ec t ions .  

A s o l u t i o n  of the reduced secu la r  equations 

i s  r a t h e r  cumbersome s ince  V i s  dependent on E, not t o  mention the  
aa  

f a c t  t h a t  F is dependent on C through t h e  dens i ty  matr ix .  I f  a 

so lu t ion  of a r b i t r a r i l y  high accuracy were des i red  it would probably 

be  e a s i e r  t o  so lve  the  o r i g i n a l  s ecu la r  equations d i r e c t l y .  However, 

t h e  matr ix  A l b l o  - Fbb - ALb E is almost diagonal due t o  t he  

smallness of core-core i n t e r ac t ions  and we can evaluate  i c s  inverse  by 

means of a s e r i e s  expansion 

where A bb - 8 is' d i agona l .  Fwthe rmore ,  as d i s c u s s e d  i n  

t h e  p r e v i o u s  s e c t i o n  t h e  c o r e  a tomic  o r b i t a l s  a r e  c l o s e  approximat ions  

t o  t h e  core moleou la r  o r b i t a l s .  Vle t h e r e f o r e  i n t r o d u c e  t h e  n o t a t i o n  



= Aik rkk -I'- r ; k  ( 3 0 )  

where Gik = 0 if 

- F ~ X ,  = cCX&. (31) 

We w i l l  here t r e a t  only the  lowest orders  of the  Br i l l ou in  typi. pe r tu r -  

ba t ion  expansion one g e t s  from the  s e r i e s  expansion oS the  matr ix  

inverse  (29) .  Again, i f  t he  s e r i e s  i s  slowly convergent it would be 

b e t t e r  t o  go back t o  t he  o r i g i n a l  s ecu la r  equations.  We ob ta in  a f t e r  

sonie simple manipulations 

where the  double sum z1 excludes k=&. The term -x Aik(Fkk-E)Alcj 
k rC k 

is t h e  P h i l l i p s  and Kle inmn .pse.udopptential. l7 If  the  eigenvalue 

r e l a t i o n  (31) is f u l f i l l e d  i t  is the  only  non-vanishing term. Fro= the  

computational po in t  of view i t  is important t o  have the  pseudopotential  



a s  i n s e n s i t i v e  t o  e r r o r s  i n  E a s  poss ib le .  For t h a t  purpose we can 

c o l l e c t  a l l  terms l i n e a r  i n  E and i n c i ~ d e  them i n  the  overlap matrix.  

With the  no ta t ion  

IV 

I//? J = v.'" 'J + E Z' A',, a,, nLj 
k, e 

and 

the  s ecu la r  equations (28) now become 

( v *  - A,, E 1 C ,  = 3 (36)  

& 

i s  t he  over lap  matr ix  f o r  t he  projec ted  valence o r b i t a l s  { x L 3  aa  

wi th  

An equivalent  procedure would be t o  s t a r t  by orthogonalizing {K,] 
aga ins t  L X ~ ]  and t o  p a r t i t i o n  subsequently. I n  t h a t  ca se  i n t e g r a l s  

over t he  Fock operatoz a r e  given by 



I f  one uses t he  inverse  expansion (29) a11 terms wi th  t he  same denomi- 

na to r  w i l l  be  of t h e  same order.  
rJ 

The opera tor  V i s  s t i l l  a  funct ion  of E. We a r e  however 

i n t e r e s t ed  i n  E values  only i n  the  range of valence o r b i t a l  energies .  

In  t h e  denominators (Fkk-~) ,  F: i s  thus a numerically smal l  qua t i t y  

compared t o  Fkk which i s  e s s e n t i a l l y  a core  o r b i t a l  energy. It is a l s o  

c l e a r  t h a t  E i s  numerically small  compared t o  FkR where the  
kR 

leading terms a r e  FkR & n k e ( G k f s )  N' A k j ( ~ k k + ~ a a ) .  

The Fock-Dirac dens i ty  matr ix  formed from the occupied molec- 

u l a r  o r b i t a l s  i n  t he  pa r t i t i oned  r ep re sen ta t ion  becomes r a t h e r  unwieldy 

i f  a h igher  accuracy i s  des i red .  The expansion of a s e t  of normalized 

o r b i t a l s  {mil in the  A0 bas i s  {xi-!, . w i l l  be denoted 

wi th  t he  orthonormalization condi t ion  

where &; s tands  f a r  t he  column vec to r  { c ~ ; )  , k = 1. 2,. . . . The 

Fock-Dirac dens i ty  matr ix  i s  given by 

f 
, . 

o r  i n  matr ix  no ta t ion  

I ;i = 2.z ci G; , 
L O C C .  



The summation over 2 extends over a l l  doubly occupied space o r b i t a l s .  

Since some of these  belong t o  the core and o the r s  t o  t he  valence s h e l l  

and s ince  o r b i t a l s  ca l cu l a t ed  from the  pa r t i t i oned  secu la r  equations 

(28) o r  (36) a r e  i n  genera l  not  normalized t o  uni ty ,  t h e  dens i ty  matr ix  

becomes q u i t e  d i f f i c u l t  t o  evaluate.  

The summation over core  o r b i t a l s  can be e l iminated  i n  t he  

following way. Let the  space formed by the  M l i n e a r l y  independent 

b a s i s  funct ions  { j ( J  be occupied by 2M e l ec t rons .  An a r b i t r a r y  

orthonormal s e t  of o r b i t a l s  {q; 3 can be constructed from { ~ ; 3  by 

means of the  r e l a t  ionL7 

Here (B and A/ a r c  t he  row matr ices  [v,, 6, - - . - .  (PM 

and x 7 , X 2 .  . X, 1- raspect ive ly ,  and i s  an a r b i t r a y  uni tary  
-1 '  -y* 

matrix.  A''~ f u l f i l l s  &'LA = &' , and i s  assumed t o  be 

Hermitian. The dens i ty  matr ix  formed from @ i s  

The Fock-Dirac dens i ty  matr ix  f o r  t he  system can now be obtained by 

means of sub t r ac t ion  of the  unoccupied o r b i t a l s  from giving the  



The summation over unoccupied orb i ta l s  is clear ly not over core o rb i ta l s .  

For the fur ther  development we consider a basis  of projected valence 

- I  
orb i ta l s .  In t h i s  case A is given by 

without any terms linking core and valence orbi tals .  We wri te  

where 

i n  accordance with (25). The nowalizat ion integral  becomes 

. ctbc - ~,+d,, C, + ~ : A b k , C b  

+ 
if 'a is by 'a a w 1. This normalization comes 

natural ly  from the solution of the partitioned secular equation by 

conventional matrix diagonalization methods and is ident ical  t o  the 

intermediaie normalization common i n  perturbation theory. 

A s  done previously fb r  the'lock operator we can expand the 
- I  

matrix inverse Mbb as a power-series and i n s e r t  the resu l t  i n  the 

density matrix. These resul t8 seem however not t o  o f fe r  much 



simplification of the computations and will therefore be omitted here. 

8. Approximate multicenter integrals 

Several approximation methods have been proposed for reducing 

time-consuming many-center integrals to simple one- and two-center coulomb 

type integrals. In *-electron theory the zero-differential-overlap 

(ZDO) has been widely' applied and Poplea has recently discussed some 

of its consequences for more general systems. The success of this 

approximation is usually coupled with the success of the Mulliken 

In a symmetrically orthogonalized basis = X &-'lz one sees by 

expanding 

that the ZDO approximation (P;q = S5 xi% is fulfilled to the 
J 

first order of dij. For large overlap integrals, however, higher order 

terms in the expansion (51) might be of importance and it is doubcful 

how well the ZDO approximation works in such cases. In this connection 

we will therefore discuss some approximations of the MulLiken type. 

8 Pople found that the ZDO .approximation as customarily applied 

is not invariant under transformations of the basis. Thus the calcu- 

lated energy may depend on how one chooses px, p , and p orbitals. The 
Y 

same holds true for the Mulliken approximation. Consider integrals of 

an operator V, which might be the potential from a nucleus or some 

kind of electronic charge distribution. The Mulliken approximation gives 



Let U be a unitary traasformation of the o rb i ta l s  on center h, thus 

The condition f o r  invariance of the Mulliken approximation i s  

(v [  ik') = Dik,  L( vlii) + ( ~ ~ k k ) ]  wL.re 

From (52) and (53) we get however 

In order t o  restore the invariance we therefore have to make a fur ther  

approximation. ( V l  = constant l o r  a l l  X! . This i s  

equivalent t o  Pople's theory with complete neglect of d i f fe ren t ia l  

overlap. (CNDO) . 
An approximation which i s  closely related t o  the Mulliken 

approximation and which is invariant under transformations of atomic 

22 o r b i t a l s  on a part icular  center has been discussed by Ruedenberg. 

With a complete s e t  of orthonormal o rb i ta l s  on each center  one can 

write without approximation 



Since the  expressions a r e  exact ro invariance proper t ies  a r e  destroyed 

s o  f a r .  With truncated s e t s  1x2 ?j and ~ x ; \ i n v a r i e n c e  is kept f o r  

transformations wi thin  the  truncated s e t s .  The most extreme t runcat ion 

keeping only X!  of { X S I a n d  1(Jh of gives  the  Mulliken approxi- 

mation. 

With the  Ruedenberg approximation e l e c t r o s t a t i c  i n t eg ra l s  a r e  

reduced t o  i n t e g r a l s  of the type (v( i33) , where i and j may be 

d i f f e r e n t  o r b i t a l s  located on atom q . This approximation i s  c l e a r l y  

analogous t o  Pople 's  neglect  of diatomic d i f f e r e n t i a l  overlap (NDDO) 

approximation. 

A genera l i za t ion  of the  Mulliken and Ruedenberg approximations 

has been given by ~ ~ l w d i n . ~ ~ ' ~ ~  Instead of  the  a r i thme t i c  mean of 

terms from both centers ,  a weighted mean can be employed t o  g ive  the 

c o r r e c t  d ipole  moment of XB x/, along the  in t e rnuc lea r  ax i s ,  

It i s  t o  be noted, however, t h a t  invariance is preserved only i f  h i s  

a constant  independent of  the  choice of a p a r t i c u l a r  p a i r  of o r b i t a l s  

on the  two centers .  

With the  Mulliken approximation seve ra l  s impl i f i ca t ions  can 

be  made i n  the  ca l cu la t ion  of matr ix  elements t o  the Fock operator .  

For the  Coulomb i n t e g r a l s  one g e t s  

where PI( - 5 % B A B k  is the  Xu l l ikeo  gross  population of Tk 

and Gij = ( i i l j j ) .  



Exchange in tegra l s  give the following expressions 

where Qij  RijGij. From the computational standpoint formulas l i k e  

these a r e  very ~onvenien t .~ '  By calculating and s tor ing matrices 

A a ,  ARQ A QA and the vector 2; Pk GKj  f i r s t ,  and then 
k 

evaluating the contributions t o  F one gets i n  the computer program 

a maximum of three instead of four nested loops and a consi'derable 

time saving. 

The Mulliken approximation has another interest ing feature in-' 

connection with the part i t ioning approach. If,core-core overlap 

in tegra l s  a re  neglected there a re  no contributions from core o rb i ta l s  

t o  electron dis tr ibut ions formed from projected valence orb i ta l s .  With 

the notation of sect ion 7 we have 

In  part icular ,  f o r  i j we get 

which thus takes i n t o  account the different  normalizations fo r  the two 

s e t s  of orbi tals .  



9. Discussion 

A q u a n t e  mechanical approximati . \  
following c r i t e r i a :  1) mathematical r f g o  

nd method presented 

here- i s  a comprondse,between 1) and 2) while no e 

on 3) i n  the  de r iva t ion  of  formula here. Hnr t o  

t o  some extent  a mat ter  of  personal t a s t e  and seve ra l  a l t e r n a t i v e  
$ '  T 0 

approaches,are poss ible  on the  bBsLs of present r e s u l t s .  

An exce l l en t  agreement wi th  experiment could always be 

obtained i f  var ious  q u a n t i t i t e s  i n  the  Pariser-Parr-Pople theory of 

~ o n j " ~ a t e d  hydrocarbons. HowevBt, i n  t h a t  way e6riri?'o~ the  physical 
, * 

content  of t he  Schrodinger equation> i s  .lost-and d i f f i c u l t i e s  a r i s e  when 

t o t a l l y  d i f f e r e n t  systems a r e  t o  be t regted.  With qo o r  few parameters, 
I .  

i 4 

our method seems t o  be of g r e a t e s t  importance whereathe experimental 

informaiion is sca rce  and, ab  i n p i o  c a l c u i a t i o n ~  a r e  ioo laborious.  

Applications a r e  i n  progress t o  inorganic ions and molecules 

wi th  s u l f u r  o r  chlor ine  a s  t h e ' c e n t r a l  atom.' ~ r o m i s ' i n ~  r e i u l t s  have 

1;een obtained f o r  ground s t a t e  proper t ies  suhh 2scbdnd angles and 

charge d i s t r ibu t ibns .  A deta i lediaccount  w i l l  be given i n  forthcoming 

papers.  
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