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FRACTURE OF CRACKED PLA'JXS UJTDER PLANE STRESS 

By J. C. Newman, Jr. 
Langley Research Center 

ABSTRACT 

Dugdale's model f o r  s t a t i c  yielding a t  the t i p  of a crack i s  extended t o  
include the  influence of the  s t ress -s t ra in  curve on the plastic-zone s ize  and 
subsequently on the  fracture strength of the plate .  
acting on the boundary of an assumed extension of the crack l i n e  t o  the end of 
the p las t ic  zone are expressed as a function of s t r a i n  hardening, s t r a i n  ra te ,  
and the s t a t e  of s t ress .  Thus, t he  plastic-zone s ize  and the crack boundary 
displacements are calculated as a function of these factors  f o r  the plane s t r e s s  
condition. From these considerations, a fracture  toughness equation which 
accounts f o r  p l a s t i c i t y  i s  derived f o r  the uniformly loaded plate .  

The in te rna l  s t resses  

Residual s t a t i c  strength tests on cracked plates  f o r  several aluminum 
alloys and steels a t  room temperature having widths ranging from 3 t o  48 inches 
are  analyzed according t o  the  proposed model. The gross s t r e s s  predictions 
computed by using the modified Dugdale model are compared with the predictions 
computed by the ASTM method and Notch Strength Analysis method i n  tables  I1 
t o  VI .  
tes t  data. 

The proposed method gave predictions tha t  were more consistent with the 

SYMBOLS 

A material  constant 

a half-length of crack, in .  

8 C  c r i t i c a l  half-length of crack, in.  

80 i n i t i a l  half-length of crack, in. 

& crack velocity, in/sec 

B material constant 

b half -width of plate,  in. 

C length of p l a s t i c  zone plus half-length of crack, in.  

* e  coefficient f o r  s l o w  crack extension 

c, crack sens i t i v i ty  f o r  t he  Notch Strength Analysis method, in. 
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material density, slugs/in.3 

distance from crack tip to point of interest in plastic zone, in. 

Young's modulus, psi 

fracture toughness for the ASTM method, lbf-(in.)- 3/2 

fracture toughness for the modified Dugdale model, lbf-(in. ) -312 

strain-rate exponent 

strain-rate exponent at the yield strain 

strain-hardening exponent 

strain-hardening exponent at a strain rate of 0.005 per sec 

exponent for the influence of strain rate on strain hardening 

notch root radius, in. 

gross stress applied to the plate, psi 

gross stress rate applied to the plate, psi/sec 

maximum gross  stress at failure, psi 

net section stress based on critical crack length, psi 

net section stress based on initial crack length, psi 

temperature, OF 

thickness, in. 

displacement at the crack tip measured in the y-axis direction, in. 

rack extension 

elastic-plastic width correction factor 

ratio of transverse to longitudinal stress in plastic zone Y 

E true strain - 
engineering yield strain 
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engineering yield s t r a i n  a t  a s t r a in  r a t e  of 0.005 per see 

s t r a i n  rate, per sec 

s t r a i n  rate of 0.005 per sec 

plastic-zone size, in.  

r a t e  of change of plastic-zone size, in/sec 

t rue s t ress ,  p s i  

engineering ultimate strength, p s i  

engineering ultimate strength at  a s t r a in  rate of 0.007 per sec, ps i  

engineering yield s t r e s s  (0.2-percent of fse t ) ,  p s i  

engineering yield stress (0.2-percent o f f se t )  at a s t r a in  r a t e  of 
0.005 per sec, p s i  

distance from end of p l a s t i c  zone t o  point of in te res t  within the 
zone, in. 

INTRODUCTION 

Many aspects of material behavior contribute t o  the  catastrophic growth of 
cracks i n  plates  under monotonically increasing load. A general view concerning 
the behavior of material at the leading edge of a crack i s  tha t  p las t ic  flow and 
subsequent f racture  of the material i s  influenced by factors  such as s t r a in  
hardening, s t r a in  rate,  the state of stress, and temperature. Therefore, it 
becomes apparent t ha t  further progress i n  the f i e l d  of f racture  mechanics 
demands appropriate e l a s t i c  -plastic solutions tha t  can describe what occws i n  
the p l a s t i c  zone as a function of loads and mechanical properties. The e las t ic -  
p las t ic  problem has been considered by Swedlow ( re f .  1) and several others 
(refs. 2 and 3 ) .  
the role  of p l a s t i c i t y  i n  notched or  cracked plates,  they have yet t o  produce a 
c r i te r ion  fo r  f racture  useful t o  the designer. 

While these analyses have produced information t o  indicate 

In the present paper, Dugdale's model ( ref .  4)  f o r  s t a t i c  yielding at the 
t i p  of a crack i s  extended t o  include the influence of the s t ress-s t ra in  curve 
on the plastic-zone s i z e  and subsequently on the fracture  strength of the plate.  
In  modifying the model, the s t resses  i n  the p las t ic  zone are expressed as a 
function of the p l a s t i c  flow properties. These properties are influenced by 
factors  such as the state of stress (e.g., plane s t r e s s  or plane s t ra in) ,  s t r a in  

' hardening, s t r a in  rate,  and the t e s t  temperature. In  t h i s  paper, only the case 
of plane s t r e s s  at  room temperature is  considered. From these considerations, 
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a fracture  toughness equation, similar t o  tha t  obtained by Irwin (ref. 5 ) ,  is  
derived t o  account f o r  p l a s t i c i ty .  
s t ress- intensi ty  fac tor  when the plastic-zone s ize  becomes zero. 

This equation reduces t o  the  l inear-elast ic  

Residual s t a t i c  strength tests on cracked p la tes  fo r  several  a lumina  
alloys and steels of various widths at room temperature are analyzed according 
t o  the proposed model. The gross stress predictions computed by using the 
modified Dugdale model are compared with the predictions computed by the  ASTM 
method (ref. 5 )  and the Notch Strength Analysis method (refs. 6 and 7). 

DUGDALE MODEL 

The Dugdale model has a wedge-shaped p l a s t i c  zone ahead of the crack t i p  
as shown i n  figure l (a) .  The p l a s t i c  zone may be replaced by an internal-s t ress  
d i s t r ibu t ion  act ing on the  boundary of the p l a s t i c  zone as shown i n  figure l(b). 
(Earenblatt (ref. 8) has used a similar approach t o  study the  cohesive strength 
of b r i t t l e  materials.) The model i s  based on the following assumptions: 

(1) The material i n  the  p l a s t i c  zone i s  under a uniform stress equal t o  
the yield stress cr of the  material. Y 

(2 )  The material  outside the  extended crack 2c i s  e l a s t i c .  

( 3 )  The plastic-zone s i z e  p is  such that no s t r e s s  s ingular i ty  appears a t  
the ends of the extended crack. 

From these assumptions, Dugdale obtained the following solution fo r  the 
plastic-zone size:  

p = a(sec - 1) 

As a matter of in te res t ,  a mathematicd method developed by Muskhelishvili was  
used by Goodier and Field ( re f .  9 )  t o  solve f o r  the crack boundary displace- 
ments f o r  the Dugdale model. 
(x = a) i n  the model i s  

"he displacement at  the t i p  of the ac tua l  crack 

fiS va = - 4 ~ p  In sec - 
2crY 3CE 

In  cracked p l a t e  tests on s teels ,  Dugdale (ref. 4), Rosenfield, D a i  and 
Hahn (ref. lo), and Foman (ref. 11) have observed a zone of p l a s t i ca l ly  
deformed material consistent i n  shape and magnitude with the  wedge-shaped zone 
assumed i n  the Dugdale model. 
with sharp notches i n  molybdenum, and Gerberich (ref. 12) with cracks i n  sev- 
eral aluminum alloys have observed p l a s t i c  zones which d i f f e r  considerably from 
the wedge-shaped zone. 

On the  other hand, A u l t  and Spretnak (ref. 2) 

Analytical works of Stimpson and Eaton (ref. 3 )  and 
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Swedlow (ref. 1) indicate p l a s t i c  zones more nearly i n  agreement with the l a t t e r  
observations ( re fs .  2 and 12).  
allows a mathematical treatment of p l a s t i c  yielding at  the crack t i p .  One of 
the  assumptions of the Dugdale model i s  that the internal-s t ress  dis t r ibut ion 
i n  the p l a s t i c  zone i s  constant. In  actual i ty ,  t h i s  stress dis t r ibut ion i s  not 
constant and varies with the material  properties. 

However, the simplicity of the Dugdale model 

MODIFIED DUGDAL;E MODEL 

In  t h i s  paper, Dugdale’s model f o r  s t a t i c  yielding a t  the t i p  of a crack 
i s  extended t o  include the influence of the s t ress -s t ra in  curve on the plast ic-  
zone s i ze  and subsequently on the fracture  strength of the plate.  In  an actual 
case of a crack propagating i n  a plate,  the plastic-zone s i ze  i s  controlled by 
the flow character is t ics  of the material. In  this paper the dynamic effects  
are accounted f o r  by describing the  dynamic s t ress -s t ra in  behavior. The iner- 
t i a l  e f fec ts  are negligible because the gross stress rates and crack velocit ies 
of i n t e re s t  are re la t ive ly  low. 
of describing the internal-s t ress  dis t r ibut ion i n  the p l a s t i c  zone as a function 
of s t r a i n  hardening, s t r a i n  rate, and the state of stress. In order t o  achieve 
th i s  goal, several  basic assumptions have t o  be made regarding the dis t r ibut ion 
of s t r a ins  and the  s t a t e  of stress i n  the plastic zone. 

Thus, the modification of the model consists 

S t ra in  

The equation f o r  the t rue  s t r a ins  i n  the p l a s t i c  zone i s  assumed t o  be of 
the form 

n+l - E = Ey(;) 
(3) 

where the t rue  yield 
equal. Equation ( 3 )  
ence 13 f o r  the Mode 

s t r a i n  and the  engineering yield s t r a i n  are assumed t o  be 
i s  the  t ens i l e  analog of the equation derived i n  refer- 
111 (longitudinal shear) e las t ic-plast ic  behavior. 

Strain R a t e  

The s t r a i n  rates are calculated d i r ec t ly  from 
(eq. ( 3 ) )  by d i f fe ren t ia t ing  with respect t o  time. 
strain-hardening exponent are assumed constant for 
est (x = a + d) i n  the p l a s t i c  zone, see figure 2, 

the s t r a i n  expression 

a par t icular  point of inter-  
the s t r a in  rate i s  given by 

If the yield s t r a in  and 



where 6 is the rate of change in the plastic-zone size. The variation in the 
yield strain and the strain-hardening exponent with strain rate are accounted - 
for in that the values of yield strain and strain-hardening exponent vary for 
different point of interest in the plastic zone. In order to determine p, the 
equation for the plastic-zone size is assumed to have the form 

p = Aa sec - - ( $:Yo 1) ( 5 )  

where the constants A 
procedure j see appendix 
the plastic-zone size. 

and I3 are determined from the analysis by an iteration 
B. This form is chosen for convenience in describing 
The constants A and B account for the varying 

internal-stress distribution in the plastic zone. When the internal-stress 
distribution is constant and equal to the yield stress, the values of 
and B are unity and equation (5) reduces to equation (1). By differentiating 
equation (5) with respect to time, the rate of change in the plastic-zone size 
normalized with crack length is given by 

A 

where 6 is the crack velocity and 5 is the gross stress rate. 

State of Stress 

The state of stress in the plastic zone is determined as follows. The 
crack tip is visualized as having a notch root radius 
displacement va. The crack-tip displacement is calculated from. equation (Bl) 
(see appendix B). 
stress field ahead of the crack. The ratio of the transverse stress a2 to 
the longitudinal stress 
fig. 2) is assumed equal to the stress ratio in front of a notch calculated by 
the theory of elasticity. 
ence of the state of stress on the stress-strain curve (see appendix A). 
general, the stress ratio 7 for any element in the plastic zone decreases as 
the applied load increases. This is partially supported by results from 
Swedlow's elastic-plastic analysis (ref. 1). 

r equal to the crack-tip 

The notch root radius is used in calculating the biaxial 

G~ ac€ing on an element in the plastic zone (see 

These ratios are used in accounting for the influ- 
In 

The internal-stress distribution in the plastic zone can now be written as 
a function of strain, strain rate, and the state of stress (see appendix A) as 
follows : 
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where 

n = n o -  (.: p" 
€0 

The strain and strain rate are given by equations (3) and ( k ) ,  respectively. 

In order to determine the constants A and B in equation (?), the con- 
dition that no stress singularity exists at the ends of the extended crack 
(assumption 3 in the Dugdale model) and the internal-stress distribution in the 
plastic zone (eq. (7)) are used to derive the plastic-zone size as a function 
of the material properties. This condition states that the elastic stress- 
intensity factor at the tip of the extended crack due to the external loading 
is equal to and of opposite sign to the stress-intensity factor due to the 
internal loading in the plastic zone. The stress-intensity factor for the 
external loading and that for the distributed stress on the crack boundary are 
obtained from reference 14. 
follows (refer to fig. 1): 

This condition m y  be expressed analytically as 

where 

- 
The stress distribution a([), equation ( 7 ) ,  is divided by eE to convert true 
stress to engineering stress in the plastic zone. The plastic-zone size is cal- 
culated by numerical integration of equation (8). (For the case when a(5) is 
constant and equal to the yield stress, eq. (8) is equivalent to Dugdale's 
solution for the plastic-zone size (eq. (l).) 

PLASTIC-ZONE SIZE AND CRACK DISPLACEMENT CALCULATIONS 

As a matter of interest, the influence of the strain-hardening exponent on 
the nondimensionalized plastic-zone size, 
applied stress level in figure 3 .  
tive and the value of yield strain is taken to be 0.01. 
hardening exponent were varied from 0 to 0.5. 
obtained by numerical integration of equation (8). 
hardening exponent equal to zero corresponds to the elastic perfectly plastic 
case. However, it should be noted that this solution is not equivalent to that 
obtained by the original Dugdale model because the Dugdale model does not 

p/a, is shown as a function of the 
The material is assumed to be rate insensi- 

The values of strain- 
The plastic-zone size was 

The case for the strain- 
' 
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account for the reduction in area and the state of stress at the tip of the 
crack. The broken curves represent the plastic-zone equation for the original- 
Dugdale model and that from reference 5. 
of strain hardening has a large influence on the plastic-zone size and subse- 
quently on the plasticity correction used in the modified Dugdale model 
analysis. 

The figure indicates that the amount 

Similarly, the influence of stress rate on the plastic-zone size for 
AM-355 CRT is shown in figure 4 as a function of the applied stress level. 
material constants which govern the stress-strain curve for this material were 
obtained experimentally from tensile test fr the literature and are given in 
table I. Again the plastic-zone size is calculated from numerical integration 
of equation (8). 
yield stress at an elastic strain rate of approximately 0.009 per second. The 
gross stress rate was varied over several orders of magnitude. The decrease in 
plastic-zone size with an increase in stress rate is expected and has been 
observed by several investigators (ref. 15). 
materials which are strain-rate sensitive, the gross stress rate applied to the 
plate influences the plastic-zone size and, consequently, the plasticity 
correc t ion. 

The 

The applied gross stress is normalized with respect to the 

This behavior indicates that for 

The modified Dugdale model equation for the crack boundary displacements 
for an infinite plate determined from the theory of elasticity is (refer to 
fig. l(a)) 

where 

The crack displacement at any point of interest on the crack boundary is com- 
puted from equation ( 9 )  by substitution for the value of x. 

The previous discussions on plastic-zone size and crack boundary displace- 
ments applied to an infinite plate. The finite width of a plate influences 
these parameters considerably and is accounted for as follows. 
for an infinite periodic array of Dugdale model cracks (ref. 16) is used to 
account for the influence of finite width on the plastic-zone size for the mod- 
ified model. 

The solution 

The plastic-zone size is assumed to be of the form: 

p = Aa - arc sin sin - sec - )-j 
[~a ( T 2BuYo 
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This form i s  obtained by including the values of A and B from equation ( 5 )  
. into the plastic-zone expression f o r  an in f in i t e  periodic array of Dugdale 
model cracks. This equation reduces t o  equation ( 3 )  when the crack length 
becomes small i n  comparison with the plate  width. 

FRACTURE CRITERION 

In  the present analysis, the external or  in te rna l  %tress-intensity factor, 
equation (8), provides a fracture  toughness parameter 
similar t o  Barenblatt's cohesive modulus (ref. 8).)  
t h i s  modified s t ress- intensi ty  fac tor  i s  c r i t i c a l  when the growth of the crack 
becomes unstable. The c r i t i c a l  value & is obtained by use of the maximum 
gross stress, the c r i t i c a l  crack length, and the plastic-zone s ize  at fai lure .  
The f racture  toughness equation fo r  the modified Dugdale model i s  the  lef t -  
hand portion of equation (8) and i s  given by the  relation: 

k. (This parameter i s  
As i n  the ASTM method, 

The extended crack length c i s  writ ten as ac + p. The p las t ic  zone i s  cal-  
culated by equation (10). The elast ic-plast ic  width correction % i s  calcu- 
la ted  by the following relation: 

a $ = 1  

+ 

The re la t ion  fo r  
for  the central ly  % cracked panel except tha t  the ac tua l  crack length w a s  

i s  the width-correction factor  taken from reference 17 

replaced by the extended crack length. 

In  applying the model t o  the analysis of f racture  data, an average value 
of fracture toughness calculated from equation (11) w a s  used i n  predicting the 
maximum gross s t r e s s  at failure on the panels. 
i s  limited t o  cases i n  which the plastic-zone s i ze  i s  less than the remaining 
net section. For the  cases where the  p las t ic  zone does extend across the net 
section, the maximum gross stress a t  fa i lure  w a s  calculated by the equation 

The application of equation (11) 

+ Duo 
sGC - - (1 - !5)p ) 
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In  order t o  apply equation (11) t o  prac t ica l  applications, the c r i t i c a l  
crack length (crack length at  maximum load) must be known before fa i lure .  
the studies of slow crack extension, the r a t i o  of the  c r i t i c a l  crack length t o  
the i n i t i a l  crack length i s  found t o  be a single-valued function of the crack- 
length t o  panel-width r a t i o  regardless of width for  a given material. 
observation i s  upheld by a moderate amount of data obtained from the  l i t e r a t u r e  
on p la te  specimens of various widths f o r  several aluminum alloys, s teels ,  and 
one titanium. The tes t  data f o r  the titanium al loy are  unpublished NASA data. 
The following empirical equation i s  proposed t o  f i t  these data 

From‘ 

This 

Z 
= 1 + c(& - 1) 

aO 

where C and Z a re  assumed constant fo r  a given material tes ted  under ident- 
i c a l  loading and environmental conditions. This equation w a s  f i t t ed  t o  the 
slow crack-growth data on the previously mentioned materials. The results are 
shown i n  f igure 5. The constants C and Z are tabulated i n  tab le  I. 

METHODS OF F A I L W  ANALYSIS 

In  the ASTM method, the fracture  toughness value K, i s  given by ( re f .  5 )  

This equation i s  regarded valid only when the net section s t ress  S i s  l e s s  

than 0.8 of the yield stress. 
NC 

In the Notch Strength Analysis method, the  crack sens i t iv i ty  i s  measured 
as C, and is  given by ( re f .  7)  

where 

i s  the width correction factor.  This equation i n  the present form i s  regarded 
valid only when the i n i t i a l  net  section s t r e s s  
stress. 

i s  less than the yield 
sNO 
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ANALYSIS OF TEST DATA 

Tensile Properties and T e s t  Conditions 

In order t o  ver i fy  the proposed model, fracture data for  several aluminum 
alloys and s tee ls  at  room temperature were analyzed. 
obtained from the l i t e r a tu re  and are shown i n  tables I1 t o  V I .  The tens i le  
properties, material constants, and t e s t  conditions f o r  the materials analyzed 
are  shown i n  table I. The values of %, no, and po were determined from 
room temperature tens i le  tests conducted at s t r a in  rates ranging from 10-3 
t o  lo3 per second. The tens i le  data were obtained from the  l i t e ra ture .  The 
materials and references used t o  obtain the s t r a i n  r a t e  properties are noted in .  
tables I1 t o  VI. 

The fracture data w e r e  

In  most ser ies  of tes t s ,  the load rate was held constant and the specimen 
width w a s  varied. Thus, the 
gross s t ress  r a t e  applied t o  the panels varied considerably. However, the 
value of stress rate given i n  table I i s  an average value fo r  the data analyzed. 

The panel widths ranged from 3 t o  48 inches. 

In order t o  normalize the plastic-zone s ize  with crack length, a constant 
r a t i o  of crack velocity & t o  c r i t i c a l  crack length ac was  assumed i n  equa- 
t i on  (7). This r a t i o  w a s  estimated f o r  each material analyzed and i s  given i n  
table  I. 
aluminum alloys and on the equation (ref .  18) : 

These estimates were based on crack velocity measurements made on 

This equation i s  derived fo r  an e l a s t i c  material and f o r  a constant applied 
s t ress  on an in f in i t e  plate.  The crack velocit ies calculated by this equation 
a re  expected t o  be higher than the actual values due t o  the dissipation of 
energy i n  the p las t ic  zone which i s  neglected in  the development of 
equation (17). 

Comparison of Methods 

The objective of the following comparison of fa i lure  analysis methods i s  
t o  demonstrate the overall  usefulness of the methods i n  analyzing fracture data 
and t o  indicate any variation i n  the material constant for  each method as a 
function of the t e s t  variables such as panel width and crack length. 

The fracture toughness values computed by the modified Dugdale model f o r  
the materials analyzed are  plotted as a function of width i n  figure 6. 
toughness values computed by the ASTM method and the crack sens i t iv i ty  values 
f o r  the NSA methods a re  a lso shown fo r  some of the materials analyzed. 

The 

The toughness values calculated by the proposed model and the ASTM method 
for  2219-T87 aluminum-alloy sheet are  shown i n  figures 6(a) and 6(b), 



respectively. The values computed by the ASTM method show a consistent varia- 
t ion  with width and a l so  with crack length at a panel width of 24 inches. The 
values calculated by the  proposed model were nearly constant. Likewise, the (L 

crack sens i t i v i ty  values calculated by the NSA method (not shown i n  t h i s  f i g . )  
were very nearly constant. The so l id  symbols indicate data which did exceed 
the l imitations for  the ASTM method. In contrast t o  the duct i le  behavior of 
2219-T87, the values computed by the  proposed model and the NSA method f o r  
7075-T6 aluminum-alloy sheet, are shown i n  figures 6(c)  and 6(d), respectively. 
The values calculated by the  NSA approach varied systematically with width. 
However, i n  t h i s  case the toughness values computed by the proposed model and 
the ASTM method (not shown i n  the  f ig . )  were nearly constant. 
ference between the correlation of f racture  data f o r  the two previously men- 
tioned materials results from the  f ac t  t ha t  7075-T6 i s  b r i t t l e  i n  comparison 
with 2219-T87. 
model f o r  the 7075-T6 was only one-sixth tha t  calculated fo r  2219-T87. 
f racture  toughness values computed by the modified Dugdale model f o r  the other 
materials analyzed a re  shown i n  figures 6(e) t o  6(g) .  
are very nearly constant. 

The primary d i f -  

The calculated plastic-zone s ize  at  failure by the  proposed 
The 

The values calculated 

In  order t o  compare the  usefulness of the  methods i n  calculating the max- 
imum gross s t r e s s  at failure, the predicted results f o r  two aluminum alloys are 
shown i n  figure 7. This f igure shows the r a t i o  of experimental t o  calculated 
gross stress at failure as a function of panel width. The predicted results 
fo r  the 2219-T87 aluminum-alloy sheet a re  shown for  the proposed model and the 
ASTM method i n  figures 7(a) and 7(b), respectively. The fracture  toughness 
values used i n  the  predictions were determined from an average value calculated 
from tes t  data which did not exceed the l imitations f o r  each method. These 
values are shown i n  figures 6(a) and 6(b), respectively. The r a t i o  of experi- 
mental t o  calculated s t r e s s  f o r  the ASTM method shows a variation as the panel 
width decreases. This i s  evident f romthe variation i n  toughness as shown i n  
figure 6(b).  The proposed model and the NSA method (not shown i n  the f i g . )  
gave very consistent predictions f o r  t h i s  material. The gross s t r e s s  predic- 
t ions f o r  the NSA method are  shown i n  tab le  11. The sol id  symbols indicate 
data which did exceed the l imitat ion f o r  each method. 
results fo r  the proposed m o d e l  and the NSA method f o r  7075-T6 aluminum-alloy 
sheet are shown i n  figures 7(c) and 7(d), respectively. 
ASTM method gave essent ia l ly  the same results as the proposed model. 
the NSA method gave a consistent variation i n  the  r a t i o  of experimental t o  cal-  
culated gross s t r e s s  as the  panel width decreased. This i s  again evident i n  
the variation of the crack sens i t i v i ty  values with width i n  figure 6(d).  In 
general, these trends persisted fo r  the other materials. 

Likewise, the predicted 

In  t h i s  case, the 
However, 

Tables I1 through VI present the tabulated results of predictions computed 
by the AS'151 method, the NSA method, and the modified Dugdale model on the basis 
of predicting maximum gross stress at fa i lure .  The fracture  toughness value 
computed by each method i s  determined from an average value calculated from t e s t  
data which did not exceed the  l imitations for  each method. These values are 
noted i n  the  tables. 
stress at  f a i lu re  i s  shown f o r  each method i n  the  tables.  
i n  parenthesis f o r  the modified Dugdale model i s  obtained from predicting the 
gross s t r e s s  at  failure by using the  slow crack extension equation with the 

The average percentage e r ror  i n  predicting maximum gross 
The percentage e r ror  

12 



model, instead of the actual  values of c r i t i c a l  crack length. 
interest ,  the plastic-zone s ize  at failure as calculated by the  proposed model, 
w a s  nearly constant fo r  a given material. 

As  a note of 

Method 

MCM 

NSA 

ASTM 

Finally, a table  of predicted resu l t s  indicates the accuracy of each 
method i n  predicting the  maximum gross stress at  failure f o r  a l l  of the fracture  
data analyzed. 
the number of data points which f a l l  i n  the  appropriate range. 
ber of test  data analyzed w a s  92. 
posed model i s  somewhat be t t e r  than NSA method and substantially be t t e r  than 
the ASTM method. 
exceeded the l imitations fo r  each method. 

The table  shows the  percentage e r ror  i n  predicting stress and 
The t o t a l  num- 

It may be seen that the accuracy of the pro- 

The number i n  parenthesis i s  the  number of data points which 

No. of data points with gross stress error  of - 
@ t o  3% 5% t o  10% 1% t o  1% 155% t o  2% >2% 

79 (a* 10 ( 2 )  2 1 0 

63 ( 5 )  20 (1) 3 4 2 

37 (9) 31 (14) 17 (15) 4 ( 3 )  3 (2) 

TABLE OF PREDICTJ3D RESULTS 
r I 1 

CONCLUSIONS 

The Dugdale model has been extended t o  include the  influence of the s t ress -  
s t r a i n  curve on the plastic-zone size.  Fracture data f o r  several materials 
were analyzed according t o  the  modified Dugdale model and by the  ASTM and 
NSA methods. 
port  the following conclusions fo r  the materials analyzed: 

The analysis and observations made on the fracture process sup- 

1. The modified Dugdale model gave gross stress predictions that were more 
consistent with the test  data than the ASTM and NSA methods. 

2. The modified Dugdale model gave fracture  toughness values which were 
nearly constant regardless of width. 
the ASTM and NSA methods varied as a function of width for  some of the m t e -  
rials analyzed. 

In  contrast, the values calculated by 

3 .  The calculated plastic-zone s ize  at failure was  nearly constant fo r  a 
given material. 

4. The r a t i o  of c r i t i ca l - to - in i t i a l  crack length was a single-valued 
function of the crack length-to-panel width r a t i o  regardless of width for  a 
given material. 



APPENDIX A 

STIIESS-STRAIN CURVE 

The shape of the stress-strain curve is influenced by factors such as 
strain-hardening, strain rate, the state of stress and temperature. In this 
case, the true stress-true strain curve is considered more useful than the 
engineering stress-strain curve, particularly in the plastic range, because the 
curve can be described by a single-valued function. 

For a large quantity of test data on tensile stress-strain curves, at con- 
stant temperature and constant strain rate the stress increases with strain 
according to the relation (ref. 23). 

where C1 is a constant and n is the strain-hardening exponent. The con- 
stant 
respect to the yield strain. 
form 

C1 is equal to the yield stress when the strain is normalized with 
The stress-strain curves can be expressed by the 

7i = oykr 
t ,  T 

if the true yield stress and engineering yield stress are assumed to be equal. 
This equation is considered to be applicable for stresses in the plastic range. 
The influence of strain rate has also been shown to agree with a power law 
within certain ranges. 
with the strain rate by the relation (ref. 23) 

The stress at a given strain and temperature increases 

(A3 

where D1 is a constant and m is the strain-rate exponent. The influence of 
both strain and strain rate can be expressed in a single equation by the 
express ion 

(A4 
T 
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which applies for a given temperature T. In order to approximate the shape 
of the stress-strain curve, the values of yield stress cr and yield 

strain E are obtained from tensile tests at an elastic strain rate, E ~ ,  

of 0.005 per second. The exponent is evaluated from tensile tests from 
the variation in the yield stress with strain rate. 
exponent 
expres s ion 

- YO 
YO 

The strain-hardening 
n also varies as a function of strain rate and is evaluated by the 

(A5 1 

- where no is the value calculated from the strain-rate test at 

The influence of the biaxial state of stress ahead of the crack on the 
stress-strain curve is computed from the deformation theory of plastic flow. 
From the assumption that the material maintains constant volume under plastic 
deformation, the stress-strain curve has the following relation (ref. 23) : 

5 = CIZn F(7,n) 

where 

- 
(72 - 7 + 1) * (2 - 7)n 

and 

the ratio of transverse to longitudinal stress, see figure 2. 

The final equation for the stress-strain curve is given as follows: 

F(7,n) (A7 1 
IT 

where 



NETHOD FOR CALCULATING TRE CONSTANTS A AND B 

The method used t o  evaluate the constants A and B employs successive 
approximation of t he  plastic-zone s i z e  (eq. ( 5 )  1 u n t i l  the  plastic-zone s ize  
calculated from equation ( 3 )  i s  equal t o  tha t  calculated by numerical integra- 
t ion  of equation (8). 
calculating the influence of s t ra in ,  s t r a i n  rate, and the state of stress. The 
steps are l is ted as follows: 

In other words, the f i n a l  plastic-zone s ize  i s  used i n  

1. An i n i t i a l  estimate for  the values of Ai and Bi i s  made. 

2. The plastic-zone size,  equation ( 5 ) ,  i s  calculated by using 4 and Bi. 

3 .  The crack t i p  displacement or notch root radius is  calculated from the 
approximate expression 

4a%aY 
v a = r =  

3.CE 

which gives the displacement or root radius i n  terms of the plastic-zone s ize  
and the values A i  and Bi. This expression i s  obtained from equations (1) 
and ( 2)  by replacing ay w i t h  Baa  and p with ~1%. 

function of s t ra in ,  s t r a i n  ra te ,  and the state of s t r e s s  by using equations ( 3 )  
and (4)  and the r e su l t s  of steps 2 and 3 .  
size  p is  chosen and the stress S i s  calculated by numerical integration. 
A w i d e  range of p values i s  chosen. 

l Y  
\ 

4. The internal-s t ress  dis t r ibut ion a(5) (eq. (7)), is  calculated as a 

In equation ( 8 ) ,  the  plastic-zone 

5. Equation ( 3 )  i s  f i t t e d  t o  the plastic-zone s i ze  calculated by s tep 4. 
This curve gives a new s e t  of values of %+1 and Bi+l. The value of Bi+l 

i s  determined by the asymptote f o r  the calculated plastic-zone size, s tep 4, 
The asymptote cannot be determined exactly; however, the calculated curve does 
approach the asymptote very rapidly. A suff ic ient ly  large value of p i s  
chosen t o  obtain the value of Bi+l. The value of is  determined by 
using equation ( 3 )  together with Bi+l. The value of A-J+l i s  chosen t o  f i t  

the calculated c m e .  

6 .  This procedure is  repeated u n t i l  the values of both A and B con- 
verge individually. 
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TABU I.- TEC(IS1L;E PROPERTIES, MATEBIAL CONSTANTS, 

Material 

Nominal 

in .  
thi eknes s , 

AND TEST CONDITIONS 

2219-~87 

0.10 

1.518 

100 

1 %  I 0.004 

0.569 0.56e 

200 80 

-0.022 

0.698 

200 

1.026 

0.115 

100 800 

0.643 I* 

7075-T6 AM 355 CRT 4330 I 
0.0651 0.02 1 0.08 

84.8 1 240.8 223.0 

199.4 

0.077 

0.696 

4330 1 II 222.4 

I 
1.89.9 1 

0.093 

0.007 

-0.010 

1.056 

0.250 
I 

0.5291 
50 I 

800 I 
(a) Zo = 0.005 in./in./sec a t  room temperature. 



TABLE I1 * - EXPERIMENTAL AND PREDICTED RESULTS FOR 2219-T87, 

WY 
i n .  

3.5 
6.0 
12.0 
12.0 
18.0 
24.0 
24.0 
24.0 
24.0 
24.0 
24.0 
24.0 

24.0 
24.0 
36.0 
48.0 
48.0 
48.0 
48.0 
48.0 

48.0 
48.0 

2ao Y 

in .  

0.75 
2.0 
2.0 
4.0 
4.0 
0.5 
1.0 
2.0 
4.0 
8.0 

12.0 
18.0 

18.0 
20.0 
4.0 
4.0 
8.0 
12.0 
12.0 
24.0 

41.9 
36.0 

LONGITUDINAL GRAIN (REF. 19) (a) 

ASTM 
(b) 

0.89 

0.85 
1.01 
0.85 
0.87 
0.92 
1.02 
0.96 
0.93 

0.93 

0.94 

( f )  

---- 
---- 
0.99 
1.01 
1.03 
1.09 
1-11 
1.04 

2% Y 

i n .  

0.98 

2.68 
4.77 
5.26 
0.77 
1.40 
2.59 
5 -  73 
9.58 

13.65 
18.62 

19.43 
20.65 
5.45 
5.58 
9-25 

15-05 
14.2 
23.72 
37-17 
$3.18 

2.46 

NSA MDM 
(4 ( 4  

1.10 1.01 

1.06 1.01 
1.05 1.01 

0.93 0.90 
1.04 1.03 
1.03 1.01 
1.02 0.98 
1.02 0.97 
0.99 1.02 
0.95 0.96 
0.94 0.95 ---- ---- 
---- ---- 
--a- ---- 
0.96 0.97 
0.96 0.99 
0.97 0.98 
0.94 1.03 
0.99 1.05 
0.96 1.01 

Sexp 7 

ks i  

46.4 
34.6 
41.3 
27.9 
34.0 
54.4 
48.4 
42.4 
33.9 
24.1 
17.8 
8 . 4 ~  

9.4: 
6.44 

34.9 
28.2 
23.2 

34.0 

24.5 
15.4 

7- 9c 
4.34 

1.10 
1-00 
0.91 
0.79 
0.82 
0.96 
0.89 
0.81 
0.76 
0.68 
0.71 

0.85 

0.68 
0.67 
0.60 

0.60 

0.60 

0.64 

0.79 

0.59 

0.57 

0.74 

Average percentage e r r o r  i n  
gross stress . . . . . . . 

(a)  Strain-rate data f o r  2014-T6 ( r e f .  20). 

(b) K, = 113,000 lbf-ir1-31~. 
( e )  C, = 0.58 i n  

(d) Kc = 72,300 lbf-ir1-3/~. 
(e) P la s t i c  zone extends the net section. 

( f )  Data w a s  not analyzed because w 2ao > 0.75. 

-1/2 . 

- 
kc Y 

.bf - i n  - 3/2 

(4 
68,600 
73 9 700 
59Y 700 
76 ooo 
77 400 
66 900 
68 100 
74,600 
68,200 
68,600 
-----_ 

------ 
------ 
69, ooo 
71,600 
70,600 
75 7 300 
77,400 
74,200 
------ 
-e---- 

- 

PY 
i n .  

(4 
0.85 
1.17 

1.17 
1.38 
1.35 
1 .31  
1.22 
1.12 
1.00 

1.04 

---- 
---- 
- --- 
1.28 
1.30 
1.26 
1.20 
1.21 
1.07 - -- - 
---- 



TABU 111.- MpER1mA.L  AND PREDICTED FiESUIITS FOR 7075-T6, 

TRANSVERSE GRAIN (REF. 11) (a)  

NSA 
(4 

1.17 

1.09 
1.01 
1.01 
0.98 
1.00 
1.08 
0.93 
0.98 
0.96 
0.99 
0.88 
0.91 
0.88 

0.92 

1.09 

0.94 
0.80 

w , 
i n .  

3.05 
4.5c 
4.5c 
6. oc 
7. oc 
8. oc 

LO. 0 
LO. 0 
L2.0 
12.0 
~ 5 . 0  
~ 6 . 0  
18.0 
20.0 
21.0 
22.0 
24.0 
24.0 

MDM 

1.01 

0.98 
0.96 
0.96 
1.01 
1.00 
1.08 
0.98 
0.96 
LOO 
1.05 
1.01 
1.03 
1.02 

1.08 

0.94 

1.02 
0.94 

2a0 7 

in .  

0.75 
1.126 
1.126 
1.50 
3.00 
3.00 
2.25 
3.00 
3.00 
3.00 
3.75 
3.00 
4.50 
3.00 
5.25 
3.00 
3.00 
3.00 

7 

i n .  

0.83 
1.126 
1.226 
1.70 
3.12 
3.44 
2.50 
3.26 
3.50 
3.00 
4.00 
3.40 
5-  50 
3.60 
6.25 
3.52 
7.00 
7.10 

S e q  9 

k s i  

44.5 
38.2 
38.2 
33.0 
23.4 
23.9 
30.0 
28.1 
25.2 
26.6 
24.3 
28.0 
21.1 
27.1 
2 0 ~  3 
27.3 
17.6 
20.1 

0.81 
0.67 
0.69 
0.61 
0.56 
0.55 
0.53 
0.55 
0.47 
0.47 
0.44 
0.47 
0.40 
0.44 
0.38 
0.43 
0.33 
0.38 

s e q p c a l c  

imm 
(b 1 

0.95 
0. go 
0.94 
0.94 
0.93 
0.99 
1.00 
1.08 
0- 99 
0.96 
1.00 
1.06 
1.03 
1.05 
1.05 
1.04 
0.96 
1.10 

llverage percentage error  i n  
gross stress . . . . . * . !4*7% 

~ _ _ _ _ -  

(a )  Strain-rate  data for 7075-T6 (ref. 21). 

(b) K, = 64,200 lbf-in-3/'. 
( c )  C, = 1.43 in-lI2. 
(d)  k, = 38,300 l b f - i r ~ - ~ / ~ .  

- 
kc f 

Lb f - in- /* 

39 7 000 
35 , 000 
37,200 
36 , 200 
36 , 600 
38,900 
38 , 200 
42,200 
37, 500 
36 , 000 
38,100 
40,400 
38,800 
39,500 
39,600 
39,200 
35 7 700 
41,500 

P, 
in. 

0.20 
0.20 
0.20 
0.20 
0.19 
0.19 
0.20 
0.20 
0.20 
0.20 
0.20 
0.21 
0.20 
0.21 
0.20 
0.21 
0.20 
0.20 



TABLEl IV.- MpERIME33TA.L AND PREDICTED RESULTS FOR AM-355 CRTj 

2ao, 
i n .  

2.00 
4.00 
4.00 
3.00 

4.00 
4.00 
5.00 
4.00 

6.00 
4.00 
7.00 

8.00 
4.00 

LONGITUDINAL GRAIN (REF. 11) (a) 

2aCJ 

i n .  

2.40 
4.70 
4.80 
3.60 

4.90 
4.94 
6.50 
5.30 

7.50 
5.20 
8.40 

9.60 
5.74 

w, 
in .  

6. o( 
7. o( 
8. o( 
9. o( 

12.0 
12.0 
15.0 
16.0 

18.0 
20.0 
21.0 
24.0 
24.0 

ASTM 
(b) 

0.90 

0.94 
0.91 

1.01 

0.95 

0.94 

1.00 
1.02 

1.00 
1.08 
1.01 
1.14 
1.05 

NSA 
(4 

1.08 

1.03 
1.01 

1.05 

1.04 

0.98 

0.95 
0.99 

0.94 
1.04 
0.94 
1.02 
0.93 

I 

123.3 
75.0 
84.0 

108.6 

100.3 
107.0 

109.-0 

88.5 

122.0 

93.0 

120.0 
86.0 

84.0 

I 
0.92 
1.02 
0.94 
0.81 

0.76 
0.82 

0.73 

0.68 

0.72 

- 0.74 

0.73 
0.64 

0.63 

Average percentage error i n  
gross  stress . . . . . . . 

Sexppcalc 

5.2% 4.4% 3.4% 
(4.0%: 

MDM 
(a) 
0.95 
1.01 
1.00 
0.92 

0.95 
1.02 
1.00 
1.00 

0.99 
1.06 
0.99 
1.10 
1.02 

(a) Strain-rate data f o r  AM-350 (ref. 20). 

(b) K, = 354,000 l b f - i r ~ - ~ / ~ .  

( e )  C, = 0.57 in-1/2. 
(a) k, = 218,000 lbf-in- 3/2 . 

194,500 
223,800 
216,800 

203 100 
224 800 
217,100 

I93 J 30° 

219,400 

214, 700 
234,600 
215,800 
248,800 
224,200 

P? 
in .  

0.53 
0.43 
0.47 
0.56 

0.57 
0.57 
0.57 
0.60 

0.58 
0.62 
0.59 
0.63 
0.59 



TABLF V.- EKF?ERIMEL\JTAL AND PREDICTED RESULTS FOR 4330, 

- 

w, 
.n. 

___ 

3.0 
3.0 
5.0 
5.0 
5.0 
5. c 
5.0 
5.c 
5. c 
5.c 
5 .  c 
5. c 
5. c 
5-c  
5.c 
5. c 
5.c 
5.c 
5-c  
5. c 
5. c 
5. c 
5 .  c 
5. c 
5. c 
6. c 
L2. c 
L2. c 
~ 8 .  c 
24. c 
56.1 
c8.1 - - 

t = 0.08 INCH, LONGITUDINAL GRAIN (REF. 19) (a) 

- 

'a0 9 

in. 

__ 

1.02 
1.03 
3.85 
3.41 
3.12 
1.4 
0.81 
0.38 
0.14 
1.42 
0.35 
1.4 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
0.3E 
1.42 
1 . 6 ~  
0.1c 
0.37 
0.1c 
0.77 
2.0 
1-95 
2.5: 
4. OC 
1. gE 
1.9E 
2.01 - - 

- 

2% 9 

in. 

1.25 
1.25 
1.10 
3.80 
3.30 
1.87 
1.13 
0.75 
0 . 3 ~  
1.82 
0.82 
1.87 
1.45 
1-35 
1-55 
1.57 
1.61 
1.55 
0 . 6 ~  
1.7: 
2.0: 
O.l€ 
0.65 
0.2c 
0.95 
2.3: 
2 . 8 ~  

5.26 
3. oc 
3.21 
3.4E 

3.24 

- - 

3exp 9 

ks i 

114.3 
118.4 
160.2 
169.8 
1-95.6 
~ 6 . 1  
152.6 
178.5 

117.8 
183. 5 
126.5 
135.7 
138.6 
142.5 
140. E 
145.1 
148.2 

194.8 

178.5 
u8.2 
118.5 
198. E 
166.4 
199.5 
156.4 
118. E 
134. C 
97. s 
111.7 
132.: 
1-57. Z 
1.33. ( 

%/ay, 

0.98 
1.02 
1.03 
1.01 
1.04 
1.01 
0.99 
1.05 
1.04 
0.93 
1.10 
1.02 
0.95 
0.95 
1.03 
1.03 
1.08 
1.08 
1.02 
0.98 
1.01 
1.03 
0.96 
1.04 
0.97 
0.97 
0.88 
0.67 
0.79 
0.76 
0.75 
0.72 

berage percentage error i n  
gross stress . . . . , . 

sexp/scalc 
- 
kSTM 
(b 1 

3.85 
3.88 
3.91 
3.87 
3.82 
3.92 
0.88 
0.90 
0.82 
0.85 
0.95 
0.93 
0.86 
0.86 
0.93 
0.93 
0.98 
0.99 
0.85 
0.90 
0.92 
0.79 
0.81 
0.80 
0.85 
0.93 
1.02 
0.79 
1.10 
1.00 
1.06 
1.06 - - 
11% 

- 
NSA 
(4 - 

3.95 
3- 99 
1.08 
3.98 
3.97 
1.02 
1.02 
1.01 
3.98 
0.95 
1.05 
1.02 
0.96 
0.98 
1.01 
1.00 
1.03 
1.05 
1.01 
1.04 
1.02 
0.97 
0.94 
0.98 
1.02 
1.06 
1.02 
0.80 
1.00 
0.94 
0-  95 
0.92 

3.8% 

- - 

MDM 
(dl 

0.93 
0.96 
1.01 
1.02 
1.02 

1.00 
1.00 
1.01 
0.95 
1.04 
1.04 
0 -  97 
0 -  97 
1.05 
1.05 

1.03 

1.02 
1.02 
1.01 
1.00 
1.02 
1.00 
0.96 
1.01 
0.98 
1.02 
1.06 
0.82 
I. 11 
1.01 
1.07 
1.06 

3.6% 
3.8% 

(a)  Strain-rate data for 4330 (ref .  22). 
(b) Kc = 330,000 lbf-i11-3/~. 
(c) C, = 0.546 in-1/2. 

(d) kc = 205,000 lbf-in-3/2. 
(e)  P l a s t i c  zone extends the net  sec t ion .  

- 
k C  9 

.bf-in-3/' 

(4  
(4  

225,800 

228,700 

195,900 
(4 

218,600 
172, ooo 

(4  
180,000 
179,2 00 
224,000 
224,500 

(4  
(4 

206,400 
196,200 
207, ooo 
191,600 
163,500 
216,300 
180,200 
209,400 
226,500 
151,400 
239,000 
210,000 
227, loo 
223, loo 

207,400 

210,300 

214,000 

(4 
(e>  
3.70 
1-73 
3.79 
3.62 
3.70 
( 4  
3.79 
3.63 
( 4  
3.62 
3.67 
3.68 
0.66 
0.65 
(4  
(4 
0.76 
0.63 
0 . 6 ~  
0 . 8 ~  
0.75 
0 . 8 ~  
0.72 
0.64 
0.74 
0 -  77 
0.7& 
0.84 
0.8; 
0.86 - 



TABU VI.- MPEBIME2DAL AND PREDICTED RESULTS FOR 4330, 
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Figure 2.- Model of crack tip with root radius and plastically 
deformed material. 
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Figure 3 . -  Strain-hardening effects on the plastic-zone size for a 
rate-insensitive material (cy = 0.01). 
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sensitive material, AM-355 CRI'. 
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equation (14). 
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