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FOREWORD

This report presents the results of development and
implementation of steepest-ascent optimization theory
as applied to trajectory computation. This program
depicts the results of the developments performed by
efforts contracted by the Advanced Studies Office and
the Mission Analysis Branch of Aero-Astrodynamics
Laboratory at MSFC. Questions and requests pertaining
to this program should be addressed to the Mission

Analysis Branch, Aero-Astrodynamics Laboratory,
MSFC,



ABSTRACT

ROBOT is a minimum Hamiltonian-steepest ascent multistage
booster trajectory optimization program. It can simulate up to 15 thrust
Oor coast events, provide rigorous Saturn V and Saturn-IB ground launch
simulation and can also be started in orbit.

The payoff and terminal constraints can be selected from a
library of eleven functions. In addition intermediate point constraints,
selected from the same library, may be imposed on the trajectory
following any one of the thrust events.

Through the use of input switches, a variety of vehicle parameters
can be optimized in conjunction with the control variables X-pitch and
X-yaw. Tank limits of stages being optimized can be held and perfor-
mance reserves, as a function of AV, can be calculated. The impact
point of any stage can be calculated and publishable tables can be
printed. The working coordinate system and the environmental simula-
tion conform to Apollo standards.

This document contains the ROBOT input description'and an
example problem,
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1. INTRODUC TION

The ROBOT (ROBert's Optimum Trajectory) program described
in this report is designed to optimize a large variety of multistage
booster trajectories. This objective is achieved through the use of the
Min-H*steepest-ascent trajectory optimization technique described in
Reference 1, Briefly, the steepest-ascent technique requires that a
reasonable, but nevertheless arbitrary choice of the controls be used to
calculate a nominal trajectory. In general, neither the desired terminal
state will result, nor will the performance index be optimum. Next, by
solving the adjoint differential equations associated with the linearized
perturbation equations about the nominal trajectory, impulse response
functions may be determined for arbitrary small variations in the control
variables, and influence coefficients may be determined for arbitrary
small variations in the control parameters. The choice of small changes
in these controls, which simultaneously moves the terminal state closer
to the desired terminal state and improves the performance index, is
calculated. This change in the controls is added to the nominal control

history and the process is repeated until the optimum is reached.

The ROBOT program can simulate a multistage booster having
up to 15 thrust events, The program can be used for both ground-launch
and orbital-start trajectories, Internal logic is available which will
adhere rigorously to the atmospheric flight profile of the Saturn-IB and
the Saturn V. The working coordinate system and the environmental

simulation conform to Apollo standards.

*minimum Hamiltonian



The payoff and terminal constraints can be selected from a
library of eleven functions. In addition intermediate point constraints,
selected from the same library, may be imposed on the trajectory

following any one of the thrust events.

Through the use of input switches, a variety of vehicle parameters
may be optimized in conjunction with the control variables X-pitch and
X-yaw, Tank limits of stages being optimized can be held and perfor-
mance reserves, as a function of AV, can be calculated., Also, the

impact point of any stage can be calculated and publishable tables can

be printed.

The ROBOT program has a new simple straightforward automatic
convergence logic and a new dynamic updating scheme for the control
parameter weighting matrix making convergence much more reliable
2]

and sure than previous programs using Min-H.

For the most part, this report is devoted to a description of the
mathematical model used in formulating ROBOT and to such a limited
discussion of the logic structure as affords a complete description of
the program flexibility, A companion report, "R@BQ@T - Apollo and
AAP Preliminary Mission Profile Optimization Program, PartII -

Program Description, " contains a detailed description of the computer

program.

1-2



2. COORDINATE SYSTEMS

The basic reference coordinate system in the ROBOT program
| . is the inertial geocentric cartesian coordinate system XYZ shown in
Fig. 1. This coordinate system has the Y axis pointing north, the X and

Z axes in the equatorial plane, and the Z axis in the meridian plane that

NORTH POLE

Launch Site

Meridian Plane
at GRR /
o

o <>

x>

Equatorial
Plane

FIG. 1. REFERENCE COORDINATE SYSTEM X ¥ 2
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contains the launch site at gyro release time. In the ROBOT program
gyro release time or guidance reference release (GRR) is a reference

time occurring either prior to or at liftoff.

Next described is the inertial cartesian plumbline coordinate

system Xy z, in which the equations of motion are written.

> >
- >
N>

FIG. 2. PLUMBLINE COORDINATE SYSTEM




The plumbline coordinate system Xy 2, shown in Fig. 2, is
formed from XYZ by first rotating counterclockwise about X through 91
and then clockwise about y through A, -90, A, is the launch azimuth

angle and 91 = M/2 - 6, where B is the geodetic latitude of the launch

site. Both A, and 6 are input quantities,

The equations for transforming a vector from the XYZ system to

the Xy Z system are

2 X
1= alY
2 zZ
where
[—sinAz cosAZsinG1 -cosAzcose1
A = 0 c:0s91 sinel
cosA, -sinAj sin61 sinAzcose1

Since A, is an input constant and 91 is the complement of an input

constant, the matrix A is also constant.

In the plumbline system the position coordinates x, y, z and the
velocity components w, u, v, are measured in the 2, /}‘r, z directions,

respectively,

The plumbline system in ROBOT differs from the Apollo 13

coordinate system 3] only in the names of the axes, i.e.,
~ A
z x
AN N
X =ly
A ad
y z

Apollo 13 ROBOT



The third coordinate system used in RCBOT is the geocentric

/~

A
r 8 with coordinates ¢, r, and 8.

spherical polar coordinate system )
"

The a? 6 axes, shown in Fig. 3, point in the direction of increasing

¢, r, and B, respectively, and may be formed by first rotating counter-

clockwise about Y through ¢ and then rotating counterclockwise about 6

through 6.
,Y\ A
~L A
\ ¢
> .
/ \ < Position
N
N A
//'\\\\ —
-
2
\_—/
FIG. 3. GEOCENTRIC SPHERICAL COORDINATE SYSTEM 3’;3




ANAAN

The projections of r on XYZ are

X sinBsing
= r cos®B
Z sinBcos¢

and therefore the projections of r on Xy 2 are

X sinf sing
y = r A cosB
z sinBcos¢

The transformation from x, y, z to ¢, r, 6 is therefore

-1/ @, x ta,,y+a, z
@ _ tan 11 21 - 31
X
Byg* T a3y Tajs%
r = /X +y + z
8 -1 + )/ )
= o X z r
cos (( 12 + aZZY a32

where the a_, are elements of the A matrix described previously.
1)

AANADN
The equations for transforming a vector from the ¢ r 6 system

ANAAN

to the XYZ system are

x>
)

N> >
H
s}
@> R



where
cos@ sin® sinB sin¢ cosH
B = 0 cos®B - sinf
-sin¢ cos®sinf cospcosB

and therefore the equations for transforming a vector from the ¢t

system to the §§12 system may be written

<> WDy
il
o
HY )

N>
D>

where D =A - B

Also, the inertial velocity components in the ¢, ?, 6 directions,

Wgs Ug, Vo Tespectively, may be written

w W
s
T
u = D u
s
v \
L S

If the multiplication A - B is performed and substitutions for ¢ and

6 are made in terms of x, y and z, the elements of the D matrix become

= - in@
d11 (aZZZ a3zy)/rsm
= - in6
d21 (a32x alzz)/rsm
dyy = (élzy - a'ZZX) / r sinB

v\ T :
*%( ) Denotes matrix transpose.
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dlZ
22
32
d13
23

33

x/r
y/r
z/r
(dlzcose - alz) / sinB

(dzzcose - azz)/sme

(d32c059 - / sin6

a3,)



3. GEOPHYSICAL PROPERTIES

Described in this section are three geophysical properties of
the earth which affect a rocket trajectory: gravitational acceleration,

geometric form, atmospheric pProperties,
3.1 Gravitational Accelerations

The gravitational potential function, U(r, 6), used in ROBOT

(4]

is

2 3
U R R
U(r, 8) = —e[l +9{(-£ (1 - 3cos?6) + &L _e) (3 - 5cos26) cosb
T 3 T 51\r
4
R
DJ
TS (Te) (3 - 30cos26 + 35 cos46)]

where CJ, H, DJ, Re’ L, are input parameters which are, however,

pre-set to

CJ = 1.62345x 107>
H - -0.575x107°
DJ = 0.7875x 107>
Re = Earth equatorial radius
= 6378165. m
He = Product of universal gravity constant and earth mass

= 3.986032 x 1014 m3 / sec?

The components of the gravitational acceleration vector in the

plumbline system are calculated as the first partial derivatives of



Hr
1%

, 8) with respect to the plumbline position coordinates, i.e., g_, g
' x

Yy

.-

- [2U | ar | 26
Ex Ox ox ox
g B a_U _ oU | dr + _a_(_l 06

y dy or | dy 36 | oy
g U or 06
L 2 ] L aZ ] b.aZ_J -aZJ

X 12
By | = Gy |Y |~ Crol 222
P z a32
where
3
U R R
Gll = -_9;[14.(;3 (_e (1_5co526)+H(—£) (3—7cos26)cose
I'3 r r
4
R N
+DJ (_e (%- (6-9cos29)c0529)]
r
2 3
B R Rel 3
G o = -% [ZCJ (—3) cosf - H (—-?-) (g - 300526)
T r r

R 4
+ DJ (_e) (1—2 - 4cosze)cose ]
r 7

Equations of the same general form are used in the Saturn V

(5]

flight computer.

*These partials are given in Appendix 1.
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In the event that a spherical earth is to be simulated these

equations become

Ex
gy =
-gz -
where
G =
11
and, of course,
G
TO

3.2 Geometric Form

The earth is taken to be an ellipsoid,

which rotates about its polar axis with an angular velocity Qe'

11

-‘J, /r3

as shown in Fig, 4,



R()

FIG. 4. THE EARTH — AN ELLIPSOID

The angular velocity, Qe’ and the flattening, f, are input constants that

are preset to

e}
i

e 7.2921158 x 10_5 rad / sec

+h
i

1/298,3
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The relationship between geocentric colatitude, 6, and geodetic

latitude, Gg, is expressed by

ctnb = (l-f)ztaneg

The radius of the earth as a function of colatitude, R(6), is

RO) = (1-H)R,//(1-1)%5in?6 + cos?6

The derivative of R(6) with respect to 68, which is needed in order to

calculate the time at which maximum dynamic pressure occurs, is

given by
dR(6) _ R(9)3f(2 -f)sinBcosh
d6 2 2
(R)“(1-1)
3.3 Atmospheric Properties

The earth is assumed to have an atmosphere which rotates with
it at the same angular velocity, so that there is no wind over the earth's

rotating surface,

The PRA63 model atmosphere (7] routine on the MSFC system
tape is presently used to calculate density, p, pressure, P, and speed

of sound, a, as a function of the altitude, h, where h is calculated from

h = r - R(6)



4. CONTROL VARIABLES

The time history of the orientation in space of the centerline, €,
of the boost vehicle is determined by the control variable attitude angles

X_ (chi-pitch) and XY (chi-yaw) shown in Fig. 5.
p

FIG. 5. Xp, Xy AND pc# COORDINATE SYSTEM




In addition to defining the position of the centerline, ¢, X_ and

-

\y may be thought of as defining the auxiliary coordinate axes ’}586 shown

in Fig. 5. This auxiliary coordinate system is formed by rotating clock-

wise about z through Xp and then counterclockwise about /1; through X_.

AN NN
The equations for transforming a vector from the pc @ system

. A AN
into the xyz system are

where

% P
s = cj|¢
z ¢

cos sinX_ co -sinX sin
Xp n)\p s)(y Xp X

-CcOs sinX
y XP Yy

0 sin cosX
XY

-sinX cOsX_cosX
p P

y



5. AERODYNAMIC FORCES

The passage of the vehicle through the atmosphere gives rise to
aerodynamic forces defined to act coincident with and normal to the
vehicle body axis c. In ROBOT, the relative velocity, VR, is considered
to be the velocity of the vehicle relative to the atmosphere. The orienta-
tion of VR in the auxiliary coordinate system /ﬁg@ is accomplished using
the angle of attack, @, and the relative velocity heading angle, 0. These
items along with the aerodynamic axial force, FAA’ and the aerodynamic

normal force, F _, are shown in Fig. 6.
AN

= o>

o>

FIG. 6. AERODYNAMIC FORCE QUANTITIES




The equations for transforming V

The relative velocity in the plumbline system may also be
calculated as the difference between the plumbline inertial velocity
and the transformed velocity required by an object in order to remain

over a given point on the rotating earth,

w
u =

v
L~

Therefore, the relative velocity, V

R

W sintcosO
u = V_C cos

- R

v sin® sinC

B T
in®
rQe sin

0 = u

0 v

and the relative velocity heading angle, 0, are

VR

«/ﬁz +

_1(
CcOs

ta.n"1 (

u- + v

2 2

R y

-w sinxp sinXY - ECOSXP sinxy + _\_r_cosXY

i co
51n)(p sX +

u

This results in

W o= (ay,z - ag,y)

o) co
Cc sxp SXY

R

wc:osXp - usinX

P

The dynamic pressure, q, is calculated as

2

- - Q

e PR PR

- - Q

(@), =2y, %) 8
R’ the angle of attack, o,

+

|

>

into the plumbline system are

S 1nxy)



The Mach number, M, is calculated as

M = Y_R_
a
and is used to calculate
CA = CA(M)
) /
CN = CN(M)
The axial force, FAA’ and the normal force, FAN’ are now
calculated as
Faa = 17 85°Cy
/
ES . - «
Fan a°S5-Cy

where S is the reference area,

/
Two sets of tables of CA(M) and CN(M) are provided in ROBOT,
one set for use while thrusting, the other set for use while coasting. The
aerodynamic forces FAX' FAY and FAZ in the x, y, z directions,

respectively,are calculated as

_ . _ o]
FAX FANcos
= -C
FAY FAA
ing
\_FAZ_ LFANSHI |

The minus sign is used since the velocity of the atmosphere

relative to the vehicle is the negative of VR.



6. BOOSTER CONFIGURATION

In ROBOT, the simulation of the thrust profile of a multistage
booster is accomplished by synthesizing the profile from a sequence
of up to 15 thrust events. By allowing the grouping of these thrust events
into stages to be specified by input rather than by fixed internal logic, a
great deal of generality is obtained., Fig. 7 depicts five thrust events

as an example of such a sequence,.

Reference Thrust

A

4 2 3 4 5
— T, —>1e T, >le 1, ->le— T, —t Ty —
e— 1'1' A—I — r: ——I
oy ey o i W vi
: ' 1 1 H H ' .
1 H ' H H H ! H
fa fa4 et Y1 f22 b h1e
-3 Time

FIG. 7. THRUST PROFILE - A SEQUENCE OF THRUST EVENTS




The ith thrust event is characterized by five (seven in the

atmosphere) items:

1) F'1 Reference thrust per engine
2) n'rli Flow rate per engine
Vil Number of inboard engines
viZ Cant angle of inboard engines
3) Ui3 Number of outboard engines
vi4 Cant angle of outboard engines
4) ’ri Thrust event duration
5) Wi Weight jettisoned at the end of each thrust event

and in the atmosphere.....
6) Ae. Engine exit area
i

7) S. Aerodynamic reference area
i

The convention used in ROBOT for labeling thrust event and
miscellaneous weight drop event times is also depicted in Fig. 7.

Thrust event times are labeled tl' and miscellaneous weight drop
i

event times are labeled t2_
i

Note that there are six tl' but only five thrust events of duration
i

T.. The same is true of a picket fence, in that there is always one
i

more picket than there are spaces. The T,  may therefore be thought
i

of as "spaces', and the i subscript of t_. as the ''picket" number, with

1i
i = 1 at the beginning of the first thrust event.

6-2



From the figure it is apparent that the t_ are calculated as
i

t =t .+t 7T
o+ 1 11 i
with t11 being defined as some input initial time.

In addition to thrust event items, Fig. 7 also depicts two

miscellaneous weight drops. A miscellaneous drop weight,as distin-

guished from a jettison weight, can be dropped at any time. The ith

miscellaneous weight drop is characterized by three items:

d

1) w- Miscellaneous weight dropped
i

2) ™ Time interval between beginning of n% th
i

thrust event and miscellaneous weight drop.

3) n“{ Weight drop time is calculated from the

-]

beginning of this thrust event. Can also be
thought of as '"picket'" number of the thrust
event time to which T“; is added to get

miscellaneous weight drop time.

The ith miscellaneous weight drop occurs at t_.. The tZi are

calculated as

where




Note that with this definition,none, one or many miscellaneous weight
drop events may be defined relative to any given thrust event, and may

occur during that or any other thrust event. The only restriction being

that t ust be eater th t_ ..
a 2i+1m grea an a3

In ROBOT the thrust events are grouped into stages through the
use of the input array NQEVNT. The first member of the NQEVNT
array contains the number of thrust events in the first stage, the
second member contains the number in the second stage, etc. However

they are grouped, all thrust events must be accounted for!

6.1 Thrust and Flow Rate
The use of the four numbers V., V. _, V _, V_ , to describe the
il i2° 13 i4
effective number of engines leads to a rather cumbersome notation if

they are used in each equation where the number of engines is required.

Consequently, an effective number of engines operator, V., is defined
i

to be:
V. cosV,._ + V _cosV, if v multiplies F or Ae,
il i2 i3 i4 i i 1
V- = R . . . . x
1 V.. +V if V. multiplies m_or cm.
il i3 1 i 1

The input thrust levels for first stage component rockets are
considered to be nominal sea level thrusts, The total thrust, T, for

all thrust events considered to be in the first stage is calculated from

= V -
T i(Fi + Aei(pS pa))

where p is the sea level atmospheric pressure.
s

*o::r:ni is defined in Section 7. 4. 2.

6-4



The input thrust levels for all thrust events other than those in

the first stage are considered to be vacuum thrust levels, and the total

thrust is calculated from
T = v (F, - Ae p )
i i ia

while still in the atmosphere and

once the atmosphere is dropped.

The total flow rate, m, in any thrust event is calculated from

6-5




7. THE FORWARD TRAJECTORY

This section contains the equations of motion integrated in ROBOT,
a description of the forward trajectory flight phases, the terminal functions
which may be selected to define an optimization problem, and various

users'options associated with the forward trajectory.

7.1 The Equations of Motion

In general form the equations of motion integrated in ROBOT are

written

pl = W = Fx/m + gx

S = L;. = F /rn +
pZ y gY

> = v = F +
P3 v ,/m g,
p. = ); = W

4
lf.) = ’ = u

5 Yy
P = z = v

6
P = g = -m

7

m .
qV_ /(5 - o) in the atmosphere
R 2

p = N =

8

\not integrated outside the atmosphere



The forcing functions Fx’ F and Fz are

hF | —T sinX cosX - F ] [ F cosO‘
X p Yy Ax AN
F = T co cos -F = C T-F
y cosXpeosXy - Fay AA
F T sinX - F - F sinC
L % | L Yy Az | ! AN |

with, of course, FAA and FAN set to zero when the atmosphere is dropped.

The mass, m, is calculated from

m = p+m,

where U is continuous and consists of the total propellants to be burned

plus the payload, and

d J
m, = (?Wi ﬂL?wJ_)/g0

The constant g relates mass to weight and is taken to be
o
2
g, = 9.80665 m / sec

Since ma is constant from one weight drop to the next, [.L = - m for all
t t or t_..
? 1i 21
By this artifice, the seventh state variable, f, is made to be
continuous at all times, including those times at which mass is discon-

tinuous. The primary advantage of integrating this particular choice



of state variable is the ease with which mass can be reconstructed during
the adjoint integration. Since W is continuous, it may be stored as a
function of time on the forward trajectory, and therefore, even if m is

a time varying function obtained from a thrust tape, the mass can be
calculated during the adjoint integration by looking g up, updating m_

at the tl' and tZi and adding the two together.
1

The eighth state variable, 7, is an aerodynamic heating indicator.

7.2 Ground-Launch Trajectory Flight Phases

The flight profile of a ground-launch trajectory is separated into
a number of phases. These phases are depicted graphically below for a

booster having n-1 thrust events. The symbols in Fig. 8 are discussed

below,
Atmospheric Flight ~@—p—8—Exo- Atmospheric Flight
t4 t2y t1n
. 1,2 ,3,4 , 5 Optimized Flight
GRR to fp Mt tp 1y ta '
FIG. 8. GROUND-LAUNCH FLIGHT PHASES




7.2.1 GRR,Atd ts

The input quantity Ato is the time interval between the time the
coordinate systems are defined, GRR, and the lift-off time, t_. t_is

an input constant which is generally taken to be zero. , the time the

t
11
first thrust event begins, is set to to. If a non-zero value of Ato is used,

the boost vehicle, which is fixed to the earth, will not be in the ?2 plane

at lift-off.
7.2.2 Ground-~Launch Initial Conditions

The calculation of the initial, t , conditions for a ground-launch
trajectory proceeds directly from Ato and the input value of the geodetic

latitude of the launch site, 90. The geocentric colatitude of the launch

site is
6 = m/2-tan"! ((1-£)%tanb

The radius of the launch site is R(6) and the initial velocity of the launch
site is
\% - R(H) Qe sin®

o

The longitude angle subtended by the launch site during the time interval

Ato 1s

Mg, = Q Bt




The initial plumbline velocity components are

W cosl ¢o
u, = VOA 0
Ve - sinA¢0

The initial plumbline position coordinates are

X, sind ¢o sinb
Yo | = R(8) A cosB
z, cosA ¢o sinf

The initial value of the seventh state variable is calculated from

m_, and the input value of initial mass, m_, as

7.2.3 Lift-Off -~ Phases 1 and 2

The interval t = - tL, Phases 1 and 2 of Fig. 8, is the lift-off
portion of the trajectory. During this interval the control variables X

and Xy are chosen so that the launch vehicle will clear the launch tower.

During the interval t - toy Phase 1 of Fig. 8, F is augmented

AA
sO as to be

1 +

F = qSCA+DRAG1/

.55 (sinht)2 "> )
AA

1+t



This DRAGI! term is included 1“) account for the effect of the launch tower
on the axial force, For the Sa:i.rn V, tD is taken to be four secounds
greater than toe This augmentzvtion of FAA can be omitted by inputting
tD equal to t_. Also, to avoid ‘umerical problems, & is defined to be

zero during Phase 1,

During Phase 2, h0wevej', the full three dimensional forms for
o and O are used, Since the laul; ch tower is constructed normal to the

reference ellipsoid, the angular separation of the launch tower and north

is 6_, wh
is 6, , where

The longitude of the launch site is ¢L, where

¢L = A¢O+Qe(t-to)

A unit vector in the launch tower direction can be transformed

into the plumbline system as

X sin¢Lsin9L sin)(pcos)(Y
yl= A cosGL = cosxpcosxY
z cos¢Lsin9 sinX

L

Therefore, in the interval t; - tL, Xp and XY are calculated to be

- tanl (X
X tan (_}_;)

. -1 =
X = sin zZ



Since the A matrix and GL are constant and ¢_ depends only on t,

Xp and XY during lift-off are functions of time only. Both t_ and tL are

input constants.

7.2.4 Tilt-Over -~ Phase 3

During the interval tL - tT, Phase 3 of Fig. 8, the vehicle is

caused to tilt over in the xy plane by calculating Xp and XY as

it

X
P

X = 0
y

X (t -tL)

where X is a trajectory parameter and tT is an input constant,

During XY = 0 flight, the equations given previously for & and o

reduce to

-1 w u
0 = coOs (-V—— sinX +-:-cosxp)
R R
-1 L
O = tan (y_cosxp - Esinxp)
7.2.5 Pitch~-Plane Gravity Turn -- Phase 4

Following the tilt-over,a pitch-plane gravity turn is flown in

which



and Xp is chosen so that the angle of attack ir .e pitch (xy) plane is

zero. This requires that during Phase 4 '

and therefore,

and

7.2.6 Chi-Freeze =~- Phase 5

The pitch-plane gravity turn terminates at t_, an input constant

X
marking the beginning of Phase 5. During Ph ‘;'Ise 5 neither Xp nor Xy

is allowed to vary and hence they may be thouglt of as being "frozen'

with values

and

On the Saturn V, X~freeze is initiated towards the end of the first stage

and is held until the launch escape system is jettisoned. Consequently,



the internal logic of ROBOT is arranged so that t  is a miscellaneous

Q

weight drop event time, i.e.,

with I being the number of the miscellaneous weight drop event which
terminates X-freeze. The end of X-freeze marks the end of atmospheric
flight and hence tQ must be defined on every ground launch trajectory.
Note that this implies that there must always be at least one miscel-

laneous weight drop event. If none is actually desired, then a zero

weight must be dropped.
7.2.7 Exo-Atmospheric Flight

At tQ the atmosphere is dropped and the eighth state variable is
no longer integrated. The ROBOT program shifts to a different set of
derivative routines at this point in order to avoid bypassing terms that
have to do with the atmosphere and also because, logically, the control

variables are handled differently.

Prior to tQ the thrust vector control angles Xp and X are obtained
as a direct consequence of a sequence of internal logic phases. After
tQ, Xp and XV are considered to be tabular functions of time. Time, X
and XY can be specified at a maximum of 196 tabular points. These are
broken up into four sets of control tables with a limit of 49 points each.
Through input it is possible to specify the thrust event ''picket'" number
at which control tables start and stop and the number of points in a table.

Control tables should not continue across a coast or an intermediate

7-9



point constraint, * Since Simpson's rule is used to integrate products
impulse response functions during the adjoint solution, there should

always be an odd number of points in a control table.

The steepest ascent process converges on the optimal xp’ XY
time histories by updating the tabular control programs of X and XY
(if specified by input) at each iteration. If the input quantity KWTA
is set to 3, both Xp and XY are varied. If KWTA is input as 2, XY is

held at zero and Xp is varied.
7.3 Intermediate and/or Terminal Functions

In order to define an optimization problem it is necessary to

of

specify the trajectory constraints as well as the quantity to be maximized

or minimized. Table 1 consists of a library of eleven (at present) inter-

mediate and/or terminal functions and their non-zero partial derivatives.

Any one of these functions may be selected as the payoff and be maximized

or minimized at the terminal time. Any physically realizable set of the

remaining functions may be selected as trajectory constraints and imposed

at the terminal time. In addition, any physically realizable set of these

functions may be imposed as constraints at an intermediate time by

inputting the number of the thrust event following which the constraints

are imposed as NVRST.

*Described in Section 7. 3.
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7.4 Control Parameters, Propellant Tank Limits and Flight
Performance Reserves

In addition to optimizing the Xp and XY time histories during exo-
atmospheric flight, the ROBOT program can simultaneously optimize

control parameters selected by input from the control parameter library.

7.4.1 Control Parameters

Table 2 contains the members of the control parameter library.

The maximum value of n in Table 2 is 15.

Table 2. Control Parameter Library

—
Library No. Parameter Name Symbol
”"'”“I‘“”"’ o o Launch Weight m g
2 Tilt-over Chi-dot X
3 1 st Thrust event duration Tll
4 2nd Thrust event duration 12
n+2 nth Thrust Event Duration Tln

The library number of each parameter to be optimized is speci-
fied by putting a non-zero value into the equivalently numbered element
of the input array KDB. Thus it is the position of non-zero elements in
KDB which indicates an active parameter. Although all Tli are provided
a library number, only those 'rli terminating outside the atmosphere may

be selected for optimization.



7.4.2 Propellant Tank Limits

In a great number of real problems the total propellant in a given
stage is fixed, albeit allocated among a number of different thrust events,
Also, since the available fuel and oxidizer will not, in general, be
exhausted simultaneously when mixture-ratio shifts are considered,
tank limits in ROBOT are based upon ''critical" propellant rather than

actual propellant.

The Tl' can be connected by logic so as to maintain the relationship
1

m = YV cm.T,_.
b d i 1 113

where m_, when tank limits alone are considered, is defined by the input
values of the critical flow rate cr‘ni and the Tl_. Since m_ cannot vary
i

when the Tl' are being varied by the steepest-ascent process
i

Tv.cm.dT .
;01 1 11

il
()

Therefore, all the connected thrust events cannot be optimized indepen-

dently. One of the Tl" the jth, must be dependent and result from a
i

choice of the others, i.e.,

V.cm,
dr.. = -~ 2—}—;—1 dT_.
1j i#jl/.cmj 1i
J

The procedure used in ROBOT for specifying that the jth thrust event is

connected to the ith with the ith being independent, i.e., KDB(i+2) # 0,



is to put the difference between j and i into the same element of the input
array KDT, i.e., KDT(i+2) = j -1, One restriction on this procedure is
that j must be greater than i. If no connection is desired, the appropriate
element of KDT is set to zero, Note that if KDT(i+2) = j-i>0, then
KDB(j+2) must be zero since the same parameter cannot be specified as
both dependent and independent, (If this requirement is not met, the
program will print a warning, run a forward trajectory and go to the

next case,) If, for example, KDB(6) # 0 indicating that T14 is to be
optimized and if KDT(6) = 1, then T15 is altered to keep m_ constant and
KDB(7) must be zero. If, on the other hand, KDT(6) =2, then Tl6 is
altered to keep m constant and KDB(8) must be zero. If, however,

KDT(6) = 0, then 1'14 is optimized without regard to limits.

As is implied by the equation for dTl_, the same thrust event
can be specified as dependent by more than one independent parameter.

For example, the input arrays

KpT = 0,0,0,0,0,4,3,2,0,0,0

KpB = 1,1,0,0,0,1,1,1,0,0,0

ind : , T, and T to be optimized and that
indicate that mo’ X T14 715 an 16 are to be optimized an a

6
dTlg = __i?%.d714__5__._5d715__7_6d7—16
1%
V8 cm8 US cm8 8cm8

It should be noted that although the rationale for the development
of the connection logic comes from the necessity of holding stage tank

limits, the connection logic is independent of stage specification.



7.4.3 Flight Performance Reserves

Flight performance reserves (hereinafter called FPR) is a name
given to the propellants held in reserve on a design flight to provide an
increment of velocity over and above the design velocity in the event it
should be necessary on an actual flight. As such, FPR are jettisoned
along with the jettison weight of the last thrust event and dé not appear

as part of the payload.

The input quantity IPR is the number of the thrust event from
which the FPR are withheld, If IPR =0, FPR are not calculated.
There are several accompanying requirements if IPR is not to be zero.
First of all the IPR th thrust event must be in the last stage. Secondly,
the maximum amount of critical propellant in the last stage, m_, must
be input as WPMX. Thirdly, although the IPR th does not have to be
the last thrust event, no thrust event which follows the IPRth may be

optimized.

The ROBOT program calculates FPR on the basis of two input
AV requirements, These are, AVg to account for geometry perturba-
tions and A Vp to account for performance perturbations. FPR are

related to A Vg and A Vo through the equations

GPR = mc(l ) e-AVg/ Vex)
PPR = (m, -GPR)(l - e'AVP/VeX)
FPR = GPR + PPR




where m is the mass at cutoff of the IPR th thrust event, and

Vex = gOIsp of the IPR th thrust event. Defining

-A
K - 1. Vg/Vex

A
K - 1-e Vp/Vex

The FPR can be calculated as

FPR = mck4
where
k =
4 ky + kg
= - k
kg (1 -k k,

Denoting IPR by j, and the mass at the beginning of the IPR th

thrust event by mj, the cutoff mass, m_, can be written as

The problem of course is to find Tl' such that the sum of the critical
J
propellant contained in the FPR and that consumed during the remainder
of the last stage is equal to m_. This may be written
= T vcm T  +V.em (T,  +7T
My i#j 1 1 13 J J< 1j p)
where the summation by i is over the thrust events in the last stage, and

Tp is defined by

m
- == - ky[——=m -7
p vV.m. V.m. J
J ] J




This leads to

! cm. .
T = - m -k4m. .J- EV.cmiT,)
1j Vem. (1-k)' * Jom, it i
b ) 4 J

If in addition to FPR, T); @Te optimized in the last stage, a
1

different form of the equation for Tl' is useful in the calculation of the
J

steepest ascent influence coefficients. Denoting the mass at the beginning

of the first thrust event in the last stage by m, and noting that

d

. = -Z V.m. -
mJ mL i< 1m1711 m

where md is the sum of the weights dropped (if any) in the interval

between mL and mj, the equation for le may be written

1 cin, . i, .
T.. = m_ -k (m. -m%) + T (k m. -cm:) V. T..
1j vjcinj(l-k4)( * 4 i, L i<j m. voih
: J

- TvV.cm. T )
i>j 111

The situation that exists when ‘Tli in the last stage are optimized and
FPR are calculated, and when there is KDT connection between the ith
and IPR th thrust events is essentially the same, since m_ is constant

in either case. The difference is that in straight KDT connection the input

thrust event durations define an m,, whereas with FPR, m = WPMX

defines le. The similarity between IPR and KDT connection can readily




‘

be seen for the case where A Vg = AVp = 0, in which case k4 =0, and

for both IPR and KDT connection

: v, cm,
a7, = - L 2—_24dr_.
J ifj v.cm, 11
J o
The situations are in fact so similar logically that the ROBOT program

sets up and uses KDT connection logic whenever T . are optimized in a
i

1
stage that has FPR.

7.5 Jump Start

The input variable JUMP is the thrust event '"picket! number at
which a trajectory begins. If JUMP =1, the trajectory will progress
through the ground-launch logic. If JUMP # 1, the trajectory will begin
out of the atmosphere at that thrust event '"picket'" number. The starting
state is specified through the input array VIV, the starting time by
TZERQ and the starting weight by WZER®. When there is a jump start,
tQ is set to TZERQ® and all KDB and KDT below the jump start point are
set to zero. If VIV(7) = 0, the plumbline state w,u, v, X, y, z must be
read into VIV(1l) - VIV(6). If VIV(7) =2, VI, Y, r, azimuth (Az),

/
latitude (8 ) and w must be read into VIV(1) - VIV(6).

‘ ' Setting
|
‘ a = 180 - AZ
and
/
8 = 90 -6
i‘ w = tan'l(cosetana)
¢ = W-Ww




Then, constructing a B matrix using 8 and ¢ above and using the launch

site A matrix, a D matrix can be constructed and used to calculate the

initial plumbline state as

-woﬂl cosYcosa
ug = VID siny
Lvo | hcos‘)’sina
-Xo ] 0
Yo = rD]| 1
Lzo ] 0

7.6 10 km, Qmax, 14 km

The program prints out as it crosses 10 km altitude, 14 km

altitude and the point of maximum dynamic pressure. In order to find

the latter, the time derivative of dynamic pressure, c.l, is used. q is

calculated by forming the dot product of the partials of q wrt

the plumb-

d .
line state,a—q, and the time derivatives of the plumbline state, p.

P
That is,
. aq .
q = -a-I;P
where



pw
pu
Py
{ aq}T = %%(dlz 'dg(ee)dm) - Plagyu - ay, i
|
%%(dzz i dcfl{(ee)dzs) Plag, v mag, Wi

dR(6)
32 " "a6 d33) “Pla,w ma, i,

-

oo
e
=

-~

dp

and ™ is calculated numerically using the PRA63 atmosphere routine.
1.7 Impact Point

The ROBOT program integrates the trajectory of the jettison
weight of the IMP th thrust event (W;MP) to impact (h = 0) if the input
constant IMP is > 0. The forcing functions Fx’ Fy and Fz on the

impact trajectory are

] [ 1
FXT -pVRw
FY = -pVRg
Fz | 17PVRY

where p = 0 for altitudes greater than 690 km and p calculated from
PRA63 as a function of altitude for h < 690 km, The equations for i and

N are not integrated on the impact trajectory.




7.8 Chi-Yaw Options

Two different XY options may be activated during the atmospheric

portion of flight.
7.8.1 Lift-Off Yaw

In order to provide positive launch tower clearance, it is possible
to activate a supplemental trapezoidal XY history during Phase 2. The
trapezoid is defined by the input times TCY1l, TCYZ, TCY3, TCY4 and
the plateau value of Xy, CYTM. A non-zero value of the input constant
NCYT will activate this XY profile. Since this option must occur inside

Phase 2, TCY1 must be 2 tD and TCY4 must be £ tL.

7.8.2 First Stage Yaw

A non-zero XY during Phase 4 can be obtained by inputting a non-
zero value of NFSCY. A XY rate, FSCYD, and a time to initiate the
rate, TFSCY, are also inputs. Since this XY logic can only be initiated

during Phase 4, TFSCY must be t. < TFSCY < tX. The value of xy

L

at tx is retained during chi-freeze (Phase 5).
7.9 Aeroheat Constraint

By inputting a non-zero value of NAHI, the aerodynamic heating
indicator, M, can be constrained to the input value AHIMAX at tQ' Each
time the launch weight is changed, the ROBOT program does a linear
search on the tilt rate, )2, until T)(tQ) = AHIMAX. I1f NAHI # O, the
program sets KDB(2) = 0 since )( cannot be optimized and used to

satisfy the aeroheat constraint at the same time.

7-26



7.10 Output Tables

By inputting a non-zero value of NTABLE output tables suitable
for publication can be obtained. The output tables are printed only for

converged trajectories. The format of the tables is discussed in Part

2 of this report,

If tables are desired, additional input described in Appendix III

is required.



>

8. THE BACKWARD TRAJECTORY

Since the steepest ascent method converges on the optimum set
of controls by adding beneficial changes to the nominal set, the effect of
small changes in the controls on the terminal and intermediate functions
must be calculated. This is accomplished through the use of the adjoint
differential equations. One solution of the adjoint differential equations
is required for each terminal or intermediate function being either
optimized or constrained. The adjoint solutions proceed backward in
time from the final time for the payoff and terminal constraints, and from

the intermediate constraint time if there are intermediate constraints.

The adjoint variables are used to form impulse response functions
which give the effect of changes in Xp and XY and influence coefficients
which give the effect of changes in the parameters. These impulse
response functions and influence coefficients are then used in the

steepest ascent formulae to calculate beneficial changes in the controls,

Notation traditionally used to describe the adjoint solution is

introduced below.

¢ The scalar payoff function.

) An m x 1 matrix of constraints. Includes both terminal and

intermediate constraints. (Constraints satisfied when ¥ = 0)

v An m x 1 matrix of constant Lagrange multipliers associated

with the constraints. (This V should not be confused with

the effective number of engines Vi defined in Section 7.)




¢ The augmented scalar payoff function ¢ + VT!/).

)\(D A 7 x 1 matrix of particular adjoint solutions associated

with the payoff function.

Kw A 7 x m matrix of particular adjoint solutions associated

with the constraints.

A A 7 x 1 matrix of adjoint solutions associated with the
function & When appearing without a subscript, A is the
equivalent of the Euler-Lagrange variables used in the

calculus of variations (c.o.v. A's) and are formed as

A::)k(b-i—)\l/

Y

8.1 Boundary Conditions

The boundary condition on the Euler-Lagrange variables A are

known to be

AT 0%
op

Consequently,the boundary conditions on )\¢ and )\w are chosen to be

T .
Ay = °¢
op
t =
tf
and
T o . |
b = = t. for terminal constraints
apjt= £

t -
1j, j =NVRST + 1 for intermediate constraints

»
tay
¥3



8.2 The Adjoint Differential Equations

Defining the 7 x m + 1 matrix >\z to be )\z = [)\(b : sz] , the Euler-

Lagrange or adjoint differential equations become

)\Z = + FTKZ (for backwards integration)

The 7 x 7 matrix F is the matrix of partial derivatives

0 0 o 1 o0 0 0 |
0 0 O 0 1 0 0
0 0 0o 0 0 1 0
* 0 0 0
T Bax  Byx  Bax 0
N S 0 0
op Bxy Byy Bay
O 0 0 0
Exz gyz €22
e Iy Fe 0 0 0 0
2 2 2
L m m m i

m + 1 sets of adjoint equations are integrated backwards to t. (one set

Q
for ¢ and one set for each of the m ¥'s), The reconstruction of the plumb-
line state, needed to calculate F during the adjoint run, is accomplished

by looking up stored values of the state as a function of time,

*The gravity i)artials are given in Appendix II.



8.3 Impulse Response Functions and I Integrals

The impulse response functions for Xp and XY are defined by the

equations
T.
T a(>\zp) T W u
GZp = T = ;()\zcosxycosxp-)xzcosxyslnxp)
B(AT.)
p
T z T W . u . v
Gzy = g;(— = E(-Azsmxysmxp-X231nxycosxp+)\zcosxy)
y

w

T. u \2 L. ..
In the scalar product /\Z P, A 2 )\Z and Kz are coefficients of wuv

respectively, Impulse response functions are calculated at every

tabular point in use in the Xp-XY control tables.

Denoting Gz by

;
T (ngp
G~ = |--- if KWTA =2
z G
| Yp |
G¢p G¢>V
G;r = |- i if KWTA = 3
G G
| ¥p by

The m + 1 x m + 1 matrix of control variable "I" integrals is

calculated during the backward trajectory as

a a

1501

o6, ¢ te
T - cTwlc at, 1.%(t) =0
zz a a - z a z ' Tzz'f

1 1 t

o 1+ Yy Q




|

-1 :
where W a is a time varying weighting matrix defined in Section 8. 6.

If there are intermediate constraints, the above definition of
a . . . . .
IZZ may be used provided that after the intermediate constraint time

the elements of G, corresponding to the intermediate constraints are

taken to be zero,
8.4 Influence Coefficients

The influence coefficients for a parameter give the changes in
trajectory functions resulting from a unit change in that parameter and
hence may be considered trajectory to trajectory partial derivatives.

The influence coefficients for lift-off weight and tilt-over X are calculated
using numerical derivatives; whereas, those for the 7 . are calculated

li
using analytic partials,

8.4.1 Influence Coefficients for Lift-Off Weight and Tilt-Over X

If the launch weight is to be optimized, two trajectories are run
from t, -~ tQ with m changed by t Arno. The influence coefficients for

the first parameter are then calculated as

Ty -pTit )T
P -pP
L =L o) Q]Az(tQ)

zm 2Am
o

where p* and p~ refer to the plumbline state from positive and negative

variations of Am  respectively.



If the tilt-over X is to be optimized, two trajectories are run

from ty ~t with X changed by 1 A)Z. The influence coefficients for the

Q

second parameter are then calculated as

T(t2) '(t)T
p -
=[ Q "7 Q]Mt)-

24 X 1 2 Q

sz
8.4.2 Influence Coefficients for the Tl'
i
The calculation of the influence coefficients for the '1'li proceeds
through three phases. In the first phase the influence coefficients for
the effect of shifting the time at which a discontinuity occurs are

calculated as

- T
L,; = &p Ay
for the effect of shifting each tl' and as
1
. T
= Y
zj A z

for the effect of shifting each tZj where AI; = I;- - 1:.:+]is the discon-
tinuity in the plumbline state derivatives resulting from a discontinuous
change in either thrust or mass or both. The Af) are calculated and
stored during the forward trajectory; and in and Yzj are calculated

and stored during the backward trajectory.

. . . st :
When tli is the final time, p 1is set to zero, When tl_1 is the

intermediate orbit time, f>+ is set to zero for the multiplication of

those columns of )\z corresponding to the intermediate constraints.



&

In the second phase cognizance is taken of the fact that the tZ' are
J

pinned to the 'cli via TW,. Since the TW, are constant,
J

dt,. = y 1= j
2 dtli i=NQOWD(j)

and therefore the following additions are performed in sequence with

j running from 1 - nw

L. = Li+Yz

" ] . i= NQWD()

J

where nw is the total number of miscellaneous weight drop events,

In the third phase cognizance is taken of the fact that for the

‘rl_ to be parameters
1

ot ot
1j 1i

or. . 57 - L
1 1

and therefore the following additions are performed in sequence with

i running fromnv -1 -1

in = in+sz,J=1+1

where nv is the total number of thrust events.

8.4.3 Influence Coefficients with Tank Limits and FPR

If flight performance reserves are withheld from the jth thrust

event, the influence coefficients for launch weight and Tl’ become
i



k
L —4 L -V.m.——-4'—-——L .
zZm Zm ) J(l-k4) VA
l.lic;rnik4
L. = L.+ — L, (i<i,)
zi Z1  y.m_(1-k,) 2] L
AR 4

where iL is the first thrust event in the last stage, and

c;n.n;li Uic;ni
L, = L,-|1-k, J L .(i

zi zi . . . zj L,
cmirnj Vicmj(l-k4)

i<y

In the above equations, when and if the element corresponding to

payload is augmented, k4 is set to zero,

The proper augmentation of in when tank limits alone are

considered and the jth thrust event is connected to the ith via KDT, is

Vic;ni
L . = L.—-—.'sz(1<J)

V.cm.
J J

Note that this result can be obtained from the last equation given above

for FPR if k4 and iL are taken to be zero,

8.4.4 Parameter I Matrices

Grouping the active parameters into a matrix Lz = [L¢ ' L‘p]

. b
the m + 1 x m + 1 parameter "I' matrix I, can be formed as




1 %Y
b oo, T
12 = j---'---l o LowlL
ZZ | 4 b z
P b
| Yo Y

-1 c s . . .
where W b 1s a weighting matrix defined in Section 8. 6.

8.5 Steepest Ascent Formulae

Denoting the vector of active control parameters by b, and the
vector of active control variables by a, (if KWTA =2, a is a scalar

equal to xp) the steepest ascent formulae for the changes in the

controls are

S -1
b = EWT (G -G T ) B W Gy I
-1
@ = E W (Ly - LI ) E - WwaIwk“’
where
I = 1%4+1P°
v T Yo T Ty
a
Iw¢) = I¢®+I¢)Q§

In the control equations above the plus sign is used when ¢ is to be
maximized, the minus sign is used when ¢ is to be minimized,

0 < E <1 is a constant chosen to aid convergence, ¥ is the vector of
terminal constraints violations, and k is the decimal fraction of the

constraint violation to remove,

8-9



If there are connected thrust events involving tank limits only,
the dTl' for optimized thrust events will appear as elements of the db
i

vector and the corresponding d 7. . must be calculated as indicated in

1j
Section 7. 4. 2.

The changes in the controls calculated using the above equations

are then added to the nominal set to get the controls for the next

iteration,

The change in the payoff function @ resulting from the control

changes is

-1
d¢ = (1, -1 1 1 E
= B~ Loyt tyo!
where the sign is chosen as before and
1, 0= 1241
oo BT o)
8.6 The Automatic Convergence Scheme

It is the function of the automatic scheme to pick k, E, \'

-1
“Louwtow

kY

-1, . .
and W b in order to speed convergence, and to terminate a run when it

does converge. The logic for picking k and E is quite straightforward

and is directly related to iteration number.

set to zero and k is chosen such that .5 <k < 1.
be input as DP2, however the program will ignore k <.5 or k> 1.

is input > 1 the iteration number is advanced to 2.

On the first iteration,

E is
A starting value of k can
If k

On the second iteration

k =1 and E = 0, On the third iteration k = 1 and E = QY/2, where QY is



an input constant which should be chosen 0 < QY < 1. On the fourth and

subsequent iterations k = 1 and E = QY.

The choice of the weighting matrices W_1 and W—1 is also depend-

ent on iteration number. On the first iteration W-1 is chosen to be
a

= if KWTA =2
T
wl J{m
a F 0
if KWTA =3
0 m
T
_1.
andels chosen to be
0 — — ~ 0 |
W1Pl
|
wl 0 W_P !
b , 22 l
i T~ |
o - _ _ _ WP
s n n_

where the W. are an input set of weighting numbers for the np active
parameters. The Wi are input as WIBT and should generally be left
at their preset value of 1 unless experience dictates otherwise. On
the first and subsequent iterations the P, are chosen automatically so

1

that the largest contribution of the ith parameter to the diagonal of
a

I‘W) is equal to one. Denoting the influence coefficients of the ith

i
pParameter on the constraints by L‘P , the Pi th scale factor is

*m/T is mass/thrust.
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For the second and third iterations the constant Lagrange multipliers

on the constraints, V, are

thereafter, V is formed as
v PRI
= - T
Y e T TPy

where the minus sign is used if maximizing and the plus sign if

minimizing,

Once V has been calculated, min-H on the control variables can

begin since the Euler-Lagrange multipliers A can be formed as

A = A, 4,V
¢ )
the variational Hamailtonian H as

H = X p

the first partial of Hwr t Xp and XY as

dH aH]
H = [-— oH
o o)
2 xp XY

8§-12




and the second partial of H wrt Xp and Xy as

3% H 2%y
3% ax X
Xp Xy
Haa. =
3% H 3%y
2
3 ax  ?
| Xp Xy Xy ]

Therefore on the second and subsequent iterations W-; is taken to be

-1
aa

-1 -
Wa = +H

where the minus sign is used if maximizing and the plus sign is used if

minimizing,

The elements of H are
aa

2

o)

BX_HZ = - % ()\ICOSXYSinXp + )\Zcosxycosxp)
p

2

)

B)Q—'ng_ = ~;—rl;l— (Xlsinxycosxp - Azsinxysinxp)
P Yy
2

3

-—H2 = - % (Alcosxysinxp + )\Zcosxycosxp + A3sinxy)

Bxy

where Al’ >\2, >\3 are the coefficients of wuv respectively in the

calculation of H.
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1f Haa is ill conditioned, Xp and Xy satisfying Ha = 0 are used to

calculate a backup Haa. having elements

5 o
- 2 2 2 2 2
I )//x YR
2 m 1 2 1 2 3
ox
P
BZH N
XX 0
P y
2 ———— e o e 12 s
- 2 2 2
o' H +1/x DY
> m 1 2 3
oX
Yy

where the minus sign is used if maximizing and the plus sign is used

if minimizing.

If KWTA =2, H is
aa

H
aa

T
- —=— (A. sin + A co
m ( 1Sl ><p 2°€ Sxp)

with backup

-7 /_‘2"'"'2'
Haa = +E' )\1 +>\2

If a backup Haa matrix is used, the output quantity KAT will be 1;

otherwise KAT = 0, KAT should never be 1 on a converged run.

On each iteration a normalized total influence coefficient for

i,
each parameter, L 1is formed as

i

L - (L +Lv)/ e m(‘Ll IUL*PJ'))
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Prior to the fourth iteration the input values of W, are used in
. -1
the construction of W b’ For the fourth and subsequent iterations each

Wi is altered according to the following logic:

W, unchanged if | L' , < .005
i i

W. wunchanged if | L (1 - E—) , L l

i — |present 2 -~ | 1ast

otherwise

W, = 2w, if| L -1 < |t

i 1 — present — last - |{present
W, = w./2 if | L' - >lL1

1 1 | — present — last present

The Wi are printed out as WIBT between iterations,

This dynamic updating of Wi will generally insure smooth con-
vergence of the parameters, The relative magnitude of the W, ona

converged run can be used as a guide in picking input WIBT.

If there have been at least 3 iterations, if ‘dmO . < 100 kg,

if ! d)2 ’ < .00002 radians, if all l dTl' < .5 seconds and if in
’ 1

addition all ’ Ll ‘ < .005, the parameters are considered to be
converged and the output quantity BETCON will be T; otherwise

BETCON will be F.
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The convergence test for the control variables XP and )(y is

IdX I Max

P imax overall -1

Idx lmax ~  points in Haa H a < .005
y chi-tables

This implies that the max deviation of either xp or Xy from the
optimum anywhere along the trajectory is less than . 005 radians. The
max deviation in Xp from the optimum is labeled DEL CHIP MAX in the

output and the max deviation in Xy is labeled DEL CHIY MAX.

As soon as ldx . 005, < ,005 and

pl max dxy |max

BETCON is T, a run is considered converged. A final forward tra-
jectory is then run at the input print interval, integrated impact (if
any) and output tables (if any) are run from this trajectory and then

ROBOT looks for input for the next case.
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APPENDIX I

FIRST PARTIAL DERIVATIVES OF
SPHERICAL - PLUMBLINE TRANSFORMA TIONS

The matrix N is defined to be the matrix of first partial derivatives

and P is the 6 x 1 vector of plumbline components

i.e.,



where,

These submatrices are defined by the equations:

11

12

i

p—

e

p-

b

-

dw ow ow
S s S
dw du dv
du Ju du
s s s _
dw du ov -
ov dv ov
s s )
ow du ov
dw ow dw |
s s s
Ox dy dz
du du du
s s s
ox 3y oz
avs Bvs Bvs
x dy 3z |
(2520 =25,
a1,V - 25w - w,d
(aZZW —alzu -Ws(d

(w -dlzus)/r

(u -d

22's

)/ r

(v -d32us)/r

1-2

23

33

cosB +d

cosf +4d

22

32

v-ws(dlgcose~+dlzsineﬂ/(rsine)

sine))/(rsine)

smeﬂ/hsme)



(dllwsCtne - dl3us) /[ r

d -
( 51 Ys ctnB d22

i

(d3lwsctn9 - d33us) /r
[ 3¢ 3¢ 23g ]
2w ou v
a_r dr Or B
w sa | 0O
26 36 238
| oW Odu  dv |
~ - [ d
ot  o¢ o¢ 11 le d31
dx dy dz rsin® rsinf rsinf
dr Jdr dr : 4 d q
dx oy dz | 12 22 32
d d
J 9_9_ ﬁ d13 23 33
| d oy 9z | r r
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APPENDIX II
FIRST PARTIAL DERIVATIVES OF
GRAVITATIONAL ACCELERATION WITH
RESPECT TO PLUMBLINE POSITION COORDINATES
The matrix J is defined to be the matrix of first partial derivatives
of the gravitational acceleration vector in the plumbline system with respect
to the plumbline position coordinates., This matrix is used in the gravity

related terms of the adjoint (Euler-Lagrange) equations.

(2, 3¢ dg, |

ox Oy 2z Exx gxy XZ

0 o) o

;o %8y S8y 8y . g

3x  dy 3z vx °yy Syz

°g, 9%g, ?%g,

[dx 3y 2z i _gzx gzy gzz_
T2

G x y z
J = G . I+|y a 2z 23
11 22 G a a
s 2 32 33 L*12 %22 %32
32

G11 is defined in Section 3.1, Iis a 3 x 3 identity matrix, the

aij are elements of the A matrix, and

+

or T d6

22

R 3
_e) (4 - 14c0529)cose
r

1!

3 He Rezz 20 2
'“z"[G ’_(CJ(_‘“—“’S“H

4
R_\*/4
+ DJ (—;3) (7 - (9 - 18 cosze)cosze) )]
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3 9
B ) 1 BG“ 1 GTO ctnb GTO
G23 - G3z - - = - - +
rsinB 386 r \or T 00

2 , 3
He Re Re 2
= 10CJ - cosB - H - (3 -2lcos™0) + -

R
DJ (_e_ (12 - 36(:0829)(:039}
r
o . ! °Grg
33 r sinf 286
2 3 4
”e Re Re 12 Re 2
= -3 |2CIJ || + 6H |—| cosB + — DI |—] (1l -7 cos“0)
r3 r r 7 r

The fact that J is symmetric can be anticipated, since J is also
the matrix of second partial derivatives of the gravitational potential

function U(r, 8) with respect to the plumbline position coordinates.,

In the event that a spherical earth is being simulated J reduces to

fx i
-
l 1]
J =G111+ inZZEXY z ]
=z
with
_ 3
Goz = - ‘E‘Gll

r

since G =G = G = 0,

23 32 33
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APPENDIX III

INPUT DESCRIPTION AND EXAMPLE PROBLEM

LOR
Begin Min-H Park Orbit Insertion

w
o
~
@

e — — ________q‘_

©;
w
+H
wn

0JO, ®©® o0 6 O

FIG. 9. SATURN Y THRUST PROFILE

The user of the ROBOT program will find it helpful to sketch a
thrust profile before setting up input for the problem he wishes simulated.
Sketched above is an 8 thrust event representation of a three stage
Saturn V thrust history. Vertical lines and horizontal lines will be
referred to as '"pickets'" and ''spaces!', respectively, The "picket"
numbers in Fig. 9 are circled. Note, there is always one more picket
than spaces. A thrust event must be defined every time there is a dis-
continuity in the total thrust. Dashed vertical lines represent miscel-

laneous weight drops. Spaces are thrust duration times and are

I11-1



denoted TAUT. The elapsed time between the Jth miscellaneous weight
drop event (dashed vertical lines) and some thrust event picket is denoted
TAUW(J). The particular thrust event picket to use is denoted NQWD(J).
ROBOT drops the atmosphere and begins optimizing Xp and xy at the
IWDCHI th miscellaneous weight drop event., Therefore, a miscellaneous
weight must be dropped where Min-H is to begin even if it is a zero (0)

weight drop.

The ROBOT program controls exo-atmospheric flight by looking
up Xp and )(Y as a function of time out of control tables, The Min-H
steepest ascent process adjust these tabular points until they take on

optimal values. A ''control table' consists therefore of three tabular

arrays: time, Xp’ Xy' ROBOT contains four control tables, each
containing a maximum of 49 points. In order to provide generality for
the user the Jth control table begins at the NBGCT(J) th picket, ends at
the NENDCT(J) th picket and has a maximum of NP(J) < 49 points, NP
should be odd for all tables in use and zero for all others. Control tables
should not extend over coasts or over an intermediate constraint point.

If Min-H is to begin in the middle of a thrust event, NBGC T(1) should

be set to the picket at the beginning of the thrust event.
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EXAMPLE PROBLEM

Maximize payload into a given inclination LOR* conic and pass

thru a 185.2 km circular parking orbit on the way up.

Launch due east

from Cape Kennedy over an oblate earth using the three stage Saturn V

sketched in Fig. 9.

and hold critical fuel limits on both the 2nd and 3 rd stages.

to be optimized are: lift-off weight, tilt-over )2, mixture ratio shift

Withhold performance reserves from the third stage

Controls

time in 2nd stage, parking orbit insertion time, and Xp and XY outside

the atmosphere,

Data for this problem are given below:

Thrust Event 1

Thrust/engine (1b) 1, 5E6*%

Flow rate/engine
(Ib/sec) 5754

Critical flow rate/
engine (1b/sec)

Jettison weight (1b) 0
Number of engines 5

Engine exit area (mz) 9.93

Aerodynamic Ref,

area {m*<) 79.4
Burn times™®** (sec) 156
Integration step (sec) 2
Print interval (sec) 10

1.5E6

5754

357000

4
9.93

0

4

2.E5 2.3E5 1.92E5 2.3E5

480

240

5

542

271

0

6

446

223

100000

*Apollo Lunar Orbit Rendezvous earth-moon transfer ellipse
s*Note: 1.5E6 means 1.5 x 100

*kkStarting values
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Lift-off time = 0

Drop DRAGI at 4 secs

Begin X tilt-over at 12 secs

End X tilt-over at 35 secs

Begin X freeze at 150 secs

Gyro Release 17 secs prior to lift-off
Group thrust events as follows:

1 st stage - 3 thrust events; 2nd stage - next 3 thrust events;
and 3 rd stage - next 2 thrust events

Drop 1100 Ibs 75 secs after lift-off
Drop 9500 lbs 25 secs after 2nd stage ignition

Drop 8500 lbs 30 secs after 2nd stage ignition, and begin Min-H after
this weight drop.

Start 1 st control table at picket 5 and end it at picket 8
Start 2nd control table at picket 8 and end it at picket 9
Have 41 points in 1 st table and 31 in 2nd

Estimate Xp at start of 2nd stage to be about 1 rad and at parking orbit
insertion to be about 2 rad. Estimate X goes from 2. to 2.2

rad between parking orbit and LOR, Estimate XY zero all the time,
Estimate starting tilt-over X to be . 135 deg/sec
Estimate starting lift-off weight 6340000 lbs

Withhold 20 m/sec A Vg and 10 m/sec AVP from third stage (8th thrust
event). Max critical fuel in third stage 100000 1bs

Conditions at Intermediate Orbit (termination of 7 th thrust event)

Vel = 7794, m/sec
Gam =0

R = 6563365. m
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Conditions at LOR Insertion:
C3 = -1,4986E6 nlz/sec2

INCL = 28°

Since mixture ratio shifts are notoriously sensitive choose
WIBT =2., .5, .2, .5

Also publish report tables

This problem converges in 7 iterations. All constraints are met to
within a small tolerance and the max payload is 109253, 1bs
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Tre MAVKRIK Al CRAG LATA FOwv THIS PROBLEN AKE GIVEN BELOw

“ZALT(R(oCT EXAMPLL PHRUBLEM(
ILL“L:O,'chlac'abcllSUl'l7O'
F:l.btb;l.SEﬁoU.vc.;502«3€5'1o92E502o3E502.0£5'
XVDZO75U e 1075401044804 054200 ll6,1542. 0446,
KMU416Zc4060271 0023927109223
WL+10Z3570UU0

AU+20z100000

Wu*ZEZSOUUO.'
TM:.:b.'(f'vUo'U-v‘han'O.vO.'0.'0.tUotO.'5o'00'0.00005.000oU.oOo'
Tﬁt*ébzbo'UoOOo'0.'10!0.'0.'00'10'
AC:9093090950000300501

SS73e4r79e4179 4y
TAU12156n'4003'5'205'2600'110.'1000'3500'
STEPZZO'“!'d|'8.'80'8"8.'8.'
pRINT:lU.OIU.'20.04U01509'500'500'30|'
Tt-\UW:?E).OZbQ';sOQO

NOWL=1re4 04,

wlZ1100,99500,9850u,

NCEVINTZ3930 2

NLGCTzZHe e

NenCC1zgE0Qy

NPz41p31900u0

TTBLZ193«0v0104»

CHTEL=Z1 40200

TTBL+bU:6100095001

CHTUL450=2.02420

KCUFHMIZ1+5010,

PSIREGE=1,4G86E00ct .

NCURLSZZ 03040

PSIRST:77QQQOU"65633650'

whpstE TC+2Z23,

i TCHLZ39 0

whBe TCHT7Z10 7480

AAETC+5=1,
AAETC+7:.135nb3u000u.'20.'10..100000..10.'1.-120..
KLTzU+0pUr000+001,

huu:lol|U'UvU'U'l'Up10

HIB]:PO"S' l2"5'

/

TITLEZ (OBOT EXAMFLL FROBLEM(
UFFICLE=(APPLIEL ARAL(

DATEZ(DEC 29911967t

NWCASEZL,

/

CATA (PNMCI) v i=1024) /000 e070015, 0200250 .50 0600740208691 001,05,
AleloleSrcCereCt3erde59U,05,00097.010401000,7

DATA (CAN(I)'1:1!2“)/209091'089063' 057' .’4150 03880 .385' .‘4' .’45. 07."4'
A077007700595'ouq50036‘0315'c‘7700227'01070-0035’-.035'°¢0350"003b0
i/

DATA (CNNCI) v I=1024)/507515e7515e7505e75050¢751 5461508616016 0215030
Aﬁ.Zl'Oo18'6-1595-95'5018'4.95'5.06'5.100“099'“065'qt25'3'85'
5303'303/

Im1-17v



DIR
Dr. von Braun
Dr. Rees
R-DIR

Mr. Weidner

DEP-T

R-AS
Mr. Williams
Mr. Page

Mr. Davies
Mr. Neighbors

R~P&VE
Dr. Lucas

R~ASTR
Dr. Haeussermann

Dr. Stuhlinger
Dr. Shelton

Mr. Wood
R-AERO

Dr. Geissler

Mr. Jean

Mr. Horn

Mr. Thomae

Mr. Scott

Mr. T. Deaton

Mr. Cremin

Mr. von Puttkamer
Mr. Goldsby (10)
Mr. Toelle (20)

Mr. Young

Mr. Ellison
Mr. Jump

Mr. Sumrall
Mr. Wheeler
Mr. Leonard
Mr. Smart

Mr. Perkinson
Mr. Fulks

Mrs. Chandler
Mr. W. Deaton

DISTRIBUTION

R-AERO (Cont'd)
Mr. Lindberg
Mr., Baker
Mr. Causey
Mr. W. Vaughan
Dr, H. Krause
Dr. Teuber

Mr. Walker
Mr. Murphee
Mr. Loftin

Mr. Wittenstein
Mr. Dickerson

Mr. Gillis
Mr. Perrine
Mr. Mullins
Mr. Little
Mr. Telfer
Mrs. Bauer
Mr. Mabry

Mr. Phillips

MS-IP
MS-IL (8)
cCc-P
I-RM-M
MS-H
MS-T (6)

Tech. & Sci. Info. Facility (25)
Box 33

College Park, Md.

Attn: NASA Rep. (S-AK/RKT)

MSC
Houston, Texas 77058
Attn:; Library (5)

Applied Analysis Inc.
Holiday Office Center
Huntsville, Ala. 35805
Attn: Dr, Nesline
Mr. Gottlieb (25)
Mr. Hall




Distribution (Continued)

Northrop Space Laboratories
Technology Drive
Huntsville, Ala. 35805
Attn: Dr. Hu

Mr. G. Smith

Mr. R. Keith

Mr. J. Morehead

Library (5)

Lockheed Missiles and Space Co.
Technology Drive
Huntsville, Ala.
Attn: Mr., W. B. Tucker
Mr. Peete
Library (5)

Mr. J. Winch (5)

Mail Stop AC-50

Boeing Co.

P. 0. Box 1680
Huntsville, Ala., 35807

Mr. John E. Canady

NASA - Langley Research Center
Langley Sta., Va. 23365

Mail Stop 215

NASA Headquarters

Attn: Col. Burke, MTV (5)
Library (5)
RMP (5)

NASA - Ames Research Center
Mountain View, Calif. 94035
Attn: Library (5)

NASA - Langley Research Center
Hampton, Va. 23365
Attn: Library (5)

NASA - Electronics Research Center
Cambridge, Mass.
Attn: Mr. W. Miner

Library (5)

Jet Propulsion Laboratory
Pasadena, Calif,
Attn: Library (5)

J. J. Modorelli (5)

Tech. Info. Div.

NASA - Lewis Research Center
21000 Brookpark Road
Cleveland, Ohio 44135




